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 a b s t r a c t

Numerical simulations of models and theories that describe complex systems such as spin glasses are becoming 
increasingly important. Beyond fundamental research, these computational methods also find practical appli-
cations in fields like combinatorial optimization. However, Monte Carlo simulations, an important subcategory 
of these methods, are plagued by a major drawback: they are extremely greedy for (pseudo) random numbers. 
The total fraction of computer time dedicated to random-number generation increases as the hardware grows 
more sophisticated, and can get prohibitive for special-purpose computing platforms. We propose here a general-
purpose microcanonical simulated annealing (MicSA) formalism that dramatically reduces such a burden. The 
algorithm is fully adapted to a massively parallel computation, as we show in the particularly demanding bench-
mark of the three-dimensional Ising spin glass. We carry out very stringent numerical tests of the new algorithm 
by comparing our results, obtained on GPUs, with high-precision standard (i.e., random-number-greedy) sim-
ulations performed on the Janus II custom-built supercomputer. In those cases where thermal equilibrium is 
reachable (i.e., in the paramagnetic phase), both simulations reach compatible values. More significantly, bar-
ring short-time corrections, a simple time rescaling suffices to map the MicSA off-equilibrium dynamics onto the 
results obtained with standard simulations.

1.  Introduction

Monte Carlo algorithms have become a ubiquitous tool in science 
and technology, with an amazing variety of applications ranging from 
lattice gauge theories in particle physics to high-frequency trading in 
stock markets. Most of the time, massively parallel computations are 
needed to achieve the expected goals. A common bottleneck to these 
parallel computations is in the generation of (pseudo-) random num-
bers, which has been recognized as critical for large-scale Monte Carlo 
simulations [1]. The difficulties encountered are due to two mutually 
conflicting goals. On the one hand, a large number of long streams of 
(sufficiently) independent random numbers are needed for the parallel 
update of the spins. On the other hand, generating random numbers of 
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sufficiently high quality is computationally intensive (to the point of 
being a significant limiting factor for numerical simulations).

Modern efforts in high-performance computing have directed a great 
deal of attention to the numerical simulation of deceptively simple-
looking disordered magnetic alloys, known as spin glasses [2–6]. Inter-
est has grown to the point that hardware is being specifically designed 
to deal with a “spin-glass Hamiltonian” through a variety of algorithms 
and/or physical principles (see, e.g., Refs. [7–15]). The choice of this 
seemingly exotic problem as a framework for more general computa-
tions is also connected to the crucial notion of NP-completeness [16], 
which we briefly recall next.

The point is here that one of the interesting applications of 
Monte Carlo methods is to minimize a cost function, for example, by
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incrementally reducing the “temperature” control parameter, starting 
from a very high value and going down close to zero (where the “Boltz-
mann” measure concentrates at the minimum of the cost function).This 
algorithm is the well-known simulated annealing [17], which can be 
used to solve, under some conditions, optimization problems in a very 
effective way [18,19].

The particular problem at hand is formalized in terms of a cost func-
tion that one aims to minimize. For the spin glass, the cost function is 
the energy of the spin configuration, while, for the traveling salesman, 
the cost function is the total travel distance to visit a set of cities. One 
wants to find the assignment that minimizes the cost function, often 
with the help of a computer. If the computational resources (i.e., com-
puter time, memory, etc.) grow with 𝑁 faster than any polynomial for 
all known algorithms, the problem is generally regarded as hard. A great 
attention is paid to a small subcategory of these hard problems, termed 
NP-complete, because if a polynomial scaling algorithm were discov-
ered for any of the NP-complete problems, then a vast family of hard 
optimization problems would become easy. Finding the minimal energy 
state —the ground state (GS)— of an Ising spin-glass Hamiltonian on a 
non-planar graph is one of such NP-complete problems [20,21].

Understandably, considerable effort has been devoted to the efficient 
numerical simulations of spin glasses, both on unconventional dedicated 
hardware (see above) or through the writing of code carefully optimized 
for its use on GPUs [22–26] or CPUs [27–29]. Perhaps unsurprisingly, 
the generation of random numbers turns out to be a major headache in 
both computational contexts.

Here we propose a widely usable microcanonical simulated anneal-
ing (MicSA) formalism, which is both extremely frugal in the number of 
needed random numbers and fully adapted to a massively parallel com-
putation. The method is demonstrated in the rather demanding case of 
the three-dimensional Ising spin glass. We carry out our simulations on 
GPUs to demonstrate that our algorithm nicely parallelizes. We start 
from a microcanonical ensemble for an extended configuration space 
that comprises the degrees of freedom we are really interested in (the 
spins) and some auxiliary degrees of freedom traditionally called dae-
mons. We shall term these auxiliary variables walkers if they are allowed 
to wander through the system or daemons if each is kept tied to a single 
lattice site; should the distinction be immaterial, which happens at many 
points in the discussion, we shall name them daemons/walkers. The 
reader will find useful analogies between our Monte Carlo formalism 
and molecular dynamics simulations coupled with a thermostat [30].

A microcanonical framework with just one daemon was proposed 
by Creutz [31], precisely to minimize the need for random numbers. 
Unfortunately, Creutz’s ensemble leads to a rather significant dynamic 
slowing down in the context of spin glasses [32]. To overcome this dy-
namic slowdown in non-disordered systems, Rummukainen and other 
authors proposed using a number of daemons proportional to the num-
ber of spins [33–36]. We shall follow a similar approach, although those 
authors emphasized equilibrium physics —our focus, instead, is on non-
equilibrium dynamics— and they were not particularly concerned with 
massively parallel simulations. Lustig’s microcanonical ensemble [37] 
also contains a number of daemons proportional to the number of spins. 
Lustig’s framework is very effective for studying first-order phase transi-
tions [38], also for disordered systems [39], which suggests a potential 
effectiveness in the study of spin glasses (see also [33] for a study of first-
order transitions in non-disordered systems). This formalism, however, 
has three major inconveniences: (i) it is unsuitable for parallel compu-
tations, (ii) it is not frugal in its usage of random numbers and (iii) it 
eventually approaches the equilibrium state corresponding to the micro-
canonical ensemble (which coincides with the canonical ensemble only 
in the limit of an infinite system size). We cure problems (i) and (ii) by 
simply skipping the integration of the daemons that Lustig carries out 
and keeping them instead as explicit dynamic variables. In order to cure 
problem (iii), we generalize the simulated annealing algorithm [17] to 
the microcanonical context. We argue (and show by example) that it 
is sufficient to lower the total energy of the system by acting solely on 

the daemons at a logarithmic time rate (this is the only part of the algo-
rithm that involves random numbers) to obtain results indistinguishable 
(after a simple time rescaling) from those produced using a canonical 
simulation employing the Janus II special-purpose computer [15]. Al-
though rescalability will be considered in much deeper detail below, as 
a starter, the reader may wish to check Fig. 1.

In a canonical simulation, one may define an effective temperature 
(for instance) by comparing the instantaneous value of the energy with 
that of an equilibrated system at the effective temperature. Only in 
equilibrium does the effective temperature coincide with the thermal-
bath temperature. In close analogy, see the more detailed discussion in 
Section 2.7, the refresh of the daemons/walkers effectively cools the 
system only as long as thermal equilibrium has not been reached. In 
equilibrium, the net energy flow between spins and daemons/walkers 
cancels.

The rescalability evinced in Fig. 1 can be related to analytical work 
on microcanonical dynamics —see, for instance, the Chapter entitled 
“Critical Dynamics” in Ref. [40] for model-C critical dynamics (i.e., 
non-conserved order parameter and conserved energy). If the coher-
ence length grows with time without bound —which is the case for 
a spin glass at 𝑇 < 𝑇c, 𝑇c being the critical temperature— and if the 
specific heat does not diverge in that limit (which is also the case for 
spin glasses), one expects that the canonical and the microcanonical dy-
namics can be superimposed at long times after a simple time rescaling. 
Although the algorithm proposed here is not microcanonical, it alter-
nates between microcanonical and non-microcanonical phases. Hence, 
the field-theoretical prediction is reassuring.

The structure of the rest of the paper is as follows: We recall 
the Edwards-Anderson model and explain our algorithm in Section 2. 
Then, we compare the microcanonical and canonical dynamics for the 
Edwards-Anderson model in three dimensions in Section 3, showing 
that both belong to the same dynamic universality class. We conclude 
by summarizing the results and discussing potential future applications 
of this algorithm in Section 4. We also provide additional information 
in three appendices. Appendix A provides technical details about our 
time-rescaling procedures, Appendix B provides some basic information 
about our publicly available CUDA code. Finally, Appendix C briefly 
describes the application of the method in equilibrium simulations for 
the specific example of a small sample of a three-dimensional spin glass 
with Gaussian couplings at low temperatures.

2.  The model and the algorithm

We have chosen to benchmark our algorithm in the rather demand-
ing context of the three-dimensional Edwards-Anderson model [41,42], 
which is the standard for spin glasses. While describing the model in Sec-
tion 2.1, we shall emphasize its separability, which is the crucial feature 
that makes parallel computation feasible. A similar separation between 
mutually non-interacting degrees of freedom is a necessary condition in 
any envisaged application of the solution proposed herein.

We have chosen to organize this section in several separate para-
graphs. After the somewhat introductory Sections 2.1 and 2.2, each 
paragraph will discuss a specific decision we needed to make to design 
the algorithm. Indeed, efficient implementations require tuning Monte 
Carlo algorithms to the user’s specific needs, which are not only dic-
tated by the peculiarities of the problem under study, but also by those 
of the hardware platform that will be used in the simulation. We hope 
that making our tuning process explicit will help the reader adapt the 
algorithm to their needs. We have summarized the defining details of 
the algorithms that we have numerically tested against a canonical sim-
ulation in Section 2.8.

2.1.  The model (and its separability)

We consider 𝑁 Ising spins 𝑠𝒙 = ±1 that occupy the nodes, denoted by 
𝒙, of a cubic lattice with linear size 𝐿 (𝑁 = 𝐿3). The lattice is endowed 
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Fig. 1. After a time rescaling, our microcanonical simulated annealing reproduces canonical dynamics. We study the energy relaxation towards its equilibrium value 
by plotting the excess energy per spin over its equilibrium value, 𝑒(𝑡) − 𝑒∞, versus simulation time 𝑡, as computed for a spin-glass sample on a 160 × 160 × 160 lattice 
with binary couplings at temperature 𝑇 = 0.7 ≈ 0.64𝑇c (𝑇c is the critical temperature for the phase transition separating the paramagnetic phase at high temperatures 
from the spin-glass phase at low temperature). The sample is investigated using two dynamics: a standard, random-number greedy Metropolis algorithm (the label 
can in the plot stands for canonical; these data were obtained from the Janus II supercomputer) and the new microcanonical simulated annealing (MicSA) algorithm 
introduced in this work. Specifically, we are using the version of the algorithm with 6 walkers per spin, see Section 2.8. We plot both data sets, subtracting the 
same estimate for 𝑒∞, which was obtained from the canonical simulation as explained in Appendix A. After the MicSA time is rescaled by the factor 𝑘∗ = 6.034 (see 
Table 1), 𝑡plot = 𝑘∗ × 𝑡MicSA, both energy relaxations are indistinguishable (the naif rescaling would have been 𝑘naif = 6, because of the 6 walkers per spin). 

with periodic boundary conditions. The spins interact with their lattice 
nearest neighbors through the Hamiltonian
𝐻EA = −

∑

⟨𝒙,𝒚⟩
𝐽𝒙,𝒚𝑠𝒙𝑠𝒚 . (1)

The quenched couplings 𝐽𝒙,𝒚 are independent and identically distributed 
random variables that are drawn at the beginning of the simulation and 
kept fixed. The couplings are typically drawn from a symmetric distri-
bution. Our choice will be 𝐽𝒙,𝒚 = ±1 with 50% probability (Gaussian-
distributed couplings are a fairly popular choice, as well). A specific 
realization of the coupling matrix {𝐽𝒙,𝒚} is named a sample. With binary 
couplings 𝐽 = ±1, the system undergoes a continuous phase transition 
at 𝑇c = 1.1019(29) [43].

