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Lie algebras of types E6, E7, E8 up to equivalence and up 
to isomorphism. To this end, we use quadratic forms over 
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1. Introduction

Since the emergence of the theory of Lie algebras in the late 19th and early 20th 
centuries, gradings have been a key tool for studying the algebras themselves as well 
as their representations. After the classical root space decomposition of any semisimple 
Lie algebra—which provides a grading over the root lattice associated with a Cartan 
subalgebra—the study of gradings on Lie algebras has developed into a rich area of 
research. Over the past several decades, the most frequently occurring gradings in the 
literature have been those by the cyclic groups Z2 and Z: Z2-gradings appear prominently 
in the theory of symmetric spaces in Differential Geometry (see the book [14]), while Z
gradings naturally arise in filtered Lie algebras, in the context of Kac-Moody algebras, 
and in the study of the Virasoro and Heisenberg algebras. For other infinite-dimensional 
Lie algebras, gradings by Zn as well as other finitely generated abelian groups help in 
constructing and classifying deformations as well as in the study of their representations.

Patera and Zassenhaus [19] initiated the task of systematically developing the theory 
of gradings on Lie algebras from an algebraic perspective. They formulated the problem 
of determining fine gradings in addition to the root space decomposition. For a group 
G, a G-grading on an algebra 𝒜 is a decomposition, 𝒜 = ⊕g∈G𝒜g, into direct sum of 
subspaces, labeled by the elements of G and called homogeneous components, such that 
the product in the algebra agrees with the group operation: 𝒜g𝒜h ⊂ 𝒜gh. A grading is 
called fine if its homogeneous components are as small as possible, i.e., it does not have 
a proper refinement.

The classification of fine gradings on simple Lie algebras over algebraically closed fields 
of characteristic zero became a major milestone, ultimately compiled in the monograph 
[10]. This book presents many classification results for gradings on simple Lie algebras, 
due to the contributions of many authors (see the references in [10] and, in addition, [23]). 
More precisely, one can consider two types of classification for gradings: up to equivalence 
and up to isomorphism. Two gradings on 𝒜 are said to be equivalent (respectively, 
isomorphic) if there exists an automorphism of 𝒜 that maps each component of the 
first grading onto some component (respectively, the component with the same label) 
of the second grading. The classification up to isomorphism is particularly relevant in 
applications where the specific labeling of components plays a role, as is the case when 
the group G carries some additional structure such as the commutation factor in the 
theory of Lie color algebras.

Since any grading can be obtained by joining some of the components of a fine grading 
through a process known as coarsening, the classification of fine gradings up to equiva
lence can serve as the starting point for a complete classification of gradings. However, 
implementing this in practice is far from straightforward, one difficulty being that the 
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same grading may arise as a coarsening of several nonequivalent fine gradings. Indeed, 
the classification of all gradings up to isomorphism for classical simple Lie algebras was 
obtained in a different way, namely, by transferring the problem to certain associative 
algebras and then using the structure theory of graded associative algebras. The classifi
cation of all gradings up to isomorphism for the exceptional Lie algebras G2 and F4 was 
derived from fine gradings by ad hoc arguments, but the situation is far more complex 
for E6, E7 and E8 (each having 14 nonequivalent fine gradings), so the problem remains 
open for these types, even over algebraically closed fields of characteristic zero. This is 
a significant problem that should be resolved, since the classification of graded-simple 
finite-dimensional Lie algebras would follow from the classification of gradings on all sim
ple finite-dimensional Lie algebras via the so-called loop construction (see [3]). It should 
also be noted that the classification of all gradings on classical simple Lie superalge
bras (with nonzero odd part) is now known [16,2,17], so completing the E types would 
also yield the classification of simple Lie color algebras via the so-called discoloration of 
Scheunert.

Due to the non-uniqueness issue mentioned above, the classification of gradings up to 
isomorphism has not yet been attempted for the E types. A new approach was recently 
suggested in [11], using what the authors called almost fine gradings. The definition is not 
immediately intuitive, but the idea is that a grading is almost fine if it cannot be refined 
while keeping the same toral rank (for instance, any fine grading is almost fine). The 
advantage of almost fine gradings is that any G-grading can be obtained by coarsening 
from an almost fine grading in an essentially unique way. To obtain a classification of 
G-gradings using this approach, one needs a list of the equivalence classes of almost fine 
gradings as well as their Weyl groups together with the action on their universal groups.

The purpose of this paper is to initiate the classification of gradings up to isomorphism 
on the simple Lie algebras of the E types by classifying, both up to isomorphism and 
up to equivalence, the special pure gradings on these algebras. A group grading on a 
semisimple Lie algebra ℒ over an algebraically closed field of characteristic zero is pure 
if at least one of its components, other than the identity component, contains a Cartan 
subalgebra of ℒ. This concept was introduced in [15], motivated by the so-called Jordan 
gradings (see [1,8]). The particular symmetry of these gradings makes them especially 
useful for constructing manageable models of exceptional Lie algebras (for instance, the 
one in [6]). A grading on ℒ is special if its identity component is zero; these are precisely 
the almost fine gradings on ℒ that have toral rank 0.

Partial information on almost fine gradings and their Weyl groups for simple Lie 
algebras of the E types appears in [22,23], where the objectives and methods are quite 
different from ours: the author classifies certain closed abelian subgroups of exceptional 
compact real simple Lie groups of adjoint type. The diagonalization of the action of 
these subgroups on the complexified tangent Lie algebra gives the almost fine gradings 
on it. We do not rely on these works, but we will point out some connections with our 
approach.
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The structure of the paper is the following. Section 2 contains preliminaries on 
quadratic forms in characteristic 2, and how some of the orthogonal groups over the 
field of two elements, F2, appear in relation with the Weyl groups of the simple Lie 
algebras of the E types. These quadratic forms (as well as those induced by them on 
certain subquotients) will appear later in the explicit computations of the Weyl groups 
of the special pure gradings on these algebras. We also review the main concepts related 
to gradings (universal groups, Weyl groups, almost fine gradings) that are essential for 
achieving a classification up to isomorphism. Section 3 reviews the work [15], aiming to 
adapt its results to our notation and goals. It also addresses general properties of special 
pure gradings and their Weyl groups—specifically, the subgroup that preserves a homoge
neous component which is a Cartan subalgebra. Section 4 is devoted to the classification, 
up to equivalence, of special pure gradings on the simple Lie algebras of the E types, 
based on the quadratic forms mentioned above. The main results here are Theorems 4.1, 
4.2, and 4.3. Further information about the Weyl groups of the special pure gradings on 
these algebras is presented in Section 5. The goal is to determine what is preserved by 
these groups, so as to define a set of invariants for the gradings in Definition 6.2. This 
leads to a classification up to isomorphism, presented in Theorem 6.3.

2. Preliminaries

2.1. Quadratic forms in characteristic 2

In this work, we will need to understand the Weyl groups of certain gradings on the 
simple Lie algebras of the E-types, including their usual Weyl groups, which turn out 
to be closely related to certain orthogonal groups over the field of two elements, F2. 
Since quadratic forms in characteristic 2 are perhaps not so well-known, we start with 
reviewing them briefly. The material in this section is standard and has been extracted 
from the textbook [13].

If V is a (finite-dimensional) vector space over a field F , recall that Q : V → F is a 
quadratic form if Q(cx) = c2Q(x) for any c ∈ F and BQ(x, y) := Q(x+ y)−Q(x)−Q(y)
is a bilinear form, called the polarization of Q. Observe that BQ is necessarily symmetric 
(i.e., BQ(x, y) = BQ(y, x)) and, moreover, alternating in characteristic 2 (i.e., BQ(x, x) =
0). In characteristic 2, Q cannot be recovered from BQ.

If U and V are two vector spaces endowed with quadratic forms QU and QV , their 
orthogonal sum, denoted by U kV , is the direct sum U⊕V , endowed with the quadratic 
form Q(u+v) := QU (u)+QV (v) for all u ∈ U and v ∈ V . Then U and V are orthogonal 
to each other with respect to the polarization BQ. We will also write Q = QU k QV .

A symmetric bilinear form B is said to be nondegenerate if its radical radB = {x ∈
V | B(x, V ) = 0} vanishes. A quadratic form Q is nondegenerate if BQ is nondegenerate. 
In characteristic 2, this concept is extended, and we will use the terms regular or non
singular quadratic form to avoid possible confusion. Note that the restriction Q|radBQ

is semilinear (i.e., Q(x + cy) = Q(x) + c2Q(y) for x, y ∈ radBQ and c ∈ F), and the 
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quadratic form is said to be regular if the radical of Q, defined as radQ := ker(Q|radBQ
)

is trivial. For perfect fields, the regularity forces that dim radBQ is 0 or 1. Moreover, the 
possibilities for a regular Q are not many. According to [13, Theorem 12.9],

(1) If dimV = 2m+ 1, there is a basis {vi} of V such that Q(
∑︁

i xivi) = x1x2 + x3x4 +
· · · + x2m−1x2m + x2

2m+1.
(In this case radBQ = Fv2m+1 and Q(v2m+1) = 1.)

(2) If dimV = 2m, there is a basis {vi} of V such that either
(a) Q(

∑︁
i xivi) =

∑︁m
i=1 x2i−1x2i, or

(b) Q(
∑︁

i xivi) =
∑︁m

i=1 x2i−1x2i+x2
2m−1 +cx2

2m, for some c ∈ F such that x2 +x+c

is irreducible in F [x].
(In this case the polarization BQ is nondegenerate.)

In characteristic 2, a hyperbolic plane H is spanned by u, v ∈ V with BQ(u, v) = 1
and Q(u) = Q(v) = 0. The maximum r such that V = H1 k H2 k · · · k Hr k W , with 
each Hi a hyperbolic plane, is called the Witt index, and coincides with the dimension 
of a maximal totally isotropic subspace of V (in fact, any two of these are isometric, due 
to Witt’s Extension Theorem). The Witt index equals m in case (1), and m and m− 1, 
respectively, in cases (2a) and (2b).

The equivalence class of a regular quadratic form Q on V of even dimension is also 
determined by the so-called Arf invariant, Arf(Q), which has an especially simple defi
nition for the field F2: it tells us whether there are more elements v ∈ V with Q(v) = 0
(isotropic) or Q(v) = 1 (nonisotropic). In case (1) half of the elements are isotropic, so 
Arf(Q) is undefined, while in case (2a) there are 

(︁2m+1
2 

)︁
isotropic elements and 

(︁2m

2 
)︁

non
isotropic, so Arf(Q) = 0 (or trivial), and in case (2b) there are 

(︁2m

2 
)︁

isotropic elements 
and 

(︁2m+1
2 

)︁
nonisotropic, so Arf(Q) = 1.

We will later need the following property of the Arf invariant. If Q1 and Q2 are regular 
quadratic forms on spaces of even dimension, then Arf(Q1 k Q2) = Arf(Q1) + Arf(Q2).

Since in characteristic 2 the polarization of a quadratic form is alternating, there is 
a close relationship between symplectic and orthogonal groups. For a regular quadratic 
form Q, we have O(V,Q) ≤ Sp(V,BQ), where the latter denotes the stabilizer of BQ

(which is nondegenerate in even dimension). Besides, over a perfect field, if V has odd 
dimension and W is a complementary subspace of the one-dimensional radical of BQ, 
then BQ|W is nondegenerate and, by [13, Theorems 14.1 and 14.2], the map O(V,Q) →
Sp(W,BQ|W ), σ → prW ◦ σ|W , is an isomorphism.

