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Abstract

We present a model for the corrective and preventive maintenance of a system. The latter is based on a bivariate policy
that replaces the system either at age T or after the M failure, whichever comes first. A repair follows each of the
M — 1 first failures, restoring the system operational state, but with a lower reliability than before failing. We present
two scenarios with constant and time-dependent repair costs. The results reveal that systems with low initial reliability
can greatly benefit from the bivariate policy. The advantage decreases for poor quality repairs. We also obtain conditions
to obtain the optimum number M when T is given. This result is helpful to assess whether a system should be replaced

sooner than originally planned.
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Introduction

Systems are usually repaired several times before being
replaced. The extended time of use thus obtained must
be weighed against the costs derived from failures and
repairs to determine the optimum time for system
renewal. Both, preventive and corrective maintenance
are becoming increasingly important in the current
world, where sustainability is driving the need to extend
the life of all types of equipment.

The positive effect of maintenance on reliability is a
general assumption in most models. It ranges from the
minimal repair, that restores exactly the same reliability
previous to failure, to system renewal and any other
reliability level in between. However, the possibility of
maintenance that leaves the system in a worse condi-
tion than before failing has received little attention in
the literature. Cha et al.! justify this assumption by the
negative effects of previous repairs, environmental and
internal shocks, etc. Badia et al.> mention the lack of
either adequate resources or properly trained maintai-
ners as a reason for this poor maintenance.

The maintenance of roads and pipes shows this
adverse effect. Potholes on highways are a serious
safety risk to drivers, and they are constantly patched.
It is also common to see the same point of the road

being repaired repeatedly. This occurs because the
patch is less reliable than the original pavement® or
because the asphalt layer thickness is not optimal.*
Khahro® highlights the impact of a low-cost pavement
management. The increasing use of recycled materials
in pavements® also leads to the assumption that these
materials are less reliable when they are used in patches.
Maintenance models have to assume the possibility that
high-quality maintenance may not be carried out due
to either limited budgets or studies that fail to detect
the actual road deterioration.

Age replacement is a basic strategy for avoiding fail-
ures. Thus, the system is replaced when it fails or when
it reaches a specified age, 7, whichever comes first.
However, some systems cannot be maintained
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periodically, but are better maintained at a random
time, for example when a working cycle is completed,’
when a software update is available® or after N fail-
ures.” The works of Mituzani et al.® Zhao and
Nakagawa,'® and Badia et al.”> consider the combina-
tion of random and periodic or age-based replacement.

The minimal repair assumption implies that the sys-
tem recovers its functional state, but the failure rate
remains undisturbed, equal to that of a system of the
same age (as-bad-as-old). Potential industrial applica-
tions are found in systems consisting of a large number
of components and a failed system is restored to the
operating condition by replacing only the failed compo-
nent. The non-homogeneous Poisson process (NHPP)
models failures in systems undergoing minimal
repairs.'' It is useful to overcome the memoryless
assumption when the deterioration process is not
Markovian.'? Overlooking heterogeneity between sys-
tems when analyzing failure data can lead to inaccurate
estimations.'” The generalized Polya process (GPP)
extends the NHPP by assuming that time varying envir-
onments affect the reliability of systems.>'* System
functionality can be restored in different ways. For
example, the component that replaced the failed one
can be new or refurbished, or the maintenance team
can have different levels of expertise. This variability in
the quality of the repair is responsible for a heteroge-
neous population of systems and it must also be taken
into account when designing maintenance policies; oth-
erwise, they will not achieve the desired result. In par-
ticular, assuming that a minimal repair applies and,
thus, a failure process following a NHPP, can overesti-
mate the reliability of a system that is actually in a
worse-than-old condition rather than as-bad-as-old.
Unobserved heterogeneity between systems cannot be
controlled and it is modeled by a frailty, Z. Z is a ran-
dom variable which takes a particular value z for each
system over its entire life, but changes between systems,
explaining their differences. Therefore, assuming a mix-
ture of non-homogeneous Poison processes (MNHPP)
can be more realistic than using a single NHPP. In
terms of managerial implications, a MNHPP can
account for deficient maintenance and provide a dra-
matically different timescale for replacing a system. The
relevance of considering heterogeneous populations in
maintenance has recently been highlighted in Lee
et al.'” and Santos and Cavalcante.'®

This paper presents two models that combine ran-
dom and non-random maintenance of a system that
undergoes minimal repairs after each of the first M — 1
failures. The system is replaced after the first of the fol-
lowing two events occurs: the M failure or reaching age
T. Thus, the system is no longer used when either its
age or failure history induces high maintenance costs.
This policy emulates the usual procedure of maintai-
ners. Random replacement after M failures protects
against frequent failures. This is particularly useful
when failures happen in the early stages due to hidden

defects that occur during the design stage or the manu-
facturing process or due to refurbished components.'’
Regarding road maintenance, it eliminates the potholes
that appear in new roads due to a defective pavement
or insufficient asphalt layer thickness.

The models in this paper differ from those in previ-
ous references in the following major assumptions:

1. We assume a MNHPP for the time to the M fail-
ure, which is an extension of the GPP repair pro-
cess. The mixture is the result of differences in
the quality of repairs. Thus, this new model
accounts for random variability in repairing con-
ditions, as well as time-varying reliability, which
is more general than that in Badia et al.”

2. In model 2, we introduce time-dependent repair
costs, ¢ (), in contrast to the constant value, ¢,
of model 1. This second assumption provides fur-
ther insight into the comparison between deter-
ministic and random preventive replacement.

3. From the point of view of real applications, we
extend the idea of low quality maintenance in
Santos and Cavalcante,'® by considering succes-
sive repairs that restore the operational state of a
system but with lower reliability than before the
failure occurred (worse-than-old).> The conse-
quence is that the occurrence of failures increases
after each repair. This effect leads to the resurfa-
cing of long sections of roads, for example. In
addition, the bivariate maintenance policy is a
useful strategy to determine the maximum usage
time of a component subject to low-quality main-
tenance. The maintainer can decide when no fur-
ther repairs are cost-effective and replace the
component with a new one.

This paper is organized as follows: Section 2 presents
the key concepts of the MNHPP, which models the
repairs in models 1 and 2. Section 3 contains the model
building that leads to the cost function under the two
scenarios, constant repair cost and time-dependent
repair cost. It also presents the analysis of the condi-
tions under which an optimum policy exists. The corre-
sponding proofs as well as some basics on stochastic
ordering, are in the Appendices Al, A2 and A3. The
classical univariate policies, (7*,) and (%, M*), are
presented in Section 4. The sensitivity analysis in
Section 5 analyzes the range of application of models 1
and 2 when comparing the optimum bivariate policy,
(T*, M), with the corresponding classical univariate,
(T*,) and (e, M*). The conclusions are summarized
in Section 6.

MNHPP repair model

First, we introduce the notation that will be used
throughout this paper:
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N(t) number of failures in [0, ]

A(t) failure rate of the time to the first failure

At stochastic intensity

V4 unobservable covariates (frailty)

At z) failure rate conditional to Z=z

T, time to the n failure

M maximum number of failures previous to
replacement (decision variable)

T time for preventive age replacement
(decision variable)

T length of a renewal cycle

cr cost of renewal on the M failure

Ca cost of age replacement at T

Q constant cost of repair in scenario |

() time dependent cost of repair in scenario 2

C(7) total cost of a cycle

Q(T, M) cost rate (the long run expected cost per unit
time)

DFR decreasing failure rate

IFR increasing failure rate

Let {N(z) : t=0} be a counting process with N(z)
the number of events in [0, ¢]. In addition §), represents
its filtration, that is, the history of the process given
by N(#) and T, ... Ty with T; the epoch time of the
i th event in the counting process.

