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1. Introduction

Besides its intrinsic mathematical interest, spectral analysis of operators is an important tool in physical 
and engineering problems. Many theoretical results are best interpreted and confronted with experiments 
through some kind of spectral analysis. From this point of view, theoretical problems involving spectral 
operators [4,5] are considerably simplified. Although there are known classes of non-normal spectral differ
ential operators (for instance some ordinary differential operators with purely discrete spectrum [15,10,17], 
some ordinary differential operators with periodic coefficients [13], or some classes of second order elliptic 
differential operators defined in L2(Rn), with n ≥ 3 [14,6]), it is in general difficult to proof that concrete 
operators are spectral. The root of the difficulties lies in the possible appearance of spectral singularities, 
which are absent in the case of normal operators but are typical otherwise [14].

In this work it is shown that a class of non-normal ordinary differential operators, not considered before, 
are spectral operators of scalar type in the sense of Dunford [4,5] (actually, in the sense of Bade, since the 
operators are unbounded [1]). These operators appear, for instance, in the theory of scattering of spin waves 
by one-dimensional solitons [11], and are defined through a differential expression of the form Lu = D2D1u, 
where u is a function on R and
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Di = −D2 + qi + hi, (i = 1, 2). (1)

In the above expression D represents the derivative, Du = u′, h2 > h1 > 0 are constants, and q1 and q2 are 
real functions defined on R. We require, for i = 1, 2,

1. qi ∈ C1(R), q′i ∈ AC(R), q′′i ∈ L2(R),
2.

∫︁
R(1 + |x|3)|q(k)

i (x)|dx < ∞, 0 ≤ k ≤ 2,

where AC(R) is the set of complex functions on R which are absolutely continuous on any compact interval, 
and the primes and the superscript (k) on a function denote, respectively, the derivatives and the k-th 
derivative of the function.

To avoid symbol proliferation, we use the same symbols, D1, D2, L, L∗ (the last is defined below), for the 
differential expressions and for the operators defined by the differential expressions on appropriate domains. 
Since in this work each differential expression is associated with a unique operator, there is no ambiguity 
in this respect. It should be clear from the context whether the symbol represents the operator or the 
differential expression applied to some suitable function.

With the above assumptions, D1 and D2 are selfadjoint operators in L2(R), with domain H2(R), and with 
spectra bounded from below. For i = 1, 2, the essential spectrum of Di is [hi,∞), and the point spectrum 
is contained in (−∞, hi]. We require further that D2 be positive definite and have a bounded inverse. That 
is, denoting the scalar product and the norm in L2(R) by (·, ·) and ∥ · ∥, respectively, there is c2 > 0 such 
that (D2u, u) ≥ c2∥u∥2 for any u ∈ dom(D2).

It may be that ker(D1) ̸= {0} (this happens generically in applications to spin wave dynamics). The 
orthogonal projection onto ker(D1), denoted by P0, is a finite rank operator of rank at most two. Let Id be 
the identity operator and define PR = Id − P0. The restriction of D1 to the subspace dom(D1) ∩ ran(PR), 
denoted by D1R, is injective and has a bounded inverse, D−1

1R : ran(D1) → ran(PR), and the operator 
D1 + P0 is injective and has a bounded inverse given by (D1 + P0)−1 = D−1

1RPR + P0.
From D1 and D2 we build the linear operator L : dom(L) → L2(R) as

dom(L) =
{︁
u ∈ dom(D1) ⃓⃓ D1u ∈ dom(D2)},

Lu = D2D1u, u ∈ dom(L).
(2)

The domain of L is dense in L2(R) since it contains 𝒮(R), the Schwartz space of rapidly decreasing functions. 
By elementary means it is proved that L∗, the adjoint of L, is given by

dom(L∗) =
{︁
u ∈ dom(D2) ⃓⃓ D2u ∈ dom(D1)},

L∗u = D1D2u, u ∈ dom(L∗).
(3)

Again 𝒮(R) ⊂ dom(L∗). By similar means it is proved that L∗∗ = L, and therefore, L and L∗ are closed 
operators. They are not selfadjoint unless q1 = q2, since, on dom(L) ∩ dom(L∗),

L∗ − L = 2(q′1 − q′2)D + q′′1 − q′′2 . (4)

We notice that L∗ is a relatively bounded perturbation of L, with zero relative bound.
Let us remark two facts that will be used in the proof of some results. First, if f ∈ 𝒮(R) then Lf and 

L∗f are in L1(R). Second, ker(L) = ker(D1) and if f ∈ ker(D1) then f ∈ dom(L∗), because in this case 
D2f = Bf , where B is the operator of multiplication by h2−h1 +q2−q1, and then Bf ∈ H2(R). Therefore, 
ran(P0) ⊂ dom(L∗).
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Notation. We denote by primes the derivatives with respect to the first variable of any function. The k-th 
derivative with respect to the first variable of a function is denoted by the superscript (k). For a complex 
number z the symbols z1/2 =

√
z represent the principal branch of the square root of z. Almost all, 

abbreviated a.a., and almost everywhere (a.e.) are to be understood with respect to the Lebesgue measure.
By ρ(A), σ(A), σp(A), σr(A), and σc(A), we denote, respectively, the resolvent set, the spectrum, the 

point spectrum, the residual spectrum, and the continuous spectrum of the operator A. If A is selfadjoint, 
its essential spectrum is denoted by σe(A). Otherwise, the five subsets of the spectrum defined in chapter 9 
of Edmunds and Evans [7], all of which are occasionally called essential spectrum, are denoted by σek(A), 
1 ≤ k ≤ 5. For z ∈ ρ(A) the resolvent of A is defined by RA(z) = (A− zId)−1.

We use the symbol Id for any identity operator. It should be clear from the context in which space acts 
this identity operator. To lighten the notation we introduce the symbols ℋ = L2(R) and 𝒮 = 𝒮(R). As 
already said, we denote the scalar product and the norm in ℋ by (·, ·) and ∥ · ∥, respectively.

2. Summary of main results

The main results of this work are easily summarized: there is a spectral resolution of the identity for L
(Theorem 21), and L is a spectral operator of scalar type in the sense of Dunford and Bade (Theorem 22). 
The same statements hold for L∗. Theorems 21 and 22 follow from the three key results described below.

1. The spectral properties of L and L∗ are related to those of the selfadjoint operator Λ = D
1/2
2 D1D

1/2
2 . 

This fact allows to show that the spectra of L and L∗ lie on the real axis and to obtain a homomorphism 
BL between the Boolean algebra of bounded Borel sets of R and a Boolean algebra of projections contained 
in ℒ(ℋ), the elements of which reduce L (the adjoint projections reduce L∗). The projections BL(b) are 
uniformly bounded when restricted to the Borel sets b contained of any bounded subset of R, what implies 
that L and L∗ do not have spectral singularities. These ideas are developed in sections 3 and 4. From 
these results it remains unclear whether the homomorphism is bounded and whether it can be extended 
to a homomorphism between the Boolean algebra of Borel set of R and a Boolean algebra of projections 
contained in ℒ(ℋ).

2. There is a spectral expansion associated to L (an expansion in terms of the bounded solutions of 
Lu = λu, or ``generalized eigenfunctions'', see section 6), which can be obtained after a thorough analysis of 
the resolvent of L, exploiting the fact that L is an ordinary differential operator (part of this analytic work 
was made long ago by Kemp [9] for a more general class of ordinary differential operators which include L
and L∗, but his results have to be sharpened for this work). The analysis of the Green function is carried 
out in section 5, and the spectral expansion (Theorem 9) and its consequences (Corollary 10) are proved in 
section 6.

3. The spectral expansions provide linear maps between ℋ and a certain space of square integrable 
functions on which the ``transformed L'' acts multiplicatively. The fact that these maps are continuous 
(Theorem 11), and their restriction certain subspaces of ℋ are injective and have a continuous inverse 
(Theorem 18) allow to show that BL is bounded and can be extended to a bounded homomorphism EL

between the Boolean algebra of Borel sets of R and a Boolean algebra of projections contained in ℒ(ℋ). 
Theorems 21 and 22 follow from these results.

3. Spectrum of 𝑳 and 𝑳∗

The spectral properties of L and L∗ are related to the properties of the selfadjoint operator Λ, defined 
by

dom(Λ) = ran
(︁
D2

−1/2(D1 + P0)−1D2
−1/2)︁,

Λf = D
1/2
2 D1D

1/2
2 f, f ∈ dom(Λ),

(5)
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where D1/2
2 is the positive square root of D2. It is clear that dom(Λ) is dense in ℋ. That Λ is selfadjoint is 

proved by elementary means.
The operator D1/2

2 is relatively bounded with respect to Λ, since for any f ∈ dom(Λ),

D
1/2
2 f = (D1 + P0)−1D

−1/2
2 Λf + P0D

1/2
2 f, (6)

and P0D
1/2
2 is a bounded finite rank operator. It can be seen similarly that D1 and D2 are both relatively 

bounded with respect to both L and L∗.

Theorem 1. ρ(L) = ρ(L∗) = ρ(Λ), and if z ∈ ρ(L) then

RL(z) = D
1/2
2 RΛ(z)D−1/2

2 , RΛ(z) = D
1/2
2 RL∗(z)D−1/2

2 . (7)

Proof. We prove first that ρ(L) = ρ(L∗). If z ∈ ρ(L∗) then the operator L − zId = D2(L∗ − zId)D2
−1 is 

injective and has a dense range, and its inverse, D2RL∗(z)D2
−1, is bounded, since D2 is relatively bounded 

with respect to L∗. Hence, z ∈ ρ(L), what implies ρ(L∗) ⊆ ρ(L).
Take now z ∈ ρ(L) \ {0}. Consider the equation (L∗ − zId)g = f , with f ∈ ℋ. Acting with P0 we get 

P0g = −z−1P0f . Using g = PRg + P0g and acting with PR we have

(L∗ − zId)PRg = PRf + 1 
z
L∗P0f. (8)

The above equation is a relation between elements of ran(PR), and then we can apply D−1
1R to both sides, 

obtaining

(L− zId)D−1
1RPRg = D−1

1R

(︂
PRf + 1 

z
L∗P0f

)︂
. (9)

Hence we have

PRg = D1RL(z)D−1
1R

(︂
PRf + 1 

z
L∗P0f

)︂
. (10)

Then, equation (L∗ − zId)g = f has a unique solution g ∈ ℋ for each f ∈ ℋ, which is clearly bounded by 
∥g∥ ≤ c∥f∥, where c does not depend on f . Therefore, z ∈ ρ(L∗) and thus ρ(L) \ {0} ⊆ ρ(L∗). If 0 ∈ ρ(L)
then ker(D1) = {0} and D1 is an injective operator with a bounded inverse. Thus it is clear that L∗ is 
injective and has a bounded inverse and therefore 0 ∈ ρ(L∗). All together we have proved ρ(L) ⊆ ρ(L∗). 
Thus, ρ(L) = ρ(L∗).

Now we prove that ρ(Λ) ⊆ ρ(L) and ρ(L∗) ⊆ ρ(Λ). For z ∈ ρ(Λ) it is clear that L − zId = D
1/2
2 (Λ −

zId)D−1/2
2 is an injective operator with a dense range. Its inverse is bounded since D1/2

2 is relatively bounded 
with respect to Λ. Hence, z ∈ ρ(L) and RL(z) is given by the first of equations (7). Similarly, for z ∈ ρ(L∗)
the operator Λ− zId = D

1/2
2 (L∗− zId)D−1/2

2 is injective and has a dense range. Its inverse is bounded since 
D

1/2
2 is relatively bounded with respect to L∗, what implies that z ∈ ρ(Λ) and that RΛ(z) is given by the 

second of equations (7). □
We notice that equations (7) can be cast to the following useful forms:

RL(z) = (D1 + P0)−1D
−1/2
2

(︂
Id + zRΛ(z)

)︂
D

−1/2
2 + P0D

1/2
2 RΛ(z)D−1/2

2 , (11)

RΛ(z) = D
−1/2
2 (D1 + P0)−1

(︂
Id + zRL∗(z)

)︂
D

−1/2
2 + P0D

1/2
2 RL∗(z)D−1/2

2 . (12)

Theorem 1 implies that σ(L) = σ(L∗) = σ(Λ) ⊂ R. In the next theorem we analyze the components of 
the spectrum.
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Notation. It is convenient to introduce the notation ha = (h1 +h2)/2, hp = h1h2, hm = −(h2 −h1)2/4, and 
the open interval I = (hp,∞). We denote by σ ′

p(L) the set of accumulation points of σp(L).

Theorem 2. The spectra of L, L∗, and Λ are equal, component by component: σp(L) = σp(L∗) = σp(Λ), 
σr(L) = σr(L∗) = σr(Λ) = ∅, σc(L) = σc(L∗) = σc(Λ) = I, and σek(L) = σek(L∗) = σe(Λ) = I ∪ σ ′

p(L), for 
1 ≤ k ≤ 5. The point spectrum is a countable bounded nowhere dense set which has at most two accumulation 
points: σ ′

p(L) ⊆ {hm, hp}.

