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Abstract

This paper studies the bidiagonal factorization of the collocation matrices of analytic bases
using symmetric functions. Explicit formulas for their initial minors are derived in terms of
Schur functions. The structure of these formulas permits establishing sufficient conditions
for the total positivity of generic systems of analytic functions. In addition, they have been
found to lead to generalizations of the Cauchy identity for certain families of functions.
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1 Introduction

A class of matrices that has been extensively analyzed during the last decades are those
with all their minors being nonnegative—these are known as totally positive (TP) matrices.
The set of TP matrices possesses rich mathematical properties and numerous applications,
attracting significant interest across various fields of mathematics, including approximation
theory, combinatorics, computer-aided geometric design, and economics (cf. [1, 13-16]).

An important property of TP matrices is their closure under multiplication, meaning that
the product of two TP matrices is also TP (see Theorem 3.1 of [1]). This property opened
the possibility of factorizing TP matrices into products of simpler TP factors, which is a
topic widely studied in numerical linear algebra and computational mathematics, providing
computational advantages, particularly in numerical algorithms where efficiency and stability
are key concerns [4-8, 17, 18, 20].
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As shown in [15, 16], any nonsingular TP matrix A = (a; j)1<i, j<, admits a bidiagonal
factorization of the form

A=F, 1---FIDGy-- -Gy, 1
where D € R™*" is a diagonal matrix with positive diagonal entries and F; € R"*" and
G € R"™*" i =1,...,n — 1, are TP, lower and upper triangular bidiagonal matrices.
Specifically,

1 1
1 - 1
F; = , G; = ~
! miiq1 1 ! mit1,1 1
My p—i 1 nﬁ;in,nfi 1

The diagonal entries p; ; of D and the multipliers m; ; and m;. jin F; and G; can be obtained
through Neville elimination (see [14-16]) and are uniquely determined by the ratios of the
initial minors of the matrix A as follows:

mijj = —", 2)

with p; 1 =a;1,1 <i <n,and

detAli —j+1,....i|1,.... /]

R , l<j<i<n. 3
Pid = et Al — j+ 1, i1 1. —1] == )
Here, Aliy, ..., i | j1,-.., js] denotes the submatrix of A formed by rows iy, ..., i, and
columns ji, ..., js. Similarly, the entries 717; ; are given by
~ Pii
i = =1, “4)
Di—1,j

where p;, j can be obtained as in (3) but with AT in place of A.
Following the representation in [17], the bidiagonal factorization (1) is compactly encoded
in the matrix BD(A) € R"*", where:

mi,j, i > j s
BD(A)ij == pii. =], ®)
m Jiis i< ] .

This factorization enables the highly accurate solution of various numerical linear algebra
problems [21]. When certain conditions are met, machine precision is achieved even for
extremely ill-conditioned problems and large dimensions—a property known as High Relative
Accuracy (HRA).

It turns out that all the parameters of the factorization (1) can be explicitly determined
from the initial minors of A:

det A[i —j+1,...,i|1,..., /], detAT[i—j+1,...,i [, ..., 7], 0<j<i<n

(6)
Moreover, it is well known that a matrix A is TP if and only if all the initial minors in (6) are
nonnegative [14—16].
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Collocation matrices encode the values of a given system of functions at a sequence of
parameters within the domain (see (8)). From an algebraic point of view, TP collocation
matrices play a fundamental role in discretization, interpolation, and various other applica-
tions.

A first evidence that the bidiagonal factorization of collocation matrices could be related
to symmetric functions is found in [26], in the particular context of Cauchy-polynomial-
Vandermonde matrices, where it was noted that the entries of (1) can be expressed in terms
of Schur polynomials. Later, a systematic research line was initiated in [10], where explicit
formulas for the initial minors of collocation matrices of arbitrary polynomial bases were
derived in terms of Schur functions. A crucial observation is that any minor of a collocation
matrix is an alternating function (see (7)) of the subset of nodes involved. This property
extends to their initial minors (6). Thus, for TP collocation matrices, all entries in the factor-
ization (1) inherit a natural symmetry, a fact that lies at the core of an interesting connection
between the bases whose collocation matrices are TP and symmetric functions.

