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Abstract  This study presents a methodology for 
fitting the uniaxial compressive strength (UCS) and 
tensile strength (TS) of rocks and concrete mate-
rial, using the nonlinear failure criterion proposed by 
Úcar. A selected of triaxial test data was compiled 
from the literature and systematically filtered to retain 
only data consistent with the brittle failure behav-
iour. For each lithology, the relationship between the 
principal stresses was modelled through nonlinear 
regression, allowing estimation of the UCS and TS 
parameters. These were used to calculate and adjust 
ξ = TS/UCS, parameter of the Úcar failure criterion, 

quantifying the variation using the Taylor series 
expansion. Failure envelopes models are proposed 
for the six rock types analyzed as well as for the con-
crete. A comparative case study based on Coburg 
limestone, using the proposed regression methodol-
ogy of the Úcar criterion versus the Hoek and Brown 
criterion against Bayesian and heuristic alternatives, 
yielded successful results. A key advantage of the 
Úcar criterion is that it requires only UCS and TS as 
input parameters. The proposed methodology is espe-
cially valuable during the early stages of geotechnical 
and rock engineering projects, or under budget limita-
tions, where experimental datasets are often sparse or 
unavailable. In addition, the general rock-type models 
developed herein enable strength prediction for intact 
rock in contexts where only lithology is known or 
available data are limited.

Keywords  Data triaxial · Uniaxial compressive 
strength (UCS) · Tensile strength (TS) · Nonlinear 
regression · Úcar criterion · Hoek and Brown 
criterion
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σ1	� Major principal stress at failure
σ3	� Minor principal stress at failure
σc = UCS	� Uniaxial compressive strength
σt = TS	� Tensile Strength
ξ	� Úcar criterion: parameter TS/UCS
k1, k2	� Úcar criterion: parameters dependent on 

ξ
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mi, s	� Hoek-Brown criterion: parameters
σci	� Unconfined compressive strength of 

intact rock
σx1	� Standard deviation or standard error 

mean of TS
σx2	� Standard deviation or standard error 

mean of UCS
ρx1x2	� Pearson correlation coefficient between 

UCS and TS
SD	� Standard deviation
sem	� Standard error mean
σc-adjus	� Unconfined compressive strength 

adjusted
σt-adjus	� Tensile strength adjusted
ξ-adjus	� σt-adjus/σc-adjus
△ξ	� Variation of ξ

1  Introduction

In rock engineering, it is widely recognized that the 
ground’s response to stress conditions induced by 
engineering activities is governed primarily by the 
strength characteristics of the rock mass. Although 
these characteristics differ from those of the intact 
rock, they are intrinsically linked, as previously 
noted by Hansagi (1965). Consequently, determin-
ing the strength at failure of intact rock represents a 
fundamental step in the characterization of any rock 
mass, regardless of the nature of the engineering 
application.

The mechanical behaviour of rock under varying 
confining stress conditions can be assessed through 
the application of failure criteria. These criteria not 
only predict the onset of failure but also serve as a 
mathematical framework—typically expressed in the 
form of constitutive equations—for use in numerical 
simulations and modelling.

A wide range of failure criteria have been pro-
posed in the literature, several of which have seen 
widespread application, including those by Coulomb 
(1776), Griffith (1921, 1924), Murrell (1965), and 
Hoek and Brown (1980, 2019). Other, less commonly 
used criteria have also been compiled by Edelbro 
(2003). Most of these approaches are empirical in 
nature, typically derived from regression analyses of 
experimental datasets.

Many were originally formulated on the basis 
of triaxial laboratory testing, which remains a 

fundamental method for characterizing rock strength 
and soil. Researchers have also performed triaxial 
tests for stability assessment in underground rock 
engineering (Fan et  al., 2025), tunnels (Gui et  al., 
2025), experimental triaxial tests (Haque and Ansary, 
2025; Du W et  al., 2025) anisotropic failure models 
(Ganesan and Mishra, 2024).

