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Abstract

A Lie superalgebra is attached to any finite-dimensional J-ternary algebra over an alge-
braically closed field of characteristic 3, using a process of semisimplification via tensor
categories. Some of the exceptional simple Lie algebras, specific of this characteristic, are
obtained in this way from J-ternary algebras coming from structurable algebras and, in par-
ticular, a new magic square of Lie superalgebras is constructed, with entries depending on a
pair of composition algebras.
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1 Introduction

In a recent work [25], Arun Kannan showed how to obtain a Lie superalgebra starting with a
Lie algebra over an algebraically closed field IF of characteristic 3 endowed with a nilpotent
derivation d such that d> = 0, using a semisimplification process of symmetric tensor
categories, taking advantage that the semisimplification of the category of representations
of F[X]/(X?) is the Verlinde category Vers, which is equivalent to the category of finite-
dimensional vector superspaces over [F. In characteristic p > 3 still a suitable subcategory
of the Verlinde category is equivalent to the category of vector superspaces, and this allows
Kannan to get interesting exceptional Lie superalgebras also in characteristic 5 from classical
Lie algebras endowed with a derivation d such that d°> = 0.
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A natural class of Lie algebras over a field of characteristic 3 equipped with nilpotent
derivations of degree 3 is given by the Lie algebras with a subalgebra isomorphic to sl and
such that, as a module for this subalgebra, they are a sum of copies of the adjoint, the natural
and the trivial modules. In this case, the adjoint action of the element F = (99) € sl is
a nilpotent derivation and ad?p = 0. These are the Lie algebras with a short SLy-structure
in the sense of Vinberg [30]. These Lie algebras, over fields of characteristic # 2, 3, are
coordinatized by the so called J-ternary algebras, introduced by Hein [21] and Allison [1].
However, only minor changes are needed in characteristic 3.

Therefore, giving a J-ternary algebra T over a field of characteristic 3, we can attach
canonically a Lie algebra £ (7) with a short SL;-structure (see (2.18)), which can be viewed
as a Lie algebra in the category of representations of F[X]/(X?), and then we can apply the
semisimplification process to obtain a Lie superalgebra £5°(T) (Corollary 4.3).

The goal of this paper is to study the main examples of simple finite-dimensional J-ternary
algebras over an algebraically closed field of characteristic 3, apply the process above, and
check which Lie superalgebras appear.

The outcome is that the ‘prototypical’ J-ternary algebras give classical Lie superalgebras
(§5.1), the J-ternary algebras obtained from simple structurable algebras of skew-dimension
one give the new exceptional Lie superalgebras in [14, Theorem 3.2], which are specific of
characteristic 3. For the remaining class of simple J-ternary algebras, i.e., those obtained
from structurable algebras which are tensor products of a Cayley algebra and another unital
composition algebra, we get two of the exceptional Lie superalgebras in the magic square
of superalgebras in [10], as well as the exceptional Lie superalgebra el(5; 3) (notation as in

[9D.

The paper is organized as follows. Section 2 reviews the connection of J-ternary algebras
and Lie algebras with a short SL,-structure, with the modifications needed to include char-
acteristic 3. In particular, given any J-ternary algebra T over a field of characteristic # 2, a
Lie algebra £(7) with a short SL,-structure will be canonically defined in Theorem 2.14.

Section 3 will show how to construct a J-ternary algebra out of a structurable algebra
containing a skew-symmetric element s with invertible left multiplication Ly (Theorem 3.8).
In the process, it will be proved that the Kantor Lie algebra K (A, —) attached to a struc-
turable algebra ([3]) makes sense too in characteristic 3 (Proposition 3.4), which is a result
of independent interest.

Section 4 is devoted to review the transition from a Lie algebra with a nilpotent derivation
of degree 3 over a field of characteristic 3 to a Lie superalgebra via tensor categories, following
the ideas in [12, 17, 25]. Then this will be applied to the Lie algebra £(T) attached in Sect. 2
to a J-ternary algebra and its derivation ad r above, thus obtaining a Lie superalgebra L (7).

In Sect.5 it will be shown that if T is a simple J-ternary algebra of ‘prototypical type’,
then the Lie superalgebra L£5(T) is either a projective special linear Lie superalgebra or
an orthosymplectic Lie superalgebra (Theorem 5.1). The situation for the simple J-ternary
algebras obtained from simple structurable algebras other than the tensor products of a Cayley
algebra and a unital composition algebra will be dealt with too.

Finally, Sect.6 will treat the case missed in Sect.5. Here three exceptional simple Lie
superalgebras specific of characteristic 3 appear: g(3, 3), ¢l(5;3) and g(6, 6). Moreover,
putting together the Lie superalgebras constructed from J-ternary algebras obtained from
the structurable algebras given by a tensor product of two unital composition algebras, we
get a new ‘magic square’ of Lie superalgebras in §6.4.
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Immediately after posting our results in arXiv, we learned that Michiel Smet had arrived
to the same results independently. The main differences with his work [28] are that our
treatment of the ‘prototypical type’ in Sect.5 is a bit more concrete, dealing directly with
classical Lie algebras instead of suitable algebras of matrices over a composition algebra; and
that in our treatment of the J-ternary algebras coming from a structurable algebra obtained
as the tensor product of two composition algebras in Sect. 6, the invertible skew-symmetric
element s has no extra restrictions. We thank Michiel Smet for sharing his results with us
even before posting them to arXiv.

All the algebras considered will be finite-dimensional and defined over a ground field F
of characteristic not 2, unless otherwise stated.

2 J-ternary algebras and short SL,-structures on Lie algebras

This section is devoted to review the two different related definitions of J-ternary algebras
in the literature and their role as ‘coordinate algebras’ of certain Lie algebras.

Definition 2.1 ([21, 22]) Let T be a triple system with ternary multiplication xyz. Then T is
said to be a J-ternary algebra if the following conditions hold:

xy(mvz) = (xyu)vz + u(yxv)z + uv(xyz), (2.1a)
XyzZ — ZYyX = ZXy — X2y, (2.1b)

forany x, y, z,u,v € 7.

Definition 2.2 ([1, 5]) Let J be a unital Jordan algebra with multiplication a - b, fora, b € J.
Let T be a unital special Jordan module for J with action a e x fora € J and x € 7, so that

1
(a-b)ex = E(ao(box)+bo(a ox)),
forany a,b € Jand x € T. Assume (. | .) : T x T — [ is a skew-symmetric bilinear map

and (., .,.) : T x T x T — Tisatrilinear product on 7. Then T is called a J-ternary algebra
if the following axioms hold forany a € J and x, y, z, w,v € T:

a-tely)=slaex ) +laey), 2

ae(x,y,7)=(aex,y,z) —(x,aey,z)+(x,y,aez), (2.2b)
x,y,2)=(zy,x)—(x|z)ey, (2.2¢)

x,y,2) =0, x,2) +{x|y) ez, (2.2d)

(G, y, D lwy+(z | Gy, w)) = (x| (z]w)ey), (2.2¢)

(x,y, (z, w,v) = ((x,y,2), w,v) + (g, (y, x, w), v) + (z, w, (x, y, V). (2.2f)

These two definitions are intimately related, as we will see in Theorem 2.8. In the proof,
a new type of triple systems will be used.

Actually, Yamaguti and Ono [31] defined a wide class of triple systems: the (e, §)
Freudenthal-Kantor triple systems, which extend the classical Freudenthal triple systems
and are useful tools in the construction of Lie algebras and superalgebras.
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Definition 2.3 ([31]) An (¢, 8) Freudenthal-Kantor triple system (¢, § are either 1 or —1) is
a triple system U, with multiplication xyz, such that, if L(x, y), K(x,y) € Endr(U) are
defined by

L(x,y)z=xyz
(x,y) y 2.3)
K(x,y)z =xzy — Syzx,
then
[L(u,v), L(x, y)] = L(L(u, v)x, y) + €L(x, L(v, u)y), (2.4a)
K (K (u,v)x,y) = L(y, x)K (1, v) — €K (u, v)L(x, y), (2.4b)
hold for any x, y,u,v € U.
Fore = —1and § = 1, these are the so called Kantor triple systems (or generalized Jordan

triple systems of second order [26]).

Let us show the close relationship between the J-ternary algebras and some particular
(1, 1) Freudenthal-Kantor triple systems.

As in [19] we get the following properties.

Lemma 2.4 Let U be a triple system satisfying equation (2.4a), with € € {x1}, and define
the endomorphisms S(x, y) and T (x, y) € Endr(U) by

S(x,y) = L(x,y)+€L(y, x)
T(.X, Y) = L(yvx) - EL(-X’ }’)

Then for any u,v € U, S(u, v) is a derivation of the triple system (U, xyz), while T (u, v)
satisfies

2.5)

T (u, v)(xyz) = (T(u, v)x)yz — x(T(u, v)y)z + xy(T(u, v)z)

forany x,y,z € U. As a consequence, the following equations hold:

[S(u,v), L(x, )] = L(S(u, v)x, y) + L(x, S(u,v)y) (2.62)
[T (u,v), L(x, )] = L(T (u, v)x,y) — L(x, T (u, v)y) (2.6b)
[Su,v), T(x, )] =T(Su, v)x,y) + T(x, S(u,v)y) (2.6¢)
[T (u,v), SCx, )] = —€T(T(u,v)x,y) + €T (x, T(u,v)y) (2.6d)
[T (u,v), T(x,y)] = —€S(T (u, v)x, y) + €S(x, T(u, v)y) (2.6¢)

Proof The fact that S(u, v) is a derivation and that T (u, v) satisfies the equation above when
applied to a product xyz follow at once from (2.4a). These conditions are equivalent to
equations (2.6a) and (2.6b). The other equations are obtained from these. ]

Remark2.5 Let U be a triple system satisfying equation (2.4a), with ¢ € {%£1}, and
denote by L(U, U) (respectively S(U,U), T(U,U)) the linear span of the operators
L(x,y) (respectively S(x,y), T(x,y)) for x,y € U. Lemma 2.4 shows that S(U, U)
is a subalgebra of L(U, U), and that the conditions L(U,U) = S(U,U) + T(U,U),
[S{U,U), TU,U)] < TU,U) and [T(U,U), T(U,U)] < S(U,U) hold. In particu-
lar, this shows that S(U, U)NT (U, U) is an ideal of L(U, U), and modulo this ideal we get
a Z/2Z-graded Lie algebra.
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Definition 2.6 Let U be an (e, §) Freudenthal-Kantor triple system. Then U is said to be
special in case
K(x,y) =€SL(y,x) —€L(x,y) (2.7)

holds for any x, y € U.

Proposition 2.7 The J-ternary algebras are exactly the special (1, 1) Freudenthal-Kantor
triple systems.

Proof First note that, for e = 1, (2.1a) coincides with (2.4a), while fore = § = 1 (2.1b) can
be rewritten as
K(x,2) =T(x,2)

due to (2.3) and (2.5). Also, for € = § = 1, a Freudenthal-Kantor triple system is special if
and only if K (x, y) = T'(x, y) for any x, y, because of (2.7).

Therefore, if (U, xyz) is a special (1, 1) Freudenthal-Kantor triple system, (2.1a) follows
from (2.4a), while (2.1b) follows from (2.7).

Conversely, if T is a J-ternary algebra then, withe = § = 1, (2.4a) is equivalent to (2.1a),
(2.7) is equivalent to (2.1b). Besides, (2.1a) implies

T (u, v)(xyz) = (T (u, v)x)yz — x(T (u, v)y)z + xy(T (u, v)z).
Interchanging x and z above and subtracting we get
Tu,v)K(x,z)= K(T(u, v)x, z) — K(x,2)T(u,v) + K(x, T (u, v)z),
which, because K (x, z) = T (x, z) by (2.1b), becomes
K, v)K(x,2) + K(x,2)K(u,v) = K(K(u, V)X, z) + K(x, K(u, v)z), (2.8)

forall x, y, z, u, v € T. Using that
1 1
L(x,y) = E(S(x, ) —T(x,y) = E(S(x, y) — K(x,y)),

we compute, as in [19, Proof of Proposition 3.5]:

L(y,x)K(u,v) — K(u,v)L(x,y)
= ! S K K 1K S K
= (800 = KO0 K v) = S K@) (63 - K@)
1 1
= SSCr.y). K. v)] + §<K("’ WK W, v) + K, 0K (x, 7))
1 1
= —3 1K@, v), SGx. )]+ 5(K(x, WK @) + KW, 0K (x, 7))

= K(K(u,v)x,y) because of (2.6d) and (2.8),

thus obtaining that 7 also satisfies (2.4b). ]

Recall that given an associative algebra A, its associated Jordan algebra A is the algebra
defined on the vector space A with multiplication a - b = %(ab + ba) fora, b € A.

Theorem 2.8 Let J be a unital Jordan algebra and T a J-ternary algebra (Definition 2.2).
Then T is a J-ternary algebra (Definition 2.1).
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Conversely, let T be a J-ternary algebra, then the subspace J = Fid + K(T,7T) is a
Jordan subalgebra of Endp (7)), where K (x, y)z = xzy—yzx forx,y € Tand K(T,T) =
span{K (x,y) | x,y € T}, and T becomes a J-ternary algebra with the natural action of J
on T: a e x = a(x), and the multilinear maps:

o) TxXTxT—>T, (x,y,2) =xyz,
(1):TxT—=>7, (x|y)=—-K(x,y).