These results led to novel and practical criteria for determining the total positivity of
polynomial bases. Subsequent applications of these findings were applied to Wronskian and
Gramian matrices in [11, 12], offering new insights and criteria for their total positivity.

In this paper, we extend the approach developed in [10—12] to the more general framework
of bases of analytic functions. From the theoretical point of view, the main result is presented
in Theorem 1, which establishes an expansion of the initial minors of the collocation matrix
of a generic system of analytic functions in terms of Schur polynomials. From a practical
perspective, Theorem 1 also provides effective criteria for determining total positivity when
applied to specific families of functions.

A particularly interesting case arises when considering any analytic function f and the sys-
tem formed by the functions f;(x) = f(a;x) for distinct parameters a;, i = 1, ..., n. In this
setting, the achieved expansions yield an infinite family of identities including, as a remark-
able particular case, the celebrated Cauchy identity (22). The Cauchy identity establishes
fundamental links between determinants, symmetric polynomials, and partition functions,
with deep connections to representation theory and algebraic combinatorics, inspiring vari-
ous generalizations across mathematical structures [2, 3, 19, 22-25]. Therefore, the detailed
derivation of this type of identity, along with illustrative examples, deserves a dedicated
section in this article.

The paper is organized as follows. Section 2 introduces the necessary notation and pro-
vides a brief review of symmetric and alternating functions. In Sect. 3, we present the core
results of this work: Theorem 1 provides explicit formulas for the initial minors of the collo-
cation matrices of analytic bases, while Theorem 2 and Theorem 3 establish and characterize
sufficient conditions for their total positivity. Section 4 explores the connections between
these determinantal expansions and the combinatorial structure of Cauchy-type identities. In
Sect. 5, we apply the previous theoretical results to specific families of analytic functions,
deriving explicit bidiagonal factorizations. Finally, Sect. 6 summarizes the main conclusions
and outlines future research directions, specifically concerning the numerical resolution of
related algebraic problems with high relative accuracy.

2 Total positivity and symmetric functions

In the sequel, we shall use the following matrix notation. Given A € R"*", the subma-
trix formed by rows iy, ..., i, and columns jj, ..., j; will be denoted by Aliy,..., i, |
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Jis ..., js]. For square submatrices, we shall use the shorthand notation A[iy, ..., -] :=
Ali, ... 0r i1,y 0]

A symmetric function is a multivariate function that remains invariant under any permu-
tation of its variables. Formally, a function f(xy, ..., x;) is symmetric if

f&Xoys s Xom) = (X1, ..., Xp),

for any permutation o of the indices {1, ..., n}. Conversely, a function f is alternating if

f(x(T(l)v ~-wx(7(n)) =sgn(o) f(x1,...,x,), @)

where sgn(o) denotes the signature of the permutation, taking values +1 or —1 depending
on whether o is even or odd.

A matrix is called totally positive (TP) if all its minors are nonnegative and strictly totally
positive (STP) if all its minors are strictly positive.

Given a system f = (f1, ..., f,) of functions defined on / C R and a sequence x =
{x1, ..., x,} of parameters in [ satisfying x; < --- < x,, the collocation matrix of f at x is
defined as

My x = (fj(xz‘)),r-l,jzl . (8
The basis f is called TP or STP if M x is TP or STP, respectively, for all choices of x.

When considering parameters X = {xp, ..., x,} and the collocation matrix A = Mt x in
(8), the minors of A are alternating functions of the parameters. Thus, although the collocation
matrix Mt x itself does not inherently possess any symmetry in its nodes, its initial minors
do. This fundamental observation underpins the intriguing relationship between symmetric
functions and TP bases, a connection that has motivated the present study, as well as the
preceding works [10-12].

