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A B S T R A C T

Traditionally, the RMS phase error has been the standard metric for assessing the quality of phase shifters used in 
phased-array beamforming antennas. However, this metric fails to isolate the different effects on the radiation 
pattern. This work proposes three novel metrics to provide a more nuanced analysis of digitally controlled phase 
shifters. These metrics, denoted as Beam Steering Error, Null Quality Error, and Side-Lobe Level Error, target 
specific performance characteristics of the radiation pattern. They are defined for any bit resolution, enabling the 
decomposition of the RMS phase error into three distinct components, each providing valuable insights into the 
performance of linear phased arrays. The limitations of conventional RMS phase error analysis are demonstrated, 
and the advantages of these new metrics are validated through a case study involving a 5-bit architecture 
implemented in a 65-nm CMOS process, as well as other phase shifters reported in the literature.

1. Introduction

Beamforming plays a critical role in next-generation mobile (5G/6G) 
and satellite communications [1]. Such systems demand high perfor
mance, including highly accurate beam steering. Active antennas based 
on phased arrays can be employed to provide beamforming capability. 
In recent years, front-end designs in nanometer CMOS nodes have been 
proposed to achieve full system integration [2–6].

The phase shifter is the fundamental building block of the electronic 
front-end of an antenna array for both transmitter and receiver chains 
[7–11], as it sets the phase distribution along the elements and, conse
quently, the directivity of the transmitted and received signals. Design 
considerations have been proposed to minimize sources of phase error 
[12].

In particular, digitally controlled phase shifters provide a finite 
number of phase states, which determines the beam steering resolution 
[13]. The RMS phase error is a widely used quality indicator of the phase 
shifter performance. However, this error metric does not distinguish 
between the different alterations induced in the radiation pattern, such 
as main lobe deviation, high side-lobe levels, and null degradation 
[14–17].

In many applications, it is nevertheless essential to analyse de
viations in specific aspects of the radiation pattern, such as the afore
mentioned main beam direction, null depth, or side-lobe levels. 
Unfortunately, the RMS phase error fails to provide a clear under
standing of its impact on these specific aspects. In this paper, an ideal 
linear antenna array is assumed and the impact of the RMS phase error 
on the radiation pattern is decomposed into three new metrics that ac
count for those effects separately.

Section 2 introduces the RMS phase error as the quality factor of the 
phased array performance. In Section 3, the proposed metrics are 
detailed using a complete orthogonal basis applicable to any number of 
bits. An illustrative example applying the proposed metrics to a 5-bit 
CMOS phase shifter is presented in Section 4. Two additional digitally 
controlled phase shifters are further analysed in Section 5. Finally, the 
main conclusions are drawn in Section 6.

2. RMS phase error

Fig. 1 illustrates the conceptual architecture of a linear j-element 
array, arranged in a staircase configuration; that is, it follows a pro
gressive phase distribution (PD) with phase step φ. Beam steering in 
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antenna arrays is directly linked to the PD applied to the phase shifters 
[7]. In this case, the main lobe angle θ resulting from the progressive PD 
defined by step φ can be calculated using the following equation: 

θ = sin− 1

⎛

⎜
⎝

φ
2π d

λ

⎞

⎟
⎠ (1) 

where d is the inter-element distance (see Fig. 1) and λ is the wavelength 
of the transmitted signal. For example, if d/λ = 0.55, θ equals 3.257◦ for 
φ = 11.25◦ (π/16 rad).

