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Abstract

Large and little Schroder matrices as well as with their inverses are triangular matri-
ces arising in Combinatorics. Through their total positivity and bidiagonal decom-
position it is shown that their singular values, inverses and some associated linear
systems can be solved with high relative accuracy. Numerical experiments confirm
the theoretical results.

Keywords Schrdder matrices - Riordan arrays - Total positivity - High relative
accuracy

1 Introduction

Finding classes of matrices for which many algebraic computations can be performed
with high relative accuracy (HRA) has been a very active research field in the last
years. As an important source of such matrices, we can point out subclasses of nons-
ingular totally positive matrices. In fact, let us recall that, given a nonsingular totally
positive matrix, if we know its bidiagonal decomposition with high relative accuracy,
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then we can apply algorithms in [18] to calculate with high relative accuracy all
its eigenvalues, singular values or its inverse. Totally positive matrices are matri-
ces with nonnegative minors (cf. [1, 15, 26]). They arise in many fields, including
Combinatorics.

Riordan matrices arise in Combinatorics in the framework of Riordan arrays, which
in turn play an important role when dealing with recurrence relations, walk problems
and combinatorial identities, among others fields (cf. [28]). For example, they natu-
rally arise in the inversion of combinatorial sums of the form a,, = ZZ:O dy 1:br, a
recurring problem in enumerative combinatorics. As shown in [4], such sums can be
interpreted as multiplications by Riordan matrices, and their left-inversion of these
combinatorial sums reduces to the inversion of the associated Riordan array. We
observe that Riordan matrices are also related to recursive matrices in the umbral
calculus (cf. [22]). Large and little Schroder numbers arise in the problem of counting
certain types of lattice paths, and both lead to corresponding Riordan arrays and trian-
gular matrices. Inverses of large and little Schréder matrices have also an interpreta-
tion in Combinatorics (cf. Sect. 3). In this paper, we show that many linear algebra
computations can be performed with high relative accuracy when dealing with large
and little Schroder matrices as well as with their inverses. Schroder—type Riordan
arrays and their associated triangular matrices also arise in the study of lattice paths
such as Lukasiewicz paths and related polynomial families, where Riordan matrices
encode concrete combinatorial transformations [30]. From a numerical perspective,
bidiagonal factorizations with total positivity provide a natural and reliable frame-
work for handling combinatorial matrices [17, 19, 20].

We now present the organization of this paper. Section 2 presents basic concepts
and results on total positivity, bidiagonal decompositions and high relative accuracy.
Section 3 introduces Riordan arrays and it presents some related matrices that will be
considered in the paper. Section 4 focuses on recursive matrices, providing in Sect.
4.1 the bidiagonal decomposition of a family of recursive matrices that is totally
positive. Section 4 shows the total positivity and gives the bidiagonal decomposition
to HRA of large and little Schroder matrices as well as with their inverses. This will
guarantee the high relative accurate computation of all singular values and inverses
of these matrices, as well as the accurate computation of some associated linear sys-
tems. Observe that, since these matrices are triangular, the eigenvalues are the diago-
nal entries. Section 5 includes some numerical examples confirming the theoretical
results.

2 Total positivity, Neville elimination and bidiagonal
decompositions
A matrix is totally positive (TP) if all its minors are nonnegative. TP matrices are also

called totally nonnegative matrices. This class of matrices has applications in many
fields: see the surveys [1, 10], the classical book [15] and the recent books [11, 26].
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A remarkable property of TP matrices is that their product is also a TP matrix (cf.
Theorem 3.1 of [1]). This is a consequence of the Cauchy-Binet formula for determi-
nants (cf. [1] or [26]).

Let us introduce a matrix notation for submatrices. Given positive integer numbers
k, n, with 1 < k < n, the set Qi ,, denotes the set of all increasing sequences of k
positive integers less than or equal to n. Let 4 be a n X n matrix. For k < n, m <n,
and for any @ € Q. , and 8 € Quy p, Alcr| 3] denotes the k x m submatrix of 4 con-
taining the rows numbered by « and the columns numbered by 3. Finally, if a = 3,
the corresponding principal submatrix will be denoted by A[a] := Ala|a].

Neville elimination (NE) is an alternative procedure to Gaussian elimination that
produces zeros in a column of a matrix by adding to each row an appropriate multiple
of the previous one. This elimination procedure is very useful when dealing with
some classes of matrices such as TP matrices or sign-regular matrices. For nonsin-
gular TP matrices, it is always possible to perform NE without row exchanges (for
more details on NE, see [12, 13]). Given a nonsingular matrix A = (a;;)o<i, j<n, the
Neville elimination procedure without row exchanges consists of n steps and leads to
the following sequence of matrices:

A= AO 5 AW 45 4@ ..., A =, (1)

where U is an upper triangular matrix.
The entries of A*+1) = (a§§+1))0§i7jgn can be obtained from A*) using the

formula

(*)
(k+1) agf)—a?%az(li)l_j, ifk+1<i<nk<j<nand agli)lk;éO,
a;; = i—1,k ’ J
a'® otherwise,

ij

fork=0,...,n—1.
The (i, j) pivot of the NE of A is given by p;j = ai), for 0 < j <i <n. If
1 = j we say that p;; is a diagonal pivot. The (i, j) multiplier of the NE of 4 with
1 < j < i< n,is defined as
ij _ i :
mi; = aﬁj,)l‘j T opie1g) if di-1,j 7& 0,

0, if ol = 0.

i—1,5

The multipliers satisfy that m;; = 0 = my; = 0, for all h > 4. The (7, j) multiplier of
the Neville elimination of AT is denoted by m;;.

