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por su apoyo y comprensión durante estos años de predoctorado. A ellas
dedico esta Tesis.



en blanco



Contents

1 Abstract VII

2 Resumen XI

3 Introduction 1

3.1 Motivation . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

3.2 Turbulent flows . . . . . . . . . . . . . . . . . . . . . . . . 4

3.3 Convection-Diffusion-Reaction processes . . . . . . . . . . 10

3.4 Local flow topology . . . . . . . . . . . . . . . . . . . . . . 13

3.5 Local structures of the scalar field . . . . . . . . . . . . . . 18

3.6 Strain rates in the turbulence-scalar interaction . . . . . . 21

I



3.7 Objectives and methodology . . . . . . . . . . . . . . . . . 24

3.8 Outline . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 Dynamics of turbulent mixing and combustion 29

4.1 Governing equations . . . . . . . . . . . . . . . . . . . . . 30

4.1.1 Variable-density turbulent reacting flows . . . . . . 31

4.1.2 Constant-density turbulent reacting flows . . . . . . 40

4.2 Velocity-gradient tensor . . . . . . . . . . . . . . . . . . . 43

4.2.1 Invariants and local flow topology . . . . . . . . . . 45

4.3 Scalar geometries . . . . . . . . . . . . . . . . . . . . . . . 51

4.3.1 Local geometry of iso-scalar surfaces . . . . . . . . 51

4.3.2 Kinematics of iso-scalar surfaces . . . . . . . . . . . 54

4.3.3 Non-material surface propagation velocity . . . . . 60

4.4 Turbulent premixed flames . . . . . . . . . . . . . . . . . . 64

4.4.1 Combustion regimes . . . . . . . . . . . . . . . . . 66

4.4.2 Description of chemistry . . . . . . . . . . . . . . . 69

5 Constant-density mixing and reaction 77

5.1 Spectrum of the Scalar Field . . . . . . . . . . . . . . . . . 78

II



5.2 Numerical implementation . . . . . . . . . . . . . . . . . . 80

5.3 Simulation parameters . . . . . . . . . . . . . . . . . . . . 87

5.4 Results and discussion . . . . . . . . . . . . . . . . . . . . 90

5.4.1 Structure of the scalar field in terms of the Mean and

Gauss curvatures . . . . . . . . . . . . . . . . . . . 92

5.4.2 Non-material surface propagation velocity . . . . . 95

5.4.3 Local strain rates . . . . . . . . . . . . . . . . . . . 99

5.4.4 Small-scale flow structures . . . . . . . . . . . . . . 102

5.4.4.1 Invariants of the velocity-gradient tensor

and local flow topologies . . . . . . . . . . 106

5.5 Summary and conclusions . . . . . . . . . . . . . . . . . . 110

6 Turbulent premixed flame in an inlet-outlet configuration115

6.1 Numerical implementation . . . . . . . . . . . . . . . . . . 116

6.2 Simulation parameters . . . . . . . . . . . . . . . . . . . . 130

6.3 Results and discussion . . . . . . . . . . . . . . . . . . . . 132

6.3.1 Structure of the scalar field in terms of the mean and

Gauss curvatures . . . . . . . . . . . . . . . . . . . 135

6.3.2 Non-material surface propagation velocity . . . . . 137

III



6.3.3 Local strain rates . . . . . . . . . . . . . . . . . . . 141

6.3.4 Small-scale flow structures . . . . . . . . . . . . . . 152

6.3.4.1 Invariants of the velocity-gradient tensor

and local flow topologies . . . . . . . . . . 157

6.4 Summary and conclusions . . . . . . . . . . . . . . . . . . 166

7 Premixed turbulent jet flame 173

7.1 Numerical implementation . . . . . . . . . . . . . . . . . . 174

7.2 Simulation parameters . . . . . . . . . . . . . . . . . . . . 183

7.3 Results and discussion . . . . . . . . . . . . . . . . . . . . 186

7.3.1 Structure of the scalar field in terms of the Mean and

Gauss curvatures . . . . . . . . . . . . . . . . . . . 189

7.3.2 Non-material surface propagation velocity . . . . . 190

7.3.3 Local strain rates . . . . . . . . . . . . . . . . . . . 197

7.3.4 Small-scale flow structures . . . . . . . . . . . . . . 213

7.3.4.1 Invariants of the velocity-gradient tensor

and local flow topologies . . . . . . . . . . 218

7.4 Summary and conclusions . . . . . . . . . . . . . . . . . . 230

8 Conclusions 239

IV



9 Conclusiones 247

A List of Publications 257

B Local flow topologies and scalar structures in a turbulent

premixed flame 267

C Local volumetric dilatation rate and scalar geometries in a

premixed methane-air turbulent jet flame 293

D Strain rates normal to approaching iso-scalar surfaces in a

turbulent premixed flame 305

E Still mixing after all these years 315

F Effects of the local flow topologies upon the structure of a

premixed methane-air turbulent jet flame 335

G Effects of scalar isosurfaces curvatures on turbulent com-

bustion 343

H An analysis of the correlation of chemically active scalar

fields 345

V



I ‘Effective’ normal strain rate and scalar gradient enhance-

ment 351

J Scalar field geometries and small-scale flow features in tur-

bulent premixed flames 353

Bibliography 367

VI



1
Abstract

The aim of this work is to investigate several turbulent mixing and combus-

tion processes, through the study of the small-scale structures of the scalar

and velocity fields, using direct numerical simulation (DNS) techniques.

Different datasets for statistically homogeneous and stationary constant-

density turbulence, and for turbulent premixed flames in an inflow-outflow

configuration and in a jet with a co-flow of hot products, have been exam-

ined. The constant-density mixing and reaction cases have been analyzed

for different Schmidt numbers. For the two turbulent premixed flames, the

computational domain has been divided into four regions (‘fresh reactants’,

‘preheat’, ‘burning’ and ‘hot products’), characterized by the values of the

chemical reaction rate or, equivalently, of the scalar field. Small-scale scalar

VII



structures have been identified in terms of the mean and Gauss curvatures,

km and kg. The kinematics of non-material iso-scalar surfaces has been the-

oretically analyzed; expressions for the propagation speed of an iso-scalar

surface relative to the fluid and its derivative, with respect to the normal

direction of the iso-surfaces, have been obtained. For constant-density mix-

ing, the normal and tangential diffusion contributions to the displacement

speed are essential; whereas for constant- and variable-density turbulent

reacting flows, the propagation speed is controlled by the chemical process.

Small-scale flow topologies interact with the local scalar structures. The

time rate of change of the infinitesimal distance between two iso-surfaces

is controlled by the value of the ‘effective’ normal strain rate, which com-

bines flow and diffusion-reaction induced effects. The value and sign of the

‘effective’ normal strain rate determines whether the modulus of scalar

gradients or, equivalently, the scalar fluctuation dissipation rate, increases

or decreases with time. For turbulent premixed flames, chemical heat gen-

eration yields positive flow volumetric dilatation rates everywhere in the

computational domain, ∇ ·u > 0, which implies mostly positive flow strain

rates normal to iso-scalar surfaces. An expression for ∇ · u, with additive

contributions from molecular diffusion and chemical generation of the re-

action progress variable defined from the temperature, has been obtained,

assuming a one-dimensional flamelet; the differences between this expres-
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sion and the computed dilatation rate are significantly high, which casts

doubts on the validity of this approximation. The dilatation rate has also

been decomposed into the tangential, aT , and normal, aN , strain rates. The

joint pdf’s of aN and aT , in the regions with high chemical activity, show

that their most probable values are located above the line aN + aT = 0,

regardless of the configuration under study. Small-scale structures of the

velocity field, in terms of the invariants of the velocity-gradient tensor, have

been examined. The universal teardrop shape of the joint pdf’s of the sec-

ond Q and third R invariants of the velocity-gradient tensor is apparent

for the constant-density mixing and reaction cases, whereas it disappears

in the turbulent premixed flames. The mean of the most extensive (com-

pressive) eigenvalue of the strain rate tensor, 〈Λ1〉 (〈Λ3〉), is always positive

(negative), and the intermediate 〈Λ2〉 remains on average positive. In the

cases of turbulent premixed flames, Λ3 has a high probability of being pos-

itive within the regions with significant chemical activity. The study of

the alignment between the unit vector normal to the iso-scalar surfaces,

n, with respect to the strain rate eigenvectors, ei, and the local vorticity,

ω, demonstrates that there is a specific orientation between the local flow

topologies and the scalar structures. For turbulent premixed flames, the

scalar gradient aligns preferentially with the strain rate tensor eigenvec-

tor corresponding to its most extensive eigenvalue, whereas in constant-
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density mixing and reaction the scalar gradient is mainly parallel to the

most compressive eigenvector. The analysis also revealed that the vortic-

ity vector is predominantly tangential to the iso-scalar surfaces, regardless

of the configuration under study. Furthermore, the results showed that a

‘canonical’ vortex, found perpendicular to the scalar gradient, contributes

to curving and folding the iso-scalar surfaces. Studies on local enstrophy

and strain rate, as well as on the production of enstrophy and dissipation,

demonstrated that focal topologies are dominant in the ‘fresh reactants’

and tend to disappear in favor of nodal structures as moving towards the

‘hot products’, in turbulent premixed flames.
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2
Resumen

El objetivo de este trabajo es investigar los procesos de mezcla y com-

bustión turbulentas mediante el estudio de las estructuras de las pequeñas

escalas de los campos de velocidad y escalar. Se usan varias simulaciones

numéricas directas (SND) y diferentes bases de datos para turbulencia

estad́ısticamente estacionaria, homogénea e incompresible, aśı como para

llamas premezcladas turbulentas - una de las llamas con una configuración

de flujo de entrada-salida, y otra en un chorro con un co-flujo de productos

calientes. Los casos de flujos de densidad constante tanto con mezcla como

reacción se han obtenido con diferentes números de Schmidt. Para las

dos llamas premezcladas turbulentas, el dominio computacional se ha divi-

dido en cuatro regiones (‘reactantes frescos’, ‘región de precalentamiento’,

XI



‘región de quemado’ y ‘productos calientes’), caracterizadas por los valo-

res de la tasa de reacción qúımica o, equivalentemente, del escalar. Se

han identificado las estructuras de pequeñas escalas del campo escalar, en

términos de las curvaturas media y de Gauss, km y kg. Se ha analizado

teóricamente la cinemática de las superficies iso-escalares no materiales; se

han obtenido expresiones para la velocidad de propagación de una superfi-

cie iso-escalar relativa al fluido, y también para sus derivadas con respecto

a la dirección normal de las superficies iso-escalares. Para el caso de mezcla

con densidad constante, la velocidad de desplazamiento viene determinada

por las contribuciones de difusión normal y tangencial; mientras que para

el caso reactivo tanto de densidad variable como constante, la velocidad

de propagación viene determinada por el proceso qúımico. Se obtienen

también las velocidades locales de deformación del flujo y se estudia su

interacción con las estructuras de pequeñas escalas del campo escalar. La

variación temporal de la distancia infinitesimal entre dos iso-superficies

depende del valor de la deformación normal ‘efectiva’, que suma las tasas

de deformación inducidas por la reacción-difusión y las debidas al flujo.

El valor y signo de la velocidad de deformación normal ‘efectiva’ deter-

mina si el modulo del gradiente del escalar o, equivalentemente, la tasa

de disipación de las fluctuaciones del escalar, aumenta o disminuye con el

tiempo. Para llamas premezcladas turbulentas, la generación de calor pro-
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duce tasas de dilatación volumétrica del flujo positivas en todo el dominio

computacional, ∇ ·u > 0, lo cual implica generalmente velocidades positi-

vas de deformación del flujo perpendiculares a las superficies iso-escalares.

Se ha obtenido una expresión para ∇ · u, con contribuciones aditivas de

la difusión molecular y la generación qúımica de la variable de progreso

definida en términos de la temperatura, suponiendo un flamelet unidimen-

sional; las diferencias entre esta expresión y la dilatación calculada son

significativas, lo cual arroja dudas sobre la validez de las hipótesis usadas.

Se ha descompuesto la tasa de dilatación volumétrica en sus componentes

de deformación tangencial, aT , y normal, aN . Las pdfs conjuntas de aN y

aT , en las regiones con alta actividad qúımica, muestran sus valores más

probables localizados por encima de la ĺınea aN + aT = 0, independiente-

mente de la configuración analizada. Se han examinado las estructuras de

las pequeñas escalas del campo de velocidad, mediante los invariantes del

tensor gradiente de velocidad. La forma universal de lágrima de las pdfs

conjuntas del segundo y tercer invariante del tensor gradiente de velocidad

permanece para los casos de mezcla y reacción de densidad constante, mien-

tras que en las llamas premezcladas turbulentas desaparece. El promedio

del autovalor más extensivo (compresivo) del tensor velocidad de defor-

mación, 〈Λ1〉 (〈Λ3〉), es siempre positivo (negativo), y el intermedio 〈Λ2〉

presenta promedio positivo. En los casos de llamas premezcladas turbulen-
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tas, los valores positivos de Λ3 presentan alta probabilidad en regiones con

actividad qúımica intensa. El estudio del alineamiento entre el vector uni-

tario normal a las superficies iso-escalares, n, y los autovectores del tensor

velocidad de deformación, ei, o la vorticidad local ω, muestra que hay una

correlación entre las orientaciones espaciales de las topoloǵıas del flujo lo-

cal y de las estructuras del escalar. Para llamas premezcladas turbulentas,

el gradiente del escalar se alinea preferentemente con el eje principal del

tensor velocidad de deformación correspondiente al mayor autovalor posi-

tivo, mientras que en los casos de fluidos de densidad constante tanto con

mezcla como reacción el gradiente del escalar resulta generalmente paralelo

al eje principal correspondiente al autovalor negativo. El análisis también

reveló que el vector vorticidad es predominantemente paralelo a las su-

perficies iso-escalares, independientemente de la configuración analizada.

Además, el análisis de un vórtice ‘canónico’, muestra que su orientación

es perpendicular al gradiente del escalar y por lo tanto, contribuye a cur-

var y doblar las superficies iso-escalares. Estudios sobre la enstrof́ıa y la

tasa de deformación, aśı como también sobre la producción de enstrof́ıa y

disipación, demostraron que las topoloǵıas focales son dominantes en los

‘reactantes frescos’ y tienden a desaparecer en favor de estructuras nodales

al desplazarse hacia los ‘productos calientes’, en llamas premezcladas tur-

bulentas.
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3.1 Motivation

The turbulent mixing of spatially segregated scalar fields i (e.g., two re-

gions of fluid with different temperatures, several inert or reactive chemical

iScalar fields such as inert/reactive mass fraction, temperature, enthalpy, etc.
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Chapter 3. Introduction

species) is a process which combines convection by large and medium scale

velocity structures, straining of scalar geometries by the local flow and

molecular diffusion. Should scalars be reactive, intimate contact at the

molecular level is essential for them to be chemically converted into inter-

mediate species or products. Large eddy convection beats heterogeneous

scalars and brings them closer together, for example, by engulfment or en-

trainment, although retaining their distinct compositions, with segregation

still at smaller spatial scales [1]. Local flow nodal and vortical structures

fold and stretch scalar zones separating scalar fields, fostering scalar gradi-

ent enhancement and surface growth; the former increases molecular fluxes

of scalars, whereas the latter promotes the global mixing.

The ubiquity of mixing in engineering and everyday devices is enormous.

Combustion systems, chemical reactors, atmospheric pollution, domestic

blending of liquids and solids are but a few examples of the relevance of

mixing processes. Measuring the degree of mixing is thus an important

issue. For example, in atmospheric applications, the forces that drive the

turbulence can be dramatically affected as cool and warm air mix at the

molecular level. In combustion applications, which generally take place

in turbulent conditions, the heat released by combustion generates flow

instability by buoyancy and gas expansion, which enhances the transition

to turbulence, and turbulence increases the mixing processes and thereby
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3.1. Motivation

enhances combustion.

In a background of industrial breakthrough in developing and produc-

ing highly efficient and powerful internal combustion engines, the progress

made by combustion science is much less impressive, especially as far as

premixed turbulent flames are concerned. Premixed turbulent combus-

tion is substantially a more difficult problem than non-premixed (diffusion)

flames because the burning rate in diffusion flames is mainly controlled by

mixing, whereas the burning rate in premixed flames is controlled by both

chemical reactions and mixing. Turbulent mixing in combustion involves

interaction of processes characterized by significantly different length scales

and timescales. Even a laminar flame itself is a multi-scale nonlinear phe-

nomenon. Because the rates of different reactions within the flame may

differ by several orders of magnitudes and depend strongly nonlinearly on

temperature, variations in the concentrations of different species are lo-

calized in spatial zones of significantly different widths. The problem is

associated with a substantially wider range of important scales, because

the largest scales characterizing a laminar flame are often of the order of

or even less than the smallest scales of turbulence. Thus, it cannot be

parametrized easily in terms of the large scale features of the flow. As

a result, a detailed description of the scalar field at the smallest length

scales of the flow and the local flow topologies is, in principle, necessary if

3



Chapter 3. Introduction

a reliable prediction of turbulent mixing is to be achieved.

This thesis aims at investigating the different turbulent mixing and com-

bustion processes through the small-scale structures in the scalar and veloc-

ity fields using several direct numerical simulation datasets of premixed tur-

bulent combustion. Among other things, the present work details a study

of local scalar geometries and flow topologies for constant- and variable-

density turbulent reacting flows which, to the best of our knowledge, has

never been reported in turbulent flows with premixed reactants.

3.2 Turbulent flows

The majority of flows found in nature and in engineering applications are

turbulent. Turbulence has a large influence on the transport properties

of the flow and other engineering applications, and is thus a subject that

has drawn a significant amount of attention. There are no general agree-

ments on a definition of turbulence. From Von Kárman’s [2] scholarly

‘Turbulence is an irregular motion which in general makes its appearance

in fluids, gaseous or liquid, when they flow past solid surfaces or even

when neighboring stream of the same fluid flow past or over one another’,

to Bradshaw’s [3] inspired ‘invention of the Devil on the seventh day of

Creation (when the Good Lord wasn’t looking)’. These interpretations and

4



3.2. Turbulent flows

the apparent frustrations come from the complex behavior of turbulence

and from the consequence that there is no analytical solution for the three-

dimensional non-linear Navier-Stokes equations, which describe the turbu-

lent motion. A study of turbulence is incomplete without some mention

of fluid stability and the transition to turbulence. From a historical per-

spective, the most well known experiment on hydrodynamic stability was

carried out by Osborne Reynolds [4] in 1888. He performed a set of exper-

iments in which he carefully studied the behavior of flow in a pipe under

different flow conditions. Specially, by varying the diameter of the pipe,

D, the velocity of the fluid, U , and the viscosity of the fluid, ν, Reynolds

found that there was a relationship between these variables that indicated

the transition from a smooth laminar stream, to a complex turbulent flow.