2.1. Digitally controlled phase shifters

An m-bit phase shifter defines a phase diagram comprising n = 2m 

states and, consequently, a phase resolution of 360◦/n. The ideal phase 
distribution ϕ(n) is therefore a progressive arrangement defined as: 

ϕ(n) = (ϕ0,ϕ1,…,ϕn− 1) =

(

0,
360
n

,…,
(n − 1)360

n

)

(2) 

The actual phase of each phase shifter state ϕ(n)
s is defined as: 

ϕ(n)
s =

(
ϕs0,ϕs1,…,ϕs,n− 1

)
(3) 

Accordingly, the phase error vector is obtained by subtracting the 
two phase vectors: 

Δϕ(n) = ϕ(n)
S − ϕ(n) =

(
Δϕ0,Δϕ1,…,Δϕn− 1

)
(4) 

Then, to correctly calculate the RMS phase error ΔϕRMS, the mean 
value of the error vector Δϕ must be accounted for: 

Δϕ =
1
n
∑n− 1

i=0
Δϕi (5) 

ΔϕRMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
n
∑n− 1

i=0
(Δϕi − Δϕ)2

√

(6) 

2.2. Effects on phased array performance

The increase in side-lobe level and beam-pointing error due to 
random array errors have been well-documented in the literature. In 
[14], it is reported that, to a first-order approximation, amplitude mis
matches between phased array channels do not affect the beam-pointing 
angle; thus, only phase deviations need to be considered for phase 
steered arrays. Furthermore, if the phase error of each channel is 
modelled as a normal distribution with standard deviation σphase, the 
standard deviation of the beam-pointing deviation σBPD is given by: 

σBPD =

̅̅̅̅̅̅
12

√

πcosθm
̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(N − 1)N(N + 1)

√ σphase (7) 

where N is the number of elements in the array, θm is the ideal beam- 
pointing angle, and an inter-element distance d = λ / 2 is assumed. In 
[7], a simplified equation is reported, and both expressions confirm that 
σBPD decreases at a rate proportional to 1/

̅̅̅̅̅̅
N3

√
.

Regarding the side-lobe level, assuming large arrays with no ampli
tude error, and phase errors modelled as a normal distribution with 
standard deviation σphase, the standard deviation of side-lobe level (σSLL) 
[14] is given by: 

σSLL =
138.6

̅̅̅̅
N

√
π

180
σphase (8) 

Consequently, it also reduces as the array size increases, but at a rate 
proportional to 1/

̅̅̅̅
N

√
.

Both effects are illustrated in Fig. 2a for a linear phased array consisting 
of 32 omnidirectional elements with a uniform gain distribution. The 
figure includes a normal distribution representing phase errors, simulated 
over 500 iterations (grey lines), and compares them with the ideal pattern 
(green line). The assumed standard deviation of the phase error σphase 
equals 3◦, which is consistent with the state of the art in CMOS phase 
shifters. This leads to an obtained σBPD and σSLL of 0.017◦ and 0.27 dB, 
respectively, matching (7) and (8): SLLideal ± 1.283 (SLLideal ± 0.27 dB).

However, this procedure is only applicable assuming a normal phase 
error distribution and a large number of radiating elements. In practical 
implementations with a reduced number of radiating elements, these 
statistical formulas are only partially effective. Furthermore, this 
method fails to provide information about another important aspect: the 
null depth of the radiation pattern.

To address this limitation, the following section presents a general 
method for decomposing the phase error vector of a digitally controlled 
phase shifter into three new metrics to separately and accurately identify 
each effect on the radiation pattern.

3. Orthonormal basis

As aforementioned, an m-bit phase shifter defines a phase diagram 
comprising n = 2m states. From the obtained phases, a phase error vector 
can be computed and the RMS phase error can be calculated. Alterna
tively, an orthonormal basis can be defined as an n × n matrix M(n) with 

• A first normalized vector with all identical elements:

v→i =
1̅
̅̅
n

√ (1, 1,…,1) (9) 

This vector has no influence on the radiation pattern; specifically, 
both the ideal phase distribution ϕ(n) and a phase distribution including 
only a phase error proportional to this vector ϕ(n) ± C v→i align with the 
green curve in Fig. 2.

