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ABSTRACT

In many statistical applications, numerical computations with covariance matrices need to be performed. The error
made when performing such numerical computations increases with the condition number of the covariance matrix,
which is related to the number of variables and the strength of the correlation between the variables. In a recent work,
a method for estimating the covariance matrix of a Gaussian Markov Random Field under a total positivity con-
straint was proposed. This estimation allows for performing many numerical computations with covariance matrices
to high relative accuracy (the relative error is of the order of machine precision). However, the necessary conditions
for this estimation method to produce a covariance matrix that is close to the population covariance matrix may
be too demanding for real-life data. In this paper, we study a particular setting related to order statistics in which
these necessary conditions are inherently satisfied. In addition to the theoretical study, an extensive discussion con-
cerning many potential applications is addressed, and a real-life example of an application related to sports data
is presented.

MSC2020 Classification: 62G30, 65F30

1 | Introduction

Ordering the values of a random sample is a common procedure in estimation [1, 2] and prediction [3, 4] problems.
In case the values of the sample are considered to be independent and identically distributed, which is a common
assumption in Statistics, the behavior of the ordered sample has been extensively studied in the literature (see for
instance [5]). In such a scenario, we are sometimes interested in the associated covariance matrix, which contains all the
information concerning the joint linear variation of the variables with respect to their mean. Moreover, some algebraic
computations, such as the inversion and the computation of the eigenvalues of this covariance matrix, have to be com-
puted in some applications related to estimation, reduction of dimension, or the computation of conditional covariances
(see Section 5). Unfortunately, sometimes the covariance matrix is ill-conditioned, and the usual algorithms have poor
accuracy when performing algebraic computations.
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A way to ensure that these computations are performed with high relative accuracy (HRA) when working with covariance
matrices arises when these matrices are totally positive [6]. In [7], it is proved that it is possible to achieve HRA when
computing the eigenvalues, inverting the matrix, and solving some linear systems of equations with covariance matrices
under some sufficient conditions. In addition, statistical methods for estimating a totally positive population covariance
matrix from a sample are given in [8]. Unfortunately, these sufficient conditions are quite restrictive, and although they
may hold for certain datasets, this is not typically the case. Fortunately, as will be proven throughout this paper, theoretical
results demonstrate that, under very weak assumptions, these sufficient conditions are fulfilled when the data of interest
is ordinal in nature, and, thus, we deal with order statistics.

More specifically, in this paper, we study conditions under which the covariance matrix of the order statistics is totally
positive. Interestingly, these conditions for guaranteeing the total positivity are linked to particular multivariate Gaussian
distributions (Gaussian Markov Random Fields) to which the central order statistics converge. As a consequence, this
study affirms that, in general, the estimation method for a covariance matrix under a total positivity constraint presented
in [8], can be applied to order statistics and, therefore, the inverse and eigenvalues of the estimated covariance matrix can
be calculated with HRA.

The remainder of the paper is organized as follows. In Section 2, the main concepts regarding Gaussian Markov Random
Fields, totally positive matrices, and their relation are provided. The link between order statistics and total positivity is
explained in detail in Section 3. Section 4 is devoted to proving the asymptotic total positivity of the covariance matrix of
the order statistics. In Section 5, we present different applications in which HRA computations with order statistics may
be useful, whereas an example with real-life data illustrates the benefits of such procedures in Section 6. Finally, some
conclusions are presented in Section 7.

2 | Preliminaries

Throughout this paper, we deal with square matrices of dimension n, considering the notation (M, ;); ;c(1,.. - Given
A, B C {1, ..., n}, the associated submatrix will be denoted by M AB IfA=B,then M AB will be written simply as M ,. If
A = {a} and B = {b}, then the brackets will be dropped, and we will use the notation M, ,. Finally, for the complementary
sets of A and B, we will consider the notation M_, _ = M7 3. When working with vectors, the same notation will be
used for subsets of components related to subsets of indices. In the following, the main notions for the development of

the paper concerning Gaussian Markov Random Fields, totally positive matrices, and their relation are presented.

21 | Gaussian Markov Random Fields

A random vector X (of dimension n € N) has multivariate Gaussian distribution if its density function f : R" — R is of
the form
f@ = ——=exp(-3G - AITIE- 7). FeR",

VI|27Z|

where 4 is its mean vector and X is its covariance matrix [9]. The fact that a random vector X has a multivariate Gaussian
distribution with mean vector ji and covariance matrix ¥ is denoted by X~N (i, Z). The mean vector ;i € R” is a vector
in which each component equals the expectation of the same component of the random vector, that is, 4, = E[X;] for
anyi € {1,...,n}. The covariance matrix £ = (Zi’ 1)1 <ij<n presents the covariance between each pair of variables, that is,
%, =Cou(X;, X)) = E[X;X;] - E[X;]E[X] for anyi,j € {1,...,n}. Any covariance matrix is positive semi-definite [9],
although throughout this work we will restrict our attention to covariance matrices that are positive definite (if a covari-
ance matrix is not positive definite, there exist some variables that can be expressed as a linear combination of all other
variables, thus can be omitted).

For multivariate Gaussian random vectors, the conditional covariance matrix can be computed with a simple formula [9].
Let I denote the set of indices associated with the known variables, the conditional covariance matrix given the variables
in [ is: .

DI | 1= - Z—I,I(ZI) El,—l' 9]

A Gaussian Markov Random Field (GMRF) is a random vector with a multivariate Gaussian distribution that fulfills
some restrictions related to the conditional independence of its components, which can be formulated by means of a
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graph. Therefore, we will present some necessary notions related to simple undirected graphs (from now on, simply
graphs). A graph G = (V, E) consists of a (finite) set of nodes V' and a set of edges E consisting of subsets of V' with
cardinality 2. Two nodes i, j € V are called adjacent if {i,j} € E. If there exists a sequence i,v,,...,0,,j such that
{i,v1}, {v, 05}, oo {v_1 vk ), {vg, 7} € E, then i and j are called connected. Such a sequence is called a walk and, if
no nodes are repeated, it is called a path. If every two nodes are connected, then the graph is called connected; otherwise,
noticing that being connected is an equivalence relation on the set of nodes, one can consider the associated equivalence
classes, referred to as the connected components of the graph. Given three pairwise disjoint subsets of nodes A, B,C Cc V,
it is said that A and B are being separated by C if every path between a node belonging to A and a node belonging to B
contains a node belonging to C. A connected graph is called a tree if the number of edges equals the number of nodes
minus one, thatis, | E| = |V| — 1. A tree in which each node is adjacent to at most two other nodes is called a path graph.
The following result will be of interest later.