However, triaxial testing is both time-consuming 
and costly, prompting the search for alternative meth-
odologies. In contrast, uniaxial compressive strength 
(UCS) and tensile strength (TS) can be obtained more 
efficiently under laboratory conditions. Although 
these tests are less comprehensive than triaxial ones, 
they yield parameters of critical importance in rock 
mechanics. In this study, we propose a novel approach 
to fit values UCS and TS from triaxial test data using 
nonlinear regression analysis. Here, tensile stresses 
are considered negative, following standard geologi-
cal convention.

In contrast, the estimation of tensile strength 
remains a more challenging task due to the inher-
ent complexity of its measurement. Pérez-Rey 
et  al. (2024) conducted and compared direct tensile 
strength (DTS) tests in four laboratories across dif-
ferent countries, using diverse testing equipment and 
methodologies on two rock types—granite and sand-
stone—to highlight the variability in results.

Experimental triaxial data collected from inves-
tigations are currently available and can be used to 
predict and adjust geotechnical parameters. In this 
context, the present study applies nonlinear regres-
sion analysis to laboratory-derived triaxial test data, 
leveraging the advantage that the functional form of 
the relationship between the principal stresses (σ1, σ3) 
becomes explicit once a failure criterion is adopted.

The objective of this research is to evaluate the 
accuracy of fit uniaxial compressive strength (UCS) 
and tensile strength (TS) through the incorporation 
the nonlinear formulation of Úcar’s failure criterion 
(Úcar 2021) and the Python programming language. 
Once trained, the predictive model may serve as a 
valuable tool in preliminary stages of geotechnical 
projects—particularly during exploration phases or 
under budgetary and time constraints—where reliable 
numerical modelling is often precluded due to the 
lack of experimentally determined parameters.

Úcar’s failure criterion is especially well-suited 
for such applications, as it provides reliable esti-
mates of rock strength based solely on UCS and TS. 
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Furthermore, incorporating triaxial data for a spe-
cific lithology enhances the predictive performance 
and allows for an estimation of the UCS/TS ratio. 
This includes more accurate determination of the 
parameter ξ = TS/UCS, which governs Úcar’s crite-
rion, as well as an analytical comparison between the 
Hoek–Brown’s failure criterion (Cordón et  al. 2024; 
Hoek and Brown 2019). The expected range of this 
ratio can be further constrained using Taylor’s ana-
lytical formulation. Finally, graphical representations 
of predicted UCS and TS values, along with their 
associated variability, provide useful visual tools for 
selecting appropriate failure models to each rock type 
studied.

2 � Methodology

This section describes the methodology adopted to fit 
the uniaxial compressive strength (UCS) and the ten-
sile strength (TS) of rocks using Triaxial laboratory 
data, then fitted using nonlinear regression techniques 
from formulation of Úcar’s failure criterion.

2.1 � Input data

A substantial dataset that encompasses various types 
of rock was compiled from multiple sources. The 
core dataset originates from Sheorey (1997), which 
includes triaxial test results previously reported by 
Everling (1960); Gnirk (1963); Brace (1964); Hobbs 
(1964); Gnirk and Cheatham Jr (1965); Dunikowski 
et  al. (1969); Franklin and Hoek (1970); Hobbs 
(1970); Horino and Ellickson (1970); Glushko and 
Kirnichanskiy (1974); Heard et  al. (1974); Chan 
(1977); Gowd and Rummel (1980); Dlugosz et  al. 
(1981); Borecki et  al. (1982); Dayre and Giraud 
(1986); Betournay et  al. (1991); Hareland et  al. 
(1993). Additional triaxial datasets were obtained 
from Schwartz (1963), Torres (1992), and Guo et al. 
(2020), as well as from the commercial software 
RocData™v4.2. Most of these datasets report values 
of triaxial compressive strength (TCS).

