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futuro.

On the other hand, I would like to acknowledge Prof. Krafczyk and Dr. Tölke for
their dedication during my brief stay in their institute, which motivated me for the
learning about lattice Boltzmann methods. Really fruitful was also the contact with
the people of the ICMMES conference.

iii



iv
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Resumen

La ecuación de lattice Boltzmann (LB) es un método de Fluidodinámica Computa-
cional (CFD) que aproxima la solución de las ecuaciones de Navier-Stokes incom-
presibles en el ĺımite de números de Mach y de Knudsen bajos. El trabajo de esta
Tesis se centra en el desarrollo de nuevas aproximaciones a dos aspectos numéricos:
(i) condiciones de contorno, incluyendo la modificación de condiciones de contorno
existentes para el tratamiento de la interacción entre contornos y ondas de presión,
y la extensión necesaria para incluir condiciones de contorno relacionadas con gra-
dientes de variables macroscópicas; y (ii) precondicionamiento, derivando métodos de
lattice Boltzmann equivalentes a precondicionadores temporales de las ecuaciones de
Navier-Stokes, y analizando las mejoras obtenidas.

El efecto de la interacción entre los contornos abiertos (entradas y salidas de flujo) y el
dominio fluido se estudian en simulaciones transitorias con el método de lattice Boltz-
mann. Se concluye que los métodos de lattice Boltzmann sufren los mismos problemas
que otros métodos compresibles o pseudo-compresibles para la resolución del flujo de
fluidos; esto es, los contornos reflejan las ondas de presión, y esto tiene una influen-
cia relevante en la solución y en la velocidad de convergencia, tanto de simulaciones
de flujos estacionarios como transitorios, incluso a números de Reynolds muy bajos.
Sin embargo, existen soluciones prácticas, como el uso de algún tipo de condición de
contorno que considere ciertas derivadas igual a cero o condiciones de contorno no
reflectivas. Se presentan y validan dos nuevas condiciones de contorno no reflectivas:
la primera se basa en el filtrado temporal de la presión en contornos con condición
tipo Dirichlet para la velocidad, la segunda se basa en el análisis del movimiento de
información a través de las caracteŕısticas de Euler. Esta última condición puede
aplicarse para la velocidad y para la presión, en estacionario y en transitorio, y tanto
con condiciones de contorno tipo Dirichlet como Neumann. En relación a otras condi-
ciones de contorno caracteŕısticas semejantes, empleadas en métodos de volúmenes
finitos o diferencias finitas para la resolución de las ecuaciones de Navier-Stokes,
se necesita introducir algunas correcciones para compensar la naturaleza isoterma e
incompresible del método de lattice Boltzmann empleado en la resolución de flujo
fluido. Los resultados muestran que la condición de contorno caracteŕıstica propuesta
es altamente no-reflectiva, conserva la masa, y no necesita ninguna capa absorbente
adicional.
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Las condiciones de contorno relacionadas con gradientes de variables macroscópicas
necesitan, en los métodos de lattice Boltzmann, un equilibrio en su implementación en-
tre la complejidad del esquema y la precisión obtenida. Se presenta una generalización
de la condición de contorno basada en la transferencia de cantidad de movimiento,
donde la localización del contorno se realiza mediante interpolaciones en las direc-
ciones de las uniones entre los nodos (t́ıpicamente empleado para imponer condi-
ciones de contorno tipo Dirichlet) y el gradiente macroscópico se incorpora mediante
un cierto esquema de diferencias finitas. De esta forma se obtiene una aproximación
estable para geometŕıas arbitrarias que se puede aplicar para imponer condiciones
de contorno tipo Neumann y Robin. La propuesta se valida para condiciones de
contorno relacionadas con esfuerzos en la pared y para condiciones de contorno de
presión. Diferentes configuraciones bidimensionales, tanto en estado transitorio como
estacionario, son usadas como casos test.

El precondicionamiento de las ecuaciones de Navier-Stokes es una técnica amplia-
mente utilizada en las simulaciones de Fluidodinámica Computacional de flujos esta-
cionarios. En esta tesis se realiza un estudio sistemático de los precondicionadores
temporales para las ecuaciones de Navier-Stokes que se pueden obtener a partir de
la ecuación generalizada de lattice Boltzmann. Dicha ecuación generalizada presenta
cierto número de parámetros ajustables que permiten el acceso a una hidrodinámica
más general. Empezando desde este método de lattice Boltzmann totalmente parame-
trizado y aplicando restricciones relacionadas con la isotroṕıa, la invarianza Galileana
y con la correcta recuperación de las ecuaciones de Navier-Stokes, se obtiene un
esquema precondicionado con dos parámetros libres (β y γ). Estos dos precondi-
cionadores son estudiados en función de su número de condicionamiento y comparados
con los precondicionadores de Navier-Stokes.

El precondicionador γ se estudia con más detalle. La idea fundamental de este pre-
condicionador es la modificación de los términos cuadráticos de la velocidad de la
función de distribución en equilibrio, de tal forma que la ecuación que se obtiene tras
la expansión de Chapman-Enskog corresponda con las ecuaciones de Navier-Stokes
con un precondicionador temporal. Se han buscado los valóres óptimos de γ tanto de
forma numérica como teórica, esto último mediante el análisis de estabilidad lineal
y mediante el número de condición. También se estudia la influencia del operador
de colisión aplicado, realizando esencialmente una comparación entre el método de
un solo tiempo de relajación (SRT) y el método de múltiples tiempos de relajación
(MRT). Finalmente se sugieren ciertos criterios para seleccionar a priori el valor
óptimo de γ. El método de lattice Boltzmann con el operador de colisión MRT y el
valor óptimo de γ mejora simultáneamente la velocidad de convergencia, la estabi-
lidad y la precisión de las simulaciones de lattice Boltzmann, si se compara con los
métodos no precondicionados y con los métodos SRT óptimamente precondicionados.
Se estudian dos aspectos adicionales: el precondicionamiento temporal directo de la
ecuación de lattice Boltzmann y el mal condicionamiento de dicha ecuación, ambos
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como casos especiales de esquemas relajados.

En conclusión, se presentan y validan diferentes elementos para la realización de simu-
laciones eficientes y con ciertas condiciones de contorno complejas emplendo el método
de lattice Boltzmann. Se espera que estas propuestan ayuden a la generalización del
uso de los métodos de lattice Boltzmann como una técnica estándar de CFD.





Abstract

The standard Lattice Boltzmann (LB) equation is a Computational Fluid Dynamics
(CFD) method that approximates the incompressible solution of the Navier-Stokes
(NS) equations in the low Mach and Knudsen number limit. This Thesis focuses on
the development of new approaches for two numerical aspects of lattice Boltzmann
methods: (i) Boundary Conditions, modifying existing open boundary conditions
for the treatment of the interaction between boundaries and pressure waves, and
extending macroscopic-gradient-related conditions in arbitrary geometries; and (ii)
Preconditioning, developing equivalent lattice Boltzmann methods of time-derivative
preconditioned Navier-Stokes schemes, and analyzing its improved behavior.

The effects of the interaction between the open boundaries (inflow and outflow) and
the fluid domain are studied in unsteady lattice Boltzmann simulations of fluid flow.
We conclude that lattice Boltzmann methods suffer from the same problems with
open boundaries as other compressible or pseudo-compressible approximations for the
numerical solution of fluid flows: these boundaries reflect pressure waves, and this has
a relevant influence on the solution and convergence rate of both steady and unsteady
flows, even at very low Reynolds numbers. However, practical solutions considering
zero derivatives at the outflow or non-reflecting boundaries are possible. Two novel
non-reflecting boundary conditions are introduced and tested: the first one is based on
the temporal filtering of the pressure at Dirichlet-velocity boundaries; the second one
is based on the movement of information through Euler characteristics. The latter can
be applied for pressure and velocity, with both Dirichlet and Neumann conditions.
With respect to similar characteristic conditions used in finite-difference or finite-
volume implementations, some corrections are needed to compensate the isothermal
compressible nature of standard lattice Boltzmann methods for fluid flow. The results
show that the proposed Euler-characteristic boundary condition for lattice Boltzmann
methods is highly non-reflecting, mass-conserving, and does not need additional buffer
layers.

Boundary conditions for macroscopic-gradient related behaviors in arbitrary geome-
tries with lattice Boltzmann methods require a trade-off between the complexity of
the scheme and the accuracy obtained. A generalization of the momentum trans-
fer boundary condition is presented, where the arbitrary location of the boundary is

ix



x

addressed with link-wise interpolations (used for Dirichlet conditions) and the macro-
scopic gradient is taken into account with a finite-difference scheme. This leads to a
stable approach for arbitrary geometries which can be used to impose Neumann and
Robin boundary conditions. The proposal is validated for stress boundary conditions
at walls and for pressure gradient conditions. Several two-dimensional steady and
unsteady configurations are used as test cases.

The preconditioning of Navier-Stokes equations is a widely used technique to speed
up CFD simulations of steady flows. In this Thesis, a systematic study is performed of
time-derivative preconditioners of Navier-Stokes equations that can be derived from
the generalized lattice Boltzmann equation. In this way, lattice Boltzmann models
equivalent to preconditioned Navier-Stokes systems are built, and it becomes possible
to take advantage of the pre-existing knowledge in this field to improve the conver-
gence to steady state of lattice-Boltzmann flow-calculations. The generalized lattice
Boltzmann equation presents a number of tuneable parameters, which provide access
to a generalized hydrodynamics. Starting from this fully parametrized lattice Boltz-
mann scheme, and applying restrictions to account for isotropy and Galilean invari-
ance, and for a correct recovery of the Navier-Stokes equations (through a Chapman-
Enskog expansion), a preconditioned scheme with two free parameters (β and γ)
is obtained. The β- and γ-preconditioners are studied according to their condition
number and compared with typical Navier-Stokes preconditioners.

The γ-preconditioner is studied in more detail. The key idea in this preconditioner is
to modify the u2 terms of the equilibrium distribution function in such a way that, by
the means of a Chapman-Enskog expansion, a time-derivative preconditioner of the
Navier-Stokes equations is obtained. In this contribution, the optimal values for the
free parameter γ are searched for numerically and theoretically; the latter with the
aid of linear stability analysis and with the condition number of the Navier-Stokes
system of equations. The influence of the collision operator, single- (SRT) versus
multiple-relaxation-times (MRT), is also studied for all the cases. Finally, guidelines
are suggested for an a priori definition of optimal preconditioning parameters as a
function of the Reynolds and Mach numbers. The new optimally preconditioned
MRT method derived is shown to improve, simultaneously, the rate of convergence,
the stability and the accuracy of the lattice Boltzmann simulations, when compared
to the non-preconditioned methods and to the optimally preconditioned SRT one.
Two additional aspects are studied, namely: the time-derivative preconditioning of
the LB equation and the ill-conditioning LB method; both as special types of relaxed
schemes.

In summary, several tools for efficient lattice Boltzmann simulations of fluid flow with
complex boundary behaviors have been developed and validated. These are expected
to further increase the applicability of the lattice Boltzmann method as a standard
CFD technique.
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Background and Outline

Computational Fluid Dynamics (CFD) has become a paramount tool for the opti-
mal design of new products in industry (e.g. aeroplanes, wind turbines, combustion
chambers or heat exchangers), and for the study from a new viewpoint of some of the
present-day scientific and technological challenges (e.g. rocket engines, micro-electro-
mechanical systems or biological processes). CFD techniques are progressively being
made available to industrial sectors for which only a few years ago they were not due
to its unaffordable computational and/or economic cost. The rapid extension of the
CFD capabilities, and the spread and generalization of its use in industrial and aca-
demic environments, motivate the development of more efficient, robust and general
techniques. The final goal of a single multi-scale multi-physics solver is far from be-
ing attained; however, there exist commercial CFD software packages that integrate
(with various degrees of success) several solvers for multipurpose applications, which
reflects the demand for integrated and generalized approaches. A master solver for
transport phenomena should be based on first principles (i.e. molecular dynamics).
From a practical point of view this means simpler equations to solve but an imprac-
ticable number of degrees of freedom for real configurations. A promising approach
for this problem is the use of different kinds of coarse graining techniques (e.g. dissi-
pative particle dynamics - DPD, smoothed-particle hydrodynamics - SPH, stochastic
rotation dynamics - SRD or lattice Boltzmann methods - LBM), which allow to work
from first principles, but only with the subset of information which is essential for the
process of interest. This research field has led to the development in Fluid Mechanics
of the so-called mesoscopic methods. These methods are mainly based on the kinetic
theory of gases and are, probably after combination with existing efficient methods,
the kernel of the future multi-purpose transport-phenomena solvers.

Among mesoscopic methods, one of the most popular, due to its simplicity and perfor-
mance properties, is the lattice Boltzmann equation. Although its potential to include
complex effects from the nanoscale, this method is nowadays basically used for fluid
flow simulations in the continuum limit and also for moderate Knudsen number flows
(slip regime).

The development and the continuous improvement of lattice Boltzmann methods for
fluid flow simulation is brought about by three different approaches to the method: (i)

1



2 Contents

a physical approach, focusing on the development of new lattice Boltzmann methods
that improve the stability and accuracy properties for fluid flow simulations, and
that allow to model other phenomena than mass and momentum transport in the
continuum limit; (ii) a mathematical approach, which is devoted to the development of
new efficient numerical schemes for kinetic methods; and (iii) an engineering approach,
motivated by the high performance of the model and the new perspectives in different
technologies opened up by these methods.

Objectives

In the context of lattice Boltzmann as a CFD tool for the continuum limit, this Thesis
focuses on the following aspects:

1. The extension of existing boundary conditions for real CFD applications, by

• developing non-reflecting conditions to avoid the spurious interaction of
boundaries with the fluid domain due to the compressible nature of the
method; and

• expanding the applicability of well-established treatments for Dirichlet
boundary conditions to include macroscopic-gradient-related effects.

2. The improvement of the performance of the lattice Boltzmann method, through
the stabilization and acceleration to the steady state;

• developing new preconditioned LB schemes; and

• optimizing the use of the preconditioners.

Boundary conditions developed for lattice Boltzmann methods are principally Dirichlet-
velocity boundary conditions for straight and curved walls. However, CFD simula-
tions of real configurations are characterized by complex geometries, and complex
boundary conditions for modeling a variety of situations. This motivates the objec-
tives of this Thesis related to boundary conditions.

The performance of lattice Boltzmann methods is hindered by its kinetic origin and its
pseudo-compressible behavior. Important improvements are needed to be competitive
with classical CFD solvers. These improvements are mainly related to the stability of
the method, but also to the time to reach the steady state and even with the accuracy
of the method. To overcome these limitations, the search of novel effective, robust
and simple lattice Boltzmann schemes is required.
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The outline of the Thesis is as follows:

• In Chapter 1 – Lattice Boltzmann methods for CFD, the fundamentals of lattice
Boltzmann methods are briefly introduced.

• In Chapter 2 – Non-reflecting open boundary conditions, the problem of working
with artificially-truncated boundaries and the associated pressure wave reflec-
tion is described, and its effects are analyzed in lattice Boltzmann simulations
of viscous fluid flows. As a solution for this problem, two new non-reflecting
boundary conditions are presented: the first one is only valid for Dirichlet steady
open boundaries and it is based on the temporal filtering of the density; the
second one is valid for Dirichlet and Neumann, steady and unsteady bound-
aries, and it is based on the analysis of the information traveling through Euler
characteristics.

• In Chapter 3 – Gradient-based boundary conditions, a novel, simple and stable
scheme is introduced to specify macroscopic-gradient boundary conditions. It is
based on the extension of link-wise interpolations used to implement Dirichlet
conditions in complex geometries, in which the macroscopic gradient is explicitly
built within the boundary scheme by the means of a predefined finite difference
stencil.

• In Chapter 4 – Preconditioning: derivation, the derivation of modified lattice
Boltzmann methods is presented, which are obtained to be equivalent to time-
derivative preconditioned Navier-Stokes schemes. Two different lattice Boltz-
mann preconditioners are obtained: the β- and the γ-preconditioner, which are
based, respectively, on the modification of the linear and the quadratic velocity
terms of the equilibrium distribution function.

• In Chapter 5 – The γ-preconditioner, which is derived in the previous Chapter
is systematically analyzed. Its stability properties and limits are theoretically
studied, as well as its acceleration potential in explicit computations of steady
state problems. Furthermore, the same properties are studied numerically to
find that preconditioned lattice Boltzmann methods improve simultaneously the
stability, the accuracy and the acceleration to the steady state.

• In Chapter 6 – Conclusions, where general conclusions about the results ob-
tained are drawn, and possible future work is discussed in the field of boundary
conditions and preconditioning for lattice Boltzmann methods.
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Scientific production

A two-dimensional and a parallel three-dimensional code for solving the lattice Boltz-
mann equation has been developed as part of the work of this Thesis, but the disser-
tation reports mainly those results that are novel in the field. Most of these results
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Lattice Boltzmann methods for CFD

The relationship between the use of the Navier-Stokes equations and the Boltzmann
equation for the study of the gas dynamics has been an active reseach field in the last
decades [1, 2]. One of the most relevant characteristic of the Boltzmann equation is
its capability to represent gas flows for a wider range of Mach and Knudsen numbers
than the Navier-Stokes equations can. On the other hand, numerical methods for
solving the Navier-Stokes equations are generally much more efficient than those
used for solving the Boltzmann equations, and therefore the former ones are preferred
when fluid flows are simulated within the continuum limit. The development of the
lattice-gas automata [3, 4] and subsequent early works [5, 6] were the first steps
towards the use of a simplified versions of the Boltzmann equation, viz. the lattice
Boltzmann method, for simulating fluid flow within the continuum limit in an efficient
way. Since these first approaches, the method has evolved and has now become a
real alternative [7] to classical fluid-flow solvers based on the solution of discretized
versions of the Navier-Stokes equations.

1.1 The lattice Boltzmann method

Lattice Boltzmann (LB) methods [8, 9, 10, 11, 12] encompass those schemes devel-
oped to solve the Boltzmann equation restricted to a finite (and minimal) number of
microscopic velocities which fulfill some lattice-symmetry properties, preserving spa-
tial invariance up to a specified order and allowing the conservation of some defined
macroscopic moments (e.g. mass and momentum) [13, 14]. The standard lattice
Boltzmann method [15] is an explicit-time-step solver for isothermal compressible

5
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flows within the continuum and incompressible limit. It splits each temporal step in
a propagation step, which accounts for advection, and in a collision step, to repre-
sent inter-particle interactions. This construction results in a second order method
in space and first order in time [16] with very low numerical diffusion (it is present in
fourth-order terms) [17].

The lattice Boltzmann equation can be derived from the Boltzmann equation [13,
14], which is an equation for the evolution of the particle-velocity distribution, by
discretizing the velocity space using a finite set of velocity vectors (for a complete
description of the Boltzmann equation see [1, 18, 19]):

∂fα

∂t
+ eiα

∂

∂xi
fα = Ωα ; (1.1)

where fα is the particle distribution function, eiα is the discrete set of velocities and
Ωα is the collision operator.

A particular scheme is obtained by using an Euler time discretization and an upwind
spatial one, which allows for simplified and highly efficient implementation (see for
example [20, 21, 22]).

1.1.1 Multi-relaxation-time lattice Boltzmann method

A Multi-Relaxation-Time (MRT) collision operator [23, 24] is used in this work. For
a DdQq model (with d dimensions and q velocities eα ∈ V = R

q|α = 0, 1, ...,N , and
N = q − 1), a set of velocity distribution functions {fα ∈ V = R

q|α = 0, 1, ...,N} is
defined at each node {xi ∈ δxZd|i = 1, ..., d}. The MRT-LB evolution equation for
fα, at discrete time t ∈ δtN, is the following:

fα(xi + eiαδt, t + δt) − fα(xi, t) = − M−1
αβ Sαβ[mα(xi, t) − meq

α (xi, t)]

+ Fα(xi, t) ; (1.2)

where Sαβ is a q × q diagonal relaxation matrix; and Mαβ is a q × q matrix which
linearly transforms the velocity distribution functions fα to the macroscopic moments:
mα = Mαβfα. The external body force Fα is approximated as:

Fα = wαρ0c
−2
s (eiαai) , (1.3)

where ai is the acceleration induced by this force, and wα are the lattice weight-
ing factors detailed bellow. This body force approach is valid for temporally- and
spatially-constant accelerations, such as gravity; an improved description for time-
and space-dependant body forces can be found in [25].

To solve the evolution equation for the particle distribution function, Eq. (1.2), two
steps are performed:

collision: f̃α(xi, t) = fα(xi, t) − M−1
αβ Sαβ[mα(xi, t) − meq

α (xi, t)] ; (1.4a)
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Figure 1.1: D2Q9 lattice used for two dimensional simulations.

propagation: fα(xi + eiαδt, t + δt) = f̃α(xi, t) . (1.4b)

where f̃α represents the post-collision state.

Two lattice models are used in this Thesis: the D2Q9 and D3Q19 models. For
simplicity, the following description applies to the two-dimensional case (D2Q9). The
details of the D3Q19 model can be found in Appendix B.

The set of velocities for D2Q9 is (see Fig. 1.1):

eD2Q9
iα =

(

0 1 0 −1 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1

)

. (1.5)

Moments for this model are: mα = (ρ, e, ǫ, jx, qx, jy, qy, pxx, pxy)
T. The only macro-

scopic conserved variables of the flow field are: density, ρ = ρ0 + δρ, where ρ0 is a
constant density, and δρ the density variation; and momentum, (jx, jy) = (ρ0u, ρ0v),
which are obtained by integrating the distribution function fα over the velocity space:

ρ =
∑

α

fα ; (1.6a)

ρ0ui =
∑

α

eiαfα ; (1.6b)

The relaxation matrix for the D2Q9 is: Sαβ = diag(0, se, sǫ, 0, sq, 0, sq, sν , sν); and
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the transformation matrix is:

Mαβ =





























1 1 1 1 1 1 1 1 1
−4 −1 −1 −1 −1 2 2 2 2
4 −2 −2 −2 −2 1 1 1 1
0 1 0 −1 0 1 −1 −1 1
0 −2 0 2 0 1 −1 −1 1
0 0 1 0 −1 1 1 −1 −1
0 0 −2 0 2 1 1 −1 −1
0 1 −1 1 −1 0 0 0 0
0 0 0 0 0 1 −1 1 −1





























. (1.7)

The equilibrium moments for non-conserved quantities are the following [24]:

eeq = −2ρ + 3ρ0(u
2 + v2) , (1.8a)

ǫeq = ρ − 3ρ0(u
2 + v2) , (1.8b)

qeq
x = −ρ0u , (1.8c)

qeq
y = −ρ0v , (1.8d)

peq
xx = ρ0(u

2 − v2) , and (1.8e)

peq
xy = ρ0uv . (1.8f)

The equilibrium distribution functions f eq
α equivalent to the previous equilibrium

moments have the form:

f eq
α = wα

{

ρ + ρ0

[

1

c2
s

(eiαui) +
1

2c4
s

(

(eiαui)
2 − c2

suiui

)

]}

, (1.9)

where cs is the sound speed, and the weighting factors wα are: w0 = 4/9, w1−4 =
1/9, and w5−8 = 1/36. Both Eq. (1.8) and (1.9) are the so called incompressible

form [26, 27], where the density is split as ρ = ρ0 + δρ and the δρui and δρu2
i terms

are discarded.
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1.1.2 From lattice Boltzmann to Navier-Stokes

The macroscopic equations recovered from a particular lattice Boltzmann method can
be obtained by means of asymptotic analysis. There exist several types of asymptotic
analysis that can be applied to the lattice Boltzmann method. For most cases they
are essentially equivalent; however, depending on the specific application or on the
complexity of the LB method, one of them can be preferred over the others. The
following expansions can be used to recover the macroscopic equations:

• The Hilbert, or regular asymptotic, expansion has been proposed by Junk et al.
[16] for LB methods, and previously used in the context of kinetic theory [2].
It is based on a diffusive scaling that leads to the recovering of the system of
incompressible Navier-Stokes equations. It provides order-by-order information
about the numerical solution of the LB methods, which allows to analyze the
structure of the leading order errors and the accuracy of numerically derived
quantities.