In principle (but see below for an alternative point of view), one 
is interested in the canonical ensemble, where spin configurations are 
found as dictated by Boltzmann’s probability at inverse temperature 𝛽 =
1∕𝑇 :

𝑝({𝑠𝒙}) =
e−𝛽𝐻EA({𝑠𝒙})

𝑍EA
, 𝑍EA =

∑

{𝑠𝒙}
e−𝛽𝐻EA({𝑠𝒙}) . (2)

It is fairly common in spin glasses that thermal equilibrium will not 
be achievable in a reasonable computer time (nor in reasonable human 
time, if we are talking about a laboratory experiment). Many impor-
tant experimental effects can still be investigated through an out-of-
equilibrium simulation [6,44–52], which is carried out with a local algo-
rithm, such as Metropolis or heat bath (see, for instance, Refs. [53,54]) 
that has Eq. (2) as its stationary distribution.

A crucial feature of the Hamiltonian 𝐻EA that makes parallel com-
putations feasible is separability, which is itself a consequence of the 
limited interaction range (lattice nearest neighbors in our case). Here, 
separability means that the 𝑁 spins can be split into disjoint sets such 
that spins in the same set are mutually non-interacting (entailing that 

they can be updated simultaneously). The number of non-interacting 
sets could be larger than two, but it should be small to make parallel 
computing efficient. In our case, a very natural possibility is to group 
the spins into even and odd sublattices, depending on the parity of the 
sum of their Cartesian coordinates. This choice results in a checkerboard 
decomposition of the lattice which has proven instrumental in many 
computational and theoretical studies for decades (Ref. [55] provides 
an early example).

As we discuss in Section 2.2, separability is endangered by the (in so 
many other ways fully satisfactory) Lustig microcanonical formalism.

2.2.  A generalization of Lustig’s microcanonical ensemble

Initially, we shall follow Lustig and expand the configuration space, 
introducing new degrees of freedom that we shall name hereafter either 
daemons or walkers (the distinction is discussed in Section 2.6). Specif-
ically, every spin will be endowed with a number 𝛾 of these auxiliary 
degrees of freedom 𝑛𝒙,𝛼 ≥ 0, 𝛼 = 0, 1, 2,… , 𝛾 − 1. The 𝑛𝒙,𝛼 could be ei-
ther real or integer. Our total Hamiltonian will be [𝐻EA was defined in 
Eq. (1)]
𝐻 = 𝐻EA + 𝐻aux (3)

with

𝐻aux =
∑

𝒙

𝛾−1
∑

𝛼=0
𝑛𝒙,𝛼 . (4)

The corresponding canonical (𝑝c) and microcanonical (𝑝mic) probability 
densities are

𝑝c({𝑠𝒙, 𝑛𝒙,𝛼}; 𝛽) =
exp[−𝛽𝐻({𝑠𝒙, 𝑛𝒙,𝛼}]

𝑍c
, (5)

𝑝mic({𝑠𝒙, 𝑛𝒙,𝛼}; ) =
𝛿[ −𝐻({𝑠𝒙, 𝑛𝒙,𝛼})]

𝑍mic
, (6)
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where 𝛿 stands for Dirac’s delta function and the partition functions 𝑍c
and 𝑍mic ensure correct normalization as in Eq. (2).

If we were to follow Lustig, our next step would be to integrate out 
the auxiliary degrees of freedom in Eq. (6):

𝑝mic({𝑠𝒙}; ) =
e(𝛾𝑁−1) log[−𝐻EA({𝑠𝒙})]

𝑍̂mic
𝜃( −𝐻EA[{𝑠𝒙})], (7)

where the Heaviside step function ensures that  > 𝐻EA({𝑠𝒙)}, and 
the modified partition function 𝑍̂mic ensures normalization. Eq. (7) is 
well adapted for a serial Monte Carlo simulation, where spins are up-
dated one by one (an independent random number would be necessary 
per every spin update). Unfortunately, the effective action in Eq. (7), 
log( −𝐻EA) is highly non-linear in 𝐻EA, which spoils the separabil-
ity property discussed in Section 2.1. Indeed, even an effective action 
quadratic in 𝐻EA would be non-separable because every pair of spins 
would be mutually interacting. With some ingenuity, a limited parallel 
computation can be set for an all-to-all interaction [7], but we regard 
this as a very undesirable feature. Hence, we shall depart from Lustig’s 
approach at this point.

2.3.  Creutz’s move saves the day

Fortunately, the obstacle described in the previous paragraph can 
be cleared by adapting to our needs the basic move from Creutz’s al-
gorithm [31]. In this way, three different problems get solved at once: 
(i) we obtain an algorithm that verifies detailed balance for both the 
canonical and the microcanonical probabilities in Eqs.  (5) and (6), (ii) 
the move does not require any random number, and (iii) separability is 
not endangered (hence parallel simulations are feasible).

Let us describe the elementary move of our modified form of Creutz’s 
algorithm. Pick spin 𝑠𝒙 and one of its daemons/walkers, 𝑛𝒙,𝛼 , and com-
pute the change in 𝐻EA, Eq. (1), if we flip the spin at site 𝒙 (that is, 
𝑠𝒙 → −𝑠𝒙) while keeping all other spins fixed, Δ𝐻EA. If we update
𝑛𝒙,𝛼 ⟶ 𝑛𝒙,𝛼 − Δ𝐻EA, (8)

the total Hamiltonian (3) remains unchanged because the total energy 
gained (or lost) by the spin system is exactly compensated by the 𝑛𝒙,𝛼 . 
However, to obtain a valid new configuration, we should have 𝑛𝒙,𝛼 ≥ 0
after the update in Eq. (8). The spin is flipped, and the 𝑛𝒙,𝛼 is updated 
only if the new configuration is legal. Up to now, the only difference 
from Creutz lies in that he worked with a single auxiliary degree of free-
dom that is shared by the whole system. In our Lustig-inspired setting, 
every spin has its own set of 𝛾 daemons/walkers 𝑛𝒙,𝛼 .

Let us now briefly explain why our elementary move solves the three 
problems mentioned above.

The proof of detailed balance —for both the canonical (5) and the 
microcanonical weight (6)— lies in the reversibility of our elementary 
move. Indeed, if we pick exactly the same spin 𝑠𝒙 and 𝑛𝒙,𝛼 after we car-
ried out the elementary move —all other spins and daemons/walkers 
unchanged— and try to update them again, we would exactly undo the 
spin flip and the update (8) because Δ𝐻EA changes sign after the spin 
flip. And, of course, the newly reached configuration (which is the con-
figuration we started with) would be legal. Using the language of the 
Metropolis algorithm [53], we have a symmetric proposal of change in 
the configuration space that leaves the total energy invariant [imply-
ing that the probabilities for the starting and the final configurations 
are identical, either in the canonical, Eq. (5), or in the microcanoni-
cal ensemble, Eq. (6)]. If such a move is accepted with probability one, 
detailed balance is fulfilled.

Of course, no random numbers are involved in the elementary move. 
However, it is amusing to notice that if a fresh value of the 𝑛𝒙,𝛼 were 
drawn for every spin-flip attempt,1 our elementary move would become 

1 This is easy to do, although it would require a random number per spin 
update, because in the canonical ensemble, Eq. (5), the 𝑛𝒙,𝛼 are independent 
exponentially-distributed random variables.

the textbook Metropolis update —see, e.g., Refs. [53,54]— for the spin 
system, recall Eq. (2). Baroque as it may seem, this disguising of the 
textbook Metropolis algorithm has resulted in a very efficient multispin 
coding implementation [56].

As for separability, notice that Δ𝐻EA depends only on spins with 
parity opposite to the parity of our site 𝒙. Hence, if we consider two 
(say) even sites 𝒚 and 𝒛, the two determinations on whether 𝑠𝒚 and 𝑠𝒛
can be flipped depend solely on odd spins and their chosen 𝑛𝒚,𝛼𝑦  and 
𝑛𝒛,𝛼𝑧 . If the spins at odd sites are held fixed, it is immaterial which of 
the two sites, 𝒚 or 𝒛, is updated first. A parallel update of all sites with 
a common lattice parity is, then, feasible.

2.4.  Continuous or discrete daemons/walkers?

A computationally convenient feature of the 𝐽 = ±1 choice in 𝐻EA, 
Eq. (1), is that the energy changes that a single spin-flip may cause are 
limited. In three spatial dimensions, Δ𝐻EA = 0,±4,±8 or ±12. Hence, 
in our particular case, it is practical to limit the possible values of the 
daemons/walkers to integers multiple of four 𝑛𝒙,𝛼 = 4𝑚, 𝑚 = 0, 1, 2, 3,…. 
For Gaussian couplings, it would probably be more natural to keep con-
tinuous daemons/walkers, or have them take values on a finer mesh of 
energies.

In the canonical ensemble only, the 𝛾𝑁 auxiliary variables 𝑛𝒙,𝛼 are 
statistically independent from each other and from the spins. In the con-
tinuous case, the 𝑛𝒙,𝛼 are exponentially distributed:
Prob(0 < 𝑛𝒙,𝛼 < 𝑅) = 1 − exp(−𝛽𝑅). (9)

In Lustig’s original ensemble the 𝑛𝒙,𝛼 enter quadratically in the 
𝐻aux [37], so that their distribution is Gaussian. For the case with dis-
crete daemons/walkers, see Eq. (11) below.

2.5.  Daemons/walkers with a limited capacity

To further parallelize our computation we employ multispin cod-
ing [57]. We use the different bits in a memory word to represent dif-
ferent physical spins. Hence, we have chosen to restrict the possible val-
ues to 𝑛𝒙,𝛼 = 4𝑚 with 𝑚 = 0, 1, 2, 3. Thus 𝑚 is representable with two bits 
only, and we can use two 32-bit words to represent 32 different dae-
mons/walkers. Note that these choices are problem specific. In other 
situations, different choices are possible, see, for instance, Appendix C.

However, this limitation in the maximum value of 𝑛𝒙,𝛼 comes with 
costs and benefits. On the one hand, the configuration obtained after 
Creutz’s move will be legal, meaning that the spin flip will be accepted, 
if and only if
0 ≤ 𝑛𝒙,𝛼 − Δ𝐻EA ≤ 12 . (10)

In other words, we should reject any spin-flip that lowers the energy by 
an amount larger than what the daemon/walker responsible for that 
update can currently accommodate. On the other hand, having dae-
mons/walkers representable with just two bits reduces the total mem-
ory needed. Furthermore, in a multispin coding simulation, the whole 
algorithm should be implemented employing solely Boolean operations 
[this includes checking condition Eq. (10) or performing the update in 
Eq. (8)], which is certainly simpler if the daemons/walkers are repre-
sentable with only two bits. Refs. [34–36] also considered daemons with 
limited capacity and managed them accordingly.