Given the diversity of sources, the dataset can 
exhibit heterogeneity in terms of experimental pro-
cedures, equipment, and sample characteristics. As 
poor-quality data can considerably affect the reli-
ability of the analysis, rigorous quality control meas-
ures were applied. These were informed by standard 

practices in rock mechanics to identify and correct 
potential inconsistencies, ensuring the robustness and 
integrity of the final dataset.

2.2 � Selected Data

The experimental data were classified by lithology, 
including granite, quartzite, limestone, sandstone, 
marble, coal, and concrete. The latter was incorpo-
rated due to its brittle failure behaviour, which is rel-
evant in many rock engineering contexts. Given the 
heterogeneity of the compiled data included in as a 
supplementary material to this study (appendix A), a 
systematic methodology was implemented to mini-
mize errors arising from the inclusion of inappropri-
ate samples and to improve overall data quality. This 
process was guided by established recommendations 
from the rock mechanics literature.

The criteria used to filter out inconsistent or noise 
prone data during the exploratory analysis are as 
follows:

•	 Exclusion of ductile behaviour: Samples exhib-
iting ductile responses were removed based on 
the criterion proposed by Mogi (1973), whereby 
brittle–ductile transition occurs when σ1 = 4.4 σ3. 
Several studies (Mogi 1966; Byerlee 1968; Scholz 
1968; Hu et al. 2018; Hoek and Brown 2019) have 
examined this transition in intact rocks, generally 
agreeing that brittle behaviour is expected within 
the range 3 < σ1/σ3 < 5. Accordingly, a conserva-
tive threshold of σ1/σ3 = 4 was adopted in this 
study.

•	 Minimum data density: Only datasets contain-
ing at least three valid triaxial test points were 
retained. As noted in standard guidelines, a robust 
triaxial testing programme should ideally include 
a minimum of three to five tests, supplemented by 
uniaxial compression tests, and preferably multi-
ple observations at each level of confining stress 
σ3.

•	 Triaxial test data: Fig. 1a shows all the data col-
lected for this research. The dataset is shared in 
the supplementary material. This data comprises 
a total of 1098 (σ3, σ1) pairs. Of these, 108 sam-
ples correspond to Marble, 125 to Granite, 387 to 
Sandstone, 213 to Coal, 129 to Limestone, 62 to 
Quartzite, and 74 to Concrete. On the other hand, 
Fig.  1b illustrates the selected data considering 
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the exclusion of ductile behaviour and minimum 
data density. The studied and analyzed data is dis-
tributed as follows: 89 samples for Marble, 74 for 
Granite, 232 for Sandstone, 145 for Coal, 73 for 
Limestone, and 25 for Quartzite, for a total of 709 
samples, representing 64.57% of the total samples.

•	 Uniaxial compressive and tensile strength test 
data: The study of the simple compressive and 
tensile strength of each sample is shown in Figs. 2 
and 3, respectively. These pairs of (σt, σc) values 
will represent the input data for the nonlinear 
regression analysis carried out using the Python 
program. The collected data corresponds to 149 
(σt, σc) pairs, representing 13.57% of the total 
samples. These can be seen in Appendix C, is as 
follows: 15 for granite, 8 for quartzite, 19 for lime-

stone, 54 for sandstone, 17 for marble, 31 for coal, 
and 6 for concrete.

It is important to note that not all samples include 
experimentally measured (σt, σc) values. Among the 
149 samples, 75 lack TS measurements (σt) and 3 
lack UCS measurements (σc). To address these miss-
ing data, a preliminary least-squares analysis was 
performed in an Excel spreadsheet to estimate the 
individual (σt, σc) values for each rock type and sam-
ple. These estimated values are reported in the last 
two columns of Appendix C. Through this approach, 
50.33% of the tensile strength values and 2.01% of 
the compressive strength values were inferred using 
least squares.