Theorem 2.1 ([10]). A graph s a tree if and only if there exists a unique path between each pair of nodes.

Givenagraph G = (V, E)with V' = {1, ...,n},a GMRF over G is a multivariate Gaussian random vector X = Xy, X))
that satisfies the Markov property, that is, for any i;,i, € V and any I C V the fact that I separates i, and i, implies that
X; and X, are conditionally independent given the value of the components of X associated with I [11]. An easier
characterization of a GMRF can be provided in terms of the inverse of the covariance matrix.

Theorem 2.2 ([11]). Let X ~ N(ji,X) be a multivariate Gaussian random vector and let G = (V, E) with V =

-

{1,...,n} beagraph. X is a GMRF over G if and only if (Z™'),; = 0 forevery i, j € V such that {i,j} ¢ E.
ij

The characterization above implies that any multivariate Gaussian random vector is a GMRF over the graph in which
every two nodes are adjacent. If the graph has no edges, then all components of the random vector should be independent.
We end this section with a result related to GMRF over tree graphs.

Theorem 2.3 ([12]). Let X be a GMRF over a tree graph. Then, Pearson’s correlation coefficient between any two vari-
ables is the product of Pearson’s coefficients of the adjacent variables in the unique path that connects them.

2.2 | Totally Positive Matrices

A minor of a matrix is the determinant associated with a square submatrix. More formally, given any two subsets of indices
I, and I, with the same cardinality, the associated minor is [M, , |. The notion of total positivity is directly related to the
sign of these minors.

Definition 2.1 ([6]). A matrix M is totally positive if all its minors are nonnegative.

Totally positive matrices have good computational properties, mainly related to the possibility of performing a bidiagonal
decomposition of the matrix. In the next result, we just consider the case of symmetric matrices.

Theorem 2.4 ([13]). Any symmetric nonsingular totally positive matrix T admits a bidiagonal decomposition of the
form:
T=F,,..F,DF] ...F

n—-1"~"

where D is a diagonal matrix with positive diagonal entries and each F, has the following structure:

F = 0o 1
(Fi 1

(E)n,n—l 1
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The elements of D and F, ..., F, are all nonnegative and are related to the Neville elimination method (see [14]). Starting
with the bidiagonal decomposition of a totally positive matrix, there exist algorithms that allow for computing the eigen-
values, the inverse matrix, and other algebraic computations with HRA. This means that such computations can be done
with a relative error of the order of the machine error, regardless of the dimension or the condition number of the matrix.
Note that similar approaches have been studied for other types of matrices, such as almost strictly sign regular matrices
and Kac-Murdock-Szegd matrices and their generalizations (see, e.g., [15] and [16]).

HRA is achieved by avoiding the subtraction of noninitial data with the same sign. This is because subtracting two nearby
numbers can yield a result with significantly smaller magnitude, thereby increasing the relative error. For example, con-
sider the numbers x; = 47.132 and x, = 47.111, which have been rounded to the third decimal place. The corresponding

absolute error is at most 0.0005, and the relative error is approximately 270(1)2; ~ % ~ 0.00001. However, their differ-
0.001

ence is 47.132 — 47.111 = 0.021, for which the absolute error is at most 0.001, and the relative error becomes Som ~ 0.05,
which is significantly larger. Notably, if the quantities involved are initial data, their values are assumed to be exact, and
therefore do not pose a problem in terms of HRA.

2.3 | Gaussian Markov Random Fields and Totally Positive Matrices

In [17], some sufficient conditions for a covariance matrix and its inverse to be totally positive are provided. In particular,
these conditions were provided for a GMRF over a graph of paths with natural ordering. This particular type of graph is
defined as a graph G = (V, E) with V' = {1, ...,n} and such that {i, j} € E implies |j — i|] = 1.

Theorem 2.5 ([17]). Let X be a GMRF over a graph of paths with natural ordering. It holds that:

« The covariance matrix of the GMRF is totally positive if and only if all Pearson’s correlation coefficients between adjacent
variables are nonnegative.

« The inverse of the covariance matrix of the GMRF is totally positive if and only if all Pearson’s correlation coefficients
between adjacent variables are nonpositive.

Focusing on the nonnegative case, the bidiagonal decomposition of the covariance matrix can be computed with HRA
(see Section 5 in [7]), thus some algebraic operations concerning a totally positive covariance matrix can be computed
with HRA.

Theorem 2.6 ([7]). Let X be a GMRF overa graph of paths with natural ordering. If the covariance matrix X is nonsin-
gular, Pearson’s correlation coefficients between adjacent variables have the same sign and %, ; for all i are given, the following
computations can be done with HRA:

o The eigenvalues of %,
o The inverse of X,

« The solution of the linear system of equations (XX = b), with the vector b with alternate sign (if the sign of the Pearson’s
correlation coefficients is nonnegative) or with the vector b with constant sign (if the sign of the Pearson’s correlation
coefficients is nonpositive).

At this point, it must be noted that, when working with data, one does not know the theoretical covariance matrix associ-
ated with the data; thus, the covariance matrix should be estimated. In this regard, it is possible to estimate the covariance
matrix of a GMRF over a graph of paths with natural ordering, with nonnegative correlations between adjacent variables
assuring that the estimated matrix is still totally positive. The following algorithm is a modification of Algorithm 1 in [8]
that only considers the nonnegative case.