The following theorem is a consequence of Theorem 4.2 of [13] and characterizes
nonsingular TP matrices by their bidiagonal decompositions.
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Theorem 1 A nonsingular matrix A = (a;;)0<i,j<n is TP if and only if it admits the
following decomposition:

A=F, 1F, 2 - - FoDGy---Gp_2Gy_1, 2)

where D is the diagonal matrix diag(poo, D11, - - -, Dnn) With positive diagonal en-
tries and F;, G; € RUFDX(+1) gre the nonnegative bidiagonal matrices given by

0 1 1
0
F; = 0 1 , Gi= 1 mit10 , (3)
Mmiy10 1 1 -
m”,n;i,l 1 ﬁln.ni—z—l
foralli€{0,1,...,n— 1}. If in addition, the entries m;; and m; satisfy

mij:()émhj:O Vh>i, (4)
77~”Lij:0=>mhj20 Vh>i,

then the decomposition is unique.

In the bidiagonal decomposition given by (2)—(4), the entries m;; and p;; are the
multipliers and diagonal pivots, respectively, corresponding to the NE of 4, and the
entries m;; are the multipliers of the NE of AT (see pp. 116 and 120 of [13]).

Bidiagonal decompositions can be used to factorize more classes of matrices (cf.
[2]). If we consider the factorization given by (2) and (3) without any further require-
ment than the nonsingularity of D, the matrix notation BD(A) can be used to repre-
sent a bidiagonal decomposition (2) of a nonsingular matrix,

(BD(A))ij =4 mji, ifi <y, (5)
Pii, ifi= s

for0 <i,5 <n.

Some results of [21] help us to show that a bidiagonal decomposition of the inverse
of a TP matrix A4 is directly derived from a bidiagonal decomposition of 4. For the
particular case of lower triangular matrices with all of its diagonal entries equal to
one, we have the following result, whose proof is closely related to Theorem 5 of [5].

Proposition 2 Let A = (ay5) p<i,j<n be a lower triangular and TP matrix with all of
its diagonal entries equal to one, so it has a bidiagonal decomposition given by

L, ifi=J,
(BD(A))ij = § mij, ifi >,
0, otherwise.
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Then, JA=1J, with J = diag(1,—1,1,—1,...,(=1)""1), is a lower triangular
and TP matrix with all of its diagonal entries equal to one too, having a bidiagonal
decomposition given by

L, ifi =7,
(BD(JAilj))U = MG 4—j5—1, Zfl > 7,
0, otherwise.

Let us finish this section by recalling that a sufficient condition to assure that an
algorithm can be performed with high relative accuracy (HRA) is the non-inaccurate
cancellation condition, denoted as NIC condition, which is satisfied if the algorithm
does not include subtractions (except of initial data), that is, if it only includes prod-
ucts, divisions, sums (of numbers of the same sign) and subtractions of initial data
(cf. [7-9]). In particular, a subtraction-free algorithm satisfies the NIC condition and
it can be performed with HRA.

The nontrivial entries of the matrices in BD(A) (see (5)) have been considered
natural parameters associated with 4 in many recent references [16, 17, 20]. In many
cases, we know them with high relative accuracy. If we assume it for a nonsingular
totally positive matrix 4, then algorithms with high relative accuracy can be applied
(see [17,21]) to compute the singular values of 4, the eigenvalues, the inverse or solv-
ing certain linear systems Ax = b (those where b has chessboard pattern of signs).

For many subclasses of nonsingular TP matrices it has been possible to obtain the
bidiagonal decomposition BD(A) of their matrices 4 with HRA, so that the men-
tioned linear algebra computations can also be solved with HRA (cf. [5, 6, 19, 20]).

3 Riordan arrays

Riordan arrays were introduced in 1991 in [27] and play an important role in combi-
natorics, where they are related to recurrence relations, walk problems and combina-
torial identities, among others fields (cf. [28]).

The concept of generating function is important for the definition of a Riordan
array. Before defining it, note that although the following definitions talk about com-
mutative rings, in general it will suffice for us that the commutative ring be R.

Definition 1 Let R be a commutative ring, and let (a,,)n>0 be a sequence with coef-
ficients in R. The generating function (GF) for (a,, ), >0 is the formal power series

o0
a’(t)zzantn:a0+a1t+a2t2+...’

n=0

where ¢ is an auxiliary variable.
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13 Page 6 of 26 J. Ballarin et al.

Let us introduce a formal definition of a Riordan array and explain its two character-
izations (by two formal power series and by two sequences).

Definition 2 Let R be a commutative ring, and let f(t)=> ", f,t" and
g(t) = D07 | gnt™ be formal power series with coefficients in R. The Riordan array
associated to the pair (f; g) is the infinite lower triangular matrix R(f, g) = ("nk)n k>0
defined by

ok = [ F () g()*, n >k,

where [t"] denotes the operator for extracting the n-th coefficient of a generating
function.