Fig. 1   Distribution of σ3 and σ1 values by lithology (a) Dataset collected. b Dataset selected

Fig. 2   Uniaxial compressive strength (UCS), grouped by rock type (a) and general (b) showing the frequency distribution and points 
outliers
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The UCS and TS values obtained through least-
squares estimation were subsequently incorporated 
into the dataset for each lithology, following a data-
cleaning procedure that retained values between 
the 10 and 90 percentiles. These cleaned datasets 
were then used to compute the adjusted UCS and 
TS parameters corresponding to Úcar’s failure cri-
terion for each rock type in a generalized manner. 
After filtering, a total of 113 samples remained: 11 
granite, 5 quartzite, 13 limestone, 40 sandstone, 
12 marble, 26 coal, and 6 concrete, representing 
75.84% of the processed dataset.

It is important to emphasize that the failure 
modes observed in uniaxial compressive strength 
tests—including single-plane shear, axial split-
ting, double shear, and more complex fracture pat-
terns—can introduce significant variability into 
the measured values (Chakraborty et  al. 2019). 
Similarly, Perras and Diederichs (2014) noted that 
tensile strength tests are frequently affected by 
experimental artefacts, reflecting the inherent diffi-
culty of obtaining consistent and valid TS measure-
ments. These authors also highlighted that direct 
tensile testing remains the most reliable method 
when properly executed, with Hobbs (1964) and 
Brace (1964) recommending dog-bone specimen 
geometries to ensure optimal performance. In this 
study, the available laboratory-derived UCS and 
TS values—whether experimental or least-squares-
adjusted—were used as input for the nonlinear 
regression analysis.

2.3 � Failure Criteria

The entire procedure is based on the nonlinear fail-
ure criterion proposed by Úcar (2021), which defines 
an explicit relationship between the major and minor 
principal stresses (σ1 and σ3). This criterion has dem-
onstrated notable predictive performance when applied 
in a data-driven context (Cordón et al. 2024; Úcar et al. 
2024), and its formulation also allows the derivation 
of parameters used in other widely accepted failure 
models, such as the Hoek–Brown criterion (Hoek and 
Brown 1980, 2019).

The principal advantage of Úcar’s criterion lies in 
its analytical structure, which enables the estimation 
of uniaxial compressive strength (UCS) and tensile 
strength (TS) directly from the fitted curve, as both 
parameters are explicitly embedded in the formulation.

The general form of the criterion is expressed as 
follows (Úcar 2021):

where, �
1
= σ

1
∕UCS is the principal major stress, 

�
3
= σ

3
∕UCS is the principal minor stress, ξ = TS/
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(
�
3
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Fig. 3   Tensile strength (TS), grouped by rock type (a) and general (b) showing the frequency distribution and points outliers
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UCS is the ratio between tensile and uniaxial com-
pressive strength, and the coefficients k1 and k2 are 
functions of ξ. These expressions form the basis for 
the nonlinear regression analysis employed in this 
study to estimate UCS and TS from triaxial data.

For comparison, the Hoek–Brown failure criterion, 
originally proposed by Hoek and Brown (1980), is 
given by:

(4)σ
1
= σ

3
+ σci

√
mi

σ
3

σci
+ 1

Fig. 4   Flowchart of the 
nonlinear regression work-
flow using the Úcar failure 
criterion



Geotech Geol Eng (2026) 44:133	 Page 7 of 15  133

Vol.: (0123456789)

where σci is the unconfined compressive strength 
of the intact rock, and mi is a material constant that 
characterizes the brittle behaviour of the rock.

Although the Hoek–Brown criterion is widely 
used, it does not allow direct computation of UCS and 
TS from the curve itself. However, previous research 
has identified empirical relationships between the 
ratio σci/ σt and the Hoek–Brown parameter mi. For 
example, Ramsey and Chester (2004) and Bobich 
(2005) proposed the following expression, later cited 
by Hoek and Brown (2019):

This equation is based on a regression analysis 
of triaxial data. Since mi cannot be directly meas-
ured and remains a subject of ongoing research, this 

(5)
σci
||σt||

= 0.81 ⋅ mi + 7

relationship is a generalized proposal for different 
rock types that relates σc/σt to mi. On the other hand, 
Hoek and Brown (2019) have indicated that other 
methods exist for fitting curves to triaxial data, such 
as the modified Cuckoo search (Walton et al. 2011), 
which is included in Rocscience’s RocData program, 
and the method proposed by Bozorgzadeh et  al. 
(2018) and Contreras et al. (2018), which uses Bayes-
ian statistics to quantify the strength of intact rock. 
These methods are used to compare the failure crite-
rion model proposed by Úcar with that of Hoek and 
Brown.