Integer partitions form a key combinatorial structure in the theory of symmetric functions.
An integer partition A of size |A\| = k and length £(A) = n is a tuple of positive integers
A= (A1, A2, ..., Ay), such that

n
Yhi=ko M zagz ez >0. ®

i=1

Each A; is called a part of the partition. A partition can be visualized using a Young diagram,
consisting of left-aligned box rows, where the i-th row contains A; boxes. We will denote by
A the set of integer partitions and A ; the set of integer partitions such that 1| < j.

Foran x n matrix A, 1 < j < n, and an integer partition A = (A1, ..., A;) satisfying
(9), we shall denote

Ali, A i=det Al — j 41, ilAj+ 1, + 1, j<i<n

Schur polynomials form a distinguished family of symmetric polynomials indexed by
integer partitions. Note that, given a partition A = (Ay, ..., A,), the function

P(x1, ..., xp) = det (M"*"*")" (10)
J ij=1
is an alternating polynomial. Indeed, interchanging any two variables x; and x; corresponds
to swapping two columns in the determinant (10), which results in a sign change.
A fundamental property of alternating polynomials is that they vanish whenever two vari-
ables are equal (x; = x¢). Consequently, p(x, ..., x,) is divisible by each of the binomials
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(x; —xj) for 1 <i < j < n in the ring of polynomials Z[xi, ..., x,]. Therefore, p is
divisible by the Vandermonde determinant

A\ N
o n—i — R .
Vxi,. .., xn) ._det(xj >i,j=1_ | | (i — x}). (11)
I<i<j<n

The ratio ( )

PX1, ..o Xy
e = 12
s (x1 Xn) V) (12)

is precisely the Schur polynomial associated with the partition A (see, e.g., [19, Ch. I, Sec.
3]).

We recall the following well-known properties, which will be used throughout this article.
We refer the interested reader to [19] for further details.

i) Ifx; >0,i =1,...,n,thensy(xy,...,x,) > 0.
ii) For any A € A such thatI(X) > n, sp(x1,...,x,) =0.
iii) Given o € R,
sp(oxy, ..., ax,) = al’xls;\(m, co X))

By running over all partitions of size |A| = k, the corresponding Schur polynomials form
a basis for the space of symmetric homogeneous polynomials of degree k. More generally,
when considering all partitions, they provide a basis for the space of symmetric functions.

3 Initial minors of collocation matrices and symmetric functions

A key property in the study of alternating structures is the relationship between alternating
and symmetric functions. Specifically, any alternating function f can be uniquely factored
as

S, oo, x0) = VX, oo, x0) 8(x1, .00, Xp), (13)

where g is a symmetric function and V is the Vandermonde determinant for the variables
(x1,...,Xy), as defined in (11).

This decomposition is a well-known result in the theory of symmetric functions (see, e.g.,
[19, Ch. I]). Since f is alternating, f is divisible by V and the symmetry of the quotient
g = f/V follows from the fact that both f and V change sign under any permutation of the
variables, thereby making their ratio invariant.

The property in (13) extends to the initial minors of collocation matrices Mg x, and we
can write:

detMexli —j+ 1, il oo, jl=V&xizjars oo Xi) & j(Kimjtds -5 Xi),s
det Mi i = j4+ 1oooi [ Lo 1= VLo ) 870 X)), (14)

for 0 < j < i < n, with a suitable collection of n? symmetric functions g; ; with 7, j =
1, ..., n, that can be expanded in the basis of Schur polynomials.

The following result provides an explicit expansion (14) of the minors (6) of collocation
matrices of systems of analytic functions. As we are going to see, the coefficients of the
functions g; ; with respect to the basis of Schur polynomials are fundamentally related to
the minors of the infinite Wronskian matrix of f, defined as follows:

Wea = (£ @) sorzjanr @€ 1, (15)
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70  Page6of 15 P. Diaz, E. Mainar

where £ (a) denotes the i-th derivative of the function f at the parameter a in its domain.
Without loss of generality, we set a = 0 and denote the resulting matrix as Wy := Wg o.