The method of maximum likelihood estimation is one of the most prominent methods for estimation of parameters of
probability distributions, see [18]. Unfortunately, this estimation method is typically very sensitive to the fulfillment
of some necessary assumptions. In this case, these assumptions relate to multivariate normality, conditional indepen-
dence, and nonnegative correlation between all variables. It is encouraged to previously test for those assumed conditions
before accepting the estimate of the algorithm above, since otherwise the estimated covariance matrix might differ greatly
from the theoretical covariance matrix. For more information concerning how to test for the fulfillment of the necessary
assumptions, the reader is referred to Section 2.5 in [8].
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ALGORITHM1 | Algorithm for computing the maximum likelihood estimator of the covariance matrix of a GMRF over a path
graph with nonnegative correlation between adjacent variables.

Input: A positive definite sample covariance matrix .S’ of dimension p.
Output: The MLE of the covariance matrix of a GMRF over a path graph.
2
1: Construct a complete weighted graph with V' = {u, ..., u,} and weights w({u;, u;}) = log <l — max {0, % } >

i
2 U, U, < The shortest Hamiltonian path of the latter graph.

max(v;,v;)—1 max(ovsnf,u“l)

Z=min(v;,v;) S S
! J Uf'“f Uf-#l'”f+l

3 ConstructZas %, , = /S, .S, o [1 withi,j € {1,...,p}

return 3

The input matrix .S is considered to be the sample covariance matrix of the data, defined as:

n n n
1 1 1 .
SiJz_Z xi’k——inJ xj’k——ij’, , LjEe{1,...,p},
= = A

where x; , denotes the kth observation of the ith variable.

In addition, we recall that the shortest Hamiltonian path is the path containing all the nodes of the graph such that the
sum of the weights of the associated edges is minimum. The complexity of Algorithm 1 is O(p*2?), as discussed in Section
3.4 in [8]. In the following, a minimal example of the application of Algorithm 1 is provided; the reader is referred to [8]
for more elaborated ones.

Example 2.1. Let S be the sample covariance matrix given in the left-hand side of Equation (2). The weighted graph
constructed in the first step of Algorithm 1 has associated weights w, , & —0.259, w, ; &% —0.0740 and w, ; ~ —0.314. For
computing the shortest Hamiltonian path, in this simple case, it is necessary just to identify the edges with a smaller
weight, which are {1, 2} and {2, 3}. Therefore, the estimated covariance matrix is the one provided in the right-hand side
of Equation (2).

0.917 0.446 0.532 0.917 0.446 0.496
S=[0446 0950 1.051|, ==]0.446 0950 1.051| 2)
0.532 1.051 4.312 0.496 1.051 4.312

In contrast to .S, £ is a totally positive matrix.

3 | Order Statistics and Total Positivity

The computational benefits that will be exposed in the following sections are based on the good properties of totally
positive matrices. In Theorem 2.5, sufficient conditions for the total positivity of the covariance matrix of a GMRF are
given. Unfortunately, these sufficient conditions are quite restrictive, since one needs a very particular type of distribution:
a GMREF over a graph of paths with natural ordering. Interestingly, these sufficient conditions appear naturally for the
order statistics when considering identically distributed and independent random variables. In particular, we need to
study when the following statements are fulfilled:

1. The order statistics are MRF over a graph of paths (with natural ordering),
2. The correlation between consecutive order statistics is nonnegative,

3. The order statistics follow a multivariate Gaussian distribution.

3.1 | The Markov Property of the Order Statistics

The Markov property is defined in terms of conditional distributions. Fortunately, conditional distributions of order statis-
tics of continuous distributions are easy to compute.
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Theorem 3.1 ([5]). Let X, ..., X, be independent random variables with the same continuous distribution. The con-
ditional distribution of (X g1y -+ s Xso1) 8V (X (15 -5 Xy Xy oo s X)) = (X(1)s +oe 5 X0 Xy -0 » X)) S

| ﬁ f(x(j))
f(x(r+1), cee s X 1) 1X () v 0 X(p)s X(5) oo ,x(”)) =(s—r—-1)! — Y <>
e F ) = Flxg)

Jorany (x.41, - » X(,_1)) € R¥" 1 such that x(,,p) < ... < X(_y).

Notice that the expression of the conditional density depends on the value that X, and X, take, but not on the value
of X () when i < rori > s. Therefore, the order statistics of continuous distributions are Markov chains, or equivalently,
MRF over the graph G = (V, E) with V = {1, ...,n} such that {i, j} € E if and only |j — i| = 1. Trivially, G is a graph of
paths with natural ordering. The reader is referred to Section 2.5 in [5] for more information in this regard.

3.2 | Nonnegative Correlation of Consecutive Order Statistics

Consider two consecutive order statistics X, and X,y withi € {1,...,n — 1}. The inequality X ;) < X;,,, implies that, if
the value of X 0 increases, then the minimum value that X, (i+1) Can take also increases. This, intuitively, leads to a positive
correlation between the order statistics.

Recall that a random vector is said to be exchangeable if its distribution remains invariant when changing the order of
the variables [19]. In addition, a continuous distribution is said to be MTP2 (Multivariate Totally Positive of order 2) if its
density function satisfies that f(X) f(¥) < f(X A ¥)f(X v ¥) [20], where A and V denote, respectively, the component-wise
minimum and maximum. The following is a slight modification of Theorem 5.2 in [21].

Theorem 3.2. Let (X,,..., X,) be an MTP2 exchangeable random vector. The correlation coefficient between any two
order statistics is always positive.

Notice that, as previously stated, we are considering order statistics associated with independent and identically dis-
tributed random variables. In such case, exchangeability is trivially fulfilled. For being MTP2, notice that the joint density
function f(¥) can be decomposed as f(X) = []_ &(x,), being g the common marginal density, if the components are
independent and identically distributed. Therefore,

GO = [Jexpetn = [Jex Avdete vy) = FGADSGEVH)
i=1 i=1

and the distribution is MTP2. Keeping in mind the latter comments, the following result is immediate.

Corollary 3.1. Let (X,,..., X,) be a random vector with independent and identically distributed components. The corre-
lation coefficient between any two order statistics is always positive.

