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Abstract—In this work, we develop a new distributed
output-feedback stochastic model-predictive control
(SMPC) proposal for a plant that is cooperatively regulated
by a set of actuator nodes. Contrary to most approaches,
we consider hard constraints on the actuators, and we
appropriately tighten the constraints to ensure recursive
feasibility with a given probability, despite the stochastic
noise present in the system. To lighten the communication
load, the constraint design is performed offline, and
an event-triggering mechanism is included, so that the
nodes only need to transmit their local state estimates
to neighbors at event instants during online execution.
We prove constraint satisfaction and stability of our
proposal, and we include simulation results showing
that similar control performance to the centralized case
can be achieved by our distributed SMPC with reduced
communication.

Index Terms—Constrained control, cooperative model-
predictive control (MPC), stochastic systems.

I. INTRODUCTION

S TOCHASTIC model-predictive control (SMPC) has been
studied as an alternative to robust model-predictive control

(MPC) when a probabilistic characterization of the disturbances
in the system is available. SMPC takes into account the proba-
bility distribution of the disturbance rather than considering its
worst case bounds. In addition, chance constraints are consid-
ered, allowing a certain probability of constraint violation, which
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results in a less conservative approach than considering hard con-
straints. SMPC finds applications in fields such as networked and
industrial process control, building climate regulation, robotic
path planning, and cooperative transportation [1]. Analogous
to robust MPC techniques, a popular approach to SMPC is to
perform a deterministic reformulation of the problem, by appro-
priately tightening the constraints around the nominal trajectory
of the system, taking into account the probability distribution
of disturbances. Then, the controller solves the optimization
considering only the undisturbed trajectory, so that standard
MPC solutions can be applied.

The centralized SMPC problem has been widely addressed
in the literature. The linear and state feedback case is tackled
in [2] and [3], while output feedback is considered in [4], [5],
[6], [7], and [8]. Nonlinear systems with output feedback have
been addressed in [9] and [10]. To reduce the computational
load of solving the optimization problem at each time step,
event and self-triggered approaches have also been developed
to decide when to recompute the control input [11], [12], [13],
[14], with appropriate triggering conditions that ensure stability
and recursive feasibility of the optimization problem.

Distributed SMPC schemes have also been developed for
multiagent and large-scale systems, where each of the actuator
agents must consider neighbor data to perform the desired task,
due to couplings in the system’s dynamics, constraints, or in the
shared control objective. In [15], subsystems of a large-scale
plant with coupled state dynamics compute their local control
inputs in a distributed fashion by solving local optimization
problems. In [16], a distributed optimization algorithm is used to
compute inputs, and the effect of inexact minimization is stud-
ied. In [17], a data-driven controller is proposed, while Zhang
et al. [18] address the case with delays. The proposals from [19]
and [20] consider agents with uncoupled dynamics but coupled
probabilistic constraints, in environments such as vehicle pla-
tooning. These two works also include event and self-triggered
mechanisms to reduce the communication load between the
agents. Despite several works addressing distributed SMPC,
most proposals are limited to state feedback. For the case with
output feedback, Dai et al. [21] consider a similar setup to [19]
and [20], while Mark and Liu [22] propose an output-feedback
scheme for systems with coupled dynamics using probabilistic
reachable sets. To construct these sets for constraint tightening
in the distributed case, neighbor information needs to be taken
into account. Here, the computation of tightened constraints
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and control inputs is solved via distributed optimization, which
requires high communication rates. In addition, chance input
constraints are considered in the previous distributed SMPC
works, which may be unrealistic for the actuators in practice.

In this work, we focus on distributed output-feedback stochas-
tic control of a plant that is cooperatively regulated by several
actuator nodes. We consider practical issues such as noisy sensor
data, input saturation, and communication limitations in the
system, extending the theoretical SMPC formulations in the
literature to explicitly address these problems. Our contributions
are the following.

1) We propose an SMPC scheme under mixed constraints,
which accounts for the stochastic disturbances and the
hard input saturations, in contrast to prior distributed
SMPC works. Our proposal relies on a consensus-based
event-triggered distributed state estimator to handle noisy
sensor data while coordinating the information at the
actuator nodes, as an alternative to communication-
intensive distributed optimization approaches. Each node
exchanges only its state estimate with neighbors at sparse
event instants and computes its control input via a local
optimization problem using its own estimate.

2) We design tightened constraints to ensure constraint sat-
isfaction, as well as recursive feasibility of the optimiza-
tion problem with no less than a user-defined probability,
which can be lost due to the mixed constraints. We take
a similar approach to [6], which addresses centralized
SMPC with hard input constraints; however, due to our dis-
tributed setup, the effects of neighbor information, limited
communication, and coupled dynamics need to be taken
into account. We extend such analysis and design to the
distributed case. Moreover, our constraints are tightened
offline to further reduce communication.

3) We include formal analysis of the recursive feasibility,
constraint satisfaction, and stability of our proposal, as
well as simulation experiments to validate our results.

A. Notations

Then× n identity matrix is denoted by In, and then× 1 vec-
tor of ones is 1n. The operators P{•}, E{•}, and cov{•} denote
probability measure, expectation, and covariance, respectively.
‖ • ‖ represents the Euclidean norm and induced norm when
applied to a vector or a matrix, respectively, with ‖x‖2P = x�Px
for a vector x and matrix P. The Kronecker product is ⊗, the
Minkowski sum is ⊕, and the Pontryagin difference is �. The
notation

⊕N
i=0 denotes the Minkowski sum of N sets indexed

by i. For two polytopes P1 ⊆ R
p1 and P2 ⊆ R

p2 , their prod-
uct is P1 × P2 = {[x1,x2] : x1 ∈ P1, x2 ∈ P2} ⊆ R

p1+p2 .
λmax(•) is the maximum eigenvalue of a matrix. The normal
distribution with meanµ and covarianceΣ is given byN (µ,Σ).
A 	 0 (A 
 0) implies that A is positive definite (semidefi-
nite). For vectors, we use≥ and ≤ for elementwise comparison.
The notations rowN

i=1(•i), colNi=1(•i), and diagNi=1(•i) for some
matrices indexed with i = 1, . . . , N are their row, column, and
block-diagonal compositions, respectively. The notation [•]m
denotes themth component (row) if applied to a vector (matrix).

The notation ∵ means “because.” Z≥0 denotes nonnegative
integers.

II. PROBLEM STATEMENT

We consider a plant cooperatively regulated by a set of N
actuator nodes, with dynamics described by

ẋ(t) = Ax(t) +
∑N

i=1 Biui(t) +w(t) (1a)

yi(t) = Cix(t) + vi(t) (1b)

where x(t) ∈ R
nx is the state of the plant, ui(t) ∈ R

nu,i is the
control input from the ith actuator node, yi(t) is the local mea-
surement available to the ith actuator node, and w(t) and vi(t)
are stochastic disturbances, representing disturbances to the
plant and the local measurement noises, respectively.

The global system dynamics can be equivalently described in
a compact form by

ẋ(t) = Ax(t) +Bu(t) +w(t)

y(t) = Cx(t) + v(t) (2)

by defining u(t)=colNi=1(ui(t))∈R
nu , y(t)=colNi=1(yi(t)),

v(t)=colNi=1(vi(t)), B= rowN
i=1(Bi), and C = colNi=1(Ci).

The initial state is x(0) ∼ N (x0,P0), with mean x0 and co-
variance P0.

Assumption 1: The global pairs (A,B) and (A,C) in (2)
are controllable and observable, respectively.

Assumption 2: The stochastic disturbance w(t) in (1a)
followsw(t) ∼ N (0,W), whereW 	 0. For the measurement
noise in (1b), vi(t) ∼ N (0,Vi), with Vi 	 0. Moreover, the
processes w(t) and vi(t), as well as vi(t) and vj(t) for i �= j,
are uncorrelated.