2.4 � Nonlinear Regression Analysis Based on the 
Úcar Failure Criterion

To improve predictive accuracy, the nonlinear regres-
sion analysis was applied using the Úcar failure 
model defined by Eq. 1. The implementation was car-
ried out in Python, using established scientific com-
puting libraries.

The dataset was randomly partitioned into train-
ing and validation. the 80% of the data allocated for 
training and 20% for validation. In this framework, 
the minor principal stress σ3, was used as the input 
feature (X), UCS and TS was entered as initial guess 
data, while the major principal stress σ1 was the target 
variable (y).

Table 1   initial data on the types of rocks studied

Rock UCS (MPa) TS (MPa) CC Lineal

Granite 220.09  − 7.48 0.982
Quartzite 245.95  − 14.96 0.806
Limestone 123.59  − 9.95 0.970
Sandstone 85.37  − 5.46 0.930
Marble 86.51  − 8.55 0.979
Coal 27.94  − 2.09 0.968
Concrete 34.07  − 3.58 0.979

Fig. 5   Shows the relationship between uniaxial compressive 
strength (UCS) and tensile strength (TS) obtained from experi-
mental data. (a) General linear correlation coefficient between 

uniaxial compressive strength and tensile strength. (b) Linear 
correlation coefficient between uniaxial compressive strength 
and tensile strength for each type of rock
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To calibrate the model, a nonlinear least-squares 
fitting was performed. This procedure aimed to mini-
mize the discrepancy between the predicted values 
of σ1 (as given by Eq. 1) and the actual experimental 
observations. The optimization yielded fitted values 
of UCS and TS for each rock type in the training set.

The resulting model was then used to generate pre-
dictions for the validation subset, and the performance 
of the fit was evaluated using the standard deviations 
(SD) and standard error mean (sem). Visualizations of 
the nonlinear regression curves were produced, and the 
results were further used to make predictions for addi-
tional user-specified input values of σ3.

This methodology facilitates the fit of UCS and TS 
values from test data. The entire modelling workflow 
is summarized in the flowchart shown in Fig. 4.

2.5 � Taylor’s Formulation

To assess the uncertainty associated with the parame-
ter ξ = TS/UCS, Taylor’s series expansion was applied 
following the propagation of uncertainty framework. 
This analysis was conducted after obtaining the 
standard deviation and standard error mean of UCS 
and TS through the nonlinear regression analysis.

The general form of the Taylor series–based vari-
ance propagation is expressed as:

In this context:
• g

(
xi
)
= ξ =

x
1

x
2

=
TS

UCS

• σx
1
 : standard deviation or standard error mean of 

TS.
•σx

2
 : standard deviation or standard error mean of 

UCS.
• ρx

1
x
2
 : Pearson correlation coefficient between 

UCS and TS.
This formulation enables the quantification of vari-

ability in the ratio ξ, incorporating both individual 
variances and the correlation between UCS and TS. 
The complete mathematical development of Eq.  (6) 
is provided in Appendix B. An example application 

(6)V
[
g
(
xi
)]

= σ2
x
1

(
�g

�x
1

)2

+ σ2
x
2

(
�g

�x
2

)2

+ 2ρx
1
x
2
σx

1
σx

2

(
�g

�x
1

)(
�g

�x
2

)

for determining the variation of ξ of Granite rock is 
expanded in appendix B.