Daemons/walkers will be initialized —or refreshed— according to 
their canonical weight, Eq. (5). That is to say, as independent, identically 
distributed random variables drawn from the distribution

𝑝(𝑛 = 4𝑚) = e−4𝑚𝛽 1 − e−4𝛽

1 − e−16𝛽
, 𝑚 = 0, 1, 2, 3 . (11)

We conclude this paragraph with a word of caution. The daemons/walk-
ers should be allowed to take values at least as large as the largest pos-
sible |Δ𝐻EA

| (the problem is in the negative values of 𝐻EA). In this way, 
it will be ensured that no spin (or the equivalent elementary variable) 
will lock forever at local energy minima too deep to be evaded from.
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2.6.  Daemons or walkers?

One might worry about the presence of local conservation laws. Local 
energy conservation is needed if we want to use a parallel updating 
algorithm, but it could cause dynamic slowing down. This is why we 
have considered two variants of the algorithm.

If the auxiliary variable 𝑛𝒙,𝛼 is forever bound to a lattice site 𝒙, it will 
be named a daemon. Yet, if it is allowed to wander through the lattice, 
it will be called a walker.

We have designed a wandering procedure that runs efficiently on 
a GPU because it can be implemented using a memory-access pattern 
that fulfills the memory coalescing conditions. Consider one of the lat-
tice directions (say Y) and a moving direction (backward or forward). A 
forward-Y wandering is a two-timestep cycle that can be implemented 
only for even lattice size 𝐿:
1. At the starting time of the cycle, all the 𝛼th walkers sitting on even 
lattice sites exchange their values with the 𝛼th walkers sitting on 
their lattice nearest neighbors along the positive Y direction (peri-
odic boundary conditions are employed; the neighbor will be an odd 
site).

2. At the second timestep in the cycle, the walkers at odd lattice sites 
will exchange their values with their lattice nearest-neighbor along 
the positive Y direction.

Note that after 𝐿∕2 cycles, or 𝐿 timesteps, every forward-Y wandering 
walker will return to its starting point, although it will have been mod-
ified along its way through the updates in Eq. (8).

The backward-Y wandering operation differs from the forward-Y 
counterpart just in that the lattice nearest-neighbor will be sought along 
the negative Y direction.

Interestingly enough, Refs. [34,35] implemented their own daemon 
wandering (although they refreshed their daemons far more often than 
we do, see Section 2.7).

2.7.  The microcanonical simulated annealing

The operations described so far do not allow us to approach the equi-
librium canonical distribution, Eq. (5). Indeed, with our microcanoni-
cal update, the total energy  remains equal to its starting value start. 
Eq. (3) tells us that start is the sum of two contributions, the starting 
value of the spin Hamiltonian 𝐻EA (1) —typically much larger than the 
equilibrium value at inverse temperature 𝛽, ⟨𝐻EA

⟩𝛽— and the energy of 
the daemons/walkers. Although the daemons/walkers will be directly 
initialized in thermal equilibrium through Eq. (11), it is clear that start
will be too high. As a result, the microcanonical updates will lower the 
energy of the spins—which is desirable— at the cost of heating the dae-
mons/walkers —which is undesirable. It is easy to assign an instanta-
neous temperature to the daemons/walkers, because the 𝛽-dependent 
equilibrium expectation value can be easily computed from Eq. (11). 
We have 𝛾 daemons/walkers per each of the 𝑁 spins, as
⟨𝐻aux

⟩

𝛾𝑁
= 4 e−4𝛽

1 − e−4𝛽
− 16 e−16𝛽

1 − e−16𝛽
. (12)

Hence, one may simply invert Eq. (12) to obtain the effective tempera-
ture from the instantaneous value of the daemon/walker energy. Since 
the microcanonical dynamics will increase the value of 𝐻aux by relaxing 
the spin system, one may aptly describe the process by saying that the 
effective temperature of the daemons/walkers is raised because of the 
energy absorbed from the spins.

Now, if we aim to reach the canonical equilibrium, Eq. (5), it is clear 
that we need to find a way to cool the daemons/walkers. In some ways, 
our solution will be similar to the strategy known as simulated anneal-
ing [17]. At specified times, see the discussion below, we throw away 
the daemon/walker configuration —leaving spins untouched— and gen-
erate a new, statistically independent one from Eq. (11). By construc-
tion, the new daemon/walker configuration will have the correct ef-
fective temperature dictated by Eq. (12). In other words, the nominal 

daemon/walker temperature 𝑇  will coincide with the effective temper-
ature. Hence, we shall have decreased the total energy  of our anneal-
ing system. When equilibrium is finally reached, the energy gains and 
losses suffered by the spins finally compensate, and, although the effec-
tive temperature of the daemons/walkers fluctuates, it remains stable 
(on average).

From the above discussion, it should be clear that refreshing the dae-
mon/walker configuration at regular times, say every 1000 timesteps 
(see Section 2.8 for the precise definition of timestep), should eventu-
ally lead any system of finite size to canonical equilibrium. This would 
dilute the need for random numbers by a factor of 1000, which would 
probably make the computational weight of generating random num-
bers irrelevant for most (if not all) applications. However, we shall try 
to be even thriftier with our random numbers. Indeed, the energy relax-
ation of spin glasses at and below their critical temperature decreases 
very slowly with time 𝑡. The excess energy over the equilibrium value 
decays as a power law, 𝐻EA(𝑡) − ⟨𝐻EA

⟩𝛽 ∝ 𝑁∕𝑡𝜖(𝑇 ), where 𝜖(𝑇 ) is a fairly 
small exponent [47,58] (the exponent is so small that the power law 
resembles a logarithmic behavior). In fact, for a 1∕ log(𝑡) law, the time 
required to have a prefixed energy factor decay 𝑓 grows exponentially 
with 1∕𝑓 . We decided accordingly to refresh our daemons/walkers with 
a schedule that is linear with the logarithm of the time. At each of those 
timesteps, the spin system will experience an abrupt, but tiny, energy 
change as a reaction to the cooler daemons/walkers. This is inappre-
ciable at the scale of Fig. 1, but can be observed with the more refined 
analysis in Fig. 2-d.

2.8.  Putting all pieces together: The algorithms we tested

We have tested the algorithm described above with 𝛾 = 1, 2, 4 and 6 
daemons per spin. We have also tried the one with 𝛾 = 1 and 6 walkers 
per spin.

In all cases, a timestep consisted of 𝛾 full-lattice sweeps (i.e., the 
flip of every spin was considered 𝛾 times within a single timestep). A 
sweep consists of updating the 𝑁∕2 sites with even lattice parity, fol-
lowed by the update of the 𝑁∕2 sites with odd parity. On the 𝛼th sweep 
in a timestep (𝛼 = 0, 1,… 𝛾 − 1), the daemon/walker 𝑛𝒙,𝛼 was used in the 
update of the site 𝒙.

When applied, the walker-wandering part of the algorithm occurred 
once every timestep (the parity of the time index 𝑡 defines which of the 
two wandering operations is used, recall Section 2.6). In the case with 
just 𝛾 = 1 walker per spin, we employed forward-X wandering. In the 
case with 𝛾 = 6 walkers per spin, we used
𝛼 = 0 ⟶ forward-X,

𝛼 = 1 ⟶ forward-Y,

𝛼 = 2 ⟶ forward-Z,

𝛼 = 3 ⟶ backward-X,

𝛼 = 4 ⟶ backward-Y,

𝛼 = 5 ⟶ backward-Z .

(13)

In all cases, the refresh of the daemons/walkers took place at 
timesteps 𝑡𝑠 = 2𝑠, as specified in Section 2.7. Observe that our definition 
of timestep ensures that the number of sweeps that a particular subfam-
ily of daemons/walkers, 𝛼, completes between consecutive refreshing 
steps is independent of 𝛾.

2.8.1.  The algorithm in the form of a procedure
1. Initialize 𝑠 = 0 and the time counter variable 𝑡 = 0.
2. Get a fresh daemons/walkers configuration {𝑛𝒙,𝛼} from Eq. (11).
3. Carry out 2𝑠 steps. Each step consists of:
(a) Cycle for 𝛼 = 0,… , 𝛾 − 1:

i. For every site in the even sublattice, 𝒙, compute Δ𝐻EA for the 
spin-flip of 𝑠𝒙 and use 𝑛𝒙,𝛼 to check condition in Eq. (10). If the 
condition is met, flip the spin and update the daemon/walker 
as in Eq. (8).
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Fig. 2. Comparison of Metropolis and MicSA dynamics with 6 walkers in the spin-glass phase at 𝑇 =0.7 ≈ 0.64𝑇c. a) Time evolution of the difference of the energy at 
time 𝑡 and the equilibrium value obtained through a fit to the canonical data. The solid yellow line is for the best fit described in Table 2. b) The coherence length, 
𝜉12, as a function of the simulation time for both models. The solid line is again for the best fit described in Table 2. c) Coherence length, 𝜉12(𝑡), as a function of 
the ratio between the coherence lengths 𝜉23(𝑡) and 𝜉12(𝑡). d) Difference between the results from the two algorithms for the energy, Eq. (21), as a function of the 
simulation time. e) As in d) but for the coherence length. To compute these differences, we have considered the best fit to our canonical data —solid lines in a) and
b)— and the rescaling coefficient 𝑘∗ = 6.034 (see Appendix A for more information on the estimation of 𝑘∗). Error bars are smaller than data points. For the sake of 
clarity points are plotted at regular time intervals in logarithmic scale. 

ii. Same as (i) for the odd sublattice.
(b) If the {𝑛𝒙,𝛼} are walkers, carry out the part of the wandering cy-

cle dictated by the parity of 𝑡, see Section 2.6 (for daemons, do 
nothing).

(c) Increase 𝑡 by one unit.
4. Increase 𝑠 by one unit and go back to (2).

We insist on updating all sites with a given parity first, and then the sites 
with the opposite lattice parity, just because we intend to carry out a 
parallel computation. Readers willing to work with a serial update may 
access the lattice in whatever order they prefer.

3.  Results

We have tested the new set of algorithms under three very different 
dynamical conditions. In all three cases, we start the simulation from 
a fully disordered configuration (which mimics infinite temperature). 
At the starting time, 𝑡 = 0, the system is instantaneously quenched to 
the working temperature 𝑇 , where it is allowed to relax. The features 
of the relaxation are very much dependent on 𝑇 . In the paramagnetic 
phase, 𝑇 > 𝑇c, thermal equilibrium can eventually be reached. Instead, 
equilibrium is unreachable in a large lattice if one works at the criti-

cal point 𝑇 = 𝑇c, or in the spin-glass phase 𝑇 < 𝑇c. This impossibility to 
equilibrate is, exactly, the situation encountered in experiments [6]. For 
𝑇 ≤ 𝑇c the dynamics consists in the endless growth of glassy magnetic 
domains of linear size 𝜉(𝑡, 𝑇 ) (when comparing data at the same tem-
perature we shall use the lighter notation 𝜉(𝑡); a similar convention will 
be used for other quantities). The time growth of the coherence length 
𝜉(𝑡, 𝑇 ) turns out to be excruciatingly slow, and slower the lower 𝑇  is. 
For 𝑇 > 𝑇c, instead, 𝜉(𝑡, 𝑇 ) eventually saturates to its equilibrium value 
𝜉eq(𝑇 ). In order to be representative of the experimental situation, one 
should have 𝐿 ≫ 𝜉(𝑡, 𝑇 ) at all times [59]. We shall not feel constrained 
by the 𝐿 ≫ 𝜉(𝑡, 𝑇 ) condition, because we want to test our algorithms also 
when 𝐿 and 𝜉(𝑡, 𝑇 ) become comparable.