Proof If T is a J-ternary algebra for a Jordan algebra g, then with xyz = (x, y, z), equation
(2.2f) becomes (2.1a), while equations (2.2c) and (2.2d) give:

xXyz —zyx = —(x | z) @ y = zxy — x2,

which gives (2.1b).

Conversely, let T be a J-ternary algebra. Then the subspace J = Fid+ K (7T, 7) is a Jordan
subalgebra of Endp(T) because of (2.8), with multiplication f - g = %(f g+gf),andT
becomes a special Jordan module with a e x = a(x) fora € J € Endp(7) and x € T. Now,
with (x, y,z) = xyz,and (x | y) = —K(x,y) € J,(2.2f)isjust (2.1a), (2.2c) is the definition
of (x | z) and (2.2d) follows from (2.1b). Also, (2.8) gives (2.2a), and equation (2.6b) gives
(2.2b) because K (x, y) = T (x, y) for any x, y, as T is a special (1, 1) Freudenthal-Kantor
triple system. Finally, (2.1a) gives, for any x, y, z, w, u:

L(x, y)K (z, wyu = L(x, y)(zuw — wuz)
= K(L(x, y)z, w)u + K(z, L(x, y)w)u + K(z, w)L(y, x)u,
so that
K(L(x,y)z, w) 4+ K (z, L(x, y)w) = L(x, ) K (z, w) — K(z, w)L(y, x).
Hence, (2.4b) (with € = 1) can be written as follows:
K(K(z,w)y,x) = K(L(x,y)z, w) + K(z, L(x, y)w),
which gives (2.2e), because of the skew-symmetry of K. O

It is time to provide the most important class of examples of J-ternary algebras (see [8,
Proposition 4.1] and references there in).

Example 2.9 (Prototypical example) Let (A, x) be a unital associative algebra with involution
and let T be a left A-module endowed with a skew-hermitian formh : T x T — A. Then T
is a J-ternary algebra, where J = J{ (A, *) is the Jordan algebra of symmetric elements of A
relative to the involution %, with the following operations:

a-b= %(ab + ba) forany a, b € J = FH(A, %),

aex =ax foranya € Jand x € 7,

(x| y) =h(x,y) —h(y,x) forx,y € T, and

(x,y,2) =h(x, y)z+h(z, x)y + h(z, y)x forx, y,z € T.

The J-ternary algebras are tightly related with the Lie algebras with short SL;-structures.
This connection has been dealt with in [8], and references there in, assuming the characteristic
of IF is not 2 nor 3. However, due to [8, Remark 2.3], most of the arguments are valid too in
characteristic 3.

First the necessary definitions, following [8]:
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Definition 2.10 (/30, Definition 0.1]) Let S be a reductive algebraic group and let £ be a Lie
algebra. An S-structure on L is a homomorphism @ : S — Aut(L) from S into the algebraic
group of automorphisms of L.

The S-structure ® : S — Aut(L) on the Lie algebra L is said to be inner if there is a
one-to-one Lie algebra homomorphism ¢ : s < L, where s is the Lie algebra of S, such that
the following diagram commutes, where d® denotes the differential of ®:

o 29
Der(L)
Note thatif & : S —>~Aut(L) is a non-inner S-structure on the Lie algebra L, then we can

take the split extension L = L @ s as in [24, p. 18], where s acts on L through d®, and this is
endowed with a natural S-structure. Hence, it is not harmful to restrict to inner S-structures.

Definition 2.11 An SL;-structure ® : SL, — Aut(L) on a Lie algebra L is said to be short
if L decomposes, as a module for SL; via ®, into a direct sum of copies of the adjoint,
natural, and trivial modules.

Therefore, the isotypic decomposition of £ allows us to describe L as follows:
L=(6Ved)e(VeT) e D, (2.10)
for vector spaces J, T, and D, where V is the natural two-dimensional representation of
SL, >~ SL(V). The action of SL; is given by the adjoint action of SL; on sl(V), its natural
action on V, and the trivial action on J, T and D. The subspace D, being the subspace of
fixed elements by SL,, is a subalgebra of L.
Lemma 2.12 Let V be a two-dimensional vector space.
(1) The space Homs[(v)(sl(V) ® 5[(V),5[(V)) of sl(V)-invariant linear maps sl(V) ®
sl(V) — sl(V) is spanned by the (skew-symmetric) Lie bracket:
f®g—>1f.81=fg—sf.

(ii) The space Homg(y) (5[(V) ® sl(V), IF) is spanned by the trace map:
f®g—tu(fg).
(iii) The space Homg(y) (5[(V) ®V, V) is spanned by the natural action:
f@ve fv).
(iv) The space Homg(y) (V RV, IF) is one-dimensional. Its nonzero elements are of the form
Uuv = (u|v),
for a nonzero skew-symmetric bilinear form (.| .) on V.

(v) The space Homg(y) (V ®V, 5[(\/)) is one-dimensional. Once a nonzero skew-symmetric
bilinear form (. | .) is fixed on 'V, this subspace is spanned by the following symmetric
map:

UV yl,,v(: wi— (u | wv+ (v| w)u).

(Vi) The spaces Homg(y)(sI(V) ® s((V), V), Homg vy (sI(V) ® V, sl(V)),
Homsx(v)(s[(V) QV, F), and Homs[(v)(V RV, V) are all trivial.
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Moreover, Homg(vy may be replaced by Homgy (v all over.

Proof This is well known if the characteristic of IF is # 2, 3 (see, e.g., [19, Lemma 2.1]), but
it remains valid in characteristic 3 by [8, Remark 2.3]. O

Let £ be a Lie algebra with an inner SL;-structure and isotypic decomposition as in
(2.10). The SL;-structure being inner forces J to contain a distinguished element 1, such that
sl(V) ® 1 is the image of ¢ in (2.9).

The SL;-invariance or, equivalently, the sl(V)-invariance, of the Lie bracket in our Lie
algebra L gives, for any f,g € sl(V),u,v € V,a,b € J,x,y € T,and D € D, the
following conditions:

[f®a,g®@bl=[f,gl®a-b+2tr(fg)Da,
[f®a,u®x]=fu)@aex,
@x, v® Y] =vuo® (x| y) + (4] v)dyy, (2.11)
[D, f®al=f ® D(a),
[D,u®@x]=u® D(x),

for suitable D-invariant bilinear maps

dxd—3J: (a,b) — a-b (symmetric),
dx3d—D: (a,b)— D, (skew-symmetric),
IxT—=>T: (a,x)~>aex,
IxT—>47: (x,y)— (x|y) (skew-symmetric), (2.12)
TxT—=D: (x,y) = dy, (symmetric),
Dxd—J: (D,a)— D(a),
DxT—T: (D,x)— D(x),

such that
l-a=a, Di,=0, and lex =x, (2.13)

foranya € Jand x € 7J.
The Jacobi identity on L also shows that all these maps are invariant under the action of
the Lie subalgebra D. The next result summarizes the properties of these maps:

Theorem 2.13 A Lie algebra L is endowed with an inner short SLy-structure if and only
if there is a two-dimensional vector space V such that L is, up to isomorphism, the Lie
algebra in (2.10), with Lie bracket given in (2.11), for suitable bilinear maps given in (2.12),
satisfying the following conditions:

e J is a unital commutative algebra with the multiplication a - b.
e The following equations hold for a,b € § and x € T

lex =ux, (a-b)ox:%(ao(box)—l—bo(aox)). (2.14)
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e Foranya,b,c € Jand x,y, z € T, the following identities hold:

Dyp(c)=a-(b-c)—b-(a-c), (2.15a)

Dy.p.c + Dp.ca + Deap =0, (2.15b)

4D, p(x) =ae(bex)—be(aex), (2.15¢)

4Dg (x|y) = —daex,y + dx aey; (2.15d)

2a - (x |y)=(aex|y)+ (x |aey), (2.15¢)

dey(@) =(aex|y)—(x|aey), (2.15%)

de,y(2) —dy(x) = (x| y)ez—(z|y)ex+2(x|z)ey. (2.15g)

e Forany D € D, the linear endomorphism of J & 7T, given by a + x — D(a) + D(x),
fora € J and x € T, is an even derivation of the 7./27.-graded algebra with even part
d, odd part T, and multiplication given by the formula:

(a+x)ob+y)=(a-b+(x|y)+(aey+bex), (2.16)
fora,beJandx,y € 7T. m]

Proof The proof in [19, Theorem 2.2], where the characteristic is assumed to be # 2, 3,
works word for word in characteristic 3 too, with the only difference that (2.15b) does not
imply the algebra J to be a Jordan algebra.

Note that if the characteristic is # 2, 3, (2.15b) is equivalent to the condition D,., o = 0
for any a € J, and hence (2.15a), with b = a?, gives a?-(c-a) = (a?c)-a,due to the
commutativity of @ - b. It follows that J is a Jordan algebra in this case. In characteristic 3, we
get that J only satisfies the complete linearization of the Jordan identity, but not necessarily
the Jordan identity. O

Theorem 2.14 Let L be a Lie algebra endowed with an inner short SLy-structure, with
isotypic decomposition as in (2.10) and bracket in (2.11). Then T is a J-ternary algebra with
the triple product

1
(x,y,2) = E(dx,y(z) —(x[y)ez) 2.17)

forx,y,zeT.

Conversely, let T be a J -ternary algebra (that is, a special (1,1) Freudenthal-Kantor triple
system) and consider the Jordan algebra J = Fid + K (T, T) as in Theorem 2.8, then the
direct sum

L@ = (V) ®D) & (VOT) ST, T) 2.18)
is a Lie algebra, with an inner SLy-structure, with the Lie bracket given by the bracket in
ST, T) =span{S(x, y) = L(x,y) + L(y,x) | x, y € T} < gl(T) (2.19)

and the following equations:

1 1
[f®a g®bl=[f,g]l® E(ab + ba) + Etr(fg)[a, b],
[f®a,u®x]= fu) a(x),
[u®@x,v®yl=yuv®K(x,y) + uv)S(x,y)
g, f®al=f®Ilp, al,
[p,u®@x]=u® ¢px),
forany f,g €sl(V),u,veV,a,be g, x,yeTandp € S(T, 7).

(2.20)
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Proof If L is a Lie algebra endowed with an inner short SL;-structure and with isotypic
decomposition as in (2.10), and we consider the triple product on T given by (2.17), then for
any x, y,z € J we get
|
x,y,2) = (z,y,x) = i(dx,y(z) —d.y(x) — (x| y) ez 4 (2] y)ex)
=(x|z)ey
because of (2.15g), and also

1
(z,x,y) —(x,2,y) = E(dz,x(Y) —di () — (2| x)ey+(x]2)ey)

(x|z)ey

by the symmetry of dy , and the skew-symmetry of (x | y). Hence, we obtain
(. 3,2 =y, x)=(x|z) ey =(z.x,y) — (x,2.)),
which implies (2.1b). Now, fora € J and x, y, z € T we get:
ae(x,y,z) — (x,y,aez)
1
= (asdiy@ —diy@enr—as((x |y o)+ (r 1y e@en)

= %(—dx,y (a) 2 — 4Dy (x|y) (Z))

(using (2.15c¢) and the fact that d , is a derivation)

= 7((11 oex|ylez—(x|aey)ez— daox,y(Z) + dx,aoy(Z))
(because of (2.15d) and (2.15f))

=(aex,y,z2) —(x,aey,z),

thus obtaining the validity of (2.2b). The validity of (2.1a) follows from this, together with
the invariance of (x, y, z) under the action of D:

1 1
(x,y, (u,v,2)) = de,y((u, v,2)) — S 1Y) e v,2)
1
= E((dx,y(u)a v, z) + (u, dx,y(v)a z) + (u, v, dx,y(z))

— (e |3 0w 0.2) + s (¥ [ 5) 00.2) = (v, (x | ) 02)
=((x,y,u),v,2) + (u, (y, x,v),2) + (, v, (x, y, 2)).

Conversely, let T be a J-ternary algebra and consider the Jordan algebra J = Fid +
K (7, 7). Define the anticommutative algebra £(T') as in (2.20). Note first that this is well
defined because fora, b € J < EndF(‘J')(‘H, the bracket [a, b] lies in S(T, T) by (2.6e), as
T(x,y) = K(x, y) for any x, y € T (see the proof of Proposition 2.7). The maps in (2.11)
are the following:

a-b:%(ab—l—ba), aex =ax), (x|y)=K(x,y),

1
Da,b = Z[CL b]7 dx,y = S(xv y)7
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fora,b € J and x, y € T. All these maps are S(7T, T)-invariant by (2.6a).

Let us check that the conditions in Theorem 2.13 hold. Clearly J is a unital commutative
algebra, as it is a Jordan subalgebra of Endp (7)), and (2.14) holds. Also S(T, T) acts by
derivations of the algebra in (2.16).