Namely, when the value of UD/ν (which is called the Reynolds number)

exceeded a particular value, the perturbations began to grow, and the in-

stantaneous flow structure became very complex. The forces that upset

this equilibrium can include buoyancy, inertia, or rotation to mention only

a few. The viscous and inertial forces acting on the fluid are proportional

to:

5



Chapter 3. Introduction

Fv ∝ µUL , (3.1)

Fi ∝ ρU 2L2 , (3.2)

where µ is the fluid viscosity, ρ denotes density, and L and U are the

characteristic velocity and length scales, respectively. If the viscous forces

on the fluid are large compared with others, any disturbances introduced

in the flow will tend to be damped out. If, on the other hand, the inertial

forces become large, the flow will tend to break up into eddies.

For high Reynolds number flows, we can assume there are scales over which

molecular forces are not significant. However, in any turbulent flow the

molecular viscosity is always important at some scale. Turbulence is al-

ways a dissipative process, and if there is no source of energy to sustain

the turbulence, it will decay as a result of the viscous small-scale mo-

tions. Richardson [5] was the first to qualitatively express the idea of an

energy cascade in which the turbulent kinetic energy passes through the

wavenumber spectrum before it is converted to heat by viscous dissipation.

Later, Kolmogorov [6] extended this concept into his two famous hypothe-

ses. These hypotheses, along with what they imply about the structure of

turbulent flow, rank among the greatest contributions to turbulence theory.
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3.2. Turbulent flows

Kolmogorov’s 1st Similarity Hypothesis: At sufficiently high Reynolds

numbers there is a range of high wavenumbers where the turbulence is

statiscally in equilibrium and uniquely determined by the parameter ε and

ν. This state of equilibrium is universal.

The term universal is used here to emphasize that the character of the

turbulence in this range does not depend on any specific mechanisms of

the mean flow. The only parameters that play any role in the description

of the turbulence are the dissipation, ε, and viscosity, ν. From this we can

derive characteristic length, time and velocity scales of the small scales.

The Kolmogorov length scale is defined using dimensional analysis as:

η =

(
ν3

ε

)1/4

. (3.3)

Using ν and ε to form a velocity scale gives:

vη = (νε)1/4 . (3.4)

It is interesting to compute the Reynolds number based on these scales:
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Reη =
η vη
ν

= ν−1

(
ν3

ε

)1/4

(νε)1/4 = 1 , (3.5)

the value of Reη = 1 is a constant independent of any flow parameters.

This Reynolds number is characteristic only of the small viscous eddies

(dissipation range) and is not characteristic of the turbulence throughout

the equilibrium range.

For completeness, it is noted that a characteristic time scale can be defined:

τη =
η

vη
=
( ν

ε2

)1/4
. (3.6)

If the Reynolds number of the flow is very high, it can be expected that

there are length scales, li, much larger than η, but still within the equilib-

rium range, where the dissipation is very small compared with the energy

flux through this region. Kolmogorov, in his second hypothesis specifically

addressed this regime where L ≫ li ≫ η, where L is the integral scale and

η is the Kolmogorov scale. In terms of wavenumbers, κ = (2π)/Length,

this region corresponds to:
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3.2. Turbulent flows

κL ≪ κi ≪ κη . (3.7)

Kolmogorov’s 2nd Similarity Hypothesis: If the Reynolds number is

sufficiently large, there exists a range of wavenumbers, κL ≪ κi ≪ κη,

where the turbulence is independent of ν and is unambiguously defined by

the value of the dissipation, ε.

In this range the inertial transfer of energy is the primary parameter char-

acterizing the turbulence. Hence this range is called inertial subrange.

Figure 3.1: Typical turbulent kinetic energy spectrum. E(κ) is the energy spectrum and κ is
the wavenumber.

In any turbulent flow the turbulent energy is injected at the large scales.

That energy is redistributed by pressure effects and cascades down towards

9
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the intermediate (inertial) and small scales due to non-linear interactions.

In the final stage of the turbulence life-cycle, energy is dissipated at the

small scales by the action of molecular viscosity. The regions of energy pro-

duction, redistribution, cascade and dissipation are shown schematically in

Figure 3.1. The inertial of the spectrum enlarges with the increase of the

Reynolds number, which displaces the dissipative zone to large wavenum-

bers and increases energy transfer. This interpretation allows distinguish-

ing three zones in the wavenumber axis. The first is dominated by in-

ertial forces (energy-containing range) in which the energy is introduced

anisotropically; this zone belongs to small and intermediate wavenumbers.

The second is localized in moderately high wavenumbers where energy

transfer (inertial subrange) takes place; in this zone the statistic of the dis-

tribution of the velocity differences not depend on the viscosity. Finally,

there is a zone with the largest wavenumbers where the kinetic energy

dissipation (dissipation range) takes place.

3.3 Convection-Diffusion-Reaction processes

As mentioned above, mixing is intimately connected with turbulence, Earth

and natural sciences, and various branches of engineering. However, in

spite of its universality, to construct a general framework for its analysis

10



3.3. Convection-Diffusion-Reaction processes

is not an easy task. A study requires deep knowledge in several fields of

science, such as thermodynamics, chemical kinetics, molecular transport

processes, and fluid dynamics. For example, consider a configuration that

is initially composed of two distinct and segregated scalar constituents,

which may be characterized by different chemical composition, different

temperatures, contain different trace elements, or any other scalar marker.

These constituents are brought together and interact at the molecular level.

Unfortunately, accurately predicting their scalar structures is complex in

turbulent flows. The governing equation that describes the above process

is:

∂φα

∂t
+

∂ujφα

∂xj
=

∂

∂xj

(
Dα

∂φα

∂xj

)
+ ω̇α , (3.8)

where φα, Dα and ω̇α represent the scalar concentration or mass fraction,

the molecular diffusion coefficient and the reaction rate of species α, re-

spectively. In this equation, there is no summation over α (only j). Equa-

tion (3.8) describes the following three physical processes:

• Tubulent convection,

• Molecular Diffusion,

• Chemical reaction rate.

11
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Tubulent convection: Turbulent stirring redistributes or convects the

scalar field throughout the flow domain. The action of this flow field on the

scalar is to distort and increase the surface area of the interface between the

constituents. Then, the scalar gradients and length scales will be increase

and decrease, respectively. As a result of this convective process a complex

structure of the scalar field evolves.

Molecular Diffusion: Mixing at the molecular level can only occur

through the action of the molecular diffusion. Molecular diffusion is a re-

sult of the random motion (Brownian motion) of molecules. This process

is most effective in regions of high gradients. Turbulent stirring increases

the effectiveness of molecular diffusion by increasing the scalar gradient

and the surface area over which the segregated constituents can diffuse.

Chemical reaction rate: Combustion and the cases with chemical con-

version occur via multiple step chemical kinetic mechanisms that involve

a huge number of chemical reactions. It is well known that often the ex-

pression for the mean species source terms due to chemical reaction are

extremely simplified. Several models and numerical approaches have been

developed in order to tackle this issue. All these models attempt to rep-

resent the essential features of the chemical kinetic mechanisms. Unfortu-

nately, as the modeling becomes more sophisticated, there is a correspond-

ing increase in the computational cost.
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3.4. Local flow topology

The redistribution the scalar throughout the flow field, the rate of molecu-

lar mixing, and the conversion of reacting species are a sample of multi-scale

nonlinear phenomena and the interaction among the physical mechanisms

present in turbulent reacting flows. The mathematical formulation for de-

scribing these different processes is presented in Chapter 2.

3.4 Local flow topology

In the chaotic behavior of turbulence there are regions with organized mo-

tions or topologies, which have been the focus of many discussions. Intu-

itively, a local topology is a three-dimensional region in the flow over which

some properties of the flow exhibit significant correlation in the space and

time. Theoretical studies and direct numerical simulations have been car-

ried out to analyze and visualize these organized small-scale structures of

turbulent flow. Kuo and Corrsin [7, 8] investigated the nature of small-

scale turbulence and suggested that the small-scale vorticity structure is

cylindrical rather than sheet-like as suggested by Betchov [9] and observed

by Schwarz [10]. Siggia [11] observed cylindrical or tube-like structures

of vorticity using a direct spectral simulation for a stationary, homoge-

neous, isotropic turbulence field. Kerr [12], She et al. [13], Vincent and

Meneguzzi [14] confirmed the existence of organized structures in form of
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tubes for the regions with intense vorticity. Other authors called the elon-

gated coherent structures ‘worms’: Ruetsch and Maxey [15]; Jiménez et

al. [16]. The worms present a high probability of having an extensional

strain rate in the direction of the vorticity vector, i.e. along the axis of the

vortex tube. Perry and Chong [17], and Chong et al. [18] proposed a general

classification of the small-scale flow patterns, based on the three invariants

of the velocity-gradient tensor, in order to study the local small-scale three-

dimensional topologies for constant- and variable-density turbulent flows.

In constant-density flows, the first invariant of the velocity-gradient tensor

P is zero, then the turbulent flow can be described by the two-dimensional

plane of the second, Q, and third, R, invariants of the velocity-gradient

tensor. Following this methodology extensive numerical and experimental

investigations of the flow statistical properties in the Q−R plane have been

performed. Perry and Chong [19], and Soria et al. [20] analyzed the fine-

scale structures in time-developing mixing layers and found that motions

with large positive values of Q are most likely to occur, with a topology of

stable focus/stretching. Blackburn et al. [21] investigated the topological

features of the velocity-gradient field of turbulent channel flow; the joint

probability density functions (jpdf’s) of Q and R were analyzed to indicate

that topologies of stable focus/stretching and unstable node/saddle/saddle

are the preferred ones away from the wall. Chong et al. [22] and Chacin
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3.4. Local flow topology

and Cantwell [23] revealed that the joint probability density functions of Q

and R exhibit a teardrop shape. Ooi et al. [24], studied the fine-structure

of several turbulent flows and found that the jpdf’s of Q − R were rather

similar, which suggested a certain universality in the Q−R plane of small-

scale motions. The existence of the teardrop shape of the joint pdf was

also confirmed experimentally in turbulent boundary layer by Andreopou-

los and Honkan [25], and Elsinga and Marusic [26]. Recently, Elsinga and

Marusic [27] provided an explanation for that universal teardrop shape,

evaluating average flow patterns in the local coordinate system defined by

the eigenvectors of the strain rate tensor. Tsinober [28] qualitatively sum-

marized the local flow properties in the Q−R plane and indicated that the

enstrophy production is large in the stable focus/stretching topology and

the total dissipation production is large in the unstable focus/compressing

topology. Dopazo et al. [29] explored the correlations between the invari-

ant Q and the structures of an inert dynamically passive scalar, in terms

of the local mean and Gauss curvatures, km and kg; the scalar saddle-point

geometries are related with intense strain (Q < 0), while scalar concave

or convex elliptic-points relate with focal motions corresponding to dom-

inant vorticity (Q > 0). Lüthi et al. [30] expanded the Q − R plane to

three dimensions by the decomposition of R into its strain production and

enstrophy production terms, and determined that the non-locality plays
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an important role in the evolution of the velocity gradients. Da Silva and

Pereira [31] and Khashehchi et al. [32] characterized the flow topology

across the turbulent/non-turbulent (T/NT) interface in turbulent plane

jets through the use of direct numerical simulation and experiments; the

values of the invariants of the velocity-gradient tensor are all zero in the

irrotational region and change rapidly when the T/NT interface is crossed;

the universal teardrop shape of the joint pdf of Q − R is not formed at

the interface and it only exists inside the turbulent region. Gualtieri and

Meneveau [33] studied the jpdf’s of Q − R for isotropic turbulence sub-

jected to a straining and destraining cycle, and revealed the features of

non-equilibrium turbulence. Bijlard et al. [34] investigated the local flow

topology in a particle-laden turbulent channel flow and analyzed the effects

of the particles on the flow field.

As noted, the investigation of flow topologies in variable-density turbulent

flows is limited in comparison to the study of constant-density turbulence.

Feiereisen et al. [35] conducted the first DNS of variable-density turbu-

lence in 1981. However, serious studies were only undertaken a decade

later. Chen et al. [36] examined the flow patterns of a variable density

plane wake, applying the three-dimensional velocity critical point theory,

in terms of P , Q and R. Sondergaard et al. [37] investigated the local

flow geometry of a turbulent shear flow, studying scatter plots both in
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the P − Q − R and PS − QS − RS invariant spaces, where PS, QS, and

RS are the first, second and third invariants of the symmetric strain-rate

tensor, respectively; the trends suggested that the second and third in-

variants of the symmetric strain-rate tensor correlate as RS
∼= K(−QS)

3/2,

where the coefficient K is a function of the Reynolds number and the flow

type. Maekawa et al. [38] studied the velocity-gradient invariants for de-

caying isotropic compressible turbulence, and revealed that the unstable

node/saddle/saddle and stable focal/stretching topologies in the Q − R

plane prevailed over other topologies. Tanahashi et al. [39] used the Q

invariant to separate strain dominated regions (Q < 0) from coherent fine-

scale eddies (Q > 0) in a premixed flame; coherent fine-scale eddies are

perpendicular to the flame front and can survive behind it. Suman and

Girimaji [40] investigated the local flow topology in compressible isotropic

turbulence. Grout et al. [41] studied the local flow topology of a reac-

tive transverse fuel jet in cross-flow, and determined that the highest heat

release rates of the flame are found in regions with node/node/node (un-

stable) topology. Wang and Lu [42] studied the behavior of flow topology

in a compressible turbulent boundary layer identifying several topological

preferences in the inner and outer layer.
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3.5 Local structures of the scalar field

There have been many attempts to characterize the structure of scalar

fields. In turbulent mixing of scalar fields, the points with constant values

of scalar define the iso-scalar surfaces, which have their own dynamics with

respect to the fluid that transports them. The first theoretical studies were

about the material surface by Batchelor [43], Cocke [44] and Orszag [45],

where by definition a material surface moves with the fluid. Gibson [46]

analyzed in detail the local scalar geometries belonging for a turbulent

scalar dynamically passive and concluded that the extremal points in a

scalar field, which correspond to places where the scalar-gradient trajec-

tories converge, are generated at scales of the Obukhov [47]-Corrsin [48]

length. For premixed combustion, Clavin and Willian F. [49, 50] carried

out an analytical study of the flamelet ii and obtained an influence of flame

curvature on diffusive-thermal instability of flame. Henceforth the curva-

ture, among other things, has been one of the most important features in

the local structures of the scalar field.

Pope [51] derived the ordinary differential equations for the main curva-

tures, k1 and k2, of a material surface in homogeneous isotropic turbulence

and observed that the second spatial derivative of the fluid velocity folds

iiFlamelet can be considered as ‘flame sheet’ where is assumed infinitely fast chemical reaction such that the reaction
zone is an infinitely thin interface.
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the material surfaces. Pope et al. [52] found that the most probable struc-

tures in the material surfaces with large curvatures are cylinders. Candel

and Poinsot [53] deduced the flame surface stretch in terms of tangential

strain rate, aT , and the mean curvature of the flame, km; they proved that

aT and km correlate with the extinction mechanisms of turbulent flames.

Rutland et al. [54] realized a study of premixed flame in a three-dimensional

DNS and found that the positive and negative flame curvature are equally

likely iii. Poinsot et al. [55] studied in a two-dimensional DNS the quench-

ing processes in the flame; they observed that the interaction between

small vortices and the flame front is controlled by the curvature of the

flame and viscous effects. Haworth and Poinsot [56] realized a study of the

structure of a premixed flame to different Lewis numbers, Le, using a two-

dimensional DNS, and examined the relation between the displacement

speed of the flame, V Y , and mean curvature of the flame: the correlation

between V Y and km is positive for Le < 1, weak for Le = 1 and negative

for Le > 1. Baum et al. [57] simulated a DNS of H2/O2/N2 flame with

complex chemistry in two-dimensional turbulent flow and found that for

lean flames the local flame structure correlates with the flame curvature

as predicted by DNS based on simple chemistry. Echekki and Chen [58]

simulated turbulent premixed stoichiometric methane/air flames and eval-

iiiFor a positive (negative) flame curvature, km > 0 (km < 0), the scalar surface is convex (concave) towards the fresh
gas side.
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uated, among other things, the effects of strain rate and mean curvature

of the flame upon radicals concentration and heat release. Gran et al. [59],

using a two-dimensional DNS of a methane-air premixed flame, found that

chemical effects on the displacement speed of the flame are negligible com-

pared to molecular diffusion effects in regions with large flame curvature.

Renou et al. [60] tested experimentally different mixtures (methane/air,

propane/air, and hydrogen/air) to different Lewis numbers, and performed

measurements of the flame curvature and tangential strain rate varying

the turbulence conditions; they demonstrated that the local flame cur-

vature and tangential strain rate are negatively correlated. Echekki and

Chen [61] evaluated the influence of scalar geometry in the displacement

speed using results from DNS of an unsteady stoichiometric methane-air

flame embedded in a two-dimensional vortical flow field, and showed that

the displacement speed is a balance of three components: reaction, nor-

mal diffusion, and local flame curvature. Chakraborty and Cant [62, 63]

used three-dimensional DNS of premixed turbulent flames with single-step

Arrhenius chemistry in a inflow-outflow configuration, and obtained a com-

plete statistical analysis for the displacement speed, strain rate, dilatation

rate and flame curvature; the mean curvature of the flame is negatively

correlated with the local volumetric dilatation rate and the displacement

speed of the iso-scalar surfaces. Dopazo et al. [64, 29] used results from
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3.6. Strain rates in the turbulence-scalar interaction

constant-density turbulent flow DNS to describe the local geometry of iso-

scalar surfaces in terms of either main curvatures, k1 and k2, or mean

and Gauss curvatures, km and kg. Han and Huh [65] simulated turbulent

premixed flames to different Karlovitz numbers, Ka, and found that in re-

gions with convex flame curvature the displacement speed decreases when

the Karlovitz number increases.