Theorem 1 Let f = (f1,..., fu) be a system of analytic functions on I C R and x =
{x1,...,xn} in I satisfying x; < --- < xp. Then
det Mexli —j+ 1, ... il 1=V @&yt x) Y WL Msa iyt
Cy
rEA

16)

and
det MEli—j+1,...,ill,...,j1=V(xi,... x])z Msi (X1, -y X)),
AeA

(17)

where, 0 < j <i <n, and, forany A = (A1, ..., Aj) € A,
Cr =411 +D-- (M +j =D (18)

Proof The formula (16) is derived using the following equalities, which are justified below.
The proof of (17) follows in an entirely analogous manner.

(k)
0
det Mpyl[i —j+1,...,i|1,... (Zf © 1k

>i—j+1§l§i;1§m§j

0L A0 L o) '
=ZZdet( ol X; )l =Z |:m1_[] ol i|det<xlk )l,m
Jm =

r=1k,=0
00 J (kg (m))

@ ﬁ‘l’l (0) ka(m)

e I B IO
ki>->kj=00eS; bm=1 "M ’
(ko (m))

f (m)

T()}sgn(a) det (xf’")lvm

[ (r00) ., (),

J
1
I1 —C|Wf’[1,‘..,j|k_,' 1k de (x ’“ﬂ)l
. ,m

J
Il mwm A det (37 7")

l,m

© 1 .
=V&i—jt1s..05X0) Z aWE[J, Alsp(Xi—jgts s Xi),
reA

where, in the indicated identities, we have taken into account the following aspects.

1. Bach ki, ..., k; takes the values of the degree of the terms in the McLaurin expansion
of f1,..., fj, respectively. Then, basic properties of determinants have been applied.
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2. If k, = ks forsome r, s € {1, ..., j}, we have
det (xf") =0,
IR
Therefore, the summatory over j-tuples (kp, ..., k;) reduces to a sum over tuples with

distinct entries. Consequently, we can decompose the sum into two parts: the sum over
ordered sequences k; > --- > k; and the sum over all permutations of the elements of
each sequence expressed as (ko (1), ks (2), - - - » ko(j)), Where o € §;.

3. Be aware that, for o € S, we have

j j
l ] kﬂ(m) k,
l—[ = 1_[ —— and det (xl ) = det (xl ’”) sgn(o).
mel km' I,m I,m

koom! 12

—_

4. Note that _
J
Z 1—[ fngk”(m))(o) sgn(o) = det (fr(k;)(0)>

l<s,r<j’
oeS;jm=1

5. After performing the substitution
km=dm+j—m, m=1,...,],

each tuple k; > --- > k; is transformed into a partition A = (A1, ..., A;) with at most
J parts. It is straightforward to observe that summing over all sequences k; > --- > k;
is equivalent to summing over all partitions A € A with /(1) < j.

(6) Wehave applied Jacobi’s bialternant formula (12). The restriction/(X) < j is unnecessary
in the summation since Schur functions of j variables are zero whenever [(}) > j.

[m}
Note that if the functions of system f = (fi, ..., f,) had been expanded around a # O,
formulas (16) and (17) would be analogous, involving the Wronskian Wt , and the translation

of the Schur functions s, (x;—j+1 —a, ..., x; —a).

Let P*(7) denote the space of polynomials of degree at most n, defined on / € R. The
following result shows that, in the particular case of polynomial bases, identities (16) and
(17) reduce to those found in [10] (see formula (25) in the proof of Theorem 2 of [10]).

Corollary 1 Letp = (p1, ..., pn) be a basis ofP”_] (I) such that p; (x) = Z?:l a; x/=1
fori=1,...,n, and define A := (a; j)1<i,j<n- Then, the following identities hold:

det Mpxli = j+ 1...i 1 1=V jpin.x) Y AL Asa(isjir. . X)),
)»EA,,,/
(19)
and
detMtt-,x[l' —Jj+ 1.0, j]= V(xl,...,xj) Z A[j,A]s,\(xi_j+1,...,xi),
AEN,—j
(20)

for0< j<i<n.