In addition, by defining the following sequence of n odd integers: 

x = (n − 1, n − 3,…, − (n − 1) ) (10) 

where 

∑n− 1

i=0
x2

i =
(n + 1)n(n − 1)

3
(11) 

The orthonormal basis can be completed with the following vectors: 

• A second normalized vector with elements defining a constant 
gradient:

v→g =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
3

(n + 1)n(n − 1)

√

x (12) 

Indeed, this vector is inherently orthogonal to v→i

(

v→g⋅ v→i = 0
)

. The 

Fig. 1. Linear j-element antenna array with a constant inter-element distance d. 
A progressive phase distribution, defined by a step of φ, leads to a constructive 
interference in the radiation angle θ.
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effect of including this vector ϕ(n) ± C v→g in the radiation pattern is 
illustrated in Fig. 2b. The radiation pattern is horizontally shifted in 
proportion to the value of C; thus, only the beam pointing direction is 
affected. 

• n
2 − 1 normalized vectors based on a symmetric distribution (a, b, c, 
…, c, b, a). In particular, these vectors are defined as:

v→s,i =

̅̅̅
2
n

√

cos
(
ks,ix

)
(13) 

where 

ks,i = i
π
n

with i = 1, 2,…,
n
2
− 1 (14) 

These vectors are inherently orthogonal to v→g, while the values of 
parameters ks,i lead to be orthogonal to v→i. As shown in Fig. 2c-d, vec
tors v→s,1 and v→s,2 cause progressive degradation of the first and second 
nulls, respectively. 

• And n2 − 1 normalized vectors defining an antisymmetric distribution 
(a, b, c, …, − c, − b, − a). In particular,

v→a,i =

̅̅̅̅
2
nʹ

i

√

sin
(
ka,ix

)
(15) 

where the values of the parameters ka,i are calculated to satisfy the 

orthogonality condition 
(

v→a,i⋅ v→g = 0
)

. The analytical solution for the 

(a) (b)

(c) (d)

(e) (f)
Fig. 2. Radiation patterns for a 32-element linear array with d/λ = 0.55 and a progressive phase distribution with step φ = 11.25◦ plus phase state errors: based on a 
normal distribution with σ = 3◦ (a), and only including an error proportional to a vector of the proposed basis: (b) v→g , (c) v→s,1, (d) v→s,2, (e) v→a,1, (f) v→a,2. The grey 
area represents the impact on the radiation pattern compared to the ideal case (green line). The red and blue lines (for b, e and f) represent the most extreme cases. 
(For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.)
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2-bit architecture is ka = arcsin
̅̅̅̅̅̅̅̅
5/6

√
, while the values of ka,i have been 

computed numerically and are listed in Table 1 for 3-bit to 6-bit archi
tectures. The normalization factor ní is then calculated to normalize the 
vector. The analytical solution for 2-bit is ń = 100/27, and ní ≈ n in all 
cases.

Thus, the orthonormal basis is completed, as these vectors are 
inherently orthogonal to v→i and the symmetric ones, and satisfy 
orthogonality to v→g. As shown in Fig. 2e-f, v→a,1 and v→a,2 only modify 
the level of the secondary and tertiary lobes, respectively; therefore, the 
side-lobe level will be primarily defined by v→a,1 at first order.

Consequently, the three proposed metrics are defined from the pro
jections Pi of the phase error vector onto the orthonormal basis: 

P(n) = M(n)Δϕ(n)T

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

BSERMS =

̅̅̅̅̅̅̅̅
1
n
P2

1

√

NQERMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
n

max
(

P2
2,P

2
3,…,P2

n
2

)√

SLLERMS =

̅̅̅̅̅̅̅̅̅̅̅̅
1
n
P2

n
2+1

√

(16) 

as beam steering is exclusively associated with projection P1 ( v→g), null 
quality is affected by the highest symmetric projection ( v→s,i) and side- 
lobe level is altered by the first antisymmetric projection ( v→a,1).