Proof. To prove that the point spectra of the three operators coincide we notice that if f is an eigenfunction 
of Λ corresponding to the eigenvalue λ, then D1/2

2 f and D−1/2
2 f are eigenfunctions of L and L∗, respectively, 

corresponding to the eigenvalue λ; if f is an eigenfunction of L corresponding to the eigenvalue λ, then 
D

−1/2
2 f and D2

−1f are eigenfunctions of Λ and L∗, respectively, corresponding to the eigenvalue λ; and if 
f is an eigenfunction of L∗ corresponding to the eigenvalue λ, then D1/2

2 f and D2f are eigenfunctions of 
Λ and L, respectively, corresponding to the eigenvalue λ. Since Λ is selfadjoint and ℋ separable, σp(Λ) is 
countable. That σp(Λ) is a nowhere dense set follows from the fact that each eigenvalue of L is a zero of the 
function W on C defined in section 5, which is analytic in the upper half-plane of C and continuous on the 
real axis. The zeros of W form a bounded subset of the real axis which may have accumulation points only 
in {hm, hp} (see section 5).

It is now obvious that the residual spectra of the three operators are empty and that their continuous 
spectra coincide. Since the spectrum of L lies on the real axis, the five sets σek(L), 1 ≤ k ≤ 5, are equal, and 
are obtained by removing from σ(L) the isolated eigenvalues, which have finite multiplicity (see point (i) of 
theorem 1.6 of chapter 9 of Edmunds and Evans [7], which clearly holds not only for selfadjoint operators in 
Hilbert spaces but for any operator in a Banach space whose spectrum contains only accumulation points 
of its resolvent set). Evidently, these statements hold also for L∗. Hence, the ten sets σek(L), σek(L∗), 
1 ≤ k ≤ 5, are all equal and coincide with σe(Λ) = I ∪ σ′

p(L). □
4. Spectral projections for bounded Borel sets

Equation (7) for the resolvent of L suggests a way to define a family of spectral projections for L, as 
follows. Let ℬb the algebra of bounded Borel sets of R, ℬ the Borel σ-algebra of R, and ℒ(ℋ) the Banach 
algebra of bounded linear operators in ℋ. Let EΛ : ℬ → ℒ(ℋ) be the resolution of the identity for Λ. Since 
ΛEΛ(b) is a bounded operator if b ∈ ℬb, we can define a map BL : ℬb → ℒ(ℋ) by

BL(b) = D
1/2
2 EΛ(b)D−1/2

2 = D
1/2
2 RΛ(z)(Λ − zId)EΛ(b)D−1/2

2 (13)

for b ∈ ℬb and z ∈ ρ(L). The second equality of the above expression shows that BL(b) is a bounded 
projection for each bounded Borel set b. It is clear that BL inherits from EΛ all the properties of spectral 
projections, except the uniform boundedness. That is, BL satisfies

BL(b ∩ d) = BL(b)BL(d), (14)

BL(b ∪ d) = BL(b) + BL(d) −BL(b ∩ d), (15)

for b, d ∈ ℬb. Therefore, the image of BL is a Boolean algebra of projections and BL is a homomorphism 
from the boolean algebra ℬb onto its image. Moreover, if {bi, i ∈ N} is a family of pairwise disjoint bounded 
Borel sets whose union is a bounded set, then

BL

(︁
∪∞
i=1 bi

)︁
f =

∞ ∑︂
i=1 

BL(bi)f, f ∈ ℋ. (16)
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This relation implies the continuity of the projections from above and below, that is, if {bi, i ∈ N} is a 
descending sequence of bounded Borel sets, then

BL

(︁
∩i bi

)︁
f = lim 

i→∞
BL(bi)f, f ∈ ℋ, (17)

and if {bi, i ∈ N} is an ascending sequence of bounded Borel sets whose union is a bounded set, then

BL

(︁
∪i bi

)︁
f = lim 

i→∞
BL(bi)f, f ∈ ℋ. (18)

An analogue of the Stone formula is also inherited from EL: if a, b ∈ R, with a < b, then

s-lim
ϵ→0+

1 
2πi

b ∫︂
a 

(︂
RL(λ + iϵ) −RL(λ− iϵ)

)︂
dλ = 1

2

(︂
BL

(︁
[a, b]

)︁
+ BL

(︁
(a, b)

)︁)︂
. (19)

It is straightforward to see that the projections reduce L, that is, for any b ∈ ℬb,

BL(b)RL(z)f = RL(z)BL(b)f, f ∈ ℋ, (20)

and if f ∈ dom(L) then BL(b)f ∈ dom(L) and

BL(b)Lf = LBL(b)f. (21)

We also have the following useful formula, analogous to equation (11):

BL(b) = (D1 + P0)−1D
−1/2
2 ΛEΛ(b)D−1/2

2 + P0D
1/2
2 EΛ(b)D−1/2

2 . (22)

The above equation implies that ran
(︁
BL(b)

)︁
⊂ dom(L), since ran

(︁
ΛEΛ(b)

)︁
⊂ dom(Λ) ⊂ dom(D1/2

2 ) and 
ran(P0) ⊂ dom(L).

We notice the following property, which will be used later in the proof of some results: if b is a non
empty bounded subset of R, then the family of projections associated to the Borel subsets of b is uniformly 
bounded, in the sense that there is a constant c, which may depend on b, such that ∥BL(e)∥ ≤ c if e is a 
Borel set contained in b. This follows from equation (22), since ∥ΛEΛ(e)∥ ≤ sup{|z|, z ∈ b} for any Borel 
set e ⊆ b.

It is not apparent that ℬL is a bounded homomorphism, in the sense that there is c > 0 such that 
∥BL(b)∥ ≤ c for all b ∈ ℬb. In what follows we shall show that BL is actually bounded and that it can be 
extended to a bounded homomorphism of ℬ into a Boolean algebra of projections contained in ℒ(ℋ). To 
do this we take advantage of the fact that L and L∗ are ordinary differential operators and their resolvents 
are integral operators whose kernel, the Green function, can be studied by standard analytic means.

5. The Green function of 𝑳

The Green function of L is constructed from the solutions of the differential equations Lu = zu, with 
z ∈ ρ(L). Then, the starting point is the analysis of the solutions of these equations. For z ∈ C, the fourth 
order differential equation Lu = zu is equivalent to the system of four first order equations

y′ = (A + B)y, (23)

where y : R → C4 is a vector function, A is a 4×4 constant matrix, and B : R → M4(C) is a matrix-valued 
function. The only non-zero matrix elements of A and B are
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A12 = A23 = A34 = 1, A41 = z − hp, A43 = −2ha,

B41 = q′′2 − (h1 + q1)(h2 + q2), B42 = 2q′2, B43 = h1 + h2 + q1 + q2.
(24)

The characteristic polynomial of A is pc(−iμ) − z, where

pc(μ) = μ4 + 2ha μ
2 + hp, (25)

and therefore the eigenvalues of A are iμk, 1 ≤ k ≤ 4, where μk are the roots of the polynomial pc(μ)−z. The 
four roots are simple if z / ∈ {hm, hp}. An eigenvector of A corresponding to the eigenvalue iμk is the column 
vector pk that has (iμk)j−1 in the j-th row (1 ≤ j ≤ 4). Let Π(z) be the 4 × 4 matrix whose k-th column 
is pk, so that Πjk(z) = (iμk)j−1. If all the eigenvalues of A are different, then Π(z) is regular. Let us also 
introduce the 4 × 4 diagonal matrix D(x, z) whose matrix elements are given by Djk(x, z) = exp(iμkx)δjk
for 1 ≤ j, k ≤ 4. Bear in mind that the roots μk are functions of z.

Let ei, 1 ≤ i ≤ n, be the vectors of the canonical basis of Cn. We use the norms for vectors of v ∈ Cn

and for matrices M ∈ Mn(C) given by |v| =
∑︁

i |ei · v| and |M | =
∑︁

ij |Mij |. Let us denote by C+ and 
C−, respectively, the open upper and lower half-planes of C. The following theorem provides us with two 
fundamental matrices of the system (23) for the case z ∈ C \R.

Theorem 3. There are two matrix-valued functions Φ+ and Φ−, with domain R× (C \R) and taking values 
on M4(C), written as

Φ+(x, z) = Π(z)
(︁
Id + Θ+(x, z)

)︁
D(x, z),

Φ−(x, z) = Π(z)
(︁
Id + Θ−(x, z)

)︁
D(x, z),

(26)

for x ∈ R and z ∈ C \R, which have the following properties:

1. For fixed z, Φ+(·, z) and Φ−(·, z) are fundamental matrices of the system (23).
2. For fixed x, Φ+(x, ·) and Φ−(x, ·) are analytic.
3. For fixed z, |Θ+(x, z)| and |Θ−(−x, z)| are o(1) as x → ∞.
4. For fixed x ≥ 0, |Θ+(x, z)| and |Θ−(−x, z)| are O(|z|−1/4) for |z| → ∞.
5. The restrictions of Φ+ and Φ− to R× Cσ, with σ = ±, can be extended to continuous functions, Φ(σ)

+

and Φ(σ)
− , on R×Cσ.

6. For fixed λ ∈ R, the functions Φ(σ)
+ (·, λ) and Φ(σ)

− (·, λ) are solution matrices of the system (23).
7. For fixed λ ∈ R, |Θ(σ)

+ (x, λ)| and |Θ(σ)
− (−x, λ)| are o(1) as x → ∞.

8. For fixed x ≥ 0 and if λ ∈ R, |Θ(σ)
+ (x, λ)| and |Θ(σ)

− (−x, λ)| are O(λ−1/4) as λ → ∞.

Proof. The proof of this theorem is not given here. It only uses standard arguments, similar to those of 
Theorem 23, and it is a modification of the proof of theorem 8.1 of chapter 6 of Coddington and Levinson 
[3]. □

Of special interest are the solutions of Lu = λu for λ ∈ [hp,∞). In this case pc(μ) − λ has four roots, 
two real and two purely imaginary, which are denoted by μ1 = iθ, μ2 = ν, μ3 = −ν, μ4 = −iθ, where θ > 0
and ν ≥ 0 are the functions of λ ∈ [hp,∞) given by

θ(λ) =
(︃√︂

λ + h2
a − hp + ha

)︃1/2

, ν(λ) =
(︃√︂

λ + h2
a − hp − ha

)︃1/2

. (27)

Notice that θ and ν are nonnegative increasing functions, with ν/θ ≤ 1 and θ ≥ θ0 =
√

2ha > 0.



8 V. Laliena / J. Math. Anal. Appl. 560 (2026) 130603 

We need fundamental sets of solutions of Lu = λu that satisfy the estimates (29) of Theorem 4. To this 
end, we separate the interval I into two subintervals, (hp, λs] and (λs,∞), where λs > hp is sufficiently 
large.

Theorem 4. Let λs > hp sufficiently large. For 1 ≤ k ≤ 4 there are functions ϕk : R × Ī → C and 
χk : R× Ī → C such that:

1. For fixed λ ∈ I, {ϕk(·, λ), 1 ≤ k ≤ 4} and {χk(·, λ), 1 ≤ k ≤ 4} are fundamental sets of solutions of 
Lu = λu.

2. For fixed x ∈ R, ϕk(x, ·) and χk(x, ·) are analytic in I \ {λs}.
3. The restrictions to R× [hp, λs] and to R× (λs,∞) of each of these functions are continuous functions.
4. For each x ∈ R, the limits of ϕk(x, λ) and χk(x, λ) as λ → λ+

s exist and provide fundamental sets of 
solutions (as in point 1) of Lu = λsu.

5. For x ∈ R and λ ∈ Ī the functions have the form

ϕk(x, λ) = exp(iμkx)
(︁
1 + rk(x, λ)

)︁
,

χk(x, λ) = exp(iμkx)
(︁
1 + sk(x, λ)

)︁
,

(28)

where rk and sk satisfy the bounds

|rk(x, λ)| ≤ c λ−1/4(1 + x)−1, x ≥ 0,

|sk(x, λ)| ≤ c λ−1/4(1 − x)−1, x ≤ 0,
(29)

where c > 0 is a constant.

Proof. The proof of this theorem relies on standard arguments similar to those of theorem 8.1 of chapter 
3 of Coddington and Levinson [3]. Since this theorem is a key point for this work, we provide the proof in 
Appendix A. □

In the remaining of the paper the functions ϕk and χk, 1 ≤ k ≤ 4, have the properties of Theorem 4. 
There is a function C : Ī → GL(4,C), bounded, analytic in I \ {λs}, such that

χk(·, λ) =
4 ∑︂

j=1 
cjk(λ) ϕj(·, λ), 1 ≤ k ≤ 4, λ ∈ Ī , (30)

where cjk(λ) are the matrix elements C(λ). For λ → ∞ we have the estimate C(λ) = Id +O(1/λ1/4), which 
follows from the estimates of Theorem 4.

Since the differential expression L∗u has the same structure as Lu, there is an analogue to Theorem 4
concerning the solutions of L∗u = λu. That is, there are functions ϕ∗

k and χ∗
k, 1 ≤ k ≤ 4, with domain 

R × Ī, such that, for each λ ∈ Ī, {ϕ∗
k(·, λ), 1 ≤ k ≤ 4} and {χ∗

k(·, λ), 1 ≤ k ≤ 4} are fundamental sets of 
solutions of L∗u = λu. The functions ϕ∗

k and χ∗
k have the properties of ϕk and χk, respectively, listed in 

points 2-5 of Theorem 4. The functions corresponding to rk and sk of Theorem 4, and to cjk of equation 
(30), are represented by r∗k, s∗k, and c∗jk, respectively.

Lemma 5. If λ ∈ I is not an eigenvalue of L, the linear space of bounded solutions of Lu = λu has dimension 
two, and the linear space of bounded solutions of L∗u = λu has also dimension two.