Proof Since p;J ) (0) =0forj > n, ng has nonzero entries only in the first n columns. Thus,
the minors of Wl’, involving columns j > n are zero and do not contribute to the sum in (16).
Moreover,

Wyll,...,n] = AD, D =diag(0!, 1}, ..., (n = 1))).
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Then, we obtain
CyA[lLLAl, A1 <n-—],
Wil =1 " AL Ar=<n=j 21)
0, A >n—j,
with Cj as in (18). Substituting (21) into (16), we derive (19). The formula (20) follows
analogously.
O

As a consequence of Theorem 1, we can establish the following sufficient condition for
the total positivity of any basis formed by analytic functions.

Theorem2 Let f = (fi, ..., fn) be a system of analytic functions on I < R such that the
infinite Wronskian matrix Wy in (15) is TP. Then f is TP on I.

Proof If Wt is TP, we can guarantee that all its minors in (16) and (17) are non-negative.
Moreover, it is well-known that a Vandermonde matrix is TP forany 0 < x; < xp < -+ < xp,
and the Schur functions are positive for positive arguments. So, using Theorem 1, we deduce
that all the initial minors (6) of My x are nonnegative and can guarantee the total positivity

of M x (see Section 4 of [14]). O
Theorem 3 Letf = (f1, ..., fu) be a system of analytic functions on I C R. Then Wy is TP
on I if and only if, for any nonnegative integer k, the systems fy = ( fl(k), ey f,,(k)) are TP
onl.

Proof First, note that

W ) — (W .
( £ ij f)i+k,j

Then, if Wr is TP so is Wy, . Considering Theorem 2, we conclude that f; is TP. For the inverse
implication, use Theorem 2 of [11], which assures that f; being TP for all nonnegative & is a
sufficient condition for Wt to be TP. O

4 Explicit formulation of Cauchy-type identities

In this section, we explore the relationship between the determinants of collocation matrices
of analytic bases and the Cauchy identity. This identity is a central result in the theory of
symmetric functions, relating Schur polynomials to a multiplicative generating function.
Following the classical treatment in Stanley [25, Thm. 7.12.1], the Cauchy identity can be
stated as

n
Y osnx)s o) = [[ A =xy)T (22)
X i j=1
where the sum runs over the set A of all partitions A = (A1, A2, ...) as defined in Sect. 2.

Here, each s, represents the Schur polynomial associated with the partition A, consistent with
the determinantal form s, = p/V provided by (12). Rigorous algebraic proofs of the identity
can be found in classical references such as [19] and [25]. Extensions exist for characters
of Orthogonal and Symplectic groups [24], double-Schur polynomials [23], Hall-Littlewood
polynomials [2], and g-deformations [22], among others. Each of these adaptations reveals
new layers of insight into the interplay between algebraic structures.

In this section, we explore the deep connection between the determinantal expansions of
analytic bases and the combinatorial structure of Cauchy-type identities.
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Let us suppose that f is a function infinitely differentiable at ¢ = 0 and R > 0 is the

radius of convergence of its MacLaurin series. For a positive increasing sequence ay, . . ., ay,
we can define on I = (—R/a,, R/a,) asystemf = (f1, ..., f,) with
fix) = f(aix), i=1,...,n. (23)

The systems defined as in (23) form a broad family and, as we will show in this section,
simpler criteria for total positivity apply to them. The following result illustrates that the
expansion of their initial minors leads to Cauchy-type identities.

Theorem4 Letf = (f1, ..., fu) be the system defined as in (23). Given X = (x1, ..., X,)
on I, we have:
det Mex[i —j+1,....i|1,..., ] 3 F

x
— s, di il ..., X)), (24
V(@ a) Vi) CASA(al aj)sn(xi—j+1 xi), (24)

rEA

for0 < j <i < n, where C, is defined in (18), V denotes the Vandermonde determinant
defined in (11), and
J
Fo=[Tr% 0. (25)
=1
Moreover,
detMé’X[i —J+ 1,001, ..., )]

V(ai—j+1,...,a)V(x1, ..., x})

Fy
=Zst(ai—j+1,---,ai)sx(xl,-~-,xj), (26)
red

forO < j<i<n.
Proof The elements of the infinity Wronskian W} defined in (15) satisfy

t _ _ _k p(k)
(Wf)l,k+1 =/ O =a O

Let Aj = (ar)},_y. with ar, = a7 Then, we have
Wili, 21 = fO00) - fPH DO det Aj = FuV(@imjii, - )i (@imjiis - - @0).
(27)
Substituting (27) into (17) and (16), formulae (24) and (26) are derived. ]

Now, from formula (24), we derive the following condition that guarantees the total
positivity of the systems defined by (23).