In particular, the result above holds for consecutive order statistics.

3.3 | Asymptotic Multivariate Normality of Central Order Statistics

Unfortunately, the order statistics do not usually have a multivariate Gaussian distribution. However, several studies have
been carried out to prove the asymptotic normality of order statistics. In particular, several authors have presented results
studying a finite or infinite number of order statistics and changing the assumptions needed to reach the asymptotic
normality. One of the simplest results in this regard is Theorem B, Section 2.3.3 in [22]. Recall that, given a distribution
function F, the associated quantile function F~! is defined as F~(p) = inf{x € R|F(x) < p}.

Theorem 3.3 ([22]). Let k€N and p,,...,p, €(0,1) with p; <p, <---<p,. Furthermore, let F be a
cumulative distribution function with existing density f in the neighborhoods of F~(p,),..., F X(p,), satisfying
FFXp)), ..., fF(FX(py)) > 0. Let iy(n), ..., i,(n) be increasing sequences of natural numbers such that

ij(l’l)

limL— = p,,

n—oo n
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forany j € {1, ..., k}. For independent and identically distributed random variables X1, ..., X, with distribution function
F, it holds that

Xiap | [F~H D)
vall . =] .. ||=d NOD),

Xiy) \F7H00)

where )
_ mln(pia Pj)(l - maX(P,-, P,—))

M FETE)SF )

foranyi,j e {1,...,k}.

The latter result assures the convergence of a collection of k order statistics to a multivariate Gaussian distribution when
the quotients between the associated indices and the sample size converge. Notice that p; > 0 and p, < 1, thus the con-
vergence is not true for the minimum and the maximum. For instance, it is well-known that the maximum of » standard
Gaussian random variables diverges to infinity.

Apart from the existence of the density function, the assumptions for the distribution are not strong. In particular, any
density function f such that the set {r € R | f(¢) > 0} is connected fulfills the conditions of Theorem 3.3. Typically, con-
tinuous random variables have density functions that are strictly positive over an interval, the real line, or the positive
real line (see [23, 24]), thus verifying the conditions of Theorem 3.3.

4 | Asymptotic Total Positivity of the Covariance Matrix of Order Statistics

In the previous section, we have shown that the order statistics, under some assumptions, behave as a Markov chain,
their correlations are all positive, and converge to a multivariate Gaussian distribution. Therefore, it is intuitive to expect
a convergence of the covariance matrix of the order statistics to a totally positive matrix. In [25], a heuristic formula for
the inverse of the covariance matrix of the order statistics is given. In particular, for large n, *~! can be approximated by

(n+ 1)(n +2)DOD, where D is a diagonal matrix satisfying that D, ; = f(F‘1< - )) foranyi € {1,...,n} and Q is the

n+1

following tridiagonal matrix:

Since Q is a tridiagonal M-matrix, its inverse is totally positive [26]. By using the fact that D is a nonnegative diagonal
matrix, it follows that the inverse of (n + 1)(n + 2) DQ D is totally positive. However, the formula ™! ~ (n + 1)(n + 2)DQD
is just a heuristic approximation, not a formal convergence result. In the following, we will prove the total positivity of
the asymptotic covariance matrix £ of Theorem 3.3 by using probabilistic arguments. For that purpose, we first need to
present an auxiliary result.

Lemma 4.1. A multivariate Gaussian random vector X v isa GMRF over a treegraph G = (V, E) if and only if Pearson’s
correlation coefficient between any two variables is the product of Pearson’s correlation coefficients of the adjacent variables
in the unique path that connects them.

Proof. The fact that in a GMRF over a tree graph the correlation between two variables is the product of Pearson’s
correlation coefficients of the adjacent variables in the unique path that connects them is stated in Theorem 2.3. For
the converse implication, notice that, since the random vector is assumed to be Gaussian, we just need to check the
Markov property. Suppose that the nodes i, j € V' are not adjacent. Since G is a tree graph, there exists k € V' such that
{k} separates {i} and {;}. Moreover, the subgraph induced by V' \ {k} is a forest consisting of two connected components
C;and C; such thati € C; and j € C; and k is contained in the unique path that connects any node in C; with any node
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in C;. Without loss of generality, we rearrange the elements of X, in order to index first the variables associated with C,,
next X, and last the variables associated with C;.

Let R, R; and R; be the correlation matrices of X v X ¢ and X ¢.» respectively. By using that Pearson’s correlation coef-
i J

ficient between two variables is the product of Pearson’s correlation coefficients of the adjacent variables in the unique

path that connects them, one has that

> ot = =1
R, b pip, R, b pip,
_ St _.z ol =t ->z P
R= | p; b =D p, 1 p; D°,
> >t - - >t =
PiP; P RJ PiP; P RJ

where D is the diagonal matrix containing the standard deviation of the components of X v p; is the vector containing
Pearson’s correlation coefficients between the variables in C; and X, and p; is the vector containing Pearson’s correlation
coefficients between the variables in C; and X . Therefore, the conditional covariance matrix given a value for X can be
computed using Equation (1):

R, 5ip} p R =755 M,
T R [0 W W (el Y A (0 SR 0o WY (S [0 W
pipi R, P My R;=pjp

where M, is a null matrix of appropriate dimension. Since for multivariate Gaussian distributions linear independence
is equivalent to independence, X ¢, and X c, are conditionally independent given X, . Notice that the resulting covariance
matrix is block diagonal, with two blocks associated with C; and C;. Therefore, its inverse is also a block diagonal, with the
two blocks still associated with C; and C;. From Theorem 2.2 we conclude that X; and X are conditionally independent

given X V\(ij.k)» SO X; and X are conditionally independent given X v\(ij)- 1t is concluded that X is a GMRF over G =
(V, E). |

Therefore, it suffices to check if the asymptotic covariance matrix coincides with the one of a GMRF over a graph of paths
with natural ordering and that the correlation between adjacent variables is nonnegative.