In summary, the proposed methodology integrates 
a data selection with a nonlinear regression analysis 
grounded in the formulation of Úcar’s failure crite-
rion. Input data was carefully filtered to ensure rep-
resentativeness and quality, and then used to input 
the failure model for each type of rock via nonlinear 
regression. This approach enables the fit of the UCS 
and TS parameters with improved reliability. Fur-
thermore, the uncertainty associated with the pre-
dicted TS/UCS ratio (ξ) was assessed using Taylor’s 
variance propagation. The complete workflow offers 
a practical and replicable way of fitting the intact rock 
strength in new studies.

3 � Results

3.1 � Experimental Data Uniaxial Compressive 
Strength and Uniaxial Tensile Strength

Table 1 initial guess shows the results of experimen-
tal data collected from numerous researchers on the 
average strength of the six rock types between the 10 
and 90% percentiles studied. These experimental data 
(UCS and TS) correspond to the initial input data in 
the regression analysis.

On the other hand, the general linear correlation 
coefficient between uniaxial compressive strength and 

tensile strength is 0.8118 shown in Fig. 5a, and rela-
tionship for each type of rock in Fig. 5b and Table 1.

3.2 � Fitted Data Uniaxial Compressive (UCS) and 
Tensile (TS) Strength

Figure  6 illustrates the results for each rock type, 
showing the training and test datasets, the fitted 
values, and the nonlinear regression curves model 
for each rock type derived from Úcar’s failure 
formulation.

The descriptive statistics for each material, includ-
ing UCS and TS means, standard deviations (SD), 

Fig. 6   Graphs of the nonlinear regression analysis model for 
each rock type

◂
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standard error mean (sem), and 95% confidence inter-
vals, are provided in Table 2. These data allow for the 
computation of the parameter ξ = TS/UCS. The vari-
ability of ξ was assessed using Taylor’s series expan-
sion (Eq. (6) and Table 3). The correlation coefficient 
using between UCS and TS is shown in the Fig. 5.

A consolidated summary of the fitted UCS and TS 
values, including their 95% confidence intervals and 
Variation of the parameters ξ, derived from Taylor’s 
formulation is provided in Table 4. These results are 
also depicted in Fig.  7, which shows the UCS–TS relationship for each rock type, incorporating their 

respective uncertainty ranges.

Table 2   Descriptive statistical values obtained from nonlinear regression analysis for each rock type

Rock UCS (MPa) TS (MPa) SD (UCS) SD (UTS) sem (UCS) IC 95% (UCS) sem (UTS) IC 95% (UTS)

Granite 189.69  − 4.7 23.21 1.23 3.39 6.60 0.179 0.350
Quartzite 193.47  − 9.38 61.89 7.92 17.87 34.84 2.286 4.458
Limestone 115.4  − 8.97 12.58 2.5 1.92 3.74 0.381 0.743
Sandstone 73.79  − 3.95 8.92 1.95 0.64 1.25 0.140 0.272
Marble 84.4  − 7.92 9.84 2.27 1.29 2.52 0.298 0.581
Coal 26.87  − 1.74 2.75 0.38 0.29 0.56 0.040 0.078
Concrete 37.19  − 4.46 1.7 0.48 0.24 0.46 0.067 0.130

Table 3   Variation of ξ 
obtained using Taylor’s 
formulation.

Values the UCS and TS in 
MPa

Rock UCS (mean) UTS (mean) UCS (IC 95%) UTS (IC 95%) C.C. Lineal △ξ

Granite 189.69  − 4.70 6.60  − 0.35 0.982  ± 0.001
Quartzite 193.47  − 9.38 34.84  − 4.46 0.806  ± 0.017
Limestone 115.40  − 8.97 3.74  − 0.74 0.970  ± 0.004
Sandstone 73.79  − 3.95 1.25  − 0.27 0.930  ± 0.003
Marble 84.40  − 7.92 2.52  − 0.58 0.979  ± 0.004
Coal 26.87  − 1.74 0.56  − 0.08 0.968  ± 0.002
Concrete 37.19  − 4.46 0.46  − 0.13 0.979  ± 0.002

Table 4   Summary of statistical values, mean and variations of 
the rock strength fitted