2.2. Weyl groups of Lie algebras of the E types

We will now recall why the Weyl groups of the simple Lie algebras of types E6, E7

and E8 are closely related to orthogonal groups over the field F2. Let ℒ be one of these 
Lie algebras over an algebraically closed field F of characteristic 0, let ℋ be a Cartan 
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subalgebra of ℒ, and Φ the root system associated to ℋ. That is, we have the root space 
decomposition

ℒ = ℋ⊕
(︁⨁︂
α∈Φ

ℒα

)︁
, (2.1)

where ℒα = {x ∈ ℒ | [h, x] = α(h)x ∀h ∈ ℋ}. Let (. | .) be the bilinear form on ℋ∗, dual 
to the bilinear form obtained from the restriction of the Killing form to ℋ, normalized 
so that (α | α) = 2 for any α ∈ Φ. This bilinear form restricts to a Z-bilinear form on the 
root lattice R = ZΦ. Consider the associated Z-valued quadratic form 1

2 (r | r), whose 
polarization is (. | .). This quadratic form induces a quadratic form on the vector space 
R := R/2R over the field of two elements F2:

q : R −→ F2, r̄ ↦→ 1
2(r | r) (mod 2), (2.2)

with polarization bq induced by the bilinear form (. | .). Note that q(ᾱ) = 1 for any root 
α ∈ Φ. Also, in the cases at hand, if β ̸= ±α then β̄ ̸= ᾱ.

By straightforward computations with the Cartan matrix, the quadratic form q : R →
F2 is regular, and we get the following possibilities, depending on the type of the simple 
Lie algebra ℒ:

E8: q is regular with trivial Arf invariant: Arf(q) = 0. Moreover, in this case the non
isotropic vectors are exactly the vectors ᾱ for α ∈ Φ.

E7: q is regular. As the dimension is odd in this case, the radical of the polarization 
has dimension 1: rad bq = F2a. In this case, the nonisotropic vectors are a and the 
elements ᾱ for α ∈ Φ.

E6: q is regular with Arf(q) = 1. As for E8, the nonisotropic vectors are exactly the 
vectors ᾱ for α ∈ Φ.

The following description of the automorphism groups of the root systems, Aut(Φ), 
is known (see, e.g., [21, p. 104]), but we will give a proof for completeness, and also 
because we are going to generalize this result in the next section. Any automorphism of 
Φ preserves 2R, hence there is an induced group homomorphism

ρ : Aut(Φ) −→ GL(R). (2.3)

Proposition 2.1. Let ℒ be a simple Lie algebra of type E6, E7, or E8 over an algebraically 
closed field F of characteristic 0. Then the image of the homomorphism ρ is the orthog
onal group O(q) := O(R̄, q), and the kernel is {±I}. Thus, the Weyl group is isomorphic 
to

• O(q) in type E6;



C. Draper et al. / Linear Algebra and its Applications 737 (2026) 263--297 269

• O(q) × C2 in type E7;
• a central extension of O(q) by C2 in type E8.

Proof. Any automorphism of the root system Φ preserves the quadratic form 1
2 (. | .)

on the root lattice R = ZΦ, and hence the image of ρ is contained in O(q). Now, the 
Weyl group is generated by the reflections relative to roots, and ρ maps them to the 
reflections (sometimes called orthogonal transvections in characteristic 2) relative to the 
nonisotropic vectors of R. Recall that Cartan-Dieudonné Theorem [5] says that, with one 
exception, reflections generate the orthogonal group of a regular quadratic form. To be 
precise, for even-dimensional regular quadratic forms over a field of characteristic 2, the 
orthogonal group is generated by reflections unless the dimension is 4, the Arf invariant 
is 0 and the ground field is F2 (see, e.g., [13, Theorem 14.16]), and we have dimensions 6
and 8 in our cases. In odd dimension, the orthogonal group is isomorphic to a symplectic 
group, so the orthogonal group can be shown to be generated by reflections using the 
fact that the symplectic group is generated by transvections ([13, Theorem 3.4]). This 
completes the proof of the surjectivity of ρ.

If μ ∈ Aut(Φ) induces the identity map on R, then it must map each root α to ±α, 
and it is clear that the sign must be the same for all simple roots, because the Dynkin 
diagram is connected. Hence ker ρ = {±I}.

Finally, the Weyl group is Aut(Φ) for types E7 and E8, whereas for type E6 the 
Weyl group is a complement of {±I} in Aut(Φ). Also, for type E7, Aut(Φ) is the direct 
product of {±I} and the subgroup of elements of determinant 1, as transformations of 
the euclidean vector space spanned by the roots. □
2.3. Gradings on Lie algebras

Though the concepts in this section can be considered in a more general setting, we 
will focus on group gradings on Lie algebras, in which case it is natural to consider only 
gradings by abelian groups. Actually, for simple Lie algebras there is no loss of generality 
in assuming the grading groups are abelian. All the algebras will be considered finite
dimensional over an algebraically closed field F of characteristic zero. Most of the material 
here is standard, and can be consulted, for instance, in [10, Chapter 1]. The notion and 
results on almost fine gradings are extracted from [11].

Definition 2.2. If G is an abelian group, and ℒ is a Lie algebra, a G-grading Γ on ℒ is a 
decomposition of ℒ into a direct sum of subspaces indexed by G,

Γ : ℒ =
⨁︂
g∈G

ℒg, (2.4)

such that ℒgℒh ⊂ ℒg+h for all g, h ∈ G. The subspace ℒg is the homogeneous component 
of degree g, and its elements are the homogeneous elements of degree g.
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The support of Γ is the set Supp Γ := {g ∈ G | ℒg ̸= 0}. For instance, for any G and 
any ℒ, we can consider the trivial G-grading on ℒ, given by ℒe = ℒ and ℒg = 0 for 
all g ̸= e, with support {e}. The type of Γ is the sequence (n1, . . . , nm), where ni is the 
number of homogeneous components of Γ of dimension i, for i = 1, . . . ,m, with m the 
maximum of these dimensions. Note that 

∑︁
1≤i≤m nii = dimℒ.

Two operations on gradings on ℒ are quite natural: coarsening and refinement. In 
general, Γ′ is said to be a coarsening of Γ if any homogeneous component of Γ is contained 
in some homogeneous component of Γ′. The coarsening is said to be proper if at least 
one of such inclusions is proper. For each group homomorphism α : G → H, we obtain a 
coarsening αΓ of the grading Γ in (2.4) as follows:

αΓ : ℒ =
⨁︂
h∈H

αℒh for αℒh :=
⨁︂

g∈α−1(h)

ℒg.

Note that αΓ is a proper coarsening of Γ if and only if the restriction of the map α to 
Supp Γ is not injective.

If Γ′ is a coarsening (respectively, a proper coarsening) of Γ, it is also said that Γ is 
a refinement (respectively, a proper refinement) of Γ′. A grading is said to be fine if it 
admits no proper refinement.

Example 2.3. The simple Lie algebra ℒ = 𝔰𝔩(2,F) has the following grading by G = Z2
2:

Γ1 : ℒ(0̄,1̄) = F
(︁ 0 1

1 0

)︁
, ℒ(1̄,1̄) = F

(︂
1 0
0 −1

)︂
, ℒ(1̄,0̄) = F

(︂
0 1
−1 0

)︂
.

Since all the homogeneous components have dimension 1, Γ1 is clearly fine.

Definition 2.4. Two gradings on ℒ, Γ : ℒ =
⨁︁

g∈G ℒg and Γ′ : ℒ =
⨁︁

h∈H ℒ′
h, are said 

to be equivalent if there is an automorphism φ ∈ Aut(ℒ) and a bijection αφ : SuppΓ →
Supp Γ′ such that φ(ℒg) = ℒ′

αφ(g) for all g ∈ Supp Γ. In case G = H, Γ and Γ′ are said 
to be isomorphic if there exists φ ∈ Aut(ℒ) with αφ = id, i.e., φ(ℒg) = ℒ′

g for all g ∈ G.

Example 2.5. The following (fine) gradings on the Lie algebra ℒ = 𝔰𝔩(2,F) are equivalent: 
the Z-grading

Γ2 : ℒ−1 = F
(︁ 0 0

1 0

)︁
, ℒ0 = F

(︂
1 0
0 −1

)︂
, ℒ1 = F

(︁ 0 1
0 0

)︁
,

and the Z3-grading

Γ3 : ℒ2̄ = F
(︁ 0 0

1 0

)︁
, ℒ0̄ = F

(︂
1 0
0 −1

)︂
, ℒ1̄ = F

(︁ 0 1
0 0

)︁
.

As we see from this example, the same set of subspaces of ℒ can be regarded as a 
grading by different groups G, even if G is generated by the support. It turns out that 
Z is the ``natural'' group for this grading in the sense that it is not only generated by 
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the support, but also the set of relations imposed on the generators is the minimum 
required to satisfy the definition of grading. More precisely, consider the grading (2.4)
as a grading by the set S := SuppΓ, ℒ =

⨁︁
s∈S ℒs, and let

S∗ := {(s1, s2) ∈ S × S | [ℒs1 ,ℒs2 ] ̸= 0}.

For any (s1, s2) ∈ S∗, denote by s1 ∗ s2 the unique element of S such that [ℒs1 ,ℒs2 ] ⊂
ℒs1∗s2 .

Definition 2.6 ([19]). The abelian group U = U(Γ) generated by the set S subject only 
to the relations s1 + s2 = s1 ∗ s2 for (s1, s2) ∈ S∗, is called the universal group of the 
grading ℒ =

⨁︁
s∈S ℒs.

By construction, whenever S is embedded in a group G to make ℒ =
⨁︁

s∈S ℒs a 
G-grading, there is a unique group homomorphism U → G that extends the embedding 
S → G. This universal property determines U up to isomorphism.

In Example 2.5, the universal group is U(Γ2) = U(Γ3) = Z (equivalent gradings have 
isomorphic universal groups). In Example 2.3, U(Γ1) = Z2

2.
The universal group also has the following key property. For any coarsening Γ′ : ℒ =⨁︁
h∈H ℒ′

h of Γ, there exists a unique group homomomorphism α : U → H such that 
Γ′ = αΓ. It is clear that every grading is a coarsening of at least one fine grading. As 
mentioned in the Introduction, this can be used to obtain all possible group gradings 
on a fixed Lie algebra starting from the classification of fine gradings up to equivalence, 
although there is a problem due to the lack of uniqueness.

Example 2.7. Consider again ℒ = 𝔰𝔩(2,F), endowed with the Z2-grading

Γ4 : ℒ0̄ = F
(︂

1 0
0 −1

)︂
, ℒ1̄ = F

(︁ 0 1
0 0

)︁
⊕ F

(︁ 0 0
1 0

)︁
.

Thus Γ4 = αΓ1 for α : Z2
2 → Z2, (ā, b̄) ↦→ ā+ b̄, and also Γ4 = βΓ2 for β : Z → Z2, a ↦→ ā.

In order to assign to each grading only one grading that is ``fine'' in some sense (see 
Definition 2.10) we need first to review some groups attached to a grading.