3.6 Strain rates in the turbulence-scalar interaction

A turbulent premixed flame acts as a propagating frontier between the

fresh mixture and the burnt gases, which modifies both the upstream and

downstream flows through aero-thermo-chemical processes. Far upstream

of the flame, the flow turbulence, as well as the structure of the scalar fields

will weakly sense the flame presence. As large- and small-scale structures

of the velocity and scalar fields approach the flame, interactions become

increasingly important and likely dominate in regions of intense chemical

activity and thermal transport. The resulting flow and scalar structures

downstream of the flame will be significantly different from those upstream

of it. On the other hand, the wrinkling and stretching of iso-scalar surfaces

by turbulent motion alter the statistical behavior of the scalar field. This

turbulence-scalar interaction can be characterized by familiar quantities
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such as the normal, aN , and tangential, aT strain rates, which appear in

expansive and compressive flow regions, composing the local volumetric

dilatation rate, ∇ ·u.

The importance of the tangential strain rate on the propagation speed

and stability of laminar, premixed flames has been widely investigated

(Matalon [66], Chen and Im [67], Echekki and Chen [58], Chakraborty and

Cant [62], among other references cited in previous sections). Transport

equations for flame area and surface density function have been derived

and they contain explicit dependences on tangential stretching [53, 68].

Flows with important density changes, due, for example, to chemical heat

generation, will presumably undergo large volumetric dilatation rates. In-

tuitively, this situation may lead to mostly positive values for both tangen-

tial and normal strain rates [69]; the former will imply iso-scalar surface

stretching, whereas the latter will, in principle, yield a reduction of the

scalar-gradient modulus, as iso-surfaces separate. This fact seems at first

glance to hamper scalar molecular fluxes and dissipation of composition

inhomogeneities. Chakraborty [70] has documented, via DNS, the occur-

rence of positive normal strain rates in a ‘corrugated flamelets’ regime. and

negative ones in a ‘thin reaction zone regime’; while in the first case the

scalar gradient aligns preferentially with the strain rate tensor eigenvec-

tor corresponding to its most extensive eigenvalue, in the second instance
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the scalar gradient is mainly parallel to the most compressive eigenvector.

This latter feature is coincident with that described for turbulent scalar

mixing in constant density flows (Batchelor [43], Kerr [12], Ashur [71], and

references therein). Chakraborty et al. [72] have scrutinized via DNS the

Lewis number effect on the scalar gradient alignment in turbulent pre-

mixed flames; they have documented mainly positive normal strain rates

and concluded that ‘the most extensive principal strain rate’ is preferen-

tially perpendicular to iso-scalar surfaces and ‘destroys the scalar gradient’

with a ‘magnitude’ that ‘increases with decreasing Lewis number for given

turbulent Reynolds and Damköhler numbers’. It is apparent that small-

scale flow and scalar structures strongly influence the turbulent mixing

that, in turn, affect the thermal fields and the chemical kinetics. It is

therefore important to know how small-scale flow and scalar structures, as

momentum, mass and thermal molecular diffusion local enhancers, behave

and evolve in front, within and behind the flame. Molecular mixing mod-

els for combusting flows, resulting from that knowledge, could incorporate

more physical content and likely improve their accuracy and prediction

capability.
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3.7 Objectives and methodology

The study of turbulent mixing mechanisms in the dynamics of scalar fields

requires to investigate different small-scale processes for both the scalar and

the velocity fields. The knowledge of these features requires to solve exactly

all physical spatial and time scales embedded in the flow equations without

any model for turbulence. Thus, the direct numerical simulation (DNS)

is the adequate tool to deal with this task. The goal of this dissertation

is to investigate the different turbulent mixing and combustion processes

through the small-scale structures in the scalar and velocity fields using

several direct numerical simulation datasets. Specific objetives of this work

are the following:

• Characterizing the small-scale structures of the scalar and velocity

fields in turbulent mixing.

• Obtaining new information about the statistics of the invariants of the

velocity-gradient tensor and to explore their role in turbulent mixing

and combustion.

• Analyzing the geometric characteristics of the scalar field in combus-

tion cases and its influence in the small-scale dynamics of turbulence.

• Investigating the reactive-diffusive characteristics of turbulent mixing

24



3.8. Outline

of scalar fields and their impacts in the displacement speed of the

iso-scalar surfaces.

• Examining via DNS volumetric dilatation rates as functions of scalar

micro-structures, and obtaining information of the expansive and com-

pressive flow regions for several flame zones and different local scalar

geometries.

To achieve these objectives, different direct numerical simulations of pre-

mixed systems have been conducted and the resulting datasets have been

examined.

3.8 Outline

The thesis is organized as follows:

• Chapter 4 details the governing equations of the constant- and variable-

density turbulent reacting flows. It briefly reviews the velocity gradi-

ent tensor and its invariants, the non-material surfaces (specifically,

scalar geometries and its characterization through curvatures) their

propagation velocities and stretching, the turbulent premixed flame

regimes and the chemical reaction rates used in this work.

• Chapter 5 discusses the three-dimensional DNS results of constant-
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density mixing and reaction. A single step Arrhenius-type chemistry is

used. The simulation was performed using the FORTRAN code of the

Fluid Mechanics Group at the University of Zaragoza. Scalar struc-

tures are obtained for different Schmidt numbers. Molecular diffusion

effects on the scalar field are analyzed, as well as, the displacement

speed of the iso-scalar surfaces. Flow strain rates are presented em-

phasizing the impact of their joint interactions with the small-scale

scalar structures. Subsequently, invariants of the velocity gradient-

tensor and local flow topologies are also obtained and analyzed. The

effects of the flow strain rates upon the scalar iso-surfaces calculating

the orientation of the unit vector normal to iso-scalar surfaces with

respect to the strain rate eigenvectors and the local vorticity is scruti-

nized. Some preliminary conclusions and recommendations for future

work are contained at the end of this Chapter.

• Chapter 6 describes the three-dimensional DNS results of a variable-

density turbulent premixed propagating flame in an inflow-outflow

configuration using one-step Arrhenius chemistry. The simulation was

performed using the fully parallel compressible solver NTMIX3D [73].

DNS code was programmed by the research group of the ‘Departament

of Energy - Centro de Investigaciones Energéticas, Medioambientales

y Tecnológicas (CIEMAT)’. Scalar structures are obtained in terms
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of the mean and Gauss curvatures for several flame zones. Molecular

diffusion effects on the scalar field are analyzed, as well as, the dis-

placement speed of the iso-scalar surfaces in all reaction-conditioned

regions. A kinematics of iso-scalar surfaces is presented and the local

fluid volumetric dilatation and flow strain rates are analyzed and re-

lated with the small-scale scalar structures. Furthermore, invariants

of the velocity gradient tensor and local flow topologies are also ana-

lyzed. The alignment between the unit vector normal to iso-scalar sur-

faces, the strain rate eigenvectors and the local vorticity is obtained.

Some preliminary conclusions and recommendations for future work

are contained at the end of this Chapter.

• Chapter 7 analyzes the three-dimensional simulation results of a pre-

mixed turbulent jet flame in a hybrid Large Eddy Simulation (LES)/DNS

approach, using a stoichiometric methane-air mixture injected through

a central jet, surrounded by a co-flow of burned products. The fully

parallel compressible solver SiTCom (Simulating Turbulent Combus-

tion), programmed by the research group of the ‘CORIA - CNRS -

Normandie Université - INSA de Rouen’, has been used to perform

the simulation. Scalar structures are obtained in terms of the mean

and Gauss curvatures. Molecular diffusion effects on the scalar field

are analyzed, as well as, the displacement speed of the iso-scalar sur-
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faces. The expansive and compressive flow regions for several flame

zones and different local scalar geometries are studied through the

local fluid volumetric dilatation and flow strain rates. Subsequently,

invariants of the velocity gradient tensor and local flow topologies are

also studied. The orientation of the strain rate eigenvectors respect

to the local vorticity and the unit vector normal to iso-scalar surfaces

is analyzed. Some preliminary conclusions and recommendations for

future work are contained at the end of this Chapter.

• Chapter 8 describes the main conclusions of the present work and

some perspectives for further developments.
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This chapter introduces the mathematical description in terms of the Navier-

Stokes, species and energy transport equations, as well as the general de-
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scription of the small-scale characteristic structures in turbulent mixing

and reacting flow fields.

4.1 Governing equations

The basic set of conservation equations are given by the classical Navier-

Stokes, species and energy transport equations. The following assumptions

are made:

• The species and the mixture obeys the perfect gas law.

• The Mach number is much less than unity.

• There are no heat flux due to radiation.

• There are no body forces.

• The Soret and Dufour effects, pressure-gradient diffusion, and bulk

viscosity are negligible.

• The molecular mass and heat fluxes are approximated by Fick’s and

Fourier’s laws, respectively.
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4.1.1 Variable-density turbulent reacting flows

Conservation of mass

The equation of mass conservation (or continuity equation) is written:

∂ρ

∂t
+

∂(ρui)

∂xi
= 0 , (4.1)

where ρ denotes density of the fluid, t is the time, xi stands for the ith com-

ponent of the position vector and ui the ith component of hydrodynamic

velocity.

Conservation of momentum

The balance equation for momentum in variable-density turbulent flows is

as follows:

∂(ρui)

∂t
+

∂(ρujui)

∂xj
= − ∂p

∂xi
+

∂τij
∂xj

, (4.2)

where p is the thermodynamic pressure and τij is the viscous stress tensor

defined as:
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τij = 2µSij −
2

3
µSkkδij , (4.3)

µ is the dynamic viscosity, δij is the Kronecker delta and Sij is the strain

rate tensor, which is defined as:

Sij =
1

2

(
∂ui
∂xj

+
∂uj
∂xi

)
. (4.4)

Skk in Eq. (4.3) stands for the local volumetric dilatation rate (velocity

divergence ∇ · u), which is equal to zero for constant-density turbulent

flows.

Viscous stress tensor and pressure are often combined into the stress tensor

σij, that reads:

σij = −pδij + τij = −pδij + 2µSij −
2

3
µSkkδij . (4.5)

Conservation of species

In terms of the mass fraction for a chemical species, Yα, in a mixture of Ns

species, the balance equation for the species α is:

32



4.1. Governing equations

∂(ρYα)

∂t
+

∂

∂xi
(ρuiYα) = −∂qα,i

∂xi
+ ω̇α , (4.6)

where qα,i is the diffusive flux of the species α in the direction i and ω̇α

the mass reaction rate of the species α per unit time and volume. In this

equation, there is no summation over α (only i).

In mixtures where one species has larger mass fraction than the other ones,

the minority species fluxes are proportional to the concentration gradients.

Taking into account only the diffusive flux by species gradient according

to Fick’s law, qα,i is as follows:

qα,i = −ρDα
∂

∂xi
Yα , (4.7)

where Dα is the molecular diffusivity of the α-th species in the mixture.

The Schmidt number of the species α can be written as:

Scα =
µ

ρDα
, (4.8)

thus, the diffusive flux of the species in terms of Schmidt number is:
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qα,i = − µ

Scα

∂

∂xi
Yα . (4.9)

With the above considerations, the species conservation equation is recov-

ered:

∂(ρYα)

∂t
+

∂

∂xi
(ρuiYα) =

∂

∂xi

(
µ

Scα

∂Yα

∂xi

)
+ ω̇α . (4.10)

The species balance equation can also be written in its non-conservation

form:

DYα

Dt
=

∂Yα

∂t
+ ui

∂Yα

∂xi
=

1

ρ

∂

∂xi

(
ρDα

∂Yα

∂xi

)
+ ω̇∗

α , (4.11)

where D/Dt is the substantial derivative operator ∂/∂t + ui∂/∂xi and

ω̇∗
α = ω̇α/ρ.

Conservation of energy

Multiple forms can be derived for the balance equation for energy, depend-

ing on which variable is solved: enthalpy, internal energy, total energy,
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4.1. Governing equations

etc.

Let us choose as first option total energy, et, at a fluid volume. et is the sum

of internal energy, e (e = CvT , where Cv is the specific heat at constant

volume and T is the temperature), and kinetic energy, uiui/2. The balance

equation for et can be written as:

∂(ρet)

∂t
+

∂

∂xi
(ρuiet) =

∂(σijui)

∂xj
− ∂qi

∂xi
, (4.12)

where qi is the diffusive flux of heat. qi, considering only the Fourier’s law,

results in:

qi = −λ
∂T

∂xi
, (4.13)

where λ stands for the thermal conductivity of the mixture.

The Prandtl number of the mixture, Pr, which compares the diffusive

transport of momentum (viscous forces) and heat, can be written as:

Pr =
Cpµ

λ
=

µ

ρDth
, (4.14)
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where Cp is the specific heat at constant pressure and Dth = λ/(ρCp) is

the heat (thermal) diffusivity coefficient.

The diffusive flux of heat can be expressed in terms of Pr, such as follows:

qi = −Cpµ

Pr

∂T

∂xi
. (4.15)

With the above considerations, the balance equation for total energy is

recovered:

∂(ρet)

∂t
+

∂

∂xi
(ρuiet) =

∂(σijui)

∂xj
+

∂

∂xi

(
Cpµ

Pr

∂T

∂xi

)
. (4.16)

Other option of getting a balance equation for energy is to consider the

total enthalpy, ht. Using the continuity equation (4.1) and the relation

between total energy and enthalpy: ht = et + p/ρ, yields:

ρ
Det
Dt

= ρ
Dht

t
− Dp

Dt
− p

∂ui
∂xi

, (4.17)

Equating the right sides of Eqs. (4.17) and (4.16), one can easily obtain a

balance equation for the total enthalpy, ht:
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∂(ρht)

∂t
+

∂

∂xi
(ρuiht) =

∂p

∂t
+

∂(τijui)

∂xj
+

∂

∂xi

(
Cpµ

Pr

∂T

∂xi

)
. (4.18)

The kinetic energy equation is obtained multiplying the momentum equa-

tion (4.2) by ui:

∂

∂t

(
1

2
ρuiui

)
+

∂

∂xj

(
1

2
ρujuiui

)
=

∂(uiσij)

∂xj
+ p

∂ui
∂xi

− φ , (4.19)

where φ is the dissipation rate of kinetic energy:

φ = 2µ

[
∂ui
∂xj

− 1

3

∂uk
∂xk

δij

]2
. (4.20)

φ is always positive and represents a rate of loss of mechanical energy due

to viscous forces.

Subtracting Eq. (4.19) from (4.16) leads to the balance equation for the

internal energy, e:

∂(ρe)

∂t
+

∂

∂xi
(ρuie) = σij

∂ui
∂xj

+
∂

∂xi

(
Cpµ

Pr

∂T

∂xi

)
. (4.21)
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Using the continuity equation (4.1), the balance equation for internal en-

ergy (4.21) and the relation between internal energy and specific enthalpy:

h = e+ p/ρ, one can easily obtain a balance equation for specific enthalpy,

h:

∂(ρh)

∂t
+

∂

∂xi
(ρuih) =

Dp

Dt
+ τij

∂ui
∂xj

− ∂qi
∂xi

. (4.22)

The specific enthalpy is defined by:

h = hs + hq = hs +

Ns∑

α=1

ho
f,αYα , (4.23)

where hs is the sensible enthalpy (commonly called the thermal enthalpy),

hq is the chemical enthalpy and ho
f,α is the formation enthalpy of the species

k. Using the balance equation for specific enthalpy (4.22), the balance

equation for species (4.10) and canceling the pressure gradients, a balance

equation for thermal enthalpy is obtained:

∂(ρhs)

∂t
+

∂

∂xi
(ρuihs) =

Dp

Dt
+ τij

∂ui
∂xj

+
∂

∂xi

(
Cpµ

Pr

∂T

∂xi

)
+ ω̇s , (4.24)
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where appears the term of heat release due to combustion: ω̇s = −∑Ns

α=1 h
o
f,αWα,

which comes from the relation between the chemical enthalpy and the con-

centration of species.

The equation for the sensible energy es may be deduced from Eq. (4.24),

the relation es = hs − p/ρ and deduction used in Eq. (4.17):

∂(ρes)

∂t
+

∂

∂xi
(ρuies) = σij

∂ui
∂xj

+
∂

∂xi

(
Cpµ

Pr

∂T

∂xi

)
+ ω̇s . (4.25)

Other way is to work with the sum of sensible and kinetic energies, E =

es + uiui/2, adding Eq. (4.25) and (4.19):

∂(ρE)

∂t
+

∂

∂xi
(ρuiE) =

∂(uiσij)

∂xj
+

∂

∂xi

(
Cpµ

Pr

∂T

∂xi

)
+ ω̇s . (4.26)

Based on the Schmidt number in Eq. (4.8) and Prandtl number in Eq.

(4.14), it is possible to write the Lewis number as:

Leα =
Scα
Pr

=
λ

ρCpDα
=

Dth

Dα
. (4.27)

Leα compares the diffusion speeds of heat and species α.
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The thermodynamic variables are related by the perfect gas equation of

state:

p =
ρRT

W
, (4.28)

where R is the universal perfect gas constant and W is the mean molecular

weight.

With the above definitions, the set of balance equations for reacting variable-

density turbulent flows does not depend on any other additional thermo-

dynamic variable.

Summary of conservation equations

Table 4.1 summarizes the equations to solve for reacting variable-density

turbulent flows.

4.1.2 Constant-density turbulent reacting flows

If the fluid density ρ appearing in the governing equations is assumed to

be constant. The governing equations can be written as:
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4.1. Governing equations

Mass
∂ρ

∂t
+

∂(ρui)

∂xi

= 0

Momentum
∂(ρui)

∂t
+

∂(ρujui)

∂xj

= −
∂p

∂xi

+
∂τij

∂xj

Species
∂(ρYα)

∂t
+

∂(ρuiYα)

∂xi

=
∂

∂xi

(

µ

Sc

∂Yα

∂xi

)

+ ω̇α

Energy
∂(ρE)

∂t
+

∂

∂xi

(ρuiE) =
∂(uiσij)

∂xj

+
∂

∂xi

(

Cpµ

Pr

∂T

∂xi

)

+ ω̇s

(sum of sensible and kinetic, E)

Table 4.1: Conservation equations for reacting variable-density turbulent flows. The energy
equation may be replaced by any of the Eqs. (4.16), (4.18), (4.21), (4.22), (4.24) or (4.25).

• Mass

∂ui
∂xi

= 0 (4.29)

• Momentum

∂ui
∂t

+ uj
∂ui
∂xj

= −1

ρ

∂p

∂xi
+ ν

∂2ui
∂x2j

(4.30)

If the temperature, the specific heat at constant pressure and enthalpy are

assumed constant, the scalar field obeys the following equation:
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• Scalar:

∂φ

∂t
+ ui

∂φ

∂xi
=

∂

∂xi

(
D

∂φ

∂xi

)
+ ω̇∗ , (4.31)

where, φ could be the species concentration, D the chemical species diffu-

sivity, and ω̇∗ the creation rate of species by chemical reaction.