Proof. In this proof the indices l and k take the values 1 ≤ l ≤ 3 and 2 ≤ k ≤ 4. Any bounded solution 
of Lu = λu is of the form ϕ =

∑︁
l αlϕl(·, λ) =

∑︁
k βkχk(·, λ), where αl and βk are complex numbers, 
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which are not necessarily independent, since relation (30) implies αl =
∑︁

k clkβk and 
∑︁

k c4kβk = 0. Unless 
c42 = c43 = c44 = 0, the last constraint on the values of βk determines a two dimensional linear subspace 
of the linear space of all triples (β2, β3, β4), and thus the linear space of bounded solutions of Lu = λu has 
dimension two. In the case c42 = c43 = c44 = 0 the values of βk are unconstrained and the linear space of 
bounded solutions of Lu = λu has dimension three. But then χ4 = c41ϕ1, with c41 ̸= 0, and then χ4 is a 
nontrivial square integrable solution of Lu = λu, what implies that λ is an eigenvalue of L, a possibility 
excluded by the hypothesis. The proof of the statement for the solutions of L∗u = λu is similar. □

The Green matrix of the system (23) is built as follows. For z ∈ C \ R we order the roots of pc(μ) − z

so that Imμ1 ≥ Imμ2 > 0 > Imμ3 ≥ Imμ4. This ordering determines the ordering of the columns of the 
fundamental matrices Φ+(·, z) and Φ−(·, z). For x ∈ R and z ∈ C \R we define the matrix

Φ(x, z) = Φ+(x, z)P+ + Φ−(x, z)P−, (31)

where P+ = diag(1, 1, 0, 0) and P− = Id−P+. The matrix Φ(x, z) is regular for all x ∈ R, and its determinant, 
W (z), is independent of x. For x, τ ∈ R and z ∈ C \R the Green matrix of the system (23) is

K(x, τ, z) =
{︄

Φ+(x, z)P+Φ−1(τ, z), x ≥ τ,

−Φ−(x, z)P−Φ−1(τ, z), x < τ,
(32)

and satisfies |K(x, τ, z)| ≤ k exp(−δ|x−τ |), for x, τ ∈ R, where k > 0 and δ > 0 depend on z but not on x or τ
[9]. The Green function of L is obtained from the Green matrix of the system (23) as G(x, τ, z) = K14(x, τ, z).

The properties of Φ+ and Φ− (Theorem 3) imply that the function W , defined in C \R, is analytic and 
can be continuously extended to the real axis both from the upper and lower open half-planes of C. These 
continuous extensions define the functions W+ and W− on R by

W±(λ) = lim 
ϵ→0+

W (λ± iϵ), λ ∈ R. (33)

The properties of Φ+ and Φ− also guarantee that for λ ∈ R the limits

G+(x, τ, λ) = lim 
ϵ→0+

G(x, τ, λ + iϵ), G−(x, τ, λ) = lim 
ϵ→0+

G(x, τ, λ− iϵ), (34)

exist if W+(λ) ̸= 0 and W−(λ) ̸= 0, respectively.
Let N+ and N− be the set of zeros of W+ and W−, respectively, and N = N+∪N−. Since W (z) = 1+o(1)

as |z| → ∞, N+, N−, and N are bounded closed nowhere dense subsets of R, and are contained in the 
spectrum of L. For n ∈ N, let us define the sets

Mn =
{︁
λ ∈ I 

⃓⃓
|W+(λ)| > 1/(2n), |W−(λ)| > 1/(2n)

}︁
, (35)

and Nn = σ(L) \Mn, so that σ(L) = Mn ∪Nn. Notice that Mn is open and unbounded and Nn is closed 
and bounded, and that Mn ⊆ Mn+1 and Nn+1 ⊆ Nn. Clearly ∩nNn = N . We define M = ∪nMn, and then 
we have M ∩N = ∅ and M ∪N = σ(L). We take λs (Theorem 4) large enough so that [λs,∞) ⊆ Mn for 
all n ∈ N.

The expression G+(x, τ, λ)−G−(x, τ, λ), for x, τ ∈ R and λ ∈ M , defines a continuous function on R×R×
M , bounded on each subset R×R×Mn, with n ∈ N. For fixed τ and λ the function G+(·, τ, λ)−G−(·, τ, λ)
is a bounded solution of Lu = λu, and for fixed x and λ the function G+(x, ·, λ) −G−(x, ·, λ) is a bounded 
solution of L∗u = λu. Therefore, there are continuous functions φj : R × M → C and φ∗

j : R × M → C, 
(j = 1, 2), bounded on each subset R×Mn (n ∈ N), such that, for each fixed λ ∈ M , φ1(·, λ) and φ2(·, λ)
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are two linearly independent bounded solutions of Lu = λu, and φ∗
1(·, λ) and φ∗

2(·, λ) are two bounded 
solutions of L∗u = λu, and

G+(x, τ, λ) −G−(x, τ, λ) = 2πi
2 ∑︂

j=1 
φj(x, λ) φ∗

j (τ, λ). (36)

The asymptotic analysis shows [9] that for fixed x and τ and λ → ∞

G+(x, τ, λ) −G−(x, τ, λ) =
2i cos

(︁
ν(λ)(x− τ)

)︁
p′c
(︁
ν(λ)

)︁ (︂
1 + o(1)

)︂
, (37)

where ν(λ) is given by the second of equations (27). Then, we can choose the functions φj so that for n ∈ N

|φj(x, λ)| ≤ cn
λ3/8 , |φ∗

j (x, λ)| ≤ cn
λ3/8 , x ∈ R, λ ∈ Mn, (38)

where the sequence cn may be unbounded.

Lemma 6. For 1 ≤ j ≤ 2, 1 ≤ l ≤ 3, and 2 ≤ k ≤ 4, there are functions αjl, βjk, α∗
jl, β∗

jk, with domain M , 
continuous on M \{λs}, and bounded on each subset Mn, with n ∈ N, such that for each x ∈ R and λ ∈ M ,

φj

(︁
x, λ

)︁
=

3 ∑︂
l=1 

αjl(λ)ϕl

(︁
x, λ

)︁
=

4 ∑︂
k=2

βjk(λ)χk

(︁
x, λ

)︁
, (39)

φ∗
j

(︁
x, λ

)︁
=

3 ∑︂
l=1 

α∗
jl(λ)ϕ∗

l

(︁
x, λ

)︁
=

4 ∑︂
k=2

β∗
jk(λ)χ∗

k

(︁
x, λ

)︁
. (40)

Moreover, there is c > 0 such that, for each λ ≥ λs,

λpl |αjl(λ)| ≤ c, λpk |βjk(λ)| ≤ c, λpl |α∗
jl(λ)| ≤ c, λpk |β∗

jk(λ)| ≤ c, (41)

where pi = 5/8 for i = 1, 4 and pi = 3/8 for i = 2, 3.

Proof. In this proof the indices take the values 1 ≤ j ≤ 2, 1 ≤ l ≤ 3, and 2 ≤ k ≤ 4. For λ ∈ M , φj(·, λ) is a 
unique linear combination of ϕm(·, λ), with 1 ≤ m ≤ 4. The boundedness of φj(·, λ) for each λ ∈ M implies 
that the coefficient of ϕ4(·, λ) has to be zero. This linear combination defines the functions αjl. The functions 
φj , ϕl are continuous and bounded on each subset R+ × (Mn \ {λs}). By Theorem 4 and Lemma 25 of 
Appendix B the functions αjl are continuous on Mn\{λs}, for each n ∈ N. Since Mn ⊂ Mn+1, the restriction 
of φj to R×Mn is continuous and bounded. By Theorem 4, the restrictions of ϕl to R+×

(︁
Mn∩ [hp, hs]

)︁
are 

continuous and bounded, and the restrictions of ϕl to R+ ×
(︁
Mn ∩ (hs,∞)

)︁
can be extended to continuous 

bounded functions on R+ ×
(︁
Mn ∩ [hs,∞)

)︁
. Then, from Lemma 25 we infer that the functions αjl are 

bounded on each bounded subset of Mn. To see that they are bounded on Mn, take λ ∈ Mn large enough 
and consider the sequences of positive numbers xm = 2πm/ν(λ), ym = xm + π/

(︁
2ν(λ)

)︁
, m ∈ N. From the 

boundedness of the sequences φj(xm, λ) and φj(ym, λ) it is easily obtained that the restrictions of αj2 and 
αj3 to Mn are bounded functions. Then, from the boundedness of φj(0, λ) and the estimates (29), we find 
that αj1 is also bounded on Mn. The proofs of the continuity and boundedness of βjk, α∗

jl, and β∗
jk are 

similar.
The estimates (38) imply that αj2(λ), αj3(λ), βj2(λ), and βj3(λ) are O

(︁
1/λ3/8)︁ for λ → ∞. From the 

relations αjl(λ) =
∑︁

k clk(λ)βjk(λ) and 
∑︁

k c4k(λ)βjk(λ) = 0, and the asymptotics cim(λ) = δim+O(1/λ1/4), 
1 ≤ i,m ≤ 4, we find that αj1(λ) and βj4(λ) are both O(1/λ5/8). The estimates (41) follow taking into 
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account the boundedness of αjl and βjk on each set Mn. The estimates for α∗
jl and β∗

jk are proved in a 
similar way. □
6. Spectral expansion

For z ∈ ρ(L) the resolvent RL(z) is an integral operator whose kernel is the Green function, G(x, τ, z). 
We obtain an integral formula for the Green function in the following standard way. Let λ0 be a real number 
such that (λ0,∞) contains the spectrum of L and the point hm, and for each ϵ > 0 let Cϵ be the curve on 
the complex plane formed by the points which are at a distance ϵ from (λ0,∞), oriented in clockwise sense. 
The curve separates the complex plane into two disjoint subsets, one of which contains the spectrum of L. 
For fixed x and τ , the function G(x, τ, ·) is analytic in the subset that does not contain the spectrum of L. 
From the behavior of G(x, τ, ξ) for large |ξ| in the subset that does not contain the spectrum of L and the 
Cauchy theorem we obtain, for z / ∈ (λ0,∞) and ϵ sufficiently small,

G(x, τ, z) = 1 
2πi

∫︂
Cϵ

G(x, τ, ξ)
ξ − z 

dξ. (42)

We divide Cϵ into three pieces, as follows. Take η > 0. The first piece, Sϵ, is the subset of points ξ ∈ Cϵ

such that Re ξ < λ0. The second piece consists of the points ξ ∈ Cϵ with λ0 ≤ Re ξ ≤ hp + η, and the third 
piece is formed by the points of Cϵ with real part larger than hp + η. Then, we have

G(x, τ, z) = 1 
2πi

∫︂
Sϵ

G(x, τ, ξ)
ξ − z 

dξ + 1 
2πi

hp+η∫︂
λ0

Fϵ(x, τ, z, λ)dλ

+ 1 
2πi

∞ ∫︂
hp+η

Fϵ(x, τ, z, λ)dλ,

(43)

where

Fϵ(x, τ, z, λ) = G(x, τ, λ + iϵ)
λ + iϵ− z 

− G(x, τ, λ− iϵ)
λ− iϵ− z 

. (44)

The next lemma is used in the proof of part of Theorem 9.

Lemma 7. For each a, b ∈ R, with a < b, and z ∈ ρ(L) \ [a, b], we have

s-lim
ϵ→0+

1 
2πi

b ∫︂
a 

(︃
RL(λ + iϵ)
λ + iϵ− z 

− RL(λ− iϵ)
λ− iϵ− z 

)︃
dλ

= 1
2RL(z)

(︂
BL

(︁
(a, b)

)︁
+ BL

(︁
[a, b]

)︁)︂
.