• The Chapman-Enskog expansion [1] is the most commonly used one. It is based
on an expansion of the velocity distribution functions and time in powers of a
small parameter related to the Knudsen number. The leading set of equations
derived are: first, the Euler system (related to the convective temporal scaling);
second, the Navier-Stokes system (related to the diffusive temporal scaling);
and so on (e.g. the third set of equations is the Burnett system).

• The use of Grad moments in conjunction with some proper scaling and re-
cursive substitutions has also been proposed to be used for the analysis of the
lattice Boltzmann method [28], based on a recent asymptotic method for kinetic
theory [29]. This method allows to directly work at the level of the moment
equations.

Further details and discussions about asymptotic analyses in kinetic theory can be
found in Refs. [2, 18, 19].

To recover the equivalent macroscopic equations, the Chapman-Enskog expansion is
used here. This is so for two reasons: (i) we are mainly interested in the application
of lattice Boltzmann methods within the continuum limit, and the Chapman-Enskog
expansion is the preferred route to recover the Navier-Stokes equations; and (ii) the
compressible nature of the method is relevant for the new approaches proposed in
this Thesis. By employing the Chapman-Enskog procedure on the lattice Boltzmann
equation, the Navier-Stokes continuity and momentum equations are derived (see
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Appendix C):

∂ρ

∂t
+ ρ0

∂ui

∂xi
= 0 , (1.10a)

ρ0
∂ui

∂t
+ ρ0uj

∂ui

∂xj
= − ∂p

∂xi
+

∂

∂xj

(

ρ0ν

(

∂uj

∂xi
+

∂ui

∂xj
− 2

3

∂uk

∂xk

))

+
∂

∂xj

(

λ

(

δij
∂uk

∂xk

))

. (1.10b)

The speed of sound for the D2Q9 model (also for the D3Q19 one) is cs = 1/
√

3; and,
for pressure, an equation of state for ideal gases is derived: p = ρc2

s. The kinematic
viscosity in the Navier-Stokes equations is related to the relaxation coefficient sν

by the equation: ν = 1/3(1/sν − 1/2). Since viscosity is positive, 1/sν > 1/2 is
required as a stability condition. Among the remaining relaxation parameters, those
related to the conserved quantities have no influence on the flow; thus, sρ = sχ = 0.
Due to athermal compressibility, a bulk viscosity of the flow appears, ζ = λ + 2

3µ,
which is defined by the se relaxation parameter: ζ = 1/6(1/se − 1/2), being λ the
second viscosity coefficient, and µ the dynamic viscosity. The relaxation parameter
sq is related to the exact location of walls referring to the last fluid node; a relation
between sq and sν is selected in such a way that the error associated to this location
is minimized [30, 31].

Considering not the Knudsen number (which is the relation between the mean free
path and the characteristic length) Kn → 0, the only two dimensionless numbers
which define the flow are the Mach number:

Ma =
u0

cs
, (1.11)

which must fulfill Ma < 0.3 to be within the incompressible limit; and the Reynolds
number:

Re =
u0L

ν
; (1.12)

being L = Nδx the characteristic length, N the number of lattice points in the
characteristic length, δx the lattice spacing, and u0 a reference velocity of the flow.

The lattice timing δt and spacing δx determine the lattice dimensions. In this Thesis
they are always δt = δx = 1. As different units than in the real world are used,
to compare results between lattice Boltzmann simulations and real measurements it
must be done through normalized variables and dimensionless numbers.

It is possible to recover the single-relaxation-time (SRT) collision operator, also called
BGK after its authors [32], by selecting the same value for all relaxation parameters:
se = sǫ = sq = sν = 1/τs. This leads to the SRT evolution equation described by
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Qian et al. [15]:

fα(xi + eiαδt, t + δt) − fα(xi, t) = − 1

τs
[fα(xi, t) − f eq

α (xi, t)] ; (1.13)

where, now, τs is the only relaxation factor, and it applies to all the dependences
described above; therefore, with this collision operator it is not possible to define
separately the shear and bulk viscosity and neither it is possible to fix arbitrarily the
wall location in relation to the neighboring lattice nodes.

1.2 Basic boundary conditions

When fluid flow is simulated with lattice Boltzmann methods it is necessary to specify
a value for each fα at the boundaries. The velocity distribution functions can be spec-
ified, as a first approach, from the conserved macroscopic variables, u and ρ, through
the equilibrium distribution function Eq. (1.9). To complete the non-equilibrium part
of the distribution function additional information is required, which can be obtained
from the derivatives of the macroscopic variables or from the distribution functions
themselves, as detailed below.

The boundary treatments in LB methods may be conveniently classified from a physi-
cal point of view as: hydrodynamic, when they are primarily based on the specification
of macroscopic variables; or kinetic, when are based on a set of wall-collision rules
for the distribution functions. Moreover, hydrodynamic boundary conditions may be
classified according to the following expression [33]:

w1ui + w2
∂ui

∂r
= w3 . (1.14)

(Boundary conditions for velocity are used to illustrate the description; however the
definitions are valid for any other variable.) Thus, boundary conditions are defined
as:

• Dirichlet, when the speed of the fluid ui is imposed (w2 = 0).

• Neumann, when derivatives of the velocity ∂jui are known at the boundary
(w1 = 0).

• Robin, when a relation between Dirichlet and Neumann conditions are defined
for a boundary (w1 6= 0 and w2 6= 0). The case ui = K∂jui (w3 = 0 and
K =-w2/w1) will be studied in this work, with K a constant free parameter
related to the slip length; and

• Mixed, when the same surface has different boundary conditions in different
regions.
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There are, nevertheless, other possible classifications. For example, from an imple-
mentation perspective, boundary conditions for LB can be: link-based, volumetric,
extrapolated, immersed, or local. On the other hand, boundary conditions for fluid
flow may be classified using their physical function, for instance as wall or open bound-
ary conditions. Further descriptions of these approaches are given in Chapters 2 and
3.

In the following, a brief overview is presented of the basic and most common initial
and boundary conditions used in lattice Boltzmann methods for hydrodynamics simu-
lations: first, the treatment of initial conditions is described; second, three options to
impose Dirichlet velocity and pressure boundary conditions, both in walls or in open
boundaries are detailed; and, finally, some considerations about special treatments
for open boundaries are discussed.

1.2.1 Initial conditions

A first approach to compute the initial values for the distribution functions is approx-
imate them to the equilibrium distributions function values, Eq. (1.9), fα(t = 0) =
f eq

α (ρ0,u); where initial fields are, typically, constant (or somehow specified) density
ρ0 or, equivalently, pressure and velocity u0 fields. Density and velocity can be also
interpolated from solutions of other grid resolutions (e.g. results of Sec. 2.3.1). This
approximation is indeed acceptable for steady or unsteady periodical flows, but if the
initial starting point is relevant in the simulation, improved approaches must be used.
When the values for the non-equilibrium distribution functions are not specified, the
initial error (in the form of Knudsen layers [34]) is propagated through the domain
and deteriorates the unsteady solution.

To obtain second order initial values for the distribution functions in the whole domain
two different methods can be applied. The first one is based on the construction of
the distribution function as fα = f eq

α +fneq
α , the non-equilibrium part being computed

using density and velocity derivatives [35] to complete expressions for fneq
α derived

from the Chapman-Enskog expansion. The second approach consists in the numer-
ical computation of the distribution functions by running the collision-propagation
algorithm with freezing initial macroscopic conditions [34, 36, 37].

1.2.2 Dirichlet conditions

Usually, the Dirichlet velocity condition is used for inlets and walls, and the Dirichlet
pressure condition for outlets. Three different schemes are described below for the
implementation of this set of conditions. (See Fig. 1.2.)



1.2. Basic boundary conditions 13

Figure 1.2: Minimal representation of a channel. Boundaries of the fluid domain
(grey area) are typically halfway between fluid and boundary nodes (walls or open
boundaries).

Equilibrium boundary conditions

When equilibrium boundary conditions are used (this is a first order approach), the
distribution functions at inlets (or walls) are computed as:

f̃α(xin) = f eq
α (ρ(xin + δx), u0) ; (1.15)

and similarly at the outlet:

f̃α(xout) = f eq
α (ρ0, u(xout − δx)) . (1.16)

Bounce-back method

For solid walls (Dirichlet velocity condition with ui = 0), the most widely used condi-
tions are based on bounce-back methods. The standard bounce-back method consists
in reflecting at the collision step the distribution functions moving from a fluid node
xf to a solid one xw in the opposite direction: f̃α(xw) = f̃ᾱ(xf ), where the bar
over α indicates the opposite direction to α, and f̃α is the post-collision distribution
function. This simple bounce-back method can be considered as a particular case of
link-based techniques, which allows to place the wall at an arbitrary location between
two nodes [30, 31, 38]. When a velocity different from ui = 0 want to be imposed,
the modification by Bouzidi et al. [38] is the first approach (also called in this Thesis
velocity bounce-back, UBB):

f̃α(xw) = f̃ᾱ(xf ) − 2ωαρ0c
2
s(eiαui) ; (1.17)
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Further description of extended bounce-back methods, and how to apply them to
impose Dirichlet velocity and pressure conditions, can be found in Chapter 3.

Zou boundary conditions

In the open boundary condition by Zou and He [39], the speed u0 is fixed at the
inlet (and the density ρ0 at the outlet); the density (and the velocity) is computed
by solving the system ρ =

∑

α fα, and ρu =
∑

α eαfα; and the non-equilibrium part
is calculated taking into account the following relation: fneq

α = fneq
ᾱ = fᾱ − f eq

ᾱ . The
following expression for the inlet condition results:

f̃α(xin) = f eq
α (ρ(u0), u0) + (f̃ᾱ − f eq

ᾱ ) ; (1.18)

and for the outlet:

f̃α(xout) = f eq
α (ρ0, u(ρ0)) + (f̃ᾱ − f eq

ᾱ ) . (1.19)

1.2.3 Open boundaries

Possible pairs of inflow-outflow boundary conditions for isothermal lattice Boltzmann
simulations of fluid flow can roughly classify in three groups: (a) fixed velocity at inlet
and fixed density at outlet; (b) fixed velocity at inlet and some kind of zero gradient
at outlet; and (c) non-reflecting modifications of the boundary conditions of type (a).
For group (a) the Dirichlet conditions, introduced in Sec. 1.2.2, are used; for group
(b) a possible approach is described below; and for group (c) see Chap. 2.

Yu boundary conditions

Yu et al. [40] set the reference velocity and density at the inlet through the equilibrium
distribution function and reflect the non-equilibrium part:

f̃α(xin) = f eq
α (ρ0, u0) + (f̃ᾱ − f eq

ᾱ ) ; (1.20)

At the outlet a convective condition for fα is fixed, ∂tfα + eiα∂ifα = 0, which can be
approximated by the following implementation:

f̃α(xout) = f̃α(xout − eαδt) . (1.21)

This scheme is expected to behave approximately as other outflow boundary condi-
tions with zero gradients at the outlet. For further discussion see Ref. [41].

As formulated here, for this boundary condition at the inlet ρ0u0 is fixed, but not ρ0

and u0 separately; the actual values for ρ and u are subsequently determined from
the calculation.
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1.3 Stability analysis

When new lattice Boltzmann methods are built it is important to ascertain their
stability limits, as stability is arguably the most important restriction when real
flows are simulated with LB methods. For this purpose linear stability analyses are
performed in this work, which are intended to be a screening tool to aid for the design
of new methods (see Chapter 5).

Linear-stability, or von Neumman, analysis is a standard tool to study the stability
of linear and linearized systems, and has been used previously to study the stability
of lattice Boltzmann methods [42], and to optimally construct new lattice Boltzmann
models [24].

It is well known that all lattice Boltzmann models have stability limits [42]. The
general stability behavior is as follows: (i) The relaxation time τs (with the SRT
collision operator) must be grater than one-half; (ii) the mean flow speed must be
smaller than a maximum stable one that is function of the other parameters; and (iii)
as τs increases from one-half, the maximum stable speed increases monotonically until
a limit is reached. Often, the high Reynolds numbers encountered in real applications
bring the method close to its stability limits, viz., a relaxation factor very close to
one-half and mean speed greater than the maximum stable one.

To perform the von Neumman linearized stability analysis we restrict ourselves to a
steady flow, in two dimensions, with constant density (ρ0 = 1), velocity u0 = (u0, 0)
and wave numbers k = (kx, 0) parallel to the constant velocity u0. These settings
provide the worst stability conditions [42] (see [43] for further discussion). Non-
linear terms are also included with a linearization about global equilibrium values.
Earlier stability analyses of lattice Boltzmann methods, where non-linear terms are
not taken into account, can be found in Ref. [8]. Thus, taking into account the non-
linear terms, the distribution function may be expressed as its equilibrium value and
a small superimposed fluctuation:

fα(xi, t) = f eq
α + δfα(xi, t) . (1.22)

This formulation implies that f eq
α have constant values, which do not vary neither in

space nor in time, and depend only on ρ0 and u0. Fluctuating quantities δfα(xi, t) dif-
fer from the non-equilibrium values of fα because the linearization around equilibrium
is based on mean values.

Combining Eq. (1.2) and Eq. (1.22) with the equilibrium moments of Eq. (1.8) a
linearized lattice Boltzmann equation for the fluctuations is obtained:

δfα(xi + eiαδt, t + δt) = δfα(xi, t) + Ωeq
α δfα(xi, t) =

= δfα(xi, t) + M−1
αβ CαβMαβδfα(xi, t) . (1.23)
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The last term is the linearized collision operator, where Cαβ can be expressed as:

Cαβ =
MβγMβδ

MαγMαδ

∂∆mα

∂mβ
. (1.24)

Here, ∂∆mα/∂mβ is the variation of moments due to collision. Using the collision
formulation of Eq. (1.2), this variation can be expressed as:

Gαβ :=
∂∆mα

∂mβ
= −Sαβδαβ + Sαβδαβ

∂∆meq
α

∂mβ
. (1.25)

For the D2Q9 model the following matrix is obtained:

Gαβ =





























0 0 0 0 0 0 0 0 0
−2se −se 0 6seu0 0 6sev0 0 0 0
sǫ 0 −sǫ −6sǫu0 0 −6sǫv0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −sq −sq 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 −sq −sq 0 0
0 0 0 2sνu0 0 −2sνv0 0 −sν 0
0 0 0 sνv0 0 sνu0 0 0 −sν





























. (1.26)

In Fourier space, Eq. (1.23) can be expressed as:

Aαβδfα(ki, t + 1) =
[

δαβ + M−1
αβ CαβMαβ

]

δfα(ki, t) , (1.27)

where Aαβ = −exp(ieiαki)δαβ is the advection operator. Therefore, the evolution
equation may be rewritten in this form: δfα(ki, t + 1) = Lαβδfα(ki, t), with the
following expression for the linearized evolution operator:

Lαβ = Aαβ [δαβ + M−1
αβ CαβMαβ ] . (1.28)

The linear stability analysis performed in this work is based on the value of the
maximum eigenvalue of the linearized evolution operator Lαβ ,

λmax = Max. Eigenvalue[Lαβ(ki)] ,

which must be less than one for the system to be stable. It has been computed
numerically with Mathematica [44].



2
Non-Reflecting Open Boundaries

2.1 Introduction

Open boundaries are an essential feature of practical fluid flow computations. In lat-
tice Boltzmann methods, although a significant research effort has been made to char-
acterize the accuracy of different boundary-condition implementations [16, 30, 31],
little attention has been paid so far to the study of the interaction of these open
boundaries with the fluid domain; some exceptions are the work by Yu et al. [40] and
by Yang [41]. It has been extensively shown that the choice of initial and bound-
ary conditions influence the accuracy of the method [16, 36]. However, even if the
spurious behavior of these conditions in the form of small numerical waves (wiggles)
and initial layers is suppressed, it is still necessary to formulate a mechanism to treat
the physical waves generated in the bulk of the fluid. In fact, research in numerical
methods for compressible fluid flow computations over the last 30 years has shown
that the typical boundary conditions employed are reflective and they may have a
significant influence on the solution of unsteady compressible flows even at low Mach
and Reynolds numbers [45].

When solving the fluid-flow equations with compressible solvers, the presence of open
boundaries close to the zones where vortices or pressure waves are generated requires
a mechanism for modeling the far field environment, so that the truncation of the
physical domain does not bear an influence on the simulated processes. The correct
truncation of the domain becomes a more serious problem for complex flows, e.g.
turbulent combustion with acoustic coupling [46]. Additionally, this problem is re-
lated to the well-posedness of the boundary conditions. And, further, it is necessary

17
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to guarantee not only a good behavior in terms of wave suppression, but also the
preservation of the order of the method [45].

Some solutions have been proposed to address this source of error in classical CFD
approaches [47]. In lattice Boltzmann methods, the most popular boundary-condition
implementations have indeed a reflecting nature, as they entail that part of the numer-
ical information reaching the boundary is reflected back to the inside of the compu-
tational domain. A thorough comparison of different boundary conditions for lattice
Boltzmann methods will help select the most appropriate ones among those com-
monly used; and it can help determine if more classical CFD solutions [47] should be
ported to lattice Boltzmann.

Previous work on the analysis of open boundaries in LB methods [41] is based on the
recovery of the incompressible Navier-Stokes equations, instead of being based on the
compressible NS equations. This has a substantial influence on the definition of the
inlet and outlet boundary condition. Consequently, here the study of open boundaries
starting with the assumption that the flow is compressible, although only slightly since
simulations are allways within the incompressible limit (Ma < 0.3). Additionally, the
analysis presented here is for low-Reynolds-number simulations, but the motivation
for studying such phenomenon is even greater in flows at high Reynolds numbers.
Indeed, higher Reynolds numbers involve smaller relaxation times and, consequently,
numerical perturbations may not be easily dampened. The presence of unphysical
pressure waves becomes a more critical issue in this situation [48].

With the aim of performing an analysis of the effects of the interaction between the
open boundaries and the fluid domain, the confined unsteady flow past a square
cylinder is selected as the main benchmark case, with other simpler additional test
cases being used as well. The square-cylinder case exhibits some properties that make
it very suitable for the purpose of the present analysis. The fact that all boundary
planes (inlet, outlet, lateral walls and square cylinder walls) are either parallel or
perpendicular to the main flow direction significantly simplifies the analysis; and
the continuous vortex shedding generates periodic pressure waves, which makes it a
very challenging problem for non-reflecting boundaries. Moreover, results of previous
simulations of this test case with the lattice Boltzmann method and with the finite
volume method are available in the literature [49] used as reference data.

The techniques for artificial boundary modeling may be classified into two main
groups [47]: characteristic boundary conditions and absorbing layers. It is intended
that some of these techniques should be applied for most of the simulations with LB
methods, including those in which it is desired to recover the incompressible solution.

This Chapter is organized as follows: first two different artificial boundary conditions
are proposed, one based on density filtering and the other one based on Euler char-
acteristics. Then the filtering condition is used to analyze the influence of pressure
waves and open boundary conditions in unsteady periodic simulations; and the char-
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acteristic boundary condition is studied to evaluate the degree of wave-interaction
suppression.

2.2 Non-reflecting proposals

Two different non-reflecting boundary conditions are presented: the first one is only
valid for steady-state Dirichlet conditions for velocities and is based on the temporal
filtering of the density; the second one is valid for Dirichlet (and Neumann, see Chap-
ter 3), steady and unsteady boundaries for density and velocity, and is based on the
analysis of information traveling through Euler characteristics.

2.2.1 Density-filtering: formulation

A non-reflecting boundary condition for steady-state Dirichlet conditions for velocities
is presented as a simplified example of an absorbing layer. This boundary condition
has been previously used by the author to simulate turbulent flows [48]. It is ap-
propriate for boundary conditions in which density at the inlet is extrapolated or
calculated with the known distribution functions [39, 50] and the velocity is fixed. In
this scheme, the density is filtered in order to reduce the effect of pressure waves that
reach the inlet.

The proposed scheme involves filtering the density in time with a low-pass filter, so
that the high frequencies are dampened and only gradual changes in the density at
the inlet are allowed. A first-order low-pass filter is proposed due to its simplicity. It
can be expressed in terms of Fourier transform as:

F̄ (iω) =
1

1 + iωTc
; (2.1)

where Tc is the time period associated with the cutoff frequency ωc = 2π/Tc.

When the filter, Eq. (2.1), is applied, the scheme becomes:

ρ̄in(iω) = F̄ (iω)ρ̄e(iω) =
1

1 + iωTc
ρ̄e(iω) ; (2.2)

where ρin is the density at inlet (where the velocity is set), ρe is the extrapolated
value of the density, and the bar over the function symbols indicates that they are
expressed in the Fourier space.

In the temporal domain, a differential equation is obtained:

ρin + Tc
dρin

dt
= ρe . (2.3)
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Finally, and approximating the time derivative with a first-order-upwind finite-difference
expression, a new equation to calculate the filtered density at the inlet ¯̄ρin at time
step n is obtained:

¯̄ρin = ρn
in =

ρn
e + Tcρ

n−1
in

1 + Tc
; (2.4)

where the double overbar indicates temporal filtering.