Definition 2.8 ([19]). Given a grading Γ as in (2.4), consider the groups

• Diag(Γ) := {φ ∈ Aut(ℒ) | ∀g ∈ G φ|ℒg
∈ F×id};

• Stab(Γ) := {φ ∈ Aut(ℒ) | ∀g ∈ G φ(ℒg) ⊆ ℒg};
• Aut(Γ) := {φ ∈ Aut(ℒ) | ∀g ∈ G ∃h ∈ G φ(ℒg) ⊆ ℒh}.

Note that Diag(Γ) ⊴ Stab(Γ) ⊴ Aut(Γ). The Weyl group of the grading Γ is defined by 
W (Γ) := Aut(Γ)/ Stab(Γ).
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The Weyl group W (Γ) provides a measure of the symmetry of the grading Γ. Note 
that, for the root space decomposition of a semisimple Lie algebra regarded as a grading 
by the root lattice, this definition gives W (Γ) ∼ = Aut(Φ), which may be larger than the 
classical Weyl group.

The grading Γ (more precisely, the set of its homogeneous components) can be re
covered as the simultaneous eigenspace decomposition with respect to Diag(Γ). This is 
a diagonalizable algebraic group, hence isomorphic to the direct product of a torus and 
a finite abelian group, usually called a quasitorus. Recall that the rank of an algebraic 
group is the dimension of any of its maximal tori (which are known to be conjugate 
over an algebraically closed field). Remarkably, this diagonal group is isomorphic to the 
group of characters ˆ︁U = Hom(U,F×) of the universal group U = U(Γ). In fact, the map 
which sends any χ ∈ ˆ︁U to the automorphism φχ ∈ Aut(ℒ) defined by φχ|ℒg

= χ(g) id
for all g ∈ U , is an isomorphism. If U ∼ = Zl × H for H a finite abelian group, then 
Diag(Γ) ∼ = (F×)l ×H has dimension l, equal to the rank of the universal group.

Each φ ∈ Aut(Γ) produces a grading isomorphic to Γ, given by ℒ′
g := φ(ℒg), and 

the bijection αφ in Definition 2.4 is naturally extended to a group automorphism of the 
universal group U = U(Γ). This gives a group homomorphism Aut(Γ) → Aut(U), whose 
kernel is precisely Stab(Γ), so the Weyl group of the grading can be seen as a subgroup 
of Aut(U).

Example 2.9. Consider, for ℒ = 𝔰𝔩(2,F) and each c ∈ F×, the automorphism φc : ℒ → ℒ
defined by φc

(︁ x y
z −x

)︁
=

(︂
x cy

c−1z −x

)︂
and the one-dimensional torus 𝒯 = {φc | c ∈ F×}. 

Take also the order two automorphism σ of ℒ given by σ
(︁ x y
z −x

)︁
=

(︂
−x −z
−y x

)︂
.

For Γ4 as in Example 2.7, it is easily computed that Diag(Γ4) = {id, φ−1} while 
Stab(Γ4) = Aut(Γ4) = 𝒯 ∪ 𝒯 σ ∼ = 𝒯 ⋊ C2, since σφc = φc−1σ. In particular, the Weyl 
group W (Γ4) is trivial.

For Γ2 as in Example 2.5, the automorphism σ above permutes the homogeneous 
components. Note that Diag(Γ2) = Stab(Γ2) = 𝒯 , while Aut(Γ2) ∼ = 𝒯 ⋊ C2. Here 
W (Γ2) ∼ = C2.

For Γ1 as in Example 2.3, Diag(Γ1) = Stab(Γ1) = ⟨φ−1, σ⟩ is isomorphic to the 
universal group Z2

2, while the Weyl group W (Γ1) = Aut(Z2
2) ∼ = S3, since we can easily 

find automorphisms interchanging any pair of homogeneous components.

The toral rank of Γ is defined as the rank of the algebraic group Stab(Γ), which is 
denoted by tor.rank(Γ). Thus the toral rank is at least the rank of the finitely generated 
abelian group U(Γ). For instance, the toral rank of Γ4 is 1, although the rank of the 
universal group is 0.

Definition 2.10. A grading Γ is almost fine if rank(U(Γ)) = tor.rank(Γ) or, in other 
words, if the maximal torus contained in Diag(Γ) is also maximal in Stab(Γ).
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If Γ is a fine grading, then Diag(Γ) is a maximal quasitorus of Aut(ℒ) and hence Γ is 
almost fine, but the converse is not true. There are no examples of this fact in the case 
of ℒ = 𝔰𝔩(2,F), where Γ1 and Γ2 are the only almost fine gradings up to equivalence, 
but we will later see for ℒ of the E types several examples of almost fine gradings that 
are not fine.

If Γ′ is a coarsening of Γ, then the automorphisms of ℒ preserving the homogeneous 
components of Γ will also preserve those of Γ′, so Stab(Γ) ⊆ Stab(Γ′). This implies 
that refinements do not increase the toral rank. For almost fine gradings, any refinement 
preserves the toral rank.

For semisimple Lie algebras, an almost fine grading admits quite a simple character
ization: rank(U(Γ)) = dimℒe. We always have rank(U(Γ)) ≤ dimℒe so, in particular, 
ℒe = 0 if and only if Γ is almost fine and has finite universal group. The gradings sat
isfying ℒe = 0 are called special gradings. One example that appeared earlier is Γ1. In 
a special grading, every homogeneous element is semisimple [15, 3.6 Proposition], which 
gives another reason to study them: they provide nice bases of semisimple Lie algebras.

For our purposes, the reason to consider almost fine gradings in detail is that every 
grading admits a canonical almost fine refinement (thus avoiding duplications in the 
classification process). More precisely, if Γ is the G-grading in (2.4), and we pick a 
maximal torus 𝒯 in Stab(Γ), consider the refinement Γ∗ obtained by decomposing each 
homogeneous component ℒg with respect to the action of 𝒯 :

Γ∗ : ℒ =
⨁︂

(g,λ)∈G× ˆ︁𝒯
ℒ(g,λ), for ℒ(g,λ) := {x ∈ ℒg | τ(x) = λ(τ)x ∀τ ∈ 𝒯 }. (2.5)

The grading Γ∗ is almost fine, with the same toral rank as Γ, and any other grading sat
isfying these properties is equivalent to Γ∗. In the above examples, Γ4 is not almost fine 
and Γ∗

4 = Γ2. After this discussion, it becomes clear that the idea for achieving a classi
fication consists in studying the coarsenings of almost fine gradings that preserve their 
toral rank. The suitable coarsenings are given by admissible homomorphisms α : U → H

as in [11, §4].
A grading is pure if there is a Cartan subalgebra contained in some homogeneous 

component distinct from the neutral homogeneous component. For instance, Γ1 and Γ4
are pure gradings, but only Γ1 is special. In this paper, we will focus on special pure 
gradings, since they are almost fine and serve as the first step towards a classification of 
gradings on the simple Lie algebras of the E types.

There is a nice special pure grading on any semisimple ℒ, given by the following 
example.

Example 2.11. Let ℒ be a semisimple Lie algebra of rank l. Consider a Cartan subalgebra 
ℋ of ℒ, the root system Φ associated to ℋ, and the root space decomposition as in (2.1). 
As in Example 2.9, there exists an order 2 automorphism σ of ℒ which is −id on ℋ, and 
hence takes any root space ℒα to ℒ−α. Then σ commutes with the elements of order 
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2 in the torus 𝒯 associated to ℋ. The eigenspaces of the quasitorus 𝒯2 × ⟨σ⟩, where 
𝒯2 := {τ ∈ 𝒯 | τ2 = id}, are the homogeneous components of a special pure grading on 
ℒ, whose universal group is isomorphic to Zl+1

2 .

We are going to generalize this example in the next section, where it will correspond 
to the case E = 2R. The homogeneous components are given by (3.6). For a simple Lie 
algebra ℒ with a simply laced root system, the nonzero homogeneous components of this 
grading have dimension 1, with the sole exception of the Cartan subalgebra ℋ, which 
implies that the grading is fine. For 𝔰𝔩(2,F), it is the grading in Example 2.3.

It turns out that all the special pure gradings are coarsenings of the grading in this 
example, as we will see in Section 3.

3. Weyl groups of special pure gradings

This section will be devoted to describing the special pure gradings of semisimple Lie 
algebras and to begin our study of the Weyl groups, following the work of Hesselink [15].

Let ℒ be a finite-dimensional semisimple Lie algebra over an algebraically closed 
ground field F of characteristic 0, and let

Γ : ℒ =
⨁︂
g∈G

ℒg

be a pure grading, i.e., there is an element s ∈ G \ {e} such that ℒs contains a Cartan 
subalgebra ℋ of ℒ. Fix the element s in what follows.

Assume, from now on, that G is the universal group of Γ. Recall that its group 
of (multiplicative) characters ˆ︁G is isomorphic to the diagonal group Diag(Γ), where 
χ ∈ Hom(G,F×) corresponds to the diagonal automorphism τχ : x ∈ ℒg ↦→ χ(g)x for 
any g ∈ G.

Consider the torus associated to the Cartan subalgebra ℋ:

𝒯 = {τ ∈ Aut(ℒ) | τ |ℋ = id}.

Then (see, e.g., [9, Proposition 2.2]), the diagonal group of Γ is

Diag(Γ) =
(︁
Diag(Γ) ∩ 𝒯2

)︁
× ⟨σ⟩ (3.1)

for some element σ ∈ Aut(ℒ) such that σ2 = id and σ|ℋ = −id, and where 𝒯2 is the 
2-periodic part of 𝒯 : 𝒯2 = {τ ∈ 𝒯 | τ2 = id}. In particular, Diag(Γ) is an elementary 
abelian 2-group, and so is G.

For the sake of completeness, we include a sketch of the proof of (3.1). If χ is a 
character of G with χ(s) ̸= 1, the automorphism σ = τχ restricts to χ(s)id on ℒs and 
hence on ℋ. This forces χ(s)−1α to be a root for any root α relative to ℋ. It follows 
that χ(s) = −1, which forces σ2 = id ([9, Lemma 2.1]). This same argument shows that 
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χ(s) = 1 or −1 for any χ ∈ ˆ︁G, and hence Diag(Γ) is contained in the centralizer of σ in 
{φ ∈ Aut(ℒ) | φ|ℋ = ±id} = 𝒯 ⋊ ⟨σ⟩, and this centralizer is 𝒯2 × ⟨σ⟩ ([9, Lemma 2.1]). 
It follows that Diag(Γ) =

(︁
Diag(Γ) ∩ 𝒯2

)︁
× ⟨σ⟩.

Let Φ be the root system associated to ℋ:

ℒ = ℋ⊕
(︁⨁︂
α∈Φ

ℒα

)︁
,

and let R = ZΦ be the root lattice. Write, as before, R := R/2R. Then, identifying any 
character of R with a character of R trivial on 2R, we have

𝒯2 = {τχ | χ ∈ Hom(R, {±1})},

where τχ : x ∈ ℒα ↦→ χ(α)x for any α ∈ Φ ∪ {0}.