Proposition 4.1. Let f, Fand0< p; <--- < p, <1 be as in Theorem 3.3. The matrix ¥ defined as
_ min(p;, p))(1 — max(p;, p)))
" JE ) f(Fp))

>

foranyi,j € {1, ..., k} is totally positive.

Proof. The correlation matrix R (of dimension k) associated with X is:
R = Zi,j _ Pi(l _pj) f(F_l(pi))f(F_l(Pj)) _ \/Pi(l - Pj)
" vV ZZ, f(F_l(pi))f(F_l(pj)) \/Pi(l _Pi)Pj(l - Pj) \/Pj(l - p;)

Next, consider the graph of paths with natural ordering G = (V, E) with V = {1, ...k} and {i,j} € E if and only if
|j—i] =1. Given i,j € V, with i < j, we denote by i,v,,...,v,,j the unique path that connects i and j. For R to be
the correlation matrix of a GMRF over G, it needs to follow that Pearson’s correlation coefficient between two variables is
the product of Pearson’s correlation coefficients of the adjacent variables in the unique path that connects them. Indeed,
foranyi < j, it follows that:

i<j. 3)

VP =p) [ /p =, )| \/p, 0= p) VB

o VP =) |51 /P, =2 | /P01 = p,) VA=)

We conclude from Lemma 4.1 that C is the correlation matrix of a GMRF over a graph of paths with natural ordering. In
addition, notice that all the correlations/covariances are positive, thus it follows as a result of Theorem 2.5 that X is totally
positive. O

Remark 4.1. The latter result can also be proven with results from linear algebra by noticing that the matrix ¥ is a
Green matrix with parameters p; and 1 — p, with i € {1, ..., k} multiplied by two diagonal matrices that multiply rows
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and columns by positive quantities. As a result of Theorem 4.2 in [27], the associated Green matrix is totally positive if

and only if the sequence 0 < 1”—1 < ... < £~ <1lisincreasing, which is the case since it holds that 0 < p; < ... < p, < 1.
- k

P1 -

Asadirect consequence of Theorem 3.3 and Proposition 4.1, the asymptotic covariance matrix of order statistics is a totally
positive matrix.

Corollary 4.1. Letk eNandp,,...,p, € (0,1)with p; < p, < --- < p,. Furthermore, let F be a cumulative distribution
function with existing density f in the neighborhoods of F~1(p,), ..., F~1(p,), satisfying f(F~X(p,)), ..., f(F~(p,)) > 0. Let

i;(n), ..., i, (n) be increasing sequences of natural numbers such that
i(n)
lim~— = p,
n—o n pj’

forany j € {1, ..., k}. Then, for independent and identically distributed random variables X, ..., X,, with distribution func-
tion F, the sequence
X iy
Cov| \/;

X,y

converges to a totally positive matrix.

Remark 4.2. The determinant is a continuous function (see, for instance, Example 6.2.7 in [28]), thus the convergence
of the covariance matrix to a totally positive matrix proves that all minors of the associated matrix converge to a nonneg-
ative value.

We end this section by noticing that the formula of the asymptotic covariance matrix of the order statistics is exact for
any sample size in the case of the uniform distribution [5]. Therefore, the covariance matrix of the order statistics of the
uniform distribution is always totally positive.

Corollary 4.2. Let X,,..., X, be independent random variables with uniform distribution. The covariance matrix of
Xys oo s Xy IS totally positive.

5 | High Relative Accuracy in Computations With Covariance Matrices of Order Statistics

This section is devoted to discussing the importance of HRA computations when dealing with the covariance matrix of
the order statistics. First, we will show that the condition number increases with the sample size, and next, we provide
different examples where HRA computations would be useful. Note that within this section, we directly work with the
asymptotic covariance matrix, even though we are dealing with finite sample sizes. Therefore, the considered sample size
should be large enough (or the underlying distribution should be the uniform distribution, as discussed in Corollary 4.2)
for the results to be applicable.

5.1 | Condition Number of the Covariance Matrix of the Order Statistics

The condition number of the covariance matrix of a GMRF over a path graph increases depending on three factors: the
dimension, the difference between variances and the strength of the correlation between adjacent variables. In [7], it has
been shown that the effect that the dimension has on the condition number of the covariance matrix, when the correlation
is fixed, is moderate. On the contrary, even for a small dimension, correlation coefficients close to 1 in absolute value

increase the condition number at a high rate (see [7]).

In the case of the order statistics, the correlation matrix associated with the asymptotic covariance matrix was computed
in Equation (3). When considering all order statistics, that s, all p, = n’? the correlation between consecutive variables is

i i+1 1
m(l—m) ~ Pz‘(l‘l’t‘n—ﬂ)

i+1 i\ 1 ’
w07 Nleess)e-»)
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FIGURE1 | Condition number of the asymptotic covariance matrix of the order statistics for different distributions and sample

sizes. The condition number has been averaged over 10° independent samples for each distribution and sample size.

for any i € {1,...,n — 1}. Therefore, for a fixed p;, the correlation between consecutive order statistics increases as the
dimension increases. Notice that, if one considers a set of k consecutive order statistics, for instance the k central ones,
all correlations tend to 1 as the dimension tends to infinity, so the associated submatrix of the correlation matrix tends to
a matrix of dimension k X k with all values equal to 1, which has rank equal to 1 regardless of the value of k.

The diagonal values of the asymptotic covariance matrix, which coincide with the asymptotic variances of the associated

variables,are X, ; = %. The term p;(1 — p;) results in a greater variance for the central order statistics, while quantiles

associated with regions with smaller density also have more variability. Notice that f(F~!(p,)) > 0 should be fulfilled, as
an assumption of Theorem 3.3.

In order to illustrate the behavior of the condition number of the asymptotic covariance matrix of the order statistics as
the sample size increases, different covariance matrices of the order statistics for the uniform, exponential, normal and
logistic distributions (see [23, 24]) have been simulated for different samples sizes ranging from 10 to 200. The obtained
results can be found in Figure 1, showing that the exponential distribution leads to the largest condition numbers and
the uniform distribution leads to the smallest ones for all sample sizes. This could be caused by the fact that the density
of the exponential is not symmetric and decays for bigger values, while the uniform distribution has a constant density.
In any case, even for a small sample size of 30, the condition number is of an order of magnitude between 10 and 10%,
increasing rapidly for larger sample sizes.