(45)

Proof. Using equation (11) we can rewrite the left-hand side of equation (45) as the strong limit as ϵ → 0+

of

(D1 + P0)−1D
−1/2
2

(︁
Aϵ(z) + zBϵ(z)

)︁
D

−1/2
2 + P0D

1/2
2 Bϵ(z)D−1/2

2 +

hϵ(z)(D1 + P0)−1D2
−1,

(46)

where
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Aϵ(z) = 1 
2πi

b ∫︂
a 

(︂
RΛ(λ + iϵ) −RΛ(λ− iϵ)

)︂
dλ, (47)

Bϵ(z) = 1 
2πi

b ∫︂
a 

(︂RΛ(λ + iϵ)
λ + iϵ− z 

− RΛ(λ− iϵ)
λ− iϵ− z 

)︂
dλ, (48)

hϵ(z) = 1 
2πi

b ∫︂
a 

(︃
1 

λ + iϵ− z
− 1 

λ− iϵ− z

)︃
dλ. (49)

It is clear that hϵ(z) vanishes as ϵ → 0+ since z / ∈ [a, b]. The strong limit of Aϵ(z) is given by the analogue 
of Stone’s formula (19). To obtain an expression for Bϵ(z) we take advantage of the operational calculus for 
the selfadjoint operator Λ. On [a, b] ×R we define the bounded Borel function fϵ by

fϵ(λ, ξ) = 1 
2πi

(︃
1 

(λ + iϵ− z)(ξ − λ− iϵ) − 1 
(λ− iϵ− z)(ξ − λ + iϵ)

)︃
, (50)

for λ ∈ [a, b] and ξ ∈ R. From fϵ we define the function gϵ on R by

gϵ(ξ) =
b ∫︂

a 

fϵ(λ, ξ) dλ, ξ ∈ R. (51)

Then, by lemma 4.1 of Teschl [16], Bϵ(z) = gϵ(Λ). The integral defining gϵ(ξ) can be performed by elementary 
means, and it is easy to see that gϵ is bounded uniformly in ϵ if z ̸= a, b and ϵ > 0 is sufficiently small. For 
z / ∈ [a, b] we obtain

g(ξ) = lim 
ϵ→0+

gϵ(ξ) = 1
2

(︂
χ(a,b)(ξ) + χ[a,b](ξ)

)︂ 1 
ξ − z

, ξ ∈ R, (52)

where χG is the characteristic function of the set G. The operational calculus for Λ (lemma 4.2 and theorem 
3.1 of Teschl [16]) gives

s-lim
ϵ→0+

Bϵ(z) = s-lim
ϵ→0+

gϵ(Λ) = g(Λ) = RΛ(z)1
2

(︂
EΛ

(︁
(a, b)

)︁
+ EΛ

(︁
[a, b]

)︁)︂
. (53)

Then, the left-hand side of equation (46) is equal to

1
2(D1 + P0)−1D

−1/2
2

(︁
Id + zRΛ(z)

)︁(︂
EΛ

(︁
(a, b)

)︁
+ EΛ

(︁
[a, b]

)︁)︂
D

−1/2
2 +

+1
2P0D

1/2
2 RΛ(z)

(︂
EΛ

(︁
(a, b)

)︁
+ EΛ

(︁
[a, b]

)︁)︂
D

−1/2
2 ,

(54)

which, using Id + zRΛ(z) = ΛRΛ(z), the definition of Λ, and (D1 +P0)−1D1f = PRf for f ∈ dom(D1), can 
be cast to the form

D
1/2
2 RΛ(z)1

2

(︂
EΛ

(︁
(a, b)

)︁
+ EΛ

(︁
[a, b]

)︁)︂
D

−1/2
2 . (55)

The statement of the lemma is obtained from the above expression by inserting D−1/2
2 D

1/2
2 between RΛ(z)

and the spectral projections, what is allowed since the range of EΛ([a, b]) is contained in the domain of 
D

1/2
2 . □
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For f ∈ 𝒮 we define on M the functions Tjf , Sjf , j = 1, 2, by

Tjf(λ) =
∞ ∫︂

−∞

f(τ) φ∗
j (τ, λ) dτ, Sjf(λ) =

∞ ∫︂
−∞

f(τ) φj(τ, λ) dτ, (56)

for λ ∈ M . For each n ∈ N the restrictions of the functions φj and φ∗
j to R × Mn are continuous and 

bounded, and therefore the restrictions of Tjf and Sjf (j = 1, 2) to Mn are continuous, bounded, integrable 
and square integrable functions, since, for λ ∈ Mn,

λ
⃓⃓
Tjf(λ)

⃓⃓
=

⃓⃓⃓⃓
⃓⃓

∞ ∫︂
−∞

Lf(x)φ∗
j (x, λ) dx

⃓⃓⃓⃓
⃓⃓ ≤ cn

λ3/8

∫︂
R 

|Lf(x)| dx. (57)

To derive the above inequality we use of integration by parts, which is allowed since f ∈ 𝒮, the estimates 
(38), and the fact that Lf ∈ L1(R) if f ∈ 𝒮. The analogous properties for Sjf are shown similarly.

Remark 8. The bounds of the restrictions of φj and φ∗
j to R × Mn need not be uniform in n, and thus 

Tjf and Sjf may be unbounded on M (but they are continuous). Therefore, they do not belong to L2(M)
necessarily.

Theorem 9. Let n ∈ N. For z ∈ ρ(L) \ (λ0,∞), for each f ∈ 𝒮, and for x ∈ R,

RL(z)f(x) = RL(z)BL(Nn)f(x) +
∫︂
Mn

2 ∑︂
j=1 

φj(x, λ)Tjf(λ)
λ− z 

dλ, (58)

RL∗(z)f(x) = RL∗(z)B∗
L(Nn)f(x) +

∫︂
Mn

2 ∑︂
j=1 

φ∗
j (x, λ)Sjf(λ)

λ− z 
dλ. (59)

Proof. We prove relation (58). The proof of relation (59) is similar. Take f ∈ 𝒮, multiply equation both sides 
of (43) by f(τ) and integrate over τ ∈ R. Hence we get RL(z)f(x) = Aϵf(x) + Bηϵf(x) + Cηϵf(x), where 
each term of the right-hand side of this equation is the contribution to RL(z)f(x) of the corresponding term 
of the right-hand side of equation (43). It is clear that Aϵf vanishes as ϵ → 0+, and that

Bηϵf = 1 
2πi

hp+η∫︂
λ0

(︃
RL(λ + iϵ)
λ + iϵ− z 

− RL(λ− iϵ)
λ− iϵ− z 

)︃
dλ f. (60)

Applying Lemma 7, we get that the limit of Bηϵf as ϵ → 0+ and η → 0+ is RL(z)BL

(︁
[λ0, hp]

)︁
f .

To obtain Cηϵf we define Mnη = Mn ∩ Iη and Nnη = Nn ∩ Iη, where Iη = (hp + η,∞). Notice that 
Mnη ⊆ Mnη′ and Nnη ⊆ Nnη′ if η > η′, and ∪η>0Mnη = Mn and ∪η>0Nnη = Nn ∩ I. The integral over 
Iη that defines Cηϵf is equal to the sum of an integral over Nnη and an integral over Mnη, so that we 
have Cηϵf = Dηϵf + Eηϵf , where Dηϵf and Eηϵf are the contribution of the integrals over Nnη and Mnη, 
respectively.

Let us study first Dηϵf , which is given by an expression like the right-hand side of equation (60), with 
the integral over Nnη instead of over (λ0, hp + η). Let us introduce the bounded interval Isη = (hp + η, λs). 
It is clear that Nnη = Nn ∩ Isη, and therefore the integral over Nnη is equal to the integral over Isη minus 
the integral over Isη ∩N c

n. Since N c
n is an open set, it is equal to the union of an at most countable family 

of disjoint open intervals, Ik, with k in some subset K of N. Hence, Isη ∩ N c
n = ∪k(Isη ∩ Ik). Thus Dηϵf
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is expressed as an integral over Isη minus the sum of integrals over Isη ∩ Ik. Applying Lemma 7 to each of 
these integrals we get that the limit as ϵ → 0+ of Dηϵf is

1
2RL(z)

(︂
BL(Isη) + BL(Isη) −

∑︂
k∈K

(︂
BL

(︁
Isη ∩ Ik

)︁
+ BL

(︁
Isη ∩ Ik

)︁)︂)︂
f. (61)

It is clear that σp(L)∩ I is contained in the interior of Nn, and therefore σp(L)∩ Ik = ∅ for all k ∈ K. This 
implies BL

(︁
Isη ∩ Ik

)︁
= BL(Isη ∩ Ik), and then from the expression (61) we get

lim 
ϵ→0+

Dηϵf = 1
2RL(z)

(︂
BL(Isη ∩Nn) + BL(Isη ∩Nn)

)︂
f

= 1
2RL(z)

(︂
BL(Isη) + BL(Isη)

)︂
BL(Nn)f.

(62)

The limit η → 0+ of the above expression is equal to RL(z)BL(I ∩ Nn)f . Since the spectral projections 
BL(b) are supported on the spectrum of L, and since σ(L) ∩ [λ0, hp] ⊂ Nn ∩ [λ0, hp], we obtain that the 
limit ϵ → 0+ and η → 0+ of Bηϵf +Dηϵf is equal to RL(z)BL(Nn), which is the first term of the right-hand 
side of equation (58).

It remains to analyze the contribution of Eηϵf , which is given by

Eηϵf(x) = 1 
2πi

∫︂
R 

∫︂
Mnη

Fϵ(x, τ, z, λ)f(τ) dλ dτ. (63)

By Fubini’s theorem, the iterated integrals of the right-hand side are equal to an integral over Mnη×R, the 
integrand of which, Fϵ(x, τ, z, λ)f(τ), is bounded by a function g(λ, z)|f(τ)| independent of ϵ and integrable 
on Mnη ×R. Hence, the limit ϵ → 0+ can be interchanged with the integral and we obtain the integral over 
Mnη ×R of the function

F (λ, τ) = lim 
ϵ→0+

Fϵ(x, τ, z, λ)f(τ) =
∑︁2

j=1 φj(x, λ)φ∗
j (τ, λ)

λ− z 
f(τ), (64)

for (λ, τ) ∈ Mnη ×R. In the second equality of the above expression we used equation (36). Now we can use 
Fubini’s theorem again to perform first the integral in the variable τ . Taking afterwards the limit η → 0+

we obtain the second term of the right-hand side of equation (58). □
Corollary 10. For each n ∈ N and for each f ∈ 𝒮 we have two spectral expansions:

f(x) = BL(Nn)f(x) +
∫︂
Mn

2 ∑︂
j=1 

φj(x, λ)Tjf(λ) dλ, (65)

f(x) = B∗
L(Nn)f(x) +

∫︂
Mn

2 ∑︂
j=1 

φ∗
j (x, λ)Sjf(λ) dλ. (66)

Moreover, the following analogues of the Parseval equality hold for f, g ∈ 𝒮:

(f, g) =
(︁
BL(Nn)f, g

)︁
+

∫︂
Mn

2 ∑︂
j=1 

Tjf(λ)Sjg(λ) dλ, (67)
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(f, g) =
(︁
B∗

L(Nn)f, g
)︁

+
∫︂
Mn

2 ∑︂
j=1 

Sjf(λ)Tjg(λ) dλ. (68)

Proof. Apply L− zId to equation (58) and L∗ − zId to equation (59), and notice that we can differentiate 
four times under the integral sign since, for j = 1, 2, Tjf, Sjf ∈ L1(Mn), and φj , φ∗

j , and their derivatives 
with respect to their first variable up to third order, are bounded functions on R×Mn. Equalities (67) and 
(68) are obtained, respectively, by multiplying equations (65) and (66) by g(x) and integrating in x over R, 
interchanging the order of integration in the second terms, which is clearly allowed. □
7. The bounded linear maps 𝑼𝒏 and 𝑽𝒏

Let us introduce the Hilbert space 𝒥 = L2(M)⊕L2(M), and the projections Pj : 𝒥 → L2(M), j = 1, 2, 
onto each of the two components of 𝒥 . The scalar product of f, g ∈ 𝒥 is given by

(︁
f, g

)︁
𝒥 =

∫︂
M

2 ∑︂
j=1 

Pjf(λ) Pjg(λ) dλ, (69)

and the norm of f ∈ 𝒥 is defined by ∥f∥2
𝒥 = (f, f)𝒥 .

Let χb : M → R be the characteristic function of the set b ⊆ M . For any Borel set b ⊆ R we define the 
orthogonal projection χ̂(b) in 𝒥 by Pjχ̂(b)f = χM∩bPjf , for j = 1, 2, and f ∈ 𝒥 . For n ∈ N and b ∈ ℬ
we also define the orthogonal projection χ̂n(b) = χ̂(Mn)χ̂(b) in 𝒥 . Notice that χ̂n(b) ≤ χ̂m(b) if n ≤ m

and s-limn χ̂n(b) = χ̂(b). It is convenient to introduce the notation 𝒥n = ran
(︁
χ̂n(R)

)︁
. Finally, we define the 

selfadjoint linear operator Q in 𝒥 given by

dom(Q) =

⎧⎨⎩f ∈ 𝒥 , 
∫︂
M

λ2
2 ∑︂

j=1 

⃓⃓
Pjf(λ)

⃓⃓2
dλ < ∞

⎫⎬⎭ ,

PjQf(λ) = λPjf(λ), j = 1, 2, λ ∈ M, f ∈ dom(Q).

(70)

Evidently σ(Q) = M and χ̂ is the resolution of the identity for Q. For n ∈ N we denote by Qn the restriction 
of Q to 𝒥n ∩ dom(Q). Clearly, σ(Qn) = Mn.

For f ∈ 𝒮 and n ∈ N the functions on M given by χMn
Tjf and χMn

Sjf (j = 1, 2) belong to L2(M). 
Therefore, each of these functions define linear maps from 𝒮 to L2(M). We are going to show that these 
maps are bounded and, therefore, can be continuously extended from 𝒮 to ℋ. This fact allows us to define 
the bounded linear maps Un and Vn from ℋ to 𝒥 of Theorem 11 below, which is one of the key points of 
this work.

Theorem 11. For each n ∈ N there are two bounded linear maps, Un : ℋ → 𝒥 and Vn : ℋ → 𝒥 , such that, 
for any f ∈ 𝒮

PjUnf = χMn
Tjf, PjVnf = χMn

Sjf, j = 1, 2. (71)

Proof. We proof the statement for Vn. The proof of the statement for Un is similar. Along this proof we 
use the indices j, k, and l and m, which take the values 1 ≤ j ≤ 2, 2 ≤ k ≤ 4, 1 ≤ l ≤ 3, and 2 ≤ m ≤ 3. 
We denote by ∥ · ∥L2

n
the norm in L2(Mn).