Equation (2.15a) is clear, because for any a, b, ¢ € Endr(7) we have

a-(b-c)—b-(a-c)
= i(a(bc + ¢b) + (bc + cb)a — b(ac + ca) — (ac + ca)b)
1
= Z(abc + cba — bac — cab)
_ ! b b]) = : b
= Z([a, le —cla,b]) = Zlla. bl cl

Equation (2.15b) is a consequence then of the Jacobi identity on Endp (7). Also, fora, b € §
and x € T we get

ae(bex)—be(aex)=a(bkx)) —blalx)) = la, bl(x),

thus obtaining (2.15¢). Equations (2.15d), (2.15e) and (2.15f) follow, respectively from equa-
tions (2.6e), (2.8) and (2.6d). Finally, for x, y, z € T we compute:

(x|y)ez—(z|y)ox+2{(x|z)oy
=Kx,y)z— Kz, y)x +2K(x,2)y
=XZy — YIX — ZXy + yxz + 2xyz — 2zyx
= (xzy — zxy) + (xyz + yxz) — (2yx + yzx) + (xyz — 2yx)
= (xyz + yxz) — (zyx + yzx) (because of (2.1b))
= 8(x, y)z = S(z, y)x = dyx,y(2) — dz y(x),

thus getting (2.15g). O

3 Structurable algebras and J-ternary algebras

This section is devoted to study the connection of structurable algebras with some J-ternary
algebras.

Structurable algebras were defined in [2] over fields of characteristic # 2, 3. The definition
over arbitrary fields, or even commutative rings, requires an extra condition [6, §5].

Definition 3.1 A unital algebra with involution (A, —) is a structurable algebra if the fol-
lowing two conditions hold:

[Vab, Vedl = Vv, p00.d — VeVia@ (3.1a)
(a—a,b,c)=(b,a—a,c) (3.1b)
for any a, b, c,d € A, where (a, b, c) := (ab)c — a(bc) is the associator of a, b, ¢, and

Vap(c) = (ab)c + (cb)a — (ca)b.
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Note that (3.1a) shows that any structurable algebra satisfies (2.4a) with € = —1 for the
triple product 7 7
{a, b, c} =V, p(c) = (ab)c + (cb)a — (ca)b. 3.2)

Also, (3.1b) may be written as (s, x,y) = —(x,s,y) foranys e S={x € A | Xx = —x}
and x, y € A. Applying the involution we also have (x, y, s) = —(x, s, ¥). These equations
will be referred to as the skew-alternativity of (A, —).
Our first aim in this section is to show that the construction of the Lie algebra (A, —)
in [3], defined over fields of characteristic # 2, 3, makes sense too in characteristic 3.
Recall that a Lie triple system is a vector space T endowed with a trilinear product [a, b, c]
satisfying the following equations:

[u,u,v] =0, (3.32)
[u, v, w] + [v, w, u] + [w, u, v] =0, (3.3b)
la, b, [u, v, w]] = [la, b, u], v, w] + [u, [a, b, v], w] + [u, v, [a, b, w]], (3.3¢)

for any a, b, u, v, w € T. Also, for any Lie triple system T, its standard embedding is the
(Z/27Z-graded) Lie algebra L (T, T7) @ T, where L(x, y)(z) = [x, y, z], L(T, T) is the span of
the operators L(x, y) (a Lie subalgebra of Endy(7) because of (3.3c)), with the Lie bracket
given by

[A+x, B+ y]=([A, B]+ L(x, y))+(A(y) — B(x))
forx,y e Tand A, B € L(7,7).

As in [20], given a structurable algebra, consider the triple product [., ., .] defined on the
direct sum of two copies of A: KT (A) := A & A_, as follows:

las, b_s,c5s] ={a, b, c}s,

as, bs,cs] =0,
las, bs, c5] (3.4)
[a_s, bs, c5] = —{b, a, c}s,

las, bs, c_s] ={a, c, b}s — {b, c, a}s,
fora,b,c e A,§ = +.

Proposition 3.2 Let (A, —) be a structurable algebra. Then, with the triple product in (3.4),
KT(A) is a Lie triple system.

Proof This is a consequence of [20, Lemma 1.8 and Corollary 1.4]. O

Remark 3.3 Let (A, —) be a structurable algebra. Consider the triple product {a, b, ¢} =
Va,p(c) in (3.2) and, as in (2.3), the operators K, 5 : ¢ — {a,c, b} — {b, c, a}. A simple
computation gives:
Kap(c) ={a,c, b} —1{b,c,al = Va,c(b) — Vp,c(a)
= (ac)b + (b¢)a — (ba)c — (bc)a — (ac)b + (ab)c (3.5)
= (ab —ba)c = L;_,(c),
foranya, b, ¢ € A, where L, denotes the left multiplication by x. Hence, K (A, A) (the linear

span of the operators K, p)is just Lg, where S = {a € A | a = —a} =span{x — X | x € A}
is the subspace of skew-symmetric elements for the involution.
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[20, Corollary 1.4] shows that the following equation, which is equation (STS2) in [20],
holds:

Ka,qu,v + Vv,uKa,b = KK“.b(u),v (3-6)

foranya, b, u, v € A.Equations (3.1a) and (3.6) show that Aisa (—1, 1) Freudenthal-Kantor

triple system, i.e., a Kantor triple system.

Given a structurable algebra (A, —), consider the Lie triple system 7 = KT(A) =
A4+ & A_ in (3.4). This Lie triple system T is graded by Z with T = Ay and T_; = A_.
As a consequence, its standard embedding £ = L(T, T) @ T is Z-graded with:

Li1=T11, Lr=LT1,T0), Loo=LT-1,T-1), Lo=L(T1,T-1).

In what follows we will identify Endg (T) with the matrix algebra Mat, (Endr (A)). With this
identification, we compute elements in L (7T, T):

e Fora,b,c € A we have [ay,b_,cy] = {a,b,c}y = Vap(c)+ and [a4,b_,c_] =
—[b_,a4,c-] = —Vp.4(c)—. Hence, the operator L(ay,b_), when considered as an
element in Mat, (Endg (A)), is

Vop O
L(a+,b_)=< g’b ) )
—Vb,a

We may consider, as in [2], the linear endomorphism & on Endr(A) given by
T* =T = Ly
For x, y, z € A we have

Viy(@) + Vyx(2) = (x¥)z + (2y)x — (zX)y + (yX)z + (zX)y — (zy)x
= (XY + yX)z = Lyy4yx(2).

but Vy (1) =xy+yx —Xy, Vx y(1) = yX +Xy —yx,50 xy + yX = Vi , (1) + Vy (D),
and hence we get Vy , + V) x = LVX ()4 V() OF

[—
Vx,y =—Vyx

Therefore, ¢ restricts to a linear automorphism of order 2 of the Lie algebra (inner
structure Lie algebra) instel(A, —) = span {Va,l7 la,be A}. Equation (3.1a) shows
that ¢ becomes an order two automorphism of the Lie algebra instrl(A, —).

With this notation, we get
Lapoy= (" ° 3.7)
ay,b_) = , .
* 0oV,

and hence Ly = L(T7, T_1) is isomorphic to instel(A, —), by means of the map T +—
T 0
071¢)

e Again, fora, b, c € A, we have [ay, by, c_] = {a,c, b}y — {b,c,a}y = (Laﬁfbﬁ)(c)
because of (3.5), which shows

0 L .-
L(a+,b+)=<0 ’5”) (3.8)
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so that L, is just (O LS), which can be identified with § by means of the map s —

0 0
0 L
(%)
e In the same vein,

L(a—,b_) = (L 0 8) , (3.9)

ab—ba

and £ _, can be identified too with 8: s ( If) 8)
N

Our next result shows that the Lie algebra K(A, —) constructed in [3] makes sense too
assuming only that the characteristic is not 2. It must be remarked that in characteristic 3 it
is no longer true that instel(A, —) is the direct sum of V4 ; and Der(A, —), a result which
is crucial in [3] and that we cannot use here.

Proposition 3.4 Let (A, —) be a structurable algebra. Consider the Lie triple system T =
KT(A) in (3.4) and let L be its standard embedding. Then L is isomorphic, as a 7Z-graded
Lie algebra, to the algebra defined on the vector space

KA, =) =N @instel(A, —) &N,

where N =A x 8 ={(x,s) | x € A, s € 8}, N7 is a copy of N, and the bracket is given by

imposing that instcl(A, —) is a subalgebra, together with the following formulas:

[T, (x,5)] = (T(x), T°(s)),
[T, (x, )] = (T°(x), T¥(s))
[(x,5), (v, D] = (0, X3 — y¥), (3.10)
[, )7, (v, )7 1= (0,xy — yx) ™,
[(x, ), (7,07 ]==@x,00" 4 (Va,y + LyL;) + (s, 0),

’

for x,y € A, s,t € § T € instel(A, —), where 9 =71+ Rm, that is, T‘S(x) =
T(x)+xT(Q) forany T € instel(A, —) and x € A.

Note that for s, t € § and x € A, an easy computation gives
Vs, 1(x) = Vi 1 (x) = (s)x + x(st) — x(s1) — (sD)x — (x1)s + (x5)t

= (st)x + x(st) — x(ts) + (st)x + (xt)s — (xs)t

=2(st)x — (x,5,1) + (x,1,5)

=2((st)x — (s,1,x)) by skew-alternativity

=2s(tx) = 2LsL;(x),
sothat LyL; = %(Vs,,l —V;,r)isindeed ininstr((A, —), and the bracket above is well defined.
The Z-grading on K = K (A, —) is given by Kr» = {(0,s) | s € 8}, K1 = {(x,0) | x € A},
Ko = instel(A, =), K1 ={(x,0)7 |x € A}, and KX_» = {(0,5)~ | s € 8}.
Proof Define the degree-preserving linear isomorphism ¢ : L — X as follows:

e p(xy)=(x,0)and p(x_) = (x,0)", forx € A,
e ((7(; ]E)E>) =T, forT € instel(A, —),
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o ¢ ((8 [;)Y)> =(0,s5) and ¢ <(LO3 8)) =(0,s5)~, fors € 8.

Equations (3.7), (3.8), and (3.9) prove that ¢([X, Y]) = [p(X), ¢(Y)] for X,Y € L U
L_. This is also trivially true for X € L1 andY e Ly, or X e L_jand Y € L».

Fors € §, (3.5) gives K 1(x) = (s1 — 15)x = 2sx, so we get K1 = 2L,. Equations
(3.6) and (3.5) give

LsViy + VyxLs = Ksxy = L(sx)y—yGm)-

Hence, for x, y € A and s € S we get the following bracket in L:

Viy O 0 L\ _ (0 VayLs + LsVy\ _ (0 Lisyye—xy
0 —vyx) 00 0 0 0 0 ’

but, since s = —s, we compute
(sy)X — x(5y) = (sy)x + x(¥s)
= (5,9, %) +s(x) — (x,y,8) + (xy)s
=Vey(s) = (5,5, %) —sOx) + (s, %, y) +s(xy)
+ (5,9, %) +5(yx) — (s,x,)
= Vi y(s) +s(yx +Xy — yx)
+ (X)) +(5,,%) — (5,5, %) —(s,%,7)
= Vi y(s) + sy +yx —Xy)
= Vey(®) + sV (D) = VP (s),
because
(5, X, )+ (5,5, %) — (5,5, x) — (5,x,))
=@EX -0+ 63X —x)—(,y—y,x)—(s,x,y—y) =0,

by skew-alternativity. Thus, for x, y € A and s € S, we obtain the following bracket in £L:

Viy O 0L\ _ (0V2,(5)
0 -v,,)’\00)] \o o ’

which shows that ([ X, Y]) = [¢(X), ¢(Y)] also for X € Lypand Y € L5.
In the same vein we compute, for x, y € A and s € 8,

Viy 0 0 0\]_ 0 0
0 —-vy.) \Ly 0)]| T \—Vy Li—LVy, 0

B < 0 0)_ 0 0\ ( 0 0)
Ly, »+svam O Lye +svg,m O Lyso 0

and this shows that ([ X, Y]) = [¢(X), p(Y)] also for X € Lgand Y € L_;.
Finally, for s, r € & we get the bracket

0Ly 00\|_ (LsL; O
00)/)'\L,0)|"\ 0 —LL;}"
Also, forany x,y € A, Vi 1(y) = xy + yx — yx = V| x(»), and hence

1 1 1
(LsLt)E = E(Vsl,l - Vs,t)s = 5(_V1,st + Vl,s) = E(_Vts,l + Vt,s) = _LlLs~
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We conclude that ([ X, Y]) = [¢(X), ¢(Y)] also for X € Ly and Y € L_». O

Remark 3.5 A slightly different version of K(A, —) is given in [5, §6.4], the bracket in (3.10)
is substituted by
[T, (x,5)] = (T(x), T°(s)).
[T, (x,5)" 1= (T°(x), T%(s)) ",
[(x,5), (v, O] = (0, 2(xy — yX)), (3.11)
[, (0,07 1=(0,2(xy — yX)) ",
[(x,$), (v, )" 1= —(@x,0)" 4+ (2Vx,y + LsL;) + (sy, 0).