The pressure field p, appearing on the right-hand side of Eq. (4.30), is

governed by Poisson’s equation:

∇2p = −ρ
∂ui
∂xj

∂uj
∂xi

. (4.32)

This expression is deduced from Eqs. (4.29) and (4.30), for the mass and

momentum conservation, respectively.

For constant-density reacting flows the velocity field is not affected by

the values of the mass fraction. The density is strictly constant and, if

the viscosity coefficient is constants, the scalar mixing-reaction problem is

decoupled from the dynamic one.
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4.2. Velocity-gradient tensor

4.2 Velocity-gradient tensor

The deformation produced in fluids can be measured through the variation

of the velocity field. In the kinematic study at a fluid point we get the

following relation:

∂r

∂t
= u(x+ r, t)− u(x, t) , (4.33)

where r is an infinitesimal fluid element (see Figure 4.1). If the velocity

field in the neighborhood of x is approximated by Taylor series:

ui(x+ r) = ui(x) + rj
∂ui
∂xj

+
1

2
rjrk

∂2ui
∂xj∂xk

+ . . . (4.34)

Eq. (4.33) becomes:

∂ri
∂t

= rj
∂ui
∂xj

+O(r2) , (4.35)

where O(r2) is the infinitesimal of second-order. The velocity-gradient ten-

sor A, with components Aij = ∂ui/∂xj, is the responsible of the variation
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of r.

Figure 4.1: Deformation at a fluid point.

The velocity-gradient tensor can be split into its symmetric, Sij (strain

rate tensor), and skew-symmetric, Wij (rotation rate tensor), components:

Sij =
1

2
(Aij + Aji) , (4.36)

Wij =
1

2
(Aij − Aji) . (4.37)

Wij has an associated axial vector ω (vorticity vector):

ω = ∇× u . (4.38)
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4.2. Velocity-gradient tensor

Thus, the rotation rate tensor can be written as:

Wij = −1

2
εijkωk , (4.39)

where εijk is the Levi-Civitá tensor.

It is well known that Sij has information about linear dilatation and an-

gular deformation rates, and Wij has information about angular velocities

due to rotation with angular velocity ω/2.

4.2.1 Invariants and local flow topology

There is no doubt that flow patterns are strongly influenced by the strain

and rotation rate tensors. Because of this, many studies of fluid motion

are based on the description and understanding of the behavior of the

velocity-gradient tensor.

One of the most important methods to explain and classify the features

of flow patterns was proposed by Chong et al. [18]. Their critical point

criteria, which are explained below, identify strong eddying or vortical

regions, streaming zones, and stagnation points in the flow. The local

flow topologies are characterized by the invariants of the velocity-gradient

tensor, A = Aij = ∂ui/∂xj; its three eigenvalues, λ1, λ2 and λ3, are the
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solutions of the characteristic equation,

λ3 + Pλ2 +Qλ+R = 0 , (4.40)

P,Q,R are the three invariants of A [18], specified by

P = −tr(A) = −(λ1 + λ2 + λ3) = −Sii = −∇ ·u , (4.41)

Q =
1

2

(
[tr(A)]2 − tr(A2)

)
=

1

2

(
P 2 − SijSij +WijWij

)
, (4.42)

R = −det(A) =
1

3

(
−P 3 + 3PQ− SijSjkSki − 3WijWjkSki

)
, (4.43)

where Sij is the symmetric strain-rate tensor andWij is the skew-symmetric

rotation-rate tensor.

−P = ∇ ·u, represents the local volumetric dilatation rate, namely, the

rate of change of an infinitesimal fluid volume per unit volume. −P < 0

implies element compression, −P = 0 means zero dilatation and −P > 0

entails local fluid expansion.

The discriminant D of Eq. (4.40) is defined by [18]

D =
1

108

[
27R2 + (4P 3 − 18PQ)R + 4Q3 − P 2Q2

]
. (4.44)
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The surface D = 0 divides the P −Q−R phase space into two regions; for

D > 0, A displays one real and two complex-conjugate eigenvalues (focal

topologies), while in the region D < 0, A has three real eigenvalues (nodal

topologies). The two surfaces, r1a and r1b, of D = 0 are given by

1

3
P

(
Q− 2

9
P 2

)
− 2

27

(
−3Q+ P 2

)3/2 −R = 0 , [r1a] (4.45)

1

3
P

(
Q− 2

9
P 2

)
+

2

27

(
−3Q+ P 2

)3/2 −R = 0 . [r1b] (4.46)

Further, in the region D > 0, A has purely imaginary eigenvalues on the

surface r2, which is described by

PQ−R = 0 . [r2] (4.47)

For P = 0 the surface r2 coincides with the Q−axis. Thus, the surfaces r1a,

r1b, r2 and R = 0 divide the P −Q−R space into different regions, which

correspond to distinct flow topologies, plotted, as reminder, in Figure 4.2

and explained pictorially in Table 4.2.

The invariants of Sij and Wij are given by
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PS = P = −Sii , QS =
1

2

(
P 2 − SijSij

)
, RS =

1

3

(
−P 3 + 3PQS − SijSjkSki

)
,

(4.48)

PW = 0 , QW =
ω2

4
=

1

2
WijWij , RW = 0 , (4.49)

where ω2/2 = ωiωi/2 is the local enstrophy. ωi is the ith component of the

vorticity vector.

Both the turbulent kinetic energy dissipation and the volumetric dilatation

rates contribute to QS. It is readily shown that

Q = QS +QW , R = RS + PQW −WijWjkSki = RS + PQW − 1

4
ωiSijωj ,

(4.50)

Q represents the additive contribution of enstrophy, QW , and dissipa-

tion/dilatation, QS. Enstrophy production, PQW − (ωiSijωj)/4, and dis-

sipation rate generation, SijSjkSki, enter the definition of R [28].
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(a)

(b)

(c)

Figure 4.2: Classification of critical points in the R − Q plane for: (a) P > 0, (b) P = 0, and
(c) P < 0. Topologies and corresponding acronyms are listed in Table 4.2.
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Sector Acronym Description Sketch

S1 UFC Unstable focus/compressing

S2 UN/S/S Unstable node/saddle/saddle

S3 SN/S/S Stable node/saddle/saddle

S4 SFS Stable focus/stretching

S5 SFC Stable focus/compressing

S6 SN/SN/SN Stable node/stable node/stable node

S7 UFS Unstable focus/stretching

S8 UN/UN/UN Unstable node/unstable node/unstable node

Table 4.2: Description of the flow topologies in P −Q−R space.
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4.3 Scalar geometries

The geometric structures of the scalar field have been essential in many

studies of premixed systems. A clear example are the combustion instabil-

ities where the scalar geometry helps to reproduce or increase these distur-

bances, despite the fact that the vorticity field creates instabilities [53, 74].

It is clear, at least locally, that the geometric structures of the scalar

field are intrinsically related to the reactive-diffusion and mixing problems.

Thus, it is important to detail the physical parameters describing the scalar

geometries, not only to understand the premixed system problems but also

to know the small-scale dynamics of turbulence.

4.3.1 Local geometry of iso-scalar surfaces

Iso-scalar surfaces, or iso-level surfaces [51], are surfaces on which the scalar

value is constant. For the sake of simplicity in this section, iso-scalar

surfaces are defined by Y (x, t) = constant, where Y is the mass fraction of

the scalar field i. The unit vector normal to an iso-surface is

n =
∇Y

|∇Y | . (4.51)

iFor non-passive scalar field, such as the studied in this thesis, Y could be the reduced fuel mass fraction, which goes
from 1 in the fresh gases to 0 in the fully reacted products.
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n points towards the fresh reactants. The local geometry of the scalar field

is characterized by its value, Y (x, t), by its first and second derivatives,

∂Y/∂xN and ∂2Y/∂x2N , in the direction normal to the iso-surface, xN , and

also by its curvature tensor, ∂ni/∂xj = ni,j. The latter can be written in

terms of the scalar field derivatives as [29, 64]

ni,j =
1

|∇Y |(δik − nink)
∂2Y

∂xj∂xk
. (4.52)

The relationship between ni,j and the intrinsic curvatures of isoscalar sur-

faces may be obtained from the Weingarten′s theorem [75]. The character-

istic equation for ni,j is:

k3 + I1k
2 + I2k + I3 = 0 . (4.53)

The invariants of ni,j are given by

I1 =−∇ ·n , (4.54)

I2 =(1/2)(ni,inj,j − ni,jnj,i) , (4.55)

I3 =− det(ni,j) . (4.56)
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As I3 = 0 [29], the two eigenvalues of ni,j are obtained from the equation

k2 + I1k + I2 = 0 , (4.57)

whose solutions are

k1, k2 =
−I1 ±

√
I21 − 4I2
2

, (4.58)

k1 and k2 are the main curvatures.

The Gauss curvature, kg, and the mean curvature, km, are

kg =k1k2 , (4.59)

km =
k1 + k2

2
=

1

2

∂ni

∂xi
. (4.60)

The zone kg > k2m in the km − kg plane implies non-physical complex

curvatures. Figure 4.3 shows the different local geometries of isoscalar

surfaces. For a positive (negative) mean curvature, km > 0 (km < 0), the

surface is convex (concave) towards the fresh reactants.
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Figure 4.3: Classification of iso-scalar surface geometries in terms of their mean and Gauss
curvatures, km and kg.

Figure 4.4: Schematic representation of two elements of flame surface.

4.3.2 Kinematics of iso-scalar surfaces

Scalar mixing can be viewed as a combination of iso-scalar surface stretch-

ing and scalar-gradient growth induced by the flow field. Figure 4.4 depicts
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an infinitesimal surface, S, on the non-material iso-surface Y (x, t) = Γ,

with a normal unit vector n(x, t) = ∇Y/|∇Y |.

Y (x, t) is, for example, the normalized reactant mas fraction (Y = 1 in the

‘fresh gases’ and Y = 0 in the ‘hot products’).

An infinitesimal vector, r(x, t), joins a point x at the center of S to a

point x+ r on a neighboring iso-scalar surface Y (x, t) = Γ + dΓ. The two

extremes of r move with velocities uY (x, t) and uY (x + r, t), where the

velocity of a point of the non-material iso-scalar surface is decomposed as

uY (x, t) = u(x, t) + V Y (x, t)n , (4.61)

u is the fluid velocity and V Y is the normal displacement speed of Y (x, t) =

Γ relative to the local fluid. The time rate of change of r is

dr

dt
= (r · ∇)uY . (4.62)

The right side of (4.62) can be expanded as

dr

dt
= r · s+ r ·w + (r · ∇)V Y n+ V Y (r · ∇)n , (4.63)

where s and w are the strain and rotation rate tensors, respectively, and

∇n is the curvature tensor. r ·w can be recast as (ω × r)/2, in terms of
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ω = ∇× u, the vorticity vector.

If r = ∆xNn, one can readily obtain from (4.63)

1

∆xN

d∆xN
dt

= aN +
∂V Y

∂xN
, (4.64)

dn

dt
= (δ − nn) · s ·n+

1

2
ω × n+ V Y (n · ∇)n , (4.65)

where

aN = n · s ·n , (4.66)

is the flow strain rate normal to Y (x, t) = Γ. ∂V Y /∂xN is the derivative of

the propagation velocity in the normal direction to the iso-surface. δ is the

identity Kronecker delta tensor. While the vorticity has no influence on

the variation of the modulus of r, ∆xN , it obviously rotates its direction,

n.

The infinitesimal volume V = S∆xN , between the two iso-scalar surfaces,

changes in time according to
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1

V

dV

dt
= tr(s) +

∂V Y

∂xN
+ 2kmV

Y , (4.67)

where tr(s) = ∇ ·u, the trace of the strain rate tensor, yields the flow volu-

metric dilatation rate, and km is the local mean curvature, km = (∇ ·n)/2,

of the iso-scalar surface. km > 0 for iso-surfaces convex towards ‘fresh

gases’ and km < 0 for concave ones. The time rate of change of the in-

finitesimal surface S can thus be obtained from

1

S

dS

dt
=

1

V

dV

dt
− 1

∆xN

d∆xN
dt

, (4.68)

and using (4.64) and (4.67)

1

S

dS

dt
= aT + 2kmV

Y , (4.69)

with

aT = (δ − nn) : s , (4.70)
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the flow strain rate tangential to Y (x, t) = Γ. This expression has been

derived for flame stretch by several authors (Poinsot and Veynante [76],

and references therein). aN and aT satisfy,

∇ ·u = aN + aT . (4.71)

Surface stretching (dS > 0) occurs if (aT +2kmV
Y ) > 0, but seems to bear

no direct influence on the local mixing rate. (aT +2kmV
Y ) could be called

the ‘effective’ tangential strain rate to the iso-surface plane.

The mass flow rate per unit volume of Y (x, t), which determines the local

mixing rate, is

fY ·Sn
V

∼ −ρD
∆Γ

(∆xN)2
, (4.72)

where fY is the Fickian molecular flux,
∑

(Γ; x, t) = S/V = 1/∆xN is the

surface density function [68], and |∇Y | = ∂Y/∂xN = ∆Γ/∆xN .

For the two given iso-scalar surfaces, the local mixing rate increases with

time if ∆xN diminishes. From (4.64) one concludes that d∆xN > 0 if

aN+∂V Y /∂xN > 0 which increases the scalar gradient modulus, |∇Y |, and
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d∆xN < 0 if aN + ∂V Y /∂xN < 0, increasing |∇Y |. ∂V Y /∂xN measures

the difference of propagation velocities of different iso-surfaces. (aN +

∂V Y /∂xN) could be called the ‘effective’ normal strain rate in the normal

direction to the iso-surface.

For combusting flows with significant heat release (∇ ·u > 0), the probabil-

ity of finding aN > 0 in most of the flow domain might be large. Therefore,

for the scalar-gradient and the mass flow rate per unit volume to increase,

∂V Y /∂xN should be negative and its absolute value greater than aN .

On the other hand, the evolution of an iso-scalar surface obeys the equation

∂Y

∂t
+ (u · ∇)Y = −V Y |∇Y | . (4.73)

An equation for the evolution of |∇Y | can be readily obtained from (4.73),

∂|∇Y |
∂t

+ (uY · ∇)|∇Y | = −
(
aN +

∂V Y

∂xN

)
|∇Y | . (4.74)

The scalar-gradient associated to a point on a non-material iso-surface

moving with velocity uY decreases or increases depending, once again, on

positive or negative values, respectively, of the ‘effective’ normal strain
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rate, (aN + ∂V Y /∂xN).

4.3.3 Non-material surface propagation velocity

The conservation equation for a reacting species mass fraction can be writ-

ten as

DY

Dt
=

1

ρ
∇ · (ρD∇Y ) + ω̇Y , (4.75)

where D represents the Fickian molecular diffusivity coefficient for Y and

ω̇Y = ω̇/ρ stands for its net production rate by chemical reaction.

Equating the right sides of Eq. (4.73) and (4.75), an expression for the

displacement speed or propagation velocity relative to the fluid, V Y , is

easily obtained

V Y = − 1

|∇Y |ρ∇ · (ρD∇Y )− ω̇Y

|∇Y | . (4.76)

V Y is governed by the local balance between molecular diffusion and reac-

tion rates.

The molecular diffusion contribution can be expressed as
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1

ρ
∇ · (ρD∇Y ) =

|∇Y |
ρ

n · ∇(ρD) +Dn · ∇|∇Y |+D|∇Y |∇ ·n . (4.77)

Expanding expressions for (4.77)

MD(ρD) = (|∇Y |/ρ)n · ∇(ρD) , (4.78)

MD|∇Y | = Dn · ∇|∇Y | , (4.79)

MDcurv = D|∇Y |∇ ·n . (4.80)

MD(ρD) and MD|∇Y | are the contributions due to the variation of ρD and

|∇Y | normal to the iso-surface, respectively. MDcurv is the contribution

from tangential (due to the curvature) diffusion.

Equating the right sides of (4.73) and (4.75), and using (4.77), one can

easily obtain

V Y = −1

ρ
n · ∇(ρD)− 1

|∇Y |Dn · ∇|∇Y | −D(∇ ·n)− ω̇Y

|∇Y | , (4.81)

The first term in the right-hand side of (4.81) is the contribution to the

displacement speed of the variation of ρD normal to the iso-surface
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V Y
(ρD) = −1

ρ
n · ∇(ρD) . (4.82)

The second term represents the contribution due to the variation of |∇Y |

normal to the iso-surface

V Y
|∇Y| = − 1

|∇Y |Dn · ∇|∇Y | . (4.83)

Both (4.82) and (4.83) coincide in the normal direction to the iso-surface,

thus, the contribution from normal molecular diffusion can be written as

V Y
1 = −1

ρ
n · ∇(ρD)− 1

|∇Y |Dn · ∇|∇Y | = −D
∂

∂xN

[
ln

(
ρD

∂Y

∂xN

)]
.

(4.84)

The third term in the right-hand side of (4.81) describes the contribution

to the displacement speed due to the spatial curvature of the iso-scalar

surfaces:

V Y
2 = −D(∇ ·n) = −2Dkm , (4.85)

for iso-surfaces convex (concave) towards the reactants the contribution of

this term is negative (positive) since ∇ ·n > 0 (∇ ·n < 0).
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Finally, the last term in (4.81) is the contribution due to the chemical

reaction:

V Y
3 = − ω̇Y

|∇Y | = − ω̇Y

(∂Y/∂xN)
. (4.86)

The normal derivative of (4.81) yields

∂V Y

∂xN
= − ∂

∂xN

{
D

∂

∂xN

[
ln

(
ρD

∂Y

∂xN

)]}
−2

∂ (Dkm)

∂xN
− ∂

∂xN

[
ω̇Y

(∂Y/∂xN)

]
.

(4.87)

The three terms on the right side of (4.87),
(
∂V Y /∂xN

)
1
,
(
∂V Y /∂xN

)
2

and
(
∂V Y /∂xN

)
3
, quantify the contributions of normal and tangential dif-

fusion, and chemistry, respectively. Note that ∂V Y /∂xN has dimensions

of the inverse of a time scale, to which normal and tangential diffusion, as

well as chemistry contributes.