Let f ∈ 𝒮. From the definition of Sjf and Lemma 6, equation (39), we have

Sjf =
4 ∑︂

k=2

βjk

(︁
gk + uk

)︁
+

3 ∑︂
l=1 

αjl

(︁
hl + vl

)︁
, (72)
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where, for λ ∈ M ,

gk(λ) =
0 ∫︂

−∞

f(x) exp(iμkx)dx, uk(λ) =
0 ∫︂

−∞

f(x) exp(iμkx) sk(x, λ) dx, (73)

and,

hl(λ) =
∞ ∫︂
0 

f(x) exp(iμlx)dx, vl(λ) =
∞ ∫︂
0 

f(x) exp(iμlx) rl(x, λ) dx. (74)

Recall μ1 = −μ4 = iθ and μ2 = −μ3 = ν, where θ and ν are functions (of λ in the previous expressions) 
on [hp,∞) given by equation (27). For fixed λ ∈ M the functions exp(iμlx)rl(x, λ) are square integrable in 
x over (0,∞), and the functions exp(iμkx)sk(x, λ) are square integrable in x over (−∞, 0). The Schwarz 
inequality gives

|uk(λ)| ≤ cλ−1/4∥f∥, |vl(λ)| ≤ cλ−1/4∥f∥, λ ∈ Mn, (75)

where we used the bounds on rk and sk of Theorem 4, possibly with a larger value of c. Taking into account 
the bounds on βjk and αjl of Lemma 6, the restrictions of βjkuk and αjlvl to Mn are square integrable 
functions and satisfy the estimates

∥β∗
jkuk∥L2

n
≤ cn∥f∥, ∥α∗

jlvl∥L2
n
≤ cn∥f∥. (76)

The Schwarz inequality implies also that both |g4| and |h1| are bounded by (2θ)−1/2∥f∥. The bounds on 
βj4 and αj1 imply that the restrictions of βj4g4 and αj1h1 to Mn are square integrable functions and satisfy 
the estimates

∥βj4g4∥L2
n
≤ cn∥f∥, ∥αj1h1∥L2

n
≤ cn∥f∥. (77)

To analyze gm and hm (recall 2 ≤ m ≤ 3) we split f = f+ + f−, where f+ = f(x) if x ≥ 0 and f+(x) = 0 if 
x < 0. Then gm(λ) = f̃−

(︁
μm(λ)

)︁
and hm(λ) = f̃+

(︁
μm(λ)

)︁
, where f̃+ and f̃− are the Fourier transforms of 

f+ and f−, respectively. For the restriction of αjmhm to Mn we have,

∥αjmhm∥2
L2

n
=

∫︂
Mn

⃓⃓
αjm(λ)

⃓⃓2⃓⃓
f̃+

(︁
μm(λ)

)︁⃓⃓2
dλ. (78)

Performing the change of variable λ = pc(ξ) we obtain

∥αjmhm∥2
L2

n
=

∫︂
ˆ︂Mn

⃓⃓
αjm

(︁
pc(ξ)

)︁⃓⃓2⃓⃓
f̃+

(︁
(−1)mξ

)︁⃓⃓2
p′c(ξ)dξ, (79)

where ˆ︂Mn is the image of Mn under the inverse of pc. The bounds on αjm (Lemma 6) imply that 
p′c(ξ)|αjm

(︁
pc(ξ)

)︁
|2 is bounded on ˆ︂Mn, so that

∥αjmhm∥2
L2

n
≤ cn

∫︂
ˆ︂Mn

⃓⃓
f̃+

(︁
(−1)mξ

)︁⃓⃓2
dξ ≤ cn∥f+∥2 ≤ cn∥f∥2, (80)
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where we used the genuine Parseval equality. Thus, we get the estimate ∥αjmhm∥L2
n
≤ cn∥f∥. In a similar 

way we obtain ∥βjmgm∥L2
n
≤ cn∥f∥. Putting all the pieces together, we find that the restriction of Sjf to 

Mn satisfies ∥Sjf∥L2
n
≤ cn∥f∥.

Thus, we can define the bounded linear transformation Vn : ℋ → 𝒥 by setting PjVnf = χMn
Sjf for 

f ∈ 𝒮, and the results proved above provide the bound ∥Vnf∥𝒥 ≤ cn∥f∥. The image of ℋ \ 𝒮 under Vn is 
obtained by continuity. □

The analogues of Parseval’s equality, equations (67) and (68), are extended by continuity to any two 
functions f, g ∈ ℋ, and can be written in the concise ways

(f, g) =
(︁
BL(Nn)f, g

)︁
+
(︁
Unf, Vng

)︁
𝒥 =

(︁
B∗

L(Nn)f, g
)︁

+
(︁
Vnf, Ung

)︁
𝒥 . (81)

The next goal is to show that ran(Un) and ran(Vn) are dense in 𝒥n. This is an immediate consequence, 
which we state in Corollary 16, of the technical results collected in Lemmas 12, 13, 14, and 15.

Lemma 12. Let n ∈ N and f1, f2 ∈ L1(Mn) ∩ L2(Mn), and define the functions g and h on R by

g(x) =
∫︂
Mn

2 ∑︂
j=1 

φj(x, λ)fj(λ) dλ, h(x) =
∫︂
Mn

2 ∑︂
j=1 

φ∗
j (x, λ)fj(λ) dλ, (82)

for x ∈ R. Then g, h ∈ ℋ.

Proof. Since φj and φ∗
j are continuous and bounded on R×Mn and fj integrable over Mn, the functions 

g and h are well defined (and continuous) on R. We prove g ∈ ℋ. That h ∈ ℋ is proved similarly.
Let us split g = g+ + g−, where g+(x) = g(x) if x ≥ 0 and g+(x) = 0 if x < 0. We shall proof g+, g− ∈ ℋ. 

Using equation (39) for φj we write g+ = u1 + u2 + u3, where, for 1 ≤ k ≤ 3,

uk(x) =
∫︂
Mn

exp(iμkx)
(︂
1 + rk(x, λ)

)︂ 2 ∑︂
j=1 

αjk(λ)fj(λ) dλ, x ≥ 0, (83)

and uk(x) = 0 if x < 0. By Lemma 6 the functions αjk are bounded on Mn. Since θ(λ) ≥ θ0 > 0 for all 
λ ∈ M , it is clear that |u1(x)| is bounded by a constant times exp(−θ0|x|) and hence u1 ∈ ℋ. To analyze 
u2 we notice that it has two contributions, one which involves the function r2 and another one that does 
not. From the bound on r2 (Theorem 4) it is clear that the contribution which involves r2 is bounded by a 
constant times 1/(1+ |x|) and thus it belongs to ℋ. Making the change of variable λ = pc(ξ) in the integral, 
the contribution to u2 of the term that does not involve r2 is given by

∫︂
ˆ︂Mn

exp(iξx)
2 ∑︂

j=1 
αj2

(︁
pc(ξ)

)︁
fj
(︁
pc(ξ)

)︁
p′c(ξ) dξ, x ≥ 0, (84)

where ˆ︂Mn is the image of Mn by the inverse of pc. We prove below that the above integral is the Fourier 
transform of a square integrable function on R, and thus it belongs to ℋ, what implies u2 ∈ ℋ. To see that 
(84) is the Fourier transform of a square integrable function on R, notice that, for j = 1, 2,
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ˆ︂Mn

⃓⃓
αj2

(︁
pc(ξ)

)︁
fj
(︁
pc(ξ)

)︁⃓⃓2
p′ 2c (ξ) dξ =

∫︂
Mn

p′c
(︁
ν(λ)

)︁⃓⃓
αj2(λ)

⃓⃓2⃓⃓
fj(λ)

⃓⃓2
dλ

≤ c

∫︂
Mn

⃓⃓
fj(λ)

⃓⃓2
dλ < ∞,

(85)

where we used that the bounds (41) imply that p′c(ν)|αjk|2 is bounded on Mn. The proof that u3 ∈ ℋ is 
similar. Thus, g+ ∈ ℋ. In the same way we can proof that g− ∈ ℋ, and therefore we obtain g ∈ ℋ. □
Lemma 13. Let n, f1, f2, g and h as in Lemma 12, and G a bounded open subset of R. Then:

BL(Nn)g = 0, B∗
L(Nn)h = 0, (86)

BL(G)g(x) =
∫︂

Mn∩G

2 ∑︂
j=1 

φj(x, λ)fj(λ) dλ, x ∈ R, (87)

B∗
L(G)h(x) =

∫︂
Mn∩G

2 ∑︂
j=1 

φ∗
j (x, λ)fj(λ) dλ, x ∈ R. (88)

Proof. We prove the statements for g. The statements for h are proved similarly. We start with the proof of 
equation (87), which relies on the analogue of the Stone formula, equation (19). For z ∈ ρ(L) it is clear that 
RL(z)g is given by substituting fj(λ) by fj(λ)/(λ − z) in the expression that defines g. Hence, for ξ ∈ R

and ϵ > 0 we have

RL(ξ + iϵ)g(x) −RL(ξ − iϵ)g(x) =
∫︂
Mn

2iϵ 
(λ− ξ)2 + ϵ2

2 ∑︂
j=1 

φj(x, λ)fj(λ) dλ. (89)

Let (a, b) be an open bounded interval. Inserting the above equation into equation (19), interchanging the 
order of integration in the iterated integral (Fubini’s theorem is clearly applicable), and manipulating the 
resultant expression in a standard way we get

1
2

(︂
BL

(︁
(a, b)

)︁
+ BL

(︁
[a, b]

)︁)︂
g(x) =

∫︂
Mn∩(a,b)

2 ∑︂
j=1 

φj(x, λ)fj(λ) dλ dξ. (90)

Relation (90) shows that if λe is an eigenvalue of L then BL

(︁
{λe}

)︁
g = 0, since λe is contained in an open 

interval (α, β) ⊂ Nn, and then

BL

(︁
{λe}

)︁
g = BL

(︁
{λe}

)︁1
2

(︂
BL

(︁
(α, β)

)︁
+ BL

(︁
[α, β]

)︁)︂
g = 0, (91)

because (α, β) ∩Mn = ∅. Hence, the left-hand side of equation (90) can be replaced by BL

(︁
(a, b)

)︁
g(x) and 

then equation (87) holds if G is a bounded open interval. Since any bounded open set is the union of an at 
most countable family of disjoint bounded open intervals, equation (87) holds for any open bounded set G.

Now, since Nn ⊂ (λ0, λs) we have BL(Nn)g = BL

(︁
(λ0, λs)

)︁
g − BL

(︁
(λ0, λs) ∩ N c

n

)︁
g. Applying equation 

(87) to the right-hand side of this equation we obtain BL(Nn)g = 0, which is the first of equations (86). □
If f ∈ 𝒮 and G is a bounded open subset of Mn, then the spectral resolutions (65) and (66), the definition 

of Un and Vn, and Lemma 13 imply
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BL(G)f(x) =
∫︂
G 

2 ∑︂
j=1 

φj(x, λ)PjUnf(λ) dλ, (92)

B∗
L(G)f(x) =

∫︂
G 

2 ∑︂
j=1 

φ∗
j (x, λ)PjVnf(λ) dλ. (93)

Lemma 14. Let n ∈ N and f1, f2 ∈ C(Mn) ∩L1(Mn) ∩L2(Mn), and define g and h as in Lemma 12. Then 
Ung = Vnh = f , where, for j = 1, 2, Pjf(λ) = fj(λ) if λ ∈ Mn and Pjf(λ) = 0 if λ ∈ M \Mn.

Proof. Consider a sequence gm ∈ 𝒮, m ∈ N, that converges to g in ℋ. Then Ung = limm Ungm. Using the 
spectral resolution (65) for gm and taking into account that BL(Nn)g = 0 (Lemma 12) we get limm vm = 0, 
where

vm(x) =
∫︂
Mn

2 ∑︂
j=1 

φj(x, λ)
(︂
fj(λ) − PjUngm(λ)

)︂
dλ, x ∈ R. (94)

Take a bounded interval (a, b) ⊂ Mn. The continuity of BL

(︁
(a, b)

)︁
and Lemma 12 imply

lim 
m→∞

b ∫︂
a 

2 ∑︂
j=1 

φj(x, λ)
(︂
fj(λ) − PjUngm(λ)

)︂
dλ = 0, a.a. x ∈ R. (95)

Since for each fixed x the functions φj(x, ·) are square integrable on (a, b), the convergence of Ungm to Ung

in L2(Mn) gives

b ∫︂
a 

2 ∑︂
j=1 

φj(x, λ)
(︂
fj(λ) − PjUng(λ)

)︂
dλ = 0, a.a. x ∈ R. (96)

Notice that PjUng is integrable on (a, b) since it is square integrable. Therefore, the left-hand side of the 
above equation defines a continuous function of x that has to vanish for all x ∈ R since it vanishes for a.a. 
x ∈ R. Since equation (96) holds for every bounded interval contained in the open set Mn, the integrand 
has to vanish a.e. in Mn for each fixed x ∈ R:

2 ∑︂
j=1 

φj(x, λ)
(︂
fj(λ) − PjUng(λ)

)︂
= 0, x ∈ R, a.a. λ ∈ Mn. (97)

The linear independence of φ1(·, λ) and φ2(·, λ) requires PjUng(λ) = fj(λ) for a.a. λ ∈ Mn, that is, Ung = f .
The proof of Ung = f is basically identical, but it requires that φ∗

1(·, λ) and φ∗
2(·, λ) be linearly indepen

dent for a.a. λ ∈ Mn. This is the thesis of Lemma 15, the proof of which uses the part of this lemma that 
has been proved. □
Lemma 15. The functions φ∗

1(·, λ) and φ∗
2(·, λ) are linearly independent for almost all λ ∈ M .