Theorem5 Letf = (f1, ..., fu) be the system defined as in (23) for a function f such that
£(0) = 0and f®0) > 0fork € N. Then £ is TP on the interval (0, R/ay,).

Proof For0 <a; < --- <ayand0 < x; < --- < x,, the Vandermonde determinant for
any ordered subsequence of x = (x,...,x,)ora = (ay, ..., a,) is positive. Moreover, for
any partition A, both the constants C, and the Schur functions s, are positive. Consequently,
if f ®) (0) > O forall k € N, it follows from Theorem 4 that F; > 0. This implies that all the
initial minors (6) of Mt x and Mé’x are nonnegative, thereby ensuring the total positivity of
the collocation matrix Mt x (see Section 4 of [14]). ]

As a direct consequence of Theorem 4, Cauchy-type identities are derived.

@ Springer



70  Page 100f 15 P. Diaz, E. Mainar

Corollary 2 Let f = (f1,..., fu) be the system defined as in (23) and Mg x its collocation
matrix at the increasing sequence X = (x1, ..., Xp). Then
Fy det My,
Y Eslan e a)s (X x) = . . @
C V(als-~-’an)V(xla-~-’xn)

reA

where C_is defined in (18), F) is defined in (25) and V denotes the Vandermonde determinant
in (11),

Observe that any permutation of the entries (ag (1), - - - » Ao (n)) OF (Xo (1) - - - » Xo(n)) l€aAVES
both sides of (28) invariant. Furthermore, the symmetry under the exchange (ay, ..., a,) <
(x1, ..., xp) on the left-hand side is reflected on the right-hand side of (28). This follows
because such an exchange transposes the collocation matrix Mr x, leaving its determinant
unchanged.

Also, note that a function f uniquely determines both the left-hand side of (28), through
the coefficients F,, and the right-hand side, via the collocation matrix My x. Consequently,
each analytic function f gives rise to a distinct Cauchy-type identity. This result highlights
the versatility of Corollary 2, which will be further demonstrated in the following section.
Further illustrative examples can be found in [9].

5 Explicit identities for special families of analytic functions

In this section, we apply the theoretical results derived in Sect. 4 to specific families of
analytic functions obtaining novel Cauchy-type identities.

This first example confirms that the general framework of Corollary 2 is consistent with
classical univariate analysis, where the Schur polynomial expansion simplifies to a standard
power series.

Example 1 For a single variable x; and a; = 1, formula (28) reduces to the Maclaurin
expansion of f(x). Notice that, in this case, only the partitions with one part, [(A) = 1,
contribute to the sum. On the other hand, for |A| = k, we have

Cr=k!, F,=f®0), detMpx= f(x1),

thus recovering the Maclaurin series of f:

X &
Z f k'( )le = f(xp).
k=0 ’

A more sophisticated application arises when f is chosen as a generating function for
rational systems. In this case, our results recover the classical Cauchy identity.
Example 2 When considering f(x) = ﬁ, we have f(0) =1, f(k)(x) = kI(1 — x)~%1,
and thus:
n
F=[]r%"P0) = Gu+n—D Gt + Dlag! = Ca
I=1

On the other hand, using a well-known variant of the classical Cauchy determinant identity:
det( 1 >n _ n15i<j5n(xj_xi)()”i_)’j)

. . - n
Xi=Yj/i =1 nlsi,jsn(xi =)