Remark 3.1. Recall that, for ℒ of types E6, E7, E8, we have defined in (2.2) a regular 
quadratic form q on R, regarded as a vector space over F2. Since 𝒯2 is identified with the 
character group of R, which can be considered as the dual space of R, we can transport 
the quadratic form q in the cases E6 and E8 along the isomorphism R → 𝒯2 defined 
by the nondegenerate bilinear form bq. The resulting quadratic form q̂ on 𝒯2 has the 
following meaning. For ℒ of type E8, there are two conjugacy classes of automorphisms 
of order 2, which are distinguished by the subalgebra of fixed points, and q̂ takes value 
0 on the nontrivial elements τ ∈ 𝒯2 for which ℒτ is of type D8 and value 1 on those 
for which ℒτ is of type E7 + A1. Moreover, the elements of 𝒯2 × ⟨σ⟩ that are not in 𝒯2
give type D8. For ℒ of type E6, there are two conjugacy classes of inner automorphisms 
of order 2, and q̂ takes value 0 when ℒτ is of type D5 + Z (where Z stands for the 
1-dimensional center) and value 1 when ℒτ is of type A5 + A1. Moreover, the elements 
of 𝒯2 × ⟨σ⟩ that are not in 𝒯2 are outer automorphisms (with ℒτ of type C4).

Now consider the quotient of G by the subgroup generated by the fixed element s: 
G = G/⟨s⟩, and the associated coarsening:

Γ : ℒ =
⨁︂
ḡ∈G

ℒḡ,

where, for any g ∈ G, ḡ denotes its coset g⟨s⟩, and ℒḡ = ℒg ⊕ℒgs. As the Cartan subal
gebra ℋ is contained in the neutral homogeneous component ℒs̄ = ℒē, the grading Γ is a 
coarsening of the Cartan grading (2.1) and this gives a surjective group homomorphism

π : R −→ G (3.2)

such that for any root α ∈ Φ, π(α) = ḡ if ℒα ⊆ ℒḡ.
Let E := kerπ be the kernel of π, which is called the complementary lattice in [15, 

1.4]. As G is 2-elementary, 2R is contained in E. Also, π induces an isomorphism
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πE : R/E −→ G. (3.3)

Besides, G being the universal group of Γ, and Γ being a proper coarsening of Γ, there 
is a unique surjective map of G onto the universal group of Γ, with s in its kernel, and 
hence, G is the universal group of Γ. We therefore have:

E = 2R + Z(Φ+ ∩ E) + Z{α− β | α, β ∈ Φ+ and α− β ∈ E}, (3.4)

or, in the notation of [9, (2.4)], E = E◦. This is because the subgroup on the right hand 
side of (3.4) is contained in E, and the quotient of R by this subgroup gives the same 
coarsening Γ, up to equivalence. (For details, see [9, §2].)

Moreover, the diagonal group of Γ is

Diag(Γ) = Diag(Γ) ∩ 𝒯2 = {τχ | χ ∈ Hom(R/E, {±1})}.

A word of caution is needed here. Hesselink does not consider universal groups, al
though the grading groups appearing in [15] are universal in many cases.

The automorphism σ in (3.1) is not unique. If we fix one of them, and consider the 
corresponding character χ ∈ ˆ︁G, so that χ(g) = ±1 according to σ|ℒg

= ±id, we can 
identify our grading group G with R/E × F2:

G ≃ R/E × F2

g ↔
(︁
π−1
E (ḡ), i

)︁
,

(3.5)

where i = 0 if χ(g) = 1, and i = 1 if χ(g) = −1. Under this identification, the element s
corresponds to (0, 1) ∈ R/E×F2 and the homogeneous components of Γ are the following 
([9, (2.3)]):

ℒ(r+E,0) =
⨁︂

α∈Φ+∩(r+E)

F (xα + σ(xα)) ,

ℒ(r+E,1) =

⎧⎨⎩
⨁︁

α∈Φ+∩(r+E) F (xα − σ(xα)) if r + E ̸= E,
ℋ⊕

(︂⨁︁
α∈Φ+∩(r+E) F (xα − σ(xα))

)︂
if r + E = E,

(3.6)

while the homogeneous components of Γ are the following:

ℒr+E =
⨁︂

α∈Φ+∩(r+E)

(ℒα ⊕ ℒ−α) , if r ̸∈ E,

ℒE = ℋ⊕
(︄ ⨁︂

α∈Φ+∩E

(ℒα ⊕ ℒ−α)
)︄
.

(3.7)

Here we have fixed a system of simple roots, which decomposes Φ into the set of positive 
roots Φ+ and negative roots Φ− = −Φ+, and have picked nonzero elements xα ∈ ℒα for 
any α ∈ Φ+.
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Equation (3.6) gives at once the following result.

Proposition 3.2. Let Γ be a pure grading on a semisimple Lie algebra ℒ over an alge
braically closed field of characteristic 0, with universal group G. Let s ∈ G be an element 
such that ℒs contains a Cartan subalgebra ℋ. Let Φ be the root system relative to ℋ, 
R = ZΦ the root lattice, and E the complementary lattice of Γ. Then Γ is special if and 
only if Φ ∩ E = ∅.

Our aim in this section is, assuming that Γ is also special, to compute the stabilizer 
Ws(Γ) of s in the Weyl group of Γ:

Ws(Γ) = {w ∈ W (Γ) | w(s) = s}.

In many situations, there is a unique s ∈ G with Ls containing a Cartan subalgebra, so 
Ws(Γ) is the whole Weyl group W (Γ).

Because of (3.5), we may identify W (Γ) with a subgroup of GL(R/E×F2) ≃ GLl+1(2), 
where l is the dimension of R/E, which is a 2-elementary group, and hence a vector space 
over F2. As s corresponds to (0, 1), Ws(Γ) is contained in the following subgroup:⎛⎜⎜⎜⎝ GL(R/E)

0
...
0

Hom(R/E,F2) 1

⎞⎟⎟⎟⎠ , (3.8)

a semidirect product of Hom(R/E,F2) and GL(R/E).

Lemma 3.3. Let Γ be a special pure grading on the semisimple Lie algebra ℒ. Under the 
identification above, the subgroup⎛⎜⎜⎜⎝ Il

0
...
0

Hom(R/E,F2) 1

⎞⎟⎟⎟⎠ ,

is contained in Ws(Γ).

Proof. Let ξ be an arbitrary element of Hom(R/E,F2), and let ξ̃ : R → {±1} be the char
acter of R given by ξ̃(q) = (−1)ξ(r+E). As F is algebraically closed, let χ ∈ Hom(R,F×)
be a character with χ2 = ξ̃, and consider the corresponding automorphism τχ ∈ 𝒯 . For 
any α ∈ Φ+, and xα ∈ ℒα,

τχ(xα + σ(xα)) = χ(α)xα + χ(α)−1σ(xα) ∈
{︄
ℒ(α+E,0) if χ2(α) = ξ̃(α) = 1,
ℒ(α+E,1) if χ2(α) = ξ̃(α) = −1.
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Moreover, if β ∈ Φ+ is another positive root with β−α ∈ E, then χ2(α) = χ2(β), because 
ξ̃(E) = 1. Therefore, because of (3.6), τχ is an automorphism of Γ such that τχ(ℒ(r+E,0))
is contained in ℒ(r+E,ξ(r+E)) for any r ∈ R, so that its projection on W (Γ) is

⎛⎜⎜⎜⎝ Il

0
...
0

ξ 1

⎞⎟⎟⎟⎠ ,

thus proving our result. □
Any automorphism of the root system Φ preserves 2R, and hence the induced group 

homomorphism in (2.3):

ρ : Aut(Φ) −→ GL(R),

gives an action of Aut(Φ) on R. Write E = E/2R.
Any μ ∈ StabAut(Φ)(E) induces an automorphism of R/E ≃ R/E. Thus ρ induces a 

group homomorphism

ρ′ : StabAut(Φ)(E) −→ GL(R/E)

μ ↦→ μ′.
(3.9)

Consider the composition

υ : G  −−→ G
π−1
E  −−→ R/E, (3.10)

where the first map is the natural homomorphism and the second is the inverse of the 
isomorphism πE in (3.3). It induces a surjective group homomorphism

υ̃ : StabAut(G)(s) → GL(R/E).

We get the diagram

Ws(Γ) StabAut(G)(s)

StabAut(Φ)(E) GL(R/E)

υ̃

ρ′

The next result extends [15, 4.8].

Theorem 3.4. Let Γ be a special pure grading on the semisimple Lie algebra ℒ, over an 
algebraically closed field of characteristic 0, with universal group G. Let s ∈ G be an 
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element such that ℒs contains a Cartan subalgebra ℋ. Then, with the notations above, 
the stabilizer of s in the Weyl group W (Γ) is obtained as follows:

Ws(Γ) = υ̃−1(im ρ′).

In other words, Ws(Γ) consists of the matrices in (3.8) with arbitrary lower left corner, 
and where the upper left corner (in GL(R/E)) is induced by an automorphism of Φ that 
preserves E.

Proof. Note that ℒs = ℋ holds, because of Proposition 3.2 and Equation (3.6). We 
proceed in several steps.

1) Any φ ∈ Aut(Γ) preserving ℒs = ℋ induces an automorphism μφ ∈ Aut(Φ) with 
φ(ℒα) = ℒμφ(α) for any α ∈ Φ.

Since Γ is special, we have Φ+ ∩ E = ∅. For any α, β ∈ Φ+ with α − β ∈ E, the 
elements xα + σ(xα) and xβ + σ(xβ) are in the same homogeneous component of Γ, and 
hence so are their images under φ. Thus μφ(α) − μφ(β) is in E. Equation (3.4) shows 
μφ(E) ⊆ E, which is equivalent to μφ ∈ StabAut(Φ)(E).

Note that the image under υ̃ of the element of Ws(Γ) determined by φ is the image 
under ρ′ of μφ.

2) Conversely, for any μ ∈ StabAut(Φ)(E), take an element φ ∈ StabAut(ℒ)(ℋ) with 
μφ = μ ([18, 14.2]). Note that we have μ(E) = E and φ ∈ Aut(Γ) (recall the homogeneous 
components of Γ in (3.7)).

For any τ ∈ Diag(Γ)∩𝒯 = Diag(Γ)∩𝒯2 = Diag(Γ), we get φτφ−1 ∈ Diag(Γ). Consider 
the automorphism σ′ = φσφ−1, which satisfies σ′|ℋ = −id, so there exists an element 
τ ∈ 𝒯 such that σ′ = τσ. Take τ̃ ∈ 𝒯 with τ̃2 = τ . Then σ′ = τσ = τ̃2σ = τ̃στ̃−1. 
Therefore we have φσφ−1 = τ̃στ̃−1 and τ̃−1φ commutes with σ, stabilizes ℋ and satisfies 
μτ̃−1φ = μφ = μ.

Replacing φ by τ̃−1φ, we may assume φσ = σφ, and hence we get φ ∈ Aut(Γ)
with φ(ℒs) = ℒs, because the homogeneous components of Γ (Equation (3.6)) are the 
eigenspaces for σ of the homogeneous components of Γ.

3) For any φ ∈ Aut(Γ) preserving ℒs = ℋ we obtain the following elements:

μφ ∈ StabAut(Φ)(E), ρ′(μφ) = μ′
φ ∈ GL(R/E),

and for any α ∈ Φ+ we have

φ(ℒ(α+E,0)) = ℒ(μ′
φ(α+E),0 or 1).