The stochastic intensity, A,, of a counting process
{N(1) : t= 0}, is defined as

—+ =
A — limP(N(t,t h) =1|9,)
h—0 h

Observe that /A, is the conditional probability of failure
in an infinitesimal interval, &, given the previous history
of failures of the system. Hence, the intensity rate is
similar to the failure rate concept although A, accounts
for the effect of the past failures in the current reliabil-
ity of the system. In addition, assuming that repairing
conditions cannot be perfectly controlled, but instead
change randomly between systems, provides a more
realistic model for failures, which are expected to occur
more frequently in systems under low quality mainte-
nance. The frailty, Z, accounts for such heterogeneity
in the counting process of the failures. Z is assumed to
be a non-negative random variable that leads to a mix-
ture of counting processes. The work in Brown et al.'?
is concerned with the choice of the frailty.

In what follows we assume that the frailty, Z, has a
multiplicative effect on the failure rate:

Alt,z) = zA(1)

A(t,z) is the failure rate when Z = z, whereas the fail-
ure rate of the time until the first failure, A(¢), serves as
baseline intensity. When Z > 1, the failure rate is higher
than the baseline. On the contrary, Z < 1 leads to a
reduction in the failure rate.

We consider the particular case of a MNHPP as in
Cha and Finkelstein.'® They provide an expression for

the stochastic intensity (chapter 4, page 109) that, for
the multiplicative model A(¢, z) = zA(¢), turns out to be

E[ZN(t) + lefA(r)Z]

Ae= E[ZN0=A07] M
with A(7) being the cumulative baseline intensity:
t
A(t) = / A(x)dx 2)
0

The stochastic intensity in equation (1) explains both
the time aftermath, which is generally adverse for most
systems, and random effects that can aggravate or alle-
viate the former. Note that for Z = 1 the expression in
equation (1) corresponds to the intensity function of a
non-homogeneous Poisson process which in turn
describes the counting process of the failures for a sys-
tem under minimal repair.

In what follows we will consider a system that is
repaired after failing and keeps on working until the
following failure. The mixed non-homogeneous repair
process (MNHPP) is defined next.

Definition 1. The counting process {N(t) : t=0} with
N(t) being the number of failures in [0, 1], is given by a
MNHPP repair model with baseline intensity A(t) and
frailty Z, if T, (n=1, ...) corresponds to the n epoch
time of the mixed non-homogeneous Poisson process with
intensity Ay in (1).

The main property of the MNHPP repair process is
given in the following proposition.
Proposition 1. Let {N(t) : t=0} be a MNHPP repair
model. Then its stochastic intensity, A, increases with N(t).

The result holds since

E[zn + le—A(z)Z}

(i)(n): W, n=0,1,...

is increasing in n.

Proof. Consider the ratio d’((';(:) )

d)(”l + 1) E[Z” + 26—/\(1)2] E[Zne—/\(z)z]

d)(n) - E[Z” + lefA(t)Z] E[Z” + lefA(t)Z]

forn=0,1, ...:

The Cauchy-Schwartz inequality states:

E2 [Zn + lefA(t)Z] < E[Z}’lefA([)Z]E[Zn + ZefA(I)Z]'

thus, d’((’; ;)1) = [, and the result follows.

There%ore, A, is also increasing with N(7). The previ-
ous proposition implies that, although the system
recovers its functionality after each repair, its condition
is worse than before failing. Hence, the worse-than-old
condition can be interpreted as the result of a mixture
of minimal repairs in heterogeneous populations. This
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worse-than-old condition makes the difference between
the MNHPP repair model and the minimal repair.
Furthermore, the MNHPP repair model is an exten-
sion of the GPP repair process considered in Lee and
Cha.'”? In the particular case that the baseline failure

rate in the NHPP be A(¢) = ar(l)eﬁ) " and the

frailty, Z, a gamma random variable with scale para-

meter « and shapeparameter 8/, it follows that
E[Z”B_Z (;)\(u)du] _ F(l’l + B/O() aﬁ/a

I'(B/a) (a + fé/\(u)du)n e

and then from equation (1) the stochastic intensity of
the mixed NHPP process is

A= (N(z) 4 E)r(l) 3)

o

which is also the stochastic intensity of the generalized
Polya process (GPP) with parameters ( r(¢), 1, g .

Model building

We consider a one component system undergoing a sin-
gle type to failure that is minimally repaired after every
failure with A(x) being the hazard rate of the time to
the first failure. The higher A(x), the greater the risk of
failure.

Definition 1 in Badia et al.,’ states that the
Generalized  Polya  Process with  parameters
(A(f),a =0,8=1) is a non-homogeneous Poisson
process with rate equal to A(z). The corresponding
probability of n failures in (0, ) is a Poisson distribu-
tion with mean A(z) = f(;/\(x)dx. The MNHPP in this
paper and the corresponding repair process also extend
the NHPP, which in turn emerges under the minimal
repair. The probability of N(z)=n failures
(mn=1,2,...)when Z =zis

(zA@®)" _aq

P(N(t)=n|Z=1z)= P

That is, the probability of # failures in (0, 7) for a non-
homogeneous Poisson process with rate equal to zA(?).

Then, the unconditional probability of N(¢) = n fail-
ures is

P(N(1) =n) = /0 A )

n!

with 7r(z) the density function of Z. Thus, the failure
process, {N(?) : t=0}, is given by a mixture of non-
homogeneous Poisson processes.

Each time the system fails, a minimal repair restores
the system back to function. Proposition 1 states that

the random effect of the repair given by Z, leaves the
system in a worse-than-old condition.

The following assumptions also apply to the mainte-
nance procedure:

e The system is replaced on the M failure or at age
T whichever comes first.
Repair times are considered to be negligible.
The cost of preventive replacement on the M fail-
ure and at age T are, respectively, ¢sand c,.

Although working times of most systems are finite,
the study of optimum maintenance policies is simpler
when an infinite time span is considered.?! Since we
do not assume that the system must fulfill a specific
task within a given period, the objective function to
be analyzed is the incurred cost per unit of time in an
infinite interval. The key theorem of the renewal
reward processes®> guarantees that this function is
equivalent to the next one:

E[C(7)]

with 7 and C(7) being, respectively, the length and the
cost of a renewal cycle. In addition 7 and M are deci-
sion variables. Therefore, given the costs of repair and
replacement as well as the rest of parameters defining
the failure process, the optimum values 7% and M*
minimizing Q(7, M) have to be obtained.

Let S,, be the random time until the n-th failure. Its
density function is given by:

© 5 n—1
fsn(x)=/0 %A(x)e‘ﬂ(x)w(z)dz @)

S, and the process of failures, {N(7) : t = 0}, verify
P(Sy<t)=P(N(t)=M)

Hence the probability that the M failure occurs no later
than ¢ is equivalent to the probability that M failures
occur at least before ¢.

Then, the length of a renewal cycle

T = min(SM, T)
and its expected value

] = /0 Fe,(di= Y /O PIN() = )dt (5)

k=0

with Fs, (1) = P(Syy>1) = P(N()<M — 1).

In contrast with the renewal on the M failure, the
renewal at age T is a planned maintenance. Therefore,
the maintainer has time to prepare a less expensive
replacement in advance than in the case of a random
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replacement, leading to consider c¢,>c,. However,
since replacement on the M failure implies that the sys-
tem has not reached age 7, it may retain a residual
value as a second-hand unit. Therefore, there may be
cases where ¢/ < ¢,.