In order to assign an appropriate value to Tc, several aspects should be considered.
Firstly, the value of Tc determines the capacity of the filter to dampen the undesired
frequencies. These undesired frequencies may be related to a characteristic frequency
in the domain, defined through a characteristic length L and a characteristic velocity
u0. The cutoff frequency should be smaller than this characteristic frequency in order
to ensure the filtering of higher frequencies:

ωc < 2πu0/L . (2.5)

Secondly, the response time of the scheme needs also be taken into account. It is well
known through systems theory [51] that a first order system, as the one proposed,
has a response time of approximately tr ≃ 3Tc, the response time being defined as the
time taken to react to a step in the input and achieve a value within 5% of the step. In
the case of the inlet density, this means that given an abrupt change in density ∆ρ in
the neighborhood of the inlet and ignoring any other influence, the difference between
the value of the density at the inlet and the value in the neighboring nodes would
be smaller than 5% of ∆ρ after 3Tc temporal steps (note that here time is equivalent
to the number of temporal steps, expressed in lattice units). It is advisable to make
the total time of a simulation at least a number of times the response time, so as to
assure the convergence to the inlet density value after any changes produced in the
density during a simulation. Thus tmax > 10tr is used.

Compiling these considerations, an indicative range of appropriate values for Tc can
be given:

L

u0
< Tc <

tmax

30
. (2.6)

It should be noted that all these variables are expressed in the dimensionless lattice
units.

2.2.2 Density-filtering: implementation

In this Chapter, the filtering scheme will be applied to the Equilibrium and to the
Zou boundary condition at inlet (Section 1.2.2). As the boundary inflows considered
must be steady for this filtering to be applicable, Zou’s modified inlet condition can
be expressed as:

f̃α(xi) = f eq
α (¯̄ρ(u0), u0) + (f̃ᾱ − f̃ eq

ᾱ ) ; (2.7)
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2.2.3 Characteristic boundary conditions: formulation

In this Section a formulation of a characteristic boundary condition for the stan-
dard LB method [15] is proposed, which is based on the characteristics of the Eu-
ler equations and their extension to the Navier Stokes ones; these are the so-called
Navier-Stokes Characteristic Boundary Condition (NS-CBC), developed by Poinsot
and Lele [45].

For simplicity the characteristic boundary conditions for LB are presented for two-
dimensions (MRT D2Q9). The extension to three dimensions and the use of other
collision operators do not need additional considerations. Slightly modified equilib-
rium moments are used:

eeq = −2(2 − κ)ρ + ρ0(u
2 + v2) , (2.8a)

ǫeq = ρ + ρ0(u
2 + v2) , (2.8b)

qeq
x = −ρ0u , (2.8c)

qeq
y = −ρ0v , (2.8d)

peq
xx = ρ0(u

2 − v2) , and (2.8e)

peq
xy = ρ0uv ; (2.8f)

where κ is the specific-heat ratio. The derivation of the Navier-Stokes system equiva-
lent to the LB one is made through a Chapman-Enskog expansion in the low-Knudsen
number and low-Mach-number limit. The resulting speed of sound cs is:

cs =
√

κRT =

√

κ
p

ρ
; (2.9)

where κ takes the value of 1 for the D2Q9 method [24], and therefore c2
s = 1/3. The

transport coefficients are related to the relaxation factors, and thus the shear and
bulk viscosity are respectively:

ν =
1

3

(

1

sν
− 1

2

)

; and (2.10)

ζ =
2 − κ

6

(

1

se
− 1

2

)

. (2.11)
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A minimal working scheme of the NS-CBC is formulated for LB based on the same
procedure followed in the original work [45]. The goal is to derive non-reflective
Dirichlet boundary conditions for both the velocity and the pressure. A non-reflective
Dirichlet pressure condition can be used as the far-field boundary condition usually
applied in compressible fluid-flow simulations. The local one-dimensional inviscid
(LODI) equations expressed in primitive variables U = (ρ, u, v,E) are solved at the
boundary. These are the Euler equations without the transverse terms; for an open
boundary normal to the x direction these are:

∂ρ

∂t
+ u

∂ρ

∂x
+ ρ

∂u

∂x
= 0 ; (2.12a)

∂u

∂t
+ u

∂u

∂x
+

1

ρ

∂p

∂x
= 0 ; (2.12b)

∂v

∂t
+ u

∂v

∂x
= 0 ; (2.12c)

∂ρE

∂t
+

∂ [u(ρE + p)]

∂x
= 0 . (2.12d)

It should be noticed that the energy equation is included here for consistency, but
the LB model is athermal; the consequences of this are discussed below. Expressing
the LODI equations in vector form results in:

∂

∂t
U + Γx

∂

∂x
U = 0 ; (2.13)

from which the amplitude variations L can be computed as L = ΛQ ∂
∂xU, Q being a

matrix of left eigenvectors of Γx and Λ the diagonal matrix of the eigenvalues of Γx.
Therefore, the LODI relations can be rewritten in compact form as:

∂

∂t
U + Q−1L = 0 . (2.14)

The resulting expressions for the amplitude variations are:

L =
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; (2.15)

Figure 2.1 shows the wave amplitude directions in each open boundary.

Considering the isothermal nature of the LB method used (the energy equation is
suppressed), and using Eqs. (2.12) and (2.15) the LODI relations can be recast as:

∂ρ

∂t
+

1

2c2
s

(L4 + L1) +
1

c2
s

L3 = 0 ; (2.16a)
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Figure 2.1: Wave amplitude variations for boundaries located on the y-axis.

∂u

∂t
+

1

2ρcs
(L4 − L1) = 0 ; (2.16b)

∂v

∂t
+ L2 = 0 . (2.16c)

The implementation of NS-CBC in the LB equation follows the same conceptual steps
as for the Navier-Stokes equations: (i) physical boundary conditions are imposed,
which implies the selection of boundary conditions for the Euler equations and for
the viscous terms; (ii) the wave amplitude variations L, Eqs. (2.15), are computed;
and (iii) the conservation Eqs. (2.16) are solved at the boundary using the wave
amplitudes previously computed and the viscous boundary conditions.

In the third step, the adaptation of the algorithm to the LB equation requires some
discussion. As a result of the isothermal compressible nature of the LB method, an
artificial bulk viscosity appears which can be modulated with the relaxation factor
se [24]; but, additionally, the non-conservation of energy prevents the pressure wave to
be completely suppressed at the boundary when the pressure is specified. To correct
this effect the characteristic amplitude related to the energy equation is included in
the continuity LODI Eq. (2.16a).

Considering Eq. (2.9), L3 = 0 for κ = 1 (which is the original value of κ in the D2Q9
lattice Boltzmann method). In Nature, the specific heat ratio takes values κ > 1 for
the different gases depending of the degrees of freedom (e.g. κ = 5/3 for monoatomic
gases). As κ increases, two different consequences are noteworthy: on one hand the
bulk viscosity becomes smaller, and this cannot help suppress, via viscous dissipation,
the excess of energy due to the isothermal character of the LB representation of the
flow; on the other hand the energy-related equilibrium moment eeq is modified, which
approximates the scheme towards its lost thermodynamical consistency. Therefore, a
tradeoff between these two behaviors is desirable. It is found numerically that using
a value of κ ≈ 1.2 in the boundary condition is the best for non-reflecting purposes.
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Figure 2.2: The open boundary cuts the link between xf and xw at δq. For the Euler
equations, the values on the x-axis are considered: xb, xb−1, xb−2.

Thus, this specific heat ratio is used (only in the boundary, and not within the fluid
domain) to correct the behavior of the NS-CBC for LB.

2.2.4 Characteristic boundary conditions: implementation

The characteristic boundary conditions (CBC) can be applied at every boundary (in-
lets, outlets, walls), although the implementation details depend on boundary type.
In general, the incoming wave amplitudes need to be modeled whereas the outgoing
ones are computed from the LODI relations, Eq. (2.16) (see Fig. 2.1). The implemen-
tation described here is for open boundaries lying on the y-axis, with δq = 1/2 as it is
the most common case. In Fig. 2.2 the nomenclature applied is shown. For link-type
LB boundary-conditions the work by Ginzburg et al. [31] is followed; this reference
can be used also to derive higher order extension for the boundary conditions pro-
posed here, or to adapt them to arbitrary geometries. For the Euler equations solved
at the boundary the spatial derivatives are computed in the x-direction instead of
along the links. This avoids problems when dealing with corners. In the follow-
ing, the implementation of the outflow far-field pressure-condition (i.e. non-reflecting
Dirichlet-condition for pressure) and of the inflow non-reflecting Dirichlet-condition
for velocity are detailed.

Outlet

For an outlet with δq = 1/2 where the reference pressure is fixed pb = p(xb), the
pressure anti-bounce-back (PAB) boundary condition can be applied [31]:

fᾱ(xf , t + 1) = −f̃α(xf , t)

+ 2f eq+
α (xb, t̂)

+ (2 − sν)
(

f+
α (xf , t) − f eq+

α (xf , t)
)

; (2.17)

where f̃α are the post-collision distribution functions, and ᾱ is the opposite direction
to α. In Eq. (2.17) the first term is the anti-bounce-back, the second term is for the
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Dirichlet pressure setting, and the last one is a correction to eliminate second-order
error terms. The symmetric equilibrium distribution functions f eq+

α are computed as:

f eq+
α = ωαρ +

1

2
ωαρ0c

−4
s

[

(eα · u)2 − c2
s(u · u)

]

. (2.18)

When f eq+
α are used for the error correction term at (xf ,t), values are stored during the

collision step to be used during boundary-condition implementation at post-collision
step. The same stands for the symmetric distribution functions:

f+
α =

1

2
(fα + fᾱ) . (2.19)

To impose the Dirichlet pressure condition, f eq+
α at (xb,t̂) must be computed using

the desired ρb = pbc
−1
s and the actual velocity values, which are approximated as:

u(xb, t̂) ≈ u(xb−1, t) +
1

2
(u(xb−1, t) − u(xb−2, t)) . (2.20)

The time t̂ is a notional intermediate time for the conditions to be set at time t. For
PAB t̂ = t + 1/2.

To introduce the CBC in the PAB scheme, alternative values must be computed at
(xb,t̂) for ρ and u according to the LODI relations. It is proceeded first by computing
the outgoing wave amplitudes (L2, L3 and L4) from Eq. (2.15). A second order
backward stencil is used for the unknown spatial derivatives:

δφ

δx
(xb, t̂ − 1) ≈ 1

3
[8φ(xb, t̂ − 1)

− 9φ(xb−1, t̂ − 1) + φ(xb−2, t̂ − 1)] . (2.21)

The incoming amplitude L1 is modeled by the means of a linear relaxation model:

L1(xb, t̂ − 1) = k1(p(xb, t̂ − 1) − pb) ; (2.22)

where:
k1 = σ1(1 − Ma2)

cs

L
, (2.23)

being L the length between inlet and outlet. A value of σ1 = 0 means that no
information is coming into the domain; however, this does not allow to properly
impose the reference pressure. To eliminate the pressure reflection and, at the same
time, fix the reference pressure, σ1 should be in the range 0.58 < σ1 < π [52].
Consequently, the boundary condition becomes partially-reflective.

To explicitly solve the LODI relations at xb, Eqs. (2.16), a first-order time-derivative
stencil is applied:

ρ(t̂) ≈ ρ(t̂ − 1) − δt

2c2
s

(

L4(t̂ − 1) + L1(t̂ − 1)
)

− 1

c2
s

L3(t̂ − 1) ; (2.24a)
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ux(t̂) ≈ ux(t̂ − 1) − δt

2ρcs

(

L4(t̂ − 1) − L1(t̂ − 1)
)

; (2.24b)

ux(t̂) ≈ ux(t̂ − 1) − δtL2(t̂ − 1) . (2.24c)

Inlet

For an inlet where a velocity ub is imposed, the velocity bounce-back boundary (UBB)
condition can be applied [31]:

fᾱ(xf , t + 1) = f̃α(xf , t) − 2f eq−
α (xb, t̂) . (2.25)

For this condition no error-correction term is needed. The anti-symmetric equilibrium
function is computed as:

f eq−
α = ωαρ0c

−2
s (eα · u) ; (2.26)

where u is the prescribed value at (xb,t̂), with t̂ = t + 1/2.

To incorporate the CBC into the UBB scheme the outgoing wave amplitude L1 is
computed from Eq. (2.15) using second-order forward spatial derivatives:

δφ

δx
(xb, t̂ − 1) ≈ 1

3
[−8φ(xb, t̂ − 1)

+ 9φ(xb−1, t̂ − 1) − φ(xb−2, t̂ − 1)] . (2.27)

The incoming wave amplitudes (L2, L3 and L4) are modeled using linear relaxation
approaches as for the outlet:

Li(xb, t̂ − 1) = ki(u(xb, t̂ − 1) − ub) ; i=2,3,4 (2.28)

where ki can be computed as in Eq. (2.23), and the discussion about σi also holds.

2.3 Analysis of open-boundary behavior

Two different studies are performed: a first one to evaluate the behavior of open
boundaries in lattice Boltzmann simulations; and a second one to demonstrate the
ability of the characteristic boundary condition presented to suppress pressure waves
arriving at open boundaries.
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2.3.1 Vortex shedding in the wake of a square cylinder

The geometry of the domain is shown in Fig. 2.3. The relevant lengths are: H = 8,
Ltot = 52, Lin = 11.5, and Lout = 39.5. Different grid sizes are applied, corresponding
each to a parameter N , which represents the number of nodes that discretize the side
of the square cylinder. The total number of nodes in the domain is Ntot = LtotHN2,
and the different discretizations used in simulations are N = 10, 20, 30, 40 and 60. All
grids are Cartesian and uniform.

Figure 2.3: Vorticity (top) and pressure (bottom) isocontours (Re = 100) with Zou
boundary conditions; and characteristic lengths of the computational domain.

The lateral (top and bottom) boundaries are solid walls with the no-slip boundary-
condition; at the inlet, a parabolic velocity profile is imposed, whose maximum veloc-
ity at the symmetry axis is the reference velocity u0; and, at the outlet, a reference
density ρ0 is fixed (Zou boundary condition, Sec. 1.2.2, is applied to obtain results
for validation purposes in this Section).

The relevant dimensionless numbers in the flow are the Reynolds, Mach and Strouhal
numbers, defined in lattice units respectively as Re = Nu0/ν or Re = (3Nu0)/(τs −
1/2); Ma = u0/cs; and St = Nf/u0. In the latter expression, f = ω/(2π) is
the characteristic frequency of the periodic flow. This frequency is dictated by the
vortex shedding in the wake of the square cylinder; the shedding can be observed,
for example, in the vorticity and pressure contours of the flow at Re = 100, Fig. 2.3.
Flows with several Reynolds numbers are simulated for the present study (Re = 65−
200), all of which are in the laminar and unsteady flow regime. In order to study the
influence of the reference velocity u0, the Mach number was varied (Ma = 0.07−0.17),
but always kept within the incompressible range (Ma < 0.3).



28 Chapter 2. Non-Reflecting Open Boundaries

Results presented in this Section are used as a validation for the flow considered of
the lattice Boltzmann code. Time-averaged values of the drag coefficient Cd, the lift
coefficient Cl and the Strouhal number St are shown. The forces over the cylinder
boundaries are computed using the momentum exchange algorithm [53].
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Figure 2.4: Drag coefficient values: (a) grid convergence analysis for different Mach
numbers (Re=100); and (b) the evolution with the Reynolds number of the asymptotic
value from the grid convergence analysis.
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Figure 2.5: Peak-to-peak value of the lift coefficient: (a) grid convergence analysis for
different Mach numbers (Re=100); and (b) the evolution with the Reynolds number
of the asymptotic value from the grid convergence analysis.

Figures 2.4, 2.5 and 2.6 show the grid convergence analysis (for different Mach num-
bers) and the asymptotic values obtained performing a Richardson extrapolation of
the Cd, peak-to-peak value of Cl and the Strouhal number. Results are compared
with a finite volume calculation [49] used as the reference solution.
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(Re = 100); and (b) the evolution with the Reynolds number of the asymptotic value
from the grid convergence analysis.
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Figure 2.7: Dependence with the reference speed (i.e. Mach number) of: (a) mean
value of the drag coefficient; and (b) Strouhal number.

2.3.2 Comparison of open boundary conditions

The reflection of some numerical information back to the domain, although necessary
to conserve the macroscopic quantities (ρ and u), provides a mechanism for undesired
numerical waves to be reflected as well; such waves may interact with the solution
of the flow. For low Reynolds numbers, this interaction may not alter significantly
certain results such as time averaged quantities, but it does influence values such as
the peak-to-peak value of the drag coefficient, ∆Cd = Cmax

d − Cmin
d . For the case of

the square cylinder, this is shown in Fig. 2.8.

Data plotted in Fig. 2.8 has been obtained from a series of simulations of the 2D
square cylinder where: the reference velocity u0, and therefore the Mach number, is
different in each simulation in order to study its influence on the solution; the relax-
ation parameter τ was adjusted appropriately to keep a constant Reynolds number
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Figure 2.8: Peak-to-peak values of the temporal evolution of the drag coefficient
versus the Mach number for Re = 100 using equilibrium boundary conditions with
the SRT and MRT collision operator, and with density-filtering at the inlet.

(Re = 100); the mesh size was also kept constant, with N = 20; at inlet and outlet
equilibrium and filtered equilibrium boundary conditions are used as explained in
Sec. 1.2; both SRT and MRT collision operators are considered in order to determine
the influence of the dissipation due to a higher bulk viscosity (se up to 1.6 has been
used with MRT) [24].

The main result in Fig. 2.8 is the presence of three clear peaks for ∆Cd that can
be observed for three values of u0: uI

0 = 0.0505, uII
0 = 0.071 and uIII

0 = 0.091.
These three peaks are expected to be related to the acoustic nature of the interaction
between the open boundaries and the inner fluid.If this is the case, the behavior of
∆Cd as a function of u0 can be approximately modeled using simple acoustic theory.
Let us consider that the phenomenon studied can be likened to a forced oscillator
with an angular frequency ωf in a medium with a natural frequency of oscillation ωo

and with damping Γ. The equation that governs this system is the following:

d2x

dt2
+ Γ

dx

dt
+ ω2

ox = Afcos(ωf t) ; (2.29)

where x = ∆Cd in this case; and Af is the amplitude of the forced frequency. Solving
this equation the following expression for the amplitude at steady state is obtained:

A =
Af

√

(ω2
0 − ω2

f )2 + ω2
fΓ2

. (2.30)

Natural frequencies can be assumed to be related to the distance between inlet and
outlet, Ltot. As a fixed velocity at inlet and a fixed density at outlet acts as and
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Table 2.1: Comparison of values of ∆Cd at u0 = 0.05 for different first and second
order boundary conditions.

Boundary Condition Collision Operator Filtering Cmax
d − Cmin

d

Equilibrium SRT No 0.0396
Equilibrium MRT No 0.0369
Equilibrium SRT Yes 0.0087
Equilibrium MRT Yes 0.0082

Zou & He (1997) MRT No 0.0222
Yu et al. (2005) MRT No 0.0081
Zou & He (1997) MRT Yes 0.0159

open-closed system for the pressure waves, the standing waves that are generated
verify: ω0 = 2π(2n − 1)cs/(4Ltot), where n is a natural number. Forced frequencies
are computed considering that pressure pulses are generated with a frequency which
is twice the frequency of the vortex shedding. Thus, from the St = 0.136 and the
reference speed u0: ωf = 4πStu0/N . The amplitude of the forced oscillations is fixed
at Af = 1.8 106 to fit the first peak. The peaks appear when ω0 = ωf and this
occurs for the third (ωI

0 = 2π0.00068), fourth (ωII
0 = 2π0.00095), and fifth harmonic

(ωIII
0 = 2π0.00122) of the natural frequency. In Fig. 2.8 evolution of the amplitude

for these three situations (AI , AII and AIII) has been plotted, considering an initial
value for the damping ΓI = 0.00005. The next value of Γ satisfies the relation
ΓI/ΓII = νI/νII , where ν = Nu0/Re; and analogously for ΓIII .

The results in Fig. 2.8 have been computed using first order boundary conditions
based on the equilibrium distribution functions. Viscous terms at boundaries (related
to non-equilibrium distribution functions) act only as dissipative sources of pressure
waves, but they do not appear in the Euler characteristics responsible for the wave
propagation. To analyze the effect of using second order boundary conditions at
open boundaries, values for ∆Cd at u0 = 0.05 (close to the first peak) are collected
in Table 2.1. It is observe that low values of ∆Cd (no peak) are obtained when
the filtering at inlet is used and, especially, when the convective condition for fα (Yu
boundary condition) is applied. The use of a second order boundary condition reduces
the peak due to the viscous effect but it does not eliminate it, as the origin of the
peak is the coupling between vortex shedding and the natural (acoustic) frequencies
of the system.

The temporal evolution of different variables is analyzed, Fig. 2.9, in order to compare
the behavior of the boundary conditions described in Sec. 1.2. The evolution toward
the periodic state of the drag coefficient, and the mass balance between inlet and
outlet, shows that when the density is fixed at the outlet (Zou boundary condition)
the behavior deteriorates. However this is often the appropriate boundary condition
as pressure is usually known at outlets when a real case is modeled. On the other
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Figure 2.9: Comparison of: the temporal evolution of drag and lift coefficients (first
column), the mass balance between inlet and outlet, and the FFT of the periodic
temporal evolution of the lift coefficient (last column), from simulations using different
open boundary conditions: Zou (first row), Yu and filtered Zou (last row).

hand, when the Yu boundary conditions are applied the periodic state is reached
in fewer time steps, as the interaction of the boundaries with the domain interior
has been avoided. Finally, the filtered-Zou condition preserves the desired density
at outlet and also reduces the effect of the interaction by filtering the density at the
inlet, needing fewer time steps to reach the periodic state than with the Zou boundary
condition.

2.4 Test cases for Characteristic Boundary Conditions

Three cases are presented to test the several desirable properties of open boundary
conditions. A one-dimensional pressure wave is simulated to check the difference
between usual (reflective) boundary conditions (UBB for inlets and PAB for outlets,
see Sec. 2.2.4) and non-reflective ones (CBC with ki = 0); a laminar two-dimensional
channel is used to quantify the mass balance within the domain due to the application
of different boundary conditions; and the unsteady laminar two-dimensional flow
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around a square cylinder is used to evaluate the benefit of using CBC in realistic
geometries.

2.4.1 One-dimensional wave

A 2D one-directional flow in which a pressure perturbation is introduced at t = 0 is
simulated. The boundary conditions used are: at the inlet a uniform velocity ux = u0

is imposed; at the outlet a reference density, p0 = c2
sρ0 = 1/3 is fixed; and the upper

and lower boundaries have periodic boundary conditions. The flow is characterized
by a Mach number Ma = 0.1 and a Reynolds number Re = 1.732 (based on the
lattice space unit). The domain length in lattice units is Nx = 2500 (Ny = 10). As
initial conditions, a uniform velocity field of ux = u0 and a Gaussian pressure pulse
in the middle of the domain are imposed:

p = p0 + (pmax − p0)exp

(−(X − X0)
2

2ς2

)

; (2.31)

with the values selected for the free parameters being pmax = ρmaxc2
s = 1.1c2

s , X0 =
0.5 and ς = 50 . The velocity distribution functions are initially computed from their
equilibrium distribution functions.