Thatis, R(f, g) = (Tnk)n,k>0 is a Riordan array if the GF for the sequence (7,1 )n>0
of numbers in the k-th column of R(f, g) is f()g(t)*, for all k& > 0. From now on,
we will use the notation R := R(f, g) = (f(t), g(t)). Note that g has zero constant
term.

Remark 1 By Section 1 of [27], the inverse of a Riordan array R(f, g) is given by
(f(),9(t)) "t = (1/f(g(1), (1)), (6)

where g is the composition inverse of g (so it satisfies g(g(t)) = g(g(t)) = t). Fur-
thermore, the Riordan array of the product (f(t), g(t)) - (h(t),1(t)) is given by

(f(2),9(8)) - (h(2),1(2)) = (f()h(g(1)), g (t)))- ™

The characterization of a Riordan array R = (rni)n k>0 Dy two sequences
(@n)n>0 and (2, )n>0 and an element of the commutative ring r € R is described by
the following recurrence (see [22])

To,0 =T, Tn41,0 = E ZiTn,j, Tndl,k+1 = E A5Tn,k+7, (®)
j=0 j=0

for n,k > 0. Then, (ay)n>0 and (zy,),>0 are called the A- and Z-sequences of R
respectively.

It is very common (and in all the examples we study it will be like this) that
r = 1, which induces that Riordan arrays can be characterized only by two sequences
A= (an)nzo and Z = (Zn)nzo-

The previous characterization of Riordan arrays motivates the following result.

Proposition3 Let R = (14)i ;>0 be a Riordan array, R, = (7ij) 9<i,j<n denotes the

corresponding truncated matrix. Given r and the two sequences A = (an)n>0 and
Z = (2n)n>0 in (8) that characterize the Riordan array, we have that
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r
Zo Qo
1 0 zZ1 al ag
R’n = 0 Rn71 Ln7 where Ln =129 a2 a ap , (9)
Zn  QAp  Gp—1 QAp—-2 - Qo
T, ifi=j=0,
. . o . o o Zi—1, Zf?,>]:0’
that is, the entries of L, = ({;j)o<i j<n are {; = azfﬁ ifi>G40,
0, otherwise.
Proof See Theorems 2.1 and 2.2. of [22]. O

Several important combinatorial sequences, fundamental in areas such as algebra,
graph theory, and theoretical computer science [29], are introduced here, along with
a combinatorial application, as they are closely related to the Riordan arrays studied
in this paper.

The n-th Catalan number, denoted by C,,, is given by

1 2n
C,:= , >0,
n+1(") "=

and counts, among other things, the number of monotonic lattice paths along the
edges of a grid from (0, 0) to (n, n) that do not rise above the main diagonal. A mono-
tonic lattice path is one on a grid that only moves rightward or upward.

The Narayana numbers, N(n, k), are defined as

1/ n n
N(n,k):=n<k)(k1), n>k>1,

and count the number of lattice paths from (0, 0) to (2n, 0), where permitted steps are
(1, 1) and (1, —1), not straying below the x-axis, with k peaks.
The n-th large Schréder number, denoted .S,,, is expressed as

1 n n+k\ ~=( n+k
Sn~—zm(k>< k )-Z( 2% )C'w nz0,
k=0

k=0

and counts certain types of lattice paths, including those that start from the point
(0, 0) to (n, n) with steps (1, 0), (0, 1) and (1, 1) and that never rise above the line
Y=z

Finally, the n-th little Schréder number, s,,, is defined by
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n
Sp 1= ZN(n,k)Qk_l, n>1,
k=1

and arises in various counting problems, such as the counting of number of ways to
insert parentheses into an expression of n + 1 terms with two or more items within a
parentheses. It is well known that .S,, = 2s,, for every n > 1 (cf. [29]).

In the following examples, we explore the relationships between the Schroder
numbers and their corresponding Riordan arrays, which provide a way to study their
generating functions and combinatorial properties.

Example 1 The Riordan array

1
2 1
1—z2—-V1-6 21—z —1-6x+a2 6 4 1
P::( a o v low 5 x+l>: 22 16 6 1 (10)

90 68 30 8 1

is characterized by the sequences A = (1,2,2,...)and Z = (2,2,2,...).
Since its first column is formed by the large Schroder numbers, in [3] it is called
large Schroder triangle or matrix. In addition, row sums are little Schroder numbers.
The entries p;; of the Riordan array P = (p;;); j>0 are given by

1 i+1 i+ k
pij—i+1z<j+k+1>( k )

k=0

(this is the sequence A080247 in [24]). In combinatorial terms, it counts the lat-
tice paths running from (0, 0) to (n,n — k) using steps £ = (1,0), N = (0,1) and
D = (1, 1) which stay weakly below the main diagonal. The resulting matrix forms
a lower triangular Riordan array that encodes these constrained paths, known as
Schrdder paths. This Schroder matrix was widely studied (see [25, 31, 32]).