As remarked in [5, §6.4], the map

1
0, 0"+ T+ (x,5) > (, Es)” +7T+ (2x,25)

gives an isomorphism from the Lie algebra in (3.11) to the Lie algebra in (3.10).

The next results are taken from [8, §4.2], but one has to be a bit careful as the characteristic
of the ground field here is just # 2. First, an easy lemma.

Lemma 3.6 Let L be a5-graded Lie algebra: L =L _,®L_1 ®LoD® L1 & Lo, and assume
that there are elements E € Ly and F € L_», such that the linear span of E, F, and
H = [E, F] is a subalgebra isomorphic to sly, with L; = {X € L | [H, X] = iX}, for
i =-2,—-1,0,1,2 (In particular [H, E] = 2E and [H, F] = —2F.) Then the following
properties hold:

(i) The linear map adfp|g, is one-to-one for i = 1,2. Actually, the map L1 — L_j,
X +— [F, X1, is bijective withinverse L_y — L1, Y — [E, Y], andthe map Ly — L_»,
X — [F,[F, X1], is bijective with inverse L_5 — L3, Y > %[E, [E, YTI.

(ii) Denote by sl the subalgebra spanned by H, E, and F. Then we have
Centg (sh) ={X e Ly | [F,X]=0}={X € Lo | [E, X] =0},
where Centy, (sly) denotes the centralizer in L of the subalgebra sl.
(iii) The subalgebra Lg splits as
Lo = Centg (slh) ®[F, L7].
(iv) The Lie algebra L splits as
L=(La@[F. L@ L 1) (L1 ®L_1) @ Centg (sh),

and the subspace Ly @ [F,Ly] @& L, = ZXeLZ span{X, [F, X], [F,[F, X1]}
is a sum of copies of the adjoint module for sly, the subspace L & L_1 =
ZXGLI span {X, [F, X1} is a sum of copies of its natural two-dimensional module, and
Centg (sl) is a sum of copies of the one-dimensional trivial module.

In particular the dimension of L coincides with 3 dim Ly + 2 dim £ 4 dim Centg (sl).

(v) Ifthe conditions Ly = [L1, L1] and Lo = [L1, L_1] hold, then we get

Centg (slp) = span{[X, [F, Y]]+ [Y,[F,X]1| X,Y € Ly},
[F,Lo] =span{[X,[F,Y]1—[Y,[F,X]]| X,Y € L;}.
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Proof If X € L;,i = 1,2, and [F, X] = 0, then we get 0 = [E, [F, X]] = [[E, F], X] =
[H, X] = iX, because [E, X] belongs to L; 1> = 0. For X € Ly, this argument, together
with the analogous argument with F' changed by E and i by —i, shows that the linear maps
adp: L) — L_jandadg : L1 — L are bijective and one is the inverse of the other. Also,
for X € L), we get

LE,[E, [F,[F, X]]I] = [E, [F, [E, [F, X]]]]
=[E,[F,[H, X]]] =2[E,[F, X]] =2[H, X] =4X,
where we have used that [F, X] liesin Lo = {Z € L | [H, Z] = 0} and that [E, X] = 0.
Assertion (i) follows.

Itis clearthat Centg (sl») lies in the centralizer of F', or of E. On the other hand, Centg (sl»)
lies in the centralizer of H, which is £g. Now, for X € Ly with [F, X] = 0 we get 0 =
[E,[F,X]] = [F,[E, X]], but adr|, is one-to-one, so [E, X] = 0 follows. This proves
(ii).

For (iii), if X lies in the intersection Cent g, (slo) N[ F, L], then there is anelement Y € L,
suchthat X = [F,Y]and [E, X] =0,sothat0 = [E, X] =[E,[F,Y]]=[H,Y] =2Y,
and hence ¥ = 0, and also X = 0. On the other hand, for X € Lo, an easy computation
gives:

[F,[F.[E, XI]] = —[F,[H, X]1 + [F, [E, [F, X]]]
=|[F,[E,[F, X]]] because [H, X] =0,
= —[H,[F, X]] + [E, [F, [F, X]]]
=2[F, X] because [F,X]e€ L sand[F,[F,X]le L_4=0.

Hence, we have

X = (X - %[F, [E, X]]) + %[F, [E, X]] € Centg (sh) + [F, L2],

and (iii) follows.
The assertion in (iv) follows at once from the previous ones.
Finally, in case £, = [£, L] and Lo = [L1, L_1], we get

Lo=1[L1, L 1] =[Ly, [F, Ly]] =span{[X, [F, Y]] | X,Y € L},
but for X, Y € L we have
(X, [F,YI-[Y,[F,X]=[F, X],Y]+[X,[F,Y]l=[F,[X,Y]] € [F, L2],

and
[F, [X,[F, Y1+ [Y, [F,X]]] =[[F, X],[F, Y]]+ [[F,Y],[F,X]]=0,

because [F,[F,L1]] € L_3 = 0. This means that [X, [F, Y]] + [Y, [F, X]] belongs
to Centg (sly). The assertion in (v) follows at once from (iii) because [X,[F, Y]] =
LAX I, YN + 1Y, [F, X1 + Y (X, [F, Y11 - [V, [F, X]D. D

Proposition 3.7 Let L be a 5-graded Lie algebra: L = L_» ®@L_1 & Lo D L1 & Ly, and
assume that there are elements E € Ly and F € L_», such that span{E, F, H = [E, F} is
a subalgebra isomorphic to s, with L; = {X € L | [H, X] = iX}, fori = -2,-1,0, 1, 2.
Then Ly is a J-ternary algebra with the triple product

1
(Xv sz) = 5[[X7 [F! Y]],Z]

@ Springer



59 Page 18 of 39 I. Cunha, A. Elduque

forX,Y,Z e L.

Proof L splits, as a module for the Lie subalgebra sl = span{E, F, H}, as a direct sum
of copies of the adjoint module, the natural module, and the trivial module, as shown in
Lemma 3.6. Actually, for any X € L,, span{X, [F, X], [F, [F, X]]} is (isomorphic to)
the adjoint module, while for any X € L1, span {X, [F, X]} is (isomorphic to) the natural
module. The sum of the trivial modules, that is, the centralizer of slp, is contained in Lg.
Therefore, L is endowed with a short SL;-structure and can be written as in (2.10), with

V=Fp®Fq,(plqg) =1 H, E,F €sl(V) with coordinate matrices (} %), (§{), and

(99), respectively, in the basis {p, ¢}. In particular T can be identified with £; = p ® 7.

Now, T is a J-ternary algebra by Theorem 2.14, with triple product in (2.17), and for
X=p®x,Y=p®y,andZ = p®zin L, we use (2.11) to get

[([X,[F.Y],Z]=[lp®x,[F,p®yll, p®z]

=[lp®x,g®yl, p®z]

= [Vp,q ® (x| y) +dx,ya P ®z]

=Ypq(P) (x| y)ez+ p®dyy(2)

=p® (dey@ = (x 1) 02)

=p®2x,y,2),
thus proving our result. O
Theorem 3.8 Let (A, —) be a structurable algebra andlet s € 8 be a skew-symmetric element

such that the left multiplication L is bijective. Then A is a J-ternary algebra with the triple
product

(x,y,2) = Vi, sy (2)

forx,y,z e A
Moreover, § is a Jordan algebra with multiplication
1
a-b= E(G(Sb) + b(sa)),
fora,b € §; Ais a special Jordan S-module with
aex =a(sx),

fora € § and x € A; and A is an S-ternary algebra with the triple product above and with

(x|y)=yx—xy,

forx,y € A.
Moreover, if t is the element in A with Lg(t) = 1, then t is in 8 and the Lie algebra
S(A, A) < Endp(A) in (2.19) is given by

S(A, A) = {T € instel(A, —) | T°@t) = 0.

Proof Since L; is invertible, if t € A is the element such that st = 1 then, by skew-
alternativity, we have s(ts) = (st)s = s = s1, which gives Lg(ts — 1) = O and ts = 1.
Taking conjugates we get —st = 1, so Ly(t +¢) = 0 and r € S. Moreover, by skew-
alternativity, we have the Moufang identity (proof as in [27, §2.1]) s(¢(sx) = (sts)x = sx
for any x € A. Thus LyL;L; = Ly and the invertibility of L gives LyL; = L;Ls = id.
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Now, the elements £ = (0, ¢) and F = (0, s)™ in (A, —) (Proposition 3.4) satisfy the
hypotheses of Proposition 3.7, which imply that K(A, —); = {(x,0) | x € A} is a J-ternary
algebra with the triple product

1 1
((x,0,(y,0,(z,0) = 5[[(36, 0), [F, v, 011, (z, 0)] = 5[[()6, 0), (sy, 071, (z,0)]
1 1
= E[Vx,xy’ (z,0)] = E(Vx,sy(z)a 0),

for x,y,z € A, and hence we obtain that A is a J-ternary algebra with the given triple
product after scaling by 2. (Alternatively, the version of K(A, —) in Remark 3.5 can be used
to avoid the appearance of % in the formula above.)

Let us consider now the operators in (2.3) for this J-ternary algebra (i.e., special (1, 1)
Freudenthal-Kantor triple system), where (x, y,z) = V, 5,(z). To distinguish it from the
K -operators K, 5 in (3.5) we will denote them by K* remarking its dependence on the fixed
element s € 8. Forx, y, z € A, we get

K, ) (@) = (x,2,9) — (0,2, x) = Vi 52 (3) = Vy 52 (x) = K 4 (52)
= ny—yf(sz) = in—yYLs (2),

so that KS(A, A) = LgLs. As L,L; = id, the Jordan algebra J = [Fid + K¥(A, A) is just
Jd=K*(A,A) = LgL;.

For any a € 8, by skew-alternativity we have, as before, the Moufang identity L,LsL, =
La(sa), and hence, for any a, b € 8, LyLsLp + LyLsLa = La(sh)+b(sa)» 50 that the Jordan
product in J = Lg L becomes

1 1
5((LaLs)(LbLs) + (LbLs)(LaLs)) = ELa(sb)er(sa)Ls’

for a,b € §. Transferring this Jordan product to § through the linear bijection § — g,
a — L,Lg, shows that § is a Jordan algebra with the product

b= : b)+b
a- _E(a(s ) + (sa)),

and that A is a special module for § witha e x = L,L;(x) = a(sx), fora € § and x € A.
Theorem 2.8 shows that A is an S-ternary algebra with the given triple product and with
(x[y)=yx—xy

forx, y € A, because —K*(x, y) = —L,y_yzLs = Ly5_,yLg, which corresponds, through
the linear bijection above, to the element yx — xy € 8.
Finally, from the definition of the Lie algebra S(A, A) we get

S(A, A) = span {Vy sy + Vyox | x, y € A}
= span {[(x, 0), [(0, )™, (3. 1] + [(. 0), [(0, )™, (x, 0)]] | x, y € A}
= Centgca,—)(sl) (sl = span {(0,1),id, (0, )~ })
= {T e instel(A, —) | [(0,1), T] = 0}
= {T € instel(A, —) | T°(t) = 0},

where we have used items (v) and (ii) of Lemma 3.6. (Note that K (A, —)¢ = instel(A, —) =
[K(A, =)1, KA, —)—1]and K(A, —)2 = [K(A, —)1, K(A, —)1]) o
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Example 3.9 Let (A = €& & W, —) be a structurable algebra of a hermitian form (see [6,
Example 6.5]), that is,

e (&, —) is an associative algebra with involution, with multiplication denoted by juxtapo-
sition,

e Wis aleft E-module with action denoted by e o x fore € € and x € W,

e W is endowed with a hermitian form h : W x W — &, so that h(y, x) = h(x, y) and
h(e o x, y) = eh(x, y),forany x,y € Wande € €,

e the involution on A is defined by e + x = ¢ + x, for e € € and x € W, that is, the
involution on € is extended to an order 2 linear automorphism of A by imposing that W
consists of symmetric elements.

e The multiplication in A is defined as follows:

(e1 +x1)(e2 + x2) = (e1e2 + h(x2, x1)) + (€1 0 x2 + €2 0 x1)
for ey, ep € € and xq, xp € W.

Take an element s € § = {x € A | x = —x} = {a € € | a = —a}, with L; invertible.
Theorem 3.8 shows that § is a Jordan algebra with a - b = %(asb + bsa) fora,b € § (€ is
associative, so there is no need of parentheses), and that A is an 8-ternary algebra with

aex =a(sx), (x|y)=yx—xy, (x,5,2) = Vi),

fora € 8,x,y,z € A

Let us show that this ternary triple product is prototypical (Example 2.9).

To begin with, consider the isotope €*), which is the associative algebra defined on € with
new multiplication a % b := asb for any a, b € &, and with involution t(a) = —a for any
a € &.Note that 7 is indeed an involution because 5 = —s. The unitelement of £ is = s~!,
and the Jordan algebra of symmetric elements is H(E®), 1) = {a € & | t(a) = a} = §,
with the product %(a *b+bxa)= %(asb + bsa) =a-bfora,b €8.