For flows of constant ρ and D fluids,

D∇2Y = Dn · ∇|∇Y |+D|∇Y |∇ ·n . (4.88)

Similarly
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V Y = −D

(
∂2Y/∂x2N

)

(∂Y/∂xN)
− 2Dkm −

[
ω̇Y

(∂Y/∂xN)

]
, (4.89)

and

∂V Y

∂xN
= − ∂

∂xN

[
D

(
∂2Y/∂x2N

)

(∂Y/∂xN)

]
− 2

∂ (Dkm)

∂xN
− ∂

∂xN

[
ω̇Y

(∂Y/∂xN)

]
. (4.90)

4.4 Turbulent premixed flames

A turbulent premixed flame acts as a propagating frontier between the

fresh mixture (fuel and oxidizer mixed at the molecular level) and the

burnt gases (combustion products), which modifies both the upstream and

downstream flows through aero-thermo-chemical processes. Far upstream

of the flame the inlet mean flow and the turbulence structures, as well

as the geometry of the scalar fields do not sense the flame presence. As

large- and small-scale structures of the velocity and scalar fields approach

the flame, mutual effects upon each other become increasingly important.

This coupling leads to important modifications in the flame surface area,

in the flame speed, in the consumption rate and in the flame thickness.

In order to carry out the numerical simulation of the complex phenomena

described above there must be taken into account certain features of the
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flame. Starting with the flame thickness, there must be enough points

within it to reproduce its inner structure. There are many ways to define

thicknesses for premixed flames and one of them is based on the tempera-

ture profile:

δoL =
Tb − Tu

max(|∂T∂x |)
, (4.91)

δoL is commonly called ‘thermal thickness’. The subscripts u and b in (4.91)

indicate variables in the unburned and the burnt gases, respectively. Usu-

ally this flame thickness is obtained after the computation of max(|∂T∂x |).

Thus, to calculate δoL requires a first flame computation.

Assuming an analytical solution for the laminar flame speed, SL, such as

the Zeldovich/Frank-Kamenetshi and von Karman (ZFK) [74, 77], and

considering also the fresh gases properties and the scaling laws [76], we can

obtain the called ‘diffusive thickness’:

δ =
λu

ρuCpSL
=

Dthu

SL
, (4.92)

where the quantities Dthu
= λu/(ρuCp), ρu, Cp and λu are evaluated in the

fresh gases. In this way, once SL is known, δ may be evaluated before any

computation.
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It can be noted that the laminar flame speed, SL, is other important feature

in premixed flames. One of the ways to get SL is integrating from −∞ to

+∞ Eq. (4.10) for any species α in the reference frame of a premixed flame:

SL = − 1

ρu(Yαu
− Yαb

)

∫ +∞

−∞
ω̇α dx , (4.93)

where Yαu
and Yαb

are the values of Yα at x = −∞ and +∞, respectively.

This speed corresponds to a description of the flame as an interface moving

at speed SL against the local flow.

Using the flame thickness and the laminar flame speed we define a typical

flame time scale τch:

τch =
δ

SL
. (4.94)

τch is the time needed for the flame to move on a distance corresponding

to its own thickness.

4.4.1 Combustion regimes

Combustion regimes are essential to the selection and development of the

adequate combustion model for a given situation [76, 78, 79, 80]. The

Damköhler number of the large scale and the Karlovitz number classify
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the premixed turbulent combustion in regimes.

The Damköhler number can be written as:

Da =
τl
τc

=
l

δ

SL

u′
, (4.95)

and the Karlovitz number as:

Ka =
τc
τη

=

(
l

δ

)−1/2(
u′

SL

)3/2

, (4.96)

where τl is the characteristic integral time scale and τη is the turbulent

time associated to the Kolmogorov scales.

The turbulent premixed flames regimes are classified as follows:

• Flamelet regime, (Ka < 1 and Da >> 1): For low (large) values of

the Karlovitz (Damköhler) number, chemical times are shorter than

the Kolmogorov time and the integral turbulence time (τch < τη and

τch < τl). Hence, the flame is wrinkled by turbulence motions and

the turbulence is not able to affect the inner flame structure. In this

regime there are two subdivisions, depending on the velocity ratio

u′/SL:

– Wrinkled flamelet regime, (u′ < SL): In this situation, the turbu-

lence wrinkles the flame but it is not able to induce flame front
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interactions.

– Corrugated flamelet regime, (u′ > SL): In this case, the turbulence

wrinkles the flame and induces flame front interactions which cre-

ates pockets with fresh and burnt gases.

• Thickened-wrinkled flame regime, (1 < Ka ≤ 100): In this regime, the

smallest turbulence scales have a Kolmogorov time τη shorter than τch

but τch, in turn, is larger than τl. Thus, the turbulent motions are

able to affect and thicken the preheat zone of the flame, but cannot

modify the reaction zone which remains thin and close to a laminar

reaction zone.

• Well-stirred reactor, (Ka > 100 and Da << 1): In this situation,

there is no laminar flame structure. Chemical time is larger than

integral turbulent time and the preheat and reaction zones are strongly

affected by turbulent motions.

Figure 4.5 shows a classical turbulent combustion diagram where all pre-

mixed turbulent combustion regimes have been represented in terms of

length (l/δ) and velocity (u′/SL) ratios.
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Figure 4.5: Classical turbulent combustion diagram. Combustion regimes are identified in terms
of length (l/δ) and velocity (u′/SL) ratios [76].

4.4.2 Description of chemistry

Premixed reacting flows have been investigated generally using simple one-

step chemistry schemes or, at most, applying strategies to reduce kinetics

by developing skeletal mechanisms and by manifold generation. All chem-

ical models used in combustion share the same description of elementary

chemical reactions, based on an Arrhenius law [74, 81, 82].

Consider a complete chemical system composed of Ns species reacting

through Nr reversible elementary equations. Each elementary reaction can

be written in the form:
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Ns∑

α=1

ν ′αjMα ⇀↽

Ns∑

α=1

ν ′′αjMα (j = 1 . . . Nr) (4.97)

where ν ′αj and ν ′′αj are the molar stoichiometric coefficients of species α in

reaction j, and Mα is a symbol for species α. Mass conservation implies:

Ns∑

α=1

ν ′αjWα =

Ns∑

α=1

ν ′′αjWα , (4.98)

where Wα is the molecular weight of species α. Eq. (4.98) can also be

written:

Ns∑

α=1

ναjWα = 0 (j = 1 . . . Nr) (4.99)

with:

ναj = ν ′′αj − ν ′αj . (4.100)

Moreover, the stoichiometric coefficients also satisfy linear relations as-

sociated with the conservation of all individual chemical elements. The

progress rate wj of the jth reaction is defined as:

wj = Kfj

Ns∏

α=1

C
ν′αj
α −Kbj

Ns∏

α=1

C
ν′′αj
α , (4.101)
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where Cα = ρYα/Wα denotes the molar concentration of the species α

and the forward and backward constants Kfj, Kbj of the reaction j are

expressed in the form:

Kfj = AfjT
βjexp

(
Ea,j

RT

)
= AfjT

βjexp

(
Ta,j

T

)
, (4.102)

Kbj =
Kfj

(
pa
RT

)∑Ns
α=1

ναj exp
(
∆S0

j

R − ∆H0

j

RT

) , (4.103)

where Af is the pre-exponential factor, T the temperature, βj the temper-

ature exponent, Ea the activation energy, R the universal gas constant, Ta

the activation temperature, pa = 1 bar, and ∆S0
j and ∆H0

j correspond,

respectively, to entropy and enthalpy changes during the transition from

reactants to products for the jth reaction. These quantities are obtained

from tabulations based on experimental measurements. The mass reac-

tion rate of species α is the sum of all contributions from the elementary

reactions:

ω̇α = Wα

Nr∑

α=1

ναjwj . (4.104)

The fact that chemical reactions conserve the total mass is expressed by:
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Ns∑

α=1

ω̇α = 0 . (4.105)

In this formulation, reactions are listed using a prescribed format, along

with the values for Aj (in CGS units), βj and Ea,j (in cal/mol).

As an indication, the use of a complete kinetic scheme to describe the

chemistry requires about eight species and 40 irreversible elementary reac-

tions for hydrogen/oxygen combustion, typically around 50 species and a

few hundred chemical reactions for methane, while more complex fuels like

n-decane or cetane require several hundred species and several thousands

of elementary reactions. Due to this high complexity, many works have

been based on a simplified treatment of chemistry which permits simple

analytical solutions.

One of them can be obtained assuming that the backward reaction rate

Kb1 = 0, for one irreversible reaction Nr = 1 in Eq. (4.97), and the forward

reaction Kf1 as follows:

Kf1 = A1T
β1exp

(
−Ea1

RT

)
, (4.106)

the reaction rate can be written as (using (4.101) and (4.104)):
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ω̇F = B1T
β1ρYFexp

(
−Ea1

RT

)
= B1T

β1ρYFexp

(
−Ta1

T

)
, (4.107)

where

B1 = A1νF1 . (4.108)

Eq. (4.107) gives a solution of ω̇α by a single-step reaction.

Generally, the reaction rate is expressed in a more convenient form [74, 76]:

ω̇ = B1T
β1exp

(−β

α

)
ρYFexp

[
− βYF

(1− αYF )

]
, (4.109)

where exp
(−Ta

T

)
in Eq. (4.107) has been replaced by exp

(
−β
α

)
exp

[
− βYF

(1−αYF )

]
,

and the values of α and β defined as,

α = (Tb − Tu)/Tb , β = αEa/RTb , (4.110)

are parameters that measure the heat released by the flame and the acti-

vation temperature respectively.

The simplifications to a single-step reaction for reacting variable- and
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constant-density flows often show unacceptable limitations for the predic-

tion of pollutant emissions or of stability limits, which are probably the

most important topics at present time in combustion research. But these

models preserve features such as intense non-linear heat release, variable

temperature, among other things, which are very important for theoretical

studies.

Simulations of turbulent flames rely on complete reaction mechanisms, for

instance complete hydrogen reaction schemes [83], often become cumber-

some, and as a consequence new approaches have been derived. One of the

approaches is the Intrinsic Low Dimensional Manifold (ILDM) approach

proposed by Maas and Pope [84, 85]. ILDM approach tries to project

the whole system with N + 2 degrees of freedom (N species, enthalpy

and pressure) onto a lower dimensional system. An eigenvalue analysis of

the species evolution helps to identify the fast and slow evolving species.

Based on this eigensystem analysis, a small subset of variables is identified,

which evolves slowly during combustion. These variables are then used to

generate pre-computed look-up tables to be used during simulations for

evaluating chemical kinetics. However this method has been shown to fail

in regions of flow where diffusion processes are as important as chemical

processes, and it generally does not produce good results in low temper-

ature regions of flames since fast time scales have been neglected. An
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improvement in the ILDM approach for the low temperature regions is

the Flame-prolongation of ILDM (FPI) [86]. The basic idea is to gener-

ate look-up tables from simulations of one-dimensional laminar premixed

flames using complex chemical schemes. A controlling parameter (for ex-

ample, the sum of carbon monoxide and dioxide mass fraction YCO + YCO2

for hydrocarbon combustion) is used to define the mapping between the

tabulated solutions and local solutions within a combustion simulation.

The FPI approach has been extended to diffusion flames by Vervisch et

al. [87] and for non-adiabatic flames by Fiorina et al. [88].
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The physical systems simulated in this case are a collection of incompress-
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ible, homogeneous and isotropic turbulent fields i, which are started from

a given spectrum, using a stochastic forcing scheme, to yield statistically

stationary fields. Boundary conditions are periodic which means that the

integrated volume is repeated up to infinity and the perturbations due to

the boundary conditions are minima inside the simulation domain. Two

scalars with identical initial statistical distributions, one inert and the other

obeying a prescribed Arrhenius-like chemical reaction, evolve in homoge-

neous isotropic turbulence. Results have been analyzed when the scalar

fields have a mean close to 0.7 and a variance close to 0.14 for the inert

scalar cases, whereas for the reactive scalar cases the mean and the variance

are close to 0.15 and 0.25, respectively.

5.1 Spectrum of the Scalar Field

The Kolmogorov scale, η, is the smallest velocity length scale in the flow.

Below this scale, viscosity effectively damps out inhomogeneities in the

flow. Analogously, there is a smallest scalar length scale which can be

larger, smaller, or of the same scale as the Kolmogorov scale, depending on

the relative magnitude of the kinematic viscosity of molecular diffusivity.

This is parametrized by the Schmidt number, Sc = ν/D. For a given flow

iThe fluctuating quantities in this approach are considered as random functions, which are assumed to be statistically
invariant under translations (homogeneity) and rotations (isotropy).
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configuration the Kolmogorov scale will depend on the viscosity, ν. Simi-

larly, the smallest scalar length scale will be determined by the molecular

diffusivity, D.

First consider the case where Sc > 1 (ν > D). The region over which we

are applying the scale analysis is the smallest scalar length and is termed

the Batchelor scale, lB. In this region, the scalar field is subject to the

complete range of strain-rate fluctuations since the Batchelor scale will be

smaller than the Kolmogorov scale (lB < η). In the inertial subrange,

the velocity and scalar spectrum will behave similarity. Beyond the Kol-

mogorov wavenumber cut-off, velocity fluctuations vanish. Scalar fluctu-

ations beyond this range will be reduced by the strain field, which below

the Kolmogorov scale is (ε/ν)1/2. This reduction occurs until the Batch-

elor scale is reached. This region of wavenumbers for κη < κ < κlB is

termed the ‘viscous-convective subrange’. For wavenumbers κ > κlB , the

scalar fluctuation are effectively damped by molecular diffusion. In this

region the scalar fluctuations are rapidly dissipated. This is called the

‘viscous-diffusive subrange’.

Now for small Sc < 1, the scalar length scale is termed the Obukov-Corsin

scale, lC . The Obukov-Corsin scale will be greater than the Kolmogorov

scale and may extend into the inertial subrange (lC > η or κlC < κη). In

this case, the diffusive cut-off for the scalar field will appear in the inertial
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subrange. This subrange is referred to as the ‘inertial-diffusive subrange’.

Under this condition, the only parameters describing the scalar field will

be the dissipation and the molecular diffusivity.

All of these features will be analyzed in this chapter using different Schmidt

numbers (Sc = 0.5, Sc = 1.0, Sc = 1.5), in order to visualize and to obtain

new information of the small-scale structures of the scalar field.

5.2 Numerical implementation

The numerical algorithms used to simulate the governing equations are a

pseudo-spectral numerical code [89, 90] to advance in the spatial domain,

and a second-order Runge-Kutta numerical scheme [91] to advance in time.

A brief overview of these numerical methods is presented in this section.

Spatial integration

Let us consider a particular turbulent flow within a cubic box of size L,

which contains all the spatial features of the flow. It is also assumed that

the boundary conditions on the limits of the box are periodic. Once the

periodic flow within the box is constructed, we fill the whole space with an

infinite number of identical boxes, so that one obtains a periodic flow of

wave-length L in the three directions of space. Thus, this flow within the
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box is a periodic flow whose features for scales smaller than L are close to

the features of the real flow.

Let ~u(~x) be the periodic velocity field, (e.g. a velocity field at a given

time). Since it is periodic of period L, it can be expanded as an infinite

series:

~u(~x) =
+∞∑

n1,n2,n3=−∞
e(i2π/L)(n1x1+n2x2+n3x3)û(n1, n2, n3) , (5.1)

where û(n1, n2, n3) is known as the discrete Fourier transform of the func-

tion ~u(~x), i is the imaginary unit i =
√
−1, 2π/L = κo is the lowest

wavenumber, and n1 n2 n3 are positive or negative integers. Introducing

the wavenumber vector ~κ of components:

~κ = κo~n =

[
2π

L
n1,

2π

L
n2,

2π

L
n3

]
, (5.2)

Eq. (5.1) can be written as:

~u(~x) =
∑

~κ

ei~κ · ~xû(~κ) , (5.3)
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where the sum is over the infinite number of discrete ~κ = κo~n.

Thus, the derivative respect to space is:

∂~u(~x)

∂xn
=
∑

~κ

iκne
i~κ · ~xû(~κ) . (5.4)

Using the notation
̂( ∂u

∂xn

)
to indicate the Fourier transform of

∂~u

∂xn
, yields:

∂~u(~x)

∂xn
=
∑

~κ

ei~κ · ~x
̂( ∂u

∂xn

)
. (5.5)

It can be seen that,

̂( ∂u

∂xn

)
= iκnf̂(~κ) . (5.6)

For the evolution of Fourier modes, the Navier-Stokes equations (4.30) and

(4.31) are transformed to the wavenumber space or Fourier space using the

Fast Fourier Transform (FFT) [92, 93]:
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∂ûi
∂t

= −iκj(ûjui)−
iκi

κjκj

( ̂∂ul
∂xm

∂um
∂xl

)
− νκjκjûi , (5.7)

∂Ŷ

∂t
= −iκj(ûjY )−DκjκjŶ + ̂̇ωY , (5.8)

where in (5.7) is used the Fourier transform of Eq. (4.32) to solve the

pressure. Y in Eq. (5.8) stands for the mass fraction of reactants, varying

from 1 in the pure reactive mixture to 0 in the fully reacted products.

By definition, the turbulent kinetic energy k can be found directly from

the turbulent energy spectrum by integrating over wavenumber space (see

Figure 3.1):

k =

∞∫

0

E(κ)dκ . (5.9)

Thus, E(κ)dκ represents the amount of turbulent kinetic energy located

between the wavenumbers κ and κ+ dκ.

For homogeneous isotropic turbulence, the turbulent energy dissipation

rate, ε, and the integral length scale, l, are related to E(κ) by [94]:
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ε = 2ν

∞∫

0

κ2E(κ)dκ , (5.10)

l =
3π

4k

∞∫

0

E(κ)

κ
dκ . (5.11)

There is another length scale widely used called the Taylor micro-scale, λ,

and is defined by:

λ2/ν = 10k/ε . (5.12)

It is important to note that at high Reynolds number λ lies at scales

between l and η. Although the Taylor micro-scale does not have much

physical meaning, λ has an important place in the study of homogeneous

isotropic turbulent flow due to the fact that many characterizations of

turbulent flows are based on this length scale.

The Taylor micro-scale is often used to define the Taylor-scale Reynolds

number:
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Reλ ≡
(
2k

3

)1/2
λ

ν
. (5.13)

Reλ is traditionally used to characterize grid turbulence.