Remark 1: Note that our model (1) applies to a broad class
of systems. This formulation subsumes (but is not limited to)
the case of plants divided into N subsystems with dynamic
couplings between them, where x(t) is a collection of the local
subsystem states xi(t), with local dynamics

ẋi(t) =
∑N

j=1 Aijxj(t) +
∑N

j=1 Bijuj(t) +wi(t)

where it is often assumed thatBij = 0∀j �= i, i.e., each actuator
only directly affects its corresponding subsystem state, and the
disturbances wi(t) are uncorrelated, such as in [15], [16], [17],
and [22]. Our formulation is more general in this sense. In
addition, we do not make any assumptions on the controllability
and observability of local pairs of matrices.

The actuator nodes exchange information through a com-
munication network, whose topology is described by an undi-
rected and connected graph G = (V, E). The node set is V =
{1, . . . , N}, representing the actuator nodes, while the edge set
E ⊆ V × V denotes the communication links between them. The
adjacency matrix of G is denoted byAG and its Laplacian matrix
by LG . The set of communication neighbors for node i is given
by Ni = {j ∈ V : (i, j) ∈ E}.

We aim to collaboratively regulate system (1) in a distributed
fashion, via output-feedback SMPC, where each actuator node
computes its control input ui(t) based on its measurement
yi(t) and local communication. Due to the partial and noisy
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Fig. 1. Distributed SMPC setup.

measurements, a distributed state estimator is used so that each
actuator node obtains local estimates x̂i(t) of the true state x(t).
The nodes broadcast their local estimate only to their neighbors
j ∈ Ni. Furthermore, to save communication resources, infor-
mation is transmitted only at sparse event instants. The sequence
of communication events {τ i�}∞�=0 for node i is decided via a
local event-triggering mechanism to be designed, based on node
i’s estimate.

Taking into account that the SMPC problem is solved by
computing units in discrete time and the potential computational
cost of running the optimization, the computation of control
inputs is solved periodically, at a series of discrete sampling
instants k ∈ Z≥0. For this reason, we introduce the auxiliary
sampled-data model for system (2), given by

x(k + 1) = Adx(k) +Bdu(k) +wd(k) (3)

for a sampling period h, where we use a forward Euler dis-
cretization with Ad = In + hA and Bd = hB, and wd(k) is
discrete-time white noise. For simplicity, we are using the no-
tation x(k) to denote the state x(t) at t = kh. The system is
subject to chance constraints on the states and hard constraints
on the control inputs, to account for actuator saturation

P{x(k) ∈ X} ≥ 1− px, u(k) ∈ U ∀k ≥ 0 (4)

where the input set U = U1 × · · · × UN , such that Ui repre-
sents the admissible set for the ith actuator. Moreover, X and
Ui, i = 1, . . . , N, are bounded convex polytopes of appropriate
dimensions containing the origin, and px is the allowable prob-
ability of violation for the state constraints for the system in
closed loop with the controller.

The goal for our distributed SMPC controller is to find control
inputs to collaboratively steer the state of system (3) to the
origin under the constraints (4) in a receding horizon fashion.
In addition, due to the presence of unbounded stochastic dis-
turbances and hard input constraints, certain noise realizations
might render the constrained optimization problem solved by
the SMPC controller infeasible. For this reason, we also want to
regulate the probability of losing feasibility of the optimization
problem to be less than a user-defined threshold pf .

III. OUTPUT-FEEDBACK DISTRIBUTED SMPC

To regulate the plant, each actuator node implements a dis-
tributed state estimator and MPC scheme, represented in Fig. 1.

The estimator at node i produces estimates x̂i(t) ∈ R
nx for the

state x(t), based on its measurement yi(t) and communication
with neighboring nodes. Then, an MPC scheme is solved at
discrete instants k ∈ Z≥0 to compute the control inputs. Using
its state estimate x̂i(k), each actuator node locally solves an opti-
mization problem to compute an input ûi(k). Note that ûi(k) =
[ûi,1(k)

�, . . . , ûi,N (k)�]� ∈ R
nu is the ith node’s belief about

the actual input vector u(k) = [u1(k)
�, . . . ,uN (k)�]�, with

ûi,j(k) being its estimate of the input uj(k) applied by the
jth actuator node. Then, we set ui(k) = ûi,i(k), which is
applied in a sample-and-hold fashion to the system (1a), so
that ui(t) = ui(k) for t ∈ [kh, (k + 1)h). This means that each
node i computes an input vector for the global system but then
applies only the elements corresponding to the ith actuator as
its true input. The estimated inputs for the other actuator nodes
are leveraged in the state estimator.

A. State Estimator

We adopt a similar approach as in [23], where an estimator
with event-triggered communication based on the asymptotic
Kalman–Bucy filter is designed, for systems with no control
inputs. In our case, we need to consider the addition of control
inputs to the system. The input u(t) applied to the global system
(2) is unknown from the point of view of each actuator node,
as it depends on their local optimizations. For this reason, the
input ûi(t) computed locally by node i is used in the estimator
as node i’s estimate of u(t). Then, node i’s estimate x̂i(t) of the
state x(t) is given by

˙̂xi(t) = Ax̂i(t) +Bûi(t) +Ki (yi(t)−Cix̂i(t))

+ κP∞
∑

j∈Ni
(x̂j(τ

j
t )− x̂i(t)) (5)

where Ki = NP∞C�
i V

−1
i , κ > 0 is the consensus gain, τ jt =

max{τ j� ≤ t} is the last communication event triggered by
neighbor j prior to time t, and P∞ is the solution to

0 = AP∞ +P∞A� +BWB� −P∞C�V−1CP∞

recalling that A,B, and C are the matrices from the global
system (2) and V = diagNi=1(Vi) is the global measurement
noise. The event-triggering mechanism is given by

τ i�+1 = inf{t > τ i� + τ | ‖x̂i(t)− x̂i(τ
i
�)‖ ≥ δi} (6)

for some threshold δi ≥ 0. This triggering condition intuitively
means that the current state estimate is only transmitted when
it differs significantly from the last transmitted value, with the
admissible difference being set by the parameter δi. If δi → 0,
the full communication case is recovered. Due to the presence of
Gaussian noise in the measurements, τ > 0 is introduced as time
regularization to avoid the Zeno phenomenon [24]. In practice,
τ can be set arbitrarily small so that its effect is negligible. In
order to guarantee the stability of the estimation error from (5),
we consider the following for simplicity.

Assumption 3: The gain κ in (5) is set such that Ax̃ =
diagNi=1(A−KiCi)− κ(LG ⊗P∞) is Hurwitz stable.

According to [23, Proposition 1], there exists a gain κ0 > 0
such that, for any κ > κ0, Assumption 3 is fulfilled; moreover,



PEREZ-SALESA et al.: COOPERATIVE STOCHASTIC MPC UNDER HARD INPUT CONSTRAINTS AND EVENT-TRIGGERED COMMUNICATION 439

a suitable κ, as well as P∞, can be computed in a distributed
fashion, as shown in [25].