Suppose P, = (pij)o<i,j<n is the truncated large Schroder triangle. Following
Proposition 3, P,, satisfies

1 0
Pn:(o Pn_1> Ly, (11)
where
1
2 1
L .=|2 2 1 : (12)
2 2 2 1
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o

LlldL lb, l.llC Ullllle Ul Lin \LZ])0<l ]<TL dIT (,7(7 — T T Ve
1 O otherwise.
Example 2 The Riordan array
1
1 1
l+z—V1I—6z+22 l—a—+1—6z+a2 3 3 1
Q:—( o : =11 5 1 (13)

45 45 23 7 1

is characterized by the sequences A = Z = (1,2,2,2,...).

Since its first column is formed by the little Schroder numbers, in [3] it is called
little Schroder triangle or matrix.

The entries ¢;; of the Riordan array Q = (g¢;;);,j>0 are given by

LNy S i+l .
0= o0 (4T ) (7
k=j

(see [31]). This is the sequence A186826 in [24]. In combinatorial terms, it counts
the lattice paths running from (0, 0) to (n,n — k) with steps F = (1,0), N = (0,1)
and D = (1, 1), which stay weakly below the main diagonal and avoid D = (1,1)
steps on the line y = x. The resulting matrix forms a lower triangular Riordan array
that encodes these constrained paths, known as small Schrdoder paths. This matrix has
been extensively studied in the literature (see [14, 31, 32]).

Suppose Q,, = (¢ij)o<i,j<n is the truncated little Schrdder triangle. Following
Proposition 3, Q,, satisfies

_(L 0 Q)
where
1
1 1
@122 1 , (15)
2 2 2 1
that is, the entries of L£?) = (lij)o<i,j<n are

1, ifi=jor (i,j) = (1,0),
nij =< 2, ifi>jand (4,75) # (1,0),
0, otherwise.

The following examples are motivated by Proposition 2.
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Example 3 Using the property of the inverse matrix of a Riordan array
(see Remark 1), we have that the inverse of the large Schrdoder matrix is

—1
rP—l _ (1—x—V1—-6x+22 1—z—+/1—6z+z2 _(1—z z(l—=x)
B 2z ’ 2 — \ 14z’ 14z )°

account that J = diag(1,—1,1,—1,...) is the Riordan array J = (1, —t), by using
the rule of the multiplication of Riordan arrays (see Remark 1), we have that

Taking  into

(16)

NN DN -
p—
MOO»&»—I
p—t

oo O —

1%:JP*J:(1+$fW““”): 1
8§ 1

This matrix is also characterized by the sequences A = (1,1 + Sg, —S1, S2, —Ss, ... )
and Z = (1+ Sy, —S51,52,—Ss,...), where S, are the large Schroder numbers.

The entries p;; of the Riordan array P = (Pij)i,j>0 are given by
gk j+1
mi:E:( k )(i—j—k)
k=0
(this is the sequence A113413 in [24]).

Example 4 Using again the property of the inverse matrix of a Riordan array and the
rule of the multiplication (see Remark 1), we have that the inverse of the little Schroder

Lt 6ata? 1-s—vi6ata?) * _ 1— . zd==) d
= , > = x, , an

matrix is Q71 =

1+x
also
1
11
N 1 0 3 1
Q:JQ*J:O+mf(+@>: 0 4 5 1 . (17
L—x 0 4 12 7 1

This matrix is also characterized by the sequences A = (1,1 + Sg, —S1, S2, —Ss, .. .)
and Z = (1, —so, 81, —S2, 83, . . . ), where S, and s,, are the large and little Schroder

numbers, respectively. The entries §;; of the Riordan array Q= (Gij)i,5>0 are given

by
j+1
. Jj+1 i—k—1
qw—E:( k )(i—j—k)

k=0

(this is the non-signed version of the sequence A186827 in [24]).
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4 Recursive matrices

Let A = (a;j)i j>0 be an infinite lower triangular matrix. We say that 4 is recursive
if it satisfies a recurrence relation of the following form

aop,0 = Yooit1,0 = 5 lry1,00ik  Qiy1 41 = § Ottt 1 1k
k>0 k>0

This linear recursion can also be expressed as a product of matrices, given the trun-
cated matrix A,, = (a;;)o<i,j<n, such that

1 0
An = (0 An—l) Lna

where L, = (¢i;)o<i,j<n is also a lower triangular matrix. From here, we have

)
0 I 0 1 0
< Ap 1) - (02 An—Q) (0 Ln—l) L,=---
Inf 0 1 0
(%t 2) (6t £) (6wl (18)
(B ) (M 0) (3 )
L0 L 0 L 0 L,/

This expression is interesting because it has a very useful application in the following
result. As a consequence, a further analysis of BD(L,,) is also interesting.

Lemma4 Let A, and L,, be the lower triangular matrices connected by the relation
given in (18). If the bidiagonal decomposition of L,, is known, then the bidiagonal
decomposition of A,, can be computed with a subtraction-free algorithm, and so with
HRA.