Variation of the parameters ξ, derived from Taylor’s formula-
tion

Rock UCS (MPa) TS (MPa) ξ

Granite 189.69 ± 6.60  − 4.7 ± 0.350  − 0.025 ± 0.001
Quartzite 193.47 ± 34.84  − 9.38 ± 4.458  − 0.048 ± 0.017
Limestone 115.40 ± 3.74  − 8.97 ± 0.743  − 0.078 ± 0.004
Sandstone 73.79 ± 1.25  − 3.95 ± 0.272  − 0.054 ± 0.003
Marble 84.40 ± 2.52  − 7.92 ± 0.581  − 0.094 ± 0.004
Coal 26.87 ± 0.56  − 1.74 ± 0.078  − 0.065 ± 0.002
Concrete 37.19 ± 0.46  − 4.46 ± 0.130  − 0.120 ± 0.002

Fig. 7   Graphical representation of UCS and TS values and 
their 95% confidence intervals
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3.3 � Úcar’s Failure Criterion Model

The predictive failure envelopes obtained for each 
rock type using Úcar’s criterion are presented in 
Fig.  8. These envelopes were constructed using the 

fitted mean values UCS and TS derived from the non-
linear regression analysis (Table 4).

According to the results, granite exhibits the high-
est strength among the materials studied, character-
ized by a high UCS and a relatively low TS, result-
ing in a small value of the parameter ξ. In contrast, 
concrete displays the lowest mechanical resistance, as 
reflected in its lower UCS and higher value ξ.

4 � Discussion

This study analyzed six lithologies (granite, quartzite, 
limestone, sandstone, marble, and coal) alongside con-
crete. The fit value of UCS and TS for each material 
was performed using laboratory data. The application of 
nonlinear regression analysis enabled fitting of the UCS 
and TS parameters (see Table 4). Among the materials 
studied, quartzite showed the highest variability, mainly 
due to the limited quantity of available data. This sug-
gests that expanding the dataset would likely improve 
the stability and precision of parameter estimation.

Fig. 8   Failure envelopes for each rock type based on Úcar’s 
criterion using fitted mean values

Fig. 9   Dataset used for comparison of the Úcar criterion models of the limestone based on nonlinear regression analysis (Table 4 
and supplementary material), and Hoek–Brown failure for Coburg Limestone (Lab. test data by Hoek and Brown 2019)
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The predictive values of ξ, defined as the ratio 
between mean value the TS and UCS, revealed sys-
tematic differences among the materials. The lowest 
value ξ was observed in granite, while the highest 
occurred in concrete. This corresponds to a TS-to-
UCS ratio of 3.4% for granite and 10.5% for concrete. 
Notably, lower values of ξ are associated with higher 
values of k1 and k2 in Úcar’s criterion, whereas higher 
ξ values lead to lower k1 and k2. Across the full range 
of materials analyzed, it was observed that k1 < 1 and 
k2 < 10 in all cases.

The resulting failure envelopes derived from 
Úcar’s model displayed clear distinctions among rock 
types. Granites exhibited the steepest curve and high-
est overall strength, while coal and concrete showed 
the gentlest slopes and the lowest strength. These 

variations reflect the intrinsic mechanical differ-
ences across lithologies and validate the sensitivity of 
Úcar’s formulation to material-specific parameters.

The validation of the methodology of the adjusted 
values of the resistance of the rocks (UCS and TS), of 
the failure criteria of Úcar, as well as the parameter 
ξ was compared with a case study based on Coburg 
limestone data from Hoek and Brown (2019).

Figure  9 illustrates the training and test data 
used for limestone in the Úcar failure criterion 
model. Table  5 show the predicted mean values—
UCS = 115.4 MPa and TS =  − 8.96 MPa—agree with 
the measurements made by Hoek and Brown using 
laboratory test data from Coburg limestone.