5.2 | Mean Estimation for Symmetric Distributions Using L-Statistics

Given a random variable X with mean p, it is quite common in Statistics to use linear combinations of order statistics,
known as L-statistics, in order to estimate u. This approach started at the beginning of the last century with the first
foundational papers [29-32], and it is still widely used, see [33-35] for some recent applications of such a procedure. In
particular, the considered estimator is defined by
n
> AX),
i=1

where 1 is a vector that should be determined. A common choice for 7 is based on the minimization of the following

quantity,
n 2 n 2 n
E (u - 2/1,.)((,.)> =E ly - Z/lix(,.)] + Var( /1,.X(,.)>.
=1 i i=1

i=1
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If the distribution of X is symmetric, E[X ] + E[X(,_;;;)] = u for any i € {1, ...,n} and the covariance matrix X of the
order statistics is persymmetric (%, ; =%, ;. ,_;;; forany i, j € {1,...,n}) [36]. Under such conditions, it is possible to
prove that the best linear unbiased estimator minimizes the following equation [37]:

‘ T -
Var <Z/liX(i)> =i 22,

i=1
under the restriction )} | 4; = 1. The solution of such a problem is [37]:
21

-1 -

11

i= , (C))

where 1 is a vector of ones.

The computation of the optimal vector 7, since it involves the inversion of £, is quite sensitive to big condition numbers.
Considering the asymptotic matrix, its inverse can be computed with HRA, see Theorem 2.6. Unfortunately, the operation
¥~'T cannot be performed with HRA, since ™! is a tridiagonal M-matrix with positive and negative elements, so sums
of numbers of different signs appear.

However, it is possible to design an algorithm that allows us to compute the numerator and denominator in Equation (4)
such that, in both cases, only one subtraction in the final step is needed, being able to perform all the previous operations
with HRA. More precisely, for computing =~ with HRA, it is possible to first sum all the positive elements in each row
and, analogously, all the negative elements in each row. These operations can also be performed with HRA; thus, it only
remains to compute a final subtraction in order to achieve each component of £~'1. Similarly, the quantity TTZ‘lf can be
computed with all steps but the last one with HRA. If necessary, these last subtractions can be performed with quadruple
precision in order to improve the result. Finally, the quotient can be computed as well with HRA. Therefore, the compo-
nents of the optimal vector J can be computed with just two problematic operations in terms of HRA, one subtraction
associated with the numerator and another one with the denominator.

5.3 | Computation of Conditional Covariances of Order Statistics

Suppose that the values of some order statistics are known, and we want to work with the remaining order statistics. In the
limit, as a result of the asymptotic multivariate normality, it is possible to use Equation (1). Unfortunately, the subtraction
of the latter term does not allow for computing such a matrix with HRA. However, as a consequence of Theorem 2.5
in [11], such computation can also be expressed as

= (=)

As already commented before, ™' can be computed with HRA, as well as (£7') _,. Unfortunately, the matrix (Z7') _, is
not totally positive, thus in principle its inverse cannot be computed with HRA. However, if we denote by A the diagonal
matrix with elements 1, -1, 1, —1, ..., it follows that:

-1

T, =AAZ_ | [AA= AA((Z‘l)_I)_lAA = A(A(Z‘l)_IA) A.

Notice that A(Z‘1 ) _,; A is the inverse of the covariance matrix of a GMRF over a graph of paths with nonpositive correla-
tions. Therefore, it follows from Theorem 2.6 that its inverse, (A(Z™")_ IA)_l, can be computed with HRA. Trivially, the

same holds for A(A(Z7") A)_IA, thus the conditional covariance matrix £_; | ; can be computed with HRA.

-1

54 | Computation of the Entropy

The entropy of a random vector Xisa quantity H (X) related to its expected surprisal, see [38]. In the case of multivariate
Gaussian distributions, its formula is simple:

H(X) = %1n(|2|) + 5(1 +1n(27)) ,

where 7 is the dimension of the random vector.
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In such a formula, the determinant of the covariance matrix is involved, a quantity that can present computation problems
when the condition number is too large. The first obstacle to computing the entropy with HRA is that the sign of both
terms is unknown. However, by using properties of the logarithm, it follows that

H(X) = %ln(|E|)+ln<e§(1+ln(2”))> = In( V[Zfeie)

Note that the determinant of the covariance matrices presented in this paper can be computed with HRA by consider-
ing the bidiagonal decomposition given in [7] since it coincides with the product of the diagonal of the matrix D (see
Theorem 2.4), which can be computed with HRA. The square root can also be computed with HRA, so it only remains to
check whether the evaluation of the logarithm can be computed with HRA.

Quite conveniently, the logarithm can be expressed in terms of the arc hyperbolic tangent as In(x) = 2 arctanh( i—:) [39].

Therefore, substituting arctanh by its Taylor series leads to
b 1\ 2k+1
In(x) =2y — (x 1) .
S2k+1\x+1

Although the latter sum involves an infinite number of summands, the logarithm can be approximated by considering
a sufficiently large number of terms. For any x € (0, ), the terms of the sum have the same sign, thus this sum can be
computed with HRA. It is concluded that the entropy can be computed with HRA.

5.5 | Additional Computational Problems

In Data Analysis, one of the most used procedures for reducing the dimension of random vectors is Principal Component
Analysis (PCA), which involves the computation of the eigenvalues of the associated covariance or correlation matrix [40].
In general, this method is especially useful when there are some eigenvalues that are significantly greater than the rest,
so the variability of the random vector can be summarized by using a few random variables. When considering indepen-
dent and identically distributed random variables, this method is not useful, since the covariance matrix is the identity
matrix multiplied by a factor, thus all the eigenvalues are the same. However, if the order statistics are considered, the
eigenvalues vary from one another. As an example, the quotient of each eigenvalue and the sum of all eigenvalues of the
covariance and correlation matrices of the order statistics of dimension 10 for the uniform, Gaussian, exponential, and
logistic distributions can be found in Table 1.