The beam steering error [18] can be expressed in degrees from the 
product of P1 and the gradient of the orthonormal vector v→g, while NQE 
and SLLE can be calculated in dB from the corresponding projections 
using the following expressions: 

BSE(◦) =
2

̅̅̅
3

√

2πd
λ cosθm

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
(n + 1)n(n − 1)

√ P1 (17) 

NQE(dB) = − 20log10
π

180
̅̅̅̅̅̅
2n

√ max
(
|P2|,…,

⃒
⃒
⃒Pn

2

⃒
⃒
⃒

)
(18) 

SLLE(dB) =
̅̅̅
2

√

3
̅̅̅
n

√ Pn
2+1 (19) 

Furthermore, the RMS phase error can be calculated from the phase 
error vector by using (6), or from the projections Pi as follows: 

ΔϕRMS =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
1
n
∑n− 1

i=1
P2

i

√

(20) 

Note that projection P0, related to the vector with all elements 
identical and to the average of the phase error vector (P0 =

̅̅̅
n

√
⋅Δϕ), 

must be omitted.
Assuming that the projections Pi are all random variables following a 

normal distribution with mean equal 0 and variance σ2, Δϕ2
RMSwould 

follow a random variable distributed by a χ2, which matches a normal 
distribution with mean equal σ2 for increasing n. Under this scenario, the 
value of ΔϕRMS equals the standard deviation of Pi and, based on the 
aforementioned equations for beam steering error (17) and side-lobe 
level error (19), the Eqs. (7)–(8) are fulfilled.

Finally, as some projections included in the RMS phase error (20) are 
not associated with the new metrics (16), a residual error can be defined 
as 

RE2
RMS = Δϕ2

RMS − BSE2
RMS − NQE2

RMS − SLLE2
RMS (21) 

which quantifies the portion of the phase error that does not appreciably 
affect the radiation pattern, at least not in its three main aspects. This 
result is significant because it indicates that the RMS phase error is a 
conservative metric that tends to overestimate the actual degradation of 
the radiation pattern.

Next, the proposed metrics are used to analyse how they complement 
conventional indicators in evaluating the phase distribution quality of a 
practical digitally controlled phase shifter.

4. Application to a 5-Bit CMOS Phase Shifter

As an example, these metrics are applied to a 5-bit phase shifter 
implemented in a 65-nm CMOS process [19]. The operating frequency is 
19.5 GHz with a working range from 17 to 22 GHz.

4.1. Proposed orthonormal splitting

For a 5-bit architecture, the orthonormal basis consists of 32 vectors: 
one identical vector, one gradient vector, 15 symmetric vectors, and 15 
antisymmetric vectors. From the phased states at 19.5 GHz, ΔϕRMS has 
been measured and the new metrics have been calculated and are 
detailed in Table 2. Additionally, the percentage contribution of each 
metric to the total squared RMS phase error is calculated, for example, 
BSE2

RMS/Δϕ2
RMS. Notably, the three new metrics are derived from the 

RMS phase error, revealing that approximately 85% of it is associated 
with the residual error RERMS, which does not produce any noticeable 
effect on the radiation pattern.

The proposed metrics (16) have been calculated for the aforemen
tioned phase shifter and compared to ΔϕRMS over the 17–22 GHz fre
quency range, as shown in Fig. 3. It can be seen that the frequency 
dependency of these metrics is distinct from that of the RMS phase error. 
BSERMS and SLLERMS show a linear decrease with frequency, while 
NQERMS presents a minimum over a wide frequency range.

4.2. Verification of metrics

Assuming a linear phased array comprising 32 omnidirectional ele
ments with an ideal gain distribution, the radiation pattern has been 

Table 1 
Parameters ka of the proposed basis for different bit resolutions.