Time integration

A second-order Runge-Kutta numerical scheme [91] is used to provide time-

marching from the nth time step to (n + 1)th time step. This numerical

method provide a good compromise between accuracy, stability, and com-

putational efficiency. In order to illustrate the numerical method, we are

going to consider a general governing equation given by:

Ut = R(U) , (5.14)

where R represents a functional containing all spatial derivatives terms

such as the one given on the right-hand side of Eq. (4.30). Let Un denotes

the numerical approximation of U at tn = n∆t, where t0 = 0 is the initial

time. To obtain the solution Un+1 is necessary to build a series of ‘stages’ or

‘sub-steps’ that approximates the solution at various points using samples

of R(U) from the series of early stages. The numerical solution Un+1 is
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constructed from a combination of Un and all the approximations found at

the precomputed stages. The second-order Runge-Kutta numerical scheme

is as follows:

U (0) = U (n) ,

U (1) = U (n) +∆tb0R(U (0)) , (5.15)

U (2) = U (n) +∆tb1R(U (1)) ,

where the coefficients are b0 = 1/2, and b1 = 1, respectively.

With the advance in time, it is necessary that a fluid particle move only a

fraction of the grid spacing ∆x in a time step ∆t. To satisfy this require-

ment, the time step ∆t is limited by the Courant number (Co) defined

by [95]:

Co =
max{|u1|, |u2|, |u3|}

∆x/∆t
. (5.16)

For most cases studied ([64, 95, 96] and others) to date Co ≤ 0.3 appeared

to be sufficient to provide numerical stability. In the computation of ∆t

the Courant criterion limit becomes important. However, this time step is
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also limited by the chemical reaction rate.

Reaction rate

The reaction term obeys a single step Arrhenius-type chemical reaction (cf.

Eq. (4.109)):

ω̇Y = −KY exp

[
− βY

(1− αY )

]
. (5.17)

This expresion has been used by Dopazo and co-workers [64] in order to

numerically mimic the chemical term for a premixed system. In this case,

K = 30 represents the factors: B1T
β1e−β/α of Eq. (4.109), ρu = 1, and the

parameters that measure the heat released and the activation temperature,

respectively, are: α = 0.7 and β = 4.5.

5.3 Simulation parameters

As mentioned previously, three Direct Numerical Simulations have been

performed with Schmidt numbers: Sc = 0.5, Sc = 1.0, and Sc = 1.5.

All the simulations were carried out using the OpenMP (Open Multi-

Processing) parallelized implementation [97, 98]. The computational do-
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Figure 5.1: Computational domain showing the iso-scalar surface Y = 0.5 (Reactive scalar case,
Sc = 1.0).

main, shown in Figure 5.1, contains 512 x 512 x 512 grid points uniformly

distributed in the x, y and z directions. The length of each edge of this

cube is 2π. In order to reduce the aliasing, a spherical filter is applied to

the data in Fourier space: all nodes corresponding to a wave number larger

than 512× 0.471 are set to zero. This filter is chosen [89] in order to sup-

press the double and triple aliasing contribution [90] caused by convective

terms. Due to the incompressibility condition the scalar fields do not af-

fect the velocity field and evolve without forcing from an almost completely

unmixed initial condition. Velocity fields undergo a random forcing pro-

ducing statistically stationary flows without mean gradients. The forcing

scheme is that of Eswaran and Pope [99, 100] with a zero correlation time

of the forcing; all wave numbers with a modulus less than 2
√
2, except the
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zero mode which makes no contribution, receive a stochastic contribution

at every time step, while their phase is adjusted to enforce incompress-

ibility. On the other hand, the intensity of forcing takes values such that

the integral length scale, l, is approximately the unit. Therefore, l is less

than one-third of the length of each edge of the computational box, which

guarantees the homogeneity of the resulting flow.

Velocity fields are characterized by the Taylor-scale Reynolds number (Reλ =

65), the integral length scale (l = 0.91), the kinematic viscosity (ν =

0.0095), the Taylor micro-scale (λ = 0.408), the Kolmogorov micro-scale

(η = 0.0257), the total kinetic energy (k = 3.42), the kinetic energy dissi-

pation rate (ε = 1.951), the root mean square velocity (u′ = 1.51) and the

maximum wave number times the Kolmogorov micro-scale (κmaxη = 6.19).

Numerical values of the characteristic parameters of the simulations are

presented in Table 5.1.

Description Value
DNS grid points 512x512x512
Turbulent kinetic energy, k 3.42
Turbulent kinetic energy dissipation rate, ε 1.951
Kinematic viscosity, ν 0.0095
Integral length scale, l 0.91
rms of velocity fluctuations, u′ 1.51
Kolmogorov micro-scale, η 0.0257
Integral eddy turnover time, τl 0.6
Kolmogorov time scale, τη 0.069
Taylor micro-scale, λ 0.408
Taylor-scale Reynolds number, Reλ 65

Table 5.1: Characteristic parameters of the studied DNS fields.
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5.4 Results and discussion

As mentioned previously, two scalars with identical initial distribution, one

inert and the other obeying a prescribed Arrhenius-like chemical reaction,

evolve in incompressible homogeneous isotropic turbulence. The probabil-

ity density functions (pdf’s) of the scalar mass fraction, Y , are shown in

Figure 5.2 at the initial, ti, and final, tf , times. Initially, the scalar distribu-

tion displays two peaks near the extreme values 0 and 1, reminiscent of the

starting partial segregation. For the inert scalar cases, the mixing process

progresses from a partially mixed situation to the initiation of a well-mixed

system, tending the pdf’s asymptotically to a Gaussian distribution. In the

final step of the reactive scalar cases, a large portion of the mass fraction

has been consumed, so there is a final peak in the pdf’s towards the value

Y = 0. Results have been analyzed at tf , where the scalar fields have a

mean close to 0.7 and a variance close to 0.14 for the inert scalar cases,

whereas for the reactive scalar cases the mean and the variance are close

to 0.15 and 0.25, respectively. These values have been chosen taken into

account that for the inert scalar cases the concentration must be as close

as possible to diffuse the difference between solute and solvent, whereas in

the reactive scalar cases the scalar value must be minimum but not zero

so that the reaction rate does not disappear.
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The evolution of the reaction rate, for the cases with chemical reaction, is

given by Eq. (5.17). Figure 5.3 shows the reaction rate, ω̇Y , as a function of

the scalar value for the case Sc = 1.0. The reaction rate is always negative,

which indicates a consumption of Y , as expected, and varies from one Y

iso-surface to another across the mass fraction, reaching a maximum value

when the scalar is close to the Y = 0.18.

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

 10

 100

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

P
d
f

Y

ti tf

Sc = 0.5
Sc = 1.0
Sc = 1.5

(a) Inert scalar cases.

 0.001

 0.01

 0.1

 1

 10

 100

 0  0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9  1

P
d
f

Y

tf
ti

Sc = 0.5
Sc = 1.0
Sc = 1.5

(b) Reactive scalar cases.

Figure 5.2: Pdf’s of the mass fraction, Y , at different times and different Schmidt numbers.
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5.4.1 Structure of the scalar field in terms of the Mean and

Gauss curvatures

It can be seen in Figure 5.1 that the geometric structure of the iso-scalar

surfaces are complicated. These structures can be classified though the

local mean and Gauss curvatures, km and kg, at every point of the iso-

scalar surfaces.
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Figure 5.4: Pdf’s of the mean and Gauss curvatures. (a), (b) km, and (a), (b) kg.

Figure 5.4 shows the pdf’s of the mean and Gauss curvatures for all the

cases under study. km and kg have been normalized with the mean of their
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(a) Inert scalar cases.

(b) Reactive scalar cases.

Figure 5.5: Joint pdf’s of the mean and Gauss curvatures, km and kg.

respective root-mean-square values, using all the samples of the inert cases

and the reactive ones. A significant correlation between curvatures and

Schmidt number is apparent. The curvature values grow with increasing

Schmidt numbers. This is in connection with the dependence on the scalar

length scale, as with increasing Schmidt numbers the smallest scalar length

are obtained (lB < η), thus, consequently, the curvature values increase.

The statistical distributions for the mean curvatures in the inert scalar

cases are approximately symmetric, with convex and concave iso-surfaces

equally probable, whereas in the reactive scalar cases pdf’s are skewed

towards positive values of km. Referring to Gauss curvature, the probabil-

ities are displaced towards negative values, which indicates that the saddle

points are dominant over convex or concave ones. Values close to zero,
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denoting flat or tile-like surfaces, are the most probable in all cases under

study; these latter findings are in agreement with experimental results [60]

and three-dimensional DNS calculations [63, 101] of premixed turbulent

flames.

To obtain additional information about the shape of scalar geometry Fig-

ure 5.5 displays the joint pdf’s of km and kg for constant-density mixing

and reaction. The resulting distributions are more widespread with in-

creasing Schmidt numbers. The jpdf’s in the inert scalar cases seem to

be symmetric with respect to the kg axis, whereas in the reactive scalar

cases are slightly skewed towards the positive values of km. The statistical

distribution in all cases display maxima values for nearly flat iso-scalar sur-

faces, in connection with the results in Figure 5.4. All samples are below

the parabola kg = k2m, separatrix of the prohibited region corresponding

to complex curvatures (see Figure 4.3). Iso-contours present long tails on

both sides of the limit curve kg = k2m, and surround the origin spreading

over increasing areas as the curvature magnitude increases. Furthermore,

the distributions are skewed towards negative values of kg, which indicates

yet again that the saddle points are dominant over convex or concave ones.

It is observed that the curvature values are larger in the reactive scalar

cases than in the inert ones. This might be explained by the reactive-

diffusive processes, as can increase or decrease the displacement speed of
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the iso-scalar surfaces, which might, indirectly, fold the iso-surfaces creat-

ing larger curvature values compared to those produced in the inert scalar

cases.

5.4.2 Non-material surface propagation velocity

For constant-density mixing the displacement speed, V Y , of the iso-scalar

surfaces depends on the molecular diffusion processes, whereas in the re-

action cases is a balance between reactive-diffusive processes. Thus, to

evaluate V Y it is important to check the behavior of the molecular diffu-

sion rate.

Figure 5.6 shows the molecular diffusion rate, D∇2Y , and its normal and

curvature contributions (see Eq.(4.88)) conditional upon the mass fraction,

Y . The molecular diffusion rate and its contributions have been normal-

ized with the mean of the rms values of D∇2Y , using all the samples of

the inert cases and the reactive ones. It can be noted that in each case

(inert and reactive) the behavior of the conditional means seems to be the

same. Varying from one iso-surface to another across the mass fraction,

D∇2Y is much greater in the reactive scalar cases than those of the inert

ones. In the inert (reactive) scalar cases, there are positive molecular dif-

fusion rates for Y < 0.7 (Y < 0.3) and negative for Y > 0.7 (Y > 0.3).

Regardless of the Schmidt number, D∇2Y attains a maximum value close
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to the Y ≈ 0.25 value, and a minimum value about Y ≈ 0.9, in the in-

ert scalar cases; whereas the maxima and minima values of D∇2Y , in the

reactive scalar cases, are close to the Y ≈ 0.12 and Y ≈ 0.55 values, re-

spectively. The contributions to the molecular diffusion rates due to the

curvature, MDcurv(= D|∇Y |∇ ·n), seem to have a negative correlation

with the mass fraction Y in the constant-density mixing cases, whereas

in the reactive scalar cases do not; negative (positive) values of MDcurv

increase in the (opposite) direction of the scalar gradient for Y ≈ 0.75 in

the inert scalar cases. The most important contribution to the molecular

diffusion rates comes from MD|∇Y |(= Dn · ∇|∇Y |), which is the variation

of |∇Y | normal to the iso-surface. D∇2Y displays an almost identical vari-

ation to that MD|∇Y | for all cases under study. As the reaction rate does

not depend on the Schmidt number, and D∇2Y seems to have the same

behavior to different Schmidt numbers, hereafter, the results will be only

analyzed for Sc = 1.0.

Figure 5.7 presents the propagation velocity V Y of iso-scalar surfaces, given

by equation ( 4.89), conditional upon the mass fraction Y . The separate

contributions of the normal and tangential (due to iso-surface curvature)

molecular diffusion rates are also presented, as well as the chemical source

term in the reactive scalar case. The displacement speed and its contribu-

tions have been normalized with the mean of the rms values of V Y , using
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(c) Sc = 1.5; inert scalar.
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(d) Sc = 0.5; reactive scalar.
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(e) Sc = 1.0; reactive scalar.
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Figure 5.6: Molecular diffusion rate, D∇2Y , and its contributions [Eq.(4.88)] conditional upon
the mass fraction, Y .
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Figure 5.7: Iso-scalar surface normal propagation speed, V Y , relative to the fluid and its contri-
butions as a function of the reactant mass fraction. Hereafter, the results will be only analyzed
for Sc = 1.0.

the inert and reactive scalar fields. For the inert scalar, it is important to

note that the iso-surfaces propagate in the opposite direction of the scalar

gradient when Y < 0.7 and in the same direction when Y > 0.7; V Y dis-
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Figure 5.8: Derivative of V Y in the direction normal to iso-scalar surfaces, xN , and contri-
butions to ∂V Y /∂xN due to normal diffusion, (∂V Y /∂xN )1, tangential diffusion (curvature),
(∂V Y /∂xN )2, and chemical reaction, (∂V Y /∂xN )3.

plays an almost identical variation to those of the normal and tangential

diffusion contributions. Chemistry causes a drastic change with respect to

the inert scalar case, with all iso-surfaces propagating in the direction of the

scalar gradient, V Y > 0. The propagation velocity is higher at the scalar

extrema and displays a minimum at Y ≈ 0.9, only the normal diffusion

contributes negatively for Y < 0.25, and the tangential diffusion velocity

is comparable to the normal one over most scalar values. The contribution

of chemistry to the propagation speed is greater that those of diffusion for

Y < 0.47.

Figure 5.8 shows ∂V Y /∂xN , given by the equation (4.90), conditional upon

the mass fraction Y . The normal and curvature diffusion contributions are

also presented, as well as the chemical contribution in the reactive scalar

case. The variables have been normalized with the mean of the rms values
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of ∂V Y /∂xN , using the inert and reactive scalar fields. ∂V Y /∂xN can be

interpreted as an added normal strain rate due to the combined action of

diffusion and chemistry (Eqs. (4.64) and (4.74)). The mixing of an inert

scalar case yields a concave curve, with comparable contributions of normal

and tangential diffusion and positive added strain for all compositions;

chemistry shows a modest and negative contribution for 0.07 < Y < 0.7,

while the diffusion shares are modified with respect to the inert scalar over

all values of the mass fraction. The two constant density cases produce only

positive values of ∂V Y /∂xN . In this context, ∂V Y /∂xN > 0 means that

two adjacent iso-surfaces separate as time increases, whereas a negative

value indicates that they get closer to each other.

5.4.3 Local strain rates

In the interaction of the scalar field and the turbulent velocity field the

flow strain rates play an important role in the scalar structures, and in the

local mixing rates. As mentioned previously (see Section 4.3.2), the flow

strain rates tangential, aT , and normal, aN , to the iso-surface compose the

volumetric dilatation rate, ∇ ·u = −P = aT + aN [53, 70, 72, 76]. For the

incompressible case, the local dilatation rate is zero, −P = ∇ ·u = 0, thus,

aT = −aN . (5.18)
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Figure 5.9 represents the normal and tangential strain rates, aN and aT ,

conditional upon the mass fraction Y . aN and aT have been normalized

with the mean of the rms values of ∂V Y /∂xN , using the inert and reactive

scalar fields. It can be seen that the average of aN remains predominantly

negative (aN < 0 and aT = −aN > 0). The local flow approaches iso-

scalar surfaces and, simultaneously, stretches them. The chemistry slightly

modifies the strain values at different constant composition surfaces. aN

increases slightly its modulus in the regions with negative molecular dif-

fusion rate for the inert scalar case, and the same happens in the regions

with high chemical activity for the reactive one.

Figure 5.10 is a plot of (aN+∂V Y /∂xN) conditional upon the mass fraction

Y . The summation aN + ∂V Y /∂xN is termed the ‘effective’ normal strain

rate and enters equations (4.64), describing the time evolution of the in-

finitesimal distance separating two adjacent iso-scalar surfaces, and (4.74),

governing the scalar gradient modulus. The latter depends on the ‘effective’

normal strain rate, with negative values leading to gradient enhancement as

time evolves, and positive ones implying gradient reduction. Scatter plots

in Figure 5.10 show that positive ‘effective’ normal strain rates dominate,

and hence gradients should be destroyed as time progresses. The latter

is apparent in Figure 5.11 where the tails of the scalar gradient modulus

pdf extends to a wider range of values for increasing times in the reactive
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scalar case.
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Figure 5.9: Flow strain rates normal, aN , and tangential, aT , to the iso-scalar surfaces.

(a) Inert scalar case. (b) Reactive scalar case.

Figure 5.10: ‘Effective’ strain rate normal to iso-scalar surfaces, (aN + ∂V Y /∂xN ).

 1e-07

 1e-06

 1e-05

 0.0001

 0.001

 0.01

 0.1

 1

 10

 0  1  2  3  4  5  6  7  8  9

P
d
f

|∇ Y|

t1
t2
t3
t4

Figure 5.11: Scalar gradient modulus pdf’s at several simulation times, for the reactive scalar
case.
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5.4.4 Small-scale flow structures

The strain-rate tensor, Sij, symmetric, has three real eigenvalues, which

sum zero due to the solenoidal condition of the incompressible velocity field.

The eigenvalues are denoted by Λ1, Λ2 and Λ3, where Λ1 corresponds to the

most extensive direction, whereas Λ3 correspond to the most compressive

one, (Λ1 > 0 and Λ3 < 0). Λ2 is the intermediate eigenvalue, which could

take any sign. Betchov [102] demonstrated for the incompressible case that

the mean 〈Λ1Λ2Λ3〉 is proportional to the skewness of ∂u1/∂x1, which is

typically negative. This has been confirmed in many numerical [14, 71]

and experimental [103, 104] results. Thus, the intermediate eigenvalue Λ2

should be, in average, positive.
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Figure 5.12: Eigenvalues of the symmetric strain-rate tensor, Λ1, Λ2 and Λ3, as a function of
the mass fraction. The eigenvalues have been normalized with 〈QW 〉1/2.

Figure 5.12 shows the eigenvalues of the symmetric-strain rate tensor as

functions of the mass fraction for the inert and reactive scalar cases with
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Sc = 1.0; vertical solid bars indicate their respective rms values. In

both cases the sum of eigenvalues is zero, which is in agreement with the

solenoidal condition. It can be seen that the average of the eigenvalues

Λ1 and Λ3 their modulus in the regions close to the average of the scalar

field (see Figure 5.2 to compare with the pdf’s of the mass fraction, Y ),

whereas Λ2 remains constant. The eigenvalue Λ1 (Λ3) is always positive

(negative), while the average of Λ2 remains positive with minimum nega-

tive values; this result confirms the predictions of Betchov [102] indicating

that the mean 〈Λ2〉 is positive. For constant-density reacting flows the

velocity field is not affected by the values of the mass fraction nor by the

temperature, as the thermal problem is decoupled from the dynamic one.