Proof. Along this proof the index j takes the values 1 and 2. We proceed by contradiction. If the thesis is 
false, there are functions cj on M , which vanish simultaneously on at most a set of zero Lebesgue measure, 
and such that 

∑︁
j cj(λ)φ∗

j (·, λ) = 0 for a.a. λ ∈ M . Therefore, for any n ∈ N and any h ∈ 𝒮 we have ∑︁
j cj(λ)PjUnh(λ) = 0 for a.a. λ ∈ M . Take functions fj as in Lemma 14, so that there is a sequence 

of functions Ungm, m ∈ N, where gm ∈ 𝒮, such that PjUngm(λ) → fj(λ) for a.a. λ ∈ MN . We have 



20 V. Laliena / J. Math. Anal. Appl. 560 (2026) 130603 

∑︁
j cj(λ)PjUngm(λ) = 0, and therefore 

∑︁
j cj(λ)fj(λ) = 0, for a.a. λ ∈ Mn. This property has to hold 

for all continuous functions f1 and f2 on Mn that are in L1(Mn) ∩ L2(Mn), and this is only possible if c1
and c2 vanish a.e. in Mn. Since n is arbitrary, c1 and c2 do vanish a.e. in M , what contradicts our initial 
assumption. Hence, φ∗

1(·, λ) and φ∗
2(·, λ) have to be linearly independent for a.a. λ ∈ M . □

The following corollary is an immediate consequence of Lemma 14, since C(Mn) ∩ L1(Mn) ∩ L2(Mn) is 
dense in L2(Mn).

Corollary 16. ran(Un) and ran(Vn) are dense in 𝒥n.

Next theorem collects some important properties of Un and Vn that will be used later.

Theorem 17. For all n ∈ N the linear maps Un and Vn satisfy:

1. ker(Un) = ran
(︁
BL(Nn)

)︁
and ker(Vn) = ran

(︁
B∗

L(Nn)
)︁
.

2. UnRL(z) = RQn
(z)Un and VnRL∗(z) = RQn

(z)Vn for all z ∈ ρ(L).
3. UnLf = QnUnf if f ∈ dom(L), and VnL

∗f = QnVnf if f ∈ dom(L∗).

Proof. Point 1 follows almost immediately from the analogue of the Parseval equality (81) and the density 
of ran(Vn) in 𝒥n. To prove the first relation of point 2 we notice it holds for f ∈ 𝒮 due to equation (58) 
of Lemma 9, equation (20), point 1 of this lemma, and Lemma 14. Then, the relation is extended to ℋ by 
continuity. The second relation of point 2 follows in a similar way. Point 3 is obtained easily from point 2. □

The projections BL(Nn) and B∗
L(Nn) induce decompositions of ℋ as a direct sum of two closed subspaces:

ℋ = ran
(︁
BL(Nn)

)︁
⊕ 𝒰n = ran

(︁
B∗

L(Nn)
)︁
⊕ 𝒱n, (98)

where we introduce the notation 𝒰n = ker
(︁
BL(Nn)

)︁
and 𝒱n = ker

(︁
B∗

L(Nn)
)︁
. Let Un be the restriction of 

Un to 𝒰n and Vn the restriction of Vn to 𝒱n.

Theorem 18. For each n ∈ N, Un is a continuous linear bijection from 𝒰n onto 𝒥n which has a continuous 
inverse, and Vn is a continuous linear bijection from 𝒱n onto 𝒥n which has a continuous inverse.

Proof. Clearly, Un is injective and bounded, and ran(Un) = ran(Un). Let us show that the inverse of Un

is bounded. If f ∈ ran(Un), then there is a unique g ∈ 𝒰n such that Ung = f , and g = U−1
n f . Since g ∈ 𝒰n

implies BL(Nn)g = 0, the Parseval equality (81) gives ∥g∥2 = (Vng, Ung)𝒥 , and since Vn is bounded we get 
∥g∥ ≤ ∥Vn∥∥Ung∥𝒥 , that is, ∥U−1

n f∥ ≤ ∥Vn∥∥f∥𝒥 . Since Un has a bounded inverse, its range of is closed, 
and then ran(Un) = 𝒥n, because, by Corollary 16, ran(Un) is dense in 𝒥n. This proves that Un is a bounded 
bijection of 𝒰n onto 𝒥n which has a bounded inverse. The claim for Vn is proved similarly. □

An important byproduct of Theorem 18 is emphasized in the following corollary.

Corollary 19. ran(Un) = ran(Vn) = 𝒥n for all n ∈ N.

The extension to ℋ of the spectral expansions (65) and (66) can be written concisely as

Id = BL(Nn) + U−1
n Un = B∗

L(Nn) + V−1
n Vn. (99)
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8. Spectral resolution of the identity for 𝑳

The results of the previous sections allow us to show that there are spectral resolutions of the identity 
for L and L∗, and that both L and L∗ are spectral operators of scalar type. We start noticing that for any 
n ∈ N and b ∈ ℬ the linear operators U−1

n χ̂n(b)Un and V−1
n χ̂n(b)Vn are bounded projections on ℋ. From 

Lemma 13 we obtain

U−1
n χ̂n(b)Unf(x) =

∫︂
Mn∩ b

2 ∑︂
j=1 

φj(x, λ)PjUnf(λ) dλ, (100)

V−1
n χ̂n(b)Vnf(x) =

∫︂
Mn∩ b

2 ∑︂
j=1 

φ∗
j (x, λ)PjVnf(λ) dλ, (101)

for any f ∈ 𝒮 and x ∈ R.

Lemma 20. If n ∈ N, b1 ∈ ℬb, and b2 ∈ ℬ, then

BL(b1)U−1
n χ̂n(b2)Un = U−1

n χ̂n(b1 ∩ b2)Un, (102)

B∗
L(b1)V−1

n χ̂n(b2)Vn = V−1
n χ̂n(b1 ∩ b2)Vn. (103)

Proof. We prove only equality (102). The other equality is proved similarly. If b1 is open, equation (100) 
and Lemma 13 show that (102) holds in 𝒮 and then, by continuity, in ℋ. Consider now a general bounded 
Borel set b1 and take an open bounded set G1 such that b1 ⊂ G1. All projections BL(b), where b is a Borel 
set contained in G1, are uniformly bounded: there is c > 0 such that ∥BL(b)∥ < c (section 4). Let μℓ be the 
Lebesgue measure on R. There is an open set G2 such that b1 ⊆ G2 ⊂ G1 and μℓ(G2\b1) is as small as desired. 
Let f ∈ ℋ and g = U−1

n χ̂n(b2)Unf . Since G2 is open and bounded we have BL(G2)g = U−1
n χ̂n(G2∩b2)Unf , 

and thus

BL(b1)g −U−1
n χ̂n(b1 ∩ b2)Unf = U−1

n χ̂n

(︁
(G2 \ b1) ∩ b2

)︁
Unf −BL(G2 \ b1)g. (104)

There is also an open set G3 such that G2 \ b1 ⊆ G3 and μℓ(G3) − μℓ(G2 \ b1) is as small as desired. We 
have

∥BL(G2 \ b1)g∥ = ∥BL(G2 \ b1)BL(G3)g∥ ≤ c∥BL(G3)g∥
≤ c∥U−1

n ∥∥χ̂n(G3 ∩ b2)Unf∥Jn
,

(105)

where we used equality (102) for G3, which is open and bounded. Take any ϵ > 0. By a proper choice of G2
and G3 we can have

∥χ̂n

(︁
(G2 \ b1) ∩ b2

)︁
Unf∥Jn

≤ ϵ 

2∥U−1
n ∥

, (106)

∥χ̂n(G3 ∩ b2)Unf∥Jn
≤ ϵ 

2c∥U−1
n ∥

. (107)

Then, from equation (104) we obtain ∥BL(b1)g−U−1
n χ̂(b1∩b2)Unf∥ ≤ ϵ for any ϵ > 0, what proves equality 

(102). □
We extend BL to a bounded algebra homomorphism, EL, from ℬ onto a subset of ℒ(ℋ), by defining the 

map EL : ℬ → ℒ(ℋ) by
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EL(b) = BL(Nn ∩ b) + U−1
n χ̂n(b)Un, b ∈ ℬ, n ∈ N. (108)

The right-hand side of the above equation is independent of n, what can be easily proved using the following 
equalities, which hold for n ≥ m: first, from the definitions it is obvious that Um = χ̂n(Mm)Un and 
Vm = χ̂n(Mm)Vn; second, U−1

n χ̂n(Mm)χ̂n(b)Un = U−1
m χ̂m(b)Um (this is also rather obvious but it can be 

proved using the analogue of the Parseval equality); and third, Nn ∪ (Mn \Mm) = Nm. From these facts, 
and using Lemma 20, we have

BL(Nn ∩ b) + U−1
n χ̂n(b)Un = BL(Nn ∩ b) + U−1

n χ̂n(M1)χ̂n(b)Un

+U−1
n χ̂n(Mn \M1)χ̂n(b)Un = BL(Nn ∩ b) + U−1

1 χ̂1(b)U1

+BL

(︁
(Mn \M1) ∩ b

)︁
U−1

n Un = BL(N1 ∩ b) + U−1
1 χ̂1(b)U1.

(109)

The strong limit of U−1
n χ̂n(b)Un as n → ∞ exits,

s-lim
n→∞ 

U−1
n χ̂n(b)Un = BL

(︁
(M \M1) ∩ b

)︁
+ U−1

1 χ̂1(b)U1, (110)

and is a bounded projection, with a bound independent of b. Then, to fully exploit the spectral expansions, 
equations (65) and (100), it may be interesting to express EL as

EL(b) = BL(N ∩ b) + s-lim
n→∞ 

U−1
n χ̂n(b)Un, b ∈ ℬ. (111)

We are ready to discuss the conclusions of this work, collected in the next two theorems.

Theorem 21. The map EL extends BL from ℬb to ℬ, and is a spectral resolution of the identity for L. That 
is:

1. EL(b) = BL(b) for each bounded Borel set b.
2. There is c > 0 such that ∥EL(b)∥ ≤ c for all b ∈ ℬ.
3. EL(∅) = 0 and EL(R) = EL

(︁
σ(L)

)︁
= Id.

4. EL(b1 ∩ b2) = EL(b1)EL(b2) for b1, b2 ∈ ℬ.
5. EL(b1 ∪ b2) = EL(b1) + EL(b2) − EL(b1)EL(b2) for b1, b2 ∈ ℬ.
6. If {bi, i ∈ N} is a sequence of pairwise disjoint Borel sets and f ∈ ℋ, then EL

(︁
∪i bi

)︁
f =

∑︁∞
i=1 EL(bi)f .

7. If {bi, i ∈ N} is an ascending sequence of Borel sets and f ∈ ℋ, then EL

(︁
∪i bi

)︁
f = limi EL(bi)f . If the 

sequence is descending, then we have EL

(︁
∩i bi

)︁
f = limi EL(bi)f .

8. If b ∈ ℬ and z ∈ ρ(L) then EL(b)RL(z) = RL(z)EL(b).
9. If b ∈ ℬ is bounded, then ran

(︁
EL(b)

)︁
⊂ dom(L).

10. If b ∈ ℬ and f ∈ dom(L) then EL(b)f ∈ dom(L) and

EL(b)Lf = LEL(b)f. (112)

11. If b ∈ ℬ and Lb is the restriction of L to ran
(︁
EL(b)

)︁
, then σ(Lb) ⊆ b.

Proof. Point 1 follows easily from Lemma 20 (with b1 = b and b2 = R) and equality (99), since for any 
b ∈ ℬb we have

EL(b) = BL(b)
(︂
BL(Nn) + U−1

n Un

)︂
= BL(b). (113)

Point 2 follows from the fact that the projections BL(b) corresponding to Borel sets b contained in the 
bounded set N1 are uniformly bounded, and that ∥χ̂1(b)∥ ≤ 1 for all b ∈ ℬ. Point 3 follows from BL(∅) = 0
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and χ̂(∅) = 0, from σ(L) = Mn∪Nn, and from relation (99). Points 4, 5, and 6 follow from the corresponding 
properties of the projections BL and χ̂n, and from BL(Nn ∩ b1)U−1

n χ̂n(b2)Un = 0 for any b1, b2 ∈ ℬ. Point 
7 follows from point 6 and simple standard arguments. Point 8 follows from the corresponding property for 
BL, equation (20), and point 2 of Theorem 17. Point 9 follows from equality (22), since EL(b) = BL(b) for 
b ∈ ℬb. Point 10 follows easily from point 9 of this theorem.

To prove point 11, we determine ρ(Lb) by considering (Lb − zId)f = g for g ∈ ran
(︁
EL(b)

)︁
and z ∈ C. 