B. MPC Controller

We adopt a tube-based approach to design the MPC controller,
similarly to other works featuring stochastic and robust MPC,
(see, e.g., [4], [5], [6], [22], and [26]). At each discrete step
k ∈ Z≥0 where the MPC problem is solved, we divide the m
steps ahead estimate x̂i(m|k), relative to step k, into

x̂i(m|k) = zi(m|k) + ei(m|k)
where zi(m|k) represents the nominal (undisturbed) trajectory
of the system, predicted by node i, and ei(m|k) is related to the
disturbances. Similarly, we parameterize the predicted control
inputs computed by the optimization problem at the ith actuator
node as

ûi(m|k) = ci(m|k) + Lei(m|k) (7)

where ci(m|k) is the m-step ahead nominal input computed by
the optimization at the ith node at step k. The control gain L
is chosen such that the closed-loop matrix Acl = Ad +BdL is
Schur stable. Considering the nominal inputs ci(m|k) computed
by node i, its prediction for the nominal trajectory of the system
is

zi(m+ 1|k) = Adzi(m|k) +Bdci(m|k). (8)

The nominal dynamics (8) allow for the reformulation of the
stochastic problem into a deterministic one, by solving an
optimal control problem on the nominal predicted states and
inputs, while the additional term Lei(m|k) in (7) aims to keep
the error around the nominal trajectory close to zero with a
prestabilizing gain. Then, the MPC controller at the ith node
solves the following constrained optimization problem at each
time step k:

min
Zi,Ci

T−1∑
m=0

(‖zi(m|k)‖2Q + ‖ci(m|k)‖2R
)
+ ‖zi(T |k)‖2Qf

(9a)

s.t. zi(m+ 1|k) = Adzi(m|k) +Bdci(m|k),
m = 0, . . . , T − 1 (9b)

zi(0|k) = x̂i(k) (9c)

zi(m|k) ∈ Zi,m, ci(m|k) ∈ Ci,m, m = 0, . . . , T − 1 (9d)

zi(T |k) ∈ Zi,f . (9e)

Here, T ∈ Z>0 is the finite optimization horizon (we consider
the same length for the prediction and control horizons), and
Q 	 0 and R 	 0 are appropriate weighting matrices, with
Qf 	 0 being the weighting matrix for the terminal cost. Zi =
{zi(0|k), . . . , zi(T |k)} and Ci = {ci(0|k), . . . , ci(T − 1|k)}
are the predicted sequences of nominal states and inputs to
be optimized, respectively. The constraint (9b) constitutes the
predicted evolution of the nominal system according to the
information available to node i, while (9c) provides the initial-
ization of the nominal predicted states, taking into account the

available state estimate at node i.Zi,m and Ci,m in (9d) represent
the m-step ahead tightened constraints for the nominal states
and inputs at node i, with Zi,f in (9e) being a terminal set.
The design of these sets will be addressed in Section IV, so
that the original constraints (4) on the system with stochastic
noise can be fulfilled, while each actuator node solves (9) on its
nominal prediction. At each time step k, each node solves (9)
to compute a sequence of nominal inputs Ci. Considering (7),
ûi(k) = ci(0|k), since ei(0|k) = x̂i(k)− zi(0|k) = 0. Then,
node i applies elements corresponding to the ith actuator as its
real input, i.e., ui(k) = ûi,i(k).

Assumption 4: The estimator (5) and the MPC controller (9)
are initialized at t = 0 and k = 0 to the initial state zi(0|0) =
x̂i(0) = x0∀i ∈ V , for which the optimization problem (9) is
feasible, i.e., there exists a sequence of inputs for which the
constraints (9b)–(9e) are satisfied.

Remark 2: Computing suitable constraints Zi,m, Zi,f ,
and Ci,m for the optimization problem (9) requires the con-
sideration of the interactions and information flow in the net-
work of actuator nodes, for which a global view of the cou-
pled behavior of the system is needed. For this reason, and
to avoid using communication-intensive approaches such as
distributed optimization, our constraint design is performed
offline. We consider that the designer has full information
about the plant and measurement models of all N actuator
nodes, knowing A,B,W,Ci,Vi∀i ∈ V , the event thresholds
δi, the matrices AG and LG for the communication graph, the
constraint data X ,U , px, and the choice of MPC parameters
T,Q,R,Qf , and pf . During online execution, each node im-
plements (5), (6), and (9), for which it requires knowledge of
the plant matrices A,B, its local measurement model Ci,Vi

and event threshold δi, the predefined gains κ, Ki, P∞, the
MPC parameters, and the tightened constraintsZi,m, Ci,m,m =
0, . . . , T − 1, and Zi,f . These are all constant parameters set
during the offline design phase. Online, each node takes lo-
cal measurements yi(t) and receives state estimates x̂j(τ

j
k)

from its neighbors j ∈ Ni only at event instants, which it uses
to compute its local state estimates x̂i(t) and control inputs
ui(t). Therefore, the online execution remains distributed in this
sense.

IV. CONSTRAINT DESIGN

In this section, we adapt the sets X and U from the origi-
nal constraints (4) into appropriate sets Zi,m and Ci,m to be
used in the optimization problem (9), such that imposing the
constraints (9d) on the predicted nominal states zi(m|k) and
inputs ci(m|k) at each node results in the satisfaction of (4)
for x(k) and u(k) of the global system subject to stochastic
noise and the desired regulation of the loss of feasibility for the
optimization problem. There are two sources of error between
the true state and the nominal one (8), namely, the estimation
error x̃i(k) = x(k)− x̂i(k) between the real state and the es-
timate used in (9c) to initialize the optimization problem, and
the predicted control error ei(m|k) = x̂i(m|k)− zi(m|k) due
to the difference between the actual estimate available at step
k +m and the predicted nominal trajectory. Considering both
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errors, the m-step ahead state can be divided into

x(m|k) = zi(m|k) + x̃i(m|k) + ei(m|k) (10)

while the predicted input ûi(m|k) is divided into a nominal
part ci(m|k) and a correction of the control error Lei(m|k),
recalling (7). Thus, the constraints need to be adapted by taking
into account these two errors. We take a similar approach as
in [6], where uniformly bounded confidence sets are designed
for the errors and then used for constraint tightening. We first
recall the definition and design of such sets.

Definition 1 (Adapted from [6]): A set Sr
p is a uniformly

bounded confidence set of probability p for a random variable
r(t) if P(r(t) ∈ Sr

p) ≥ p ∀t ≥ 0.
Lemma 1 (Adapted from [6, Lemma 1]): Con-

sider r(t) ∈ R
nr ∼ N (0,Σ(t)), with Σ being a uni-

form upper bound of Σ(t), such that Σ(t) � Σ ∀t ≥ 0.
Let Sr

1−p = {r(t) : Hrr(t) ≤ hr ∀t ≥ 0}, where [hr]m =

cdf−1(1− pm)
√
[Hr]mΣ[Hr]�m and

∑nr

m=1 pm = p, with
pm ∈ (0, 1) for m = 1, . . . , nr, where Hr is a design parameter
and cdf−1(•) denotes the inverse of the cumulative Gaussian
distribution function. Then, Sr

1−p is a uniformly bounded confi-
dence set of probability 1− p for the variable r(t).

Proof: The proof follows by the same arguments as in [6,
Lemma 1], which was originally given for a discrete-time vari-
able r(k).

By analyzing the error dynamics, we design such sets
where the disturbances are contained with no less than the
desired probability. Then, we use them to tighten X and U into
Zi,m and Ci,m. Note that, due to our distributed setup where each
actuator node has partial information and exchanges data with
neighboring nodes to jointly achieve the control task, providing
an approach to extend the centralized proposal from [6] to our
distributed case is not trivial, as it requires analysis of the coupled
error dynamics between nodes.