The associated element in Ws(Γ) is then, considered as an element of GL(R/E × F2), of 
the form
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⎛⎜⎜⎜⎝ μ′
φ

0
...
0

ξ 1

⎞⎟⎟⎟⎠ ,

for some ξ ∈ Hom(R/E,F2). But step 2) shows that given any element μ′ = ρ′(μ) with 
μ ∈ StabAut(Φ)(E), there is an element w ∈ Ws(Γ) of the form ⎛⎜⎜⎜⎝ μ′

0
...
0

ξ 1

⎞⎟⎟⎟⎠ ,

for some ξ ∈ Hom(R/E,F2). Now Lemma 3.3 completes the proof. □
4. Special pure gradings on simple Lie algebras of types 𝑬6, 𝑬7, or 𝑬8

The aim of this section is the classification, up to equivalence, of the special pure 
gradings on the simple Lie algebras of type E6, E7, and E8. We will make use of Propo
sition 2.1 that relates the Weyl groups of these algebras with suitable orthogonal groups 
over the field of 2 elements.

We start with E8.

Theorem 4.1. Up to equivalence, there are exactly five special pure gradings on a simple 
Lie algebra of type E8 over an algebraically closed field of characteristic 0. Their universal 
groups and types are given in the next table:

Universal group Type

Γ9
E8

Z9
2 (240, 0, 0, 0, 0, 0, 0, 1)

Γ8
E8

Z8
2 (128, 56, 0, 0, 0, 0, 0, 1)

Γ7
E8

Z7
2 (0, 96, 0, 12, 0, 0, 0, 1)

Γ6
E8

Z6
2 (0, 0, 0, 56, 0, 0, 0, 3)

Γ5
E8

Z5
2 (0, 0, 0, 0, 0, 0, 0, 31)

Proof. The quadratic form q : R → F2 in (2.2) is regular with trivial Arf invariant. 
Moreover, the nonisotropic vectors of R are precisely the 120 vectors ᾱ := α + 2R for 
α ∈ Φ+. By Proposition 3.2, the complementary lattice E satisfies that E = E/2R is 
a totally isotropic subspace of R, and hence it has dimension at most 4. Moreover, for 
any dimension up to 4, any two totally isotropic subspaces of R are conjugate under the 
action of O(q). As a consequence, we get the following possibilities, according to (3.6):

dimE = 0: Here the universal group R/E×F2 ≃ R×F2 (see (3.5)) is isomorphic to Z9
2, 

the homogeneous space ℒ(0,1) is a Cartan subalgebra, and all the other homoge
neous components are one-dimensional. Hence, the type is (240, 0, 0, 0, 0, 0, 0, 1).
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dimE = 1: In this case the universal group is isomorphic to Z8
2. There is an isotropic 

vector u with E = F2u. If we fix an element v with bq(u, v) = 1, then u and v span 
a hyperbolic plane H, and R = HkH⊥, so 0 = Arf(q) = Arf(q|H)+Arf(q|H⊥) =
Arf(q|H⊥). Moreover, q induces a quadratic form on the six-dimensional space 

E
⊥
/E, which is isometric to H⊥ and hence has trivial Arf invariant. Thus, 

E
⊥
/E contains 28 nonisotropic vectors. Besides, for any v ∈ R with q(v) = 1, 

we have q(v + u) = 1 if and only if bq(u, v) = 0, that is, v ∈ E
⊥, so there are 

28 pairs of positive roots (α, β) such that α + E = β + E (α + 2R = v ∈ E
⊥, 

β+2R = u+v). This gives 56 two-dimensional homogeneous components in (3.6). 
For the remaining positive roots, that is, those γ ∈ Φ+ such that γ̄ ̸∈ E

⊥, the 
corresponding homogeneous components in (3.6) are one-dimensional. Therefore, 
the type is (128, 56, 0, 0, 0, 0, 0, 1).

dimE = 2: Here, if a positive root α ∈ Φ+ satisfies bq(ᾱ, E) = 0, then ᾱ+E consists of 
4 nonisotropic vectors. Since E

⊥
/E is a regular quadratic space with trivial Arf 

invariant of dimension 4, it contains 6 nonisotropic vectors, and thus E⊥ contains 
6 left cosets of the form ᾱ+E. This means that there are 12 homogeneous spaces 
of dimension 4 in (3.6).

On the other hand, there are 120 − 24 = 96 positive roots α ∈ Φ+ with 
bq(ᾱ, E) ̸= 0, and then the left coset ᾱ + E contains just two nonisotropic 
vectors, thus obtaining 48 pairs of positive roots, which give 96 homogeneous 
components in (3.6) of dimension 2. Hence, the type is (0, 96, 0, 12, 0, 0, 0, 1).

dimE = 3: In this case, the quadratic space E
⊥
/E is a regular quadratic space with triv

ial Arf invariant of dimension 2, so it contains a unique nonisotropic element. 
Thus, if α ∈ Φ+ is in E

⊥, the coset ᾱ + E consists of the 8 nonisotropic vec
tors in E

⊥. This means that the homogeneous components ℒ(α+E,0̄), ℒ(α+E,1̄), 
and ℒ(E,1̄) are eight-dimensional, and actually Cartan subalgebras, because the 
homogeneous components in a special grading on a semisimple Lie algebra are 
always toral [15, 3.8 Theorem].

For any of the remaining 112 positive roots α ∈ Φ+ with bq(ᾱ, E) ̸= 0, the 
coset ᾱ+E contains 4 nonisotropic vectors. This forces all the other homogeneous 
components in (3.6) to be 4-dimensional, so that the type is (0, 0, 0, 56, 0, 0, 0, 3).

dimE = 4: Here E
⊥ = E, and all the cosets ᾱ + E contain 8 nonisotropic vec

tors. Thus, all homogeneous components have dimension 8 and the type is 
(0, 0, 0, 0, 0, 0, 0, 31). □

Theorem 4.2. Up to equivalence, there are exactly four special pure gradings on a simple 
Lie algebra of type E7 over an algebraically closed field of characteristic 0. Their universal 
groups and types are given in the next table. 

Proof. The quadratic form q : R → F2 in (2.2) is regular, but odd-dimensional. The 
radical of bq is one-dimensional: rad bq = F2a, with q(a) = 1. Moreover, the nonisotropic 
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Universal group Type

Γ8
E7

Z8
2 (126, 0, 0, 0, 0, 0, 1)

Γ7
E7

Z7
2 (66, 30, 0, 0, 0, 0, 1)

Γ6
E7

Z6
2 (0, 48, 2, 6, 0, 0, 1)

Γ5
E7

Z5
2 (0, 0, 0, 28, 0, 0, 3)

vectors of R are precisely the 63 vectors ᾱ := α + 2R for α ∈ Φ+ together with a. 
Any subspace of R containing strictly rad bq contains other nonisotropic vectors besides 
a, so it is not of the form E = E/2R with E the complementary lattice of a special 
pure grading. Also, the lattice F with F = rad bq cannot be the complementary lattice 
of a special pure grading, graded by its universal group, because for any two different 
positive roots α, β ∈ Φ+, ᾱ− β̄ ̸= a, as otherwise we would have 1 = q(β̄) = q(ᾱ + a) =
q(ᾱ) + q(a) = 1 + 1 = 0, and then (3.4) is not fulfilled. Therefore, the complementary 
lattice E of a special pure grading satisfies that E is a totally isotropic subspace of R
and, in particular, it does not contain rad bq.

As a consequence, we get the following possibilities, according to (3.6):

dimE = 0: As for E8, the universal group is isomorphic to Z8
2 and the type is 

(126, 0, 0, 0, 0, 0, 1).
dimE = 1: Here the quadratic space E

⊥
/E is regular of dimension 5, so it contains 16

nonisotropic elements, one of them being a+E. For each α ∈ Φ+ with ᾱ ∈ E
⊥, 

the coset ᾱ+E consists of two nonisotropic vectors, so either ᾱ+E = {ᾱ, β̄} for 
another positive root β, or ᾱ + E = {ᾱ, a}, which happens only for ᾱ = a + u, 
with E = F2u. Hence there are 15 pairs of positive roots that come together 
in (3.6). The other 35 = 63 − 30 positive roots give rise to one-dimensional 
homogeneous components and the type is (66, 30, 0, 0, 0, 0, 1).

dimE = 2: In this case the quadratic space E
⊥
/E is regular of dimension 3, so it con

tains 4 nonisotropic elements, one of them being a + E. For each α ∈ Φ+ with 
ᾱ ∈ E

⊥, the coset ᾱ+E consists of four nonisotropic vectors, which come from 
four positive roots unless ᾱ+E = a+E that contains three nonisotropic vectors 
obtained from positive roots. For the remaining 48 = 63 − 15 positive roots α
with ᾱ ̸∈ E

⊥, the coset ᾱ + E contains two nonisotropic vectors. The type is 
then (0, 48, 2, 6, 0, 0, 1).

dimE = 3: Here the quadratic space E
⊥
/E is regular of dimension 1. The nonisotropic 

vectors of E⊥ form the left coset a+E, that contains eight nonisotropic vectors 
of R: the element a itself, and seven elements of the form ᾱ with α ∈ Φ+. Pick 
one of them, so that a+E = ᾱ+E, then the homogeneous components ℒ(α+E,0̄), 
ℒ(α+E,1̄), and ℒ(E,1̄) are seven-dimensional Cartan subalgebras.

For the remaining 56 = 63− 7 positive roots α with ᾱ ̸∈ E
⊥, the coset ᾱ+E

contains four nonisotropic vectors. The type is then (0, 0, 0, 28, 0, 0, 3). □
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Theorem 4.3. Up to equivalence, there are exactly three special pure gradings on a simple 
Lie algebra of type E6 over an algebraically closed field of characteristic 0. Their universal 
groups and types are given in the next table: 

Universal group Type

Γ7
E6

Z7
2 (72, 0, 0, 0, 0, 1)

Γ6
E6

Z6
2 (32, 20, 0, 0, 0, 1)

Γ5
E6

Z5
2 (0, 24, 0, 6, 0, 1)

Proof. The quadratic form q : R → F2 in (2.2) is regular with Arf invariant 1, and 
the nonisotropic vectors are precisely the 36 vectors ᾱ for α ∈ Φ+. Therefore, because 
of Proposition 3.2, the complementary lattice E satisfies that E = E/2R is a totally 
isotropic subspace of R̄, and hence it has dimension at most 2, as the Arf invariant is 
not trivial. The following possibilities appear:

dimE = 0: As for E8 and E7, the universal group is isomorphic to Z7
2 and the type is 

(72, 0, 0, 0, 0, 1).
dimE = 1: Here the quadratic four-dimensional space E

⊥
/E is regular and its Arf in

variant is 1, so it contains 10 nonisotropic elements, of the form ᾱ + E, with 
α ∈ Φ+ and ᾱ ∈ E

⊥. Each such left coset contains two nonisotropic vectors. The 
remaining 16 = 36− 20 positive roots give rise to one-dimensional homogeneous 
components and the type is (32, 20, 0, 0, 0, 1).

dimE = 2: In this case the quadratic two-dimensional space E
⊥
/E is regular and its 

Arf invariant is 1, so it contains 3 nonisotropic elements, of the form ᾱ+E, with 
α ∈ Φ+ and ᾱ ∈ E

⊥. Each such left coset contains four nonisotropic vectors. The 
remaining 24 = 36−12 positive roots α satisfy that the left coset ᾱ+E contains 
two nonisotropic vectors, and hence give rise to two-dimensional homogeneous 
components. The type is (0, 24, 0, 6, 0, 1). □

5. Weyl groups of the special pure gradings on simple Lie algebras of types 𝑬6, 𝑬7, or 
𝑬8

This section is devoted to computing the Weyl group of each special pure grading 
on the simple Lie algebras of types E6, E7, E8 and to describing its action on the 
corresponding universal group.