We will analyze two scenarios:

Scenario 1: The cost of repair is constant.
Scenario 2: The costs of repairs are time depen-
dent.

Scenario 1: Constant repair cost. Let ¢; be the
unitary cost of repair.

The cost of a cycle is

C(r) = eomin(M — 1, N(T)) + colr + ¢y

N(T) accounts for the number of failures occurring
until 7. I, I, are the indicator variables of replace-
ment at 7 or on the M failure, respectively.

The expected cost of a cycle is

E[C(7)] = c1 E[min(M — 1, N(T))]
+ ¢P(Ir = 1) + ¢/P(Iyy = 1)

M-2
=¢; Y kP(N(T) = k)
k=0
+aqM-1D)PINT)=M-1)

= ¢ <M - 1-%(1\4—1 — k)P(N(T) = k))

k=0
+ ¢ P(N(T)<M — 1) + ¢,P(N(T) = M)

= ¢ <M—1 —Af(M— 1 — k)P(N(T) = k))
k=0

Fot (ame) Y PN(T) =K). (6)

k=0

The cost function in scenario 1 is

E[C(r)]

QI(T’M) = E[T]

with the mean cycle length, E[7], and its corresponding
expected cost, E[C(7)], in equations (5) and (6),
respectively.

Scenario 2: The costs of repairs are time dependent,
with ¢ () the unitary cost.

Assume that n failures have happened in (0, 7), then
the order statistics S, ..., Sy|N(T) = n, representing the
corresponding times until they occur, are independent

random variables with probability density function %

Moreover, consider a sample of size n from a ran-
dom variable X, the density function of the ith order
statistics, X, 1S:

For0<x<T

n!

(i— Dl(n— 1)

n!

ml n—i
(i) (-5@) 3

The renewal at T occurs if there is not more than
M — 1 failures in [0, 7]. The corresponding probability
is SV P(N(T) = ).

In addition, the times between consecutive failures,
X;, are independent random variables with density
function XE%

The mean cost incurred due to the repair of n failures
(n<M-—1):

Sx, (x) = Fy(x)™ Fy(x)"f(x)

E icl(S,-ﬂN(T) = n}
i=1
= 3 Ha(Xu) = 3 Bl (X))
i=1 i=1
= nE[c|(X)] = n/o c1(x) AE);)) dx.

The renewal after M failures happens in case that
Su<T. The corresponding probability is > . _,,
P(N(T) = n).

The mean cost derived from the repair of the first
M — 1 failures is as follows:

M—1
= 5 X)) = [T 1) ME; ()

Then, the mean cost of a renewal cycle:

M—1 T
E[C(7)] = > nP(N(T) = n) /O (%) i(x) dx

2 (7)

+ "Zw:MP(N(T) =n) /OTCI(A)”jM_: (”; l>

(G023
M—-1

+ et (ca—¢) Y PN(T) = k). (7)

0

>
Il
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The cost function in scenario 2:

E[C(7)]
E[7]

QZ(Ta M) =

with E[r] and E[C(7)] in equations (5) and (7),
respectively.

Observe that in case of Z being a gamma random
variable with scale parameter o and shape parameter 8

and A(7) = ozr(t)e“ﬁr(u)d”, then the cost functions in
scenarios 1 and 2 extend that in Lee and Cha? assum-
ing ¢, = ¢s = ¢, and ¢; = cgpp in the case of scenario 1
and ¢ (t) = cgpp for scenario 2.

We aim at obtaining the optimum policy in both sce-
narios, that is, (77, M) minimizing Q;(7, M) and the
corresponding (7%, M¥) for Q»(T, M).

Optimum number of repairs, M

This section concerns the existence of an optimum M*
minimizing Q(7, M), for a given T, in scenarios 1 and
2. The first result provides the algorithm to obtain M,
simplifying programming tasks. The second serves to
explore conditions under which there exists M.

The notation below is used in what follows

C(T, M) = E[C(1)].

J P(N(1) = M)dr
C(T,M+ 1) - C(T, M)

L(T, M) = C(T, M)

M-1

T
> / P(N(1) = j)dt.

j=070

The following two results show the applicability of
this model. First, Proposition 2 presents the strategy for
computing the optimum M, if it exists, when 7'is given.
It applies in both scenarios.

Proposition 2. Let M* = argy; minQ(T, M) for a given
T> 0. If the function given next
Jo P(N(t) = M)dt
C(T, M + 1) — C(T, M)

®)

is decreasing in M, and it verifies the following condition

f o PON() = M)t
M C(T, M + 1) — C(T, M)

=0 )
then
M* =inf{M>1:L(T,M) < 0}

if L(T,1)>0.If L(T, 1) <0, then M* = oo,
The proof is in the Appendix A2.

The next theorem states sufficient conditions for the
existence of an optimum M in each scenario when the
age replacement time is given. This information keeps
the maintenance team aware of systems that need to be
replaced earlier than planned.

Theorem 1. For a given age replacement time T, the fol-
lowing results hold:

a) Consider Q|(T,M) in scenario 1 with
c1 + cq — ¢>0. If either of the following condi-
tions applies

a;) Zislog concave and A(x) is increasing in x

’;((“_f)> is

@) Z is DFR, A(x) increasing in x and
increasing in z for 0<a<1

then, there exists MT = argy minQ; (T, M).

b) Consider Q»(T, M) in scenario 2 with ¢, = cr. If
Z is IFR, ¢(x) and A(x) are increasing in x and

7;({1:) is increasing in z for 0 <a<1

then, there exists MY = argy minQ,(T, M).

The proof is in the Appendix A3.

Observe that if Z is a gamma random variable with
scale parameter a and shapeparameter g, then Z is log
concave for B=a and DFR otherwise. Therefore, if
A(x) is increasing in x and ¢; + ¢, — ¢,> 0 the condi-
tions in a;) apply for B = «.

In addition, its density function verifies that 717((;)) is
increasing in z for 0<<a<1 and, hence, the conditions in
ay) hold. Thus, conditions in Theorem 1 for scenario 1
extend the results in Lee and Cha®™ (see Proposition 3).

Theorem 1 has interesting applications for maintai-
ners when the age for replacement of a system, 7, is
given. For example, this is useful when T represents an
amortization period. The corresponding bivariate pol-
icy takes into account the resulting reliability of the sys-
tem after successive repairs. In the case of low quality
repairs, the optimum policy may be an earlier replace-
ment than indicated by the amortization period.
Regarding the sufficient condition ¢; + ¢, — ¢,>0, it
seems to be a reasonable assumption when inspection
is an expensive procedure. In addition, it trivially holds
if ¢, = c;. As mentioned previously, cases in which the
system retains a residual value as a second-hand unit
can imply that ¢, > ¢y

Comparison with univariate policies

In this section we present the classical univariate main-
tenance models, age replacement (7, ) and replace-
ment after a given number of failures (%, M) assuming
a MNHPP repair model. A comparison of the optimum
cost derived from the three models gives light about the
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conditions under which the bivariate maintenance out-
performs the other two.

Next we present the corresponding expressions of
the cost function in scenarios 1 and 2.

Age replacement at T M = o

The length of a cycle is 7 = T (non-random). The mean
number of repairs is that of the mixture of non-
homogeneous Poisson processes. In addition to the
replacement cost, the cost derived from repairs until 7’
have to be considered. It follows that

E[r]=T.

The cost of a cycle in scenarios 1 and 2 are respectively:

E[C()lsi1] = lEIN(T)] + ca = c/ A(T)E[Z] + .
! A(x)
E[C(7)]s2] = i cifx (T)dx+ Ca
= A(T)E[Z]/0 c1(x) XE);)) dx + c,.

with Q7 (T) and Qr,,(T) being the corresponding
cost functions in the two scenarios.