The variables used to report the results are: a dimensionless time T = t(cs/Nx),
and a dimensionless coordinate X = x/Nx. All the simulations presented use the
following relaxation factors: sν takes the value dictated by the resolution and the
Reynolds and Mach numbers; se = sǫ = sν unless otherwise specified below; and
sq = 8(2 − sν)/(8 − sν) according to the relation stated in [31] (for Λeo = 3/16)
to reduce the error at the boundaries. For inlets and outlets equilibrium boundary
conditions are applied to recover first-order accuracy, and UBB at inlets and PAB at
outlets to obtain second-order boundary conditions. For CBC ki = 0 and κ = 1 are
used unless some other values are specified.

To show the behavior of the proposed boundary condition and to assess the gain
obtained, the temporal evolution of the initial pressure peak is plotted in Fig. 5.1 for
different inlet-outlet boundary conditions. For all cases the peak splits as expected
into two different pressure waves which travel at u0 + cs and u0 − cs respectively.

For the equilibrium boundary condition, these pressure waves are completely reflected
at boundaries, changing their phase when they reach the fixed-pressure boundary con-
dition. When adding the viscous correction at boundaries (UBB and PAB boundary
conditions), the reflection may become even greater. The use of CBC partially sup-
presses the reflection at inlet and outlet; and when the κ-modified CBC is applied,
the performance of the scheme is further improved.

To quantify the performance of the boundary conditions, the degree of reflection r is
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Figure 2.10: Spatial-temporal evolution of the pressure. The inlet and outlet bound-
ary conditions applied are: (a) first order; (b) inlet: UBB, outlet: PAB; (c) CBC
with κ = 1.0 and se = sν ; and (d) CBC with κ = 1.2 and se = 0.65
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Figure 2.11: Reflection ratio as a function of se; and optimal se values depending on
the viscous relaxation factor, the reference velocity and the initial amplitude of the
pressure pulse.

defined as:

|r| =
|L+|
|L−| ; (2.32)

where L+ is the incoming wave amplitude and L− is the outgoing one.

The influence of se through the bulk viscosity Eq. (2.11) can be used to reduce the
reflection ratio. The smallest reflection is found numerically to occur when se ≈ 1/sν ,
Fig. 2.11. Results show that: |r| is almost independent of the reference velocity and
of the maximum value of the pressure peak; and the influence of se is noticed mainly
at inlets.

The best-performing value of κ has been selected by carrying out several numerical
tests (see Fig. 2.12), resulting in an optimal value in the range 1.0 < κ < 1.3, which
turns out to be slightly dependent on the viscous relaxation factor, on the reference
velocity, and also on the amplitude of the pressure wave arriving at the boundary.
There is no influence of κ at the inlet as it does not appear in the definition of the
boundary.

From the test case presented, it can be concluded that the use of CBC in athermal
lattice Boltzmann methods can reduce the reflection up to |r| = 5%; and this reflection
can be further reduced up to |r| = 1% using the κ-modified CBC.
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Figure 2.12: Reflection ratio as a function of κ; and optimal κ values for different
values of the viscous relaxation factor, the reference velocity and the initial amplitude
of the pressure pulse.

2.4.2 Laminar channel

A two-dimensional laminar channel with a parabolic velocity profile at the inlet and
a reference pressure at the outlet is simulated to evaluate the mass imbalance in the
fluid domain when the CBC is applied. The channel dimensions are Nx = 520δx
and Ny = 160δx, and is simulated at Re = 800 and Ma = 0.087. The domain is
initialized with u = 0.0, ρ0 = 1.0 and using equilibrium distribution functions. To
evaluate the mass imbalance, the temporal evolution of three quantities is reported in
Fig. 2.13: the total mass leaving the domain at the outlet as the sum of the outgoing
distribution functions; the total mass coming into the domain at the inlet; and the
total amount of mass in the entire fluid domain. The incoming and outgoing mass
fluxes are normalized with the incoming mass flow through the inlet at T = 0; and
the total mass in the domain is normalized with its value at T = 0. The temporal
coordinate is defined as T = t(cs/Nx). The optimal values for κ and se found above
are used when the CBC is applied.

Three different boundary-condition sets have been compared in Fig. 2.13: (i) non-
reflecting CBC with ki = 0, which is not able to properly fix the reference values
and, consequently, the mass in the domain progressively increases without bounds
until the simulation fails; (ii) partially-reflecting CBC with the value for ki derived
from the lower limit of Eq. (2.23), which is the only set of boundary conditions
which is able to suppress pressure reflections and preserve mass, providing a faster
convergence; and (iii) the Dirichlet velocity and pressure boundary conditions UBB
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Figure 2.13: Temporal evolution of the normalized mass through the inlet and the
outlet and within the domain for: (top) CBC with ki = 0; (middle) CBC with
ki=0.00065; and (bottom) UBB-PAB boundary conditions

and PAB respectively, which generate an oscillation around the reference value of the
total mass within the domain due to pressure wave reflection.

2.4.3 Vortex shedding

The two-dimensional unsteady flow around a confined square cylinder at Re=100 and
Ma=0.087 is simulated to evaluate the behavior of the CBC versus the UBB-PAB in
more complex configurations. The domain dimensions are Nx = 26Ns and Ny = 8Ns,
with Ns = 20 being the number of nodes which discretize the side of the square. The
square is deliberately placed far from the inlet to avoid any interaction, and close to
the outlet to analyze the effect of the interaction between the vortices generated in
the wake of the cylinder and the outlet. The distance between the downstream face of
the square and the outlet is 13.5Ns, which is much less than 40Ns as usually applied
to avoid the interaction.

Two remarks can be made from the comparison between CBC and UBB-PAB in
this test case. The first and main point is that the interaction of the vortices with
the outlet reflects pressure waves which deteriorate the solution: see for example the
shape of the time evolution of the Cd at the periodic steady state in Fig. 2.14. The
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Figure 2.14: Temporal evolution of the drag coefficient of the square cylinder for two
different set of open boundaries: UBB-PAB (top) and optimal CBC (bottom). The
periodic steady state is magnified in the inset.

pressure-wave reflection between inlet and outlet affects the pressure pattern in the
flow. It can be observed in Fig. 2.15 that when a vortex is shed from the cylinder
the pressure is higher behind the cylinder when UBB-PAB is applied; additionally,
unphysical pressure patterns appear, generating high-pressure and low-pressure zones
near walls. The undesired influence of this interaction can be supported also by the
peak which appears in the Fourier transform of the Cd signal at frequencies different
from the one related to the vortex shedding, Fig. 2.16.

The second remark concerns the greater amplitude of Cd when UBB-PAB conditions
are used, Fig. 2.14. This is caused by (numerical) resonance appearing as the vortex
shedding frequency corresponds to a natural mode of the domain. The increased
amplitude appears as a higher peak for the vortex shedding frequency in Fig. 2.16.
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Figure 2.15: Pressure iso-contours at the same time step (t = 95200δt) for two set of
open boundaries: UBB-PAB (top) and optimal CBC (bottom).
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Figure 2.16: Fast Fourier transform of the Cd signal for the periodic flow using both
sets of boundary conditions of Fig. 2.14
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2.5 Conclusions

Several open boundary conditions have been studied to evaluate their performance
when unsteady laminar fluid flows are simulated using lattice Boltzmann methods.
Furthermore, two new non-reflecting boundary conditions have been presented and
evaluated. The conclusions, with a brief discussion, of the results obtained are pre-
sented next.

The most commonly-used open boundary-conditions are reflective in nature (e.g. Zou
boundary condition). The pressure wave reflections deteriorate the convergence to-
wards a steady or periodic solution, and they can have a relevant influence in the
solution itself. The convective boundary condition for fα at the outlet, Eq. (1.21),
solves the problem of the interaction between the open boundaries and the fluid do-
main; but the new problem arises of how to properly impose the reference pressure
(or density). On the other hand, partially-reflecting and non-reflecting approaches
can preserve the well-posedness of the boundary conditions while eliminating the
interactions between the open boundaries and the flow domain.

When the periodic solution is reached, open boundary conditions introduce errors
related to acoustics in the amplitude of the drag coefficient. These acoustic effects
have been modeled for a benchmark problem as a forced oscillator with damping.

The effects of wave reflection are related to the convective term, and the viscous
contribution can lessen the problem but not entirely avoid it. This means that a
more accurate (i.e. higher order) boundary condition is not a solution. The same
analysis has been performed with both SRT and MRT collision operators leading to
the same results; the dissipation due to higher bulk viscosities is therefore irrelevant.
The MRT collision operator has been implemented in its incompressible version, which
is mainly a correction of the round-off error generated during the computation.

The characteristic non-reflective boundary condition presented for athermal LB meth-
ods can reduce the fluid-boundary interaction up to 99% and does not need additional
absorbing layers nor extended domains. The new boundary conditions are expected
to be useful not only for the simulation of the acoustic field, but also for many lam-
inar and turbulent simulations in which pressure waves interact with the boundary
condition. For the development of characteristic boundary conditions for LB the best
choice of primitive variables are U = (ρ, ux, uy).



3
Gradient-based boundary conditions

3.1 Introduction

One of the strengths of the lattice Boltzmann methods is the ability to simulate
complex geometries with the addition of little computational effort. Simulations with
detailed geometries of porous media [54], blood vessels [55], indoor environments [56]
or flow aerodynamics [7, 57] are some successful examples. Different implementations
of Dirichlet conditions for arbitrary geometries have been developed; however, little
research has been published related to the implementation of Neumann boundary
conditions. This deficit is probably due to several factors, which can be illustrated
using the stress boundary-condition as example. First, the stresses are macroscopic
moments related to the non-equilibrium part of the distribution functions that have
an O(∂jui) influence on the accuracy of the boundary condition, which is sometimes
neglected; additionally, many configurations do not require these kind of boundary
conditions, and in the most common case where it is needed (zero tangential stresses
for symmetry planes) the link-based approach can be applied through a specular
reflection; furthermore, it is a hydrodynamic boundary condition and kinetic ones are
often preferred (specially for microflows).

The use of Neumann conditions would allow to extend the applicability of the lattice
Boltzmann method by setting, for example, effects related to ∂jui (e.g. stress over
a porous wall, wall models for turbulent flows, hydrophobic-hydrophilic wall treat-
ments) and to reduce the complexity of the domain (e.g. symmetry axis). From a
macroscopic point of view these stresses at walls are usually treated as surface or
volume forces (using Gauss transformation), which affects the fluid volume near the

41
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wall, but ignoring the real behavior of the fluid just at the wall. The latter is relevant,
because the macroscopic behavior is dictated by the microscopic interaction of the
fluid with the wall, through collisions.

In the following, the evolution of boundary conditions in lattice Boltzmann meth-
ods is discussed to evaluate the best way to implement Neumann conditions. In
this discussion, only macroscopic boundary conditions for the momentum equations
are considered. However, the conclusions presented can be extended to any other
macroscopic variable.

The first approximation to model walls in LB is the use of the bounce-back scheme [58]
for the non-slip condition, and the application of a specular reflection for the complete
slip or zero-stress condition. From this very straightforward starting point it is pos-
sible to observe the obvious relation between the stress at the wall, the wall-collision,
and the slip condition.

Some first attempts to improve the accuracy of the bounce-back boundary condition
(e.g. [39, 59, 60, 61]) have been applied to different lattices. Subsequent research
established the influence of the relaxations parameters on the wall location [62] and
the influence of the definition of the non-equilibrium part of the distribution functions
on wall (and initial) conditions [35].

A first work on including arbitrary geometries was the one by Filippova and Hänel [63]
based on modifications to the bounce-back using interpolations; this approach was
improved by Mei et al. [64] and Bouzidi et al. [38], and generalized by Ginzburg et
al. [30, 31]. Other approach to simulate curved geometries is based on the volumetric
scheme by Chen et al. [65] which has been also improved [66]. The work by Verberg
and Ladd [67] can be considered a different way to impose volumetric boundary con-
ditions. One further approach is the extrapolation proposed by Chen et al. [50] and
extended to curved geometries by Guo et al. [68]. Two additional concepts have been
introduced, related to local boundary conditions [69, 70, 71], and immerse boundary
conditions for lattice Boltzmann methods [72].

The development of Neumann boundary treatments in LB largely focuses on the
definition of slip boundaries, or stress-related conditions, as they are linked to the
development of wall boundary-conditions for microflows [73, 74]. Although, the use
of kinetic boundary conditions to impose a predefined stresses has been attempted
for straight walls, no satisfactory result has been obtained in curved geometries, for
which their application becomes complex or impossible [74, 75].

Some attempts to simulate configurations which need Neumann conditions can be
found in the literature [75, 76]. The best-suited hydrodynamic approach for setting
Neumann conditions at boundaries, even with complex geometries, is often claimed
to be the volumetric approach by Chen et al. [65].
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The preceding review of boundary conditions for lattice Boltzmann methods provide
some guidelines for an efficient implementation of Neumann boundary conditions.
Thus, any method proposed should: (i) preserve the simplicity and good stability
behavior of bounce-back-based schemes; (ii) be second-order (or higher) for arbi-
trary geometries; (iii) avoid the use of extrapolations related to hydrodynamic treat-
ments [50]; and (iv) avoid the use of non-lattice distribution functions as in kinetic
methods with non-zero off-diagonal kernels [73, 77].

The approach presented here treats the problem in a general efficient way preserving
well-established boundary treatments [31] and including macroscopic-gradients with
a low degree of added complexity. It is a practical approximation to solve the problem
that can be formulated in a modular way to introduce improvements without changing
the basic structure.

3.2 Macroscopic-gradient boundary conditions

Following the desirable requirements detailed above, the present proposal is based on:

• An interpolation scheme to set Dirichlet boundary-conditions for arbitrary walls.
For first- and second-order approximations the scheme by Bouzidi et al. [38]
can be applied. For higher-order approximations the multireflection boundary
condition by Ginzburg and d’Humières [30] should be used. For a generalized
approach the work by Ginzburg et al. [31] can be consulted.

• A pre-defined stencil for the derivative of the macroscopic variable. The stencil
could use non-lattice values obtained by interpolating macroscopic quantities
computed on the lattice.

This boundary treatment is described in the following for velocity- and pressure-
gradient conditions. The work by Ginzburg et al. [31] is followed to define the dif-
ferent interpolation schemes applied. Some concepts have been already introduced in
previous Chapters, but are included here again for completeness.

Some definitions, used to simplify the description of these schemes, are introduced
next. The equilibrium distribution function can be split in a symmetric:

f eq+
α = ωαρ +

1

2
ωαρ0c

−4
s

[

(eiαui)
2 − c2

s(uiui)
]

; (3.1)

and anti-symmetric part:

f eq−
α = ωαρ0c

−2
s (eiαui) . (3.2)
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Figure 3.1: Schematic view of the wall treatment.

A similar description is used for distribution functions fα = f+
α +f−

α , the components
of which are computed as:

f+
α =

1

2
(fα + fᾱ) , (3.3)

f−

α =
1

2
(fα − fᾱ) ; (3.4)

where ᾱ is the direction opposite to α in a link.

The non-equilibrium distribution function are then computed as:

fneq+
α = f+

α − f eq+
α ; (3.5)

fneq−
α = f−

α − f eq−
α . (3.6)

3.2.1 Velocity-gradient conditions

The distribution function in Dirichlet-velocity boundaries (see Fig. 3.1) can be gener-
ically computed through three terms [31]:

fᾱ(xf , t + 1) = R(u)
α (xf , t)

+ F p.c.(u)
α (xf , t)

+ W (u)
α (xb, t̂) ; (3.7)

where R
(u)
α (xf , t) is the interpolation scheme, F

p.c.(u)
α (xf , t) is the error correction to

match the desired accuracy derived from a Chapman-Enskog expansion, and W
(u)
α (xb, t̂)

is the Dirichlet condition at the boundary xb and at a time t̂ = t + ∆t which de-
pends on the interpolation scheme applied. The time t̂ is the most appropriate time
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(after theoretical and numerical analysis of the boundary condition [31]) to impose a
time-dependent boundary condition; however, since only time-independent boundary-
conditions are applied in the test cases described below, the implementation and the
solutions obtained are independent of ∆t.

3.2.1.1 UBB

The velocity bounce-back (UBB) [31] is the simplest scheme with the following terms:

R(u)
α (xf , t) = f̃α(xf , t) ; (3.8a)

F p.c.(u)
α (xf , t) = 0 ; (3.8b)

W (u)
α (xb, t̂) = −2f eq−

α (xb, t̂) ; (3.8c)

where f̃ are post-collision distribution functions. For these cases δq = 1/2 for every
boundary link, t̂ = t + 1/2δt and the accuracy obtained is second order for the anti-
symmetric part of the distribution function (symbolized as u(2)), and first order for
the symmetric part (symbolized as Π(1)).

3.2.1.2 ULI/DLI

The upwind linear interpolation (ULI) [31] are used for 0 ≤ δq ≤ 1/2:

R(u)
α (xf , t) = 2δqf̃α(xf , t)

+ (1 − 2δq)f̃α(xf + eαδt, t) ; (3.9a)

F p.c.(u)
α (xf , t) = 0 ; (3.9b)

W (u)
α (xb, t̂) = −2f eq−

α (xb, t̂) . (3.9c)

The downwind linear interpolation (DLI) [31] are used for δq ≥ 1/2:

R(u)
α (xf , t) =

1

2δq
f̃α(xf , t)

+
2δq − 1

2δq
f̃α(xf + 2eαδt, t) ; (3.10a)

F p.c.(u)
α (xf , t) = 0 ; (3.10b)
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W (u)
α (xb, t̂) = − 1

δq
f eq−

α (xb, t̂) . (3.10c)

The accuracy obtained is u(2) and Π(1); and t̂ = t + 1/2δt.

3.2.1.3 MR1

Among the different schemes within the multireflection family the MR1 is selected [31],
which has the following terms:

R(u)
α (xf , t) = f̃α(xf , t)

+
1 − 2δq − 2δq2

(1 + δq)2
[

f̃α(xf + eαδt, t) − f̃ᾱ(xf , t)
]

+
δq2

(1 + δq)2
[

f̃α(xf + 2eαδt, t) − f̃ᾱ(xf + eαδt, t)
]

; (3.11a)

F p.c.(u)
α (xf , t) =

2sq − 4

(1 + δq)2

(

fneq−
α +

1

2
wαeαF

)

; (3.11b)

W (u)
α (xb, t̂) = −2

(

1 +
1 − 2δq − δq2

(1 + δq)2

)

f eq−
α (xb, t̂) . (3.11c)

The accuracy obtained is u(3) and Π(2); and t̂ = t + 1/2δt. Simulations performed
with this boundary condition have shown that, although it is possible to obtain more
accurate results, the stability of the whole simulation is affected by its application.
Therefore, this boundary condition should be used carefully.

3.2.1.4 Derivative stencils

The most common velocity-gradient conditions are related to the tangential stress
at the wall. A first order stencil for the derivative along the normal direction n of
the wall-tangential velocity uθ is considered, which is used to compute the tangential
stress (see Fig. 3.1 for nomenclature):

τθb = ρ0ν
∂uθ

∂n
≈ ρ0ν

uθh − uθb

h
; (3.12)
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where h = δx for q < 0.5 and h = 1.5δx q ≥ 0.5. This is a somewhat arbitrary
selection of h but it allows to compute uθh within a region next to the wall in which
stable interpolation schemes can be applied. A bilinear interpolation of macroscopic
variables is used in this work because higher order interpolations are not expected
to generate better or more stable results [78], and because other mixed interpola-
tion techniques used in immerse boundary methods for the Navier-Stokes equations
increase the complexity of the implementation [79]. The length h and the corre-
sponding weights for the bilinear interpolation can be computed in a preprocessing,
as it is done for δq values. This preprocessing is performed only once for stationary
geometries.

The first order approximation assumes a linear profile of the stress, which makes it ap-
plicable to laminar flows and to turbulent ones with enough resolution near the wall.
Wherever this assumption is no longer valid (e.g. non-newtonian fluids), higher-order
stencils can be considered. Furthermore, for some special cases (e.g. turbulent flows
with coarse near-wall resolution [80] or even for microflows [81]) predefined velocity
profiles, namely wall laws, could be applied.

For the case of a Neumann boundary condition the velocity to be added to the wall
to account for the imposed stresses, considering Eq. (3.12), is:

ρ0ν
∂uθ

∂n
|xb

= τθb =⇒ uθb ≈ uθh − τθbh

ρ0ν
. (3.13)

When a Robin condition is applied, the equivalent wall-slip velocity is computed as:

uθb = K
∂uθ

∂n
=⇒ uθb ≈

uθh

1 + h
KH

. (3.14)

Finally, to introduce uθb into the momentum transfer correction equations, i.e. the
Dirichlet term in Eq. (3.7), a projection of the tangential velocity uθb into the x and
y directions is needed:

ub =
uθbn

‖n‖ . (3.15)

3.2.2 Pressure-gradient conditions

As for velocities, the Dirichlet condition for pressure can be generically expressed
as [31]:

fᾱ(xf , t + 1) = R(p)
α (xf , t)

+ F p.c.(p)
α (xf , t)

+ W (p)
α (xb, t̂) ; (3.16)
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where the several terms have the same meaning as in Eq. (3.7) but applied to pressure.

For the computation of W
(p)
α (xb, t̂) the velocity at the wall is approximated, for all

interpolations schemes, as:

u(xb, t̂) ≈ u(xb + eαδt, t) +
1

2
(u(xb + eαδt, t) − u(xb + 2eαδt, t)) . (3.17)

3.2.2.1 PAB

The simplest Dirichlet pressure-scheme is the pressure anti-bounce-back (PAB)[31],
which has the following terms in Eq. (3.16):

R(p)
α (xf , t) = −f̃α(xf , t) ; (3.18a)

F p.c.(p)
α (xf , t) = (2 − sν)f

neq+
α (xf , t) ; (3.18b)

W (p)
α (xb, t̂) = 2f eq+

α (xb, t̂) . (3.18c)

The accuracy obtained is u(2) and Π(2).