A. State Estimation Error Dynamics

Considering the local measurement (1b), the system dynamics
(2), the estimator (5), and event-triggering condition (6), we can
write the error dynamics of the estimate in node i as

˙̃xi(t) = ẋ(t)− ˙̂xi(t)

= Ax(t) +Bu(t) +w(t)−Ax̂i(t)−Bûi(t)

−KiCix(t)−Kivi(t) +KiCix̂i(t)

− κP∞
∑

j∈Ni
(x̂j(t)− x̂i(t)) + κP∞

∑
j∈Ni

nj(t)

= (A−KiCi) x̃i(t) +B(u(t)− ûi(t)) +w(t)−Kivi(t)

− κP∞
∑

j∈Ni
(x̃i(t)− x̃j(t)) + κP∞

∑
j∈Ni

nj(t) (11)

where we have defined nj(t) = x̂j(t)− x̂j(τ
i
t ) as the event-

triggered error between the current estimate x̂j(t) from neigh-
bor j and its latest transmitted value x̂j(τ

j
t ). Letting x̃(t) =

colNi=1(x̃i(t)), û(t) = colNi=1(ûi(t)), and n(t) = colNi=1(ni(t)),
the aggregate dynamics are

˙̃x(t) = (diagNi=1 (A−KiCi)− κ (LG ⊗P∞))x̃(t)

+ (IN ⊗B)(1N ⊗ u(t)− û(t)) + κ(AG ⊗P∞)n(t)

+ 1N ⊗w(t)− diagNi=1(Ki)v(t)

= Ax̃x̃(t) + (IN ⊗B)ũ(t) + κ(AG ⊗P∞)n(t)

+ 1N ⊗w(t)−Kv(t)

where we have defined the control mismatch ũ(t) = 1N ⊗
u(t)− û(t) andK = diagNi=1(Ki), and we have used the matrix
Ax̃ defined in Assumption 3. The dynamics of x̃(t) contain both
stochastic terms due to the presence of Gaussian noises, and
other bounded terms due to the input mismatch ũ(t) and the
event-triggered error n(t). In contrast, the design of confidence
sets is given in Lemma 1 for a normally distributed random
variable with zero mean and known covariance. Hence, we
separate x̃(t) into a deterministic part x̃d(t), for which we
will find a bounded set that contains the disturbance ∀t, and
a stochastic part x̃s(t) for which we will construct a set as in
Lemma 1. Letting x̃(t) = x̃d(t) + x̃s(t), we have

˙̃xd(t) = Ax̃x̃
d(t) + (IN ⊗B)ũ(t) + κ(AG ⊗P∞)n(t)

(12a)

˙̃xs(t) = Ax̃x̃
s(t) + 1N ⊗w(t)−Kv(t). (12b)

With x̂i(0) = x0 from Assumption 4, we have x̃d(0) = 0 and
E{x̃s(0)} = 0. Then, x̃s(t) ∼ N (0,Xs(t)), with zero mean
due to E{w(t)} = 0 and E{v(t)} = 0 ∀t, and the covariance
Xs(t) is given by Xs(0) = IN ⊗P0 and

Ẋs(t) = Ax̃X
s(t) +Xs(t)A�

x̃ + 11� ⊗W +KVK�.
(13)

B. Predictive Control Error Dynamics

Now, we tackle the error ei(m|k) in (7)–(10). Since the MPC
is solved in discrete time, consider the following discretized
dynamics for them-steps ahead state estimates, which we obtain
using the Euler discretization of (5), to aid in computing the
control error dynamics:

x̂i(m+ 1|k) = Adx̂i(m|k) +Bdûi(m|k)
+ hKi (yi(m|k)−Cix̂i(m|k))− hκP∞

∑
j∈Ni

nj(m|k)
+ hκP∞

∑
j∈Ni

(x̂j(m|k)− x̂i(m|k)). (14)

Then, considering the nominal predicted dynamics (8) and the
predicted inputs (7), we have

ei(m+ 1|k) = x̂i(m+ 1|k)− zi(m+ 1|k)
= (Ad +BdL)ei(m|k) + hKiCix̃i(m|k) + hKivi(m|k)
+ hκP∞

∑
j∈Ni

(x̃i(m|k)− x̃j(m|k))− hκP∞
∑
j∈Ni

nj(m|k)

= Aclei(m|k) + di(m|k)
=

∑m
q=0 A

m−q
cl di(q|k) (15)

where the last line results from ei(0|k) = x̂i(k)− zi(0|k) = 0
due to (9c). Thus, we are interested in finding a set containing
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the disturbance

di(m|k) = hKiCix̃i(m|k) + hKivi(m|k)
+ hκP∞

∑
j∈Ni

(x̃i(m|k)− x̃j(m|k))− hκP∞
∑
j∈Ni

nj(m|k)

noting that it involves terms related to neighbor informa-
tion. Stacking the dynamics for all nodes as e(m|k) =
colNi=1(ei(m|k)), we have

e(m+ 1|k) = (In ⊗Acl)e(m|k) + hKv(m|k)
+ h(diagNi=1(KiCi) + κ(LG ⊗P∞))x̃(m|k)
− hκ(AG ⊗P∞)n(m|k)

= Aee(m|k) + hBex̃
d(m|k) + hBex̃

s(m|k)
− hκ(AG ⊗P∞)n(m|k) + hKv(m|k)

= Aee(m|k) + d(m|k) (16)

where we have defined Ae = IN ⊗Acl and Be =
diagNi=1(KiCi) + κ(LG ⊗P∞), and in the second equality,
we have split x̃(m|k) into a stochastic part x̃s(m|k) and a
deterministic part x̃d(m|k), recalling (12a) and (12b). Similarly,
we split d(m|k) in (16) into d(m|k) = dd(m|k) + ds(m|k),
with

dd(m|k) = hBex̃
d(m|k)− hκ(AG ⊗P∞)n(m|k)

(17a)

ds(m|k) = hBex̃
s(m|k) + hKv(m|k). (17b)

Noting thatE{x̃s(m|k)} = 0 andE{v(m|k)} = 0,ds(m|k) ∼
N (0,Ds(m|k)) with its covariance given by

Ds(m|k) = h2BeX
s(m|k)B�

e + h2KVK� (18)

where Xs(m|k) = cov{x̃s(m|k)}, recalling the covariance’s
dynamics (13). With this information, we can design a bounded
set that contains the deterministic disturbance dd

i (m|k) ∀m, k
and a uniformly bounded confidence set for the stochastic dis-
turbance ds

i (m|k).

C. Sets for Deterministic Disturbances

First, we address the deterministic disturbance terms, which
evolve according to the aggregate dynamics (12a) and (17a).
Note that they contain the effect of the control mismatch ũ(t)
and the event-triggered error n(t). Since the set U is a bounded
polytope, we can find an outer approximation U′ = {u′ ∈ R

nu :
u ≤ u′ ≤ ū} for some lower and upper bounds u, ū ∈ R

nu ,
such that U ⊆ U′. Then, we have for the control mismatch ũ(t)
that

‖ũ(t)‖ = ‖1N ⊗ u(t)− û(t)‖ ≤ √
N − 1‖ū− u‖ =: U ∀t

(19)

noting that each actuator node estimates its own input exactly due
to ui(k) = ûi,i(k). In addition, the event-triggered error fulfills
‖n(t)‖ ≤ √

Nδmax due to the design of the event-triggering
condition (6), with δmax = max{δi}Ni=1 being the maximum
event threshold. Then, the following lemma summarizes the

design of bounded sets for the deterministic disturbances at each
node.

Lemma 2: Let Assumptions 1–4 hold. Define S x̃d
i = {x ∈

R
nx : ‖x‖ ≤ Xd} and Sdd

i = {x ∈ R
nx : ‖x‖ ≤ Dd} with

Xd = (‖B‖U + κ‖AG ⊗P∞‖
√
Nδmax)/|λmax(Ax̃)|

Dd = h‖Be‖Xd + hκ‖AG ⊗P∞‖
√
Nδmax. (20)

Consider the variables x̃d
i (t) and dd

i (m|k), given for all nodes
i ∈ V by the dynamics (12a) and (17a), respectively. Then,
x̃d
i (t) ∈ S x̃d

i ∀t and dd
i (m|k) ∈ Sdd

i ∀m, k.
Proof: For the aggregate variable x̃d(t), the dynamics (12a)

have the following explicit solution:

x̃d(t) = eAx̃tx̃d(0) +
∫ t

0 exp(Ax̃τ)(IN ⊗B)ũ(t− τ)dτ

− ∫ t

0 κ exp(Ax̃τ)(AG ⊗P∞)n(t− τ)dτ.