The optimum values minimizing Q7 (7) and
O1.5,(T) are denoted, respectively, by T} and T7.

Replacement after M failures. T = =

The cycle verifies 7 = Sy, and therefore it presents a
random length, but the incurred cost is deterministic. It
follows that

EM—H&A—Afmﬂmw

with /s, (x) in (4).
The length of a cycle can be alternatively expressed
as follows:

Er] = E[Su] = /0 " PN <M — 1)dx

M—1

wPNx = k)dx.
;% (N(x) = k)

The corresponding cost in scenario 1:

E[C(7)|s1] = (M

— 1)61 + ¢

and the cost function

QMJI (M) = E[SM]

Regarding scenario 2 and E[C(7)] in equation (7), the
expected cost of repairing a failure in (0, 7) is

! A(x)
/0 cl(x)A(T)dx.

Observe that H(x) = /A\g)) verifies that dH(x) =
: ideri = H(x), it follows that

T ¥ 1
/0cl(x)/);i%dx—/ocl(Hl(u))du.

Replacement on the M failure when there is at least one
repair (M > 1) makes no sense if the expected cost of
repair is infinite. The assumption below is required for
the expected cost derived from repairs in a cycle to be
finite in scenario 2:

[T A(x)
;151& | cl(x)A(T)dx
1
= %1210 A o (H ' (u))du = ;iir;cl(T) < oo,

and, thus, the expected cost of a cycle is

1
E[C(7)|s2] = (M = 1) /0 o1 (H ' (u))du + ¢f.

The cost function in scenario 2:

) = fo c1(H-

E[Sy]

)du + Cf

QM,SQ (M

Now M} and M} denote the optimum number of fail-
ures previous to replacement minimizing Q. ,, (M) and
Owm.s,(M), respectively.

Aiming at giving additional insight about the advan-
tages of a bivariate policy, Q;(7T*,M*) and
0, (T*, M*) have to be compared with the univariate
policies in both scenarios.

Numerical example

In this section we carry out a sensitivity analysis for
both scenarios. We obtain and compare the corre-
sponding optimum policies for the univariate and
bivariate maintenance. Thus, we give light on how the
decision variables depend on the parameters of the
model, as well as about the conditions under which the
cost of the univariate maintenance is no longer larger
than that of the bivariate policy. It is important to note
that the use of a bivariate strategy for replacement adds
extra complexity for maintainers. Therefore, these
results are useful to indicate when a simpler mainte-
nance based on just one of the two can be applied.
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Table I. Optimum Policies in scenario | (¢ =50).

Case ¢ b s T M*  E[7] Qi (T*,M*) T* Qr.s, (T|*) ACr % MF  Qus (M|*) ACm 5, %
| 120 15 05 I 11.812 10.159 12460 12.425 18.241 I 10.159 0

2 10 o | 9.305 12.896 10.355 16.146 20.129 I 12.896 0

3 1.5 o | 7.966 15.064 9.174 19.111 21.177 I 15.064 0

4 30 o 2 8.602 19.762 7.287 26.156 24445 2 19.762 0

5 30 05 = | 8507 14.105 10.355 16.146 12.642 I 14.105 0

6 1.0 17412 2 9.165 18.468 8.368 21.686 14837 2 18.474 0.032
7 15 o 2 7773 21.865 7.287 26.156 16.405 2 21.865 0

8 30 2 5.651 30.081 5.621 36913 18.506 2 30.081 0

9 130 1.5 05 24416 | I1.761 11.000 12460 12425 11.469 I 11.005 0.047
10 10 o I 9.305 13.971 10.355 16.146 13.473 I 13.971 0

I 1.5 19.669 2 10.974 16.140 9.174 19.111 15.544 2 16.165 0.155
12 30 = 2 8.598 20.925 7.287 26.156 20.003 2 20.925 0

13 30 05 13985 2 11.075 14.894 10.355 16.1456 7754 2 15.133 1.581
14 1.0 14012 2 8980 19.504 8.368 21.686 10.061 2 19.561 0.29
15 1.5 15406 2 7732 23.142 7.287 26.156 11522 2 23.152 0.041
16 30 o 2 5.651 31.851 5621 36913 13.712 2 31.851 0

17 140 1.5 05 15747 2 13.587 11.665 12460  12.425 6.116 I 11.852 1.575
18 1.0 15659 2 11.773  14.698 10.355 16.146 8966 2 14918 1.474
19 1.5 16749 2 10.714 16.977 9.174 19.111 I.166 2 17.064 0.506
20 30 22543 2 8582 22.083 7.287 26.156 15572 2 22.087 0.019
21 30 05 12803 2 10.659 15.487 10.355 16.146 4084 2 15.974 3.051
22 1.0 12.086 2 8.684 20457 8368 21.686 5667 2 20.648 0.924
23 1.5 12440 2 7.576 24.374 7.287 26.156 6813 2 24438 0.261
24 30 2 5.650 33.620 5.621 36913 8920 2 33.620 0

25 150 1.5 05 14842 2 12.393  12.031 12460 12.425 3.173 I 12.698 5.257
26 1.0 14239 2 11.331  15.292 10.355 16.146 5288 2 15.703 2618
27 1.5 14711 2 10.363 17.760 9.174 19.111 7070 2 17.962 1.123
28 30 19378 2 8.039 23234 7.287 26.156 1.173 2 23.250 0.070
29 30 05 11122 3 10.633 15.966 10.355 16.146 I.1é 2 16.815 5.049
30 1.0 9567 3 8790 21.266 8368 21.686 1934 2 21.7342 2.153
31 1.5 8862 3 7.820 25471 7.287 26.156 2620 2 25.7240 0.985
32 30 8511 3 6416 35315 5.621 36913 4329 2 35.3898 0.212
33 175 1.5 05 12507 6 12491 12424 12460 12425 0.010 2 14.4294 13.901
34 1.0 10575 5 10496 16.122 10.355 16.146 0.147 2 17.6661 8.739
35 1.5 9.776 4 9.502  19.032 9.174 19.111 0414 2 20.2068 5.815
36 30 9603 3 8210 25.720 7.287 26.156 1.665 2 26.1559 1.665
37 30 05 10351 = 10.351 16.146 10.355 16.146 0 2 18.9165 14.646
38 1.0 8368 8368 21.686 8.368 21.686 0 2 244510 11.310
39 1.5 7287 7.287 26.156 7.287 26.156 0 2 28.9395 9.618
40 30 5654 8 5.643 36.907 5621 36913 0.016 3 39.1216 5.662

The baseline hazard rate is given as follows

)\(Z‘S) = 001?([ + l)efo 0‘01(“+ 1)dl{

with s> 0. If 51 < s then A(#]s1) < A(¢|s2). Therefore,
the parameter s models the pace of the first failure. The
higher s, the more prone the system is to an early fail-
ure. This can be the result of different causes such as
hidden defects, poor installation of the system, refur-
bished units used as spare parts, etc.

The mixing variable Z follows a gamma distribution
with density function:

(10)

with ¢ >0, »>0 and I'(») the Euler function:

I'(b) = / e 't ar.
0

In what follows we will assume ¢ = 1 and ¢, = 100.
Tables 1 and 2 are obtained for ¢; = 50 and ¢(¢) =
50 + 30(1 — ¢~!) corresponding to scenario 1 and 2,
respectively. Both contain the optimum bivariate policy
(T*, M™), the optimum cost Q;(7*, M*) as well as the
univariate policies 7 and M} along with the corre-
sponding optimum costs, Or,,(7T¥) and Qu,,(MF),
for i = 1 (scenario 1) in Table 1 and i = 2 (scenario 2) in
Table 2. Table 1 also contains the following information
for comparison purposes with the univariate policies:
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Table 2. Optimum Policies in scenario 2 (c, = 100).