To investigate the domain-growth process briefly described above, 
it is mandatory to use replicas, namely statistically independent sys-
tem copies {𝑠(𝑎)𝒙 } that evolve under the very same Hamiltonian 𝐻EA, 
Eq. (1), i.e., with the same coupling matrix {𝐽𝒙,𝒚}. The superscript 
𝑎 = 1, 2,… , 𝑁𝑅 labels the 𝑁𝑅 replicas in a simulation. For any quan-
tity, 𝑂, we shall use ⟨𝑂⟩ for its average over the initial conditions. In 
particular, for different replica indices 𝑎 ≠ 𝑏, one has

⟨𝑠(𝑎)𝒙 (𝑡)𝑠(𝑎)𝒚 (𝑡)𝑠(𝑏)𝒙 (𝑡)𝑠(𝑏)𝒚 (𝑡)⟩ = ⟨𝑠𝒙(𝑡)𝑠𝒚(𝑡)⟩2, (14)
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Fig. 3. Six walkers at 𝑇 = 1.1 ≃ 𝑇c. As in Fig. 2, but with the time-rescaling factor 𝑘∗ = 5.876 (see Table 1).

Table 1 
Estimation of the best time-rescaling factor 𝑘∗  as ob-
tained from a fit to Eq. (20) for the different number 
of daemons/walkers per spin 𝛾 and temperatures (we 
mark with a symbol † the algorithm based on walkers 
and not on daemons). We denote the statistical uncer-
tainty by Δ𝑘∗. We also report the fits figure of merit 
𝜒2∕d.o.f as computed from the diagonal part of the co-
variance matrix (d.o.f. meaning degrees of freedom). 
The choice of using either daemons or walkers (and 
how many) results only in a rescaling of the time units, 
but not in a change of the dynamical critical exponents.
𝑇 𝛾 𝑘∗ Δ𝑘∗ [𝜉min , 𝜉max] 𝜒2∕d.o.f .

0.7 6†  6.034  0.007  [4, 12.5]  34.1/108
𝑇c  1  0.3984  0.0012  [8.5, 14]  25.8/33
𝑇c 1†  0.967  0.003  [8, 12]  15.4/25
𝑇c  2  1.051  0.002  [7, 12]  21.3/36
𝑇c  4  2.667  0.004  [6, 14]  13.2/59
𝑇c  6  4.79  0.04  [18, 30]  8.4/31
𝑇c 6†  5.876  0.011  [7, 30]  66.0/106
1.4 6†  5.904  0.014 𝑡 > 103  84.5/95

because the different replicas are independent, identically distributed 
random variables.

The main quantities we have used to investigate the dynamics are the 
energy per spin 𝑒(𝑡) and the correlation function 𝐶4(𝒓, 𝑡). For both quan-
tities, we give the formal definition and, after the ≈ sign, the estimators 

that one can compute with a finite number of replicas 𝑁𝑅:

𝑒(𝑡) = 1
𝑁

⟨𝐻EA({𝑠𝒙(𝑡)})⟩, (15)

≈ 1
𝑁𝑁𝑅

𝑁𝑅
∑

𝑎=1
𝐻EA({𝑠(𝑎)𝒙 (𝑡)}),

𝐶4(𝒓, 𝑡) =
1
𝑁

∑

𝒚−𝒙=𝒓
⟨𝑠𝒙(𝑡)𝑠𝒚(𝑡)⟩2, (16)

≈ 1
𝑁̃

∑

𝑎≠𝑏

∑

𝒚−𝒙=𝒓
𝑠(𝑎)𝒙 (𝑡)𝑠(𝑎)𝒚 (𝑡)𝑠(𝑏)𝒙 (𝑡)𝑠(𝑏)𝒚 (𝑡),

where the normalizing factor 𝑁̃ = 𝑁𝑁𝑅(𝑁𝑅 − 1)∕2 takes into account 
the different ways of choosing two different replica indices. We also 
have employed the periodic boundary conditions when computing 𝒚 −
𝒙. Rotational invariance [58] suggests choosing the displacement vector 
𝒓 along one of the lattice axes. In fact, we average over the three different 
choices 𝒓 = (𝑟, 0, 0), (0, 𝑟, 0) or (0, 0, 𝑟) and name the result simply 𝐶4(𝑟, 𝑡).

Both 𝑒(𝑡) and 𝐶4(𝑟, 𝑡) are self-averaging quantities, which means that 
their sample-to-sample fluctuations vanish for large 𝐿 as a power of the 
ratio 𝜉(𝑡)∕𝐿 —recall that a sample is a realization of the coupling matrix 
{𝐽𝒙,𝒚} in Eq. (1). In fact, experiments are typically performed on a single 
sample. We have decided to mimic this approach and work with just 
one sample, obviously the same one for all algorithms (a sample already 
studied in previous investigations [46,47,49–52,60]), because our target 
is obtaining very precise comparisons. Eliminating the noise induced 
by the sample-to-sample fluctuations helps us achieve this purpose and 
provides a much stronger test of the equivalence between formalisms.
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Fig. 4. Six walkers in the paramagnetic phase at 𝑇 =1.4 ≈ 1.27𝑇c. As in Fig. 2, but with the time-rescaling factor 𝑘∗ = 5.904 (see Table 1). 

However, while comparing the curves 𝑒(𝑡) from different algorithms 
is relatively straightforward, there is too much information in the 
𝐶4(𝑟, 𝑡). To simplify the analysis, we squeeze the 𝑟-dependence of the 
correlation function into two numbers, the coherence length and a 
dimensionless ratio of characteristic lengths. Specifically, we follow 
Refs. [58,59] and compute the integrals

𝐼𝑛 = ∫

∞

0
d𝑟 𝑟𝑛𝐶4(𝑟, 𝑡) . (17)

The integral converges because at large distances we have 𝐶4(𝑟, 𝑡) ∼
𝑓 (𝑟∕𝜉(𝑡))∕𝑟𝜃 , where 𝑓 (𝑥) is a cut-off function decaying super-
exponentially in 𝑥. For technical details about estimating the integrals 
𝐼𝑛, we refer the reader to Refs. [46,61]. The characteristic lengths 𝜉𝑛,𝑛+1
are computed from the 𝐼𝑛,

𝜉𝑛,𝑛+1 =
𝐼𝑛+1
𝐼𝑛

(18)

We shall follow the (by now) standard practice of identifying the spin-
glass coherence length with 𝜉12(𝑡). As for the overall 𝑟 dependence of 
𝐶4(𝑟, 𝑡) we consider the dimensionless ratio 𝜉23∕𝜉12 [27,62]. 𝐶4(𝑟, 𝑡) is 
expected to reach a scale-invariant limit at long times [i.e., large 𝜉12(𝑡)] 
when 𝑇 ≤ 𝑇c, which implies that the ratio 𝜉23∕𝜉12 will reach a long-time 
limit as well [46].

Our estimates for 𝑒(𝑡), 𝜉12(𝑡) and the dimensionless ratio 𝜉23∕𝜉12(𝑡)
are displayed as a function of time in Fig. 2 (𝑇 = 0.7 ≈ 0.64𝑇c), Fig. 3 
(𝑇 = 1.1 ≈ 𝑇c) and Fig. 4 (𝑇 = 1.4 ≈ 1.27𝑇c). For all three temperatures, 
we observe that, when 𝜉12(𝑡) is plotted parametrically as a function of 
𝜉23∕𝜉12(𝑡), the canonical and the MicSA data fall onto a single curve. This 

finding indicates that it suffices to consider 𝜉12(𝑡) when trying to find the 
correspondence between the 𝐶4(𝑟, 𝑡) computed with the two dynamics. 
The figures suggest as well that a shift in log 𝑡 (i.e., a simple rescaling 
for 𝑡) suffices to superimpose the MicSA data with the canonical curve 
for both 𝑒(𝑡) and 𝜉12(𝑡). We shall attempt to make this observation quan-
titatively precise.

The technical difficulty to address is that 𝑒(𝑡) and 𝜉12(𝑡) are known 
only on a discrete time grid. We overcome this difficulty by interpolat-
ing the curves from the canonical simulations with a simple, physically 
motivated continuous function of 𝑡. The interpolating function is found 
from a fit to
𝜉can12 (𝑡, 𝑇 ) = 𝐹 𝜉

can(𝑡, 𝑇 ), 𝑒can(𝑡, 𝑇 ) = 𝐹 e
can(𝑡, 𝑇 ) . (19)

The form of the interpolating functions varies very much with temper-
ature, as explained in Appendix A, where details on the above fits are 
provided (in particular, for 𝑇 ≤ 𝑇c it is simpler to find 𝑡 as a function of 
𝜉12 than the other way around). The reader should take neither 𝐹 𝜉

can(𝑇 , 𝑡)
nor 𝐹 𝑒

can(𝑇 , 𝑡) too far, because they are mere interpolating devices that 
are not good for extrapolations. Among other problems, these functions 
represent the results of a single sample, including times when —for 
𝑇 ≥ 𝑇c— the condition 𝐿 ≫ 𝜉(𝑇 , 𝑡) is no longer met.

Having promoted 𝜉can12 (𝑡, 𝑇 ) to a continuous function, we can simply 
fit the MicSA curves to
𝜉MicSA12 (𝑡, 𝑇 ) = 𝐹 𝜉

can(𝑘 𝑡, 𝑇 ), (20)

with the rescaling factor 𝑘 as the only fitting parameter. The best-fit 
rescaling parameter is named 𝑘∗ in Table 1 and in Figs. 2–4. In the 
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Table 2 
Results of the different fits to our canonical data shown in Figs. 1–4. These fits correspond to the interpolation 
used to estimate 𝛿𝑒(𝑡, 𝑘) and 𝛿𝜉 (𝑡, 𝑘) [see Eqs. (21) and (22)] explained in Section 3. We specify the time interval 
considered in the fits as [𝑡min, 𝑡max] (∗ indicates that all times 𝑡 ≥ 𝑡min are included in the fit).
 𝑇 𝐹 #

can(𝑡) [𝑡min , 𝑡max]  Fit 𝜒2∕d.o.f .

𝑒 0.7 𝑒∞ + 𝑎1𝑡−𝑧1 + 𝑎2𝑡−𝑧2 [1.7 × 102 , ∗] 𝑒∞ = −1.7708874(19), 𝑎1 = 0.0884(7), 𝑎2 = 0.1060(3),
𝑧1 = 0.2235(5), 𝑧2 = 0.445(3) 242.4∕248

𝑒 𝑇c 𝑒∞ + 𝑎1𝑡−𝑧1 [104 , ∗] 𝑒∞ = −1.7022747(19), 𝑎1 = 0.1325(12), 𝑧1 = 0.3820(9) 152.4∕149

𝑒 1.4 𝑒∞ + 𝑎1𝑡−𝑧1 [104 , ∗] 𝑒∞ = −1.607026(4), 𝑎1 = 2.5(9), 𝑧1 = 0.90(4) 91.7∕83

𝜉12 0.7 𝑎0 + 𝑎1𝑡𝑧 + 𝑎2 log(𝑡) [1.4 × 102 , ∗] 𝑎0 = −2.71(3), 𝑎1 = 4.10(3), 𝑎2 = −0.1179(14), 𝑧 = 0.05930(17) 197.6∕235

𝜉12 𝑇c 𝑎0 + 𝑎1𝑡𝑧 [103 , 109] 𝑎0 = 0.159(8), 𝑎1 = 1.158(4), 𝑧 = 0.1543(2) 126.4∕157

𝜉12 1.4 𝐶
(

1 −
∑7

𝑖=0 𝑎𝑖e
−𝑡𝑏𝑖∕𝜏

)

[103 , ∗]
𝐶 = 9.29(2), 𝜏 = 8(3) × 106 , 𝑏 = 4.0(4),

𝑎0 = 0.007(4), 𝑎1 = 0, 𝑎2 = 0.11(3), 𝑎3 = 0.166(17),
𝑎4 = 0.136(9), 𝑎5 = 0.123(9), 𝑎6 = 0.095(7), 𝑎7 = 0.069(8)

49.4∕104

Fig. 5. Estimation of the best time shift 𝑘∗ at 𝑇c. In the main panel, the difference 
between the logarithm of the original measured time in the MicSA data and 
the interpolating function 𝑓 (𝑘∗𝑡) as a function of the coherence length 𝜉12. The 
horizontal solid line at zero indicates the interval of the fit used to estimate 𝑘∗
(see Table 1 for details). Inset: log(𝑡) as a function of 𝜉12 for both algorithms. 
Solid lines indicate the best fit for our data. In the case of the MicSA data, the 
only fitting parameter is 𝑘, while the rest of the parameters Θ = {𝑎0, 𝑎1, 𝑧} come 
from the fit to the canonical data described in Appendix A.

figures, we have used for the energy the same value of 𝑘∗ computed 
with 𝜉12. Each of the different variants of the MicSA algorithm will have 
its own 𝑘∗ that slightly depends on the temperature. For further details 
on the computation of 𝑘∗, see Fig. 5 and Appendix A.