Proof In Section 5.2 of [17], Koev developed a subtraction-free algorithm where
given the bidiagonal decomposition 4 and B of two matrices F and G, respectively,
A = BD(F) and B = BD(G), then the bidiagonal decomposition of the product
of those matrices, BD(F'G), is provided with HRA. Then by (18), it is evident that
knowing the bidiagonal decomposition of the matrices Ly, for k = 1,2...  n, is suf-
ficient to obtain the bidiagonal decomposition of A,,. O

4.1 Afamily of recursive matrices

Among all matrices L,, as in (18), we focus on those with the following form
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13 Page 12 of 26 J. Ballarin et al.

r—1
S0 To
tl S1 T
HTL = tl t2 82 T2 I’ Tia Si?ti > O) (19)

tv to t3 0 thno1 Sp—1 Th-1

Ti—1, if 4= j,
Si—15 1fZ:j+1a
tiy1, ifi>37+2,
0, otherwise.

ie., H, = (hij)OSi,an such that hij =

The following result obtains the bidiagonal decomposition of H,, and gives condi-
tions for its total positivity.

Theorem 5 Suppose H, is the (n+ 1) x (n+ 1) matrix defined in (19). Then the
bidiagonal decomposition of H,, is given by

Ti—1, zfz :J:’
(51'71/7“1‘72, /8 Z§Z:J+%77é2
ti—1 — Si—2)/Bi—2, ifi=j+ ’
D H .. = ) ) i
(B ( n))lj t1/507 Zf(l,j) — (2,0)’ (20)
1, if1 > 3andj = 0,
0, otherwise,
Jor 0 <i,j < mn, where
50, ifi =0,
ﬂi{ si— iy — i) =123 1)

Besides, H, is nonsingular TP if t; > s;—1, for i > 1, and if one of the following
conditions is satisfied

(1) s1— tlsgo >r, Sk > Tp—1+7rE +tp — Sk_1, fork > 2.
(44) 51—% > to — 81, Sk > tgr1/2+ TK—1, fork > 2.
(iii) s1 — “—00 >1, sk > rp_1(ty — sk—1+ 1)+ 1, fork > 2.
(iv) s1— tls% >ri(ta —s1), Sk >7Th1+7E(terr — sk) + 1, fork > 2.

Proof First of all, H,, is a lower triangular matrix with all of its diagonal entries posi-
tives, so it is also nonsingular. Then its bidiagonal decomposition (2) is formed only
by the lower triangular matrices Fj, and the diagonal matrix D.

Let H := (hg;))ogi,jgn be the matrix obtained in the first step of the NE of

H,, (see (1)). In fact, we obtain hgjl-) =0for¢ <y, hl(-il) =rj_y for 0<i<n,and

hl%) = 0 for % > 0 when performing the NE of H,,. Hence, the multipliers of the first

step of the NE, for 1 < ¢ < n, are
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Accurate computations with Riordan arrays associated with Schroder... Page 130f26 13

hiO { 80/7“_17 le:].,

tl/So, if i = 2, (22)
1, if i > 3.

Soweget, forl < j<i<n,

hiro ... .
ho1 — (t1/s0)h11 = s1 — ;7007 if (i,7) = (2,1),
hz('Jl') = hij —mio hi—1; = hij —hi—1,j = Si—1 — Ti—2, ifi=j+1+#2,
ij — hi—1j = ti1 — si-2, ifi=7542,
hij —hi—1; =0, ifi>j+2.

Therefore, H") is a lower triangular matrix with non-zero entries only in the three
principal lower diagonals. We can express the entries of H(Y), for 0 < i, j < n, as

Ei_l, if ¢ :j,

h(l) i Si—1, ifi=j+1,
oY b, ifi=j+42,
0, otherwise,
where
0 ifi=0
~ _ ~ e i1 w40 ifi=1,
Ty =15, Si—{ ?—ﬁ7 ﬁz;;, ti—{t;—si_l, ifi>2 (23
(] 12— 1 e )

The matrix HM)[2, ..., + 1] has the structure of the matrix L;, of Theorem 3.2 of
[23]. Then, using this theorem and (22), the bidiagonal decomposition of H() is
given by

@_17 if ¢ = j,
1 /Tima, ifi=j+1#1
BD(HD)) ={ Doa/Tioe W= ’ 24
( ( ) ij ti—1/Bi—2, fi=j+2#2, o
0, otherwise,
for 0 < i,j < n, where
~ 5,  ifi=1,
Bi = 51*“;71“7 ifi=2,3,4,... ®)

In the bidiagonal decomposition of H,,, the first column is determined by (22), and
the remaining columns are obtained from (24). Taken together, these two expressions
specify the following bidiagonal decomposition
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13 Page 14 of 26 J. Ballarin et al.

oy, if i=35=0,
50/7‘_1, ifizl,j:O,
tl/s()v 1fl:27]:07
1, ifi>3,7=0,
(BD(Hn))i; =\ i1, ifi=j+#0, (26)

Bi—1/Tim2, fi=j+15#1,

tio1/Bi—2, ifi=j+2#2,
0, otherwise,

for 0 < i,5 < n, where EZ in (25) can be expanded as

~ t— o
g 81281—%281—7’0_%080)7 lflzl,
[ ~ N»_? i—1(t;—s;— ep
Lot o g Temalizsi) e 934
Bi—1 Bi—1

and thus the definition can be extended as

S0, lf 1= 0,
Bi = Bi:sifn_lfﬁ'—l(é:‘%—l)’ ifi=1,2,3,...,
which is the expression (21).
Finally, it can be observed from (23) and (26) that when ¢ = j, we have
(BD(H,));; = ri—1, for 0 <1i < n. Moreover, since so = o, it follows that

(BD(Hn))m;l = Bi_1/ri—2, for 1 < i < n. Combining these two relations with
(26) yields (20), as required.