Moreover, W is a left £®)-module with
axx:=(as)ox =ao (sox)

for any a € € and x € W. Hence, foranya € 8§, x € W,ande € £,a e x = a(sx) =
do(sox)=ao(sox)=ax*x,whilea ee =ase = a *e. We conclude that A is a left
&) _module with action given by a e x fora € € and x € A.

Forx,y € Wand a, b € &, we have

(x| y)=yx —xy=yx —xy=h(x,y) —h(y, x),
(a|lx)y=xa—ax =aox —aox =0,

(a | b) = ba — ab.

Define a bilinear form ~
h:AxA— W

by imposing h(E, W) = h(W, &) = 0, h(x, y) =h(x, y) forx,y € W, and fl(a, b) = —ab
for a, b € €. By its own definition we get

(x | y) =h(x,y) —h(y, x),
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forany x,y € A.Forx,y € W, e, f € £,and a € S, we have:
h(y, x) = h(y,x) =h(x,y) = =7 (h(x, y)),
h(f,e)=—fe=—ef =1(ef) = —z(h(e, 1)),
h(a e x, y) =h((as) ox,y) = (as)h(x,y) =aeh(x,y) =a ofl(x, y),
h@ee, f)=—asef =ae hee, ).
This shows that b is a skew-hermitian form. We must finally check that (x, y, z) = ﬁ(x, y)e

z+h(z,x)e y+ h(z, y) e x for any x, y, z € A. We split this into several cases.
For x,y,z € W we get

(x,,2) = Vasy (@) = (xG7)z + (267)x — (2X) (sy)
—(x(y9))z — (z(y5))x — (zx)(sy)
—h(soy,x)z —h(s oy, 2)x —h(x, 2)(sy)

—h(x,so0y)oz—h(z,soy)ox+h(z,x)o(soy) (asex =eox)
= (h(x, y)s) oz + (h(z, y)s) ox +h(z, x) o (s 0 y)
=h(x,y)ez+h(z,y) ex +h(z x) ey,

as desired.
Fore, f, g € € we get

(e, f,8) = Veusr(8) = (e(sf))g + (g(s/))e — (g&)(sf)
= —efsg—gfse—gesf
=h(e, f)eg+h(g. fee+h(g.e)e f.
Now, forx,y € Wand e € €,
(x,.y) = Vigey) = (x(50)y + (y5@))x — (yX)(se)
= —((@s) ox)y — ((@s) 0 y)x — (yx)(se)

= —h(y, (es) ox) —h(x, (es) o y) — h(x, y)se
= —h(y, x)se — h(x, y)se — h(x, y)se

= fl(y, Xx)ee,
as required, because h(W, &) = 0. We also have
(e.x.y)=(x.e.y)+(e|x)ey=(x.e,y) =h(y.x)ee
using (2.2d), and
using (2.2¢), (2.2d), and (W | €) = 0.
Finally, fore, f € £ and x € W, we get
(e, ) = Vase(f) = (xGO) f + (fGO)x — (fT)(se)
= —(@s)ox)f — (fes)x — (se) o (fx)
=—fo ((Es) ox) +(sef)ox —(sef)ox
=—(fe)ex =h(f,e)ex
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as desired, and also, using (2.2d), (2.2¢), and (W | £) = 0 we have

(e,x, f)=(x,e, f)+{elx)e f=(x,e, f)=h(f,e)ex

and

(e,f,x):(x,f,e)—(e|x)of=(x,f,e)=ﬁ(e,f)ox.

We conclude that indeed, A is an S-ternary algebra of prototypical type.
Also note that the structurable algebras of hermitian forms include the associative algebras
with involution (W = 0).

4 From algebras to superalgebras via tensor categories

This section is devoted to reviewing the process to get Lie superalgebras from Lie algebras
in the symmetric tensor categories Rep o, over fields of prime characteristic p. Details may
be found in [12, 17, 25] and the references there in.

Given a symmetric tensor category €, an operadic Lie algebra is an object g in €, with a
morphism S : g ® g — ¢, such that the following relations hold:

B o (idggg + cg,g) =0 (anticommutativity),
Bo(B®idg)o (idgageg + (g @ cg.q) 0 (cq g @idg)
+ (ca.g ®@idg) o (idg ® g.g)) =0 (Jacobi identity),

where cx y is the braiding X ® Y — Y ® X in €.

For instance, an operadic Lie algebra in the category of vector superspaces sVec over our
ground field IF, where the braiding is given by c(x ® y) = (=1)*!I"ly ® x for homogeneous
elements x and y, where |x| is the parity: O or 1, of x, is a vector superspace g = g5 &® g7,
with a degree preserving bilinear map g ® g — ¢, x ® y — [x, y], satisfying the conditions

[x, y1 = = (=DM, x],
[[x, y), 2] 4 (=DFOFED [y 2 2] 4 (=D EIHD [z ], y] =0,

for homogeneous elements x, y, z € g.

Remark 4.1 There is a subtle point here, and that is the reason to use the adjective ‘operadic’.
In characteristic 3, an operadic Lie algebra in sVec is also called a weak Lie superalgebra. A
Lie superalgebra is a weak Lie superalgebra satisfying the extra condition [[x, x], x] = O for
any odd element x. (Note that this does not follow from the Jacobi identity in characteristic
3, being a stronger condition than the Jacobi identity for odd elements.)

Given a weak Lie superalgebra g, the subspace

i = span {[[x, x], x] | x € gj}

is an ideal of g, contained in g7, that satisfies [g, i] = 0, due to Jacobi identity. The quotient
g/iis a Lie superalgebra (with the same even part). In particular, if g7 is a sum of irreducible
nontrivial modules for gg, then g is a Lie superalgebra.

In the same vein, in characteristic 2, an operadic Lie algebra in sVec is a Lie superalgebra
if it satisfies the extra condition [x, x] = 0 for any even element x.

If the characteristic is > 3, an operadic Lie algebra in sVec is just a Lie superalgebra.

@ Springer



J-ternary algebras, structurable algebras, and Lie superalgebras Page230f39 59

Assume that the characteristic of the ground field F is p > 0. The affine group scheme
a ), looked at as a functor from the category of unital, commutative, associative algebras
over [ to the category of groups, is the functor that assigns to any R the additive group
a,(R) = {r € R | r? = 0}, and that acts naturally on morphisms. Its representing object
is the Hopf algebra IF[X]/(X?). A representation of &, is nothing else but a vector space
endowed with a nilpotent endomorphism § satisfying §” = 0. A Lie algebra in Rep e, is just
a Lie algebra L over IF endowed with a nilpotent derivation § € Der(L) with §7 = 0.

There are, up to isomorphism, p indecomposable objects in Repe,: Ly, ..., L, where
L; denotes the indecomposable object of dimension i, 1 <i < p.

A morphism f : X — Y in Repa, is said to be negligible if tr(f o g) = 0 for any
morphism g : ¥ — X.The symmetric tensor category Rep o, is not semisimple. Its semisim-
plification, which is the category with the same objects but with morphisms the classes of
morphisms in Rep oz, modulo the subspace of negligible ones, is the Verlinde category Ver .
In Ver,,, the indecomposable objects Ly, ..., L, | become irreducible, while L, is a zero
object.

Assuming p > 2, the full tensor subcategory of Ver, generated by Lj and L,_; is
equivalent to the symmetric tensor category sVec of vector superspaces (over our ground
field). Therefore, given a Lie algebra £ over IF endowed with a nilpotent derivation § € Der(L)
such that 67 = 0, that is, given a Lie algebra L in Rep e, we obtain, by considering the Lie
bracket modulo negligible homomorphisms, an operadic Lie algebra in Ver,. Moreover, this
operadic Lie algebra in Ver), contains a subalgebra, which lies in the subcategory above, and
hence it is an operadic Lie algebra in sVec. Note that if p = 3, the tensor categories Ver; and
sVec are equivalent, because L3 is a zero object in Vers.

Let us make these comments more precise.

Theorem 4.2 Let L be a finite-dimensional Lie algebra over a field F of characteristic p > 2,
endowed with a nilpotent derivation § € Der(L) such that §7 = 0. Decompose L in a sum
of indecomposable modules for the action of 8, so that

LZLI@"‘@LIN

where L is a sum of indecomposable modules of dimension i for the action of 5, 1 <i < p.
Write L5 = Ly and choose a subspace Ly of L,_1 complementing §(L,_1): L,_1 =
’E’i D S(Lpfl).
Define a bracket on L% := Lg @ Lj as follows:
[x5, Y51 = proj ¢ ([x5, y51)
[x5, yil = projg, (x5, y11)
. 4.1
[x1. 5] = projg, (Lx, yg1)
[x7, ¥il = proj, (L¥7, 8”2 (v1)

for all x5, y5 € Ly and x1, yi € Li, where the projections are taken with respect to the
decomposition
L=Li@Lr®  ®Lp2®Li®Lp-1) BL). 4.2)

Then LSS, with this bracket, is an operadic Lie algebra in sNec, which is isomorphic to a
subalgebra of the operadic Lie algebra in Ver, obtained from the Lie algebra L in Rep a .

Proof This is proved in [17, Recipe 2.8, Corollary 2.9, Remark 2.11]. O

We are interested in the following consequence of Theorem 4.2 for J-ternary algebras.
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Corollary 4.3 Let T be a J-ternary algebra over a field F of characteristic 3.Then the Z./27-
graded vector space L% (T) with

L¥(T)5 = ST.T), LD =7,

with S(T, T) in (2.19), is a weak Lie superalgebra with the bracket given by the usual bracket
in S(T,T) <Endr(7), by [d, x] =d(x) ford € S(T,T) and x € T, and by

[x, y] = S(x,y)
forx,y e T=L%(T)y.

Proof Fix a symplectic basis {p, g} in the two-dimensional vector space V in Theorem
2.14, that is, (p | q) = 1; take the endomorphism F € sl(V) with coordinate matrix
((1]8) in this basis (i.e., p — g — 0) and consider the Lie algebra £(7) in (2.18). Then
8 = adfgiq is a nilpotent derivation of L(7T) with 83 = 0. The summand sl{(V) ® J in
(2.18) is a sum of indecomposable modules of dimension 3 for the action of §, the summand
V ® T is a sum of indecomposable modules of dimension 2, while S(7, 7) is annihilated
by &, and hence it is a sum of trivial (indecomposable) modules of dimension 1. Besides,
VRT=((peT) e sV QT),so that we get a decomposition as in (4.2), with

Lg=8T,7), Li=pT.

Note that S(T, 7) is a subalgebra of L(7), and ford € S(T,T) andx € T, [d, p ® x] =
p ® d(x), by (2.20), which also gives

proje; ([P ® x,8(p ® ¥)1) = projg(r.on[p ® x, ¢ ® y] = S(x, ),

for any x, y € T. The result then follows at once from Theorem 4.2, by identifying p ® T
with T by means of p ® x <> x forx € 7. O

Remark 4.4 Corollary 4.3 can be proved without using the semisimplification process, but it
has been this process the one that has allowed to realize that it was possible to define L£55(T)
and to check that this is a weak Lie superalgebra.

On the other hand, £%(7) may fail to be a bona fide Lie superalgebra. For example, let
T be a two-dimensional vector space over a field F of characteristic 3 with basis {x, y} and
triple product determined by xxx = y and uvw = 0 if at least one of u, v, or w equals y.
With this triple product, 7 becomes trivially a J-ternary algebra. Besides, S(x, x) takes x to
2y = —y and hence we have [[x, x], x] = S(x, x)x = —y # 0 in L*(7). Therefore, the
weak Lie superalgebra £5°(7) is not a Lie superalgebra.

5 From J-ternary algebras to Lie superalgebras in characteristic 3

Corollary 4.3 shows us how to get Lie superalgebras from J-ternary algebras over fields of
characteristic 3. This section will give examples of this situation.

It must be remarked that there is no known classification of the simple finite-dimensional
J-ternary algebras over fields of characteristic 3. The known classification [22], [23], needs
characteristic # 2, 3. However, all the simple algebras that appear in these classifications
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are either of prototypical type or they are obtained from a structurable algebra with a skew-
symmetric element with invertible left multiplication as in Theorem 3.8. Again, there is
no known classification of the simple finite-dimensional structurable algebras over fields
of characteristic 3, but the known simple algebras in other characteristics make sense in
characteristic 3 (see [6, §6]).

5.1 Lie superalgebras from prototypical J-ternary algebras

Let us start with the Lie superalgebras obtained from simple J-ternary algebras fitting in the
prototypical example (Example 2.9).

Theorem 5.1 Let (A, —) be a finite-dimensional simple algebra with involution (i.e., there
is no proper ideal closed under the involution!) over an algebraically closed field F of
characteristic 3. Let T be a left A-module and leth : T x T — A be a nondegenerate
skew-hermitian form. Then T is a J-ternary algebra with triple product

(x,y,2z) =h(x, y)z+h(z, x)y + h(z, y)x

forx,y,z € T. Let L5(7T) be the associated weak Lie superalgebra in Corollary 4.3. Then
LSS(T) is a Lie superalgebra and the following conditions hold:

e [fthe involution — on A is of the first kind, then there are n, m € Z~, with m even, such
that L35 (T) is isomorphic to the orthosymplectic Lie superalgebra osp(n|m).

e [fthe involution — on A is of the second kind, then there are n,m € Zq such that L5(T)
is isomorphic to the projective special linear Lie superalgebra psl(n|m).