Ideally speaking, we would hope 𝑘∗ to be close to 𝛾, because in a 
single step of the microcanonical simulated annealing algorithm, every 
spin is updated 𝛾 times (to be compared with just one spin update per 
canonical timestep). A direct inspection of Table 1 reveals that only the 
variants of the algorithm with walkers get close to this ideal. When one 
works with daemons rather than walkers, 𝑘∗ turns out to be significantly 
smaller than 𝛾. Yet, as we shall discuss in the Conclusions, in order to 
choose the most convenient algorithmic variant, one should also take 
into account the computational cost of the different parts of the algo-
rithm (see Appendix B).

To better ascertain the quality of the time rescaling, we show in the 
panels d and e of Figs. 2–4 the differences

𝛿𝑒(𝑡; 𝑘) = 𝑒MicSA(𝑡) − 𝐹 𝑒
can(𝑘 𝑡, 𝑇 ), (21)

𝛿𝜉 (𝑡; 𝑘) = 𝜉MicSA12 (𝑡) − 𝐹 𝜉
can(𝑘 𝑡, 𝑇 ), (22)

as computed for 𝑘 = 𝑘∗. These figures show that, when looked at with 
enough accuracy, 𝑒MicSA(𝑡) is not a smooth function of time (this is most 
clear for 𝑇 ≤ 𝑇c). Indeed, these curves have abrupt (but tiny) changes 
every time the walkers get refreshed. This is why we have not attempted 
to get the rescaling factor from the energy. These abrupt changes, as well 
as the difference 𝛿𝑒(𝑡) itself, strongly decrease as the time 𝑡 increases.

4.  Conclusions

We have proposed a new Monte Carlo algorithm, microcanonical 
simulated annealing (MicSA), that is both fully adapted to massively 
parallel computations and extremely frugal in its use of random num-
bers. The method is fully general and has a certain number of adaptable 
features. Chief among these are the number 𝛾 of daemons/walkers per 
elementary degree of freedom (spins in our case) and the choice between 
using daemons or walkers. Walkers have the advantage of avoiding lo-
cal conservation laws and their resulting slower dynamics, but one can 
decide whether to use daemons or walkers, and how many, on the view 
of the application at hand and the hardware platform that will be used.

The method performs fully satisfactorily in the demanding setting of 
the three-dimensional Ising spin glass, where we have shown that it can 
reproduce the results of a standard (random-number-greedy) Metropo-
lis algorithm both in and out of equilibrium. In particular, we have 
shown that the out-of-equilibrium dynamics derived from MicSA can 
be rescaled onto the one from traditional Metropolis by a simple change 
in the time unit. The fact that, in the case of walkers, the rescaling fac-
tor is nearly equal to the ratio of the number of spin updates in a single 
timestep for both methods (which coincides with 𝛾) tells us that a single 
step of MicSA is worth 𝛾 Metropolis sweeps, without requiring a single 
random number.

Our CUDA implementation demonstrates the parallel-friendly nature 
of the algorithm. The code, see Appendix B, is publicly available and 
may run both standard Metropolis and MicSA. It achieves a performance 
that could previously only be provided by the custom-built Janus II com-
puter.2 Table 3 shows the time required for the execution of the two 
main kernels of the standard Metropolis algorithm and the MicSA algo-
rithm on a lattice with 1603 spins and 128 replicas using a single walker. 
Using more walkers, the spin-update time increases linearly as expected 
(data not reported).

2 In the context of quantum spin glasses, performance competitive with 
Janus II has already been obtained on GPU [25].

Computer Physics Communications 325 (2026) 110182 

9 



M. Bernaschi, C. Chilin, L.A. Fernandez et al.

Table 3 
Metropolis and MicSA timings for a full sweep of 
128 replicas of a lattice with 1603 spins. The test 
was executed on an Nvidia H100 GPU. The total 
time of the Metropolis sweep is 1.9 times longer 
than that of MicSA.
 Method  Kernel  Time (ns)
 Metropolis  random-number generation  301363

 spin update  113510
 MicSA  spin update  121554

 walking procedure  97378

By adding the timings for the two kernels of the new algorithm and 
taking into account the total number of spins, we see that the spin-
update time is ≈ 0.4 picoseconds. This value is much lower than the 
3.17 picosecond per spin-update obtained on a single Janus II FPGA. 
However, the above two numbers should be compared with care for 
two reasons. First, the computing power on the GPU is spread over 128 
replicas, while on Janus II updates are concentrated on only two repli-
cas. Hence, for a high-accuracy simulation spanning a limited time range 
(say up to 𝑡 ∼ 109), the GPU is faster. If, however, one needs to reach 
times 𝑡 ∼ 1011 or larger (which is not uncommon [6]), Janus II still fares 
better (the GPU might make more spin updates per second by running 
many replicas, but would need a wall-clock time of many months to 
finish each simulation). Second, we are, somewhat unfairly, comparing 
2025 high-end GPUs with the 2013 Virtex 7 FPGAs that Janus II is made 
of.

Since MicSA is particularly suitable for high-end FPGAs or even ded-
icated hardware (based on an ASIC, for instance), we expect that users 
interested in extreme-scale Monte Carlo simulations will find a signifi-
cant advantage in our proposal.

The new algorithm raises some intriguing questions, some of which 
are more theoretical. Let us mention a few of them.

The performance of MicSA for system sizes 𝐿 small enough to be 
brought to thermal equilibrium also in the spin-glass phase, 𝑇 < 𝑇c, 
needs to be ascertained. In particular, MicSA needs to be combined with 
Parallel Tempering [63]. We are already testing this algorithm combi-
nation for small systems, see Appendix C and Ref. [64].

The dynamical properties of MicSA in small systems are likely to be 
quite peculiar. If the daemon/walkers are refreshed at a very low rate, 
the system may have enough time to equilibrate in the time lapse be-
tween the refreshing steps. Since the equilibrium values of the different 
observables differ in the canonical and the microcanonical ensemble, it 
is not obvious that it will always be possible to map MicSA dynamics 
onto canonical dynamics for small systems. Of course, in the long run, 
canonical equilibrium values will be recovered by MicSA because the 
daemons/walkers’ refresh will vary the total energy.

The performance of MicSA should be investigated in problems where 
the elementary excitation (which is a spin flip in our case) will cause a 
continuously distributed energy change. The simplest example would 
be, perhaps, a spin glass with Gaussian-distributed couplings. As Ap-
pendix C shows, choosing the daemons/walkers as continuous, expo-
nentially distributed random variables fully solves the problem.

Another interesting issue regards the optimal refreshing rate for the 
daemons/walkers. As we have already explained, if the refresh occurs at 
a constant time rate, we expect dynamical rescalability with Metropolis. 
If we refresh at every step with daemons/walkers of infinite capacity, 
MicSA is the Metropolis algorithm (if the capacity is limited, the result-
ing algorithm is just an unusual version of Metropolis). Of course, if 
the refreshing rate is too low, microcanonical equilibration will occur 
in between the refreshing steps, which would complicate the dynamical 
analysis. However, refreshing once every (say) 1000 steps would bring 
to microcanonical equilibrium only a fairly small system (and the cost 
of generating random numbers would be divided by a factor of 1000 as 
compared to a traditional simulation).

One may wonder how far the extreme strategy followed here can be 
pushed (recall that we refreshed the daemons/walkers in an exponen-
tially spaced time schedule, namely at times 𝑡𝑠 = 2𝑠 for 𝑠 = 0, 1, 2, 3, ...). 
Given that in, critical systems with a divergent specific heat (e.g., the 
three-dimensional ferromagnetic Ising model), the microcanonical dy-
namics cannot be rescaled to coincide with the canonical one [40], it 
is conceivable that the minimal daemon/walker time schedule allowing 
dynamic scalability will be less spaced than for the spin glass (perhaps 
𝑡𝑠 ∝ 𝑠𝑎, with 𝑎 some appropriate exponent, would do the job for the 
three-dimensional Ising model).
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Appendix A.  Computation of the best time shift

As we have explained in Section 3, to estimate the best value of 𝑘∗, 
we use the coherence length 𝜉12. A similar analysis can be performed 
with the energy, but, as it is clear from panel d) in Fig. 2, the energy in 
the MicSA algorithm does not decrease to its equilibrium value mono-
tonically. Instead, for short times, it is sensitive to the daemons’ refresh-
ing process. This behavior makes it more challenging to estimate 𝑘∗ from 
these data. Nonetheless, the relation between the coherence length and 
time in the spin-glass phase, which can be extended to the critical point, 
offers a straightforward way to estimate 𝑘∗.

In particular, at the critical point, we can use the following rela-
tion [46]
log(𝑡) = 𝑎0 + 𝑧 log(𝜉12) +

𝑎1
𝜉𝜔12

(A.1)

where 𝜔 is the exponent characterizing the first corrections to leading 
scaling and it takes the value 𝜔 = 1.12(10) [43].

For 𝑇 < 𝑇c, the leading behavior is given by 𝜔 = 𝜃, where 𝜃 is the 
replicon exponent (we used 𝜔 = 0.35 in the fits [46]).

As the reader will notice, it is easy to include in Eq. (A.1) a time shift 
𝑘 that connects our MicSA data with the canonical curve:

log(𝑡) = 𝑎′0 − log(𝑘) + 𝑧′ log(𝜉12) +
𝑎′1
𝜉𝜔12

. (A.2)

In this situation, we propose the following method to extract the best 
time shift, 𝑘∗:

1. Fit the canonical data to Eq. (A.1) in order to obtain parameters 𝑎0, 
𝑎1, and 𝑧.

2. With parameters fixed to the values obtained in the previous step 
(𝑎′0 = 𝑎0, 𝑎′1 = 𝑎1, and 𝑧′ = 𝑧), we perform a new fit to the MicSA 
data to Eq. (A.2).

This process guarantees that the only fitting parameter in step 2 is 𝑘, ob-
taining 𝑘∗. Table 1 summarizes the results of 𝑇 ≤ 𝑇c. Fig. 5 reproduces 
this procedure. In the main panel, we report the difference between our 
MicSA data log(𝑡MicSA) and the interpolation 𝑓 (𝑡; 𝑘∗|Θ), see Eq. (A.2), 
with the best time shift 𝑘∗ = 5.875 and the parameters Θ = (𝑎0, 𝑎1, 𝑧) ob-
tained following this process for 𝛾 = 6 and 𝑇 = 𝑇c. The inset shows the 
non-subtracted data.