From Lemma 3.1 of [23], the total positivity of H,, is obtained by substituting
the entries (7;);>0, (5;)i>1 and (E‘)izg of the matrix H") by the expressions of the
lemma, and verifying that the entries that arise in the first step of NE of H,, are posi-
tive. These entries are

8§ — —, §i—ri—1, 2<1<n-—1 ti—si—1, 1<i<n—-1. (27)

From the conditions of the lemma, one can directly deduce the first two conditions of
(27). Therefore, the only additional requirement is ¢; — s;—1 > 0,for1 <¢ <n — 1.
In fact, since these entries occupy the first sub-diagonal, i = j + 2, they may also be
zero, making H") bidiagonal, so we consider the condition t; — s;_; > 0. O

From Lemma 4 and Theorem 5, the Algorithm 1 is proposed to obtain the bidiago-
nal decomposition of a matrix A,, whose recurrence is associated with H,,, defined
in (19).
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Algorithm 1 Computing a bidiagonal decomposition with recursive matrices

Require: {r;};>_1,{s:}i>0, {t:}i>1,n
Ensure: B = BD(4,,)

1: By, =zeros(n+1,n+1)

2. Bp(0,0) =r(-1)

3: 5(0) = s(0)

4: fori=1:ndo

5. B(i,0)=1

6 B(i)=s()—r(i—1)—r(i—1)- (¢() —s(i —1))/B(i — 1)
7: B,(i,i)=r(i—1)

8: B,(i,i—1)=p>G—-1)/r(i —2)

9: end for

10: B,(2,0) =t(1)/s(0)

11: for =3 :n do

120 By(i,i—2) = (t(i—1)—s(i —2))/8(i — 2)
13: end for

14: fort=1:n—-1do

15: B; :==B,(0:4,0:1)

16: end for

17 fori=1:n—1do

18: B, := blkdiag(1, B;)

19: Bi+1 = TNProduct(B;, Bi+1)
20: end for

21: B = Bn

The family of recursive matrices generated by (19) contains, as a particular case,
several subfamilies, including matrices that form Riordan arrays. Hence, we define
the Riordan array R by the parameter sequences

Az(ao,al,ag,ag,...), Z:(ZO,Z17217...).

The n-th principal submatrix of R is R,,, and, motivated by Proposition 3, it can be
expressed as

r
20 ao
1 0 Z1 a1 ag
Rn = (0 Rnfl) L%R), where L%R) =1z ay a1 ag (28)
G o a @ ag

This Riordan array is generated by L%R) , which is a special type of matrix H,, where
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) ifi=-1 ) oz ifi=0
"= qy ifi=0,1,2,... 5i=\ a ifi=1,2,3,...
b= Z1 ifi=1
T ag if1=2,3,4,...

Therefore, the bidiagonal decomposition of L%R) (and also that of R,) is known.

29

The following corollary follows directly from Theorem 5, for the particular case
of (29).

Corollary 6 Suppose L' is the (n+ 1) x (n+ 1) matrix defined in (28). Then the
bidiagonal decomposition of L%R) is given by

T ifi=3j=0,
zo/T, ZfZ*jJrl:l
21/ 70, ifi=j+2=2,
(R) . 1, ifi > 3andj = 0,
(82) =1 a, ifi=j#0, (30)
Bi—1/ao, ifi=j+1#1,
(ag —a1)/Bi—2, ifi=j+2#2,
0, otherwise,
for 0 < i,5 < n, where
20, ifi=0,
! on
ay —ao— 2=t fi =234,

Besides L%R) is nonsingular TP if a; < ag, z; < 29, and if one of the following
conditions is satisfied

(1) a1 — zézo > ao, a1 > ag + az/2.

(i4) al—% >as —a, a1 > ag + as /2.
(i17) ap — 220 > 1, a1 > aglaz —a; + 1)+ 1.
(iv) al—@ > ag(az —ay), a1 >aplaz —a; +1)+1.

As can be observed, the computation of BD(H,,) and BD( ) involves divi-
sions by f3;. In the general case, the expression for 3; includes subtractions. However,
for some important Riordan arrays the corresponding /3; can be known with HRA.
Therefore, the bidiagonal decomposition of H,, can also be obtained with HRA.
Moreover, by Lemma 4, the same holds for any matrix A,, defined as in (18).

We can now apply previous results to some particular important examples. Recov-
ering the Riordan array examples presented in Sect. 3, we proceed to study their
bidiagonal decompositions.

In the case of the large Schrdoder triangle P, defined in (10) and characterized
by the sequences A = (1,2,2,...) and Z = (2,2,2,...), we seek the bidiagonal
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decomposition of L%P), as defined in (12). The following result then follows directly
from Corollary 6, forr = ag =1land a; = as = 29 = 21 = 2.

Corollary 7 Let L'P) be the (n+ 1) x (n+ 1) matrix defined in (12). Then its bidi-
agonal decomposition is given by

1, ifti=jor(i=j5+1#1)or(i#1,j=0)
(BD(LP)) = { 2, if(i,j) = (1,0) (32)
v 0, otherwise

for 0 < i,5 < n+ 1. Hence, Lg)) is nonsingular TP, and (32) is exactly known.