Let Γ be a special pure grading on a simple Lie algebra ℒ of type E6, E7, or E8, with 
universal group G. Let s ∈ G be an element such that ℒs contains a Cartan subalgebra 
ℋ. As the first result of this section, we are going to describe the structure of the group 
Ws(Γ) in Theorem 3.4.

Let Φ be the root system relative to ℋ, let R = ZΦ be the root lattice, and consider 
the quotient R = R/2R. Let π : R → G be the projection in (3.2) and let q : R → F2 be 
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the quadratic form in (2.2). Let E be the complementary lattice of Γ and E = E/2R. 
Denote by π : R → G the projection induced from π (recall that G is an elementary 

2-group) and let H be the subgroup of G such that H := H/⟨s⟩ = π(E⊥).
The quadratic form q restricts to a quadratic form qE : E⊥ → F2. As q is regular and 

E is totally isotropic (see Section 4), E is the radical of qE. Hence qE is transferred by 
means of π to a regular quadratic form qH,s : H → F2 (where we regard H as a vector 
space over F2).

There appears a natural flag ℱ of subgroups of G:

ℱ : 1 ≤ ⟨s⟩ ≤ H ≤ G,

and we may consider the stabilizer of this flag, denoted by StabAut(G)(ℱ). Any element 
φ ∈ StabAut(G)(ℱ) induces an automorphism of H = H/⟨s⟩, denoted by φH,s.

Theorem 5.1. Let Γ be a special pure grading on a simple Lie algebra ℒ of type E6, E7, 
or E8, over an algebraically closed field of characteristic 0, with universal group G. With 
the notations preceding the theorem, we have

Ws(Γ) = {φ ∈ StabAut(G)(ℱ) | φH,s ∈ O(qH,s)}.

Proof. Since E is totally isotropic, we can choose a totally isotropic subspace E
′ of R

such that E∩E′ = 0 and bq|E⊕E
′ is nondegenerate. To do this, it suffices to use induction 

on dimE and the fact that any isotropic vector is contained in a hyperbolic plane (see, 
e.g., the proof of [12, Lemma 8.10]). Letting W be the orthogonal complement to E⊕E

′

relative to bq, we get R = E ⊕ E
′ ⊕W .

Identify R/E ≃ R/E with E
′ ⊕W , and G with (E′ ⊕W ) × F2 by means of (3.5). In 

this way, H corresponds to W ×F2. Then we must prove that Ws(Γ), seen as a group of 
transformations of (E′ ⊕W ) × F2, consists of the linear maps⎛⎜⎝ f 0

α g
0
0

ξ 1

⎞⎟⎠ , (5.1)

with f ∈ GL(E′), g ∈ O(q|W ), α ∈ Hom(E′
,W ), and ξ ∈ Hom(E′ ⊕W,F2).

Because of Proposition 2.1, the homomorphism

ρ′ : StabAut(Φ)(E) → GL(R/E)

in (3.9) induces a homomorphism

ρ̄ : StabO(q)(E) −→ GL(R/E)

μ ↦→ μ̄,
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where μ̄(r + E) = μ(r + 2R) + E ∈ R/E ≃ R/E for any r ∈ R. Moreover, we have 
im ρ′ = im ρ̄.

Relative to the decomposition R = E ⊕ E
′ ⊕ W , the group StabO(q)(E) consists of 

matrices of the form

A =
(︄
h β γ
0 f 0
0 α g

)︄

for h ∈ GL(E), f ∈ GL(E′), g ∈ O(q|W ), and linear maps (over F2) α : E′ → W , 
β : E′ → E, γ : W → E. Then A belongs to O(q) if and only if equations (5.2), (5.3), 
(5.4) hold.

Actually, we have:

• For any u ∈ E and v ∈ E
′,

bq
(︁
h(u), f(v)

)︁
= bq

(︁
h(u), f(v) + β(v)

)︁
= bq(u, v), (5.2)

so that any f ∈ GL(E′) determines h ∈ GL(E) such that (5.2) holds, and conversely.
• For any v ∈ E

′ and w ∈ W ,

0 = bq
(︁
β(v) + f(v) + α(v), γ(w) + g(w)

)︁
= bq

(︁
f(v), γ(w)

)︁
+ bq

(︁
α(v), g(w)

)︁
,

that is,

bq
(︁
f(v), γ(w)

)︁
= bq

(︁
α(v), g(w)

)︁
. (5.3)

Therefore, once f and g are fixed, any α determines γ such that (5.3) holds. (And if 
rad bq = 0, then any γ determines α too.)

• For any v ∈ E
′,

0 = q(v) = q
(︁
β(v) + f(v) + α(v)

)︁
= q

(︁
α(v)

)︁
+ bq

(︁
f(v), β(v)

)︁
,

that is,

q
(︁
α(v)

)︁
= bq

(︁
f(v), β(v)

)︁
. (5.4)

For any α ∈ Hom(E′
,W ) and f ∈ GL(E′), there is a linear map β : E′ → E satisfying 

this equation.

The image under ρ̄ of the matrix A above is, under our identification R/E ≃ E
′ ⊕W , 

the matrix
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f 0
α g

)︃
.

For any f ∈ GL(E′), g ∈ O(q|W ), and α ∈ HomF2(E
′
,W ), there exist h, β, γ satisfying 

equations (5.2), (5.3), (5.4), and hence the result follows from Theorem 3.4. □
Corollary 5.2 (of the proof). If ℒ in Theorem 5.1 has type E6 or E8, then Ws(Γ) is 
isomorphic to the a�ine orthogonal group of the restriction of q to E

⊥.

Proof. Note that E⊥ = E ⊕ W . Moreover, for E6 and E8, rad bq is trivial, so the 
orthogonal group O(q|

E
⊥) is isomorphic to the image of ρ̄ by means of the map

Θ : O(q|
E

⊥) −→ im ρ̄(︃
h γ
0 g

)︃
↦→ 

(︃
f 0
α g

)︃
,

for h ∈ GL(E), g ∈ O(q|W ) and γ ∈ Hom(W,E), where f ∈ GL(E′) is determined by 
(5.2) and α by (5.3).

On the other hand, E⊥ is naturally isomorphic to Hom(R/E,F2) by means of bq. 
Denote this isomorphism by θ.

As we have seen, Theorem 3.4 shows that Ws(Γ) is isomorphic to the semidirect prod
uct Hom(R/E,F2) ⋊ im ρ̄ ≤ Hom(R/E,F2) ⋊ GL(R/E), where the action of GL(R/E)
on Hom(R/E,F2) is the natural one: f.ξ = ξ ◦ f−1. We claim that our isomorphisms 
Θ and θ are compatible with the action, i.e., θ(Ax) = Θ(A).θ(x) for all A ∈ O(q|

E
⊥)

and x ∈ E
⊥. Using the identification R/E ≃ E

′ ⊕W , this is equivalent to the equation 
bq(A(u + w),Θ(A)(v′ + w′)) = bq(u + w, v′ + w′) for all u ∈ E, v′ ∈ E

′, w,w′ ∈ W , and 

A =
(︂

h γ
0 g

)︂
∈ O(q|

E
⊥), which is easy to check:

bq
(︁
A(u + w),Θ(A)(v′ + w′)

)︁
= bq

(︁
h(u) + γ(w) + g(w), f(v′) + α(v′) + g(w′)

)︁
= bq

(︁
h(u) + γ(w), f(v′)

)︁
+ bq

(︁
g(w), α(v′) + g(w′)

)︁
= bq(u, v′) + bq(w,w′) = bq(u + w, v′ + w′),

where we have used (5.2) and (5.3).
We conclude that Ws(Γ) is isomorphic to the semidirect product E⊥

⋊O(q|
E

⊥), which 

is the a�ine orthogonal group of the restriction of q to E
⊥. □

Remark 5.3. In case the complementary lattice E is trivial: E = 2R, which is the case 
in Example 2.11, one has R = W in the proof of Theorem 5.1, and hence Ws(Γ) is 
the orthogonal group of the degenerate quadratic form qG defined on G (a 2-elementary 
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group, and hence a vector space over F2), by means of qG(g) := q
(︁
υ(g)

)︁
, with υ : G → R

in (3.10).

According to Theorems 4.1, 4.2 and 4.3, the special pure gradings on a simple Lie 
algebra of type E6, E7, or E8, contain a unique homogeneous component equal to a 
Cartan subalgebra, with the exceptions of the special pure gradings on E8 with universal 
groups isomorphic to Z6

2 and Z5
2, and the special pure grading on E7 with universal group 

isomorphic to Z5
2.

The Weyl group of the special pure grading on E8 with universal group Z5
2 is the 

group of automorphisms of the universal group, hence isomorphic to GL5(F2) (see [15, 
6.2 Theorem]). This grading is an example of Jordan grading (see [1,20]).

For the remaining cases, Ws(Γ) = W (Γ) by the uniqueness of the homogeneous com
ponent being equal to a Cartan subalgebra, so Theorem 5.1 determines the whole Weyl 
group.

Therefore, we must deal with the special pure grading on E8 with universal group iso
morphic to Z6

2, and with the special pure grading on E7 with universal group isomorphic 
to Z5

2. The proofs of Theorems 4.1 and 4.2 show that, in both cases, there are exactly 
three homogeneous components that are Cartan subalgebras. The subgroup spanned by 
the degrees of these homogeneous components is isomorphic to Z2

2.

Proposition 5.4. Let ℒ be a simple Lie algebra of type E7 or E8 over an algebraically 
closed field of characteristic 0. Let Γ : ℒ =

⨁︁
g∈G ℒg be the unique, up to equivalence, 

special pure grading with universal group G and with exactly three homogeneous compo
nents: ℒs, ℒs′ and ℒs′′ , being Cartan subalgebras. Let W (Γ) be its Weyl group, and let 
W ′(Γ) be the pointwise stabilizer in W (Γ) of {s, s′, s′′}:

W ′(Γ) = {w ∈ W (Γ) | w(s) = s, w(s′) = s′, w(s′′) = s′′}.

Then there is a short exact sequence

1 → W ′(Γ) ↪→ W (Γ) → S3 → 1,

where S3 denotes the symmetric group of degree 3, and the homomorphism W (Γ) → S3
is induced from the action of W (Γ) on the elements s, s′, s′′ ∈ G.

Proof. In the two cases we are dealing with, we can identify G with R/E × F2 as in 
(3.5) with E = E/2R a totally isotropic subspace of R = R/2R. Fix a decomposition 
R = E ⊕ E

′ ⊕ W as in the proof of Theorem 5.1 and identify R/E with E
′ ⊕ W . For 

E8, W is a two-dimensional space and the Arf invariant of q|W is trivial, so there is a 
unique vector a ∈ W with q(a) = 1. For E7, W = rad bq = F2a, with q(a) = 1. The three 
homogeneous components that are Cartan subalgebras are ℒ(0,1), ℒ(a,0), and ℒ(a,1) (see 
(3.6)). Write s = (0, 1), s′ = (a, 0) and s′′ = s + s′ = (a, 1). Equation (5.1) shows that 
Ws(Γ), as a group of transformations of (E′ ⊕W ) × F2, consists of the linear maps
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α g

0
0

ϵ ω 1

⎞⎟⎠ , (5.5)

with g ∈ O(q|W ), f ∈ GL(E′), α ∈ Hom(E′
,W ), ϵ ∈ Hom(E′

,F2), and ω ∈ Hom(W,F2). 
Note that O(q|W ) is cyclic of order 2 and fixes a for E8, while it is trivial for E7. Therefore, 
W ′(Γ) consists of the linear maps in (5.5) with ω(a) = 0.