The first term equals zero with the initialization x̂i(0) = x0 from
Assumption 4. For the rest, we compute a uniform bound for
‖x̃d(t)‖ as follows:

‖x̃d(t)‖ ≤ ‖B‖ sups≥0(‖ũ(s)‖)
∫ t

0 ‖ exp(Ax̃τ)‖dτ
+ κ‖AG ⊗P∞‖ sups≥0(‖n(s)‖)

∫ t

0 ‖ exp(Ax̃τ)‖dτ
≤ ‖B‖U ∫ t

0 exp(λmax(Ax̃)τ)dτ

+ κ‖AG ⊗P∞‖
√
Nδmax

∫ t

0 exp(λmax(Ax̃)τ)dτ

=
‖B‖U + κ‖AG ⊗P∞‖√Nδmax

λmax(Ax̃)
(exp(λmax(Ax̃)t)− 1)

≤ ‖B‖U + κ‖AG ⊗P∞‖√Nδmax

|λmax(Ax̃)| =: Xd ∀t ≥ 0

where we have used that ‖ exp(Ax̃t)‖ ≤ exp(λmax(Ax̃)t) and
λmax(Ax̃) < 0, since Ax̃ is Hurwitz due to Assumption 3. Evi-
dently, ‖x̃d(t)‖ ≤ Xd implies ‖x̃d

i (t)‖ ≤ Xd for each node by
using the triangle inequality, from which the design of the setS x̃d

i

containing x̃i(t) follows. Similarly, for the control disturbance
dd(m|k) given by (17a), we can compute a bound as

‖dd(m|k)‖ ≤ h‖Be‖Xd + hκ‖AG ⊗P∞‖
√
Nδmax =: Dd

from which we design the appropriate set Sdd
i .

D. Confidence Sets for Stochastic Disturbances

Now, we construct sets S x̃s
i

1−px
and Sds

i
1−pf

for the random
variables x̃s

i (t) and ds
i (m|k), recalling that px is the admissible

violation of state constraints in (4), and the probability pf
regulates the loss of feasibility. To construct the sets according
to Lemma 1, we first need to find uniform upper bounds on their
covariances.

The covariance for x̃s(t) is given by (13). Recall that the
consensus gain κ in (5) is chosen such that Ax̃ is Hurwitz,
meaning that x̃s(t) has stable dynamics. Therefore, from the
stable dynamics and the covariance matrices W and V being
constant, it follows that a uniform upper bound exists for Xs(t).
Moreover, since the sum11� ⊗W +KVK� yields a positive-
definite matrix, (13) is a differential Lyapunov equation, which
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has a known explicit solution that reaches an equilibrium value
Xs

∞ given by

0 = Ax̃X
s
∞ +Xs

∞A�
x̃ + 11� ⊗W +KVK�.

For ease of presentation, we will assume here that Xs
∞ is an

upper bound fulfilling Xs(t) � Xs
∞ ∀t ≥ 0, in analogy to [6],

where the steady-state error covariance matrix for the centralized
estimates is used. Nevertheless, an upper bound can also be
found by evaluating the known explicit solution to (13). For
the variable ds(m|k), the covariance is given in (18). Then,
Ds(m|k) � h2BeX

s
∞B�

e + h2KVK� =: Ds
∞.

Note that the matrices Xs
∞ and Ds

∞ are dense due to the
correlated estimation and prediction errors in the nodes. How-
ever, we want to find a uniform covariance upper bound for the
disturbances x̃i(t),di(m|k) at each node, regardless of neighbor
dynamics. To address this challenge, we adopt a similar strategy
to [16], [22], and [27] and introduce auxiliary positive semidef-
inite block-diagonal matrices X̄s = diagNi=1(X̄

s
i ) and D̄s =

diagNi=1(D̄
s
i ), fulfilling X̄s 
 Xs

∞ and D̄s 
 Ds
∞. Recalling

that Xs
∞ 
 Xs(t)∀t ≥ 0, it is evident that X̄s 
 Xs(t)∀t ≥ 0

also holds. Then, the blockwise property X̄s
i 
 Xs

i (t)∀t ≥ 0
is complied for the ith block-diagonal element of Xs(t) cor-
responding to the covariance of x̃s

i (t). This can be verified by
taking a vector v containing zeros except for the ith subvec-
tor, vi, containing ones, and noting that, since X̄s −Xs(t) 

0, we have 0 ≤ v�(X̄s −Xs(t))v = v�

i (X̄
s
i −Xs

i (t))vi ⇒
X̄s

i −Xs
i (t) 
 0. Thus, we can use each block element X̄s

i as a
uniform covariance upper bound to construct the confidence set
for x̃s

i (t) at node i. By the same arguments, the corresponding
block element D̄s

i for each node i can be used as the uniform
covariance upper bound for the disturbance ds

i (m|k).
We can now define bounded confidence sets as follows.
Lemma 3: Let Assumptions 1–4 hold. Consider the variables

x̃s
i (t) ∼ N (0,Xs

i (t)) and ds
i (m|k) ∼ N (0,Ds

i (m|k)), given
for all nodes i ∈ V by the stacked dynamics (12b), (13) and
(17b), (18), respectively. Define the sets S x̃s

i
1−px

and Sds
i

1−pf
ac-

cording to Lemma 1 with the covariance upper bounds X̄s
i and

D̄s
i , where X̄s

i 
 Xs
i (t)∀t, and D̄s

i 
 Ds
i (m|k)∀m, k. Then,

P{x̃s
i (t) ∈ S x̃i

1−px
} ≥ 1− px ∀t and P{ds

i (m|k) ∈ Sdi
1−pf

} ≥
1− pf ∀m, k.

Proof: The proof follows directly from using Lemma 1 and
Definition 1.

The following result summarizes the design of bounded con-
fidence sets for x̃i(t) and di(m|k), taking into account their
deterministic and stochastic components.

Corollary 1: Let Assumptions 1–4 hold, and consider the sets
defined in Lemmas 2 and 3. Letting S x̃i

1−px
= S x̃s

i
1−px

⊕ S x̃d
i and

Sdi
1−pf

= Sds
i

1−pf
⊕ Sdd

i , we have that the estimation error x̃i(t)

given by (11) and the disturbance di(m|k) in the control er-
ror dynamics (15) fulfill P{x̃i(t) ∈ S x̃i

1−px
} ≥ 1− px, ∀t, and

P{di(m|k) ∈ Sdi
1−pf

} ≥ 1− pf ∀m, k.

Proof: The proof follows from noting that x̃i(t) = x̃d
i (t) +

x̃s
i (t), where x̃d

i (t) ∈ S x̃d
i ∀t and x̃s

i (t) ∈ S x̃s
i

1−px
with proba-

bility no less than 1− px. Similarly, di(m|k) = dd
i (m|k) +

ds
i (m|k), where dd

i (m|k) ∈ Sdd
i ∀m, k and ds

i (m|k) ∈ Sds
i

1−pf

with probability no less than 1− pf .
Remark 3: The size of the sets designed in Lemmas 2 and 3

is influenced by the system matrices and by several design
parameters. Note that h and δmax are often set to small values
(i.e., h, δmax � 1) to keep the discretization and event-triggered
errors small. The gain κ does not need to take very high values in
practice to fulfill Assumption 3, as seen in the experiments from
previous works [23], [25]. The main source of conservativeness
in our approach comes from the approximation used in (19).
Here, we have assumed the worst case where the input computed
at each node is as different as possible from the actual input being
applied by other nodes. In Section VI, we discuss alternatives to
reduce the conservativeness from this choice.