However, it is important to note that in the region with high chemical ac-

tivity, the modulus of eigenvalues corresponding to the most extensive and

compressive directions increase. This indicates that towards Y = 0 there

are zones with high strain rates in the reactive scalar case.

The three eigenvalues have associated three corresponding eigenvectors,

which define the “principal directions” of the strain rate. A way to explore

the effects of the flow strain rates upon the scalar iso-surfaces is calculating

the orientation of the unit vector normal to iso-scalar surfaces, n, with

respect to the strain rate eigenvectors, ei, and the local vorticity, ω.

The alignment between the principal directions of the strain rate and the
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Figure 5.13: Pdf’s of cos(n, ei). n is the unit vector normal to iso-scalar surfaces and ei is
the eigenvector of Sij . The subindex of ei denotes one of the three eigenvalues, ordered by
decreasing values. i = 1 corresponds to the most extensive (positive) eigenvalue.
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Figure 5.14: Pdf’s of cos(n, ω). n is the unit vector normal to iso-scalar surfaces. ω is the local
vorticity vector.

iso-scalar surfaces is investigated by calculating the pdf’s of the cosines of

the angles between the unit vector normal at every point of the iso-scalar

surface and the eigenvectors of the strain rate tensor over the flow domain,

as shown in Figure 5.13. e1 is the eigenvector corresponding to the most

extensive eigenvalue; the subindex i orders the eigenvectors by decreasing

order. It can be seen that both for constant-density mixing and reaction
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the trend is similar. All the iso-scalar surfaces are predominantly aligned

with the most compressive eigenvalue of the strain rate tensor, e3, which

is in agreement with studies of reacting [105] and non-reacting [71, 12]

constant-density turbulent flows. The compressive effects in the direction

of e3 and its alignment with the scalar gradient represent the flow strain

rate normal to iso-surface, aN .

Figure 5.14 plots the pdf’s of the cosine between n and the local vorticity

vector, ω. Values computed over all the flow domain are used. It can be

seen that both for constant-density mixing and reaction the trend is similar.

The vorticity vector is preferentially tangential to iso-scalar surfaces and,

therefore, it contributes to curve and fold them. The joint action of two

vortical structures, either co-rotating or counter-rotating, may also stretch

and/or bend the surface. ω lies in the plane of the iso-surface causes

compressive effects, which also contribute to aN < 0. These results are

in agreement with three-dimensional DNS calculations [105], where the

vorticity vector is found to lie preferentially in the plane of the flame.
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5.4.4.1 Invariants of the velocity-gradient tensor and local flow topologies

Turbulence dynamics formally is determined by the strain and vorticity

fields. However, to obtain a detailed picture of turbulence is complicated

due to the nonlocal relation between the strain-rate tensor and vorticity.

A way to deepen in this subject is to investigate the behavior of every local

flow topologies, which constitute the flow (see Table 4.2).

First of all, to study the flow topologies it is important to understand the

behavior of the invariants of the velocity-gradient tensor. For incompress-

ible flows their definitions are as follows [18]:

P = PS = −Sii = −(Λ1 + Λ2 + Λ3) = 0 , (5.19)

Q = QS +QW = −SijSij/2 + ωiωi/4 = (Λ1Λ2 + Λ1Λ3 + Λ2Λ3) + ω2/4 ,

(5.20)

R = RS − ωiSijωj/4 = −SijSjkSki/3− ωiSijωj/4 = −Λ1Λ2Λ3 − ωiSijωj/4 .

(5.21)

The terms SijSij ≡ s2 and ωiωi ≡ ω2 in (5.20) are the total strain and

enstrophy, respectively. The dynamical equations for s2 and ω2 are as

follows [28]:
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1

2

Dω2

Dt
= ωiSijωj + νωj∇2ωj , (5.22)

1

2

Ds2

Dt
= −SikSkjSji −

1

4
ωiωjSij − Sij

∂2p

∂xi∂xj
+ νSij∇2Sij , (5.23)

the term ωiSijωj in (5.22) is called the enstrophy production and the vector

Sijωj is the vortex stretching [28], which expresses the interaction between

vorticity and strain rate tensor. Sijωj is responsible for stretching (com-

pressing) and tilting of vorticity. The term −SikSkjSji− 1
4ωiωjSij−Sij

∂2p
∂xi∂xj

in (5.23) is known as the (inviscid) production of total strain [103].
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Figure 5.15: Invariants Q, QS , and QW as a function of the mass fraction.

Figures 5.15 and 5.16 depict the invariantsQ, QS, QW , R, RS, and−(ωiSijωj)/4

as a function of the mass fraction, Y . The seconds and thirds invariants

have been normalized with 〈QW 〉 and 〈QW 〉3/2, respectively.

It can be seen in Figure 5.15 that QW > 0 and QS < 0 since QW (≡
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Figure 5.16: R, RS , −ωiSijωj/4 as a function of the mass fraction.

ωiωi/4) and −QS(≡ SijSij/2) are positive definite in incompressible flows

(Eq. (5.20)). The local enstrophy and strain rate increase their modulus

in the regions close to the average of the scalar field (see Figure 5.2 to

compare with the pdf’s of the mass fraction, Y ) and in regions with intense

chemical activity. QS’s negative values come from Λ3 < 0, since Λ1 > 0 and

Λ2 is positively skewed (see Figure 5.12). Although the volumen integral

of −QS is equal to the volumen integral of QW , i.e. 〈Q〉 = 0 over all

the domain in homogeneous turbulent flows with semi-infinite or doubly

infinite domains [106], the local values of −QS and QW are not necessarily

equal. It can be noted that, e.g. for Y = 0.2 value, the local value of −QS

is different to that of QW , both for constant-density mixing and reaction.

These findings are in agreement with the results shown in Soria et al. [106].

It is important to note in Figure 5.16 that, both for constant-density mixing

and reaction, the total strain production, RS, and the enstrophy produc-
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tion, −ωiSijωj/4, undergo an increase in their modulus in the regions close

to the average of the scalar field and in regions with intense chemical activ-

ity; these results are in connection with the increase of the modulus of the

eigenvalues Λ1 and Λ3 in the zones with high strain rates (see Figure 5.12).

The total strain production, RS, is positive because the product 〈Λ1Λ2Λ3〉

is negative, due to the fact that 〈Λ3〉 < 0 (see Eq. (5.21)). The more neg-

ative is the enstrophy production (−ωiSijωj/4), the more local enstrophy

(QW ) is observed. The term −ωiSijωj turns into positive in Eq. (5.22)

producing high values of QW . Although the volumen integral of the total

strain production is equal to the volumen integral of the enstrophy pro-

duction, i.e. 〈R〉 = 0 over all the domain, the two components making up

the third invariant of the velocity-gradient tensor do not have equal local

values. It can be seen that there are regions where the local values of RS

and −ωiSijωj/4 are quite different. These findings are in agreement with

DNS results of incompressible turbulent flows et al. [106].

Figure 5.17 shows the joint pdf’s of Q and R both for constant-density

mixing and reaction. The seconds and thirds invariants have been nor-

malized with 〈QW 〉 and 〈QW 〉3/2, respectively. The resulting distributions

are skewed towards negative values of Q, and displays a maximum near to

the origin. Nevertheless, there are complex topologies with large modulus

(towards Q > 0), which balance the skew of the statistical distributions,
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Chapter 5. Constant-density mixing and reaction

Figure 5.17: Joint pdf of R − Q, for the inert and reactive scalar cases. Joint pdf magnitudes
decrease from the center to the circumference.

and keep the local enstrophy and strain rate close to zero (〈Q〉 ≈ 0, and

〈R〉 ≈ 0), such as shown in Figures 5.15 and 5.16. It is important to note

that the universal teardrop remains in both cases, and seems to be the

same. The nodal topology S3 (SN/S/S) has a modest participation in the

small-scale dynamics and mixing, therefore, the changes in the strain rate

are represented by the nodal topology S2 (UN/S/S). On the other hand,

the probability of finding the stable focus/stretching topology S4 (SFS) is

greater than that of the complex topologies S1 (UFC).

5.5 Summary and conclusions

Results of 5123 grid DNS for inert and reactive scalars to three different

Schmidt numbers, Sc = 0.5, Sc = 1.0, Sc = 1.5, in a constant density fluid

forced by a statistically homogeneous field of turbulence have been used
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to study mixing characteristics, scalar structures and local flow topologies.

The scalar field geometries, using the km − kg plane, have been identified.

A significant correlation between the curvature magnitude and Schmidt

number is apparent. With the increasing of the Schmidt number the cur-

vature values increase; for Sc > 1, the smallest scalar length are obtained

(lB < η), consequently, the curvature values increase. The joint pdf’s of

km and kg are more widespread with the increase of Schmidt number, and

the curvature values are larger in the reactive scalar cases than in the inert

ones. Nearly flat scalar iso-surfaces are the most probable geometries in

all cases under study, and the saddle points are dominant over convex or

concave ones.

The kinematics of non-material iso-scalar surfaces has been analyzed. The

molecular diffusion rate is much greater in the reactive scalar cases than

those of the inert ones, and its maxima and minima values for the inert

(reactive) scalar cases correlate with the Y ≈ 0.25 (Y ≈ 0.12) and Y ≈ 0.9

(Y ≈ 0.55) iso-surfaces, respectively, independently of Schmidt number.

The contribution to D∇2Y due to the tangential diffusion is important in

the inert scalar cases, whereas in the reactive scalar cases is negligible. In

all cases, the most important contribution to the molecular diffusion rates

comes from the normal diffusion through the variation of |∇Y | normal to

the iso-surfaces.
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Expressions for the propagation speed of an iso-scalar surface relative to the

fluid and its derivative, with respect to the normal direction of the iso-scalar

surfaces have been obtained. The displacement speed of the iso-scalar

surfaces, V Y , displays an almost identical variation to those of the normal

and tangential diffusion contributions for the inert scalar case, with iso-

surfaces propagating in the same (opposite) direction of the scalar gradient

for Y > 0.7 (Y < 0.7). In the reactive scalar case the iso-surfaces propagate

in the direction of the scalar gradient, V Y > 0, and the contribution of

chemistry to the propagation speed is greater that those of diffusion for

Y < 0.47. The term ∂V Y /∂xN , interpreted as an added normal strain rate

due to the combined action of diffusion and chemistry, is always positive,

which means that two adjacent iso-surfaces separate as time increases.

Negative normal strain rates, aN , dominate in all cases under study (aN < 0

and aT = −aN > 0). High negative normal strain rates correlate with neg-

ative molecular diffusion rate for the inert scalar case, and with high chem-

ical activity for the reactive one. The added normal strain rate, ∂V Y /∂xN ,

allows the ‘effective’ normal strain rate, aN + ∂V Y /∂xN , to be positive.

aN + ∂V Y /∂xN > 0 indicates that iso-scalar separate as time increases,

which destroys scalar gradients; scalar gradient pdf clearly shows this last

feature, since the likelihood of high values of |∇Y | decreases with time.

The eigenvalues, Λ1, Λ2 and Λ3, of the strain rate tensor conditional upon
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the mass fraction Y have been obtained. Λ1 (Λ3) is always positive (neg-

ative), and Λ2 remains in average positive with few negative values; these

findings are in agreement with previous investigations [14, 71, 103, 104].

The eigenvalues Λ1 and Λ3 undergo an increase in their modulus in the

regions close to the average of the scalar field, and in regions with intense

chemical activity.

Regardless of the case under study, the scalar gradient is predominantly

aligned with the eigenvector corresponding to the most compressive eigen-

value, e3, which is in good agreement with studies of reacting [105], non-

reacting [12, 71] constant-density turbulent flows, and the compressive ef-

fects due to the normal strain rate, aN . The vorticity vector, ω, contributes

to curve and fold the iso-scalar surfaces, and it is found to lie preferentially

in the plane of the flame. This feature can cause compressive effects, which

also contribute to the negative values of aN .

The local enstrophy and strain rate, QW and QS, as well as the production

of enstrophy and strain, ωiSijωj and RS, increase in the regions close to

the average of the scalar field and in regions with intense chemical activity.

Although the volumen integral of the second and third invariants of the

velocity-gradient tensor are zero over all the domain, their local values are

not necessarily equal. These findings are in agreement with DNS results

of incompressible turbulent flows et al. [106]. The well known universal
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teardrop shape of the joint pdf’s of Q and R is obtained in the results, and

seems to be the same both for constant-density mixing and reaction. Local

strain rates are dominated by the nodal topologies S2 (UN/S/S) since S3

(SN/S/S) has a modest participation in the small-scale flow, whereas the

vorticity field is mostly represented by the stable focus/stretching topology

S4 (SFS) instead of the complex topologies S1 (UFC).

Future development of mixing models for constant density fluid could

mimic some features of scalar structures and local flow topologies found

in this study. All conclusions reached in this study pertain to small-scale

features and thus should display a certain degree of universality. Corre-

lations of two point micro-structures and two-times (of the order of the

Kolmogorov time micro-scale) could also be relevant to continue charac-

terizing scalar structures, mixing characteristics, and local flow topologies

in reacting flows.
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The physical system simulated in this case is a premixed turbulent flame

using an inflow-outflow configuration at moderate turbulent Reynolds num-

ber and with single-step Arrhenius chemistry (see Figure 6.1). A planar
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laminar flame used as initial condition interacts with a turbulent field of

fresh gases, which wrinkles the iso-scalar surfaces; simultaneously, the ve-

locity field undergoes the influence of thermal processes. The set of con-

servation equations for mass, momentum, energy and chemical species, are

solved using the fully parallel compressible solver NTMIX3D [73]. The do-

main is considered as periodic in the y and z directions, while non-reflecting

inlet-outlet boundary conditions are imposed in the x direction, using the

Navier-Stokes Characteristic Boundary Condition (NSCBC) method [107].

6.1 Numerical implementation

The fully parallel compressible solver [73] uses a 6th order compact Finite-

Differences (FD) scheme for space discretization, and integrates in time

the conservation equations through a third-order Runge-Kutta explicit

method [108]. The boundary conditions are imposed by the NSCBCmethod,

which allows to use non-reflecting boundary conditions. A brief overview

of these numerical techniques is presented below.

Spatial integration

In order to describe the method for the advance in the spatial domain, let

us consider ϕ as a generic scalar quantity over the domain and the notation
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for its first and second derivatives respectively as follows:

∂ϕ/∂x = ϕ′ , (6.1)

∂2ϕ/∂x2 = ϕ′′ . (6.2)

The development of FD schemes for the first and second derivatives, based

on the compact FD scheme, are as follows:

• First derivative

3ϕ′
i+1 + 9ϕ′

i + 3ϕ′
i−1 =

1

∆x

(
1

4
ϕi+2 + 7ϕi+1 − 7ϕi−1 −

1

4
ϕi−2

)
. (6.3)

• Second derivative

2ϕ′′
i−1+11ϕ′′

i+2ϕ′′
i+1 =

1

(∆x)2

(
3

4
ϕi+2 + 12ϕi+1 −

51

2
ϕi + 12ϕi−1 +

3

4
ϕi−2

)
.

(6.4)

The solver starts with given initial conditions for the scalar fields (e.g. mass

fraction, temperature, and other scalar fields), and uses an initial turbulent

velocity field generated by an independent pseudo-spectral numerical code
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to evolve all the spatial derivative accordingly to the rule above. The

pseudo-spectral method is described in detail in Chapter 3, Section 5.2.

Time integration

The time integration is solved using the third-order Runge-Kutta method [108].

In order to illustrate the numerical method, we are going to solve Eq. (5.14)

as follows:

U (0) = U (n) ,

U (1) = U (n) +∆tb0R(U (0)) ,

U (2) = U (n) +∆tb1R(U (1)) , (6.5)

U (3) = U (n) +∆t

1∑

j=0

ajR(U (2j)) ,

where the coefficients are a0 = 1/4, a1 = 3/4; b0 = 1/3, and b1 = 2/3,

respectively.

The maximum time step, ∆t, is given by two classical criteria: The Courant-

Friedrichs-Lewys-number (CFL) and the Fourier number (Fo). The first

criteria takes into account the convective part and limits the fluid particle

moves only a fraction of ∆x in a time step ∆t, and the second one takes
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into account the diffusive part and limits the momentum transport due to

the viscosity does not move more than a fluid-cell in a time step ∆t:

CFL =
max{|u+ a|, |u− a|}

∆x/∆t
, (6.6)

Fo =
max(ν/Rea)

(∆x)2/∆t
, (6.7)

where a is the speed of sound, ν is the kinematic viscosity, and Rea (de-

fined in Eq. (6.37)) is the acoustical Reynolds number. In this study, the

Courant-Friedrichs-Lewys and Fourier numbers have been taken CFL ≤

0.6, Fo ≤ 0.1 since for most cases studied ([73, 108, 109] and others) this

limits are sufficient to provide numerical stability.

Description of characteristic boundary conditions

The computational domain is treated as non-periodic in the x direction

and periodic in the y and z directions. Thus, the numerical instabilities

in the y and z directions are minima. Despite the high order numerical

method used to compute the spatial derivatives, in the x direction the

numerical dissipation is too small to damp high wavenumber instabilities.

These numerical waves propagate into the domain and are reflected at

boundaries, which generates new physical waves that lead to unphysical
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oscillations unacceptable in a DNS computation. Hence, non-reflecting

inlet-outlet boundary conditions are enforced in the x direction, using the

Navier-Stokes Characteristic Boundary Condition (NSCBC) method [107].

The NSCBC technique is based on the idea that any hyperbolic system

can be associated with a corresponding system of propagating waves. At

the boundaries, some of these waves leave the domain while others pene-

trate into it. Determining the waves requires a transformation between the

conservative system in which the integration is generally conducted, and a

primitive system where the wave structures, and the propagation direction

of these waves, can be computed.