3.2.2.2 PLI

A pressure linear interpolation (PLI) scheme[31] allows to work with varying δq values.
The corresponding terms are:

R(p)
α (xf , t) = (

1

2
− δq)f̃α(xf , t)

+ (δq − 1)f̃α(xf + eαδt, t)

+
1

2
f̃ᾱ(xf , t) ; (3.19a)

F p.c.(p)
α (xf , t) = [1 − (δq − 1)sν ]fneq+

α (xf , t) ; (3.19b)

W (p)
α (xb, t̂) = f eq+

α (xb, t̂) . (3.19c)

The accuracy obtained is u(2) and Π(2).
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3.2.2.3 PMR1

A higher order scheme is derived from the pressure multi-reflection (PMR) family:

R(p)
α (xf , t) = (1 − sν)f̃α(xf , t)

+

[

3sν + δq(2 − 3sν)

4
− 1

]

f̃α(xf + eαδt, t)

+

[

sν(3δq − 1)

4
− δq

2

]

f̃α(xf + 2eαδt, t)

+

[

1 − sν + δq(2 + sν)

4

]

f̃ᾱ(xf , t)

+

[

δq(2 + sν) − sν

4

]

f̃ᾱ(xf + eαδt, t) ; (3.20a)

F p.c.(p)
α (xf , t) =

s2
ν

4
(3 + 6

δq

sν
− 11δq)fneq+

α (xf , t) ; (3.20b)

W (p)
α (xb, t̂) = sνf

eq+
α (xb, t̂) . (3.20c)

The accuracy obtained is u(3) and Π(2).

3.2.2.4 Derivative stencils

Boundary conditions involving a pressure gradient are found when the presence of
fans or vents on a boundary is to be modeled, or when a pressure drop is generated
by a subgrid device. To compute pressure gradients, a first order derivative stencil is
considered (see Fig. 3.1 for nomenclature):

∂p

∂n
≈ ph − pb

h
=⇒ pb ≈ ph +

∂p

∂n
h . (3.21)

However, non-linear pressure profiles can be usually found in viscous fluid flow, and
hence a second order stencil is desired. The derivative is computed using two points
located within the bulk of the fluid in the normal (or tangential) direction. Consid-
ering the normal direction, the first point will be located at h1 and the second point
at h2. The pressure at these points are computed with a bilinear interpolation.

∂p

∂n
≈ (h2

2 − h2
1)

h1h2(h1 − h2)
pb −

h2
2

h1h2(h1 − h2)
ph1

+
h2

1

h1h2(h1 − h2)
ph2

=⇒ pb ≈ h1h2(h1 − h2)

(h2
2 − h2

1)
(

∂p

∂n
+

h2
2

h1h2(h1 − h2)
ph1

− h2
1

h1h2(h1 − h2)
ph2

)

. (3.22)
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3.2.3 Non-reflecting formulation

The characteristic boundary condition introduced in Chapter 2 can be transformed
to be used with Neumann conditions. The transformed LODI relations, Eq. (2.16),
considering spatial derivatives in the normal direction to the boundary, are:

∂ρ

∂n
=

1

c2
s

[

L3

un
+

1

2

(

L4

un + cs
+

L1

un − cs

)]

; (3.23a)

∂un

∂n
=

1

2ρ0c2
s

(

L4

un + cs
− L1

un − cs

)

; (3.23b)

∂uθ

∂n
=

L2

un
. (3.23c)

See Chapter 2 for implementation aspects.

3.2.4 Corners and special boundaries

The term special boundaries is used to refer to those which do not allow to properly
implement the boundary condition desired. As this depends on the type of boundary
condition, different considerations must be made for the macroscopic-gradient-based
conditions and for the non-reflecting formulation.

Since in the proposal made above link-based schemes are applied to take into account
arbitrary geometries, the same considerations as in [31] can be made with links where
not enough nodes are available in the link direction. If only nodes up to xf + eαδt
are available, f̃α(xf + 2eαδt, t) can be replaced by fα(xf + eαδt, t + 1). If only xf is
available, it is possible to switch to UBB for velocity- and to PAB for pressure-related
conditions; or, if f̃α(xf +eαδt, t) is replaced with fα(xf , t+1), it is possible to switch
to ULI/DLI or PLI, respectively.

Regarding the non-reflecting formulation, there should be no problem to compute
the normal derivative to each cut between a lattice link and the boundary, as it is a
non-lattice computation. For corners the bisectrix can be used as the normal direc-
tion. Additionally, it should be remarked that the suppression of the non-reflecting
formulation for some specific conflictive points should not drastically deteriorate the
solution.

3.3 Test case I: partial slip in planar walls

Two test cases are used to validate the new boundary-condition treatment proposed:
(i) the flow between two plates with a partial-slip boundary-condition at walls, for
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both a Couette flow and a laminar channel; and (ii) the flow around a circular cylinder
with complete slip condition at walls. With these test cases the behavior in steady
and unsteady flows, and with planar and curved boundaries is analyzed.

The laminar two-dimensional steady state flow between two plates located at y = 0
and y = H is defined by the Navier-Stokes equations without temporal or convective
terms:

0 = −∂p

∂x
+

∂

∂y

(

ρ0ν
∂u

∂y

)

; (3.24a)

0 =
∂p

∂y
. (3.24b)

These equations are solved analytically for two different flows, i.e. Couette and Hagen-
Poiseuille, with partial-slip boundary-conditions.

3.3.1 Partial-slip Couette-flow

A Couette flow is simulated, where the upper wall drives the flow with u(H) = u0

and the lower wall has a slip behavior defined by two alternative laws: Neumann,
∂yuN (0) = τw; and Robin, uR(0) = KH∂yu . The UBB boundary condition,
Eq. (3.8), is used for both walls and periodic conditions are applied at the inlet
and at the outlet. Solving Eq. (3.24) with these boundary conditions, the following
solutions are obtained for the Neumann condition:

uN (y) = u0 −
τw

ρ0ν
(H − y) ; (3.25)

and for the Robin one:

uR(y) = u0

[

1 +
y − H

K + H

]

. (3.26)

The respective slip velocities us at the lower wall for both conditions is:

us = uN (0) = 1 − τw

u0ρ0ν
; us = uR(0) =

K

H + K
. (3.27)

Simulations to reproduce several slip velocities us at the lower wall are performed.
The parameters for the Neumann and Robin boundary conditions are computed from
Eq. (3.27) for us= 0, 1/3, 2/3 and 1. Results are plotted using normalized variables
in Fig. 3.2, where are compared with the analytical solution Eq. (3.25) and (3.26).

To validate the behavior of the boundary condition for unsteady simulations the
time-dependent equation is solved for the Couette flow with the boundary condition
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Figure 3.2: Solutions of the Couette flow for several values of the Robin and Neumann
boundary conditions. Re = 10, sν = 5/3, H = 15δx and δq = 0.5.

at the lower wall ∂yu(0) = 0. A Laplace transform procedure is applied (see, for
example, [82]) to obtain the analytical solution:

u(y, t) = u0 −
4u0

π

∞
∑

n=0

(−1)n

2n + 1
exp(−(2n + 1)2π2

4

νt

H2
)

× cos
(2n + 1)πy

2H
; (3.28)

where the series are computed up to the n = 1000th term to compare with the lattice
Boltzmann results. The comparison is shown in Fig. 3.3, for several dimensionless
times T = νt/H2.

3.3.2 Partial-slip channel

The laminar flow in a two-dimensional channel with partial-slip conditions is simu-
lated. Equation (3.24) is solved here using a Robin condition in the lower and upper
wall, u(0) = u(H) = KH∂yu, and with stream-wise periodic condition. The solution
is:

u(y) = − 1

2ρ0ν

dp

dx
(H2K + Hy − y2) . (3.29)

In this case, the ULI/DLI scheme is used, Eq. (3.9) and (3.10), with a first order
stencil for the velocity derivative. The flow is driven by a body force where the
acceleration dp/dx is computed from Eq. (3.29) considering the parameters of the
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Figure 3.3: Temporal evolution towards the steady state. Re = 10, sν = 5/3, H =
15δx and δq = 0.5. From left to right results for T = 0.022, 0.096, 0.244, 0.393, 0.541,
0.763 and 0.985. The solid lines are the analytical solutions from Eq. (3.28).

flow. The ULI/DLI scheme allows to evaluate the behavior of the Robin condition for
different δq values. In Fig. 3.4 the velocity profile for several δq in the lower wall is
shown (which implies 1− δq in the upper one, as the walls are parallel to the lattice),
and compared with the analytical solution.

To test the accuracy of the scheme several simulations are performed with different
resolutions and with different δq. In Fig. 3.5 (left) the spatial second order of the
method is confirmed; and in Fig. 3.5 (right) the dependence of the solution on the
δq value is plotted. The information in both graphics could be combined to plot the
error as a function of the pair H–δq.

3.4 Test case II: slip flow past a cylinder

The two-dimensional flow around a circular cylinder with slip boundary conditions
(τb = 0) is used to validate the scheme proposed to account for curved boundaries.
This validation is based on the following definition of the drag coefficient:

Cd =
Fd

1
2ρ0u2

0D
. (3.30)

The analytical and experimental expressions to validate the boundary condition pro-
posed in this work are for the low-Reynolds and low-Eotvos number regimes [83],
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Figure 3.4: Velocity profile in the slip channel with K=0.01 for several δq in the lower
wall. Re = 10, sν = 5/3 and H = 15δx.
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and δq = 1/3; and δq (right) for Re = 10, sν = 5/3, K = 0.01 and H = 15δx.
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Figure 3.6: Pressure contours and streamlines of the flow around a cylinder with slip
boundary conditions, Re = 30.

which prevail, for instance, in the slow motion of bubbles in a liquid. An analytical
analysis allows to recover the following expressions for very low Reynolds:

Cd =
16

Re
, (3.31)

which is the drag coefficient for the Stokes flow [83]; and

Cd =
16

Re

(

1 +
Re

8

)

, (3.32)

which is the Oseen correction for finite Reynolds [83]. For moderate Reynolds numbers
Re > 2, the following expression can be used [83]:

Cd = 14.9Re−0.78 ; (3.33)

and for high Reynolds numbers (Re >> 1) the Moore drag estimate is [83]:

Cd =
48

Re

[

1 − 2.21

Re1/2

]

. (3.34)

The main characteristic of the flow around a cylinder or a sphere with total slip at
boundaries is the absence of a recirculation region downstream. The flow around a
two-dimensional cylinder is represented in Fig. 3.6, where streamlines and pressure
isocontours are plotted. In Fig. 3.7 the evolution of the drag coefficient as a function
of the Reynolds number obtained by numerical simulations with the LB method is
plotted and compared with Eqs. (3.31)-(3.34).
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Figure 3.7: Evolution of the drag coefficient Cd as a function of the Reynolds number
for a 2D circular cylinder with slip boundary conditions. LB results, and analytical
and experimental-correlated expressions.

3.5 Conclusions

An approach to prescribe macroscopic-gradient boundary conditions in lattice Boltz-
mann methods, in which finite difference stencils are use for macroscopic variables,
has been introduced and validated.

The proposed approach to implement velocity-gradient conditions (i.e. stresses) is
similar in concept to the treatment used in immerse boundary methods for Navier-
Stokes equations [79, 84]. Extensions of the method, not presented here, could include
the application to impose boundary conditions for other variables related to velocity
derivatives, such as vorticity.

The structure of the scheme tested is flexible an it is applicable to the lattice Boltz-
mann equation with any collision operator; additionally, the second order approach for
curved geometries can be switched to any other if the accuracy [31] or the localness [16]
need to be improved. The extension to three-dimensional flows is straightforward and
it does not require further considerations.

The stability of the scheme is dictated by the Dirichlet approach applied. For exam-
ple, for complex geometries, although the MR1 scheme has better accuracy [31], is
unstable for some flow-parameter combinations, and hence, the ULI/DLI one [38] is
preferred.
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Preconditioning: derivation

4.1 Introduction

The main purpose of preconditioning is the acceleration of the flow toward the steady
state. This is achieved by manipulating the eigenvalues of the Navier-Stokes system
in order to reduce its stiffness and to obtain better solvability conditions. The use
of time-derivative preconditioners in CFD was initially applied to compressible non-
viscous flows [85]; the works by Turkel [86] and by Choi and Merkle [87] extended its
application to viscous-flow solvers. In the case of viscous flows it becomes essential for
compressible, low-Mach-number flows, as those addressed in many lattice Boltzmann
simulations. At this low-compressibility limit, the stiffness arises from the disparity
between the mean velocity of the flow and the speed of sound. See the review by
Turkel [88] for a comprehensive insight into this technique. (In classical CFD, pre-
conditioning is also applied when solving the linear problem in implicit methods; but
this is a different use of preconditioning from the one studied in this work.)

Due to the poor computational performance of the standard explicit collision-propa-
gation algorithm for steady-state computations, many different approaches to accel-
erate lattice Boltzmann simulations have been described in the literature. To provide
an overview of these techniques, first the methods to solve the discrete Boltzmann
equation (DBE) are divided in lattice and non-lattice methods. Within lattice meth-
ods, only those based on the explicit collision-propagation algorithm (which is the
approach used in this Thesis) are considered. The approaches for the acceleration of
this scheme may be classified into three groups, which are:

57
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• body-force approaches, first proposed in [89], which apply a body force at each
lattice node, proportional to the temporal variation of momentum, to accelerate
the convergence to the steady state;

• preconditioning of the recovered Navier-Stokes equations [90], relating the pre-
conditioning techniques applied in Computational Fluid Dynamics to lattice
Boltzmann methods; and

• grid-based techniques, such as multi-block [91, 92], grid refinement [93] or multi-
grid [94], among others, which exploit different concepts related to the grid
construction and resolution to reduce the time and memory usage needed for a
specific simulation.

Notice here that these latter techniques are conditioned by the space-time coupling
existing in lattice Boltzmann methods. On the other hand, non-lattice methods can
be divided into two main groups: those built by the space-time discretization (using
the same velocity sets as in LB methods) of the DBE (e.g. [95, 96, 97]); and those
built from the discretization of the Taylor-series expansion along characteristics of
the discrete Boltzmann equation [20, 22]. Both groups involve the solution of the cor-
responding partial differential equation using some kind of finite difference [95], finite
element [20, 22] or finite volume method [96, 97]. These methods, based on non-lattice
approaches, are an interesting framework to import acceleration techniques applied in
classical compressible and/or pseudo-compressible CFD approaches. Some of them
have already been applied in lattice Boltzmann methods: the use of unstructured
grids [20]; modification of the CFL number [20]; the preconditioning of the implicit
linear matrix built to solve the system [98]; or the spatial multigrid method [99]. All
these approaches are, however, beyond the scope of this work.

A method for the acceleration of lattice Boltzmann steady-state computations should
have the following desirable properties:

• ideal acceleration ratio, which implies a linear relation between acceleration and
resolution;

• generalized formulation, so that it can be applied to all flow conditions and to
any lattice Boltzmann method;

• simplicity in its implementation, because among two techniques with similar
properties the simplest one will be preferentially adopted;

• preservation of the collision-propagation algorithm, which confers some of the
most appealing properties to the LB approach for fluid flow simulations (e.g.
local computation of the collision); and
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• flexibility to be combined with other acceleration or stabilization techniques, or
to be ported to variable time-step and/or non-lattice schemes.

Existing acceleration techniques for the collision-propagation lattice Boltzmann scheme
do not fulfill every one of these ideal conditions. Body force approaches present some
problems for their generalization to recirculating or to complex-flow configurations;
they also provide acceleration ratios which are far from the ideal ones. Grid-related
techniques are based on quite different principles. For example, multi-block and grid-
refinement save time by adapting the resolution of the grid only where it is necessary,
their acceleration rate depends on the flow configuration, and a trade-off between
computing time and accuracy can be reached. Multigrid techniques applied to lattice
Boltzmann are promising but, as occurred in traditional CFD techniques, problems
in the prolongation and restriction steps near complex walls have not yet been fully
addressed. Finally, preconditioning emerges as a well balanced approach to fulfill all
ideal properties, its mayor drawback being the lack of knowledge about its actual
stability limits and about the acceleration potential.

Although preconditioning techniques have been extensively used during the last two
decades [88], and the explicit lattice Boltzmann collision-propagation algorithm seems
to be a perfect candidate, their application has not become widespread. Indeed, only
one recent publication [90] is known to the author to relate Navier-Stokes precondi-
tioning schemes and LB. The main problem is the not-so-obvious translation between
the LB and NS worlds, specially when importing ideas from NS to LB. Pioneer work
in this field was done by Guo et al. [90], who proposed a modification of the quadratic
terms of the equilibrium distribution function, adding a free parameter, and related
it to preconditioned NS systems. With a linear stability analysis they predicted the
stability limits and numerical work confirmed the gain obtained using the new scheme.

The aim of this Chapter is to complete the work existing on this topic by systemati-
cally identifying all possible time-derivative preconditioning of Navier-Stokes systems
which can be derived from the lattice Boltzmann equation with a modified equilibrium
distribution function. Once these preconditioners are obtained, they are analyzed us-
ing tools typically applied for Navier-Stokes equations, studying the influence of the
preconditioning parameters in the condition number of the system. This is done
instead of using stability analysis of the linearized lattice Boltzmann equation, as
in a previous publication [90]; thus, complementary information to aid in the con-
struction of preconditioners is obtained. This Chapter starts with Section 4.2, which
analyzes the generalized lattice Boltzmann method by Lallemand and Luo [24] (first
proposed by d’Humières [23]), and how the parameters which define the scheme must
be reduced to achieve isotropy and Galilean invariance of the system. The Navier-
Stokes equations derived from the remaining generalized lattice Boltzmann equation
are studied. It can be concluded that further simplifications are needed to correctly
recover the NS equations. Then, the necessary modifications to build NS precondi-
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tioners are performed, and again a reduction of available parameters is needed. This
process results in a two-parameter (β-γ) preconditioner, which is split into two differ-
ent preconditioners, whose condition numbers are studied. Numerical results shown
in later sections confirm theoretical deductions.

4.2 Generalized LB method

The generalized lattice Boltzmann equation [23] is constructed in moment space,
instead of discrete velocity space, and it is based on a multi-relaxation-time collision
operator which allows a different relaxation for each moment. Furthermore, additional
adjustable parameters can be defined within the equilibrium moments [24], leading to
a generalized hydrodynamics with properties that are optimized by the means of the
aforementioned collision-relaxation factors and equilibrium-adjustable parameters.

The generalized two-dimensional model with nine discrete velocities (D2Q9) by Lalle-
mand and Luo [24] is used as the starting point. The equilibrium moments for non-
conserved quantities are:

eeq = α2ρ + γ2ρ0(u
2 + v2) , (4.1a)

ǫeq = α3ρ + γ4ρ0(u
2 + v2) , (4.1b)

qeq
x = β1ρ0u , (4.1c)

qeq
y = β1ρ0v , (4.1d)

peq
xx = γ1ρ0(u

2 − v2) , and (4.1e)

peq
xy = γ3ρ0uv . (4.1f)

The seven adjustable parameters α2,3, β1 and γ1−4, in conjunction with the nine
relaxation factors si, define the fluid flow behavior. These relaxation factors are
related to some macroscopic properties.

In the work by Lallemand and Luo [24] relationships between the equilibrium free
parameters and fluid flow behavior are described. These are summarized next. To
eliminate first order effect of the velocity in the bulk viscosity a value of α2 = −2α
and c2

s = 1/3 (cs being the sound speed) should be taken. α3 is a free parameter, but
to reduce them to a single parameter α the relation α2 = −2α3 is chosen. To prevent
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shear wave attenuation from having an anisotropic dependence on the velocity, while
keeping a free parameter, β1 = −β should be chosen. To preserve Galilean invariance
(up to first order in velocity) but, additionally, preserving a free parameter, the
following relations are used: γ1 = γ3 = γa and γ2 = 3γa. Finally, to combine all γ1,
γ2 and γ3 effects into two parameters (γa, γb), the relation γb = 2γ4/3− γa is chosen.

Taking into account these considerations, and performing a flow re-scaling using β,
the resulting equilibrium moments are:

ρeq = ρ , (4.2a)

eeq = −2αρ + 3γaρ0(u
2 + v2) , (4.2b)

ǫeq = αρ − 3

2
(γa + γb)ρ0(u

2 + v2) , (4.2c)

jeq
x = βρ0u , (4.2d)

qeq
x = −βρ0u , (4.2e)

jeq
y = βρ0v , (4.2f)

qeq
y = −βρ0v , (4.2g)

peq
xx = γaρ0(u

2 − v2) , and (4.2h)

peq
xy = γaρ0uv . (4.2i)

Therefore, these equilibrium moments are constructed in such a way that, if the
free parameters are canceled in the steady state, the solution obtained preserves all
desired properties. Indeed, this implies that until the steady state is reached, these
properties are not preserved, which is the mechanism used to accelerate the flow
solution by changing its hydrodynamic behavior.

The rescaling made in velocity helps to compare this MRT method with its equivalent
SRT, particularly, with its equilibrium distribution function; and it also permits to
compare the preconditioned system obtained in Sec. 4.3 with typical preconditioners
used in classical methods for the solution of Navier-Stokes equations.
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The equilibrium distribution functions f eq
α equivalent to the previous equilibrium

moments have the form:

f eq
α = wα

{

αρ + ρ0

[

3β(eα · u) +
9

2

(

γa(eα · u)2 − 1

3
γbu · u

)]}

. (4.3)

Notice that α-subscript in fα is related with the R
9 space of discrete velocities and

has nothing with the parameters α, α2 and α3 which modify the ρ-terms.

4.3 Preconditioned Navier-Stokes

Preconditioning has been used in Navier-Stokes equations as a numerical artifact to
accelerate the convergence to the steady state solution. This modification of the origi-
nal equations introduces two improvements related to convergence rate and accuracy.
First, the changes introduced in the system are equivalent to replacing the sound
speed with a pseudoacoustic speed which helps to reduce the disparity between eigen-
values, and, consequently, increases the convergence rate. The second improvement
comes from the re-scaling of viscosity, which provides the correct asymptotic solution
to the incompressible Navier-Stokes equation when the Mach number tends to zero.

The standard procedure to recover the Navier-Stokes equations from the Boltzmann
one is the Chapman-Enskog expansion [11]. If this is applied to the generalized lattice
Boltzmann equation with the equilibrium moments of Eq. (4.2), the Navier-Stokes
equations are not obtained, because additional terms appear in both the continuity
and momentum equation. The resulting continuity equation reads:

α
∂ρ

∂t
+ β∇ · (ρ0u) + 3(γa − γb)ρ0

(

u
∂u

∂t
+ v

∂v

∂t

)

= 0 . (4.4)

To cancel the extra terms γa = γb is imposed.

Applying again the Chapman-Enskog procedure with the equilibrium moments of
Eq. (4.2), but now with γa = γb = 1/γ, the following equations are obtained:

α
∂ρ

∂t
+ β∇ · (ρ0u) = 0 , (4.5a)

β
∂(ρ0u)

∂t
+

1

γ
∇ · (ρ0uu) = −α∇p + β∇ · (ρ0νS) . (4.5b)

This set of equations is closed with the state equation; in this case, an equation for a
perfect gas, p = ρ/3.