Applying BL(Nn ∩ b) and χ̂n(b)Un to both sides of this equation, and using point 3 of Theorem 17, we get

EΛ(Nn ∩ b)(Λ − zId)D−1/2
2 f = EΛ(Nn ∩ b)D−1/2

2 g, (114)(︁
Qn − zId)χ̂n(b)Unf = χ̂n(b)Ung. (115)

We will have z ∈ ρ(Lb) if and only if the above equations have a unique uniformly bounded solution for each 
g ∈ ran

(︁
EL(b)

)︁
. If h ∈ ran

(︁
EΛ(Nn ∩ b)

)︁
then h ∈ dom(Λ) ⊂ dom(D1/2

2 ) and h = D
−1/2
2 EL(Nn ∩ b)D1/2

2 h. 
Therefore, equation (114) has a unique uniformly bounded solution if and only if z ∈ ρ(ΛNn∩b), where 
ΛNn∩b is the restriction of Λ to ran

(︁
EΛ(Nn ∩ b)

)︁
. Since the image of ran

(︁
EL(b)

)︁
under χ̂n(b)Un is equal 

to ran
(︁
χ̂n(b)

)︁
, equation (115) will have a unique uniformly bounded solution if and only if z ∈ ρ(QMn∩b), 

where QMn∩b is the restriction of Qn to ran
(︁
χ̂(Mn ∩ b)

)︁
. Therefore, ρ(Lb) = ρ(ΛNn∩b) ∩ ρ(QMn∩b), and 

then σ(Lb) = σ(ΛNn∩b) ∪ σ(QMn∩b) ⊆ (Nn ∩ b) ∪ (Mn ∩ b) ⊆ b, where we used the spectral properties of 
the selfadjoint operators Λ and Q. □

The integral with respect to a projection valued measure such as EL or EΛ, which appears in the next 
theorem, is defined and studied, for instance, in Dunford and Schwartz, chapter XI [6].

Theorem 22. If {bn, n ∈ N} is an ascending sequence of bounded Borel sets such that σ(L) ⊆ ∪nbn, then, 
for f ∈ dom(L),

Lf = lim 
n→∞

∫︂
bn

λ EL(dλ) f. (116)

Proof. We notice that EL(bn) = BL(bn) since bn is bounded for all n ∈ N. For any b ⊆ bn we can write 
equation (22) as

BL(b) = (D1 + P0)−1D
−1/2
2 ΛEΛ(bn)EΛ(b)D−1/2

2 + P0D
1/2
2 EΛ(b)D−1/2

2 . (117)

Then, since ΛEΛ(bn) is a bounded operator, we have∫︂
bn

λ EL(dλ) = (D1 + P0)−1D
−1/2
2 ΛEΛ(bn)

∫︂
bn

λ EΛ(dλ) D−1/2
2

+P0D
1/2
2

∫︂
bn

λ EΛ(dλ) D−1/2
2 = LBL(bn) = LEL(bn),

(118)

where in the last equality we used 
∫︁
bn

λEΛ(dλ) = ΛEΛ(bn). For f ∈ dom(L) we have LEL(bn)f = EL(bn)Lf
(point 10 of Theorem 21). Using equation (118) and taking the limit n → ∞ (using points 7 and 3 of 
Theorem 21) we obtain Equation (116). □

Theorem 22 shows that L is an unbounded spectral operator of scalar type, in the sense of Bade [1]. 
Furthermore, Theorems 21 and 22 ensure that it is possible to establish an operational calculus for L as it 
is done for selfadjoint operators. It is clear that L∗ is also an unbounded spectral operator of scalar type, 
and its spectral resolution of the identity is EL∗(b) = EL(b)∗ for b ∈ ℬ.
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9. Final remarks

If, instead of 
∫︁
R(1+|x|3)|q(k)

i (x)|dx < ∞, we require that the functions qi satisfy 
∫︁
R exp(γ|x|)|q(k)

i (x)|dx <

∞ for some γ > 0, i = 1, 2, and 0 ≤ k ≤ 2, as it happens in the case of the spin wave dynamics in presence 
of a magnetic soliton, it can be shown that the fundamental matrices of Theorem 3 are such that, for fixed 
x, Φ+(x, ·) and Φ−(x, ·) can both be extended analytically from the upper and lower half-planes to open 
sets that contain R \ {hm, hp}. This implies that the zeros of W+ and W− are isolated and can accumulate 
only at hm and hp. Therefore, in this case N = σp(L) ∪ {hp} and M = (hp,∞) \ σp(L), and we have, for 
any f ∈ ℋ,

BL(N)f =
∑︂
n 

dn∑︂
α=1

(f, ξ∗nα)ξnα, (119)

where n runs over the eigenvalues of L and dn ≤ 2 is the dimension of the fundamental subspace corre
sponding to the n-th eigenvalue, λn. For each n, the functions ξnα span the fundamental subspace of L
corresponding to λn, and the functions ξ∗nα span the fundamental subspace of L∗ corresponding to λn, and 
satisfy the condition (ξnα, ξ∗mβ) = δnmδαβ . If ψnα constitute an orthogonal basis the fundamental subspace 

of Λ corresponding to λn, we can take ξnα = D
1/2
2 ψnα and ξ∗nα = D

−1/2
2 ψnα.

The main obstacle to proof that an operator is spectral is found in proving that it has no spectral 
singularity (that is, that the spectral projections are uniformly bounded). For instance, Huige proved [8] that 
ordinary differential operators of a certain class, which include L and L∗, have, under certain hypothesis, 
spectral projections associated to the Borel sets whose closure exclude a finite set of exceptional points. 
However, these projections need not be uniformly bounded. Moreover, among the hypothesis there is one 
which implies the assumption that the only spectral singularities belong to the exceptional set.

Mackey proved (theorem 55 of [12], see also [18]) that any bounded spectral measure, such as EL, is 
similar to a selfadjoint spectral measure, in the sense that there is a continuous linear bijection A of ℋ, 
hence with continuous inverse, such that A−1EL(b)A is selfadjoint for each b ∈ ℬ. This means that any 
spectral operator of scalar type is similar to a self-adjoint operator. In our case, there is a selfadjoint operator 
H such that A−1LA = H. A similar statement is true for L∗. Evidently, A is not equal to D1/2

2 and thus 
H is not equal to Λ. Nonselfadjoint operators that are similar to selfadjoint operators are sometimes called 
quasi-selfadjoint operators in the literature [2]. Actually, quasi-selfadjoint operators are defined as operators 
which are similar to their adjoints, but it is easy to show (proposition 5.5.2 of [2]) that quasi-selfadjointness 
is equivalent to being similar to a selfadjoint operator. Thus, using this terminology, the conclusion of this 
work may be quickly summarized by saying that L and L∗ are quasi-selfadjoint operators.
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Appendix A. Proof of Theorem 4

To prove Theorem 4 we analyze the solutions of Lu = λu for λ ∈ [hp, λs] and for λ ∈ [λs,∞) separately. 
Recall that λs > hp is a sufficiently large positive number. This fourth order differential equation is equivalent 
to the first order linear system (23). Recall also that for λ ∈ [hp,∞) the roots of pc(μ) − λ are μ1 = iθ, 
μ2 = ν, μ3 = −ν, μ4 = −iθ, with θ and ν functions of λ given by equations (27). We denote by ej (1 ≤ j ≤ 4) 
the vectors of the canonical basis of C4. For 1 ≤ k ≤ 4 the eigenvalues of the matrix A entering equation (23) 
are iμk, and an eigenvector corresponding to iμk is pk =

∑︁
j(iμk)j−1ej . The 4×4 matrix whose k-th column 
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is pk is denoted by Π. If all the eigenvalues of A are different, then Π is the transpose of a non-singular 
Vandermonde matrix and we have (︁

Π−1)︁
k4 = i 

p ′
c(μk)

= i 
μk(μ2

k + ha)
. (A.1)

Let D(x) be the 4 × 4 diagonal matrix with matrix elements D(x)jk = exp(iμjx)δjk. Notice that ΠD(x) is 
a fundamental matrix of the system y′ = Ay if λ > hp. The λ dependence of μk, pk, Π, and D(x) is not 
always explicitly shown to avoid clumsy expressions.

Theorem 4 is a corollary of the following two theorems about the solutions of the linear system (23).

Theorem 23. If λs > hp is large enough, there are functions y+
k and y−k , 1 ≤ k ≤ 4, with domain R× [λs,∞)

and image in C4, which are written in the form

y+
k (x, λ) = exp(iμkx)Π

(︁
ek + v+

k (x, λ)
)︁
,

y−k (x, λ) = exp(iμkx)Π
(︁
ek + v−k (x, λ)

)︁
,

(A.2)

for (x, λ) ∈ R× [λs,∞), such that

1.
{︁
y+
k (·, λ), 1 ≤ k ≤ 4

}︁
and 

{︁
y−k (·, λ), 1 ≤ k ≤ 4

}︁
are two fundamental sets of solutions of the system 

(23) for each λ ∈ [λs,∞).
2. The functions v+

k and v−k are continuous on R× [λs,∞), and satisfy

|v+
k (x, λ)| ≤ c ν(λ)−1(︁1 + x3)︁−1

, x ≥ 0, λ ∈ [λs,∞), (A.3)

|v−k (x, λ)| ≤ c ν(λ)−1(︁1 − x3)︁−1
, x ≤ 0, λ ∈ [λs,∞), (A.4)

where c is a constant.
3. For each fixed x ∈ R, v+

k (x, ·) and v−k (x, ·) are analytic in [λs,∞).

Proof. For 1 ≤ k ≤ 4 we obtain y+
k as follows. For 1 ≤ j ≤ 4 define s1j = 1 if Imμj − Imμk > 0 and 

s1j = 0 otherwise, and s2j = 1 − s1j . For l = 1, 2, let Dl(x) be the 4 × 4 diagonal matrix whose matrix 
elements are Dl(x)ij = slj exp(iμjx)δij . Notice that ΠDl(x) are solution matrices of the system (23), and 
D(x) = D1(x) + D2(x). For (x, λ) ∈ [0,∞) × [λs,∞) consider the integral equation

y(x, λ) = exp(iμkx)pk +
x ∫︂

0 

ΠD1(x)D(−τ)Π−1B(τ)y(τ, λ)dτ

−
∞ ∫︂
x 

ΠD2(x)D(−τ)Π−1B(τ)y(τ, λ)dτ.

(A.5)

If this equation has a solution, then it is a solution of the system (23). The function ỹ(x, λ) = Π−1(λ)y(x, λ), 
for (x, λ) ∈ [0,∞) × [λs,∞), satisfies the equation

ỹ(x, λ) = exp(iμkx)ek +
x ∫︂

0 

D1(x)D(−τ)B̃(τ)ỹ(τ, λ)dτ

−
∞ ∫︂
x 

D2(x)D(−τ)B̃(τ)ỹ(τ, λ)dτ,

(A.6)
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where B̃(τ) = ΠB(τ)Π−1. We need a bound on the norm of B̃. From equations (24) and (A.1) we get for 
1 ≤ i, j ≤ 4:

B̃ij(τ) = i 
p ′
c(μi)

3 ∑︂
l=1 

(︁
iμj

)︁l−1
B4l(τ). (A.7)

Since |μj |l−1/p ′
c(μi) ≤ θl−1/

(︁
2ν(θ2 + ν2)

)︁
≤ θl−3/(2ν) and θ ≥ θ0 > 0, we obtain |B̃(τ)| ≤ (c0/ν)|B(τ)|, 

where c0 is a constant. Let us try successive approximations to the solution of equation (A.6): ỹ(0)(x, λ) = 0
and for j ∈ N

ỹ(j)(x, λ) = exp(iμkx)ek +
x ∫︂

0 

D1(x)D(−τ)B̃(τ) ỹ(j−1)(τ, λ)dτ

−
∞ ∫︂
x 

D2(x)D(−τ)B̃(τ) ỹ(j−1)(τ, λ)dτ.

(A.8)

We have ỹ(1)(x, λ) = exp(iμkx)ek and |ỹ(1)(x, λ)| = exp(−Imμkx). The functions ỹ(j) are continuous on 
[0,∞) × [λs,∞), and, for fixed x, ỹ(j)(x, ·) is analytic in [λs,∞). Now we show that if x ≥ 0 and λ ≥ λs, 
with λs large enough, then ⃓⃓

ỹ(j+1)(x, λ) − ỹ(j)(x, λ)
⃓⃓
≤ (1/2)j exp

(︁
− Imμkx

)︁
(A.9)

for j ∈ N. We proceed by induction. For j = 0 the inequality holds. Assuming that it holds for some 
j ∈ N ∪ {0}, equation (A.8) imply

⃓⃓
ỹ(j+2)(x, λ) − ỹ(j+1)(x, λ)

⃓⃓
≤ (1/2)j exp(−Imμkx) c0

ν(λ)

∞ ∫︂
0 

|B(τ)|dτ. (A.10)

If λs is large enough so that c0 ν(λs)−1 ∫︁∞
0 |B(τ)|dτ ≤ 1/2, then inequality (A.9) is proved (recall that ν

is an increasing unbounded function of λ). Hence, the sequence ỹ(j) converges uniformly on each compact 
set [0, x1] × [λs, λ1], with x1 ∈ R+ and λ1 > λs, to a function ỹ+

k which, consequently, is continuous in 
[0,∞) × [λs,∞). Moreover, for fixed x ∈ [0,∞), the function ỹ+

k (x, ·) is analytic in a neighborhood of 
[λs,∞). The bound |ỹ+

k (x, λ)| ≤ 2 exp(−Imμkx) is easily obtained by summing the inequality

|ỹ(j+1)(x, λ)| − |ỹ(j)(x, λ)| ≤ (1/2)j exp(−Imμkx), (A.11)

from j = 0 to l and taking the limit l → ∞. From ỹ+
k (x, λ) we obtain y+

k (x, λ) = Πỹ+
k (x, λ), and v+

k (x, λ) =
exp(−iμkx)ỹ+

k (x, λ), so that

v+
k (x, λ) = exp(−iμkx)

⎛⎝ x ∫︂
0 

D1(x)D(−τ)B̃(τ)ỹ+
k (τ, λ)dτ

−
∞ ∫︂
x 

D2(x)D(−τ)B̃(τ)ỹ+
k (τ, λ)dτ

⎞⎠ .