This approach is, however, not useful at 𝑇 > 𝑇c, because Eq. (A.1) 
does not hold. In this regime, we interpolate 𝜉12(𝑡) as a function of time 
using the following expression

𝐹 𝜉
can(𝑡) = 𝐶

(

1 −
7
∑

𝑖=0
𝑎𝑖e−𝑡𝑏

𝑖∕𝜏

)

. (A.3)

In this situation, we can use a similar protocol to extract the value of 𝑘∗:

1. We fit our canonical data to Eq. (A.3) to obtain the values of the 
parameters (see the fit result in Table 2).

2. Using the parameters obtained in the previous step, we fit our MicSA 
data to 𝐹 𝜉

can(𝑘𝑡), where 𝑘 is the only fitting parameter.

As in the case of 𝑇 ≤ 𝑇c, this process allows us to obtain directly the best 
time shift 𝑘∗, even in the case of 𝑇 > 𝑇c. Notice that, in this situation, 
𝑡 is the independent variable. Then, in Table 1 we reported the fitting 
range in 𝑡, instead of 𝜉12. Notice that, although we use a slightly different 
process to obtain the value of 𝑘∗ for 𝑇 > 𝑇c, panels d and e in Fig. 4 
reported a value of 𝛿𝑒 and 𝛿𝜉12  compatible with zero at long times.

Appendix B.  The CUDA implementation

In the following, we provide basic technical information about the 
CUDA implementation of the MicSA algorithm described in Section 2 
applied to the three-dimensional Ising spin glass. The code implements 
a two-level parallelism: we use multispin coding to pack 64 spins in 64-
bit words (long long int) and then CUDA threads for the concurrent 

update of even and odd spins. Multiple replicas and samples can be sim-
ulated in a single execution; the actual number of both depends on the 
resources (mainly memory) available on the GPU (we successfully tested 
up to 512 replicas). The code also implements the standard Metropolis 
algorithm using random numbers generated on the GPU with the proce-
dure described in Ref. [25]. The refresh of the daemons/walkers is car-
ried out on the CPU asynchronously to the microcanonical update (we 
recall that the refresh takes place according to an exponential sched-
ule) using CPU threads. The walking procedure and the microcanonical 
update are implemented in two separate CUDA kernels to increase flex-
ibility. The main reason is that the microcanonical update is carried out 
separately for each daemon/walker, whereas the walking procedure is 
completed for all the daemons in a single kernel execution.

The walking procedure takes ≈ 44% of the execution time on the 
GPU. In contrast, random-number generation takes the majority (≈ 72%) 
of the time in the Metropolis algorithm. We argue that the higher the 
peak performance of the platform, the greater the advantage provided 
by minimizing the use of random numbers. In particular, the design of an 
Application Specific Integrated Circuit (ASIC) would be greatly simplified 
under the assumption that generating random numbers is not an issue.

Further details about our code can be obtained by direct inspection 
of the source available from [65].

Appendix C.  A Parallel Tempering example (walkers in 
equilibrium simulations)

In this section, we provide an example of the possible use of the 
walkers for a simulation at equilibrium, which radically differs from the 
off-equilibrium dynamics studied in the main text. Bringing a spin-glass 
sample to equilibrium is possible only if the linear size of the system 
is tiny (particularly at low temperatures). Furthermore, special simu-
lation methods, such as Parallel Tempering [63], are mandatory. The 
particular problem that we shall investigate here is a simple variant of 
Eq. (1) in which the couplings are drawn from a Gaussian distribution 
𝐽 ∼  (0, 1). The rationale for choosing Gaussian-distributed couplings 
is that we wish to test our methods in a demanding situation, namely 
at the very low temperature 𝑇 = 0.2 ≈ 0.21𝑇c (𝑇c is the critical tempera-
ture). Indeed, continuously distributed couplings are usually preferable 
for very-low-temperature studies.

Specifically, we shall study in detail a single sample of a 3D system 
with lattice linear size 𝐿 = 10. For this sample, the walkers method re-
produces the equilibrium values of the energy per spin [i.e., the spin 
Hamiltonian in Eq. (1) divided by the number of spins 𝑁] and of the 
overlap between the instantaneous value of two replicas

𝑞 = 1
𝑁

∑

𝒙
𝑠(𝑎)𝒙 𝑠(𝑏)𝒙 . (C.1)

In order to do this, we adapted the walker method to the Parallel Tem-
pering procedure enhanced with Houdayer moves [66], which has been 
proven to be (mildly) effective also for the equilibrium simulation of 
three-dimensional spin glasses [67], even though our schedule is a bit 
different [64]. We are then running 𝑁𝑅 = 2 replicas of 𝑁𝛽 = 40 clones 
with temperatures uniformly distributed between 𝑇min = 1∕𝛽max = 0.2
and 𝑇max = 1∕𝛽min = 2.

In this case, our method requires the use of continuous walker vari-
ables, distributed as in Eq. (5). Additionally, we do not need to limit the 
capacity of the walkers as in Section 2.5, but we can take a step back 
and use the elementary move described in Section 2.3.

For each replica/clone, we simulate a system with one walker per 
spin (𝛾 = 1) that gets refreshed at each Elementary Monte Carlo Step 
(EMCS) as described below.

The EMCS is structured as follows:

1. For each clone and for each replica, perform a fixed-temperature 
move:
(a) Generate the walkers according to Eq. (5).
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Fig. C.1. Overlap distribution of some selected temperatures. The curves for each method are obtained by simulating 200 times the same sample for 250000 EMCS 
(half of which have been used for prethermalization, meaning that we keep data only from the second half of the simulation) and later averaging over the 200 curves 
obtained. The simulation parameters are 𝐿 = 10, 𝑁𝑅 = 2, 𝑁𝛽 = 40, temperatures uniformly distributed between 𝑇min = 1∕𝛽max = 0.2 and 𝑇max = 1∕𝛽min = 2. 

Table C.1 
Measures of the equilibrium expectation values for |𝑞|, 𝑒∞ as 
extracted from the simulations described in Appendix C, at the 
lowest temperature 𝑇min = 0.2. For each of the two algorithms, 
we carried out 200 independent runs. Errors are straightfor-
wardly computed by considering the fluctuations between runs. 

|𝑞|  error 𝑒∞  error
 Walkers  0.7438  0.0129 −1.696 330 17  0.00000102
 Metropolis  0.7416  0.0104 −1.696 331 13  0.00000089
 Difference  0.00219  0.0167 0.000 000 96  0.00000136

(b) Alternate a full-lattice sweep with a wandering of the walkers 
towards the foward-X direction. Repeat 10 times.

2. Perform Houdayer’s move.
3. Perform a Parallel Tempering step between the 𝑁𝛽 clones belonging 
to the same replica group.

Fig. C.1 qualitatively shows how the probability distribution of 𝑞
computed in this manner reproduces the results of using a canonical 
Metropolis update instead of point 1 of the above algorithm.

As a quantitative test, we have also evaluated the average energy per 
spin and the average overlap (in absolute value) yielded by both sim-

ulations. The obtained values are summarized in Table C.1, which dis-
plays good agreement between the two algorithms. Furthermore, from 
the ratio between the errors we can estimate the ratio of the integrated 
autocorrelation time for both algorithms [53]. We obtain for |𝑞| the ra-
tio 𝜏walkers∕𝜏Metropolis ≃ 1.7, meaning that, in this setting, one EMCS with 
the walkers is roughly equivalent to 0.59 steps with the usual Metropo-
lis. We can understand which of the two ways is more effective only by 
measuring also the CPU time for one EMCS, which depends not only on 
hardware, but also on parameters of the simulation such as the linear 
size 𝐿 or the number of temperatures 𝑁𝛽 of the Parallel Tempering.3
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Moreno-Gordo, R.L. Orbach, I. Paga, G. Parisi, F. Ricci-Tersenghi, J. Ruiz-Lorenzo, 
D. Yllanes, Spin-glass dynamics: experiment, theory and simulation, Rev. Mod. Phys. 
97 (2025) 045005. https://doi.org/10.1103/ctp2-zwyr

[7] M. Aramon, G. Rosenberg, E. Valiante, T. Miyazawa, H. Tamura, 
H.G. Katzgraber, Physics-inspired optimization for quadratic uncon-
strained problems using a digital annealer, Front. Phys. 7 (2019)
00048. https://doi.org/10.3389/fphy.2019.00048

[8] H. Goto, K. Tatsumura, A.R. Dixon, Combinatorial optimization by simulating adia-
batic bifurcations in nonlinear Hamiltonian systems, Sci. Adv. 5 (2019) eaav2372. 
https://doi.org/10.1126/sciadv.aav2372

[9] S. Matsubara, M. Takatsu, T. Miyazawa, T. Shibasaki, Y. Watanabe, K. Takemoto, 
H. Tamura, Digital annealer for high-speed solving of combinatorial optimization 
problems and its applications, in: 2020 25th Asia and South Pacific Design Automa-
tion Conference (ASP-DAC), IEEE, 2020, pp. 667–672. https://doi.org/10.1109/
ASP-DAC47756.2020.9045100

[10] T. Takemoto, M. Hayashi, C. Yoshimura, M. Yamaoka, A 2 × 30k-spin multi-chip 
scalable CMOS annealing processor based on a processing-in-memory approach for 
solving large-scale combinatorial optimization problems IEEE J. Solid-State Circuits, 
55 (1) 2020. https://doi.org/10.1109/JSSC.2019.2949230

[11] C. McGeoch, P. Farré, The D-wave advantage system: an overview, 2022, 
(D-Wave Technical Report Series). URL: https://www.dwavesys.com/media/
3xvdipcn/14-1058a-a_advantage_processor_overview.pdf.

[12] A.D. King, J. Raymond, T. Lanting, R. Harris, A. Zucca, F. Altomare, A.J. Berkley, K. 
Boothby, S. Ejtemaee, C. Enderud,  et al., Quantum critical dynamics in a 5,000-
qubit programmable spin glass, Nature (2023) 61–66. https://doi.org/10.1038/
s41586-023-05867-2

[13] P.L. McMahon, A. Marandi, Y. Haribara, R. Hamerly, C. Langrock, S. Tamate, T. 
Inagaki, H. Takesue, S. Utsunomiya, K. Aihara, R.L. Byer, M.M. Fejer, H. Mabuchi, 
Y. Yamamoto, A fully programmable 100-spin coherent Ising machine with all-to-all 
connections, Science 354 (6312) (2016) 614–617. https://doi.org/10.1126/science.
aah5178

[14] M. Baity-Jesi, R.A. Baños, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, A. Gordillo-
Guerrero, M. Guidetti, D. Iniguez, A. Maiorano, F. Mantovani, E. Marinari, V. Martín-
Mayor, J. Monforte-Garcia, A. Munoz Sudupe, D. Navarro, G. Parisi, M. Pivanti, 
S. Perez-Gaviro, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. 
Tarancon, P. Tellez, R. Tripiccione, D. Yllanes, Reconfigurable computing for Monte 
Carlo simulations: Results and prospects of the Janus project, Eur. Phys. J. Special 
Topics 210 (2012) 33. https://doi.org/10.1140/epjst/e2012-01636-9

[15] M. Baity-Jesi, R.A. Baños, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, A. Gordillo-
Guerrero, D. Iniguez, A. Maiorano, F. Mantovani, E. Marinari, V. Martín-Mayor, 
J. Monforte-Garcia, A. Muñoz Sudupe, D. Navarro, G. Parisi, S. Perez-Gaviro, M. 
Pivanti, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. Tarancon, 
R. Tripiccione, D. Yllanes, Janus II: a new generation application-driven computer 
for spin-system simulations, Comp. Phys. Comm. 185 (2014) 550–559. https://doi.
org/10.1016/j.cpc.2013.10.019

[16] C. Papadimitriou, K. Steiglitz, Combinatorial Optimization: Algorithms and Com-
plexity, Dover Publications, 2013.