3 bits: 8 × 8 basis
ka1 = 0.564697 ka2 = 0.971091 ka3 = 1.371288

4 bits: 16 × 16 basis
ka1 = 0.281207 ka4 = 0.880349 ka6 = 1.275082
ka2 = 0.483469 ka5 = 1.077825 ka7 = 1.472235
ka3 = 0.682426 ​ ​

5 bits: 32 × 32 basis
ka1 = 0.140465 ka6 = 0.636816 ka11 = 1.128547
ka2 = 0.241493 ka7 = 0.735231 ka12 = 1.226835
ka3 = 0.340866 ka8 = 0.833599 ka13 = 1.325115
ka4 = 0.439714 ka9 = 0.931935 ka14 = 1.423389
ka5 = 0.538327 ka10 = 1.030249 ka15 = 1.521661

6 bits: 64 × 64 basis
ka1 = 0.070215 ka12 = 0.613245 ka22 = 1.104343
ka2 = 0.120717 ka13 = 0.662367 ka23 = 1.153445
ka3 = 0.170391 ka14 = 0.711484 ka24 = 1.202547
ka4 = 0.219802 ka15 = 0.760598 ka25 = 1.251648
ka5 = 0.269096 ka16 = 0.809709 ka26 = 1.300748
ka6 = 0.318328 ka17 = 0.858819 ka27 = 1.349848
ka7 = 0.367522 ka18 = 0.907926 ka28 = 1.398948
ka8 = 0.416691 ka19 = 0.957032 ka29 = 1.448048
ka9 = 0.465845 ka20 = 1.006137 ka30 = 1.497147
ka10 = 0.514986 ka21 = 1.055240 ka31 = 1.546247
ka11 = 0.564119 ​ ​

Table 2 
Metrics for the phase distribution of the practical phase shifter at 19.5 GHz.

Proposed splitting

ΔϕRMS BSERMS NQERMS SLLERMS RERMS

(o) 3.13 0.32 0.96 0.69 2.88
(%) 100 1.0 9.4 4.9 84.7
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evaluated from the phase states of the actual phase shifter. Accordingly, 
the beam steering angle is defined as the angle corresponding to the 
maximum power of the radiation pattern, the null quality is quantified 
by the highest value of the radiation pattern minima, and the side-lobe 
level is described by the value of the secondary lobe. The results are 
depicted in Fig. 4 (solid lines). In addition, the proposed metrics (17–19) 
have been calculated using the orthonormal basis and are also shown in 
Fig. 4 (dotted lines), effectively predicting the three main aspects of the 
radiation pattern.

Specifically, the beam steering error (Fig. 4a) shows a perfect match 
with expression (17). Furthermore, the result crosses the ideal value at 
21.3 GHz, achieving a cancellation of BSERMS, as also shown in Fig. 3.

The null quality of the designed phase shifter, as depicted in Fig. 4b, 
presents a high value at the center of the evaluated frequency range 
(from approximately 18 to 20.8 GHz) and shows significant degradation 
at lower and higher frequencies. Metric (18) is well-suited for the entire 
frequency range, and accurately predicting both effects as shown in 
Fig. 3.

The side-lobe level (Fig. 4c) shows a linearly increasing dependence 
on frequency, tending toward the ideal value at higher frequencies. This 
behaviour is consistent with the values calculated from metric (19), 
attaining almost null values at 22 GHz as predicted by SLLERMS in Fig. 3.

These results demonstrate how the proposed metrics can be used to 
isolate the main aspects of the radiation pattern and study their distinct 
behaviour with frequency [20]. It is important to note that, when using 
only the RMS phase error, the design cannot be optimized to achieve, for 
instance, zero beam steering error at a given frequency.

5. Analysis of other phase shifters

The same methodology has been applied to two additional digitally 
controlled phase shifters to further evaluate their phase error 
performance.

First, the metrics have been calculated for another 5-bit shifter 
implemented in a 65-nm CMOS process [21]. The operating frequency is 
28 GHz with a working range from 24 to 30 GHz. The metrics for the 
operating frequency are reported in Table 3, while the results are 
depicted in Fig. 5. In this case, the RMS phase error remains approxi
mately constant as a function of the frequency. Furthermore, NQE is also 
approximately constant and represents the predominant error, while 
BSE and SLLE are minimal. The residual error accounts for above 70% of 
the total error at the operating frequency.