E. Constraint Tightening

Now, we tighten the sets X and U into Zi,m and Ci,m for the
nominal zi(m|k) and ci(m|k) using the previously designed
sets. First, we tighten X to account for the state estimation error
x̃i(t) at node i

X̂i = X � S x̃i
1−px

(21)

recalling the set S x̃s
i

1−px
defined in Corollary 1. Then, we use

a shrinking-tube approach to construct the constraints of the
predicted state along the prediction horizon. In this case, we
take into account the set Sdi

1−pf
defined Corollary 1 for the

disturbance di(m|k), so that the loss of feasibility is regulated
with probability pf :

Zi,0 = X̂i

Zi,m = X̂i �
⊕m−1

q=0 Aq
clSdi

1−pf
, m = 1, . . . , T − 1. (22)

Similarly, we tighten the input constraint as follows:

Ci,0 = U
Ci,m = U �⊕m−1

q=0 LAq
clSdi

1−pf
, m = 1, . . . , T − 1. (23)

Note that the resulting constraints may be different for each node
i, as the error dynamics of each depend on the local matrices
Ci and Vi and the neighbor dynamics.

F. Terminal Set

Finally, we design the terminal set Zi,f to be used in the
constraint (9e) of the optimization problem. First, the terminal
set must be a positive invariant set under a local stabilizing con-
trol law u(k) = f(x(k)), for which the constraints are fulfilled
for any x(k) in the set [28, Sect. 5]. Due to the presence of
disturbances in our setup, recall the definition of a robust positive
invariant set, used in robust MPC.

Definition 2 (See [29]): A set S ⊆ X is a robust positive
invariant set for an autonomous system x(k + 1) = Ax(k) +
w(k) subject tox(k) ∈ X and w(k) ∈ W , whereX and W are
polytopes, if x(k) ∈ S ⇒ x(k + 1) ∈ S ∀w(k) ∈ W .

We consider a control law u∗
i (k) = Lx̂i(k), which stabilizes

the system due to our choice of L in Section III-B. Under this
controller, the estimator dynamics (14) can be written as follows,
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using similar manipulations as before and recalling the variable
di(k) defined in the control error dynamics (15):

x̂i(k + 1) = Aclx̂i(k) + di(k) (24)

wheredi(k) ∈ Sdi
1−pf

with probability no less thanpf , according
to Corollary 1. For our terminal set, we first construct a robust
positively invariant set X̂i,f ⊆ X̂i for the system (24) with
di(k) ∈ Sdi

1−pf
. Thus, according to Definition 2, we design X̂i,f

such that x̂i(k) ∈ X̂i,f ⇒ x̂i(k + 1) ∈ X̂i,f ∀di(k) ∈ Sdi
1−pf

.
In addition, the terminal set must satisfy the input constraint,
i.e., Lx̂i ∈ U ∀x̂i ∈ X̂i,f . Then, we tighten the set X̂i,f as in
the previous section

Zi,f = X̂i,f �⊕T−1
q=0 Aq

clSdi
1−pf

. (25)

Second, we require that the terminal set and terminal cost fulfill
the following assumption, which is commonly used in MPC
literature to ensure that the optimal cost is a Lyapunov function
for the system, in order to prove convergence of the system to
the steady state [28].

Assumption 5: The terminal set yields the cost decrease

‖Aclz‖2Qf
− ‖z‖2Qf

≤ −‖z‖2Q − ‖Lz‖2R ∀z ∈ Zi,f . (26)

Remark 4: While we have designed the tightened constraint
sets to ensure a given probability of recursive feasibility, infea-
sibility may still occur due to the unbounded disturbances. In
such cases, an auxiliary control strategy can be implemented
by temporarily removing the state constraint (the one with
less fulfillment priority, since its violation is admissible). The
auxiliary controller then aims to find inputs that respect the hard
input constraint while steering the state toward the origin. Note
that the backup strategies in other SMPC works (see, e.g., [3],
[16], and [22]), cannot be used, as they may violate the input
constraint.

V. PROPERTIES OF THE SMPC CONTROLLER

In this section, we derive the recursive feasibility, constraint
satisfaction, and stability properties of the designed output-
feedback distributed SMPC controller. While the proofs for re-
cursive feasibility and constraint satisfaction in [6] are relevant,
note that the complexity of extending that proof structure to the
distributed case lies in appropriately designing the disturbance
sets. As detailed in Section IV, the distributed case requires the
consideration of aspects such as coupling-induced errors, the
effect of having distributed control inputs which are unknown
from each node, or the disturbances caused by event-triggered
communication. Moreover, we guarantee stability for our pro-
posal, which was omitted from [6].

A. Probabilistic Recursive Feasibility

First, we show recursive feasibility of the optimization prob-
lem solved by each actuator node with no less than a desired
user-defined probability 1− pf .

Theorem 1: Let Assumptions 1–4 hold. Consider the closed-
loop system (3) along with the inputs computed by the MPC (9),
initialized with the estimates from (5) and with constraints (22),

(23), and (25). Then, if the optimization problem at node i is
feasible at step k, it is feasible at step k + 1 with probability no
less than 1− pf .

Proof: We prove recursive feasibility of the opti-
mization problem (9) when di(k) ∈ Sdi

1−pf
, recalling that

P{di(m|k) ∈ Sdi
1−pf

} ≥ 1− pf , according to Corollary 1. Con-
sidering zi(0|k) = x̂i(k) and the nominal dynamics (8), the
estimator dynamics can be rewritten as

x̂i(k + 1) = Adx̂i(k) +Bdûi(k) + di(k)

= Adzi(0|k) +Bdci(0|k) + di(k) = zi(1|k) + di(k) (27)

recalling that ûi(k) = ci(0|k) since ei(0|k) = 0 in (7). Con-
sider the following candidate solution for the MPC at step k + 1,
taking into account the optimal solution computed at time k:

c̃i(m|k + 1) =

⎧⎨
⎩
ci(m+ 1|k) + LAm

cl di(k),
m = 0, . . . , T − 2

L(zi(T |k) +Am
cl di(k)), m = T − 1.

(28)

Then, the nominal states at step k + 1, considering (28) and the
initialization to x̂i(k + 1) that fulfills (27), are

zi(m|k + 1) =

⎧⎨
⎩
zi(m+ 1|k) +Am

cl di(k),
m = 0, . . . , T − 1

Aclzi(T − 1|k + 1), m = T.
(29)

To show that the problem remains feasible at k + 1, we prove
that the candidate solution (28) and (29) fulfills zi(m|k + 1) ∈
Zi,m, c̃i(m|k + 1) ∈ Ci,m, for m = 0, . . . , T .

First, according to [30, Lemma 7], the candidate solu-
tion fulfills c̃i(m|k + 1) ∈ Ci,m, zi(m|k + 1) ∈ Zi,m for i =
0, 1, . . . , T − 2. Now, we verify that c̃i(m|k + 1) fulfills the
constraint as well for m = T − 1:

zi(T |k) ∈ Zi,f

⇒ zi(T |k) +
∑T−1

q=0 Aq
cldi(q) ∈ X̂i,f ∀di(q) ∈ Sdi

1−pf

⇒ L(zi(T |k) +
∑T−1

q=0 Aq
cldi(q)) ∈ U ∀di(q) ∈ Sdi

1−pf

⇒ L(zi(T |k) +AT−1
cl di(k))︸ ︷︷ ︸

c̃i(T−1|k+1) ∵ (28)

∈ U �⊕T−2
q=0 LAq

clSdi
1−pf︸ ︷︷ ︸

Ci,T−1 ∵ (23)

.