[17] S. Kirkpatrick, C.D. Gelatt Jr, M.P. Vecchi, Optimization by simulated annealing 220 
(4598) 1983 671–680. https://doi.org/10.1126/science.220.4598.671

[18] M.C. Angelini, F. Ricci-Tersenghi, Monte Carlo algorithms are very effective in find-
ing the largest independent set in sparse random graphs, Phys. Rev. E 100 (1) (2019) 
13302.https://doi.org/10.1103/PhysRevE.100.013302

[19] M.C. Angelini, F. Ricci-Tersenghi, Limits and performances of algorithms based on 
simulated annealing in solving sparse hard inference problems, Phys. Rev. X 13 (2) 
(2023) 21011.https://doi.org/10.1103/PhysRevX.13.021011

[20] F. Barahona, On the computational complexity of Ising spin glass models, J. Phys. 
A Math. Gen. 15 (1982) 3241. https://doi.org/10.1088/0305-4470/15/10/028

[21] S. Istrail, Statistical mechanics, three-dimensionality and NP-completeness: I. uni-
versality of intracatability for the partition function of the Ising model across non-
planar surfaces (extended abstract), in: Proceedings of the thirty-second annual ACM 
symposium on theory of computing, 2000, pp. 87–96. https://doi.org/10.1145/
335305.335316

[22] T. Yavors’kii, M. Weigel, Optimized gpu simulation of continuous-spin glass mod-
els, Eur. Phys. J. Special Topics 210 (2012) 159. https://doi.org/10.1140/epjst/
e2012-01644-9

[23] S. Feng, Y. Fang, K.-M. Tam, Z. Yun, J. Ramanujam, J. Moreno, M. Jarrell, 
Three dimensional edwards-anderson spin glass model in an external field, 2014. 
arXiv:1403.4560

[24] M. Lulli, M. Bernaschi, G. Parisi, Highly optimized simulations on single- and multi-
GPU systems of 3D ising spin glass model, Comput. Phys. Commun. 196 (2015) 
290–303. https://doi.org/10.1016/j.cpc.2015.06.019

[25] M. Bernaschi, I. González-Adalid Pemartín, V. Martín-Mayor, G. Parisi, The QISG 
suite: high-performance codes for studying quantum Ising spin glasses, Comp. Phys. 
Comm. 298 (2024) 109101. https://doi.org/10.1016/j.cpc.2024.109101

[26] M. Bernaschi, I. González-Adalid Pemartín, V. Martín-Mayor, G. Parisi, The quan-
tum transition of the two-dimensional Ising spin glass, Nature 631 (2024) 749–754. 
https://doi.org/10.1038/s41586-024-07647-y

[27] L.A. Fernández, V. Martín-Mayor, Testing statics-dynamics equivalence at the spin-
glass transition in three dimensions, Phys. Rev. B 91 (2015) 174202. https://doi.
org/10.1103/PhysRevB.91.174202

[28] A. Billoire, L.A. Fernandez, A. Maiorano, E. Marinari, V. Martin-Mayor, J. Moreno-
Gordo, G. Parisi, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, Numerical construction of 
the Aizenman-Wehr metastate, Phys. Rev. Lett. 119 (2017) 37203. https://doi.org/
10.1103/PhysRevLett.119.037203

[29] A. Billoire, L.A. Fernandez, A. Maiorano, E. Marinari, V. Martin-Mayor, J. Moreno-
Gordo, G. Parisi, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, Dynamic variational study of 
chaos: spin glasses in three dimensions, J. Stat. Mech. Theory Exp. 2018 (3) (2018) 
33302. https://doi.org/10.1088/1742-5468/aaa387

[30] D. Frenkel, B. Smit, Understanding Molecular Simulation: From Algorithms to Ap-
plications, Academic Press, London, 3rd edition, 2023

[31] M. Creutz, Microcanonical Monte Carlo simulation, Phys. Rev. Lett. 50 (1983) 1411. 
https://doi.org/10.1103/PhysRevLett.50.1411

[32] J. Ruiz-Lorenzo, C. Ullod, Study of a microcanonical algorithm on the ±𝐽 spin glass 
model in 𝑑 = 3, Comput. Phys. Commun. 125 (1) (2000) 210–220. https://doi.org/
10.1016/S0010-4655(99)00490-7

[33] K. Rummukainen, Multicanonical cluster algorithm and the two-dimensional 7-
state Potts model, Nucl. Phys. B 390 (3) (1993) 621–636. https://doi.org/10.1016/
0550-3213(93)90491-7

[34] M. Caselle, R. Fiore, F.F. Gliozzi, M. Hasenbusch, K. Pinn, S. Vinti, Rough interfaces 
beyond the gaussian approximation, Nucl. Phys. B 432 (3) (1994) 590–618. https:
//doi.org/10.1016/0550-3213(94)90035-3

[35] M. Hasenbusch, K. Pinn, Comparison of Monte Carlo results for the 3D Ising inter-
face tension and interface energy with (extrapolated) series expansions, Physica A 
Stat. Mech. Appl. 203 (2) (1994) 189–213. https://doi.org/10.1016/0378-4371(94)
90152-X

[36] V. Agostini, G. Carlino, M. Caselle, M. Hasenbusch, The spectrum of the 2 + 1-
dimensional gauge Ising model, Nucl. Phys. B 484 (1) (1997) 331–352. https://doi.
org/10.1016/S0550-3213(96)00539-1

[37] R. Lustig, Microcanonical monte carlo simulation of thermodynamic properties, J. 
Chem. Phys. 109 (1998) 8816. https://doi.org/10.1063/1.477552

[38] V. Martín-Mayor, Microcanonical approach to the simulation of first-order 
phase transitions, Phys. Rev. Lett. 98 (2007) 137207. https://doi.org/10.1103/
PhysRevLett.98.137207

[39] L.A. Fernández, A. Gordillo-Guerrero, V. Martín-Mayor, J.J. Ruiz-Lorenzo, First-
order transition in a three-dimensional disordered system, Phys. Rev. Lett. 100 
(2008) 57201. https://doi.org/10.1103/PhysRevLett.100.057201

[40] J. Zinn-Justin, Quantum Field Theory and Critical Phenomena, Clarendon Press, 
Oxford, 4th edition, 2005

[41] S.F. Edwards, P.W. Anderson, Theory of spin glasses, J. Phys. F Met. Phys. 5 (1975) 
965. https://doi.org/10.1088/0305-4608/5/5/017

[42] S.F. Edwards, P.W. Anderson, Theory of spin glasses II, J. Phys. F 6 (10) (1976) 
1927. https://doi.org/10.1088/0305-4608/6/10/022

[43] M. Baity-Jesi, R.A. Baños, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, A. Gordillo-
Guerrero, D. Iniguez, A. Maiorano, F. Mantovani, E. Marinari, V. Martín-Mayor, J. 
Monforte-Garcia, A. Muñoz Sudupe, D. Navarro, G. Parisi, S. Perez-Gaviro, M. Pi-
vanti, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. Tarancon, R. 
Tripiccione, D. Yllanes, Critical parameters of the three-dimensional Ising spin glass, 
Phys. Rev. B 88 (2013) 224416. https://doi.org/10.1103/PhysRevB.88.224416

[44] M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvión, A. Gordillo-
Guerrero, D. Iñiguez, A. Maiorano, E. Marinari, V. Martin-Mayor, J. Monforte-
Garcia, A. Muñoz Sudupe, D. Navarro, G. Parisi, S. Perez-Gaviro, F. Ricci-Tersenghi, 
J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. Tarancón, R. Tripiccione, D. Yllanes, 
A statics-dynamics equivalence through the fluctuation–dissipation ratio provides 
a window into the spin-glass phase from nonequilibrium measurements, PNAS 114 
(8) (2017) 1838–1843. https://doi.org/10.1073/pnas.1621242114

[45] M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, A. Gordillo-
Guerrero, D. Iñiguez, A. Maiorano, E. Marinari, V. Martin-Mayor, J. Monforte-
Garcia, A. Muñoz Sudupe, D. Navarro, G. Parisi, S. Perez-Gaviro, F. Ricci-
Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. Tarancon, R. Tripic-
cione, D. Yllanes, Matching microscopic and macroscopic responses in glasses, 
Phys. Rev. Lett. 118 (2017) 157202. https://doi.org/10.1103/PhysRevLett.118.
157202

[46] M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, A. Gordillo-
Guerrero, D. Iñiguez, A. Maiorano, E. Marinari, V. Martin-Mayor, J. Moreno-Gordo, 
A. Muñoz Sudupe, D. Navarro, G. Parisi, S. Perez-Gaviro, F. Ricci-Tersenghi, J.J. 
Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. Tarancon, R. Tripiccione, D. Yllanes, Ag-
ing rate of spin glasses from simulations matches experiments, Phys. Rev. Lett. 120 
(2018) 267203. https://doi.org/10.1103/PhysRevLett.120.267203

[47] M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvión, A. Gordillo-
Guerrero, D. Iñiguez, A. Lasanta, A. Maiorano, E. Marinari, V. Martin-Mayor, J. 
Moreno-Gordo, A. Muñoz Sudupe, D. Navarro, G. Parisi, S. Perez-Gaviro, F. Ricci-
Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. Tarancón, R. Tripiccione, 
D. Yllanes, The Mpemba effect in spin glasses is a persistent memory effect, PNAS 
116 (2019) 15350–15355. https://doi.org/10.1073/pnas.1819803116

[48] M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, I. I. Gonzalez-
Adalid Pemartin, A. Gordillo-Guerrero, D. Iñiguez, A. Maiorano, E. Marinari, V. 
Martin-Mayor, J. Moreno-Gordo, A. Muñoz Sudupe, D. Navarro, I. Paga, G. Parisi, 
S. Perez-Gaviro, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. 
Tarancon, R. Tripiccione, D. Yllanes, Temperature chaos is present in off-equilibrium 
spin-glass dynamics, Commun. Phys. 4 (1) (2021) 74. https://doi.org/10.1038/
s42005-021-00565-9

[49] Q. Zhai, I. Paga, M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, 
I. Gonzalez-Adalid Pemartin, A. Gordillo-Guerrero, D. Iñiguez, A. Maiorano, E. Mari-
nari, V. Martin-Mayor, J. Moreno-Gordo, A.M. Muñoz Sudupe, D. Navarro, R.L. Or-
bach, G. Parisi, S. Perez-Gaviro, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, 
D.L. Schlagel, B. Seoane, A. Tarancon, R. Tripiccione, D. Yllanes, Scaling law de-