Case ¢ b s T M E[7] Q(TM) T, Qr.s, (T;) ACr % M;‘ Qus,(My)  ACm %

| 100 1.5 0.5 o | 11.813 8.466 11.296 13.738 38.379 I 8.466 0

2 1.0 0 | 9.305 10.747 9.306 17.835 39.746 I 10.747 0

3 1.5 o0 | 7966 12553 8212 21.058 40.388 I 12.553 0

4 3.0 0 | 5943 16.826 6.498  28.607 4].182 I 16.826 0

5 30 05 0 | 8508 11.754 9.306 17.835 34.097 I 11.754 0

6 1.0 o | 6.335 15.785 7474 23.833 33.769 I 15.785 0

7 1.5 0 | 5240 19.084 6.498  28.607 33.288 I 19.084 0

8 3 ® | 3.680 27.176 5018 39.944 31.967 I 27.176 0

9 125 1.5 0.5 27.680 | 11.800 10.581 11.296  13.738 22.979 I 10.582 0.008

10 1.0 o | 9.305 13.433 9.306 17.835 24.682 I 13.433 0

Il 1.5 o | 7966 15.691 8212 21.058 25.486 I 15.692 0

12 3.0 o | 5943  21.033 6.498 28.607 26.478 I 21.033 0

13 30 05 20.528 | 8499 14.691 9.306 17.835 17.629 I 14.693 0.0l

14 1.0 o | 6.335 19.731 7474 23.833 17.211 I 19.731 0

15 1.5 o | 5240 23.855 6.498 28.607 16.61 I 23.855 0

16 3 17013 2 5649 32367 5.018 39.945 18.97 | 33.969 4717

17 150 I.5 05 18376 | 11.364 12.594 11.296 13.738 8.324 I 12.698 0818

18 1.0 20.469 | 9.217 16.102 9.306 17.835 9.72 I 16.120 0.112

19 1.5 23.705 | 7952 18827 8212 21.058 10.596 I 18.830 0.015

20 30 17013 2 8452 24.608 6.498  28.607 13.978 I 25.239 2.499

21 30 05 11248 2 9915 17.043 9.306 17.835 4.442 I 17.631 3.335

22 1.0 10.098 2 8.106  22.533 7474 23.833 5.452 I 23.677 4.83

23 1.5 9.783 2 7.136 26.849 6.498  28.607 6.146 I 28.627 6.21

24 30 11,702 2 5591  36.893 5018 39.945 7.64 2 40.698 9.351

25 175 1.5 05 12651 2 11.753  13.581 11.296 13.738 1.143 I 14.815 8.328

26 1.0 11339 2 9.981 17.502 9.306 17.835 1.867 I 18.807 6.935

27 1.5 10884 2 9.072  20.521 8212 21.058 2.551 I 21.968 6.587

28 30 11.790 2 7.854 27.290 6.498  28.607 4.603 I 29.446 7.321

29 30 05 9438 4 9379 17814 9.306 17.835 0.118 I 20.570 13.395

30 1.0 7678 4 7.582 23.789 7474 23.833 0.184 I 27.623 13.881

31 1.5 6.753 4 6.629 28539 6.498  28.607 0.238 2 32.798 12.986

32 3.0 5389 4 5201 39.792 5018 39.9445 0.382 2 45.122 11.812

33 200 15 05 11296 11.296  13.738 11.296  13.7379 0 I 16.931 18.859

34 1.0 9326 7 9322 17.834 9.306 17.835 0.007 | 21.493 17.024

35 1.5 8275 6 8258 21.053 8212 21.058 0.025 I 25.106 16.145

36 3.0 6723 5 6.649 28577 6.498 28.607 0.104 2 32.550 12.205

37 30 05 9306 o 9.306 17.835 9.306 17.835 0 I 23.508 60.412

38 1.0 7474 7474 23.833 7474 23.833 0 2 30.428 21.675

39 1.5 6498 6.498  28.607 6.498  28.607 0 2 36.013 20.566

40 3.0 5018 o 5018 39.945 5.018 39.945 0 2 49.546 19.378
ACr, % = Oy, (TF)-01 (T, M*) accumulated number of failures becomes more profit-

- 07, (T7) *’ able than age replacement at T, and therefore 7% = o
ACy.5,% = wa(Q ) (Q‘(? M*) is observed more frequently. In fact, the cases consid-
M.sy

to compare with age replacement and replacement on
the M failure, respectively. Table 2 presents a similar
study in scenario 2. The larger any of the two quantities
above, the greater the advantage of the bivariate over
its univariate competitors.

As ¢/c, increases, so does M*, but T* decreases.
The higher cost of replacement on failure impels age
replacement by reducing 7T and increasing M.
Therefore, the relevance of the age replacement
increases. Under this condition, the finite value of 7"
prevents the system from exceeding M. Very large val-
ues of the ratio ¢//c, can result in M* = o (cases 37-39
in Table 1 and 37-40 in Table 2). On the contrary, as
the ratio cs/c, decreases, replacement based on the

ered where ¢; ~ ¢, lead to T* = .

The higher s, so is the initial failure rate of the sys-
tem, leading to a decrease in expected length of a
renewal cycle. The stochastic intensity of the failure
process increases with 5 and also leads to a reduction in
E|7]. Therefore, the starting condition of a recycled
component is critical when considering its use as a
second-hand system. Poor repairs can also interfere
with the purpose of extending the life of a system.
Figure 1 illustrates this result, which must be consid-
ered when either recycled units are used as spares or the
quality level of repairs drops. The comparison of the
bivariate policy with the age replacement in scenarios 1
and 2 reveals that the cost reduction induced by the for-
mer decreases with . This means that the additional
replacement on the M failure is less advantageous the
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Figure 1. Mean length of a renewal cycle under different values
of b, s, and c,.

lower the quality of repairs is. This result is reversed in
both scenarios when s increases. Therefore, the bivari-
ate policy is clearly superior to the age replacement in
systems with low reliability when they start to work.
Notwithstanding that the bivariate policy outper-
forms the univariate maintenances in most cases, the
sensitivity analysis also gives some insight into the con-
ditions leading to either, 7% or M™ being infinite. If so,
the optimum cost of the univariate policy is equal to
that of the bivariate policy. Table 3 provides further
information on the interaction effects of the three para-
meters, ¢y, b, and s in determining the optimum policy

Table 3. Optimum Policies in scenario 2 (c, = 100).

in scenario 2. If b and s are fixed, M* < = for ¢, = 190
and M* = = for ¢; = 200 (cases 5, 9, 13, 14, and 15).
When b is fixed, increasing s leads to a decrease in M™*,
with some cases where M* = o« drops to M* < . This
behavioris reversed when s is fixed and b increases.
Figure 2 shows these results. Thus, the additional pro-
tection of the bivariate policy is more advantageous the
lower the initial reliability of the system is. The bivari-
ate policy tends to match an age replacement for large
values of the parameter b, which is the shape parameter
of the mixing distribution Z. According to equation (3),
the larger b, the worse the repair. In summary, a good
maintenance is key for keeping systems operational.
However, in case of a very low quality of repairs, the
results do not show a clear gain in a more complex
maintenance. An earlier age replacement might be
sufficient.