Proof The proof will be done in several steps.

Assume first that the involution is of the first kind and orthogonal. Then the algebra
A is simple and there exists a finite-dimensional vector space X over [, endowed with a
nondegenerate symmetric bilinear formby : X x X — [, such that (A, —) is isomorphic to
(Endr(X), —), with the involution given by the adjunction relative to by:

bx (f(w), v) = bx(u, f(v))

for any u,v € X and f € Endp(X). We may then assume that A = Endp(X) with this
involution.

Any finite-dimensional simple left module is, up to isomorphism, of the form T = X ® Y
for a finite-dimensional vector space Y, where the action of Aison X.Leth: T x T — A
be a nondegenerate skew-hermitian form. The left A module T is also a right module with
ta := at forany a € A and t € TJ. Then h may be seen as a homomorphism of A-
bimodules h : T ® T — A. Up to scalars, the unique homomorphism of A-bimodules
X® X - A = Endp(X) is given by x; ® xo — x1bx(x2,-), for x;,x2 € X. As a
consequence, there exists a bilinear form by : Y x ¥ — [F such that

h(x; ® y1, x2 ® y2) = by (y1, y2)x1bx (x2, -),

for any x1,x2 € X and yp, y» € Y. The fact that h is nondegenerate and skew-symmetric
implies that by is a nondegenerate skew-symmetric bilinear form. Let us compute the action
of the operators

Su,v)=Lu,v)+ L(,u) = u,v,-)+ (v,u,-) € Endr(7),
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foru; = x1 ® y; and up = x2 ® y; as above:

S(x1 @y, x2 @ y2)(x ® y)
= (h(x1 ® y1, X2 ® y2) + h(x2 ® y2, x1 ® y1))(x ® y)
+2(h(x®y,x1 ® y)(x2 ® y2) + h(x ® y, x2 ® y2)(x1 ® y1))
= (h(x1 ® y1, X2 ® y2) + h(x2 ® y2, x1 ® y1))(x ® y)
— (h(x ® y, x1 ® yD(x2 ® y2) + h(x ® y, x2 ® y2)(x1 ® y1))
= x1bx (x2, x) @ by (y1, y2)y + x2bx (x1, x) ® by (2, y1)¥
— xbx (x1,x2) ® by (¥, y1)y2 — xbx (x2, x1) ® by (¥, y2)01
= (x1bx (x2, x) — x2bx (x1, %)) ® by (y1, y2)y
+bx (x1, x2)x ® (by (y1. ¥)y2 + by (y2. ) y1)

forx € X and y € Y. Hence, we have

S(x1 ® y1, X2 ® ¥2) = 0xy,x, @ by (y1, y2)idy + bx (x1, x2)idx ® yy,,y, (5.1)

where

Oxy,x; = X1bx(x2, ) — x2bx(x1,-) and yy, y, = yiby(y2,-) + y2by(y1, -).

(Note that the operators oy, x, span the orthogonal Lie algebra of (X, by), and the operators
Yy1,y, span the symplectic Lie algebra of (¥, by).)

Consider the vector superspace with even part X, odd part ¥, and endowed with the
supersymmetric even bilinear form b such that

b|X = bX and b|y = —by.
The corresponding orthosymplectic Lie superalgebra is given by
0sp(X|Y, )i = {¢ € gl(X|Y); | blp(u), v) + (=)' bu, p(v)) = 0Vu,v € X UY)

fori = 0, 1, where |u| is the parity of the homogeneous element u. This is spanned by the
operators
Aypp = ub(, ) — (=D"Mob, ),

foru, v € XUY.The odd partofosp(X|Y, b)is A x y which canbeidentified withT = X®Y
by means of Ay y <> x ® y. An easy computation gives
[Axi,yis Ay, ] = (x1b(y1, ) — yib(x1, ) o (x2b(y2, -) — y2b(x2, )
+ (x2b(y2, ) — y2b(x2, -)) o (x1b(y1, ) — y1b(x1, -))
= —x1b(y1, y2)b(x2, 1) — yib(x1, x2)b(y2, )
= x2b(y2, yOb(x1, ) — y2b(x2, x1)b(y1, )
=by(y1, y2)0x;,x, +bx (X1, X2)¥y; .y,
for x1, x2 € X, y1, y2 € Y. Comparing with (5.1), it turns out that, after identifying T with
osp(X|Y, b){ as above, we have
S(x1 @ y1, x2 ® y2) = ad([Ax,,y;, Axy, 3 DIy

and this shows that S(T, T) coincides with ad(osp(X|Y, b)5)|7 and, since the action of
0sp(X|Y, b)g on osp(X|Y, b); is faithful, that L¥(T) = S(7,7T) @ T is isomorphic to
osp(X1|Y,b).
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The situation for a symplectic involution is completely analogous.

Let us consider finally the situation of a second kind involution. In this case, up to iso-
morphism, we may assume A = B @ B, where B°P is the opposite algebra, and that the
involution is given by by + bgp = by + bP, where we write b°P for the element » € B when
considered as an element of B°P. A left A-module T is then, up to isomorphism, the direct
sum of a left B-module and a left B°P-module (i.e., a right B-module): T = M & N. Denote
by p: A — Endp(7) the associated representation. Write e; = (1, 0) and e; = (0, 1°P).

Ifh: T x T — Ais a skew-hermitian form, then we get h(M, M) = h(e;T, e17) =
e1h(T, Te; C e Aer = 0, and also h(N, N) = 0. Moreover, we have h(M, N) C ejAe; =
B and h(N, M) C B = BP. In other words, there is a homomorphism of B-bimodules
n: M®N — B such that h(m,n) = u(m ® n) € B and h(n,m) = —h(m,n) =
—u(m@n) = —u(m Q@ n)°P € BP.

For x, y, z € T, the operator S(x, y) € Endr(7T) works as follows:

Sx, M@ =, y, 20+, x,2)
= (h(x, y) +h(y, x))z +2(h(z, x)y + h(z, y)x)
= (h(x,y) = h(x, y))z — (h(z, x)y + h(z, y)x).

For x,y € M, h(x, y) = 0 and h(z, x)y, h(z, y)x € B’M = 0, and the same happens for
x,y € N.Now, forx € Mand y € N, h(x, y) = u(x ® y) € B. In other words, we have,
forx e Mandy e N:

S(xa }’) = ,O(h(x, y) - h(xa y)Op) _h(’x)y _h(s y)X:

wx®yz—uiz®yx, ifzeM,

) (5.2)
—zu(x ®y) +yu(x ®z), ifzeN.

Now, B is a finite-dimensional simple algebra, so we may assume B = Endp(X) for a
finite-dimensional vector space X. The finite-dimensional left B-module M is, up to isomor-
phism, of the form X ® Z for a vector space Z, where the action on B is on X. In the same
vein, the right B-module N is, up to isomorphism, of the form ¥ ® X*, where the action of
B is on the dual X*, thatis, b: x > @(bx) forp € X*, b € B, and x € X. As a bimodule
for B, X ® X* is isomorphic to B = Endp(X), with x ® ¢ identified with the linear map
Z > x¢(z), and the homomorphism of B-bimodules © : M @ N — B is of the form

xR)VY®@) — 1z, )Xo,

forx e X,p € X*,ye Yandz € Z, for abilinear formn : Z x ¥ — F.

The skew-hermitian form h is nondegenerate if and only if so is the bilinear form 5, and
then 7 can be used to identify Z with Y*.

Summarizing, for involutions of the second kind, we may assume that A = B @ BP, the
involution being the exchange involution, with B = Endp(X) for a finite-dimensional vector
space X, while T = (X ® Y*) ® (Y ® X*) for another finite-dimensional vector space Y.
Moreover, the skew-hermitian form h satisfies that X ® Y* and Y ® X™* are isotropic for h,
while we have

hx®w,y®e) =u((x @) @ (y®¢)) =0(y)x ® ¢,

forx e X,pe X*,yeY,andw € Y*.
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Equation (5.2) takes now the following form:

X QW — w(»e(xNx @ w — o'( xX)x' ® w,
Sc@oyoe: |5 E Me( e y)jp( / (5.3)
Y®¢ = —o()e'x)y @¢+o()ex)y ®¢,

forx,x’ € X,p,¢' € X*,y,y €Y,and w, w’ € Y*.

Consider the vector superspace with even part X and odd part Y, and the corresponding
general linear Lie superalgebra gl(X|Y) = Endr(X @ Y), with its natural Z/2Z-grading and
bracket. Use the natural identifications

gXIY)g=X@XHPe YY",
X =X®YrHe ¥ X" (=7).
Note that gl(X|Y) is 3-graded with
glXIY)-1=XQY", glXIY)=X®XHe XYY", glX|IY)1=Y®X"

Forany x € X, ¢ € X*, y € Y,and w € Y*, the bracket in gl(X|Y) of the odd elements
xQ@wand y ® ¢ is

CRw,yR¢p]l=xQ@w)o(Y®P) + (Y ®Plo(xRQw)=w()x Q¢+ ¢(Xx)y Q@ w.

These elements span the even part of the special linear Lie superalgebra s((X|Y).
The action of [x ® w, y ® ¢] on the elements of gl(X|Y); = T works as follows:

[x®w,y®¢l,x' @0T=[0(Mx®¢+9x)y o, x' @]
=w(Ne(xNx @ — ) ()x' ® v,

@0, y®¢ly ®¢l=[0()x@¢+9x)yQw,y @¢]
=)y ®¢ — w9 (x)y ¢,

forx,x’ € X,p,¢' € X*,y,y € Y,and w, o € Y*, so we conclude that

Sk®w,yR®¢) =ad([x ®w, y ® ¢])l7,

and this shows that S(7, T) equals ad(sl(X|Y)g5)|7, which is isomorphic to the even part of
the projective special linear Lie superalgebra psl(X|Y), and that L55(T) = S(T,7) & T is
isomorphic to the projective special linear Lie superalgebra ps((X|Y), as required. O

5.2 Lie superalgebras from simple structurable algebras

Now we will turn our attention to the J-ternary algebras obtained from finite-dimensional
simple structurable algebras with a suitable regular skew-symmetric element (Theorem 3.8).
Example 3.9 shows that, if our structurable algebra is an associative algebra with involution
or the structurable algebra of a hermitian form, the corresponding J-ternary algebra is pro-
totypical. If the structurable algebra is a Jordan algebra (with identity involution), then there
are no nonzero skew-symmetric elements.

On the other hand, if (A, —) is a simple finite-dimensional structurable algebra with one-
dimensional space of skew-symmetric elements, then 8(A, —) = Fs for a skew-symmetric
element s with invertible L and with s> € 1. Denote by T the associated J-ternary algebra in
Theorem 3.8. This last theorem and (2.2c) show that the operators K (x, y): z +— (x,z, y) —
(y, z, x) are scalar multiples of the identity. Hence, the Jordan algebra J = Fid + K (T, T)
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in Theorem 2.14 is just the one-dimensional unital Jordan algebra. The outcome is that T is
then a so called symplectic triple system, and the associated Lie superalgebra L5 (7)) has been
computed in [14, Theorem 3.2]. The Lie superalgebras that appear are the Brown superalgebra
br(2; 3) of superdimension (10[8), i.e., the even part has dimension 10 and the odd part has
dimension 8 (see [16]), and the Lie superalgebras g(r, 6), r = 1,2, 4, 8, in the “supermagic
square” in [10] (see [11, Corollary 5.9]). The notation above for these superalgebras follows
[9].

We are left with two types of simple structurable algebras, assuming the ground field is
algebraically closed: the tensor product of two unital composition algebras, with their natural
involutions, such that one of the factors is a Cayley algebra (dimension 8), as otherwise the
algebra is associative and hence the associated J-ternary algebra is prototypical, or the 35-
dimensional Smirnov algebra [29].

For the Smirnov algebra, this may be defined as the subalgebra 7' (C) of the tensor product
€ ® C, where € is the Cayley algebra over I, obtained as the kernel of the map $2(€) — F
that takes x ® x to n(x) (its norm), where $2(C) denotes the subspace of symmetric tensors
(see [7]). The skew-symmetric elements of 7 (C) are of the form s ® 1 +1® s fors € S(C, —)
(skew-symmetric in C). Due to the skew-alternativity, for any r € 8(C, —), the next product
does not need parentheses, and an easy computation gives:

R1+1Rs)r1+1rNGER1+1®s)=-2nFr,s)R1+1RQs),

where n denotes the norm of the Cayley algebra C. If Ligi+1gs Were invertible, then we
would have

0=0rR1+10rN:sR1+1Qs)=rs@l+r®@s+sQr+1Qrs

for any r € § = 8(C, —) such thatn(r, s) = 0. Since CRC=CR1+1QC) ® (SK®?S),
this would give r ® s + s ® r = 0 for any r € § = 8(C, —) such that n(r, s) = 0, which is
not the case. Therefore, there are no suitable skew-symmetric elements in 7 (C).