The second implication results from the fact that Lx ∈ U ∀x ∈
X̂i,f by design of the terminal set in Section IV-F. Next, we
show that zi(T |k) ∈ Zi,f implies that the state at next time step
fulfills zi(T − 1|k + 1) ∈ Zi,T−1:

zi(T |k) ∈ Zi,f

⇒ zi(T |k) +
∑T−1

q=0 Aq
cldi(q) ∈ X̂i,f ∀di(q) ∈ Sdi

1−pf

⇒ zi(T |k) +AT−1
cl di(k) ∈ X̂i,f �⊕T−2

q=0 Aq
clSdi

1−pf

⇒ zi(T |k) +AT−1
cl di(k)︸ ︷︷ ︸

zi(T−1|k+1) ∵ (29)

∈ X̂i �
⊕T−2

q=0 Aq
clSdi

1−pf︸ ︷︷ ︸
Zi,T−1 ∵ (22)
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recalling that X̂i,f ⊆ X̂i, which we have used in the last line.
Finally, for i = T , we have

zi(T |k) ∈ Zi,f

⇒ zi(T |k) +
∑T−1

q=0 Aq
cldi(q) ∈ X̂i,f ∀di(q) ∈ Sdi

1−pf

⇒ Aclzi(T |k) +
∑T

q=0 A
q
cldi(q) ∈ X̂i,f ∀di(q) ∈ Sdi

1−pf

⇒ Acl(zi(T |k) +AT−1
cl di(k))︸ ︷︷ ︸

zi(T |k+1) ∵ (29)

∈ X̂i,f �⊕T−1
q=0 Aq

clSdi
1−pf︸ ︷︷ ︸

Zi,f ∵ (25)

where the second implication follows from X̂i,f being a robust
positive invariant set. This completes the proof of recursive
feasibility showing that the candidate sequence (28) based on
the solution at time k is a feasible solution for the next step
k + 1, with no less than the desired probability level 1− pf .

B. Closed-Loop Constraint Satisfaction

Next, we show that feasibility of the optimization problem
over the nominal states and inputs zi(m|k) and ci(m|k) also
implies the closed-loop constraint satisfaction for the states and
inputs x(k) and u(k) under stochastic disturbances.

Theorem 2: Let Assumptions 1–4 hold. If the MPC (9),
initialized with the estimates from (5) and with constraints (22),
(23), and (25), is feasible at time step k, then the constraints (4)
are satisfied in closed loop.

Proof: First, we show that P{x(k) ∈ X} ≥ 1− px is
fulfilled. Due to the initialization zi(0|k) = x̂i(k), we have
zi(0|k) ∈ Zi,0 ⇐⇒ x̂i(k) ∈ Zi,0 = X̂i. Note that x(k)−
x̂i(k) = x̃i(k). According to Corollary 1, P{x(k)− x̂i(k) ∈
S x̃i
1−px

} ≥ 1− px. Then, x̂i(k) ∈ X̂i, with X̂i as in (21), implies
P{x(k) ∈ X} ≥ 1− px.

Now, we prove u(k) ∈ U . Note that ei(0|k) = x̂i(k)−
zi(0|k) = 0 in (7), and therefore, the computed control input
at node i fulfills ûi(k) = ci(0|k) ∈ Ci,0 = U . Recalling that
U = U1 × · · · × UN , this implies that ûi,j ∈ Uj ∀i, j ∈ V , i.e.,
each of the inputs computed by each node fulfills the constraints
for each of the actuators. Then, node i applies the elements
of ûi(k) corresponding to the ith actuator in closed loop,
as ui(k) = ûi,i(k). Since ûi(k) ∈ Ui ∀i ∈ V , it follows that
u(k) = colNi=1(ûi,i(k)) ∈ U , completing the proof.

C. Convergence

Note that, due to the persistent stochastic disturbances that af-
fect the system, the state will not converge to the origin but rather
remain in a region around it, with a bounded error covariance. To
show a notion of stability for our SMPC proposal, we first show
the decrease in the optimal cost of (9) from step k to k + 1, and
then, we provide an average asymptotic cost bound, similarly to
the approach of [3] and [22]. In addition, due to the stochastic
noises and the hard input constraints considered in this work,
some noise realizations can result in values of x̂i(t) that render
the optimization problem (9) infeasible. Recalling the result in
Theorem 1, the problem remains feasible at the next step with
probability 1− pf . Then, as long as the optimization problem

remains feasible, the following convergence results hold. We
make the following additional assumption.

Assumption 6: There is a bounded set of estimates x̂i(k)
for which the optimization problem (9) is feasible.

Assumption 6 holds for bounded terminal and input constraint
sets, which is the usual case. Now, we can state our convergence
results.

Lemma 4: Let Assumptions 1–6 hold. Consider system (3)
along with the control law (7) computed by the MPC controller
(9) using the estimates from (5). Let J∗(x̂i(k)) be the optimal
cost (9a) for the optimization problem. If the problem is feasible
at k + 1, we have

E{J∗(x̂i(k + 1))} − J∗(x̂i(k))

≤ −‖x̂i(k)‖2Q − ‖ûi(k)‖2R + αDd + α
√

tr(D̄s
i ) (30)

where α is a Lipschitz constant.
Proof: In the following, we consider the optimization prob-

lem (9) at an arbitrary node i. Let J(z,C) denote the cost (9a)
for a sequence of inputs C with initial state z. Note that the
optimal cost J∗(z) of a nominal MPC with a quadratic cost
function is known to be piecewise quadratic in z [31]. Along
with Assumption 6, this implies the existence of a Lipschitz
constant α such that

J∗(z+ e) ≤ J∗(z) + α‖e‖.
The expected cost for step k + 1, conditioned on feasibility of
the optimization problem, can be evaluated as follows:

E{J∗(x̂i(k + 1))} = E{J∗(zi(1|k) + ei(1|k))}
≤ J∗(zi(1|k)) + αE{‖ei(1|k)‖}
≤ J(zi(1|k), C̄i) + αE{‖ei(1|k)‖}

where C̄i = {ci(1|k), . . . , ci(T − 1|k), and Lzi(T |k)} repre-
sents the shifted solution, i.e., applying the inputs computed
by node i from the optimization at the previous step k. The
last inequality is due to the shifted solution being feasible but
suboptimal compared to J∗(zi(1|k)). Considering (15), we can
further evaluate

E{‖ei(1|k)‖} = E{‖di(0|k)‖}
≤ ‖dd

i (0|k)‖+ E{‖ds
i (0|k)‖} ≤ Dd +

√
tr(D̄s

i )

recalling that di(m|k) can be split into a deterministic part
dd
i (m|k), fulfilling ‖dd

i (m|k)‖ ≤ Dd, and a stochastic part
ds
i (m|k) with zero mean and covariance bounded by D̄s

i , as
explained in Sections IV-C and IV-D. Now, we evaluate the
following cost difference:

E{J∗(x̂i(k + 1))} − J∗(x̂i(k))

≤ J(zi(1|k), C̄i) + αDd + α
√

tr(D̄s
i )− J∗(x̂i(k)). (31)

Note that

J(zi(1|k), C̄i)− J∗(x̂i(k))

= ‖Aclzi(T |k)‖2Qf
+ ‖zi(T |k)‖2Q + ‖Lzi(T |k)‖2R

− ‖zi(T |k)‖2Qf
− ‖zi(0|k)‖2Q − ‖ci(0|k)‖2R
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≤ −‖zi(0|k)‖2Q − ‖ci(0|k)‖2R = −‖x̂i(k)‖2Q − ‖ûi(k)‖2R
(32)

due to J(zi(1|k), C̄i) using the shifted solution from step k, and
recalling the property (26) of the terminal controller. Substitut-
ing (32) into (31), we reach (30), completing the proof.

Theorem 3: Let Assumptions 1–6 hold. Consider system (3)
along with the control law (7) computed by the MPC controller
(9) and with the estimates from (5). If the optimization problem
remains feasible, which occurs with probability no less than
1− pf at each step, we have

lim
q→∞

1

q

∑q
k=0 E{‖x̂i(k)‖2Q + ‖ûi(k)‖2R} ≤ D′ (33)

with D′ = αDd + α
√

tr(D̄s
i ).

Proof: Taking the optimal cost as a stochastic Lyapunov
function, and using the result from Lemma 4 in the second
inequality, yields

lim
q→∞

1

q
E{J∗(x̂i(q))− J∗(x̂i(0))}

≤ lim
q→∞

1

q

∑q
k=0 E{J∗(x̂i(k + 1))− J∗(x̂i(k))}

≤ lim
q→∞

1

q

∑q
k=0 E{−‖x̂i(k)‖2Q − ‖ûi(k)‖2R}+D′. (34)

Then, using similar arguments as in [32, Thm. 6], the result (33)
follows.