The linear maps of the form ⎛⎜⎝ id 0
0 id

0
0

0 ω 1

⎞⎟⎠ ,

with ω(a) = 1 have order 2 and permute the labels s′ and s′′, while fixing s.
However, the three Cartan subalgebras ℒs, ℒs′ and ℒs′′ play the same role, so we could 

have started with the Cartan subalgebra ℋ = ℒs′ to conclude that there are elements in 
W (Γ) permuting ℒs and ℒs′′ . We conclude that the natural homomorphism W (Γ) → S3
is surjective, and its kernel is, by definition W ′(Γ). □
Corollary 5.5. Let ℒ be a simple Lie algebra of type E7 or E8 over an algebraically closed 
field of characteristic 0. Let Γ : ℒ =

⨁︁
g∈G ℒg be the unique, up to equivalence, special 

pure grading with universal group G and with exactly three homogeneous components 
being Cartan subalgebras. Then the order of the Weyl group is given in the following 
table: 

Type of ℒ |W (Γ)|

E7 210 × 32 × 7
E8 215 × 32 × 7

Proof. By Proposition 5.4, the order of W (Γ) is 3 × |Ws(Γ)|. But (5.1) gives

|Ws(Γ)| = |O(q|W )| ×
⃓⃓⃓
GL(E′)

⃓⃓⃓
×

⃓⃓⃓
Hom(E′

,W )
⃓⃓⃓
×
⃓⃓⃓
Hom(E′ ⊕W,F2)

⃓⃓⃓
=

{︄
1 × (7 × 6 × 4) × 23 × 24 = 210 × 3 × 7, for E7,
2 × (7 × 6 × 4) × 26 × 25 = 215 × 3 × 7, for E8,

as required. □
Our next goal is to show that the short exact sequence in Proposition 5.4 splits, and to 

give a simpler description of the Weyl groups. To do this, let us consider nice realizations 
of these gradings following ideas from [4] and the references therein.
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For E8, let H be the extended Hamming [8, 4, 4] binary code, which is the four di
mensional subspace of F8

2 that consists of the following words:

0 = (0, 0, 0, 0, 0, 0, 0, 0), 1 = (1, 1, 1, 1, 1, 1, 1, 1),

(1, 1, 1, 1, 0, 0, 0, 0), (0, 0, 0, 0, 1, 1, 1, 1),

(1, 1, 0, 0, 1, 1, 0, 0), (1, 1, 0, 0, 0, 0, 1, 1), (0, 0, 1, 1, 1, 1, 0, 0), (0, 0, 1, 1, 0, 0, 1, 1),

(1, 0, 1, 0, 1, 0, 1, 0), (1, 0, 1, 0, 0, 1, 0, 1), (0, 1, 0, 1, 1, 0, 1, 0), (0, 1, 0, 1, 0, 1, 0, 1),

(1, 0, 0, 1, 1, 0, 0, 1), (1, 0, 0, 1, 0, 1, 1, 0), (0, 1, 1, 0, 1, 0, 0, 1), (0, 1, 1, 0, 0, 1, 1, 0).

There is an H-grading Γ of the simple Lie algebra ℒ of type E8 with

ℒ0 = 𝔰𝔩(V1) ⊕ · · · ⊕ 𝔰𝔩(V8), ℒ1 = 0,

where Vi is a two-dimensional vector space for any i = 1, . . . , 8, and for any word c ̸= 0,1, 
we have

ℒc = Vc1 ⊗ Vc2 ⊗ Vc3 ⊗ Vc4

as a module for ℒ0, with 1 ≤ c1 < c2 < c3 < c4 ≤ 8 being the slots of c that contain 1. 
For example, we have

ℒ(1,0,0,1,1,0,0,1) = V1 ⊗ V4 ⊗ V5 ⊗ V8.

The Lie bracket in ℒ is shown in [7, Section 3.3].
There is a group homomorphism

Ψ : SL(V1) × · · · × SL(V8) −→ Aut(ℒ) (5.6)

such that Ψ
(︁
(f1, . . . , f8)

)︁
acts on 𝔰𝔩(Vi) ≤ ℒ0 by g ↦→ figf

−1
i , and on the component 

Vc = Vc1 ⊗ Vc2 ⊗ Vc3 ⊗ Vc4 as fc1 ⊗ fc2 ⊗ fc3 ⊗ fc4 .
Fix bases on the Vi’s and consider the following automorphisms

σ = Ψ
(︃(︂(︃ 0 1

−1 0

)︃
, · · · ,

(︃
0 1
−1 0

)︃)︂)︃
,

τ = Ψ
(︃(︂(︃ i 0

0 −i

)︃
, · · · ,

(︃
i 0
0 −i

)︃)︂)︃
,

(5.7)

with i2 = −1. From the conditions(︃
0 1
−1 0

)︃2

= −id =
(︃

i 0
0 −i

)︃2

, 
(︃

0 1
−1 0

)︃(︃
i 0
0 −i

)︃
= −

(︃
i 0
0 −i

)︃(︃
0 1
−1 0

)︃
,

we get
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σ2 = τ2 = id, στ = τσ,

because we have Ψ
(︁
(−id, . . . ,−id)

)︁
= id.

Consider the grading by H × F2
2 ≃ Z6

2:

Γ : ℒ =
⨁︂

(c,i,j)∈H×F2
2

ℒ(c,i,j) (5.8)

obtained by refining the previous H-grading Γ by means of σ and τ :

ℒ(c,0,0) = {x ∈ ℒc | σ(x) = x = τ(x)},
ℒ(c,1,0) = {x ∈ ℒc | σ(x) = −x = −τ(x)},
ℒ(c,0,1) = {x ∈ ℒc | σ(x) = x = −τ(x)},
ℒ(c,1,1) = {x ∈ ℒc | σ(x) = −x = τ(x)}.

Lemma 5.6. Up to equivalence, Γ is the special pure grading on E8 with universal group 
Z6

2.

Proof. It is enough to note that 𝔰𝔩2(Vi) is the direct sum of the three Cartan subalgebras 
spanned by the linear maps with coordinate matrices in our fixed basis 

(︂
0 1
−1 0

)︂
, 
(︂

i 0
0 −i

)︂
, 

and 
(︁ 0 i

i 0

)︁
. It follows that ℒ(0,0,0) is trivial, so that Γ is special, and ℒ(0,1,0), ℒ(0,0,1), and 

ℒ(0,1,1) are Cartan subalgebras whose sum is ℒ0 = 𝔰𝔩(V1)⊕ · · · ⊕ 𝔰𝔩(V8). In particular, Γ
is pure.

Moreover, for c ̸= 0,1 in H, ℒc splits into the direct sum of four homogeneous com
ponents of Γ, each of dimension 4. Hence, Γ has exactly three homogeneous components 
that are Cartan subalgebras. □

Now, we are in a position to prove that the short exact sequence in Proposition 5.4
splits for type E8, and to provide a nice description of the Weyl group.

Theorem 5.7. Let ℒ be a simple Lie algebra of type E8 over an algebraically closed field 
of characteristic 0. Let Γ : ℒ =

⨁︁
g∈G ℒg be the unique, up to equivalence, special pure 

grading with universal group G and with exactly three homogeneous components: ℒs, ℒs′

and ℒs′′ , being Cartan subalgebras. Let W (Γ) be its Weyl group, and let W ′(Γ) be the 
subgroup W ′(Γ) = {w ∈ W (Γ) | w(s) = s, w(s′) = s′, w(s′′) = s′′}. Then the short exact 
sequence

1 → W ′(Γ) ↪→ W (Γ) → S3 → 1,

in Proposition 5.4 splits.
Moreover, consider the flag

ℱ : 1 ≤ S ≤ K ≤ G,
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where S = ⟨s, s′, s′′⟩ = ⟨g ∈ G | ℒg is a Cartan subalgebra⟩, and K = ⟨g ∈ G | ℒg = 0⟩. 
Then the Weyl group is the stabilizer of ℱ :

W (Γ) = StabAut(G)(ℱ).

Proof. We may identify G with H × F2
2 as in (5.8). Then the subgroups S and K equal 

F2
2 and ⟨1⟩ × F2

2 respectively, because the only elements g in G with ℒg = 0 are (1, i, j), 
for i, j ∈ F2

2 .
The elements of the Weyl group clearly preserve the subgroups S and K. Therefore, 

the Weyl group, considered as a subgroup of Aut(H × F2
2 ), consists of transformations 

that stabilize the flag ℱ or, in other words, transformations of the form:(︄
f 0

μ g

)︄
, (5.9)

with f ∈ StabGL(H)(1), g ∈ GL2(2), and μ ∈ Hom(H,F2
2 ).

But an easy computation gives:⃓⃓
StabGL(H)(1)

⃓⃓
= 23 × |GL3(2)| = 23 × 7 × 6 × 4 = 26 × 3 × 7,⃓⃓

Hom(H,F2
2 )
⃓⃓
= 28,

|GL2(2)| = 3 × 2,

so the order of the subgroup in (5.9) is 215 × 32 × 7, which coincides with the order of 
W (Γ) by Corollary 5.5. Therefore, W (Γ) is the group of all transformations in (5.9).

Moreover, W ′(Γ) is the subgroup of W (Γ) consisting of the transformations that fix 
(0, i, j) for any i, j ∈ F2

2 , and hence of the transformations in (5.9) with g = id, which 
is complemented by the subgroup of transformations in (5.9) with f = id, μ = 0. This 
shows that the short exact sequence in Proposition 5.4 splits. □

For E7 the situation is simpler. Let ℒ be the simple Lie algebra of type E7, and now 
let C be the simplex [7, 4, 3] binary linear code, which is the three dimensional subspace 
of F7

2 consisting of the words:

0 = (0, 0, 0, 0, 0, 0, 0), (1, 1, 0, 0, 1, 1, 0),

(0, 1, 1, 0, 0, 1, 1), (1, 0, 1, 0, 1, 0, 1),

(1, 1, 1, 1, 0, 0, 0), (0, 0, 1, 1, 1, 1, 0),

(1, 0, 0, 1, 0, 1, 1), (0, 1, 0, 1, 1, 0, 1).

There is a grading Γ by C ≃ Z3
2 with

ℒ0 = 𝔰𝔩(V1) ⊕ · · · ⊕ 𝔰𝔩(V7),
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and

ℒc = Vc1 ⊗ Vc2 ⊗ Vc3 ⊗ Vc4

as for E8. Again, this is refined to a grading Γ by C × F2
2 ≃ Z5

2 using the natural group 
homomorphism Ψ : SL(V1)×· · ·×SL(V7) −→ Aut(ℒ) as in (5.6) and the automorphisms 
σ, τ as in (5.7), but with only seven components. The same arguments as for E8 prove 
the following result.

Lemma 5.8. Up to equivalence, Γ is the special pure grading on E7 with universal group 
Z5

2.

As in the case of E8, we get that the short exact sequence in Proposition 5.4 splits, 
and the Weyl group gets a nice description.