Conclusions

Replacing systems rather than repairing them when
they fail or deteriorate, has been a common practice
since the last decade of the last century. Nonetheless,
this practice is no longer acceptable for sustainability
reasons that lead to extend the use of components and
systems by appropriate maintenance. This paper pre-
sents a bivariate maintenance policy based on both the
age, T, and the number of failures, M. The combination
of a deterministic and a random replacement generally
gives additional protection to the system, since waiting
for the age replacement at 7, may not be worthwhile in
a system with a high frequency of failures. Therefore, a
preventive maintenance after the M failure, which

= 90 = 200
Case b s T M*  E[7] Q(T*, M*) T M*  E[7] Q(T*,M*)
| 1.25 0.5 12.261 3 12.062 12.864 11.863 6 11.857 12.887
2 1.0 10.519 3 10.202 16.526 9.937 5 9.903 16.595
3 1.5 9.633 3 9.216 19.364 8.874 5 8.826 19.494
4 3.0 8510 3 7.797 25.861 7517 4 7.308 26.203
5 1.50 0.5 11.443 4 11.387 13.729 11.296 e 11.296 13.738
6 1.0 9.570 4 9.474 17.802 9.326 7 9.322 17.834
7 1.5 8.570 4 8.441 20.991 8275 6 8.258 21.053
8 3.0 7726 3 7.097 28.392 6.723 5 6.649 28.577
9 1.75 0.5 10.893 5 10.876 14.520 10.843 0 10.843 14.522
10 1.0 8.983 5 8.952 18.964 8.886 9 8.885 18.976
Il 1.5 7.954 5 7910 22.462 7.823 8 7.820 22.488
12 3.0 6.609 4 6.416 30.643 6.194 7 6.182 30.733
13 2.00 0.5 10.471 6 10.466 15.255 10.455 0 10.455 15.256
14 1.0 8.560 6 8.550 20.042 8.524 e 8.524 20.046
15 1.5 7.529 6 7514 23.823 7.474 0 7.474 23.833
16 3.0 6.043 5 5.974 32711 5.858 10 5.857 32.750
17 3.00 0.5 9.307 o 9.307 17.836 9.306 e 9.306 17.835
18 1.0 7.474 o 7.474 23.833 7.474 0 7.474 23.833
19 1.5 6.498 o 6.498 28.607 6.498 e 6.498 28.607
20 3.0 5.018 o 5.018 39.945 5.018 e 5.018 39.945
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Figure 2. M* in scenario 2.

occurs before the planned age replacement at 7, can be
profitable from an economic point of view. However,
poor quality maintenance can reduce the useful life of a
system. There is unobserved heterogeneity between sys-
tems that seem to be identical due to differences in the
quality of their maintenance. This variability is modeled
by a frailty, Z, which leads to a MNHPP in the failure
process, which, in turn, is derived from a variety of min-
imal repairs carried out on failure. The value of Z is
specific to each system and remains constant through-
out its life, but varies between systems depending on the
quality of maintenance. This paper focuses on designing
a maintenance policy that is valid for a heterogeneous
population of systems. We analyze the consequences of
low quality maintenance in the optimum policies under
two scenarios with constant or time-dependent repair
costs, respectively. The higher these costs, the earlier
the system replacement implying a serious inconveni-
ence to extend the time of use. We also provide suffi-
cient conditions guaranteeing the existence of a finite M
in each of the two scenarios when 7T is not a variable

decision but a parameter in the model. This result, the
maximum number of cost-effective repairs to be carried
out, can serve as an indicator that an earlier replace-
ment of the system, that is before the initial horizon at
T, iseconomically advantageous. Apart from the sensi-
tivity analysis, the numerical study also addresses the
comparison of the bivariate policy with the univariate
ones, based only on the age (M* = ) or the number
of cumulated failures (7* = ). The initial reliability
of a system when it starts to work is critical to deter-
mine the upcoming maintenance. The lower the initial
reliability, the sooner the system will be replaced. Thus,
the condition of a component that is to be used as a
second-hand system is relevant to determine how it
should be maintained. In fact, recycled units with low
reliability levels can greatly benefit from the bivariate
policy. The analysis reveals that some conditions can
lead maintainers to use univariate maintenance policies,
which are simpler to apply. Thus, 7% = = is more likely
to occur when the ratio ¢s/c, is low, whereas M* =
tends to happen either when the former ratio is high or
the mean quality of repairs decreases.
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Appendix Al. Basics

Consider a random variable X

Fy, Fy and fy denote the corresponding cumula-
tive distribution function, survival function and
probability density function, respectively.

X =31Y indicates that the random variables X
and Y are identically distributed.

A function f on a interval [ is log convex (con-
cave) if flax + (1 —a)y)<(=)x)Y)' 7,
x,yel,0<a<l.

A sequence a,, n=0,1, ...
cave)if @2, | <(=)ana, + 2.

is log convex (con-

A random variable X is

increasing failure rate (IFR) if Fy is a log concave
function.

decreasing failure rate (DFR) if Fy is a log convex
function.

log concave if fy is a log concave function.

The following properties apply

If X log concave, then X is IFR.
A non negative integer valued random variable L

is IFR (DFR) if 2L =

P(L=n)
in n or equivalently P(L=n) is a log concave
(convex) sequence.

is increasing (decreasing)

X is less or equal than Y in

usual stochastic order, X< 7, if Fy(x)= Fy(x)
or equivalently E[f(X)]<E[f(Y)] for all f increas-
ing function.

hazard rate stochastic order, X<, Y, if
increasing in x.

reversed hazard rate stochastic order, X<, Y, if

Fy(x)
Fx(x)

likelihood ratio stochastic order, X<, Y, if ;; Ez; is
increasing in Xx.

In addition the following bivariate functional
characterization of the likelihood ratio order
can be found in Shanthikumar and Yao>*: let X*
and Y* be independent random variables

is

Fy(x)
Fx(X)

is increasing in x.
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verifying X = *X* and Y =%Y* and H a bivari- I

. B = Fo (AT d

ate function such that H(x,y) — H(y,x)=0 for m(v) ) Sw (A(T)zu)m(z)dz

x<y, then X<, Yif and only if E[H(X*, Y*)|=E Fg, (A(T)

[H(Y", X)].

= / fS / A < )> dzdx
The following chain of implications concerning sto-
chastic orders holds - E|IF
{ ’ (A(T))} |
hr
I / N o The previous identity follows since
N / st
hr Fg (A(T)z) = P(S) <A(T)z) = P(A("T4)Z < 1>
Appendix A2. Auxiliary results
PPl Y ) ) Lemma 3. A”(l is decreasing in M.
Let S}, be a gamma random variable with shape para- Bu(1)
meter M and scale parameter 1. Proof 1s decreasing in M if
Lemma 1. S}, <. S}, . |, with = =st, hr, rhr, Ir. g
[ (Sl )] M+ 1
Proof. It follows that Fz A(T)
(11)

Is ¥

M+ 1

Is1,(x)

(x) _anxMe _

X
xM-le=x M

1
)

is increasing in x, thus S}, <;S},, | which implies the
st, hr and rhr stochastic orders.

Lemma 2. Let £, g non null positive functions such that
gis decreasing. If X<, Y, then

E[f(X)|Eg(Y)] — E[f(Y)|E[g(X)] = 0.

Proof. If fé is decreasing, then H(x,y) = f(x)g(y) veri-
fies the condition for the bivariate characterization of
likelihood ratio stochastic order in Shanthikumar and
Yao? and the result follows.