)
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we derive
n n
Loy ~1/a; —1y" 1
det Mg x = det <7) = det / f = (n ) det :
I —ajx; i j=1 Xi—o ) l_[,-=1a,f Xi— o).
7/, j=1 S/ =1
1 1
(= Theicjzn (z - 7,) (rj = xi)
- n
.1 aij X 1
[Tj=14) i< j<n (xz - E)
-1
— 1y [Toiaf™ Thisicj<nlaj —a(xj —xi)
n1§i<j§n a;aj Hlfi,jfn(ajxi -1
Since

n
[ e =[Ta"
i=1

I<i<j<n
we can write:
W li<icj<n(@j —a)(xj — xi) n(1—n) [Ti<icj<nl@j —a(xj —xi)
[li<i j<n (@jxi = 1) [Ti<i jen (1 —ajxi)
_ l_[155<j5,,(aj —a;)(xj — x;) _ Viar,...,an)V(x1, ..., xn)

det M 5 = (—1)

=(=1)

= (29)
[Ti<ijen (1 —ajxi) [Tizij<n(l —ajxi)
This recovers the Cauchy identity
n
ajxi ). ._ 1

ZSA(al,...,an)SA(m,.--,xn):V( )IV( bi= ;= T

= ar,...,an)V(xy, ..., x, 1<i, j<n ajx;
From Theorem 5, given 0 < a; < --- < ay, we can guarantee that the system of rational

functions

(] 1 I
T\l—ax l—ax’ T L —apx

is totally positive on the interval (0, 1/ay).

Let us also observe that the determinant formula (29) for the collocation matrix My x
allows us to derive explicit formulas for its initial minors, providing the entries of the matrix
BD(M; x) as in (5), encoding the bidiagonal factorization (1) of My x. First, by applying
(29), we obtain the following expression for the initial minors:

(ae —ap) | ];_; i (xe — xx)
det Meyli — j+1,...,ill, ..., j1= ESE i jish<es
nlgkgj Hi—j+1§€§i (I — arxe)

for 1 < j <i < n.From (3), the pivots p; ; of the Neville elimination of My x satisfy

i—1
1 9 (@) —a)(xi — xig)

- 1 — ajxi =1 (1 — akx,-) (1 - a‘,-x,-_k)’

Pi.j I<j=<i<n

In particular,

1 1 (a; — ap)(x; — xi)
s Diji= T

P11 = 1l <i<n.

I —ax I —a (1 —arx;) (1 — ajxp)’

i 1<k<i—1
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According to (2), the multipliers m; ; are given by

l—ajxi_j (i = xi—p)(1 — agxi—1)

mi j = <j<iZ<n.

’ —_
V—ajxi | ) Gior = X)L — aexi)

Similarly, from (4), the multipliers 77i; ; can be expressed as

I —aj—jx; (@i —aj—)(1 —aj—1xr)
(ai—1 — aji—g—)(1 — ajxg)’

ﬁi’j: §j<i§n.

I —ajx;j I<k<j_1

Now, to further demonstrate the flexibility of Corollary 2 regarding symmetries and trans-
formations, we consider the case where f involves even powers. This leads to expansions
over a restricted set of partitions and allows us to derive identities in the complex domain.

Example 3 For f(x) = ﬁ, we have f(0) =0,

FO@ =k (-0 EnfaEn ) 2,

and £®(0) = 0if k is an odd integer. Thus:

n .
_ M+n—=D o + DA =Cr, i A € AL,
F = (M+n—1) 0) = even
* Ef © 0, otherwise,
where A} ,, :={A € A | A +n—lisevenforalll = 1,...,n}. Now, using (29), we
derive:
" 1 ! [Ti<icjen(xj —x)(xj +xi)(@j —ai)(a; + a;)
tx =35> = ,
X 1— a%xi2 it [Mi<i jen (1 —ajxi) (1 +ajx;)

and, from (28), obtain the following Cauchy-type identity:

[li<icjn(@i +ap(xi +x))

sp(at, ...,ap)s)(x1, ..., x,) = . 30)
2 " T Mz = a0 Fajx)
On the other hand, from Theorem 5, we can guarantee that, for 0 < a; < --- < a,, the

system of rational functions

s (1 1 I
N l—a%xzvl—ag)ﬂ’”" 1 —a2x?

is totally positive on the interval (0, 1/a,). Let us note that the matrix B D (Mt x) encoding
the bidiagonal factorization (1) of Mf x can be immediately derived from the bidiagonal
factorization in Example 2.