Fig. 3. New metrics and RMS phase error (black) as a function of the frequency 
for the practical phase shifter: RMS beam steering error (blue), RMS null quality 
error (magenta) and RMS side-lobe level error (orange). (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

Fig. 4. (a) Beam steering angle (blue), (b) null quality (magenta) and (c) side 
lobe level (orange) as a function of the frequency for a 5-bit digitally controlled 
phase shifter. The values computed from the radiation pattern (solid lines) are 
compared to the calculated values from metric (dotted lines) and the ideal value 
(green lines). (For interpretation of the references to colour in this figure 
legend, the reader is referred to the web version of this article.)
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Subsequently, a 6-bit phase shifter implemented in a 28-nm CMOS 
process [22] was analysed. The operating frequency is 90 GHz with a 
working range from 86 to 96 GHz. The metrics for the operating fre
quency are provided in Table 4, and the results are depicted in Fig. 6. In 
this case, the RMS phase error is optimized for the operating frequency, 
and the three metrics (BSE, SLLE, and NQE) present quite similar con
tributions. The RMS phase error degrades at higher frequencies due to 
increased NQE and at lower frequencies due to BSE and SLLE. The re
sidual error is approximately 75% at the operating frequency.

6. Conclusions

Phase shifter performance is critical to the effective implementation 
of beamforming in antenna arrays. To compare phase shifters, the RMS 
phase error is conventionally used as a quality metric of the phase dis
tribution. However, as a global metric, it does not provide a compre
hensive understanding of its impact on the radiation pattern topology. 
Depending on the application, it is essential to determine how phase 
inaccuracies affect specific aspects of the radiation pattern. In this work, 
three new metrics have been defined, isolating from the phase error the 
contribution to the three critical aspects: beam steering accuracy, null 
quality, and side-lobe level.

As a case study, these metrics have been used to characterize three 
different phase shifters manufactured in CMOS technology. The results 
reveal that a significant portion of the RMS phase error (approximately 
70–85% in the analysed cases) is not associated with any meaningful 
aspect of the radiation pattern. Consequently, the conventional RMS 
phase error considerably overestimates degradation and fails to discern 
critical distortions in the radiation pattern. Additionally, decomposing 
the phase error into three fundamental components enables the study of 
their individual frequency dependencies, facilitating design optimiza
tion tailored to specific performance requirements.

In conclusion, the traditional RMS phase error is not the most ac
curate indicator of phase shifter quality; instead, the proposed metrics 
provide a more precise and insightful characterization. While the 
definitive acceptance of these metrics will require extensive experi
mental validation on complete systems, such validation is beyond the 
scope of the present work.

Future research will extend the proposed framework to two- 
dimensional phased-array antennas using a tensor-based formulation 
derived from the proposed basis. This extension is particularly relevant 
for architectures relying on element-wise phase control. Practical non- 
idealities, including mutual coupling and amplitude mismatch, will 
also be incorporated to further enhance the applicability of the proposed 
framework in realistic operating environments.
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Table 3 
Metrics for the phase distribution of the phase shifter [21] at 28 GHz.

Proposed splitting

ΔϕRMS BSERMS NQERMS SLLERMS RERMS

(o) 2.07 0.08 1.11 0.06 1.75
(%) 100 0.2 28.5 0.1 71.2

Fig. 5. New metrics and RMS phase error (black) as a function of the frequency 
for the phase shifter [21]: RMS beam steering error (blue), RMS null quality 
error (magenta) and RMS side-lobe level error (orange). (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web 
version of this article.)

Table 4 
Metrics for the phase distribution of the phase shifter [22] at 90 GHz.

Proposed splitting

ΔϕRMS BSERMS NQERMS SLLERMS RERMS

(o) 0.85 0.18 0.30 0.23 0.74
(%) 100 4.5 12.2 7.2 76.1

Fig. 6. New metrics and RMS phase error (black) as a function of the frequency 
for the phase shifter [22]: RMS beam steering error (blue), RMS null quality 
error (magenta) and RMS side lobe level error (orange). (For interpretation of 
the references to colour in this figure legend, the reader is referred to the web 
version of this article.)
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