This leaves us with the tensor products of two unital composition algebras, and this case
will be dealt with in the next section.

6 A magic square of Lie superalgebras

Unless otherwise stated, the ground field F will be assumed to be algebraically closed of
characteristic 3 throughout this section.

Let C; be the Cayley algebra over F, that is, the (unique) eight-dimensional unital com-
position algebra, and let C; be another unital composition algebra. Consider the structurable
algebra A = C; ® C,, where the involution is the tensor product of the canonical involutions
inCrand Cr:a®b=a®b,foranya € C; and b € C,.

Denote by n; the norm in C;, and by §; the subspace of trace zero elements (i.e., § = —s)
in C;, for i = 1, 2. The skew-symmetric part of Ais 8 = 8] ® 1 + 1 ® 8, which we will
identify with $; & 8.

As in [4] consider the Albert form Q : § — F, which is the nondegenerate quadratic form
given by

Q(s1 + 52) :=ny(s1) — n2(s2), (6.1)

for 51 € 81 and s, € 8,. Consider also the linear map f given by

(s1 —|—s2)ti =5 — 5.
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This is an isometry of Q.
The following result is [4, Proposition 3.3]. The proof there works in characteristic # 2.

Proposition 6.1 Let (A, —) be the structurable algebra obtained as the tensor product of the
Cayley algebra Cy and a unital composition algebra C, and consider its Albertform Q : § —
Fin (6.1). Then the following conditions holdforanya, b, ¢ € §, where L, : A — A denotes,
as usual, the left multiplication by an element x € A, and Q(a,b) = Q(a+b)— Q(a)— Q(b)
is the polar form of Q:

LyL, = Ly:L, = —Q(a)id, 6.2)
ab*a = Q(a)b — Q(a, b)a, (6.3)
LoLysLg = Q(@)Lp — Q(a, b)Lg, 6.4
LoLpsLoLos = Qa)LpLs — Q(a, b)LyLz, (6.5
(ab®)? + Q(a, byab® + Q(a)Q(b)1 = 0. (6.6)

6.1 The inner structure Lie algebra

Our first goal is the description of the inner structure Lie algebra of these structurable algebras.
We need the following preliminary result.

Lemma 6.2 Let (A, —) be the structurable algebra obtained as the tensor product of the
Cayley algebra C| and a unital composition algebra C,. Then the subspace LgLg =
span{L,Lp | a, b € 8} is an ideal of instel(A, —) that splits as the direct sum of its cen-
tral ideal Fid and the ideal

Mg s = span {Ma,b i=LqLy: —LpLys | a,be 8} .

Moreover, the representation §: insttl(A, —) — Endp(8) involved in the definition of
K(A, =) in (3.10) takes id to 2idg and takes Mg s isomorphically onto the orthogonal
Lie algebra s0(S, Q).

Proof The fact that LgLg is an ideal of instcl(A, —) follows from instel(A, —) being equal
to K (A, —)o, and LgLg to [K(A, —)2, K(A, —)_2] in Proposition 3.4. The arguments in
[4, Proposition 4.3], which are valid in characteristic # 2, give LgLg = Fid & Mg s and

M () = 2(Q(a, )b — Q(b, ©)a) := 202, (c) 6.7)

for any a,b,c € 8. By skew-symmetry, the dimension of Mg g is at most (d“; S) =
o

dimso(8, Q), and the orthogonal Lie algebra so(S, Q) is spanned by the operators Op
so we obtain that § takes Mg s isomorphically to s0(8, Q). The result follows. O

Theorem 6.3 Let (A, —) be the structurable algebra obtained as the tensor product of the
Cayley algebra C1 and a unital composition algebra C».

o [fthe dimension of Cy is 1, 2 or 8, then we have the equality instel(A, —) = LgLsg.

e In the remaining case: dim C, = 4, the Lie algebra instel(A, —) is the direct sum
of its ideals Rs, = span{R, | a € 8} and LgLg. (As usual, R, denotes the right
multiplication by a, and 83 is identified with 1 @ 8,.)
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Remark 6.4 Over fields of characteristic # 2, 3 the above result fails for dim C; = 2, where
instel(A, —) = Rs, ® LsLg ([4, Theorem 4.4]).

The proof of Theorem 6.3 will be given in several steps and in a quite indirect way. In the
process, some results that have their own interest will be proved.

Let us recall first the definition in [6] of the Steinberg unitary algebra stuz(A, —, y)
attached to a structurable algebra (A, —) and a triple (y1, y2, ¥3) € (IFX)3. This is the Lie
algebra with generators u;;[x], for 1 < i # j < 3 and x € A, subject to the following
relations for any x, y € A and indices i # j:

e u;j[x]is linear in x,
o wijlxl = —yiy; 'ujilxl,
e [ua[x], u23[yll = u13[xyl, and cyclically on 1, 2, 3.

Let us write explicitly the last condition, taking into account the previous one:

[uialx], uaslyll = —y1y; ' uz 9],
[uxs[x1, uz1 Y1 = —y2y; 'una (371, (6.8)
[us1[x], w2yl = =3y, 'uas[x71.

It follows that stus (A, —, y) is (Z/27)?-graded:
stuz(A, —, ) = g © up[Al © us[A]l ® uzi[Al,

with stus(A, —, )55 = 8 = (w2l Al uai[All + [u23[Al, uzn[All + [u31[A], uiz[All,
stuz(A, —, ¥) (15 = ulAl(= unlAl, stws(A, —. ¥) g 1) = uslAl(= u3z2[Al), and
stuz(A, —, ¥) i 1) = usilAl (= uz[AD.

On the other hand, the Lie algebra X (A, —) in Proposition 3.4 is endowed with two natural
order 2 commuting automorphisms (see [18]):

e (x,a) +T+0. 0> 0.0 +T° + (x,a),
i (a)  + T+ (b))~ (—x,a)” + T+ (=y,b).
These two automorphisms induce a grading by (Z/27)?:
KA, =)@.0) =T €instel(A, —) | T* =T} ®{(0,a)” +(0,a) | a € 8},
KA, =) 1) =T €instrl(A, ) | T° = =T} ®{(0,a)” — (0,a) | a € 8},
KA, =) 6.1 = 10,07 + (x,0) | x € A},
K(Aa _)(i,i) = {(‘x7 O)N - (X, 0) | X € 'A}

The subspace {T € instel(A, —) | T® = —T} equals span{Vx,y - Vf,y |x,y € .A] =
span {Vx,y +Vixlx,y€ A}. But Vi y + V) x = Ly54yx forany x, y € A, which gives:
{T €instrl(A,—) | T®* = —T} = Lgg,

where H = H(A, —) = {x € A | X = x} is the subspace of symmetric elements in A.
Therefore, we have K (A, _)(T,O) =Ly ®{0,a)” —(0,a)|a eS8}
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As in [18, §4] write, for x € A,
El(x) = (X, 0) + (.X, O)N € j{(‘Aﬂ _)((_)j)a
() =x,0 - (* 07 e KA, —)ij

1
o) = §<Lx+y + (0.5 =) = (0,x = ©)7)) € K(A =) 1)

The bracket in (3.10) of these elements in (A, —) behaves as follows, for any x,y € A
(see [18, (4.2)], noting that all the computations there work also in characteristic 3):

[eo(x), €1(¥)] = e2(Xy),
[e1(x), e2(y)] = —2e0(XY),
[e2(x), €0(¥)] = —e1(xY).

(We refrain to use —2 = 1 here, because these formulas are valid in any characteristic # 2.)
With €y(x) = €p(x), €1(x) = —%el(x), and €, (x) = €2(x), these last equations become

1
[éo(x), 1] = —Egz(ﬁ),

[€1(x), &2()] = €0 (xY), (6.9)

[2(x), €0(¥)] = 261 (Xy).

Note that with y = (1, —1, 2), —yly;l = —%, —yzyfl =1, and —ygy{l = 2, and hence
there is a unique Lie algebra homomorphism as follows:

@ :stuz(A, —, y) — KA, -)
upz[x] = é€o(x)
ux[x] — €(x)

uzi[x] — é(x)

for any x € A. Note that ® is surjective because €] (A) + é2(A) = KA, —)1 D KA, —)_1,
and this subspace generates K(A, —). Moreover, @ is homogeneous of trivial degree for
the (Z/QZ)Q-gradings on stuz(A, —, y) and K(A, —), being bijective on u2[A], uz3[Al,
and u3([A]. As a consequence, the ideal ker @ is contained in stuz (A, —, y) ©.0) =9 and,
therefore, [ker @, uj7[A]] is contained in both [g, u12[A]] € u12[A] and in ker ®, so it
is trivial. It follows that ker ® annihilates u2[A] and similarly u»3[A] and u3;[A], which
generate stuz(A, —, y). Thus ker @ is contained in the center Z (stug A, —, y)). On the
other hand, the image under ® of this center is contained in the center of X (A, —), which is
trivial.
We summarize our findings in the next result.

Proposition 6.5 Let (A, —) be a structurable algebra, then its Kantor algebra X (A, —) is
isomorphic, as a (Z/27.)*-graded Lie algebra, to the quotient of the Lie algebrastuz (A, —, y)
by its center, with y = (1, —1, 2).

Assume now that A = € ®C; for a Cayley algebra C;. (a)md aunital composition algebra C,.
Consider the so called para-Hurwitz algebras Glp and Gzp attached to the opposite algebras

€{¥ and €5°. That is, the multiplication in é?p is given by x| e yj = y1x] = X1y for
L. —op
x1, y1 € €y, and similarly for €, .
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These para-Hurwitz algebras are examples of symmetric composition algebras and, as
shown in [13, Remark 3.2], for each ¢ = (g, @1, @) € (IFX)3, there is a Lie algebra
S0P 50p
0o (€], €,") defined on the vector space

(i€ @ ti@D) @ (Lo @ @ ),

where ; (C1 ® C2) isacopy of C; ® Cr = A, tti(a)p) is the triality Lie algebra of@(l)p, whose
elements are the triples (dy, d1, d2) € s0(C1, n;) such that

do(x1 @ y1) =di(x1) e y1 +x1 0da(y1)
for any x1, y; € €y, and similarly for tti(égp). The bracket in gy (é(l’p, égp) satisfies
[to(x1 ® x2), t1(y1 ® y2)] = a2i2((x1 @ y1) ® (x2 @ y2)) = w212 (X1V1 @ X2Y2),

and cyclically on 0, 1, 2. Then, witho = (1, 2, — %), this last equation works exactly as (6.9),
which shows that there is a Lie algebra homomorphism determined as follows:

=P

W stz (A, —, y) —> g (G, E)
uplx ®yl = wkxk®y)
uplx @yl = nx®y)
uzlfx ® yl = nx®y)

for any x € C; and y € C;. The image of W is the subalgebra of gy (é(fp, @gp) generated by
21'2:0 L,'(G(fp ® Ggp), which is the derived subalgebra go (é(fp, @gp Y,
The same arguments as above give our next result.

Proposition 6.6 Let (A, —) be the structurable algebra obtained as the tensor product of the
Cayley algebra C1 and a unital composition algebra Cy. Then the Lie algebra g, (é(l)p, @gp)(l),
witha = (1,2, —%), is isomorphic, as a (Z)27)*-graded Lie algebra, to the quotient of
stuz(A, —, y) by its center, with y = (1, —1, 2).

Corollary 6.7 Let (A, —) be the structurable algebra obtained as the tensor product of the
Cayley algebra Cy and a unital composition algebra C;. Then its Kantor g{)gelggz KA, —)
is isomorphic, as a (Z)27)*-graded Lie algebra, to the Lie algebra g, (elp, Gzp)(l), with
a=(1,2-1.

Proof of Theorem 6.3 To begin with, given a structurable algebra (A, —), the dimension of
the associated Lie algebra (A, —) is diminstel(A, —) + 2dim A + 2dim S. Hence, for
A = € ® C; for a Cayley algebra C; and a unital composition algebra G, of dimension n
(n=1,2,4or 8), we get

dim KX(A, —) =diminstel(A, =) +2x8xn+2x (7T+n—1)
=dim instel(A, —) + 18n + 12.

On the other hand, the dimension of g, (@fp, @;p)(l) is 52, 77, 133, or 248, depending on n
being 1, 2, 4 or 8 (see [13, §3]). This gives that the dimension of instcl(A, —) is 22, 29, 49,
or 92, respectively, while the dimension of LgLg is, according to Lemma 6.2, 22, 29, 46, or
92.