As a consequence, by Lemma 4, we also know the bidiagonal decomposition of
the truncated large Schrdder triangle P,, with HRA.

Corollary 8 BD(P,,) can be computed with a subtraction-free algorithm (and so,
with HRA), where P,, is the matrix defined in Example 1. Therefore, we can compute
with HRA all singular values, the inverse and the solution of linear systems P,x = b,
where b has chessboard pattern of signs.

From Corollaries 7 and 8, we propose an algorithm to obtain the bidiagonal decom-
position of the large Schréder triangle. This algorithm is based on the TNProduct
function defined by Koev in [17], where finding BD(P,,) with HRA is guaranteed.
Hence, the pseudocode providing BD(P,,) with HRA can be seen in Algorithm 2.

Algorithm 2 Computing a bidiagonal decomposition of P,

Require: n

Ensure: B = BD(P,)
1: B, =eye(n+1)
2: fori=1:ndo
3 B,(i,0) =1
4 B,(i,i—1)=1
5. end for

6: Bp(1,0) =2

7. fori=1:n—1do

8 B; = B,(0:14,0:1)

9: end for

10 fori=1:n—1do

11: Bl = blkdlag(l, Bl)

12: Bi+1 = TNPI‘OdU.Ct(Bi, Bi+1)

13: end for

14: B=0B,

In the case of the little Schroder triangle Q, defined in (13) and characterized
by the sequences A = Z = (1,2,2,...), we seek the bidiagonal decomposition of
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L(Q) as defined in (15). The following result then follows directly from Corollary 6,
forr—ao—zo—landa1—a2—21—2

Corollary 9 Suppose L9 is the (n+ 1) x (n+ 1) matrix defined in (15). Then its
bidiagonal decomposition is given by

1, if(i = jlor(i=j+1+2)or(i #£2,j = 0)
(BD(L;@))”:{ 2, if(i,5) = (2,0) (33)

0, otherwise

for 0 < i,5 < n+ 1. Hence, L;Q) is nonsingular TP, and (33) is exactly known.

As a consequence, by Lemma 4, we also know the bidiagonal decomposition of
the truncated little Schroder triangle Q,, with HRA.

Corollary 10 BD(Q,,) can be computed with a subtraction-free algorithm (and so,
with HRA), where Q,, is the matrix defined in Example 2. Therefore, we can compute
with HRA all singular values, the inverse and the solution of linear systems Q,x = b,
where b has chessboard pattern of signs.

Analogously to the large Schroder case, from Corollaries 9 and 10 we develop an
algorithm to obtain the bidiagonal decomposition of the little Schréder triangle. The
procedure also relies on Koev’s TNProduct function in [17], ensuring BD(Q,,) with
HRA, as summarized in Algorithm 3.

Algorithm 3 Computing a bidiagonal decomposition of 9,

Require: n

Ensure: B = BD(Q,,)

B, = eye(n+1)

fori=1:ndo
B,(i,0) =1
B,(i,i—1)=1

end for

B,(2,0) =2

B,(2,1)=0

fori=1:n—-—1do
B;:=B,(0:4,0:1)

end for

:fori=1:n—-1do

B; := blkdiag(1, B;)

Bi—l—l = TNProduct(Bi, Bi—l—l)

: end for

. B=1B,

© % PR W

R e o
T W N = O
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On the other hand, taking as reference Proposition 2, we can also write a pseudocode
to know the bidiagonal decomposition of matrices P,, = JP;'.J and Q,, = JQ;; ' J,
defined in Examples 3 and 4, given the bidiagonal decomposition of P,, and Q,,
respectively. It can be seen in Algorithm 4, and it is performed with HRA.

Algorithm 4 Computing BD(JA~1.J) from BD(A) of a lower triangular TP matrix 4
with all of its diagonal entries equal to one.

Require: M = BD(A)
Ensure: B = BD(JA™YJ)

1 n = size(M,1)

2: fori=1:ndo

3 for j=0:7—1do
Bi,j) = M(i,i— j - 1)
5 end for

6: end for

5 Numerical experiments

Known the bidiagonal factorization, B = BD(A), of a TP matrix 4, in [17] algo-
rithms to compute the eigenvalues, the singular values of 4 and the solution of lin-
ear systems of equations Az = b were introduced. Moreover, if BD(A) is known to
HRA, those linear algebra problems are solved to HRA with these algorithms (for the
case of the linear system of equations when b has a chessboard sign pattern). Under
the same hypotheses, in [21] an algorithm to compute the inverse of 4, A~!, with
HRA was presented. The four algorithms have been implemented in Matlab/Octave
functions. These functions are contained in the TNTool software library, which can be
downloaded in [18]. In particular, the names of the functions are TNEigen Values(B)
for the eigenvalues, TNSingularValues(B) for the singular values, TNSolve(B,b)
for the solution of the linear system of equations Az = b and TNInverseExpand(B)
for the inverse A1

In this section, we will provide numerical examples illustrating the high relative
accuracy when solving the previous algebra problems for Large and Little Schroder
triangles by using the bidiagonal decompositions of these matrices computed to HRA
with the algorithms developed in this paper. Since both matrices are triangular its
eigenvalues are the diagonal entries of them. So, in the numerical experiments we
will only compute the singular values, the inverse and the solution of linear systems.