The system of Navier-Stokes equations Eq. (1.10) can be rewritten in vector form
(not considering the LB preconditioning parameters) as:

∂Uc

∂t
+

∂E

∂x
+

∂F

∂y
=

∂Ev

∂x
+

∂Fv

∂y
, (4.6)
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where Uc are the conserved variables, Ev and Fv are the viscous terms; in conjunction
with E and F, they are defined as:

Uc = (ρ, ρ0u, ρ0v)T ; (4.7a)

E = (ρ0u, ρ0v
2 + p, ρ0uv)T ; (4.7b)

F = (ρ0v, ρ0uv, ρ0v
2 + p)T ; (4.7c)

Ev = (0, τxx, τxy)
T ; and (4.7d)

Fv = (0, τyx, τyy)
T ; (4.7e)

with τij being the stress tensor. The right-hand side of Eq. (4.6) represents the
viscous term, which are function of the kinematic viscosity ν and bulk viscosity ζ.
Aditionally, a vector with the variables in the viscous terms, Uv, is defined as:

Uv = (p, u, v)T ; (4.8)

Time-derivative preconditioning of system (4.6) can be obtained premultiplying the
time-derivative term by a preconditioning matrix Pc. Writing all left-hand-side
derivatives of Eq. (4.6) using conserved variables, the preconditioned Navier-Stokes
equations are:

Pc
∂Uc

∂t
+

∂E

∂Uc

∂Uc

∂x
+

∂F

∂Uc

∂Uc

∂y
=

∂Ev

∂x
+

∂Fv

∂y
. (4.9)

To study the advantages introduced by the preconditioning, an analysis of the eigen-
values of the Γ matrices is performed. These matrices are defined from Eq. (4.9), as:

Γcx = P−1
c

∂E

∂Uc
, and Γcy = P−1

c

∂F

∂Uc
. (4.10)

The basic aim of preconditioning is to scale the eigenvalues of Γ appropriately, in
order to reduce the stiffness of the system. Low Mach number preconditioners must
address the stiffness of the problem caused by the difference between the speed of
sound and the mean velocity of the flow. As a measurement to quantify this goal, the
condition number is used. This is defined as:

Condition Number = max

∣

∣

∣

∣

λi(Γ)

λj(Γ)

∣

∣

∣

∣

; (4.11)

where λi and λj are two different eigenvalues of Γ. The closer to 1.0 the condition
number is, the better preconditioned the system will be.
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To construct a time-derivative preconditioned system from Eq. (4.5) it is necessary
to manipulate this expression to include all parameters in the temporal term. To
exemplify this procedure the particular case of β = 1 and γ = 1 is taken; thus, only
the α parameter remains. As all the terms not influenced by α are multiplied by β
or by 1/γ, the α-preconditioner is equivalent to a β-γ-preconditioner where β = 1/γ.
Indeed, the same conclusion can be reached from the analysis of the equilibrium
distribution function, Eq. (4.3). Thus, the general case of a β-γ-preconditioner and
its particular cases are analyzed.

4.3.1 β-γ-preconditioning

Taking into account all the previous considerations a set of equilibrium moments that
is modified by two free parameters is obtained:

ρeq = ρ , (4.12a)

eeq = −2ρ + 3ρ0(u
2 + v2)/γ , (4.12b)

ǫeq = ρ − 3ρ0(u
2 + v2)/γ , (4.12c)

jeq
x = βρ0u , (4.12d)

qeq
x = −βρ0u , (4.12e)

jeq
y = βρ0v , (4.12f)

qeq
y = −βρ0v , (4.12g)

peq
xx = ρ0(u

2 − v2)/γ , and (4.12h)

peq
xy = ρ0uv/γ . (4.12i)

These equilibrium moments lead to preconditioned Navier-Stokes equations of the
form:

1

β

∂ρ

∂t
+ ∇ · (ρ0u) = 0 , (4.13a)

β γ
∂(ρ0u)

∂t
+ ∇ · (ρ0uu) = −∇p∗ + ∇ · (ρ0νS) ; (4.13b)
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with the following preconditioning matrix in the conserved variables:

Pc =





1
β 0 0

0 β γ 0
0 0 β γ



 . (4.14)

In these NS equations, a modified pressure is used:

p∗ = γ
ρ

3
, (4.15)

and a redefinition of viscosity is needed:

ν = β γ
1

3

(

1

s∗ν
− 1

2

)

; (4.16)

with

s∗ν =
1

τp
=

[

1/sν − 1/2

β γ
+

1

2

]

−1

; (4.17)

being the effective relaxation parameter, and where star-superscript accounts for pre-
conditioned values. Additionally, to correct the effect of flow re-scaling, momentum
is corrected as:

ρ0u =
jeq

β
. (4.18)

The corresponding Γ matrix of this system in conserved variables and x direction is:

Γcx =





0 β 0
1

3β γ
1

β γ u 0

0 0 1
β γ u



 ; (4.19)

which has the following eigenvalues:

λΓcx =
1

βγ

{

u,
1

2
u ± 1

2

√

u2 +
4

3
β2 γ

}

. (4.20)

To compare the preconditioning matrix (4.14) with typical preconditioning matrix
used in Navier-Stokes equations, a system where ρ0 = ρ is considered and Pc is
transformed into viscous variables:

Pv =
∂Uc

∂Uv
Pc =







3
β 0 0
3u
β ρ β γ 0
3v
β 0 ρ β γ






. (4.21)

This preconditioning matrix was first proposed by Turkel [86], and it is equivalent to
the preconditioner by Choi and Merkle [87] and also to the Weiss and Smith [100]
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one. For selecting parameters for this preconditioner, Turkel [86], Choi and Merkle
[87] suggest:

β = β2
min (Ma ≤ βmin) ,

β = Ma2 (Ma > βmin) ; (4.22)

but for the lattice Boltzmann method, taking into account stability criteria, βmin ≈
2u0 is chosen, u0 being the reference velocity.

4.4 Condition Number analysis

The condition number is used in this Chapter to study the performance of precon-
ditioners. This number is constructed as indicated in the Eq. (4.11), and using the
eigenvalues from Eq. (4.20). The reference case is the non-preconditioned lattice
Boltzmann method, eigenvalues of which are recovered by setting β = γ = 1.0. Fig-
ure 4.1 displays values of the condition number for this method as a function of the
velocity u; the reference density has been set ρ0 = 1.0 here and in all the following
computations. When a condition number smaller than those on this curve is obtained
by preconditioning, the convergence behavior will be improved.
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Figure 4.1: Condition number as a function of velocity for the non-preconditioned
(β = γ = 1.0), the β-preconditioned and the γ-preconditioned lattice Boltzmann
method.

An important remark regarding the condition number dependency on velocity is
that, as the Mach number tends to zero, the condition number grows potentially,
preventing a fast solution of a fluid flow simulation. On the other hand, when a β-γ-
preconditioner is used, condition numbers are reduced for all velocities, with smaller
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values as the Mach number increases, as in the reference method. Information for the
β-γ-preconditioner can be extracted from Fig. 4.2.
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Figure 4.2: Condition number at two different velocities for the β-γ-preconditioner.

Additional information is given in Fig. 4.3, where a condition number map is plotted
as a function of velocity for the case of β = 1/γ, which would be equivalent to an
α-preconditioner. In this case, low condition numbers are obtained for high velocities,
close to the low-Mach-number limit. This is because of the natural dominance of the
β-preconditioner over the γ-preconditioner, due to the dependence on u in the first
case and on u2 in the second.
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Figure 4.3: Condition numbers as a function of velocity for the β = 1/γ precondi-
tioner.

A particular case is found when γ = 1.0. For this situation a linear dependency of
the condition number with β exists, with lower condition numbers as β decreases and
the Mach number increases. A possible application of this preconditioner would arise
in Stokes flows (e.g. porous media), where the quadratic term of the equilibrium
distribution function is suppressed, and the β parameter could be used to reduce
calculation time to steady state.

An additional interesting case emerges when β = 1.0, and the preconditioner proposed
by Guo et al. [90] is recovered. For this case, as the Mach number decreases, smaller
values of γ are needed to maintain a lower condition number; but the lowest γ will be
limited by stability criteria [90]. This reveals the importance of the stability analysis
to determine the applicability limits. These limits are investigated numerically for
both the γ and β-preconditioner in the next Section.

4.5 Numerical results

The previous results are verified in this section using as a test case the lid-driven
cavity-flow [101] with a Reynolds number Re = (Nu0)/ν = 100, N = 129, and
reference velocity u0 = 0.05. Therefore, Ma = u0/cs = 0.087 and sν = 1.448. The
bounce-back boundary condition is used at walls, and for the moving lid a momentum-
transfer boundary condition [38] is applied (i.e. UBB, see Chapter 2 and 3), where
u0 must be rescaled according to β. The numerical results for velocity and pressure
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obtained with the non-preconditioned and preconditioned LB for this test problem
compare well with incompressible reference data, and evidence or any further discus-
sion are omitted. It will nevertheless recorded that preconditioning results are more
accurate, because of the better asymptotics at low Mach number [88, 102]. The con-
vergence behavior is measured with the velocity residual, computed as the error with
the L2 norm of the velocity vector. Results using different pairs of values for β and γ
are shown in Fig. 4.6. The velocity residuals shown are indicative of the time needed
to reach the steady state with preconditioned and non preconditioned LB methods.
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Figure 4.6: Evolution of velocity residuals for the non-preconditioned LB method
(β = γ = 1.0) and different versions of the preconditioned LB. The relaxation factor
is sν = 1.448 for all cases.

Table 4.1: Condition number for different β-γ values and convergence rate obtained
in numerical simulations of the test case.

β γ CN s⋆
ν = 1/τp Time Steps % Time

Steady State Reduction

1.0 1.0 12.0 1.448 55700 0.0
0.7 1.0 8.7 1.295 37900 32.0
2.0 0.1 7.8 0.688 12160 78.2
0.1 1.0 4.0 0.416 6295 88.7
1.0 0.1 4.1 0.416 6290 88.7

The slope of the convergence lines is directly related to the condition number com-
puted as in Section 4.3. In Table 4.1 condition numbers and time steps to reach the
steady state are shown for the same cases as in Fig. 4.6. An important point that
arises from this Table is that when the stability limit is reached for both β and γ
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preconditioners (last two lines in the Table) the same condition number is obtained
and the same convergence behavior is observed.

It is also important to remark that the condition-number analysis gives no information
on the stability of the system, and for this reason not all points in Figs. 4.1-4.5 are
feasible. In order to obtain the stability limits for the preconditioning presented, a
numerical study has been performed. Results (Fig. 4.7) show that γ and β have a
lower limit (the upper limit of 1/γ is plotted), and for both the condition number is
a minimum at these limits.
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Figure 4.7: Stability limits for the β- and γ-preconditioners.

The condition numbers at the stability limits for the β- and γ-preconditioners are
plotted in Fig. 4.8. It is an interesting fact that they are identical except at very low
speeds, where the β-preconditioner could yield a better speed-up. This is related to
diffusive nature of low speed flow and the O(u) dependence of these terms, which are
scaled by β.

4.6 Conclusions

From the study presented in this work and in [90], the complete process to be applied
to the study of other new preconditioning schemes for lattice Boltzmann methods
can be derived. It should be based on: (i) a Chapman-Enskog procedure to properly
recover some preconditioned-like Navier-Stokes system; (ii) a study of the condition
number to asses the potential of the method; and (iii) a linear analysis to establish
the stability limits.
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preconditioners.

Using this method, a two-parameter β-γ-preconditioner, Eq. (4.12), (4.15) and (4.16),
for the lattice Boltzmann equation has been developed considering the Navier-Stokes
preconditioning. Specifically, a new preconditioner based on the modification of the
linear terms u of the equilibrium distribution function (β-preconditioner) is shown
to improve γ-preconditioned results at very low Mach numbers (Ma < 0.05). Addi-
tionally the method is extended to the generalized MRT collision operator (regarding
the original work by Guo et al. [90]) and a theoretical analysis is performed based on
the condition number of the Navier-Stokes system recovered from the lattice Boltz-
mann equation. A comparison of the β-γ-preconditioners with the typical ones used
in Navier-Stokes equations reveals that for a particular selection of LB parameters, a
NS preconditioner [86, 87, 100] is recovered.



5
Optimal preconditioning

5.1 Introduction

Preconditioning is defined, in a general sense, as the change, or conditioning, of eigen-
values of a system of equations in order to obtain an improvement in its behavior.
Therefore, preconditioning can adopt different meanings depending on the system
considered or on the improvement desired. In the case of lattice Boltzmann simula-
tion of fluid flow, a definition of preconditioning is needed to avoid misunderstandings.
Indeed, three different cases of preconditioning are analyzed in this work: (i) time-
derivative preconditioning of Navier-Stokes equations for fluid flow acceleration and
its correct asymptotic recovering of the incompressible solution; this is the classical
application in CFD, and is applied in lattice Boltzmann methods through a modi-
fication of the equilibrium distribution function; (ii) time-derivative preconditioning
of the lattice Boltzmann equation, which is compared in this work to under-relaxed
schemes; and (iii) the multi-relaxation-times collision operator, which can be seen as
a preconditioning of the collision operator in order to improve the stability of the
system.

The main objective of the present Chapter is to provide theoretical and numeri-
cal results which allow to define the optimal use of the γ-preconditioner. The γ-
preconditioner is selected due to its efficiency and simplicity: it works as well as the
β-preconditioner for most of the Mach-number range and, the most importantly, the
implementation of boundary conditions is easier as it does not involve the rescaling
of u-terms. For the sake of simplicity, the study performed is based on the two-
dimensional D2Q9, but it can be straightforwardly expanded to other lattices. The

73
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three-dimensional D3Q19 preconditioned method is in the Appendix B.

5.2 Linear stability analysis

Linear stability analysis, see Sec. 1.3, is a useful tool to study stability of linear and
linearized systems. It has been previously used to study the stability of lattice Boltz-
mann methods [42], and to optimally construct new lattice Boltzmann models [24].
Additionally, it has been used as supplementary tool for the design of precondition-
ers for both, Euler and Navier-Stokes system of equations [87, 88]. In this section
this technique is applied to the analysis of optimal preconditioned lattice Boltzmann
schemes.

5.2.1 Lattice Boltzmann equilibrium-based preconditioner

After the work by Guo et al. [90], the general guidelines for the stability criteria of
preconditioned SRT lattice Boltzmann methods are known. These are: (i) τp must
be greater than one-half; (ii) γ must be greater than a certain value which depends
on the other parameters (ui, ki, τs); and (iii) as γ increases, so does the maximum
speed for a stable method.

To study the γ-preconditioner, the linear stability analysis for LB MRT methods
described in Sec. 1.3 is followed. The eigenvalues of the linearized evolution operator
Lαβ are first computed for each configuration defined, and the maximum, λmax, of
these values is selected, which dictates the stability of the system. To analyze the
results, λmax-iscontours, or stability maps, are plotted for both the MRT and SRT
methods. These stability maps summarize a lot of information that otherwise were
difficult to analyze.

For the D2Q9 γ-preconditioner MRT method the resulting Gαβ matrix, which is used
to build the linearized evolution operator, is :

Gαβ =





























0 0 0 0 0 0 0 0 0
−2se −se 0 6seu0/γ 0 6sev0/γ 0 0 0
sǫ 0 −sǫ −6sǫu0γ 0 −6sǫv0/γ 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 −sq −sq 0 0 0 0
0 0 0 0 0 0 0 0 0
0 0 0 0 0 −sq −sq 0 0
0 0 0 2sνu0/γ 0 −2sνv0/γ 0 −sν 0
0 0 0 sνv0/γ 0 sνu0/γ 0 0 −sν





























. (5.1)
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The values λmax are first analyzed for the whole range of wave numbers kx ∈ [0, π],
and for γ ∈ [0, 1]. Results for U = (0.0577, 0) and τs = 0.5017, which are equivalent
to Rex = (u0δx)/ν = 100 and Ma = 0.1, are plotted in Fig. 5.1 for the SRT collision
operator and also for the MRT one. The SRT relaxation parameter τs is computed
with N = 1; and the MRT relaxation coefficients are: sν = 1/τp and se = sǫ =
sq = 1.0. Figure 5.1 displays the isocontours of λmax, and the areas with λmax > 1
(unstable) are shaded in light-gray. A first remark is that there exists a stability
limit for γ (γmin), which is approximately the same for SRT and MRT. This γmin

is defined by the upper limit of the isocontour λmax=1.0; and it depends on local
Reynolds number Rex and Mach number Ma. The main difference between the SRT
and MRT collision operators is that for γ values equal to or greater than the stability
limit, λmax will be smaller for MRT at every wave number, which means a better
stability condition.
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Figure 5.1: Iso-contours of maximum eigenvalue on the γ-kx plane for the SRT (left)
and MRT (right) collision operators.

To analyze the influence of the velocity ui on the stability, λmax values for different
Ma and γ are plotted in Fig. 5.2. The value of τs is fixed at 0.502, and τp is computed
from as a function of γ and τs; the MRT relaxation parameters others than sν = 1/τp,
are fixed to 1.0. Results are plotted within the incompressibility limit Ma ∈ [0, 0.3].
For a given Ma number, the γmin limit turns out to be approximately the same for
both collision operators, but with better stability conditions for MRT. Additionally,
the plots reveal that the relation between the γmin limit and the Mach number is
linear.

Applying the stability analysis to the SRT and MRT preconditioned schemes, based
on the preconditioned equilibrium distribution function, the stability criteria [90] can
be redefined in the following way: (i) as λmax = 1−1/τp in the limit when ki = 0, the
preconditioned relaxation parameter τp must be greater than one half, or equivalently,
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Figure 5.2: Maximum eigenvalue in the whole range of kx for different γ-Ma values
for the SRT and MRT collision operators.

τs > 1/2 and γ > 0 to have a stable preconditioned lattice Boltzmann scheme; (ii)
there exists a γmin point close to the stability limit where the λmax is the lowest,
meaning grater stability, and this stability is better for MRT; (iii) there is a linear
relation between the γmin limit and the Mach number.

5.2.2 Optimal preconditioning parameters

To analyze a possible a priori selection of an optimal value for the preconditioning
parameter, γop, a graphical representation of the relationship between γ, τs and τp

is built, Fig. 5.3. Two superimposed relations are plotted: the first one is from the
linear stability analysis and it shows the maximum eigenvalue of Lαβ as a function of
the preconditioning relaxation parameter τp and of γ; the second relationship is the
one arising from the Eq. (4.17), which can be expressed for the γ-preconditioner as:

γ =
τs − 1/2

τp − 1/2
. (5.2)

While an analytical expression for γop could be useful, it is not possible to obtain one
from linear stability analysis, and only indications, based on the results, can be pro-
vided. Thus, γop may be restricted between the minimum allowable preconditioning
parameter γmin due to stability criteria, and the set of all points on the τp − γ plane
where for each fixed τs the minimum value of λmax is found. This may be expressed
as:

γop(Rex,Ma) ∈ [γmin, γ[τs(Rex,Ma),min.λmax(Rex,Ma, sα)]] , (5.3)
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Figure 5.3: Maximum eigenvalue in the whole range of kx for different γ-τp values for
the SRT and MRT collision operators. Iso-contours of τs as a function of γ and τp

are plotted with dotted lines.

where γmin can be approximated by data from Fig. 5.2, and ignoring the Rex depen-
dence, as:

γmin =
τs(Ma) − 1

2

τmax
p (Ma) − 1

2

≈ 1.5Ma . (5.4)

In preconditioned lattice Boltzmann simulations using the scheme proposed, the gain
obtained can be viewed as a change from the relaxation parameter, τs, which de-
termines the actual Reynolds of the flow, to a fictitious preconditioning relaxation
parameter, τp, which accounts for the behavior of the simulation. Thus, the larger
τp is, the more stable and better preconditioned the system will be; however large τp

for a given τs fall beyond the stability limit. On the other hand, for large τs values,
the optimal point could be displaced to γ values larger than γmin because a com-
promise between large τp and small λmax must be reached. This is the case of the
microchannel analyzed in Sec. 5.5

5.2.3 Global map of stability limits

In this Section the limits of the MRT preconditioned scheme are explored by means
of a more general stability analysis (γ ∈ (0,∞)), and a study of the condition number
(CN) of the recovered Navier-Stokes equation.

Figure 5.4 summarizes the results from the analysis. First, in the top-right part of
Fig. 5.4 stability maps of τs vs. γ ∈ (0, 1) are plotted for different Mach numbers
between Ma = 0 and Ma = 1.2. The analysis performed above is for the incompress-
ible area of this part of the diagram. Isocontours of λmax are plotted in a gray shade
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where the method is stable (darker shades indicating more stable schemes), and un-
stable regions are drawn in white. The main observation is that as the Mach number
increases, the stable area is reduced and γmin linearly increases. Additionally, for
Ma → 0 the stability contour becomes linear. To complement this information, the
ratio between the condition number of each Ma-γ point and the condition number
for this point at γ = 1 (CN/CN0) is plotted under the stability map. Grey areas
indicate acceleration regions, where the convergence rate to the steady state is faster
the darker the shade is. The zone of greater acceleration is the same as the one for
γmin, and therefore, stabilization and acceleration can be achieved at the same time.

On the left-hand side of Fig. 5.4, the same relations are plotted for γ ∈ (1,∞). Some
interesting remarks can be made. The first one is that the stability of the method
is now greater, as it remains stable beyond Ma = 1; however, for the incompressible
limit, the method is ill-conditioned, and no acceleration is obtained. As the flow is
isothermal, the high-Ma region has no physical interest, albeit its study can assist in
the development of stabilized methods for lattice Boltzmann compressible flows. An
advantage derived from the use of γ ∈ (1,∞) is that stable and accurate methods can
be obtained for τs > 2 which is the upper limit dictated by numerical restrictions;
this is the case for flows at at very low Reynolds numbers such as Stokes flows (see
Sec. 5.4).

5.3 Two-dimensional test case I: lid-driven cavity

A lid-driven cavity flow is chosen as two-dimensional test-case due to its well-researched
steady-state solution [101], and to the absence of open boundaries. The present anal-
ysis focuses on three aspects: convergence rate, stability, and accuracy. Additionally,
the influence of the Reynolds number on the performance of the preconditioner is
studied, as is the effect of under-relaxation of fα within the preconditioned scheme.
The domain dimensions and other flow characteristics are defined below for each
case. For wall boundary conditions, the half-way bounce-back scheme is used, with
the momentum transfer correction of Bouzidi et al. [38] for the moving lid.