For comparison, Hoek and Brown (2019) reported 
values UCS and mi based on Bayesian analysis (Stu-
dent’s t distribution) and a modified Cuckoo optimi-
zation approach implemented in RocData™. Table 5 
summarizes the resulting UCS and mi values from 
each method. The results show a close agreement 
between the nonlinear regression- based prediction 
and those obtained via more traditional statistical and 
heuristic approaches.

Figure 10 presents the Úcar failure envelope model 
generated from the limestone rock model proposed in 
this research using nonlinear regression the training 

Table 5   Comparison of UCS, mi and TS values for Coburg 
limestone obtained by different analyses

* Data taken from Table 4

Analysis UCS (MPa) mi TS (MPa)

Úcar Model 115.4* –  − 8.96*
Bayesian 114.5 11.5 –
Modified Cuckoo 

Regression
116.5 10.6 –

Fig. 10   Comparison of the 
Úcar criterion models of 
the limestone (parameter 
obtained in this investiga-
tion) and of the Hoek and 
Brown criterion obtained 
for the Lab. test data on 
Coburg limestone (Hoek 
and Brown 2019) apply-
ing Bayesian analysis 
(Student’sdistribution) and 
RocData modified Cuckoo 
regression analysis
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and test data (see Limestone Rock Fig. 8). The simi-
larity between the curves proposed by the two meth-
odologies (Bayesian analysis and Cuckoo regression 
analysis) proposed by Hoek and Brown (2019) using 
laboratory test data (Figs. 9 and 10) confirms that the 
nonlinear regression proposed for limestone in this 
research provides a valid and competitive alternative 
for estimating strength parameters from limited or no 
input data.

The advantage of using the strength parameters 
of any of the six rock types analyzed (Table  5 and 
Fig. 8) is that no testing is required; simply knowing 
the rock type in a project allows for predicting the 
rock’s strength behaviour and using the Úcar criterion 
as the initial failure criterion.

5 � Conclusions

A nonlinear regression analysis was developed 
to obtain adjusted values of uniaxial compressive 
strength (UCS) and tensile strength (TS) by apply-
ing the Úcar failure criterion, resulting in calibrated 
Úcar-based strength models for six rock types and 
one concrete material.

The methodology was based on an extensive com-
pilation and rigorous filtering of experimental data. 
Using the Python, the statistical parameters were pro-
vided and outlier data were visualized, allowing the 
use of the standard deviation and standard error mean 
as the range of variability of the strength parameters 
(uniaxial compressive strength and tensile strength).

A further contribution of this research is the esti-
mation of parameter variation. The uncertainty of the 
parameters (UCS, TS, and ξ) required the variability 
of the mean values of UCS and TS, which were quan-
tified by nonlinear regression of the selected triaxial 
data using the standard error of the mean with a 95% 
confidence level, while the uncertainty or variation of 
the relationship ξ = TS/UCS was evaluated using Tay-
lor’s formulation.

The main advantage of the proposed methodology 
lies in its ability to predict key parameters and the 
uncertainty of UCS, TS, and ξ, which can be easily 
used in rock mechanics through the Úcar failure cri-
terion model.

The predictive models developed in this study offer 
a practical and scalable tool, requiring only the iden-
tification of the rock type. This makes the approach 

particularly valuable in early project stages or in situ-
ations where laboratory testing is limited or unavail-
able due to constraints in time, budget, or sample 
quality.

Finally, it is important to highlight the advantage 
of the Úcar failure criterion compared with other cri-
teria commonly used in rock mechanics. A distinc-
tive feature of the Úcar failure criterion is that the 
quadratic relationship between the principal stresses 
σ1 and σ3 defines a conic section —specifically, a 
parabola (Úcar 2021)—which accurately represents 
the general behavior of the experimental strength data 
obtained for the studied materials.

Moreover, the coefficients k1 and k2 governing this 
relationship are derived analytically as functions of 
the parameter ξ = TS/UCS. Taken together of the geo-
metric properties of the parabola and the concept of 
latus rectum, these elements confirm the strong ana-
lytical foundation and practical relevance of the Úcar 
failure criterion.
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