5.1 Large Schrdder triangle
Algorithm 2 provides BD(P,,) with HRA. We have implemented this algorithm in
a Matlab function with the name TNBDLargeSchroder. To illustrate the accuracy

of using this function together with the functions of TNTool, matrices P3¢ and Pgg
have been considered.
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Fig. 1 Relative errors when computing the singular values o;, ¢ = 1,...,31 of P3g
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Fig. 2 Relative errors when computing the singular values 0;,¢ = 1,...,81 of Pgo

First, the singular values o1 > --- > 031 > 0 of P3g have been computed with
Matlab by both methods svd and TNSingularValues. In order to calculate the corre-
sponding relative errors, we have also obtained the singular values with Mathematica
using extended 100-digit precision. Figure 1 shows these relative errors. The maxi-
mum relative error is 1,68346e — 15 for TNSingularValues and 2, 34687¢ + 01 for
svd.

The same process has been carried out for the singular values of Pgg. The cor-
responding relative errors are shown in Fig. 2. The maximum relative error is
4,19989¢ — 15 for TNSingularValues and 1,75529¢ + 30 for svd. As we can
observe, our new approach is much more accurate than the standard Matlab method
for the computation of the singular values. In addition, when the size of the matrix
increases our methods keep robust in contrast to the usual method.
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Fig. 3 Componentwise relative errors when solving P3px = b
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Fig.4 Componentwise relative errors when solving Pgox = b

Let us now consider the system of linear equations P3pz = b, where b has a chess-
board sign pattern. The absolute values of the components of b have been randomly
chosen from the set of integers not greater than 1000. Then, an approximation to the
solution of the system has been obtained with Matlab with \ and TNSolve. In order to
compare the accuracy of both methods we have computed the corresponding relative
errors solving in exact arithmetic the linear system with Mathematica. These compo-
nentwise relative errors are shown in Fig. 3.

The same process has been performed for solving a system of linear equations
Psox = b, where b also has a chessboard sign pattern. Figure 4 shows the correspond-
ing componentwise relative errors. The results illustrate that our approach for solving
linear systems is also much better and robust than the standard Matlab algorithm.
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Table 1 Relativle errors when TNInverseExpand inv
computing Py Average rel. error 1,22337E-16 9,50206E+04
Maximum rel. error 7,40677E-16 3,00983E+07

Table 2 Relativle errors when TNInverseExpand inv
computing Py, Average rel. error 3,03146E-16 5,46595E+46
Maximum rel. error 1,96362E-15 9,24624E+49
S ——— [ |
10 ‘l ! ——TNSingularValues ||
I - - svd |

10° /I ——_\\__\\——‘ _______ e pmmmmmmmm === =

10—5 L ’ 4

10—10 |- ’ -

107® /_\/\/\_/__/—\/\/\/\/\/_———\_/

L | 1 1 1 1
0 5 10 15 20 25 30

Fig. 5 Relative errors when computing the singular values 0,7 = 1,...,31 of Q3¢

The inverses 773_01 and 738_01 have been computed with Matlab by using both meth-
ods inv and TNInverseExpand. Then, the componentwise relative errors have been
calulated using the exact inverse obtained with Mathematica. In this case, the average
and maximum relative errors are shown in Tables 1 and 2. Again, our approach out-
performs that of the standard Matlab function also for the calculation of the inverses.

5.2 Little Schroder triangle

Finally, the same numerical tests performed in the previous section have been per-
formed for the Little Schroder triangles Q3¢ and Qgp.

Figures 5 and 6 show the relative errors for the calculation of the singular values
of Q3 and Qgg, respectively. For the singular values of Q3p, the maximum rela-
tive error is 1, 80103e — 15 for TNSingularValues and 2, 37151e + 01 for svd. And
for Qgp, the maximum relative error is 5,93639e — 15 for TNSingularValues and
1,16345€e + 30 for svd. Like in the case of the Large Schrdoder triangle the approach
using the bidiagonal decomposition provides much more accurate and robust results
than the given by the standard Matlab function.
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The componentwise relative errors for the solution of linear systems Qzpx = b
and Qgox = b are shown in Figs. 7 and 8. The solutions provided by TNSolve are
more accurate and robust than those provided by the command \.

Finally, Tables 3 and 4 show the average and maximum relative errors when com-
puting the inverses Q3 and Qg by both inv and TNInverseExpand. The same
conclusions about accuracy that in the case of the inverses P3;' and Pg,' can be
derived.

—— TNSingularValues
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30| 8, N
10 e
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5 - ]
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Fig. 6 Relative errors when computing the singular values o;,7 = 1, ..., 81 of Qgg
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Fig. 7 Componentwise relative errors when solving Qzox = b
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Fig. 8 Componentwise relative errors when solving Qgox = b

Table 3 Relativle errors when TNInverseExpand inv
computing Qz, Average rel. error 1,09837E-16 7,67890+03
Maximum rel. error 5,12256E-16 1,86574E+06
Table 4 Relativie errors when TNInverseExpand inv
computing Qg Average rel. error 2.65887E-16 Inf
Maximum rel. error 1.64034E-15 Inf
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