Furthermore, from (29), we can write

det ( 1 )n _ [licicjen(xj = x)(xj +xi)(aj + ai)(ai — aj)

1+ a}zxiz i j=1 [Ti<ij<a(+ ajzxiz)
2]_[15i<j§n(xj +xi)aj+a)V(xy,...,x)V(ai, ..., a)
[Tz j<n (1 +ajad) .

— (_l)n(n—l)/
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Let i denote the imaginary unit, such that i> = —1, and consider the transformation
ar —> iag, fork =1, ..., n. By properties of the determinant, we have
Viay, ..., iay) =i""" D2y (ay, ..., ay),

and, using properties of Schur polynomials,
sy (ay, ..., la,) = iws,\(al, e ap).

Taking into account the previous identities in (30), we derive

n
det <%>
l+ajxl. ij=l

V(xi,...,x,)V(ay,...,ia,)

> siGar, ... g (x1. ... xp)

LeAL

even

@ H1§i<j§n(xj —l—x,')(aj +a;)
[Ti<i,j<n(1 +a?xi2)

Equivalently, we can write

no=n) [ [1<icjen O + Xi)(aj + ai)

-|k| _ nin—1)
ilsy(ar, ..., an)s.(x1, ..., x0) = (=1)" 4
)Le; i< jen (1 + aja?)

even

which implies the following Cauchy-type identity
[Ti<icjen(@i +aj)(xi +x))
[T<ijzn (4 aizsz')

2A|—n(n—1)
Y EDT T @ a)s (- X) =
AEA!

even

. (3D

Note that (31) could also have been derived from Theorem 4 by taking f(x) = 1/(1 + x2).

6 Conclusions and further research

This work provides explicit expansions for the initial minors of collocation matrices of
analytic bases using Schur polynomials. Beyond their theoretical interest, these minors play
a crucial role in Numerical Linear Algebra by enabling the bidiagonal factorization of the
underlying matrices.

The structure of the expansions has enabled us to establish sufficient conditions for the
total positivity of generic systems of analytic functions. Besides, the expansions have been
found to lead to generalizations of the Cauchy identity for certain families of functions.

This work provides a solid theoretical framework for various applications. For instance,
the general expansions derived in Theorem 1 can be applied to the case of Wronskian and
Gram matrices, where the expansion of their initial minors was previously studied for the
polynomial case in [11] and [12], respectively. This will result in more general and unified
expressions for their initial minors. Furthermore, exploring the families defined by (23) in
this context may lead to simplified and more insightful formulas.

An interesting direction for future research is to explore the deeper theoretical meaning
of the Cauchy-type identities established in this work. Among the many interpretations of
the classical Cauchy identity, one of the most illuminating arises from representation theory,
where it reflects properties of the characters of the General Linear group (see, for instance, [3],
Chapter 38), which makes it a fundamental piece in algebraic combinatorics. The Cauchy-
type identities found in this paper likely admit an analogous interpretation.

@ Springer



70  Page 140of 15 P. Diaz, E. Mainar

Finally, working with totally positive bases offers a significant advantage in numerical
computations, particularly in achieving high relative accuracy (HRA). The analytic bases
studied in this paper, especially the families defined by (23), provide a promising framework
for accurate numerical calculations using appropriate algorithms. In fact, the explicit bidiag-
onal factorizations and the novel Cauchy-type identities derived here lay the groundwork for
aforthcoming study specifically devoted to the numerical solution of algebraic problems with
high relative accuracy. Special attention will be devoted to the development of HRA-based
algorithms for non-polynomial bases of functions that admit finite expansions in suitable
bases of symmetric functions.
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