Computer Physics Communications 325 (2026) 110182 

13 

https://doi.org/10.1142/13341
https://doi.org/10.1142/13341
https://doi.org/10.1103/RevModPhys.95.030501
https://doi.org/10.1103/RevModPhys.95.030501
https://doi.org/10.1103/RevModPhys.95.030501
https://doi.org/10.1103/RevModPhys.95.030501
https://doi.org/10.1103/ctp2-zwyr
https://doi.org/10.1103/ctp2-zwyr
https://doi.org/10.3389/fphy.2019.00048
https://doi.org/10.3389/fphy.2019.00048
https://doi.org/10.1126/sciadv.aav2372
https://doi.org/10.1126/sciadv.aav2372
https://doi.org/10.1109/ASP-DAC47756.2020.9045100
https://doi.org/10.1109/ASP-DAC47756.2020.9045100
https://doi.org/10.1109/ASP-DAC47756.2020.9045100
https://doi.org/10.1109/ASP-DAC47756.2020.9045100
https://doi.org/10.1109/JSSC.2019.2949230
https://doi.org/10.1109/JSSC.2019.2949230
https://www.dwavesys.com/media/3xvdipcn/14-1058a-a_advantage_processor_overview.pdf
https://www.dwavesys.com/media/3xvdipcn/14-1058a-a_advantage_processor_overview.pdf
https://doi.org/10.1038/s41586-023-05867-2
https://doi.org/10.1038/s41586-023-05867-2
https://doi.org/10.1038/s41586-023-05867-2
https://doi.org/10.1038/s41586-023-05867-2
https://doi.org/10.1126/science.aah5178
https://doi.org/10.1126/science.aah5178
https://doi.org/10.1126/science.aah5178
https://doi.org/10.1126/science.aah5178
https://doi.org/10.1140/epjst/e2012-01636-9
https://doi.org/10.1140/epjst/e2012-01636-9
https://doi.org/10.1016/j.cpc.2013.10.019
https://doi.org/10.1016/j.cpc.2013.10.019
https://doi.org/10.1016/j.cpc.2013.10.019
https://doi.org/10.1016/j.cpc.2013.10.019
http://refhub.elsevier.com/S0010-4655(26)00164-5/sbref0016
http://refhub.elsevier.com/S0010-4655(26)00164-5/sbref0016
https://doi.org/10.1126/science.220.4598.671
https://doi.org/10.1126/science.220.4598.671
https://doi.org/10.1103/PhysRevE.100.013302
https://doi.org/10.1103/PhysRevE.100.013302
https://doi.org/10.1103/PhysRevX.13.021011
https://doi.org/10.1103/PhysRevX.13.021011
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1088/0305-4470/15/10/028
https://doi.org/10.1145/335305.335316
https://doi.org/10.1145/335305.335316
https://doi.org/10.1145/335305.335316
https://doi.org/10.1145/335305.335316
https://doi.org/10.1140/epjst/e2012-01644-9
https://doi.org/10.1140/epjst/e2012-01644-9
https://doi.org/10.1140/epjst/e2012-01644-9
https://doi.org/10.1140/epjst/e2012-01644-9
http://arxiv.org/abs/1403.4560
https://doi.org/10.1016/j.cpc.2015.06.019
https://doi.org/10.1016/j.cpc.2015.06.019
https://doi.org/10.1016/j.cpc.2024.109101
https://doi.org/10.1016/j.cpc.2024.109101
https://doi.org/10.1038/s41586-024-07647-y
https://doi.org/10.1038/s41586-024-07647-y
https://doi.org/10.1103/PhysRevB.91.174202
https://doi.org/10.1103/PhysRevB.91.174202
https://doi.org/10.1103/PhysRevB.91.174202
https://doi.org/10.1103/PhysRevB.91.174202
https://doi.org/10.1103/PhysRevLett.119.037203
https://doi.org/10.1103/PhysRevLett.119.037203
https://doi.org/10.1103/PhysRevLett.119.037203
https://doi.org/10.1103/PhysRevLett.119.037203
https://doi.org/10.1088/1742-5468/aaa387
https://doi.org/10.1088/1742-5468/aaa387
http://refhub.elsevier.com/S0010-4655(26)00164-5/sbref0030
http://refhub.elsevier.com/S0010-4655(26)00164-5/sbref0030
https://doi.org/10.1103/PhysRevLett.50.1411
https://doi.org/10.1103/PhysRevLett.50.1411
https://doi.org/10.1016/S0010-4655(99)00490-7
https://doi.org/10.1016/S0010-4655(99)00490-7
https://doi.org/10.1016/S0010-4655(99)00490-7
https://doi.org/10.1016/S0010-4655(99)00490-7
https://doi.org/10.1016/0550-3213(93)90491-7
https://doi.org/10.1016/0550-3213(93)90491-7
https://doi.org/10.1016/0550-3213(93)90491-7
https://doi.org/10.1016/0550-3213(93)90491-7
https://doi.org/10.1016/0550-3213(94)90035-3
https://doi.org/10.1016/0550-3213(94)90035-3
https://doi.org/10.1016/0550-3213(94)90035-3
https://doi.org/10.1016/0550-3213(94)90035-3
https://doi.org/10.1016/0378-4371(94)90152-X
https://doi.org/10.1016/0378-4371(94)90152-X
https://doi.org/10.1016/0378-4371(94)90152-X
https://doi.org/10.1016/0378-4371(94)90152-X
https://doi.org/10.1016/S0550-3213(96)00539-1
https://doi.org/10.1016/S0550-3213(96)00539-1
https://doi.org/10.1016/S0550-3213(96)00539-1
https://doi.org/10.1016/S0550-3213(96)00539-1
https://doi.org/10.1063/1.477552
https://doi.org/10.1063/1.477552
https://doi.org/10.1103/PhysRevLett.98.137207
https://doi.org/10.1103/PhysRevLett.98.137207
https://doi.org/10.1103/PhysRevLett.98.137207
https://doi.org/10.1103/PhysRevLett.98.137207
https://doi.org/10.1103/PhysRevLett.100.057201
https://doi.org/10.1103/PhysRevLett.100.057201
http://refhub.elsevier.com/S0010-4655(26)00164-5/sbref0040
http://refhub.elsevier.com/S0010-4655(26)00164-5/sbref0040
https://doi.org/10.1088/0305-4608/5/5/017
https://doi.org/10.1088/0305-4608/5/5/017
https://doi.org/10.1088/0305-4608/6/10/022
https://doi.org/10.1088/0305-4608/6/10/022
https://doi.org/10.1103/PhysRevB.88.224416
https://doi.org/10.1103/PhysRevB.88.224416
https://doi.org/10.1073/pnas.1621242114
https://doi.org/10.1073/pnas.1621242114
https://doi.org/10.1103/PhysRevLett.118.157202
https://doi.org/10.1103/PhysRevLett.118.157202
https://doi.org/10.1103/PhysRevLett.118.157202
https://doi.org/10.1103/PhysRevLett.118.157202
https://doi.org/10.1103/PhysRevLett.120.267203
https://doi.org/10.1103/PhysRevLett.120.267203
https://doi.org/10.1073/pnas.1819803116
https://doi.org/10.1073/pnas.1819803116
https://doi.org/10.1038/s42005-021-00565-9
https://doi.org/10.1038/s42005-021-00565-9
https://doi.org/10.1038/s42005-021-00565-9
https://doi.org/10.1038/s42005-021-00565-9


M. Bernaschi, C. Chilin, L.A. Fernandez et al.

scribes the spin-glass response in theory, experiments, and simulations, Phys. Rev. 
Lett. 125 (2020) 237202. https://doi.org/10.1103/PhysRevLett.125.237202

[50] M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, I. Gonzalez-
Adalid Pemartin, A. Gordillo-Guerrero, D. Iñiguez, A. Maiorano, E. Marinari, V. 
Martin-Mayor, J. Moreno-Gordo, A. Muñoz Sudupe, D. Navarro, I. Paga, G. Parisi, 
S. Perez-Gaviro, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schifano, B. Seoane, A. 
Tarancon, D. Yllanes, Memory and rejuvenation effects in spin glasses are governed 
by more than one length scale, Nat. Phys. 19 (2023) 978–985. https://doi.org/10.
1038/s41567-023-02014-6

[51] I. Paga, Q. Zhai, M. Baity-Jesi, E. Calore, A. Cruz, C. Cummings, L.A. Fernandez, 
J.M. Gil-Narvion, I.G.-A. Pemartin, A. Gordillo-Guerrero, D. Iñiguez, G.G. Kenning, 
A. Maiorano, E. Marinari, V. Martin-Mayor, J. Moreno-Gordo, A. Muñoz Sudupe, 
D. Navarro, R.L. Orbach, G. Parisi, S. Perez-Gaviro, F. Ricci-Tersenghi, J.J. Ruiz-
Lorenzo, S.F. Schifano, D.L. Schlagel, B. Seoane, A. Tarancon, D. Yllanes, Super-
position principle and nonlinear response in spin glasses, Phys. Rev. B 107 (2023) 
214436. https://doi.org/10.1103/PhysRevB.107.214436

[52] I. Paga, J. He, M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvion, I. 
Gonzalez-Adalid Pemartin, A. Gordillo-Guerrero, D. Iñiguez, A. Maiorano, E. Mari-
nari, V. Martin-Mayor, J. Moreno-Gordo, A. Muñoz Sudupe, D. Navarro, R.L. Or-
bach, G. Parisi, S. Perez-Gaviro, F. Ricci-Tersenghi, J.J. Ruiz-Lorenzo, S.F. Schi-
fano, D.L. Schlagel, B. Seoane, A. Tarancon, D. Yllanes, Quantifying memory in spin 
glasses, Phys. Rev. Lett. 133 (2024) 256704. https://doi.org/10.1103/PhysRevLett.
133.256704

[53] A.D. Sokal, Monte Carlo methods in statistical mechanics: Foundations and new al-
gorithms, in: C. DeWitt-Morette, P. Cartier, A. Folacci (Eds.), Functional Integration: 
Basics and Applications (1996 Cargèse School), Plenum, N.Y., 1997, pp. 131–192. 
https://doi.org/10.1007/978-1-4899-0319-8_6

[54] D.P. Landau, K. Binder, A Guide to Monte Carlo Simulations in Statistical Physics, 
Cambridge University Press, Cambridge, 2nd edition, 2005

[55] M. Barma, B. Sriram Shastry, 𝐷-dimensional Hubbard model as a (𝐷 + 1)-
dimensional classical problem, Phys. Lett. A 61 (1) (1977) 15–18. https://doi.org/
10.1016/0375-9601(77)90248-1

[56] N. Ito, Y. Kanada, Monte Carlo simulation of the Ising model and random number 
generation on the vector processor, in: Proceedings SUPERCOMPUTING ’90, 1990, 
pp. 753 – 763. https://doi.org/10.1109/SUPERC.1990.130097

[57] L. Jacobs, C. Rebbi, Multi-spin coding: a very efficient technique for Monte Carlo 
simulations of spin systems, J. Comput. Phys. 41 (1981) 203. https://doi.org/10.
1016/0021-9991(81)90089-9

[58] F. Belletti, A. Cruz, L.A. Fernandez, A. Gordillo-Guerrero, M. Guidetti, A. Maio-
rano, F. Mantovani, E. Marinari, V. Martín-Mayor, J. Monforte, A. Muñoz Sudupe, 
D. Navarro, G. Parisi, S. Perez-Gaviro, J.J. Ruiz-Lorenzo, S.F. Schifano, D. Sciretti, 
A. Tarancon, R. Tripiccione, D. Yllanes, An in-depth look at the microscopic dy-
namics of Ising spin glasses at fixed temperature, J. Stat. Phys. 135 (2009) 1121. 
https://doi.org/10.1007/s10955-009-9727-z

[59] F. Belletti, M. Cotallo, A. Cruz, L.A. Fernandez, A. Gordillo-Guerrero, M. Guidetti, A. 
Maiorano, F. Mantovani, E. Marinari, V. Martín-Mayor, A.M. Sudupe, D. Navarro, 
G. Parisi, S. Perez-Gaviro, J.J. Ruiz-Lorenzo, S.F. Schifano, D. Sciretti, A. Tarancon, 
R. Tripiccione, J.L. Velasco, D. Yllanes, Nonequilibrium spin-glass dynamics from 
picoseconds to one tenth of a second, Phys. Rev. Lett. 101 (2008) 157201. https:
//doi.org/10.1103/PhysRevLett.101.157201

[60] M. Baity-Jesi, E. Calore, A. Cruz, L.A. Fernandez, J.M. Gil-Narvión, I. González-
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