5.3.1 MRT versus SRT preconditioned LBE

The performance of the MRT and SRT preconditioned methods is first compared.
The study of the convergence behavior is done by monitoring the residual errors of
the velocity field at each temporal step, the residual being computed with the L2-
norm. These residuals are shown in Fig. 5.5 for four lattice Boltzmann schemes to
compare the convergence rate. As reference case the following is chosen: Re = 1000 ,
Ma = 0.1 and an N × N domain with N = Nx = 129. Therefore u0 = 0.057735 and
τs = 0.501732. The main conclusion from Fig. 5.5 is that the optimally-preconditioned
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MRT is the method which first reaches convergence to machine accuracy (after ap-
proximately 4 · 104 time steps), while SRT methods remain far from this goal after
105 time steps.

As a result of the algorithmic differences between the SRT and MRT methods, the
smallest number of time steps required by the MRT does not necessarily imply greater
performance efficiency than SRT. The millions of lattice nodes updated per second
(MLUPS) is used as a measure to compare performance. MLUPS include the time
needed to calculate the collision, the propagation and the velocity residuals. The
comparison between MRT and SRT for this two dimensional problem is shown in
Fig. 5.6. Simulations to compare performances were carried out on an AMD Athlon 64
at 1.8GHz and with 512KB of cache memory. Results indicate that the SRT collision
operator is approximately 4% faster on average than MRT. This is not a significant
difference, therefore the comparison between SRT and MRT on the same time scale
in Fig. 5.5 is representative of the gain in overall performance. From Fig. 5.6, it can
be concluded that efficiencies of MRT and preconditioned MRT are similar over the
entire range of N , which indicates that the preconditioning method suggested does not
add any additional, significant algorithmic complexity. The remaining results shown
in Fig. 5.6 are for the under-relaxed scheme that will be discussed in Sec. 5.3.3.
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Figure 5.5: Velocity residuals for the lattice Boltzmann equation with SRT and MRT,
and optimal preconditioned versions of both collision operators. The used values of
γ in each case are indicated.

A visual indication of the stability improvement achieved with preconditioning is
shown in the pressure contours of Fig. 5.7. Using either the preconditioned SRT,
the MRT or the preconditioned MRT schemes result in a very significant reduction
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in the pressure oscillations. However, with both preconditioned SRT and standard
MRT some small oscillations do remain close to some the cavity corners; these are
completely suppressed with the preconditioned MRT scheme proposed.

The accuracy of the results is measured against the benchmark simulations by Botella
and Peyret [103]. This comparison is shown in Fig. 5.8. A relatively coarse lattice
dimension of N = 129 was chosen to highlight differences in accuracy between non-
preconditioned and preconditioned schemes, the latter ones providing more accurate
results.

5.3.2 Effect of Re on the preconditioning performance

To study the effect of parameters which define the flow (Re, Ma, N and sν) on the
MRT preconditioning performance, time steps needed to reach machine accuracy are
analyzed versus the Reynolds number as a function of Ma, N and τs . This accuracy
is 5 ·10−9 for the conserved macroscopic variables ρ and ui. Three parametric studies
are performed, for the variation respectively of the number of lattice nodes, of the
Ma number, and of sν = 1/τs. Additionally, the dependence of the optimal value of
γ as a function of these parameters is also analyzed.

Figure 5.9 (left) displays the time needed to reach machine accuracy as the number of
lattice nodes is increased (for Ma = 0.1 and sν = 1/τs = 1/0.55). This time increases
with the number of nodes for both preconditioned (γop) and non-preconditioned (γ =
1.0) MRT methods, but the time is always longer for the non-preconditioned scheme
and the difference increases as the dimension does. For the case of the Ma dependency,
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SRT (γ=1.0) MRT (γ=1.0)

SRT (γop=0.18) MRT (γop=0.13)

Figure 5.7: Pressure contours taken at a velocity-residual level of 10−5 for the same
cases as in Fig. 5.5. N = 129, Re = 1000 and Ma = 0.1.
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with N = 120 and sν = 1/τs = 1/0.55, Fig. 5.10 (left), the trend is different for
preconditioned and non-preconditioned schemes. The latter requires a larger Ma
number to reduce the computational time, but this implies loosing accuracy due to
compressibility effects. The preconditioned method reduces the calculation time as
the Mach number decreases, and therefore the difference between both is maximal
when Ma → 0. From Fig. 5.11 (left) it can be concluded that time needed to reach
machine accuracy increases with both methods with sν , for Ma = 0.1 and N = 120,
with the preconditioning MRT providing the shortest times along the entire range.

Summarizing from these results, the best improvements with the MRT preconditioner
are obtained at moderate Reynolds numbers, τs = 1/sν = (0.53, 0.55), with low
velocities, Ma < 0.1, and high-resolution meshes. With these parameters, errors due
to compressibility and discretization will also be reduced, and the problem remains
well within the stability region τs > 0.5.

The evolution of γop as a function of N , Ma and sν = 1/τs is shown in right-hand-side
plots of Figs. 5.9, 5.10 and 5.11. The optimal value has no dependence on sν = 1/τs,
a weak dependence on N and linear dependence on Ma. The nearly linear relation
obtained from the stability analysis Fig. 5.2 is plotted for comparison in Fig. 5.10, as
well as the line γop = Ma.
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5.3.3 Under-relaxation effect on preconditioner performance

The DBE Eq. (1.1) can be discretized as (see for example [94]):

fα(xi + eiαδt, t + δt)− fα(xi + eiαδt, t) +
eiαδt

δx
fα(xi + eiαδt, t)− fα(xi, t) = Ωα(xi, t) ;

(5.5)
where, when (eiαδt)/δx = 1, then CFL = 1. In the classical LB method, the discrete
temporal and spatial steps are the unity (δt = 1 and δx = 1), and they determine the
lattice units. Therefore, the second and the third terms are canceled and this makes
it possible to split the simulation in the collision and the propagation steps.

Starting from Eq. (5.5), the viability of a direct time-marching preconditioning of
the lattice Boltzmann equation is studied, as an alternative to find lattice Boltz-
mann equations which lead to preconditioned Navier-Stokes systems. To modify
this scheme, the temporal term of each equation is multiplied by a diagonal matrix
Φαβ = diag(φ, ..., φ), with φ a constant factor equal for all fα, which is expected to
modify the convergence behavior without introducing any modification to the steady
state solution. The following modified discretization results:

Φαβ[fα(xi + eiαδt, t + δt) − fα(xi + eiαδt, t)]

+
eiαδt

δx
fα(xi + eiαδt, t) − fα(xi, t)

= −δtM−1
α Sα[mα(xi, t) − meq

α (xi, t)] . (5.6)

Simple algebra with this equation leads to the following collision-propagation algo-
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rithm:

collision: f̃α(xi, t) = [Φαβfα(xi, t) + (Iαβ − Φαβ)fα(xi, t − δt)] f∗

α(xi, t)

− M−1
α Sα[mα(xi, t) − meq

α (xi, t)] , (5.7a)

propagation: fα(xi + eiαδt, t + δt) = f̃α(xi, t) ; (5.7b)

where f∗

α(xi, t) = Φαβfα(xi, t − δt) + (Iαβ − Φαβ)fα(xi, t − 2δt). This scheme can be
viewed as a standard collision-propagation algorithm plus a temporal under-relaxation
of fα variables. It is actually a Jacobi iteration. The scheme can be improved by using
other classic iterators, as the Gauss-Seidel one, but losing locality in the collision step.

An under-relaxation coefficient φ = 0.8 is selected, and results for preconditioned
versions of the SRT and MRT collision operators are shown in Fig. 5.12. In the
SRT case, when moving from the optimal preconditioning (γ = 0.18) to an under-
relaxed preconditioning with the same γ, it is possible to reach lower residual values.
The under-relaxation modifies the stability behavior and, therefore it is possible to
select smaller values of γ. Thus, using the new optimal value of the preconditioning
parameter (γ = 0.11), less time is needed to reach machine accuracy. In the case of
MRT (right plot in Fig. 5.12), these improvements are not so obvious, and under-
relaxation can even worsen convergence if the value of γ is maintained. However,
a new γop = 0.10 is found, which slightly improves the convergence behavior. A
drawback of the relaxation modification is that it slightly decreases (by a 15%) the
computational efficiency of the scheme, because of the increase in the number of
operations needed. MLUPS figures for the under-relaxed scheme have been plotted
in Fig. 5.6 alongside those for the previous schemes.

Time Steps

V
el

oc
ity

R
es

id
ua

l

0 25000 50000 75000
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

φ =1.0; γop=0.18

SRT

Time Steps

V
el

oc
ity

R
es

id
ua

l

0 25000 50000 75000
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

φ =0.8; γ =0.18

Time Steps

V
el

oc
ity

R
es

id
ua

l

0 25000 50000 75000
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

φ =0.8; γop=0.11

Time Steps

V
el

oc
ity

R
es

id
ua

l

0 25000 50000 75000
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

φ =0.8; γ=0.13

Time Steps

V
el

oc
ity

R
es

id
ua

l

0 25000 50000 75000
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

φ =0.8; γop=0.10

Time Steps

V
el

oc
ity

R
es

id
ua

l

0 25000 50000 75000
10-9

10-8

10-7

10-6

10-5

10-4

10-3

10-2

φ =1.0; γop=0.13

MRT

Figure 5.12: Effect of under-relaxation for SRT (left) and MRT collision operators
(right).



5.4. Two dimensional test case II: stokes slip channel 87

5.4 Two dimensional test case II: ill-conditioned stokes flow in a

slip channel

Incompressible Stokes flows are characterized by very low Reynolds and Mach num-
bers. A very low Re number implies a high τs, which degrades the solution by intro-
ducing errors in the non-equilibrium term. This error influences the computation of
stresses or forces at walls, and also of the value of the slip velocity at walls [53, 60].
From these accuracy difficulties, the limiting value for the relaxation factor is about
τs = 2.

As stated above, the value of γ changes the relaxation factor τs, redefining the flow
viscosity to a τp value, which dictates the numerical behavior. This can be used to
reduce the error in very-low-Reynolds-number flows by selecting a value for γ which
results in τp < τs. The results provided in Fig. 5.4 indicate that this range of values
for γ are stable but do not accelerate the flow, because the resulting LB method is
ill-conditioned, as explained in Sec. 5.2.3.

With the present test case, the effects on performance of the ill-conditioned scheme are
studied. Additionally, the modifications in body force terms and in flow-dependent
boundary-conditions to be applied with the preconditioning LB method are detailed.

5.4.1 Stability analysis

The application of the modified equilibrium moments alters the stability limits of
the method, which have a dependence on the value of the free parameter γ. A linear
stability analysis as in Sec. 5.2 is performed to provide guidelines about the new limits.
The results presented here correspond to the Ma → 0 plane for the 0 < 1/γ < 1 range
in Fig. 5.4.

The study shows that the stability is independent of the Mach number within the
incompressible limit (Ma < 0.3). On the other hand, the combined influences of
γ and the relaxation factor τs are shown in Fig. 5.13. In this Figure dashed lines
represent λmax isocontours (computed numerically); solid isocontours represent the
modified relaxation parameter given by the relation between τs and τp; and solid
circles are the γ − τs values used in actual numerical simulations, see below, which
follow the iso-contour of 1/sν = τp = 0.505. The most important conclusion is that
the method proposed fulfills the stability criteria of known LB methods but applying
the effective relaxation factor τp.
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5.4.2 Application of the ill-conditioned scheme

Simulations of the Stokes flow in a two-dimensional channel with slip boundary condi-
tions have been performed to test the method. To compare the results, an analytical
solution has been obtained from the Navier-Stokes equation with the following slip
boundary condition:

uw = K
H

µ
τw ; (5.8)

where H is the height of the channel; µ = ρ0ν is the dynamic viscosity; τw is the stress
at the walls (at y = 0 and y = H); and K is a parameter defined as K = Ma/Re.
By using K a relation is prescribed between the slip at the wall and the relaxation
factor τs. As a result, higher τs values result in longer slip lengths.

The solution for the streamwise velocity is:

ux(y) = umax
x

4

H2(1 + 4K)

(

H2K + H − y2
)

; (5.9)

with

umax
x = −H2

8

1

µ

dp

dx
(1 + 4K) . (5.10)

The shear stress τyx has the following expression:

τyx = umax
x

4µ

H2(1 + 4K)
(H − 2y) ; (5.11)
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and, therefore, the shear stress at the wall is:

τw = ±umax
x

4µ

H(1 + 4K)
. (5.12)

The flow in the channel is driven by a body force introduced by a forcing term in
Eq. (1.2), with ai = (dp/dx, 0). Periodic boundary conditions are imposed in the
streamwise direction, with density being renormalized with the density at the central
point in the inlet, x = (0,H/2).

The approach by Bouzidi et al. [38] is used to impose the slip boundary condition:

fα(xi, t) = fα(xi, t) + 6wα(eiαuwi) , (5.13)

where eiα = −eiα; and uw = (uw, 0), with uw being computed with Eqs. (5.8) and
(5.12), which implicitly include the influence of γ through ν. This boundary condition
allows to fix the exact analytical solution at the boundary and, hence, makes it
possible to study the effect on the solution of the method proposed without the
influence of the boundary conditions.

Several Stokes flow simulations have been performed with both the standard lattice
Boltzmann MRT (LB) and the ill-conditioned lattice Boltzmann method (ill-c-LB).
The relaxation factors are selected as follows: sν = 1/τs is chosen to have a fixed value
to yield the desired viscosity; se = sǫ = sν to properly recover the incompressible limit
solution [104]; and sq = 8(2 − sν)/(8 − sν) to take into account the exact location of
the wall between two nodes [30, 31].

The increased accuracy for a given resolution can be seen in Fig. 5.14. Figure 5.14 (a)
shows the evolution of the streamwise velocity error for two different values of K as
a function of the inverse of the relaxation factor, for both LB and ill-c-LB. Each
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Figure 5.15: (a) Velocity profiles obtained with the LB and with the ill-c-LB for
different K values with N = 35 and Re = 1. (b) Deviation from the exact solution
of umax

x .

point has associated an increasing resolution which is related to K and sν : N =
3, 5, 7, 15, 45, 65, 115 for K = 0.00798; and N = 3, 5, 7, 15 for K = 0.07979. The
values of γ used are those to obtain τp = 0.505 and Ma = 0.09798. In Fig. 5.14 (b)
The same error is plotted against the inverse of the resolution. The slopes (∆) of the
curves are also indicated in the Figure for LB and for ill-c-LB.

The ill-c-LB method moves the diffusive order from first to second, albeit the im-
provement in accuracy involves an implicit increment in the computer time due to
the worsened convergence behavior. This is because the non-linear velocity terms (the
convective terms), have a decreasing effective importance as 1/γ becomes smaller. A
compromise between accuracy and computational time can be obtained by a proper
selection of γ.

When simulations with increasing τs values are performed, Fig. 5.15, the solution
deteriorates as τs increases. This degradation can be avoided by using the proposed
ill-c-LB method as shown in Fig.5.15 (b), where the deviation from the exact solution
of umax

x Eq. (5.10) is plotted as a function of K for both LB and ill-c-LB. The
points are from simulations with N = 35, Re = 1, and increasing values of τs =
0.548, 0.709, 2.918, 5.337, 12.592. The values of γ are selected to obtain τp = 0.505.

5.5 Two dimensional test case II: micro-channel

The simulation of the flow of gases in channels or tubes within the micro-scale is rele-
vant in the design of MEMS. These flows are characterized by non-negligible Knudsen
numbers (Kn > 0.001) and very low Reynolds and Mach numbers. Although Ma is
very small, the compressibility effects are important and, thus, the lattice Boltzmann
method requires some modifications [105] for the simulation of microdevices [106, 107].
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Most of these micro-flow configurations lead to steady state flows; therefore precon-
ditioning, as presented in this work, can be applied. The ill-conditioned method is
not attractive due to the lack of good convergence rates.

The flow of a gas in a channel is simulated within the slip regime (0.1 > Kn > 0.001).
The length of the microchannel is L = 1000δx and its height is H = 20δx. The
Reynolds number is set to Re = 1 and the Knudsen number varies from Kn = 0.01
to Kn = 0.15. This last value is slightly off the slip regime but it is used only
to validate the preconditioner effect on the flow. The Mach number is defined by
the relation Ma = KnRe(π/2)−1/2 [108]. The boundary conditions applied are: for
inlet and outlet, a prescribed pressure is set in order to recover the desired Kn at
the outlet; and at the walls, the boundary condition by Sbragaglia and Succi [73]
is adapted to incorporate the preconditioning effect. This boundary condition is a
linear combination of the specular reflection f s

α and the bounce-back f bc
α and it can

be expressed as:
f̃α = sf s

α + (1 − s)f bc
α , (5.14)

where s is computed from the analytical solution of the flow in a microchannel:

s =
1

1 + 3ν
HKn

, (5.15)

with ν = γ/3(τs − 0.5). This formulation of the boundary condition allows to recover
the corresponding slip at the wall as a function of the Knudsen number O(Kn), while
preserving the correct effect of γ. The lattice Boltzmann method applied is a D2Q9
MRT with and without preconditioning and with the following relaxation factors:
se = sǫ = sν = 1/τp and sq = 8(2 − sν)/(8 − sν).

Isothermal gas microflows exhibit rarefaction and compressibility effects [21]. These
are modeled through the slip boundary condition and a density dependence of the
relaxation factor (and, therefore, of the viscosity):

τp =
1

2
+

τs − 1/2

ργ
. (5.16)

The analytical solution of the viscous flow in a channel with the above conditions
leads to the following expression for the x-component of the velocity [108]:

u(X,Y )

uo
=

dp/dX

dpo/dX

Y − Y 2 + Kn

1/4 + Kno
; (5.17)

where X = x/L and Y = y/H are the normalized coordinates, and subscript o refers
to the outlet. The pressure profile along the channel is given by:

p(X)/po = −6Kno +
√

(−6Kno)2 + (1 + 12Kno)X + (P 2 + 12KnoP )(1 − X) ,
(5.18)
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Figure 5.16: Velocity profiles for the whole microchannel with superimposed pressure
iso-contours.

where P = pi/po is the ratio between the inlet and outlet pressures. These analytical
expressions are used to validate the effect of the preconditioner.

The velocity profile along the x direction from the lattice Boltzmann simulation is
shown in Fig. 5.16 to illustrate the non-linear behavior of the gas flow in a mi-
crochannel. As the gas moves downstream the pressure drop increases, and so does
the Knudsen number; therefore, the slip becomes larger and the mass flow increases.

In Fig. 5.17 the normalized velocity profiles at outlet are plotted for different Knudsen
numbers, as well as the normalized pressure profiles along the channel. Results from
the non-preconditioned lattice Boltzmann method differs slightly from those obtained
from the preconditioned one. However, as it can be seen in Fig. 5.18 (left) the accuracy
is always better with the preconditioned lattice Boltzmann approach.

Due to the compressibility effects described above a variable viscosity is used, which
serves also the purpose of validating the method for these situations. The optimal
values of γ are for this reason very different from those derived from the linear stability
analysis, Fig. 5.18 (right). The optimal γ value is conditioned by the maximum τs in
the domain, and for large values of τs, γop increases as predicted by the linear stability
analysis, Fig. 5.3. In this Fig. 5.3, for values τs > 0.8 the region with lower λmax is
no longer close to the stability limit.
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5.6 Three-dimensional test case: backward-facing step

The previous results and analysis for the D2Q9 model can be extended for other
lattice geometries. Here, the application to the D3Q19 model is presented. The
description of the model can be found in Appendix B, and in this section some salient
results are briefly described.

The backward-facing step is the selected test case. At wall boundaries, the half-
way bounce-back condition is used; at the inlet a constant velocity (u0) is set using
UBB; and at the outlet a convective condition for fα is applied [40] (see Chapter 2
and 3 for boundary-condition definition and behavior). Based on results of Armaly
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et al. [109] a Reynolds number equal to 100 has been chosen; therefore, the flow
remains laminar. The geometry, streamlines and recirculation length for the test
case are plotted in Fig. 5.19; and in Fig. 5.20 a comparison between numerical and
experimental results is shown. The reattachment length is xr/L = 3.2, which agrees
well with the experimental value of Armaly et al. [109] xr/L = 3.1.

L

L

15LL

x /L=3.2r x

y
z

Figure 5.19: Backward-facing step: domain dimensions and streamlines for Re = 100.
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Figure 5.20: Velocity profiles at different dimensionless lengths x/L (black lines); and
experimental results for Re=100 from Armaly et al. [109] (white dots).

As in the two-dimensional test-case, the residual evolutions are plotted, Fig. 5.21,
to evaluate the improvement in the convergence performance. As for the D2Q9
model, preconditioning makes it possible to reduce the time needed to attain a target
accuracy. For the D3Q19 lattice the optimal value for the preconditioner parameter
is found numerically to be γop = 2Ma.

5.7 Conclusions

The stabilization of the solution of the lattice Boltzmann equation is an early [23] but
a nowadays very active research topic [110, 111, 112] and it seems to be paramount for
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Figure 5.21: Evolution of velocity residual for two MRT simulations of the backward-
facing step: preconditioned (γop = 0.2) and non-preconditioned (γ = 1).

the penetration of LBM as a competitive CFD technique. Additionally, acceleration
is necessary for the efficient explicit computation of steady states. The optimal pre-
conditioned lattice Boltzmann equation allows to achieve these two desired properties
with an additional improvement in accuracy. In summary, the following conclusions
can be derived from the work done.

Optimal equilibrium-based preconditioners for lattice Boltzmann methods defined
with the aid of Chapman-Enskog expansion, linear stability analysis, and the con-
dition number of the equivalent Navier-Stokes equations, are proved to be a simple
and efficient technique to accelerate steady state computations. The main advantage
is that, by switching to an MRT collision operator and adding a minor modification
to the standard LB algorithm, it is possible to reduce about one order of magnitude
the computational time for steady state simulations. This time reduction varies with
the flow parameters, and could be even greater. Additionally, better accuracy and
stability are obtained. The local definition of the free parameter would improve the
preconditioner behavior; however this is not trivial in the standard scheme due to the
spatio-temporal constrains which relate all the information within the domain.

The optimal values for γ depend on the characteristics of the flow configuration but
lie in the range γop = (1.0Ma, 1.5Ma), as obtained from linear stability analysis and
simulations for the D2Q9 LB method. From simulations γop = 2.0Ma is obtained for
the D3Q19 method. For very low Reynolds numbers (τs > 2), γop increases from this
values.

Direct preconditioning of the lattice Boltzmann equation can be also applied, but
the attempt made in this direction indicates it is less effective than Navier-Stokes
based preconditioning. A direct time-derivative lattice Boltzmann preconditioner can
be viewed as an under-relaxation which introduces no improvement in the behavior
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of preconditioned schemes proposed in this work. Results obtained point to the
possibility of successfully replacing under-relaxation by the γ-preconditioner as a
smoother in spatial multigrid solvers for the LB method [94].