Notice that the eigenvalues of the correlation matrices are similar, since the correlation matrices for all distributions
converge to the same matrix. However, the eigenvalues of the covariance matrices are more diverse, since the probability
density varies from one distribution to another. Since some of the eigenvalues are very small, it makes sense to use PCA
to reduce the dimension when working with the order statistics. In this sense, the eigenvalues should be computed, a
task that can be performed with HRA for the type of matrices considered in this paper as a consequence of Theorem 2.6.
Admittedly, HRA is not especially useful in this case, since the most relevant eigenvalues are the greatest ones, which are
the ones that benefit less from HRA procedures (see, e.g., Table 1 in [7]).

TABLE1 | Quotient of the i-th eigenvalue and the sum of all eigenvalues (c;) for the covariance and correlation matrices of the
order statistics of dimension 10 for different distributions.

Distribution Matrix c c, c; cy cs Co cy cg Cy C1o

Uniform Covariance  0.618 0.157 0.073 0.043 0.029 0.022 0.018 0.015 0.014 0.013
Correlation  0.551 0.183 0.092 0.055 0.037 0.026 0.020 0.015 0.012 0.010

Gaussian Covariance  0.479 0.218 0.118 0.068 0.041 0.027 0.018 0.013 0.010 0.008

Correlation  0.535 0.183 0.096 0.059 0.040 0.028 0.021 0.016 0.012 0.010
Exponential Covariance  0.676  0.191 0.067 0.030 0.015 0.009 0.005 0.003 0.002 0.001
Correlation  0.532 0.183 0.095 0.060 0.040 0.029 0.021 0.016 0.013 0.010
Logistic Covariance  0.438 0.260 0.132 0.069 0.039 0.024 0.016 0.011 0.007 0.005
Correlation  0.525 0.184 0.097 0.062 0.042 0.029 0.022 0.016 0.013 0.010
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As commented before, the condition number needs to be computed in some scenarios. For instance, in [41], the
condition number is used to estimate covariance matrices with a constraint that renders the estimated covariance matrix
ill-conditioned, since, as commented before, it increases the relative error of many algebraic computations (see Section 6
in [7]). Since the condition number is the quotient of the largest and the smallest eigenvalues, it can be computed for the
type of matrices considered in this paper as a consequence of Theorem 2.6.

Finally, notice that the bidiagonal decomposition of the type of matrices considered in this paper, which can be computed
with HRA, can be used to compute the LDL” decomposition of the covariance matrix. Since L can be expressed as the
product of totally positive matrices, it can also be computed with HRA. The values of L allow us to express the i-th order
statistic as a sum of the smaller order statistics and an independent random variable. Moreover, such an expression is
directly related to the so-called spacings, defined as X;,;) — X; fori € {1,...,n — 1}. Spacings are relevant in the study
of the time between two consecutive failures in reliability theory, see [42].

6 | A Real-Life Example Related to Sports Data

In this section, an example using real-life data is used to illustrate the presented results related to order statistics. Consider
the results of the Men’s 100-meter freestyle swimming competition held during the 2024 Olympic Games in Paris, France.
The data, which is presented in Table 2 and has been retrieved from [43], show the results of each athlete in the different
races. Notice that the data for each race is ordered from smallest to largest, so the order statistics appear naturally.

If we ignore the observation related to Heat 1, since it has incomplete information and abnormally large values, the sample
covariance matrix is the following:

2.958 2.946 2.983 3.034 2.998 2.976 3.055 3.816
2.946 3.103 3.142 3.200 3.147 3.178 3.261 3.998
2.983 3.142 3.200 3.258 3.200 3.246 3.326 4.080
3.034 3.200 3.258 3.330 3.267 3.315 3.398 4.145
2.998 3.147 3.200 3.267 3.215 3.255 3.338 4.076
2.976 3.178 3.246 3.315 3.255 3.348 3.428 4.130
3.055 3.261 3.326 3.398 3.338 3.428 3.514 4.234
3.816 3.998 4.080 4.145 4.076 4.130 4.234 5.526

TABLE 2 | Resultsof the Men’s 100-meter freestyle swimming competition of the 2024 Olympic Games in Paris.

Race 1st 2nd 3rd 4th 5th 6th 7th 8th

Final 46.40 47.48 48.57 49.67 50.98 52.38 53.94 55.52
Semifinal 1 47.58 47.61 47.66 47.80 48.25 48.76 49.29 50.13
Semifinal 2 47.21 47.66 47.68 47.94 47.95 48.06 48.10 48.78
Heat 1 53.85 55.56 57.79 60.28 65.81 75.28 88.64 —

Heat 2 52.22 52.73 52.95 52.99 53.10 53.19 53.38 56.19
Heat 3 51.21 51.77 51.91 52.29 52.32 52.35 52.52 52.94
Heat 4 50.35 50.39 50.39 50.58 50.81 50.84 51.12 51.42
Heat 5 48.84 50.10 50.42 50.63 50.64 51.46 51.54 51.55
Heat 6 48.84 49.12 49.44 49.51 49.60 49.65 49.70 49.92
Heat 7 48.49 48.66 48.82 48.82 49.06 49.24 49.28 49.35
Heat 8 47.57 47.70 48.01 48.24 48.40 48.41 48.53 49.34
Heat 9 47.92 47.93 48.25 48.34 48.47 48.82 48.88 49.38
Heat 10 48.07 48.25 48.34 48.35 48.40 48.40 48.46 48.79
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As can be seen in the sample covariance matrix, the variability seems to be smaller for the first positions. All correlations
are positive and close to 1, since covariances and variances are similar. The condition number of the matrix is 9 x 10*. In
order to obtain the estimation of the covariance matrix under a total positivity constraint, one has to compute the weights
of the graphs in Algorithm 1. These weights are provided in the following matrix:

- -2.916 —2.814 —2.725 —2.906 —2.246 —2.281 —2.217

-2.916 - -5.222 —4.699 —4.954 —3.577 —3.698 —2.693

—2.814 -5.222 - -5.508 —5.450 —4.080 —4.128 —2.836

W= —2.725 —4.699 -5.508 - -5.909 —4.232 —-4.314 -2.717

—2.906 —4.954 —5.450 -5.909 - -4.148 —4.319 -2.740

—2.246 —3.577 —4.080 —4.232 -4.148 - -6.693 —2.548

—2.281 —3.698 —4.128 —4.314 —4.319 -6.693 - -2.567
—2.217 -2.693 —2.836 —2.717 —2.740 —2.548 -2.567 -

The shortest Hamiltonian path, computed using the TSP package [44],is (1,2, 3,4, 5, 6, 7, 8). This implies that the variables
that are not supposed to be conditionally independent given all other variables are the consecutive order statistics. Notice
that this is coherent with what is stated in Section 3.1.

Next, we test for the fulfillment of the necessary assumptions, that is, the multivariate normality, the conditional inde-
pendence between nonconsecutive variables and the fact that correlations are positive (the reader is referred to Section
2.5 in [8] for more details). The Henze Zirkler test of multivariate normality has been performed, obtaining a p-value of
0.105. Therefore, multivariate normality is not rejected. Moreover, conditional independence and tailed correlation tests
have been performed considering the Benjamini and Hochberg correction. The results show that the conditional inde-
pendence cannot be rejected for any pair of variables, and it is concluded that all correlations are positive. In conclusion,
the necessary conditions for the estimation to yield a covariance matrix that is close to the population covariance matrix
are reasonable. The associated estimation is the following:

2.958 2.946 2.984 3.038 2.981 3.018 3.090 3.723
2.946 3.103 3.142 3.199 3.139 3.178 3.254 3.921
2.984 3.142 3.200 3.258 3.196 3.236 3.313 3.992
3.038 3.199 3.258 3.330 3.267 3.308 3.387 4.081
2.981 3.139 3.196 3.267 3.215 3.255 3.332 4.015
3.018 3.178 3.236 3.308 3.255 3.348 3.428 4.130
3.090 3.254 3.313 3.387 3.332 3.428 3.514 4.234
3.723 3.921 3.992 4.081 4.015 4.130 4.234 5.526

™M
Il

Notice that the resulting £ is similar to the usual sample covariance matrix .S, but £ is totally positive [8]. The largest
differences are associated with the most distant variables, since the correlation is computed by considering the product
of correlation coefficients over longer paths (see Lemma 4.1).

The errors in the computation of the eigenvalues of the estimated matrix when using the function eig implemented in
Matlab [45] and the routine implemented in TNTool [46-48] (HRA) are provided in Table 3. As expected, the relative
error in the computation of all eigenvalues is lower for the method with HRA. For the real values of the eigenvalue s
symbolic computation in Mathematica [49], with 60 digits of precision, has been considered. As expected, the relative
error in the computation of all six eigenvalues is lower for the method with HRA. In addition, the inverse matrix has been
computed using the function inv implemented in Matlab and the routine implemented in TNTool. As the real value of the
inverse, the formula given in Proposition 3.1 in [8] is considered, as well as symbolic computation with 60 digits of preci-
sion. The relative error considering the 1-norm (defined as || A||; = max; ., Z:’zl |A4;;1)is 9.050784 - 1074 for the Matlab
routine and 5.525399 - 1077 for the HRA method. Finally, a similar procedure has been carried out for the condition
number, considering the routine cond in Matlab and the quotient of the smallest and largest eigenvalues computed with
HRA, obtaining relative errors of 4.0563 - 10~* and 3.854015 - 10~'7, respectively. Such differences will increase with the
condition number of the matrix.
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TABLE 3 | Eigenvalues and relative error of the function eig from Matlab and the routine TNEigenValues in TNTool for the esti-

mated covariance matrix.

A €Matlab €HRrA

27.521168031 3.872706646791-10716 3.872706646791-10716
0.4138924389 9.388382635143-10716 8.047185115837-10716
0.1581954879 5.614435856193-1071° 1.754511205060-10716
0.0697814206 9.744880463186-1071° 5.966253344808-1071°
0.0181454295 3.499001164994.10~ 4 1.912022494532-10716
0.0062455862 9.138037659067-1014 2.777519045309-10716
0.0033462618 2.203227097457-10713 3.888047819041-1071
0.0020733431 3.304883617246-10714 4.183396983856-1071°

7 | Conclusion

In this paper, we studied the application of a method for the estimation of the population covariance matrix of a Gaussian
Markov Random Field under a total positivity constraint to samples consisting of order statistics of identically distributed
random variables. The presented theoretical results state that the order statistics are Markov chains, the correlation
coefficients between consecutive order statistics are nonnegative, and that, asymptotically, their joint distribution is mul-
tivariate Gaussian. Moreover, it has been proved that the covariance matrix of a finite number of order statistics converges
to a totally positive matrix.

Notice that, when working with order statistics, the necessary conditions for the estimation method for the population
covariance matrix of a Gaussian Markov Random Field under a total positivity constraint to yield a covariance matrix
that is close to the population covariance matrix are not as restrictive as in [8]. More precisely, in the context of order
statistics, it is only required that we are dealing with independent observations of a sufficiently regular continuous
distribution.

The results presented in this paper enable the application of HRA methods in the context of covariance matrices across
a wide range of tasks, including the definition of certain mean estimators, the computation of conditional covariances,
entropy computation, and data reduction (PCA). We conclude by demonstrating the proposed method using sports data,
where a natural ordering of the observations is inherent. The findings reveal a difference of two orders of magnitude in the
relative errors when computing the inverse matrix, the condition number, and eigenvalues associated with the empirical
covariance matrix.

As an open problem, it would be interesting to study the case in which the number of order statistics k increases with the
sample size n, since one may be tempted to consider a larger number of order statistics when the sample size is greater.
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