We conclude that if the dimension of C, is not 4, these dimensions coincide, and hence
the ideal LgLsg is the whole instcl(A, —). However, if the dimension of C, is 4, then C; is
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isomorphic to the algebra of 2 x 2-matrices over I (recall that we are assuming in this section
that the field I is algebraically closed). In this case, for any 0 # a € 83, there are elements
b, ¢ € 8, such that a = bc (exercise for the reader!) and, because of the associativity of Cp,
L, = LpL.liesinLgLg C instel(A, —).ButV, | = L,+2R,, so we conclude that the right
multiplication R, also belongs to instel(A, —). Besides, Rﬁ =R, + Rm =R,—R,=0
(see Proposition 3.4). Hence, Rg, lies in ker §, while § is one-to-one on LgLg (Lemma 6.2).
Therefore, Rg, N LsLg = 0 and, by dimension count, insttl(A, —) = Rg, ® LgLs. O

6.2 The Lie algebra S(A, A)

Let (A, —) be the structurable algebra obtained as the tensor product of the Cayley algebra
€ and a unital composition algebra C,. Fix an element s € S with L invertible, and take
the element + € 8§ with LyL, = L,L; = id. Equation (6.2) shows that Q(s) # 0 and
t = —%s:, where Q is the Albert form.

Recall from Theorem 3.8 that A becomes a J-ternary algebra with triple product
(x,y,2) = Vyy(2) for x,y,z € A, and that the Lie algebra S(A, A) consists of those
elements 7 € instel(A, —) such that 7%(z) = 0. Because of (3.10), this can be expressed in
terms of the associated Lie algebra (A, —) in Proposition 3.4 as follows:

SA, A) ={T einstel(A, —) | [T, (0,7)] = 0}.

As in the proof of Theorem 3.8, consider the elements £ = (0, ¢), F = (0, s)” and H = id
in KX (A, —). Denote by sl the subalgebra of K (A, —) spanned by E, F, and H. Hence, an
element 7' € instel(A, —) lies in S(A, A) if and only if [E, T] = 0. By Lemma 3.6 this is
equivalent to centralizing the subalgebra sl;:

S(A, A) = Centgca,—)(sh).

Consider the subspace 8’ := (Fn)t+ (orthogonal relative to the Albert form Q in Proposition
6.1). Lemma 6.2 shows that the representation §: instt[(A, —) — Endp(8) induces an
isomorphism of Lie algebras:

8/2 MS’,S/ —> 50(8/, Q)
T — T,

where, as usual, Mg/ g/ = span {Ma,b =L4Ly: —LpLys | a,be 8’}.
A straightforward consequence of Theorem 6.3 is the following result:

Corollary 6.8 Let (A, —) be the structurable algebra obtained as the tensor product of the
Cayley algebra C1 and a unital composition algebra C,. Fix elements s,t € S such that
LyL, = L,Ly = id, and consider the subspace 8’ of § orthogonal to t relative to the Albert
form Q.

e [f the dimension of Cy is 1, 2, or 8, then the Lie subalgebra S(A, A) in Theorem 3.8
equals Mg g/, which is isomorphic to the orthogonal Lie algebra so(8', Q).

e [f the dimension of C, is 4, then the Lie subalgebra S(A, A) in Theorem 3.8 equals
Rs, ® Mg s/, which is the direct sum of the three-dimensional simple Lie algebra Rg,,
isomorphic to sy, and the subalgebra Mg/ g/, which is isomorphic to the orthogonal Lie
algebra so(8', Q).
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6.3 Structure of A as amodule for S(A, A)

In order to determine the Lie superalgebra L%(A) = S(A, A) ® A attached to the J-ternary
algebra associated to a structurable algebra (A, —), obtained as the tensor product of a Cayley
algebra C; and a unital composition algebra 5, and a fixed element s € 8 with L, invertible,
we need to know the structure of A as a module for S(A, A).

We will follow now some arguments in [4]. Consider the linear map

®: 8 — Endr(A)
a+— L4Lg,
which satisfies
®(a)? = LyLyLsLy = Q(a)L3 Ly, = —Q(a) Q(s)id,

for any a € 8/, because of (6.4) and (6.2). Hence, ® extends to an algebra homomorphism,
still denoted by ®: _
®: ¢l(§’, Q) —> Endp(A), (6.10)

where Q is the quadratic form defined on 8 by Q(a) = —Q(a)Q(s) and €IS, Q)
denotes the associated Clifford algebra. Denote by u - v the multiplication in CI(§/, 0).
The orthogonal Lie algebra so(8’, Q) = so(8’, Q) lives inside €I(S’, Q) as the subspace
span{[a,b] :=a-b—b-ala,beS§}.

Actually, for any a,b,c € 8, a-b-a=a-b-a+a-a-b— Q(a)b =a-(a-b+b-
a) — Q(a)b = Q(a, b)a — Q(a)b, so that, by linearization, we have a - b-c+c¢-b-a =
Q(a, b)c + Q(c, b)a — Q(a, ¢)b. As a consequence,

l[a-b—b-a,c] =@-b-c+c-b-a)y—(b-a-c+c-a-b)
:—Z(Q(a,c)b— (b, c)a) :—ZUuQ:b(c).

In other words, the linear map ¢ : s0(8/, Q) (3 Q) such that
) 1
L(O’a’b) = —E(a -b—>b-a),
fora,b € §, is a one-to-one homomorphism of Lie algebras.

Lemma 6.9 The diagram
508, Q) +—— Msg
Ll i
¢S, 0) -2 Endp(A)
commutes.
Proof For a, b € 8 we have
®(a-b—b-a)=LqLsLpLs — LpLsLaLs = Q(s)(LaLpr — LpLgz) = Q(s)Ma,p,

where we have used (6.4) and that Q(s, b%) = Q(s%,b) = —Q(s)Q(t, b) = 0 = Q(s, a?),
and

§'(Map) =202, = 2(Q(a, )b — Q(b, Ja) by (6.7)

2 (5 b— Q@ =
_ﬁ(Q(aa ) _Q( ,.)Cl)—

2 9
—%%,b-
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Then we compute

/ e ? oiw?y e o b—ba) =
DPotod (Myyp) = Q(s)(b L((Ta,h)—Q(S)(b(a b—b-a)=M,y,

as required. O

We will consider the different possibilities, according to the dimension of C;:

dim €, = 1: In this case we get the following dimensions:
dim8 =7, dim8 =6, dimEndr(A) =8> =2%=dim ¢S/, 0),

so that the homomorphism ® in (6.10) is an isomorphism, because €I(§/, Q) is a simple
(associative) algebra. Then A is the sum of the two half-spin modules for the orthogonal Lie
algebra Mg/ g =~ s50(§/, Q) >~ 506 =~ sl4. These half-spin modules, thought as modules for
sly4, are the natural four-dimensional module for sl4 and its dual.

Therefore, Corollary 6.8 shows that the even part of L%(A) is, up to isomorphism,
sly >~ sl[(W) for a four-dimensional vector space W, while the odd part is isomorphic,
as a module for s[(W) to W @ W*. But, as is well-known (and valid in characteristic 3), one
has Homgw)(W ® W, sl(W)) = 0 = Homgw)(W* @ W*, sl[(W)) and Homgw)(W ®
W*, sl(W)) is one-dimensional. Hence, the Lie bracket in L% (A); x L¥(A); — L¥(A)q
is uniquely determined, and hence L£%%(A) is isomorphic to the projective special linear Lie
superalgebra psl((4|1).

dim G, = 2: Here we get the following dimensions:
dim8 =8, dim8 =7, dimcS§, Q) =27, dimc(S§, Q) =2°.

The even Clifford algebra is simple of dimension 2, so its unique irreducible module has
dimension 8, and hence the representation of S(A, A) = Mg/ g on A, given by the composi-
tion in Lemma 6.9, is the direct sum of two copies of the spin module for Mg/ g/ >~ so07. But
if W is the spin module for so7, then Homg,, (W ® W, s07) is one-dimensional and spanned
by a skew-symmetric map (see, e.g., [15, Proposition 2.12]). Therefore, up to scalars, there is
a unique so7-invariant symmetric bilinear map L% (A); x L% (A)7 — L%(A)p, and L55(A)
is necessarily isomorphic to the Lie superalgebra g(3, 3) = g(S1,2, S1,2) in [10, Proposition
5.19].

dim C; = 4: In this case we get the following dimensions:
dim8 =10, dim8' =9, dim¢I(§, Q) =2°, dimc(ES, Q) =28

Corollary 6.8 shows that S(A, A) is the direct sum of the simple three-dimensional Lie
algebra Rg, and the ideal Mg/ g/ =~ s09. The action of the quaternion algebra €; >~ 1 ® C,
by multiplication on the right on A commutes with the action of Mg g/, because of the
associativity of C». By dimension count, and using that the even Clifford algebra €15(8’, 0)
is simple, ® induces an isomorphism, denoted by the same letter:

@ : €l5(8', Q) — Ende, (€1 ® C2) ~ Endp(C) ® Ca.

As a module for Mg/ g >~ so0g, A is a sum of two copies of the spin module W (the
irreducible module for the simple algebra €[5(8’, 0)), and thus Rg, lies in End Mg g/ (A) ~
Endgo, (W @ W) = Mat; (IF). As a consequence, L% (A)g is isomorphic to sl @ sog, while
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L55(A)7 is, as a module for the even part, isomorphic to the tensor product of the two-
dimensional natural module V for sl, and the spin module W for so9. The uniqueness, up
to scalars, of the elements in the vector spaces Homg, (V ® V, F), Hom,, (V ® V, 5bp),
Homg,o (W ® W, F), and Homgeo (W ® W, s09) (see [15, Proposition 2.12]) forces that
the bracket L% (A); x L¥(A); — L(A)g is uniquely determined up to scalars (because
of the Jacobi identity), and hence L% (A) turns out to be isomorphic to the exceptional Lie
superalgebra ¢l(5; 3) ( [16, Theorem 3.3]).

dim C; = 8: Here we have the following dimensions:
dim8 = 14, dim8 =13, dim€l(S8', Q) = 2'> = (2?2 = dim Endy(A),

and hence the homomorphism & in (6.10) restricts to an isomorphism from the even Clifford
algebra Cl5(8/, Q), which is simple, onto Endr(A). It turns out that A is the spin module for
S(A, A) = Mg g = s013. As the space Homg,,; (W ® W, 5013) is one-dimensional (see
[15, Proposition 2.12 and Theorem 3.1]), where W is the spin module for s0;3, we conclude
that L55(A) is isomorphic to the Lie superalgebra g(6, 6) = g(S4.2, S4,2) in [10, Proposition
5.10].

We summarize our findings in the next theorem.

Theorem 6.10 Let (A, —) be the structurable algebra obtained as the tensor product of the
Cayley algebra C and a unital composition algebra Cy over an algebraically closed field of
characteristic 3. Let s be a skew-symmetric element such that L is invertible, and let L% (A)
be the Lie superalgebra attached to the J -ternary algebra defined on A in Theorem 3.8. Then
the Lie superalgebra L% (A) is given, up to isomorphism, by the following table:

dime | 1 2 4 8
£JSS(A)‘ psl(4])  g(3,3) el(5:3) 9(6,06)

6.4 A magic square of Lie superalgebras

If our structurable algebra (A, —) is the tensor product of two associative unital composition
algebras, then (A, —) is associative with involution and hence it fits in Example 3.9 with
W = 0. According to this Example, the isotope B := A®) is endowed with the involution
7 :x > —X,Aisaleft B-module by means of bex := bsx, forallb, x € A, anditisendowed
with a nondegenerate skew-hermitian form h:AxA—> B given by h(x, y) = —xYy. The
triple product on A is given by

(x,y,2) = Vi yy(2) = h(x, y)sz + h(z, y)sx + h(z, x)sy,

forx,y,ze A.

Incase dim C; = dim G, = 4, A (and hence B) is a simple algebra, so that it is isomorphic
to Maty (IF), the involution — on A is orthogonal, and hence the involution t on B is symplectic,
and Theorem 5.1 implies that £%(A) is isomorphic to osp(4]4). The case of dimC; = 1,
dim €, = 4 is similar, but B is isomorphic to Mat,(IF) in this case, the involution t is
orthogonal, and L% (A) is isomorphic to 0sp(2|2).

For dim €; = 2 and dim €, = 4, (A, —) is a simple algebra with involution, but it is not
simple as an algebra, the involution being of the second kind, and Theorem 5.1 gives that

@ Springer



59  Page380f39 I. Cunha, A. Elduque

L% (A) is isomorphic to psl(2]2). The same happens for dim ¢; = 2 and dimC, = 1, in
which case L% (A) is isomorphic to psi(1]1).

The case of dim C; = dim €, = 1 does not give a J-ternary algebra, as S = 0. Finally,
if dim G} = dim G, = 2, (A, —) is the direct sum of two two-dimensional ideals, both with
involution of the second kind, so it follows that L% (A) is isomorphic to ps((1|1) & psl(1]1).

We finish the paper by collecting all this information in the following magic square of Lie
superalgebras:

dim 61
1 2 4 8
1 psl(1]1) 0sp(2[2) psl(4]1)
) 2 | psl(1]1) psl(1|1) @ psl(1]1) psl2]2) g(3,3)
dim G,
4 |osp(2|2) psl(2]2) osp(4(4) el(5;3)
8 | psl(4|1) a(3,3) el(5;3) g(6,6)

that contains three of the exceptional finite-dimensional Lie superalgebras specific of char-
acteristic 3.
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