Theorem 5.9. Let ℒ be a simple Lie algebra of type E7 over an algebraically closed field 
of characteristic 0. Let Γ : ℒ =

⨁︁
g∈G ℒg be the unique, up to equivalence, special pure 

grading with universal group G and with exactly three homogeneous components: ℒs, ℒs′

and ℒs′′ , being Cartan subalgebras. Let W (Γ) be its Weyl group, and let W ′(Γ) be the 
pointwise stabilizer in W (Γ) of {s, s′, s′′}:

W ′(Γ) = {w ∈ W (Γ) | w(s) = s, w(s′) = s′, w(s′′) = s′′}.

Then the short exact sequence

1 → W ′(Γ) ↪→ W (Γ) → S3 → 1,

in Proposition 5.4 splits.
Moreover, consider the flag

ℱ : 1 ≤ S ≤ G,

where S = ⟨s, s′, s′′⟩ = ⟨g ∈ G | ℒg is a Cartan subalgebra⟩. Then the Weyl group is the 
stabilizer of ℱ :

W (Γ) = StabAut(G)(ℱ).

Proof. Identify G with C × F2
2 . Then the subgroup S equals F2

2 , and is preserved by 
W (Γ), so W (Γ) preserves the flag ℱ , and hence consists of transformations of the form(︄

f 0

μ g

)︄
, (5.10)

with f ∈ GL(C), g ∈ GL2(2), and μ ∈ Hom(C,F2
2 ). Again, easy computations give:
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|GL(C)| = |GL3(2)| = 7 × 6 × 4 = 23 × 3 × 7,⃓⃓
Hom(C,F2

2 )
⃓⃓
= 26,

|GL2(2)| = 3 × 2,

so the order of the subgroup in (5.10) is 210 × 32 × 7, which coincides with the order of 
W (Γ) by Corollary 5.5. Therefore, W (Γ) is the group of all transformations in (5.10), 
and the result follows. □
Remark 5.10. By duality, the quadratic form qH,s of Theorem 5.1 corresponds to the 
regular quadratic form induced by the restriction of q̂ of Remark 3.1 to the subgroup 
Diag(Γ) ∩ 𝒯2 of 𝒯2. As a result, the Weyl groups W (Γ) for ℒ of types E6 and E8 could 
be computed using, respectively, Propositions 6.9 and 8.14 in [22].

6. Classification of special pure gradings up to isomorphism

Recall that any special grading Γ : ℒ =
⨁︁

g∈G ℒg on a semisimple Lie algebra over 
an algebraically closed field of characteristic 0 is almost fine ([11, Proposition 3.8]). If 
U is the universal group of Γ, and we denote by Δ the grading Γ when considered as 
a grading over U , then there is a group homomorphism α : U → G such that Γ is the 
coarsening αΔ. This homomorphism α is bijective on the supports.

If now Γ′ : ℒ =
⨁︁

g∈G ℒ′
g is another special G-grading equivalent to Γ, then there 

is a group homomorphism β : U → G, with Γ′ = βΔ. Then the gradings Γ and Γ′ are 
isomorphic if and only if there is an element ω in the Weyl group W (Δ) such that 
α = β ◦ ω ([11, Theorem 4.3]).

The goal of this section is the classification of the special pure gradings on the simple 
Lie algebras of types E6, E7, and E8, up to isomorphism.

This will be achieved by defining suitable invariants for these gradings (Definition 6.2).
Let Γ : ℒ =

⨁︁
g∈G ℒg be a special pure grading on the simple Lie algebra ℒ, of type 

E6, E7, or E8, over an algebraically closed field of characteristic 0, but now we do not 
assume that G is the universal group of the grading. Pick an element s in the support 
of Γ such that ℒs is a Cartan subalgebra. Denote by T the subgroup of G generated 
by the support, which is a 2-group, as it is a quotient of the universal group, and pick 
a character χ of T with χ(s) = −1. Then T = kerχ × ⟨s⟩. Write T = T/⟨s⟩, which is 
isomorphic to kerχ.

As in (3.2), there is a surjective group homomorphism

π : R → T .

The complementary lattice E := kerπ contains 2R. The grading Γ being special, we 
have E ∩ Φ = ∅ as in Proposition 3.2. As in (3.5) we conclude that T is isomorphic to 
R/E × F2.
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Write, as usual, R = R/2R and E = E/2R, and consider the induced linear map 
π : R → T , and the quadratic form q : R → F2 in (2.2).

Lemma 6.1. Unless ℒ is of type E7 and Γ is equivalent to the special pure grading Γ8
E7

(Theorem 4.2), the subgroup T is the universal group of Γ.

Proof. From E ∩ Φ = ∅ we conclude, using the arguments previous to Proposition 2.1, 
that either E is a totally isotropic subspace of R, or ℒ is of type E7 and E = rad bq.

In the first case, T is the universal group, as so is R/E × F2. In the second case, Γ is 
equivalent to Γ8

E7
in Theorem 4.2, and its universal group is R×F2, while T is isomorphic 

to its quotient R/ rad(bq) × F2. □
Definition 6.2. Let Γ : ℒ =

⨁︁
g∈G ℒg be a special pure grading on the simple Lie algebra 

ℒ of type E6, E7, or E8, over an algebraically closed field of characteristic 0. Define the 
sequence Inv(Γ) as follows:

(i) If Γ is equivalent to Γ5
E8

in Theorem 4.1, then

Inv(Γ) = (T ),

with T the subgroup of G generated by the support of Γ.
(ii) If Γ is equivalent to Γ6

E8
in Theorem 4.1, then

Inv(Γ) = (T,K, S),

with T = ⟨Supp Γ⟩ as above, S = ⟨t ∈ T | ℒt is a Cartan subalgebra of ℒ⟩, and 
K = ⟨t ∈ T | ℒt = 0⟩.

(iii) If Γ is equivalent to Γ5
E7

in Theorem 4.2, then

Inv(Γ) = (T, S),

with T = ⟨SuppΓ⟩ and S = ⟨t ∈ T | ℒt is a Cartan subalgebra of ℒ⟩.
(iv) If Γ is equivalent to Γ8

E7
in Theorem 4.2, but the subgroup T = ⟨SuppΓ⟩ is not the 

universal group (in other words, T is isomorphic to Z7
2), then

Inv(Γ) = (T, S, bT,S),

with T = ⟨SuppΓ⟩, S = ⟨t ∈ T | ℒt is a Cartan subalgebra of ℒ⟩ (≃ Z2), T = T/S, 
and bT,S : T×T → F2 the nondegenerate alternating bilinear form defined as follows: 
the polar form bq of the regular quadratic form q : R → F2 induces a nondegenerate 
alternating bilinear form b̄q : R/ rad(bq)×R/ rad(bq) → F2, and bT,S is the induced 
form on T :
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bT,S

(︁
π(x), π(y)

)︁
:= b̄q(x + rad bq, y + rad bq) = bq(x, y),

for any x, y ∈ R.
(v) In the remaining cases, so that Γ is equivalent to either Γr

E8
, r = 7, 8, 9, in The

orem 4.1, or Γr
E7

, r = 6, 7, in Theorem 4.2, or Γ8
E7

with ⟨Supp Γ⟩ ≃ Z8
2, or Γr

E6
, 

r = 5, 6, 7, in Theorem 4.3, then

Inv(Γ) = (T,H, S, qH,S),

with T = ⟨Supp Γ⟩, S = ⟨t ∈ T | ℒt is a Cartan subalgebra of ℒ⟩ (≃ Z2), T = T/S, 
H the subgroup of T such that H = H/S = π(E⊥), where E is the complementary 
lattice, and qH,S : H → F2 the regular quadratic form transferred from q|

E
⊥ by 

means of π: qH,S

(︁
π(x)

)︁
= q(x), for any x ∈ E

⊥.

The classification of special pure gradings up to isomorphism is now easy:

Theorem 6.3. Let Γ : ℒ =
⨁︁

g∈G ℒg and Γ′ : ℒ =
⨁︁

g∈G ℒ′
g be two special pure gradings 

on the simple Lie algebra ℒ of type E6, E7, or E8, over an algebraically closed field of 
characteristic 0. Then Γ is isomorphic to Γ′ if and only if Inv(Γ) = Inv(Γ′).

Proof. It is clear that if Γ and Γ′ are isomorphic, then Inv(Γ) = Inv(Γ′).
For the converse, let us start with a simple case. Assume that Γ and Γ′ are equivalent 

to Γ6
E8

and Inv(Γ) = Inv(Γ′) = (T,K, S). As in Theorem 5.7, the universal group of Γ6
E8

is U = H×F2
2 , and let α, β : U → G be the corresponding group homomorphisms so that 

Γ = α(Γ6
E8

) and Γ′ = β(Γ6
E8

). Then α and β are isomorphisms when considered as maps 
U → T = ⟨SuppΓ⟩ = ⟨SuppΓ′⟩. Then the composition β−1 ◦ α : U → U makes sense 
and it is an automorphism that preserves the flag in Theorem 5.7. Therefore, β−1 ◦ α

belongs to the Weyl group W (Γ6
E8

). It follows that α = β◦ω for an element ω ∈ W (Γ6
E8

), 
proving that Γ and Γ′ are isomorphic.

Consider now the most problematic case, in which Γ and Γ′ are equivalent to Γ8
E7

, 
with Inv(Γ) = Inv(Γ′) = (T, S, bT,S) and T ≃ Z7

2. The universal group of Γ8
E7

is R × F2
and let α, β : R × F2 → G be the corresponding group homomorphisms. These induce 
surjective group homomorphisms α, β : R → T = T/S.

Take a complementary space W of rad(bq): R = rad(bq) ⊕ W . Then α and β give 
isomorphisms W → T and for any w1, w2 ∈ W , bq(w1, w2) = bT,S

(︁
α(w1), α(w2)

)︁
=

bT,S

(︁
β(w1), β(w2)

)︁
, so that β−1

α lies in the symplectic group of bq|W .
But if V is an odd dimensional vector space over F2 endowed with a regular quadratic 

form Q, W is a complementary subspace of rad(bQ) and A ∈ Sp(W, bQ|W ), then there is a 
unique element B ∈ O(V,Q), such that B(w)−A(w) ∈ rad(bQ) for any w ∈ W . (Actually, 
we have Sp(W, bQ|W ) ≃ O(V,Q).) Indeed, it is enough to define, with rad(bQ) = F2a, 
B(a) = a and B(w) = A(w) + λ(w)a, for a linear form λ. Then B is an isometry if and 
only if Q(w) = Q

(︁
B(w)

)︁
= Q

(︁
A(w) + λ(w)a

)︁
= Q

(︁
A(w)

)︁
+ λ(w)2 = Q

(︁
A(w)

)︁
+ λ(w)
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for any w ∈ W , if and only if λ(w) = Q
(︁
A(w)

)︁
+ q(w) for any w ∈ W (this is linear 

because A ∈ Sp(W, bQ|W )!).
Hence there is φ ∈ O(R, q) such that φ(x) + β

−1
α(x) ∈ rad(bq), and then α = β ◦ ω

for an element ω ∈ W (Γ8
E7

) of the form

(︄
φ 0

ϵ 1

)︄

as in (5.5), and thus Γ and Γ′ are isomorphic.
The remaining cases are easy because, as for Γ6

E8
, the homomorphisms α, β are bi

jections from the universal group of the almost fine grading to the invariant T of Γ and 
Γ′. □
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