Next, we define some auxiliary functions:

[ s{atm)

G(x) =

ForM=1,2,... and 0<u<1:
Ap(u) = /OmiFS‘ (A(T)zu)mr(z)dz.
Ay (1) = /wlFsl (A(T)z)7(z)dz

/ 15,00 [ (g s

E[G(S)]-

—E[G(S}; , 1)]E{FZ (AS(IT)H > =0.

Next, we verify that Conditions in Lemma 2 hold:

1. H(x) = - 69 _ is decreasing in x since the sign
# ()
of =~ dH ) is that of the following expression

—i”(A{r)ﬁZ(Afn) )
st (aem) [ (s =<0

2. Sy, <S8y, from Lemma 1.

Thus, the inequality in equation (11) is derived from
Lemma 2.

Lemma 4. Let Xy and Yy be random variables with
probability density functions fx, and fy,, given, respec-
tively, as follows

Sy (1) = AMl(l) A lf%(u)w(z)dz, o<u<l
and
Sy, (u) = #(1)/0 fi(u)ﬂ(z)dz, o<u<l

A7)z
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IfZ ”Y‘ is an increasing function in x for 0<a<1, then
XM\stXM+ 1 and YM\S’YM+ 1

Proof. 7‘1;) increasing in x for 0<a<1, implies that
ulN(T)Z <, A(T)Z which is one of the assumptions in
Lemma 2.

Since the following equality applies

Ap(1)

E| s, (ATwz) | /£

FXM(M) =

1

Fg (A(T)Z)}

then, Fy,, (1) = Fx,, ., (u) is equivalent to

(E[LFs, (MT2) | E|LF, (A(D)Z)]
—E{% Fg (A(T)uZ)} E[%FSIM (A(T)Z)} ) =)

From Lemma 1 and the relation between the likelihood

WFa (x)
and usual stochastic orders, it follows that 1F517(Y)

1\/[ + 1
decreasing. Thus the previous inequality is derived from

Lemma 2.
Likewise, Fy,, (u) =

1S

thus Fy, (u) = Fy,, . (u) iff

1)»
(ElFs, (MDWZ)EIFs,, | (M(T)2)]
~ElFy,  (MDWZ)E[Fs, (MT)Z)]) =0

FS] (x)

From Lemma 1, ﬁ is decreasing and conditions

in Lemma 2 apply. !
Note: Observe that /' (1) = fs1 (A(T)zu

Remark 1. The following alternative expression for
Ay (1) and By, (1) also apply:

e
b [ [y

Lemma 5. Let X be a random variable, then:

YA(T):.

z)dzdu

z)dzdu

(@) Ef(X)g(X)]= E[f(X)|Elg(X)] i f and g are both

increasing or decreasing functions.

(b) E[f(X)g(X)|<E[fIX)]E[g(X)] if f is increasing

and g is decreasing.

The proof of this result can be found in Cuadras®*
and Joe.”

Lemma 6. Let {N(t) : t =0} be a homogeneous Poisson
process with failure rate A(t) = 1 and X a non negative

random variable independent from the process and den-
sity function fy, it follows that

(a) N(X) is IFR (DFR, log concave) if X is IFR
(DFR, log concave).

(b) Let U be a uniform random variable on the inter-
val [0, 1] independent from both the process and
X. In addition g is an increasing function in

0.7, then NS X) <) i 8 s

increasing in x for 0<a<1.

Proof. The preservation of the ageing classes given in
(a) are well known results (see Grandell*®).

Case (b) is based on the following property stated in
Shaked and Shanthikumar’”: If A<,B, then
N (A)<;Ni(B). Let 4 = %X and B = X since the
following identity applies

fal) L (D) (xe(T)N
o) fX(x)/o g(uT)f"<g<uT>>d

( ”T)/fx( ) is decreasing in x and so is %E;;,

fore the conclusion holds.

Remark 2. Consider the mixed NHPP repair process
{N(7) : t=0}. Observe that N(T) = “N,(A(T)Z):

P(NI(A(T)Z) = M)

Moreover, we have that By(1) = P(N(T) = M):
=P(Ni(A(T)Z)=M)

/0 . P(S}y, <A(T)z2)m(z)dz
- [ | M (v

[,
- [ (i) g

The change A(T)z = u leads to the last identity in the
foregoing expression.

The identical distribution of N(7T) and N{(A(T)Z) is
used along with Lemma 6 (a) to derive the ageing prop-
erties of N(T).

7 (z)dzdx

Remark 3. The use of Lemma 6 (b) is based on the fol-
lowing identity:
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T
P(N(t) = M)dt

_ /OTP(Nl ([/\\((Q)A(T)Z> = M)dt

= TP<N1 (AA((UT?A(T)Z> = M)

S—

where U is a uniform random variable on the interval
[0, 1] independent from the Poisson process.

Lemma 7.

TPNI_Mdt_A HE !
/0 (N(2) = M)dt = Ay +1(1) {m}

H~" is the inverse function of H(t) = L”),

T 0<r<T.

Proof. N(T) =N (A(T)Z) and the change u = L;)

(T)
lead to

/OTP(N(t) = M)dt
T e
s
1
:Auﬁﬂn
7(z)dzdu

= 1 7/\( 7) . zu
AAmwmA*%“m)
7(z)dzdu

Y L “1
__Axﬁrwmlzﬁ%ﬁWMdﬁm.

(A([)!Z)M 7(z)dzdt

M

—A(1)z
T /oc efA(T)zu (A(T)ZM)M
0

M|

Calculations in the following Lemma involve the
numerator of the cost function in scenario 2, denoted
as C(T,M). Thus, C(T, M) = E[C(7)] with E[C(7)] in
equation (7).

Lemma 8. If ¢, = c;, it follows that
C(T,M +1)—-C(T,M)

1 o
= / l (H’l(x)) fw (x)m(z)dzdx.
0 0  xD:

T)

o 3 =ek(y ) [T
(R

J
[ 3 ()"
- k;P(N(T) = k)k(]‘]i[__ll) /OTcl(x)X
(GH) (-5 i)
_ /Ochl(x) Zw: /Ow (ZA](('T))k M r(2) x
k=M :
()

A
A(x)
m dzdx

(M —1)!(k — M)!
X k—M
(-45)
T e M1
:/0 cl<x)/0 ﬁ(%) (zA(T)M %

LAl A5
<6Auy€Aamu sg>AE;gﬂ<z>>a&dx
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The first expression in the last line is obtained after the
chan =AY - g
geu = 37 (x).

Appendix A3. Existence of optimal policies
in scenarios | and 2

Consider the following function
L(T,M) =

J. = M)dt
(T, M) C(T0M+ 1) — C(T, M)

/ d.
j=0

After basic calculations we obtain

O(T, M+ N<Q(T. M) L(T,M)=0, M = 1,2, ...

(12)
If the following condition applies
T
P(N(t) =
M—=C(T,M + 1) — C(T, M)
then
lim L(T,M)=—-T<0 (13)

M—x©

M — o implies that only the age replacement at T
occurs and, from the univariate policies in Section 4,
we have

A1)

S dr + :
A(T)d[ Cy < ©

T
Alfim c(T,M) = E(Z)A(T)/ (1)
—00 0
In addition

L(T,M)— L(T,M + 1) = C(T, M + 1)

o (I (PN () = Mydr [T (PN() =
C(T,M +1)-C(T,M) C(T,M+2)—

M + 1)dt
C(T,M + 1)

and the next property follows:

L(T, M) is decreasing in M iff

[T P(N(t) = M)dr

Q£M+U—aﬁM

is decreasing in M.