Remark 5: Theorem 3 provides a bound for the average
asymptotic cost, which is dependent on the magnitude of the
disturbances. As shown in its proof, the limit (34) is nonpositive
when the cost is high, and therefore, J∗(x̂(k)) decreases “on
average” along the trajectories of the process. When the cost is
small, the limit (34) becomes positive, and the cost increases
on the average. Therefore, the disturbances cause the expected
value of the states and inputs to remain in a compact set around
the origin.

VI. SIMULATION EXPERIMENTS

We show an illustrative simulation example to validate our
proposal. In addition, we discuss the main source of conserva-
tiveness in our approach, showing that it can be reduced while
maintaining a satisfactory performance.

The plant to be controlled has a state vector x(t) =
[x1(t), x2(t), x3(t)]

�, with dynamics given by (2) with

A =

⎡
⎢⎣
0 1 0

0 0 1

0 0 0

⎤
⎥⎦ , B =

⎡
⎢⎣

1 0 0

0 1 0

−1 0 1

⎤
⎥⎦

W =

⎡
⎢⎣

0.1 0.001 0

0.001 0.1 0.001

0 0.001 0.1

⎤
⎥⎦ .

The initial state is x0 = 31N , P0 = 0.01IN . The plant is con-
trolled by N = 3 actuator nodes, which have scalar inputs
ui(t). The measurements for each node are given by (1b)

TABLE I
AVERAGE RESULT COMPARISON FOR 1000 SIMULATIONS

with C1 = [1, 0, 0], C2 = [0, 1, 0], C3 = [0, 0, 1], and Vi =
0.01∀i ∈ V . The communication neighbors of each node are
given by N1 = {2}, N2 = {1, 3}, and N3 = {2}. The state
and input sets are X = {x ∈ R

N : −51N ≤ x ≤ 51N} and
U = {u ∈ R

N : −51N ≤ u ≤ 51N}. We set px = 0.5 for
the state constraint in (4) and pf = 0.99 in this example. The
system dynamics have been approximated in simulation using
the Euler–Maruyama method with simulation step h = 10−3 s.
The optimal control problem is also solved with step h. In
addition, we set τ = h as the minimum interevent time in (6). We
set κ = 10 000 for the state estimator (5). In this example, each
node solves (9) with horizon T = 5 steps and weighting cost
matricesQ = IN and R = IN . The weightQf for the terminal
cost has been set as the solution to the discrete-time Riccati
equation for the unconstrained infinite-horizon optimal control
problem

Qf = A�
dQfAd +Q

− (A�
dQfBd)(R+B�

dQfBd)
−1(B�

dQfAd) (35)

with L = −(R+B�
dQfBd)

−1(B�
dQfAd) being the corre-

sponding optimal control gain. We have used box approxima-
tions of the sets to simplify the set-theoretical operations during
constraint tightening, as suggested in [33].

We compare our results against the proposal from [6] as a
baseline, since it is, to the best of our knowledge, the only work
that considers SMPC with hard input constraints. We implement
it as a centralized controller. We show our distributed proposal
running at full communication, i.e., setting the event threshold
δi = 0 in (6), and under event-triggered communication with
δi = 0.01. We compute the average cost J of the sequence and
the communication rate C as

J =
1

Tf

∫ Tf

0

(‖x(τ)‖2Q + ‖u(τ)‖2R
)
dτ, C =

∑N
i=1 ei h

N Tf

(36)

where Tf is the length of the simulation, which we have set to
Tf = 5 s, and ei is the number of events triggered at node i.
C = 1 means full communication, where each node transmits
at every simulation step, and C = 0 for no communication.

Table I summarizes the average results obtained for 1000 sim-
ulations, to account for the stochastic behavior, validating that
our distributed SMPC achieves a similar control performance
to the centralized baseline. Moreover, using event-triggered
communication successfully reduces the communication rate
without causing a high impact on performance. Fig. 2 shows
an example of the state and input trajectories for one simula-
tion, for each option. We have simulated all setups with the
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Fig. 2. Evolution of states and inputs with different controllers. (a) Centralized SMPC from [6]. (b) Our distributed SMPC with full communication.
(c) Our distributed SMPC under event-triggered communication (only ∼15% of communication is used).

Fig. 3. Disturbance sets. The centralized case from [6] is shown in red
and our distributed case with δi = 0 in green and with δi = 0.01 in blue.

same noise realizations of w(t) and vi(t) for a fair compari-
son. The distributed controller computes similar inputs as the
centralized one, despite the dynamical interactions and each
actuator node having partial measurement information. The
full-communication controller [see Fig. 2(b)] regulates the state
closer to the origin in steady state than in the event-triggered
case [see Fig. 2(c)], since more information is exchanged. Still,
our event-triggered version using only 15% of communication
slots achieves similar performance. The centralized input looks
noisier than in the distributed case due to having centralized
measurements handled by a Kalman filter. In the distributed
case, our estimator produces continuous-time estimates which
may also be smoother due to the consensus term.

Regarding the disturbance sets S x̃i
1−px

and Sdi
1−pf

used for
constraint tightening, Fig. 3 compares the sets in the centralized
and distributed cases. The set related to the state estimation
error x̃i(t) is more conservative for the distributed setup than
in the centralized case, which is expected since each node
has only partial measurement information and is affected by
the estimation error dynamics of neighboring nodes. The set
related to the control disturbance di(m|k), which is used for the
shrinking-tube constraint tightening, is similar for both.

Recalling Remark 3, the worst case approximation from (19)
is the main source of conservativeness in our design. In practice,

Fig. 4. State and input estimates x̂i(t) and ûi(t) computed by each
actuator node in the distributed case, for each of the state and input
components xi(t) and ui(t).

the consensus-based filter ensures that all nodes hold similar
state estimates (especially as κ is increased). Therefore, the
estimated inputs ûi(t) should closely resemble u(t), as all
nodes are solving a similar optimization problem based on their
estimate. The high level of agreement can be seen in Fig. 4. Thus,
an option to reduce conservativeness is to disregard this source of
error, settingU = 0 in (20). The resulting sets are shown in Fig. 5
against the original ones. In addition, we included simulations
with this configuration in the last row of Table I to verify that
a similar performance is still maintained. In order to maintain
the safety guarantees, other options can also be explored at the
cost of additional transmissions of information, such as sharing
the computed input with neighboring nodes, so that they know
the input of |Ni|+ 1 actuators, or implementing an auxiliary
consensus algorithm to estimate the global input.
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Fig. 5. Comparison of disturbance sets. The distributed case consid-
ering the control mismatch ũ(t) is in blue, while the case disregarding
its effect is in red.

Finally, our sets for constraint tightening may be more conser-
vative than for other SMPC approaches, due to the consideration
of hard input constraints. In addition, we used uniform bounds
for the disturbances, which allows one to tighten the constraints
offline, ensuring that only the state estimates need to be com-
municated in our setup. Hence, in contrast to approaches based
on distributed optimization, our proposal heavily reduces the
communication load.

VII. CONCLUSION

We have proposed an output-feedback distributed SMPC
scheme for cooperative control of a plant by several actuator
nodes under hard input constraints. In addition, we introduce an
event-triggering mechanism to reduce the necessary communi-
cation load. In order to deal with the disturbances that affect the
system, we design confidence sets containing the disturbances
with a desired probability level, through analysis of the joint
error dynamics in the distributed setup. By tightening the origi-
nal constraints according to these confidence sets, we ensure the
recursive feasibility of the optimization problem with no less
than a guaranteed probability, the satisfaction of the probabilistic
and hard constraints, and the stability of the system under the
proposed SMPC controller. Finally, we have shown through
simulation experiments that our distributed SMPC under event-
triggered communication achieves similar performance to the
centralized and full-communication counterparts, at a fraction
of the communication load.
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