The preconditioned lattice Boltzmann method has been shown to work well in flows
with non-constant viscosity, e.g. in microflows; this may open the door to their appli-
cation to other kinds of flows, such as turbulent ones, where subgrid scale processes
are introduced through a modified viscosity.

The use of the preconditioning scheme to obtain an ill-conditioned system can help to
improve the accuracy of the method for very low Reynolds numbers but the significant
increase in the time needed to reach the steady state may turn the method impractical,
at least for low velocities.



6
Conclusions

This Thesis has presented new treatments and results for two numerical issues, i.e.
boundary conditions and preconditioning, in the solution of the lattice Boltzmann
equation. Specific conclusions for each topic are at the end of each chapter.

The first part (Chapters 2 and 3) addressed the specification of boundary condi-

tions other than the widely-studied Dirichlet-velocity condition. Specifically, classic
topics in boundary conditions for fluid flow simulations solving the Navier-Stokes
equations are revisited for lattice Boltzmann methods:

• The domain-boundary interaction in pseudo-compressible or compressible solvers,
and its role in the specification of non-reflecting boundaries and in the definition
of a far-field pressure at outlets.

• The setting of boundary conditions involving spatial derivatives of the macro-
scopic conserved variables.

The most relevant conclusions and novel contributions for this first part are:

• The well-posed open boundary conditions for hydrodynamic simulations (and
their implementation in lattice Boltzmann methods) are reflective in nature: the
pressure wave reflections deteriorate the convergence behavior towards a steady
or periodic solution, and they can have a relevant influence on the solution.

• A new density-filtering non-reflective boundary condition is presented for Di-
richlet-velocity conditions in steady open boundaries. It is used to determine
the influence of pressure-wave reflections on the solution.
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• A new characteristic non-reflective boundary condition is presented for ather-
mal LB methods. It can reduce the fluid-boundary interaction up to the 99%
and does not need additional absorbing layers or extended domains. It can be
applied to Dirichlet, Neumann and Robin boundary conditions of macroscopic-
conserved variables in steady and unsteady open boundaries and walls.

• A novel flexible structure to account for macroscopic-gradient boundary condi-
tions in complex geometries is proposed. The implementation of this bound-
ary condition is presented in the framework of a recent comprehensive work
by Ginzburg et al. [31] about link-wise boundary conditions. Its application
allows the reproduction of a great amount of complex phenomena involving
pressure of velocity gradients (e.g. hydrophobic-hydrophilic wall treatments,
surfactant effects in gas-liquid interfaces, subgrid description of vents and fans,
or wall models for turbulent flows).

In the second part of the Thesis (Chapters 4 and 5) a class of modified lattice Boltz-
mann methods, derived to reproduce time-derivative preconditioning of the Navier-
Stokes equations, are studied. The main conclusions are:

• The complete process to the study of other new preconditioned schemes for
lattice Boltzmann should be based on: (i) a Chapman-Enskog procedure to
properly recover some preconditioned-like Navier-Stokes system; (ii) a study of
the condition number to assess the potential of the method; and (iii) a linear
analysis to establish stability limits.

• The main advantage of preconditioned lattice Boltzmann methods is that, by
switching to an MRT collision operator and adding a minor modification to the
standard LB algorithm, it is possible to reduce about one order of magnitude the
computational time for steady state simulations, and, additionally, to improve
the accuracy and the stability of the method.

• Two preconditioners for LB have been presented: β- and γ-preconditioner.
Specifically, the β-preconditioner is a new LB preconditioner based on the mod-
ification of the linear-velocity terms u of the equilibrium distribution function,
and it is proved to improve γ-preconditioned results at very low Mach numbers
(Ma < 0.05).

Future work

The work presented opens new interesting possibilities for future research in lattice
Boltzmann methods. Some possible future work is discussed in the following.
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Regarding the first part, the Euler-characteristic approach for open boundary con-
ditions can be improved in several ways following the development of this boundary
treatment in classical CFD techniques (e.g. [113]). Possible improvements from the
lattice Boltzmann method perspective may include: the projection of the Euler char-
acteristics onto the equilibrium moments to express this boundary condition in the
LB variables fα (e.g. as a correction term for UBB or PAB); the extension, follow-
ing [31], of the CBC to higher order and to arbitrary geometries; and the application
of advanced LB methods [114] to introduce the energy-acoustic effects in a consistent
way.

Future work regarding preconditioning for LB methods should focus on its extension
to the solution of non-isothermal flows and of transient flows. Extensions for unsteady
flows would be possible with a dual-time stepping. The design of new preconditioning
methods is another interesting research direction; this could be effected through a
bidirectional search of equivalent lattice Boltzmann preconditioners of well-known
Navier-Stokes ones. A global mapping between NS preconditioning schemes and
modified equilibrium distribution functions would be useful to determine possible
new directions in this field and possible improvements of NS methods through the
Boltzmann equation analysis. This mapping would be necessary for the formulation
of hybrid NS-LB schemes for multiscale and/or multiphysics problems, where time-
derivative NS preconditioning needs to be applied. The study of boundary-condition
effects in preconditioning schemes, only briefly mentioned in this Thesis, could be
addressed with the aid of the asymptotic analysis of the lattice Boltzmann equation
[16, 31].
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A – Nomenclature

This Appendix collects the main nomenclature terms used in this Thesis. The mean-
ing of each symbol is detailed in the text where the symbol is applied.

Acronyms

BGK Bhatnagar-Gross-Krook collision operator (also called SRT in this Thesis)
CBC Characteristic Boundary Condition
CFD Computational Fluid Dynamics
CFL Courant-Friedrichs-Levi number
CN Condition Number
DBE Discrete Boltzmann Equation
DPD Dissipative Particle Dynamics
LB Lattice Boltzmann
LBM Lattice Boltzmann Methods
LODI Local One-Dimensional Inviscid
MR Multi-Reflection (boundary condition)
MRT Multiple-Relaxation-Time collision operator
NS Navier Stokes
PAB Pressure Anti-Bounce-back
PLI Pressure Linear Interpolation
PMR Pressure Multi-Reflection
SPH Smoothed-Particle Hydrodynamics
SRD Stochastic Rotation Dynamics
SRT Single-Relaxation-Time collision operator
UBB Velocity Bounce-Back
ULI/DLI Upwind/Downwind Linear Interpolation
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Abbreviations

e.g. exempli gratia

Eq. Equation
Fig. Figure
i.e. id est

Latin alphabet

cs speed of sound
e macroscopic moment related to energy
eiα microscopic velocities
f microscopic-velocity distribution function
fα discretized microscopic-velocity distribution function

f̃α post-collision distribution function
gα modified microscopic-velocity distribution function
h length
i imaginary unit
ji momentum (ρui)
k relaxation parameter in linear relaxation models for wave

amplitudes
mα macroscopic moments
n normal direction
p pressure
pij macroscopic moment related to the stress tensor
qi macroscopic moment related to the energy flux
r reflection ratio
s specular reflection factor
se,ǫ,q relaxation times related to e, ǫ and qi

sν relaxation time related to viscosity (sν = 1/τs)
t time
ui velocity ui = (u, v,w)
u0 reference velocity
wα weight factors
w1,2,3 coefficients to define boundary conditions
xi spatial coordinates
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A amplitude
Aαβ advection operator
Cd drag coefficient
Cl lift coefficient
D diameter
DdQq d dimensions and q discrete velocities (for lattice classifica-

tion, e.g. D2Q9 or D3Q19)
E energy
E,F vectors of convective- and pressure-term variables in the NS

equations in vector form
Ev,Fv viscous terms in NS equations in vector form
Fα body force

F
p.c.(u,p)
α boundary-condition error-correction for (velocity, pressure)

Fd drag force
Gαβ variation of moments due to collision
K constant free parameter
Kn Knudsen number
L length
Li characteristic wave amplitude Li = (L1, L2, L3, L4)
Lαβ linearized evolution operator
Mαβ transformation matrix between fα and mα

Ma Mach number
N number of nodes (in a characteristich length)
P preconditioned matrix
P ratio between the inlet and outlet pressures
Q matrix of left eigenvectors of Γ

R ideal gas constant
Ru,p

α interpolation boundary-condition scheme for (velocity, pres-
sure)

Re Reynolds number
Sαβ diagonal relaxation matrix
St Strouhal number
T temperature;

normalized t-coordinate
Tc time period
W u,p

α Dirichlet condition for (velocity, pressure)
X normalized x-coordinate
Y normalized y-coordinate
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Greek alphabet

α preconditioned parameter related to ρ
β preconditioned parameter related to u
γ preconditioned parameter related to u2

δq link-distance between the last fluid node and the boundary
δρ density variation
δt time step in the lattice
δx space between lattice nodes
ǫ macroscopic moment related to energy square;

small parameter (Appendix C)
ζ bulk viscosity
κ specific-heat ratio
λ second coefficient of viscosity;

eigenvalue
µ dinamic viscosity
ν kinematic viscosity
ρ density
ρ0 reference density
τij shear stress
τp relaxation time in the preconditioned SRT LB method
τs relaxation time in the SRT collision operator (τs = 1/sν)
φ under-relaxation parameter;

arbitrary variable
ω frequency

Γ damping coefficient
Γ matrix of convective- and pressure-term variables in the NS

equations in vector form
Λ diagonal matrix of the eigenvalues of Γ

Π relative to the symmetric part of the distribution function;
momentum flux

Ωα collision operator

Superscript

eq equilibrium
neq non-equilibrium
+ symmetric
− antisymmetric
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Subscript

b boundary
c conserved
e extrapolated
f fluid
i, j, k spatial coordinate indices
in inlet
max maximum
min minimum
n normal
out outlet
tot total
v viscous
w wall
N Neumann
R Robin
α, β, γ, δ microscopic-velocity-space indices
ᾱ velocity index opposite to α





B – D3Q19 MRT lattice Boltzmann

method

The D3Q19 lattice Boltzmann method used in this work is the one defined by Tölke
et al. [115]. The model uses the following velocity vector (see Fig. 1):

eD3Q19
iα =





0 1−1 0 0 0 0 1−1 1 −1 1−1 1 −1 0 0 0 0
0 0 0 1−1 0 0 1−1−1 1 0 0 0 0 1−1 1 −1
0 0 0 0 0 1−1 0 0 0 0 1−1−1 1 1−1−1 1



 ; (B.1)

and the moments are defined as:

mα = (ρ, e, ǫ, jx, qx, jy, qy, jz, qz, 3pxx, 3πxx, pww, πww, pxy, pyz , pxz,mx,my,mz)
T .
(B.2)

The relaxation matrix is:

Sαβ = diag(0, se, sǫ, 0, sq, 0, sq, 0, sq, sν , sπ, sν , sπ, sν , sν , sν , sm, sm, sm) ; (B.3)
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Figure 1: D3Q19 lattice used for three-dimensional simulations.
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and the transformation matrix is:

Mαβ =















































1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
−1 0 0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1
1 −2 −2 −2 −2 −2 −2 1 1 1 1 1 1 1 1 1 1 1 1
0 1 −1 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 −2 2 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0 0 0
0 0 0 1 −1 0 0 1 −1 −1 1 0 0 0 0 1 −1 1 −1
0 0 0 −2 2 0 0 1 −1 −1 1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 1 −1 0 0 0 0 1 −1 −1 1 1 −1 −1 1
0 0 0 0 0 −2 2 0 0 0 0 1 −1 −1 1 1 −1 −1 1
0 2 2 −1 −1 −1 −1 1 1 1 1 1 1 1 1 −2 −2 −2 −2
0 −2 −2 1 1 1 1 1 1 1 1 1 1 1 1 −2 −2 −2 −2
0 0 0 1 1 −1 −1 1 1 1 1 −1 −1 −1 −1 0 0 0 0
0 0 0 −1 −1 1 1 1 1 1 1 −1 −1 −1 −1 0 0 0 0
0 0 0 0 0 0 0 0 1 1 −1 −1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 −1 −1
0 0 0 0 0 0 0 0 0 0 0 1 1 −1 −1 0 0 0 0
0 0 0 0 0 0 0 1 −1 1 −1 −1 1 −1 1 0 0 0 0
0 0 0 0 0 0 0 −1 1 1 −1 0 0 0 0 1 −1 1 −1
0 0 0 0 0 0 0 0 0 0 0 1 −1 −1 1 −1 1 1 −1















































. (B.4)

The preconditioned equilibrium moments are:

eeq = −2ρ +
3ρ0(u

2 + v2)

γ
, (B.5a)

ǫeq = ρ − 3ρ0(u
2 + v2 + w2)

γ
, (B.5b)

qeq
x = ρ0u , (B.5c)

qeq
y = ρ0v , (B.5d)

qeq
z = ρ0w , (B.5e)

peq
xx =

ρ0(2u
2 − v2 − w2)

γ
, (B.5f)

peq
zz =

ρ0(v
2 − w2)

γ
, (B.5g)

peq
xy =

ρ0uv

γ
, (B.5h)

peq
yz =

ρ0vw

γ
, and (B.5i)

peq
xz =

ρ0uw

γ
. (B.5j)
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The eighting factors in Eq. (1.9) are: w0 = 1/3, w1−6 = 1/18, and w7−18 = 1/36.

As a reference for possible linear stability analysis, the following matrix is the D3Q19
equivalent to the D2Q9 Gij matrix, Eq.(1.26):

Gij =



















































0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

0 −se 0 20use

13γ
0 20vse

13γ
0 20wse

13γ
0 0 0 0 0 0 0 0 0 0 0

0 0 −sǫ 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 −sq 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 −sq 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 −sq 0 0 0 0 0 0 0 0 0 0

0 0 0 10usν

9γ
0 −

5vsν

9γ
0 −

5wsν

9γ
0 −sν 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 −sπ 0 0 0 0 0 0 0 0

0 0 0 0 0 5vsν

3γ
0 −

5wsν

3γ
0 0 0 −sν 0 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 −sπ 0 0 0 0 0 0

0 0 0 5vsν

2γ
0 5usν

2γ
0 0 0 0 0 0 0 −sν 0 0 0 0 0

0 0 0 0 0 5wsν

2γ
0 5vsν

2γ
0 0 0 0 0 0 −sν 0 0 0 0

0 0 0 5wsν

2γ
0 0 0 5usν

2γ
0 0 0 0 0 0 0 −sν 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −sm 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −sm 0
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 −sm



















































.

(B.6)





C – Derivation of lattice Boltzmann

methods

A succinct derivation is provided in the following which helps to connect the con-
tinuum Boltzmann equation with the discrete Boltzmann equation, and the latter
with the standard lattice Boltzmann algorithm. Furthermore, the Chapman-Enskog
expansion is used to derive the Navier-Stokes equations from the discrete Boltzmann
one. This appendix is based on references [1, 18, 19, 116].

C.1 Continuum Boltzmann equation

The Boltzmann equation describes the evolution of the phase density f due to the
free flight and the collision of particles. Collisions between particles involve exchange
of momentum and energy, and f will change accordingly. f(xi, ei, t) is the single-
particle phase density, or distribution function, and ei is the microscopic velocity.
The continuum Boltzmann equation with the BGK [32] collision operator (also called
SRT in this Thesis) is considered:

∂f

∂t
+ ei

∂f

∂xi
=

1

τs

(

f − f (0)
)

; (C.7)

where τs is the single relaxation time of the collision model. The equilibrium dis-
tribution function f (0) is derived to ensure that the proper values of the conserved
macroscopic variables are recovered:

ρ =

∫

f (0)dei, ρui =

∫

eif
(0)dei, ρRT =

1

3

∫

(ei − ui)
2f (0)dei ; (C.8)

and that ln f (0) is collisional invariant. This yields the following Maxwellian expres-
sion:

f (0) =
ρ

(2πRT )(3/2)
exp

[

−(ei − ui)
2

2RT

]

; (C.9)

where ρ, ui and T are the macroscopic density, velocity and temperature; and R is
the ideal gas constant.
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C.2 Discrete Boltzmann equation

The discrete Boltzmann equation can be derived by truncating the continuum Boltz-
mann equation (C.7) in velocity space. As low-Mach-number flows are usually sim-
ulated, the equilibrium distribution function is expanded up to second order in the
macroscopic velocity:

f (0) = ρw(ei)

[

1 +
eiui

RT
+

(eiui)
2

2(RT )2
− u2

i

2RT

]

+ O(u3) , (C.10)

where the weight function is:

w(ei) = (2πRT )−3/2exp(−e2
i /2RT ) . (C.11)

Using Eq. (C.10) the integrals in Eq. (C.8) are all of the form:

∫

pn(ei)w(ei)dei , 0 ≤ n ≤ 5 , (C.12)

where pn(ei) are polynomials of degree n in the components of ei. These integrals
can be evaluated as sums using Gaussian quadrature formulas [13]:

∫

pn(ei)w(ei)dei =

Q
∑

α=0

wαp(eiα) . (C.13)

The points eiα are the quadrature points, the coefficients wα are the weight factors,
and Q is the number of quadrature points. Q depends on the degree n and on the
dimension D of the ei space.

The continuum Boltzmann equation (C.7) can be replaced by the discrete Boltz-
mann equation using the quadrature points. This is the so called lattice Boltzmann
equation:

∂fα

∂t
+ eiα

∂

∂xi
fα =

1

τs

(

fα − f (0)
α

)

, for α = 0, ..., Q . (C.14)

The macroscopic quantities of density, momentum, and momentum flux are now:

ρ =

Q
∑

α=0

fα, ρui =

Q
∑

α=0

eiαfα, Πij =

Q
∑

α=0

eiαejαfα . (C.15)

Recently, a new procedure to derive lattice Boltzmann methods has been devel-
oped [14] based on the relation between entropy construction and roots of Hermite
polynomials. This is a systematic procedure which can be used to construct numeri-
cally stable and complete Galilean invariant LB models with arbitrary precision.
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C.3 Chapman-Enskog expansion

The Chapman-Enskog expansion is nowadays applied in a more comprehensive form
than the originally one developed independently by Enskog and Chapman [1].

The Navier Stokes equations can be recovered from the lattice Boltzmann equation in
the limit of low Mach and Knudsen numbers through a Chapman-Enskog expansion.
This expansion introduces a small parameter ǫ (which can be physically identified
with the Knudsen number) so that the lattice Boltzmann equation (C.14) with the
SRT collision operator Eq. (1.13) becomes:

∂fα

∂t
+ eiα

∂fα

∂xi
=

1

ǫτs

(

fα − f (0)
α

)

. (C.16)

The temporal and spatial derivatives appear at lower order in ǫ than the collision
term. The distribution function and time are expanded as follows:

fα = f (0)
α + ǫf (1)

α + ǫ2f (2)
α · · · ; (C.17a)

∂

∂t
=

∂

∂t0
+ ǫ

∂

∂t1
+ · · · ; (C.17b)

where t0 is an advective timescale and t1 is a diffusive one. Two solvability conditions
are imposed:

∑

fn
α =

∑

eiαfn
α = 0 , n = 1, 2, ... (C.18)

Therefore, higher order terms of the distribution functions (fn
α , n = 1, 2, ...) do not

contribute to mass and momentum conservation, and only moments of the known

equilibrium functions f
(0)
α and their derivatives in time and space are needed. In the

equations below, ǫ can be included in the relaxation time τs and hence be set equal
to unity.

Using the expansion Eq. (C.17) in Eq. (C.16) the following equations are obtained at
O(1) and O(ǫ):

∂f
(0)
α

∂t0
+ eiα

∂f
(0)
α

∂xi
= − 1

τs
f (1)

α ; (C.19a)

∂f
(0)
α

∂t1
+

∂f
(1)
α

∂t0
+ eiα

∂f
(1)
α

∂xi
= − 1

τs
f (2)

α . (C.19b)

The Euler equations are obtained by taking the first
∑

α(·) and the second
∑

α eiα(·)
moments of Eq. (C.19a):

∂ρ

∂t0
+

∂ρui

∂xi
= 0 ; (C.20a)

∂ρui

∂t0
+

∂Π
(0)
ij

∂xi
= 0 . (C.20b)
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Similarly for Eq. (C.19b):
∂ρ

∂t1
= 0 ; (C.21a)

∂ρui

∂t1
+

∂Π
(1)
ij

∂xi
= 0 . (C.21b)

The Navier-Stokes equations are obtained by combining Eqs. (C.20) and Eqs. (C.21)
and neglecting O(ǫ2) terms:

∂ρ

∂t
+

∂ρui

∂xi
= 0 ; (C.22a)

∂ρui

∂t
+

∂Π
(0)
ij

∂xi
+

∂ǫΠ
(1)
ij

∂xi
= 0 ; (C.22b)

where Π
(0)
ij =

∑Q
α=0 eiαejαf

(0)
α and Π

(1)
ij =

∑Q
α=0 eiαejαf

(1)
α ≈

∑Q
α=0 eiαejα(fα − f

(0)
α ).

C.4 Standard lattice Boltzmann algorithm

Integrating Eq. (C.14) along characteristics over the time step δt, the following equa-
tion is obtained:

fα(xi+eiαδt, t+δt)−fα(xi, t) = − 1

τs

∫ t+δt

t
fα(xi+eiαs, t+s)−f (0)

α (xi+eiαs, t+s)ds.

(C.23)
Note that the time integration (t, t+δt) is coupled with the space integration (xi, xi+
eiαδt). Application of the trapezoidal rule for second-order accuracy and uncondi-
tional stability leads to:

fα(xi + eiαδt, t + δt) − fα(xi, t) =

− δt

2τs
[fα(xi + eiαδt, t + δt) − f (0)

α (xi + eiαδt, t + δt)

+ fα(xi, t) − f (0)
α (xi, t)] + O(δt3) . (C.24)

To simplify the computation the following distribution function is introduced:

gα(xi, t) = fα(xi, t) +
δt

2τs
[fα(xi, t) − f (0)

α (xi, t)] . (C.25)

The lattice Boltzmann equation can be recast in a simpler form:

gα(xi + eiαδt, t + δt) − gα(xi, t) = − δt

τs + δt/2
[gα(xi, t) − f (0)

α (xi, t)] ; (C.26)
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to which the collision-propagation algorithm can be applied (see Chapter 1); and
the macroscopic density, momentum and momentum flux are now constructed from
moments of gα as follows:

ρ =

Q
∑

α=0

gα, ρui =

Q
∑

α=0

eiαgα,

(

1 +
δt

2τs

)

Πij =

Q
∑

α=0

eiαejαgα +
δt

2τs
Π

(0)
ij .

(C.27)

In the notation used in this Thesis, the variables denoted with fα are actually the gα

distribution functions.
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