(A.12)

From this equation we get |v+
k (x, λ)| ≤ (2c0/ν)

(︁
I1(x) + I2(x)

)︁
, where
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I1(x) =
x ∫︂

0 

4 ∑︂
j=1 

s1j exp
(︂
− (Imμj − Imμk)(x− τ)

)︂
|B(τ)|dτ, (A.13)

I2(x) =
∞ ∫︂
x 

4 ∑︂
j=1 

s2j exp
(︂
− (Imμj − Imμk)(x− τ)

)︂
|B(τ)|dτ. (A.14)

We have

I2(x) ≤ 4
∞ ∫︂
x 

|B(τ)|dτ ≤ 4
∞ ∫︂
x 

1 + τ3

1 + x3 |B(τ)|dτ ≤ c2
1 + x3 , (A.15)

where c2 is a constant, independent of λ. We also have

I1(x) ≤ 4
x ∫︂

0 

exp
(︁
− θ0(x− τ)

)︁
|B(τ)|dτ ≤

4

⎛⎜⎝ x/2∫︂
0 

exp
(︁
− θ0(x− τ)

)︁
|B(τ)|dτ +

x ∫︂
x/2

|B(τ)|dτ

⎞⎟⎠ ≤

4

⎛⎜⎝exp(−θ0x/2)
x/2∫︂
0 

|B(τ)|dτ +
x ∫︂

x/2

1 + 8τ3

1 + x3 |B(τ)|dτ

⎞⎟⎠ ≤ c1
1 + x3 ,

(A.16)

where c1 is another constant. In this way we get the bound on |v+
k (x, λ)| of equation (A.3). The function 

y+
k extended to R × [λs,∞) with the required properties is obtained by solving the system (23) with the 

initial condition at x = 0 given by y(0) = Π(λ)
(︁
ek + v+

k (0, λ)
)︁
.

The existence of the functions y−k with the required properties is proved similarly. □
The matrix Π(λ) is singular at λ = hp because in this case ν = 0 and p2 = p3. A fundamental matrix of 

the system y′ = Ay with an inverse bounded in [hp, λs] has to be built in a different way. Let Ψ(x) the 4×4
matrix whose first, second, and fourth columns are p1, p2, and p4, respectively, and whose third column is

1 
ν

(︁
p3 − exp(−i2νx)p2

)︁
if λ ∈ (hp, λs], xe1 + e2 if λ = hp. (A.17)

Again the λ dependence of Ψ(x) is not explicitly shown to avoid unwieldy expressions. Clearly, Ψ(x)D(x)
is a fundamental matrix of y′ = Ay. We notice

detΨ(x) = 1 
ν

detΠ = 2θ(θ2 + ν2) ≥ 2θ3
0 > 0, λ ≥ hp. (A.18)

From this it is easy to see that there is c0 is independent of x and λ such that |Ψ(x)| ≤ c0(1 + |x|) and 
|Ψ−1(x)| ≤ c0(1 + |x|) hold for (x, λ) ∈ R× [hp, λs].

Theorem 24. For any λs > hp there are functions z+
k and z−k , 1 ≤ k ≤ 4, with domain R × [hp, λs] and 

image in C4, which are written in the form

z+
k (x, λ) = exp(iμkx)

(︁
pk + w+

k (x, λ)
)︁
,

z−k (x, λ) = exp(iμkx)
(︁
pk + w−

k (x, λ)
)︁
,

(A.19)
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such that

1.
{︁
z+
k (·, λ), 1 ≤ k ≤ 4

}︁
and 

{︁
z−k (·, λ), 1 ≤ k ≤ 4

}︁
are two fundamental sets of solutions of the system 

(23) for each λ ∈ (hp, λs].
2. The functions w+

k and w−
k are continuous on R× [hp, λs], and satisfy

|w+
k (x, λ)| ≤ c (1 + x)−1, x ≥ 0, λ ∈ [hp, λs], (A.20)

|w−
k (x, λ)| ≤ c (1 − x)−1, x ≤ 0, λ ∈ [hp, λs], (A.21)

where c is a constant (independent of x and λ, it may depend on λs).
3. For fixed x ∈ R, w+

k (x, ·) and w−
k (x, ·) are analytic in (hp, λs].

Proof. For 1 ≤ k ≤ 4 we obtain z+
k as follows. For l = 1, 2 and 1 ≤ j ≤ 4 define slj and Dl(x) as in the 

proof of Theorem 24. Notice that D(x) = D1(x)+D2(x) and that Ψ(x)Dl(x), l = 1, 2, are solution matrices 
of the system (23). Let x0 ≥ 0 be a constant to be determined, and for (x, λ) ∈ [x0,∞) × [hp, λs] consider 
the integral equation

y(x, λ) = exp(iμkx)pk +
x ∫︂

x0

Ψ(x)D1(x)D(−τ)Ψ−1(τ)B(τ)y(τ, λ)dτ

−
∞ ∫︂
x 

Ψ(x)D2(x)D(−τ)Ψ−1(τ)B(τ)y(τ, λ)dτ.

(A.22)

If this equation has a solution, then it is a solution of the system (23). Let us consider the successive 
approximations y(0)(x, λ) = 0 and, for j ∈ N,

y(j)(x, λ) = exp(iμkx)pk +
x ∫︂

x0

Ψ(x)D1(x)D(−τ)Ψ−1(τ)B(τ) y(j−1)(τ, λ)dτ

−
∞ ∫︂
x 

Ψ(x)D2(x)D(−τ)Ψ−1(τ)B(τ) y(j−1)(τ, λ)dτ.

(A.23)

We have y(1)(x, λ) = exp(iμkx)pk and |y(1)(x, λ)| = exp(−Imμkx)|pk|. The functions y(j) are continuous 
on [x0,∞) × [hp, λs] and, for fixed x ≥ x0, y(j)(x, ·) are analytic in (hp, λs]. Define c1 = max{|pk|, 1 ≤ k ≤
4, hp ≤ λ ≤ λs}. We now show that if x0 is large enough then

⃓⃓
y(j+1)(x, λ) − y(j)(x, λ)

⃓⃓
≤ c1(1/2)j exp(−Imμkx) (A.24)

for x ≥ x0, λ ∈ [hp, λs], and j ∈ N ∪{0}. We proceed by induction. For j = 0 the inequality holds. Suppose 
that it holds for some j ∈ N ∪ {0}. This assumption, equation (A.23), and the bounds on Ψ(x) and Ψ−1(x)
imply

⃓⃓
y(j+2)(x, λ) − y(j+1)(x, λ)

⃓⃓
≤ c2(1 + x)(1/2)j exp(−Imμkx)J(x), (A.25)

where c2 is a constant, J(x) = I1(x) + I2(x), and
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I1(x) =
x ∫︂

x0

4 ∑︂
j=1 

s1j exp
(︂
− (Imμj − Imμk)(x− τ)

)︂
(1 + τ)|B(τ)|dτ, (A.26)

I2(x) =
∞ ∫︂
x 

4 ∑︂
j=1 

s2j exp
(︂
− (Imμj − Imμk)(x− τ)

)︂
(1 + τ)|B(τ)|dτ. (A.27)

As in the proof of Theorem 23, inequalities (A.13) and (A.14), we get that I1(x) and I2(x) are bounded by 
c3/(1 + x)2 if x ≥ x0. Then, choosing x0 so that 2c3c2/(1 + x0) ≤ 1/2 we get⃓⃓

y(j+2)(x, λ) − y(j+1)(x, λ)
⃓⃓
≤ c1(1/2)j+1 exp(−Imμkx), (A.28)

for all x ≥ x0 and λ ∈ [hp, λs], and inequality (A.24) is proved. Hence, the sequence y(j) converges uniformly 
on each set [x0, x1]× [hp, λs], with x1 > x0, to a function z+

k which, consequently, is continuous on [x0,∞)×
[hp, λs]. Moreover, for fixed x ∈ [x0,∞), the function z+

k (x, ·) is analytic on (hp, λs]. The bound |z+
k (x, λ)| ≤

2c1 exp(−Imμkx), for x ≥ x0, is easily obtained by summing the inequality

|y(j+1)(x, λ)| − |y(j)(x, λ)| ≤ c1(1/2)j exp(−Imμkx), (A.29)

from j = 0 to l and taking the limit l → ∞. From z+
k (x, λ) we obtain w+

k (x, λ) = exp(−iμkx)z+
k (x, λ)− pk, 

so that

w+
k (x, λ) = exp(−iμkx)

⎛⎝ x ∫︂
x0

Ψ(x)D1(x)D(−τ)Ψ−1(τ)B(τ)z+
k (τ, λ)dτ

−
∞ ∫︂
x 

Ψ(x)D2(x)D(−τ)Ψ−1(τ)B(τ)z+
k (τ, λ)dτ

⎞⎠ .

(A.30)

From this equation and the bounds on the different factors of the integrands, we get |w+
k (x, λ)| ≤ 2c1c20(1+

x) exp(−Imμkx)
(︁
I1(x)+I2(x)

)︁
, for x ≥ x0, where I1(x) and I2(x) are given by equations (A.26) and (A.27), 

respectively. From the bounds on I1(x) and I2(x) obtained above we get the estimate |w+
k (x, λ)| ≤ c/(1+x)

for (x, λ) ∈ [x0,∞) × [hp, λs]. The function z+
k extended to R × [hp, λs] with the required properties is 

obtained by solving the system (23) with the initial condition at x = x0 given by y(x0) = pk + w+
k (x0, λ). 

The functions z+
k thus obtained are continuous R× [hp, λs] and hence bounded on [0, x0] × [hp, λs]. Then, 

the bound on w+
k can be extended to [0,∞) × [hp, λs], by increasing c if necessary.

The existence of the functions z−k with the required properties is proved similarly. □
For 1 ≤ k ≤ 4 the functions ϕk and χk of Theorem 4 are obtained from the functions y+

k , y−k , z+
k , and 

z−k of Theorems 23 and 24 as follows. For x ∈ R:

ϕk(x, λ) =
{︄

e1 · z+
k (x, λ), λ ∈ [hp, λs],

e1 · y+
k (x, λ), λ ∈ (λs,∞),

χk(x, λ) =
{︄

e1 · z−k (x, λ), λ ∈ [hp, λs],

e1 · y−k (x, λ), λ ∈ (λs,∞).

(A.31)

Appendix B. Proof of an ancillary result

The next lemma is used in the proof of Lemma 6.
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Lemma 25. Let n be a natural number, I and M subsets of R, with I open, and fj : I ×M → C, 1 ≤ j ≤ n, 
continuous bounded functions. Suppose that for each λ ∈ M the functions fj(·, λ) are linearly independent, 
consider functions cj : M → C, and define f : I ×M → C by

f(x, λ) =
n ∑︂

j=1 
cj(λ)fj(x, λ), (x, λ) ∈ I ×M. (B.1)

If f is continuous and bounded, then the functions cj are continuous.

Proof. The functions cj are bounded on any compact subset J ⊆ M . Otherwise, there is a sequence λm ∈ J

such that limm am = ∞, where am = max{|cj(λm)|, 1 ≤ j ≤ n}. Since J is compact, the sequence can be 
taken convergent, so that λm → λ0 ∈ J . Obviously, we have |cj(λm)|/am ≤ 1 and max{|cj(λm)|/am, 1 ≤
j ≤ n} = 1, and therefore the sequence λm can be taken so that |cj(λm)|/am is convergent for 1 ≤ j ≤ n. 
Let αj denote the corresponding limit. We have

n ∑︂
j=1 

|cj(λm)|
am

fj(x, λm) = 1 
am

f(x, λm). (B.2)

Taking the limit m → ∞ in the above equality we obtain 
∑︁

j αjfj(x, λ0) = 0, and the linear independence of 
the functions fj(·, λ0) implies αj = 0 for 1 ≤ j ≤ n. However, this is not possible since max{|cj(λm)|/am, 1 ≤
j ≤ n} = 1 for all m ∈ N. Therefore, the functions cj are bounded on each compact set J contained in M .

Now take a sequence λm ∈ M which converges to λ ∈ M . The set {
(︁
c1(λm), . . . , cn(λm)

)︁
, m ∈ N} is 

bounded in Cn. Let (a1, . . . , an) ∈ Cn be one of its accumulation points. There is a subsequence λ′
m such 

that cj(λ′
m) converges to aj for 1 ≤ j ≤ n. Taking the limit m → ∞ in the expression

n ∑︂
j=1 

(︁
cj(λ) − cj(λ′

m)
)︁
fj(x, λ) = f(x, λ) − f(x, λ′

m)

+
n ∑︂

j=1 
cj(λ′

m)
(︁
fj(x, λ) − fj(x, λ′

m)
)︁ (B.3)

we get 
∑︁n

j=1
(︁
cj(λ)−aj

)︁
fj(x, λ) = 0 for all x ∈ R. The linear independence of the functions fj(·, λ) implies 

that aj = cj(λ). Therefore, the accumulation point of the sequence cj(λm) is unique and the same for all 
sequences λm that converge to λ, and is given by cj(λ). Hence the functions cj are continuous on M . □
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