(14)

Proof of Proposition 2. From equation (14)L(T, M) is
decreasing in M and, hence, L(T, M)<L(T, 1). In case
that L(7,1)<0, it follows that L(7,M)<0. From
equation (12), Q(T, M) is also decreasing in M and the
conclusion holds for M* = o,

Condition (9) leads to (13) and, if L(7,1) >0, there
exits M such that L(7,M)<0. Let M, =inf
{M>1:L(T,M) < 0}. Since L(T, M) is decreasing in
M, it follows that L(T, M) =0 for M =1, ..., M, and
L(T,M) <0 for M= My, My+1,.... Then, from
equation (12) it follows that Q(T, M) is decreasing for
M=1, ..., M, and increasing for M = My, My + 1, ...
and the result holds with M* = M,.

Proof of Theorem 1. a) (Scenario 1). The expression of
C(T, M) = E[C(7)] in equation (6) for scenario 1, leads
to

C(T, M + 1) (T, M)

= ¢ P(N(T ) + (ca — ¢f) P(N(T) = M)
= ¢ P(N( ) + 1) + (c1 + ¢y — cf)P(N(T) =M)

In addition, according to Remark 2, the following iden-
tity holds

PIN(T)=M + 1) =By +1(1)

and, considering Lemma 7, the function in equation (8)
can be also expressed as follows

XE{WM}

(15)

Next, we prove that if ¢;) holds, then assumptions in
Proposition 2 for scenario 1 apply. First, we obtain that
equation (8) is decreasing in M:

1. g‘;: :E]l; is decreasing in M (Lemma 3).

2. Z being log concave implies that N{(Z) is also
log concave (Lemma 6 (a)) and so is N, (A(T)Z)
since A(T) is a constant. From Remark 2) the
log concavity of N(T) is derived and, therefore,
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N(T) is IFR. Thus, % is increasing in
M and (¢; +¢,—¢) % is also increasing

given condition ¢; + ¢, — ¢,> 0 in Theorem 1.
3. From Lemma 4, the random variable X, - | that
takes values in [0,1] with density function
(u)m(z)dz, is increasing in M in

*__1 1
fO Apr+1(1) Zfs}wﬂ
A(T)z

the usual stochastic order.

Hence,

E[A(H Xy +1)) } fo,\

(fo Tram fs‘ 1() ()d2>du

is decreasing in M since A(x) is assumed to be increas-
ing under conditions «1) and a,).

The following alternative expression for equation (8)
leads to prove that this function is decreasing in M
under conditions @;) in Theorem 1.

Jo PIN() = Mydi—_
(T, M + 1) C(T, M)
f P(N(t) = M)dt 1 (16)
PIN(T) = M) P00 + ¢, — ¢

1. If Zis DFR, Lemma 6 (a) and Remark 2 imply

that N(T) is DFR, that is, % is decreas-
ing in M.

2. Both, Remarks 2 and 3 lead to the following
identity:

Jo P(N(t) = M)dr _

P(N(T) = M)
TP(N (S MT)Z) = M)
P(N\(AM(T)Z) = M)

Under assumptions in ay), %

0<a<l, then from Lemma 6 (b),

N]( UT)A(T)Z)\erl(A( ) ) HCI’ICG,

is decreasing in M and so is equation (16).

Next, we prove that the limiting condition (9) in
Proposition 2 holds under assumptions in Theorem 1.
Condition ¢; + ¢, — ¢s> 0, the stochastic order in Xy
and ﬁ being a decreasing function apply under
assumptions «;) and a;), leading to the following

inequality

is increasing in z for
it follows that

f(JTP(N(t) - Mydt
P(N(T) = M)

[ P(N(1) = M) Ay ea(l)
C(T,M + 1) = C(T,M) ~ By +1(1)
1 dheae
(o7 oo 1o i) - BT
Ay +1(1) 1
<Cll;l/w:l(l) { —I( ]

In addition, according to Remark 1, it follows that
1 00 .
fo fo %f S‘
fo fo f 51

Var(z)dzdu

Ap (1) _
By (1)

\A( . (17)
z)dzdu M

The last inequality applies since

://OZfS'MH(A(T)
/ /0 —a¢ Az
M /0( 1—1)1”><
(/ ey )M]<Z”>M1A(T)Z7T(Z)dz>du
L
D[ g

In addition, the following function derived from
Remark 2, can be expressed in the two next alternative
ways that serve to prove that it is bounded either under
conditions a;) or ay).

7(z)dzdu

zu) N(T)zm(z)dzdu

)M A(T)zm(2)dzdu

z)dzdu

z)dzdu.

By/(1)
By 1(1)
_ 4 _PON(T) = M) 1%
P(N(T)=M + 1)
L, PN =M) PIN(T) =M+ 1)
; mmn=M+npmn>M+n(m
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For Z log concave (condition in a;)), P(if(NT()Ti ;4]‘?1) in

equation (18) is decreasing in M by Lemma 6 (a) and
Remark 2.

For Z DFR (condition in ay)), N(T) is DFR b
Lemma 6 (a) and Remark 2. Hence, %
equation (19) is decreasing in M.

=

m

Therefore, applying equation (17), the product
Agﬂ;(f)l) Bﬁ - (11()1) = ;Z - 118; tends to zero when M tends to

infinity and, thus, equation (9) applies. Therefore, con-
ditions in Proposition 2 are fulfilled either a;) or ay)
holds.

Proof of Theorem 1 b) (Scenario 2). Now we consider
scenario 2 with ¢, = ¢, Applying Lemma 8 we have

C(T,M + 1) = C(T, M)
1
:/quf<» f, (w)m(z)dzdu
0 n
= By(1)E[ci (H ' (Ya)].

The previous identity and Lemma 7 lead to

Jo P(N(r) = M)
C(T,M + 1) - C(T, M)

(20)
_ dys(1) Elxmrtny]
By(1) Elei(H(Ym))]

The following properties hold:

1 ;;z‘* :EU is decreasing in M by Lemma 3. B”;(‘l()l)

is decreasing in M by Lemma 6 (a) and Remark
2 since Z is IFR. Therefore, A"M—&()l) is also
decreasing in M.

2. Since % is increasing in z for 0<a<l,

and
both ¢;(x) and A(x) increasing functions in wx,
then E{ A(H~ (Xw+1)):| and

ing in M by Lemma 4.

1
Her (7)) Are decreas-

Therefore, under conditions given in b) for scenario
2, the result in equation (14) follows.
Next, we prove that equation (9) also applies:

T
/ P(N(t) = M)dt

R
A N |

1 %
X/O cl(H‘l(u))/O m]%ﬂ(u)w(z)dzdu

INGE
1
L’l (H=H(Xp))A(H (X))

/olcl (H™ ))/0 _f9;4,1( u)m(z)dzdu.

X

Regarding the foregoing expressions, the last one in the
first line is obtained after the change of variable

u= % = H(t) in the integral. Thus, t = H~!(u) and

dt = 30 du.

The inequality in the third line follows applying
Lemma 5 (b), since ¢;(x) is increasing and
decreasing. Furthermore

1 4 001
/Ocl(H (u))/o Zf%(u)ﬂ'(z)dzdu

l .
oA 1S

Lemma 8 and the previous inequality lead to

Jy P(N(1) = M)

C(T, M + 1) — C(T, M)
A(T) I
<A1E[w4w>WH%X»}
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The last inequality follows since the assumption ¢ (x)
and A(x) being increasing functions in Theorem 1 b),
implies that m, W are both decreasing. In
7(az)

w(z)°

addition, X <Xy, follows from the assumption
0<a<1in Theorem 1 ) and Lemma 4.

Hence, when M tends to infinity, condition (9) holds.
Thus, Proposition 2 applies under assumptions of sce-
nario 2 in Theorem 1 b).