In order to give a brief overview of the NSCBC method let us consider

that the outlet is located in x1. Under the NSCBC assumptions, the fluid

dynamics equations for the boundaries located at x1 can be written as:

∂ρ

∂t
+ d1 +

∂

∂x2
(ρu2) +

∂

∂x3
(ρu3) = 0 , (6.8)

∂(ρE)

∂t
+

1

2
(ukuk)d1 +

d2
γ − 1

+ ρu1d3 + ρu2d4 + ρu3d5

+
∂

∂x2
[u2(ρes + p)] +

∂

∂x3
[u3(ρes + p)] =

∂

∂xi

(
λ
∂T

∂xi

)
+

∂

∂xi
(uiτij) + ω̇s ,

(6.9)

∂(ρu1)

∂t
+ u1d1 + ρd3 +

∂

∂x2
(ρu2u1) +

∂

∂x3
(ρu3u1) =

∂τ1j
∂xj

, (6.10)
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∂(ρu2)

∂t
+ u2d1 + ρd4 +

∂

∂x2
(ρu2u2) +

∂

∂x3
(ρu3u2) +

∂p

∂x2
=

∂τ2j
∂xj

, (6.11)

∂(ρu3)

∂t
+ u3d1 + ρd5 +

∂

∂x2
(ρu2u3) +

∂

∂x3
(ρu3u3) +

∂p

∂x3
=

∂τ3j
∂xj

, (6.12)

∂(ρY )

∂t
+ Y d1 + ρd6 +

∂

∂x2
(ρu2Y ) +

∂

∂x3
(ρu3Y ) =

∂

∂xj

(
ρD

∂Y

∂xj

)
− ω̇ ,

(6.13)

where E is the total energy without chemical term:

E = es +
1

2
ukuk = hs +

1

2
ukuk −

p

ρ
, (6.14)

and d1 to d6 are the derivatives normal to the x1 boundary. The vector d

is given by characteristic analysis [107, 110]:

d =




d1

d2

d3

d4

d5

d6




=




1
a2

[
L2 +

1
2(L2 + L1)

]

1
2(L5 + L1)

1
2ρa(L5 − L1)

L3

L4

L6




=




∂(ρu1)

∂x1

ρa2
∂u1
∂x1

+ u1
∂p1
∂x1

u1
∂u1
∂x1

+ 1
ρ

∂p1
∂x1

u1
∂u2
∂x1

u1
∂u3
∂x1

u1
∂Y

∂x1
,




(6.15)
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where the Li’s are the amplitudes of characteristic waves associated with

each characteristic velocity λi. These velocities are given by [110]:

λ1 = u1 − a , (6.16)

λ2 = λ3 = λ4 = u1 , (6.17)

λ5 = u1 + a . (6.18)

The Li’s in Eq. (6.15) are as follows:

L1 = λ1

(
∂p

∂x1
− ρa

∂u1
∂x1

)
, (6.19)

L2 = λ2

(
a2

∂ρ

∂x1
− ∂p

∂x1

)
, (6.20)

L3 = λ3
∂u2
∂x1

, (6.21)

L4 = λ4
∂u3
∂x1

, (6.22)

L5 = λ5

(
∂p

∂x1
+ ρa

∂u1
∂x1

)
, (6.23)

L6 = λ6
∂Y

∂x1
. (6.24)

Thus, we get the solution in time on the boundaries by using the system

of Eqs. (6.8) to (6.13). Most quantities are estimated using points inside
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the domain and values at previous time steps. Terms involving derivatives

along x2 or x3 are obtained on the boundaries with the same approximation.

Reaction rate

A reactive scalar interacts with a three-dimensional turbulent velocity field.

The reaction rate is a single step Arrhenius-type irreversible reaction, Re-

actants → Products, to maintain the computational cost within reasonable

limits. The reaction rate expression is (cf. Eq. (4.109)):

ω̇ =
ω̇R

Y u
R

= ρY Bo exp

(
−β

α

)
exp

[ −β(1− θ)

1− α(1− θ)

]
, (6.25)

where ρ is the density of the mixture; Y = YR/Y
u
R is the reduced mass

fraction, defined with YR, the reactants mass fraction and its value in the

fresh gasses, Y u
R ; Bo is the pre-exponential factor; the ratio α = (Tb−Tu)/Tb

is defined with the temperature, T , in the unburned, Tu, and burnt gases,

Tb; β is the reduced activation energy or Zel′dovich number, β = αEa/RTb,

E is the activation energy and R the universal gas constant; and θ =

(T − Tu)/(Tb − Tu) is the reduced temperature.
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Chapter 6. Turbulent premixed flame in an inlet-outlet configuration

Dimensionless equations

The full set of governing equations is made dimensionless using reference

characteristic variables and molecular transport coefficients in the fresh

gases, namely,

aref = au Tref = (γ − 1)Tu ρref = ρu pref = ρua
2
u = γpu

λref = λu µref = µu νref = µref/ρref Cpref = Cpu

Dthref = λref/ρrefCpref Dref = Du tref = Lref/aref

where the sub-index u denotes the variable value in the fresh gases. aref ,

Tref , ρref , pref , λref , µref , νref , Cpref , Dthref , Dref , Lref and tref , are

the reference speed of sound, temperature, density, pressure, thermal con-

ductivity, dynamic viscosity, kinematic viscosity, specific heat at constant

pressure (assumed constant), thermal diffusivity, mass diffusivity, length

scale and time. γ is the ratio of specific heats at constant pressure and

volume, respectively. The full set of dimensionless governing equations can

be written in Cartesian tensor notation as [76],

mass continuity:

∂ρ+

∂t+
+

∂

∂x+i
(ρ+u+i ) = 0 , (6.26)
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momentum:

∂ρ+u+i
∂t+

+
∂

∂x+j
(ρ+u+i u

+
j ) +

∂p+

∂x+i
=

1

Rea
·
∂τ+ij
∂x+j

, (6.27)

energy:

∂ρ+e+t
∂t+

+
∂

∂x+i

[
(ρ+e+t + p+)u+i

]
=

1

Rea
· ∂

∂x+j
(u+i · τ+ij )

− 1

Rea ·Pr
C+

p

∂q+i
∂x+i

− α′T+
u ω̇+ , (6.28)

and reactant mass fraction:

∂(ρ+Y )

∂t+
+

∂

∂x+i
(ρ+Y u+i ) =

1

ReaSc

∂

∂x+i

(
µ+ ∂Y

∂x+i

)
+ ω̇+ , (6.29)

The superscript + denotes a dimensionless variable or property. Dimen-

sionless density, ρ+ = ρ/ρref , ith component of the velocity vector, u+i =

ui/aref , pressure, p+ = p/pref , temperature, T+ = T/Tref , time, t+ =

t/tref , and ith component of the position vector, x+i = xi/Lref are used.

Moreover, the following constitutive relations and the perfect gas law com-

plete the system definition,
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τ+ij =2µ+

(
S+
ij −

1

3
δijS

+
kk

)
, (6.30)

S+
ij =

1

2

(
∂u+i
∂x+j

+
∂u+j
∂x+i

)
, (6.31)

e+t =
1

2
·

3∑

k=1

u+2
k +

p+

(γ − 1)ρ+
, (6.32)

q+j =− λ+∂T
+

∂x+j
, (6.33)

p+ =ρ+T+C+
p

γ − 1

γ
, (6.34)

α′ =
α

1− α
, (6.35)

ω̇+ =− ρ+Y ReaPrDaS+2
L · exp

[ −β(1− θ)

1− α(1− θ)

]
. (6.36)

where τ+ij is the viscous stress tensor, given by the Navier-Poisson relation,

and S+
ij is the rate of strain tensor. e+t is the total (kinetic plus internal)

specific energy. q+j is the heat conduction vector, given by the Fourier

constitutive relation. The perfect gas law relates p+, ρ+ and T+. The di-

mensionless parameters, entering the conservation equations, (6.26)-(6.29),

and the reaction rate (6.36), are defined as
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Rea =
arefLref

νu
, (6.37)

Pr =
Cpu ·µu

λu
, (6.38)

Sc =
µu

ρuDu
, (6.39)

Da =
D+

th

S+
L
2Bo exp(−β/α) (6.40)

where Rea stands for the acoustical Reynolds number, Pr for the Prandtl

number, Sc for the Schmidt number and Da for the Damköhler number.

S+
L in Eqs. (6.36) and (6.40) denotes the non stretched laminar flame speed,

defined by

S+
L =

1

arefρuYu

∫ +∞

−∞
ω̇ dx . (6.41)

The laminar flame thickness is then given by

δ+L =
D+

th

S+
L

, (6.42)

where the thermal diffusivity, D+
th, is evaluated in the hot products.

The turbulent Reynolds number Re, based on the fluctuating velocity rms

value, u′, and the integral length scale, l, is expressed as
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Re =
u′l

νu
. (6.43)

In this study, the acoustical and turbulent Reynolds numbers are 5066 and

61, respectively, at the end of the simulation. The dynamic viscosity is

modeled as

µ+ = µ+
u

(
T

Tu

)b

, (6.44)

with b = 0.6. The thermal conductivity and mass diffusivity are func-

tions of dynamic viscosity and density, via the assumption of constant Cp,

Prandtl and Schmidt numbers, with Pr = 0.75 and Sc = 0.7. The Lewis

number is unity.

To simplify the notation, dimensionless variables will be written hereafter

without the superscript +.
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(a) (b)

(c)

Figure 6.1: (a) Description of the computational domain, (b) initial conditions and (c) scalar
field from simulation at t = 90.
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6.2 Simulation parameters

The Direct Numerical Simulation has been performed using the MPI (Mes-

sage Passing Interface) parallelized implementation [111, 112]. The com-

putational domain, shown schematically in Figure 6.1, has a size 3π in

the x direction and 2π in the y and z directions, and contains 768 x 512

x 512 grid points, uniformly distributed, which gives a spatial resolution

∆x = 0.0122.

Initial conditions correspond to a planar premixed flame propagating in the

negative x direction with a laminar flame speed SL and width δL = Dth/SL,

so that fresh gases (corresponding to Y = 1) are located to the left of

the x axis and burnt products (Y = 0) to the right. A constant-density

isotropic turbulent velocity field is initially superposed to the velocity in

the fresh gases side and evolves without forcing in the compressible solver

NTMIX3D. In the subsequent propagation towards fresh gases the flame

encounters a decaying turbulent field, which wrinkles it as it progresses.

The initial constant-density isotropic turbulence is generated with an in-

dependent pseudo-spectral numerical code [89, 90], starting from a given

spectrum and using a stochastic forcing scheme, to yield a statistically sta-

tionary field. In the zero correlation-time forcing scheme [99, 100], all wave

numbers with a modulus less than 2
√
2, except the zero mode which makes
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no contribution, receive a stochastic contribution at every time step, while

their phase is adjusted to enforce incompressibility.

The computational domain, of size Lx×Ly×Lz = 1.5L×L×L with L/δL =

119.45 is discretized in a 768×512×512 uniform grid with periodic bound-

ary conditions in the cross-flow directions, y and z, and non-reflecting inlet-

outlet boundary conditions in the x direction, imposed using the Navier-

Stokes Characteristic Boundary Condition (NSCBC) method [107].

In this study the gas parameters introduced above are chosen as b = 0.6,

Pr = 0.75, Sc = 0.75, γ = 1.4, and the chemical rate parameters are

α = 0.8, and β = 6.0. The rms velocity fluctuations in the ‘fresh reactants’

decay from u′0 = 0.016 in t = 0 to u′ = 0.010 in tfinal, in which our data are

presented. To estimate the integral length scale, l, in the ‘fresh reactants’,

the transverse autocorrelation coefficients in cross-stream planes, y−z, are

obtained. The integral scale increases from l0 = 1.058 in t = 0 to l = 1.200

in tfinal. The turbulent Reynolds number, Re = u′l/νu, decreases from

Ret0 = 86 in t = 0 to Ret = 61 in tfinal. The initial eddy turnover time

is τ0 = l0/u
′
0 = 66.13. In this study, the initially planar laminar flame is

allowed to interact with the turbulence field up to a time tfinal = 90, 1.36

times greater than the initial eddy turnover time.

The Kolmogorov length micro-scales at the beginning and the end of the

simulation, are η0 = 0.0370 and η = 0.0550, respectively, which guarantee
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an adequate spatial resolution with the current domain and mesh sizes

along the simulation time. The turbulent Damköhler number, defined

as Da = (l/δL)/(u
′/SL), is 11.41 at tfinal. Therefore, combustion takes

place in the ‘corrugated flamelets’ regime [76, 78], as shown in Figure 6.2.

Numerical values of the aero-thermo-chemical variables and dimensionless

parameters for this simulation are presented in Tables 6.1.

Parameter Value
Prandtl number, Pr 0.75
Schmidt number, Sc 0.75
Lewis number, Le 1.0
α = (Tb − Tu)/Tb 0.8
Zel′dovich number, β 6.0
rms of velocity fluctuations, u′ 0.01
Integral length scale, l 1.20
Turbulent kinetic energy dissipation rate, ε 8.333e-7
Kolmogorov length micro-scale, η 0.055
Kolmogorov time micro-scale, τη 15.36
Non stretched laminar flame velocity, SL 0.005
Laminar flame thickness, δL 0.0526
Chemical time scale, τch 10.40
Velocity ratio, u′/SL 2.0
Length ratio, l/δL 22.81
Turbulent Reynolds number, Re 61
Damköhler number, Da = (l/δL)/(u

′/SL) 11.41
Karlovitz number, Ka = τch/τη 0.68

Table 6.1: Values of dimensionless parameters and physical variables at the end of the simulation.

6.3 Results and discussion

Figure 6.3 shows the reactant mass fraction iso-lines in planes x − y and

x − z, in a zoom of the computational domain, at different times t = 10,

t = 50 and t = 90. The initially flat flame bends under the influence of

the turbulence and the images are consistent with the current ‘corrugated
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Figure 6.2: Turbulent combustion diagram. The point indicates the case under study.

flamelets’ regime (Figure 6.2). Hereafter, we analyze DNS data at t = 90.

Figure 6.3: Iso-lines of reactant mas fraction at t = 10, 50 and 90, in the x− y and x− z planes.

As mentioned in Chapter 3, local scalar geometries and flow topologies

interact with thermochemical processes, specific of different parts of the

computational domain, which is then divided into four regions depending

on the value of the reaction rate, ω̇Y , and mass fraction, Y . Parts of

the domain where |ω̇Y | < 0.001|ω̇Ymax
| = 0.0004 (or, equivalently, 0.700 <
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Y < 0.999) are termed ‘fresh reactants’. The ‘preheat’ region extends

over 0.253 < Y < 0.700 or 0.001|ω̇Ymax
| < |ω̇Y | < 0.7|ω̇Ymax

| = 0.336.

|ω̇Y | > 0.7|ω̇Ymax
| or 0.053 < Y < 0.253 characterizes the ‘burning’ region.

Finally, 0.001 < Y < 0.053, which corresponds to |ω̇Y | < 0.7|ω̇Ymax
|, defines

the ‘hot products’. These four regions are depicted in Figure 6.4 and

summarized in Table 6.2.
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Figure 6.4: Reaction rate, ω̇Y , conditional upon the mass fraction, Y . The dots upon the red line
mark the limits of the reaction rate to evaluate the sensitivity of the ‘burning’ region. Vertical
dotted lines mark the limits of the four regions of the computational domain.

Fresh reactants 0.700 < Y < 0.999

Preheat region 0.253 < Y < 0.700

Burning region 0.053 < Y < 0.253

Hot products 0.001 < Y < 0.053

Table 6.2: Ranges corresponding to scalar values for the different regions of the computational
domain.

In order to evaluate the adequate limit of ω̇Y for the ‘burning’ region, the

joint pdf of the mean and Gauss curvatures, km and kg, selecting |ω̇Y | >

0.5|ω̇Ymax
|, |ω̇Y | > 0.6|ω̇Ymax

|, and |ω̇Y | > 0.7|ω̇Ymax
| have been calculated
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Figure 6.5: Joint pdf of the mean and Gauss curvatures, km and kg, characterized by different
limits of the reaction rate to evaluate the ‘burning’ region. km and kg have been normalized with
the flame thickness, δL. Joint pdf magnitudes decrease from the center to the circumference.

and the result is shown in Figure 6.5. These reaction-conditioned limits

are also depicted like points upon the red line of ω̇Y in Figure 6.4. All the

joint pdf’s of km and kg display maxima for nearly flat iso-scalar surfaces

and are skewed towards positive values of km. It can be noted that the

sensitivity of results is small to changes in the definition of the ‘reacting’

region. As |ω̇Y | > 0.7|ω̇Ymax
| is the nearest the maximum reaction rate

value, hereafter, results of ‘burning’ region will be analyzed using this

limit.

6.3.1 Structure of the scalar field in terms of the mean and

Gauss curvatures

In order to provide information about the shape of the iso-scalar surfaces

and their curvature, Figure 6.6 shows the joint pdf of the mean and Gauss

curvatures, km and kg, calculated in the four regions of the computational
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Figure 6.6: Joint pdf of the mean and Gauss curvatures, km and kg. Joint pdf magnitudes
decrease from the center to the circumference. km and kg have been normalized with the flame
thickness, δL.

domain. km and kg have been normalized with the flame thickness, δL. In

the ‘fresh reactants’, the joint pdf is slightly skewed towards positive values

of km, reflecting the features of initially imposed and evolving small-scale

turbulent structures and scalar field upstream of zones of intense heat and

mass diffusive/reactive activity. These processes drastically discriminate

against large values of km and kg in both the ‘preheat’ and ‘burning’ re-

gions; the probability of highly concave and convex iso-scalar surfaces, of

a marked either elliptic or hyperbolic nature, significantly decreases as the

heat transfer and chemical reaction become important. Nearly flat scalar

geometries are the most probable ones in all four regions. Slightly con-

cave scalar iso-surfaces occur in the ‘preheat’ region, but they become less

probable in the ‘burning’ zone and ‘hot products’, very likely due to the

heat conduction enhancement or focusing, with a reduction of km < 0, by

concave geometries. Convex iso-surfaces with moderate values of km, pre-
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dominantly of an elliptic cup-like structure, survive in the ‘hot products’.

6.3.2 Non-material surface propagation velocity

Before studying the non-material surface propagation velocity or displace-

ment speed of the iso-scalar surfaces, V Y , it is important to check the

contribution due to the molecular diffusion processes. The balance be-

tween these molecular diffusion processes and the chemical reaction rate

determines the behavior of the displacement speed of the iso-scalar sur-

faces.

The molecular diffusion rate and its contributions conditional upon the

mass fraction, Y , have been calculated and the result is shown in Fig-

ure 6.7. It can be seen that the contribution to the diffusion due to the

variation of ρD, MD(ρD), is not negligible in the regions with high chemical

activity. The term ρD decreases from Y = 0 to Y = 1 thus the derivative

in the normal direction to the iso-scalar surfaces is negative and attains

a maximum value in the ‘preheat region’. It is important to note that

the average of the spatial curvature term is close to zero, 〈MDcurv〉 ≈ 0,

which implies that the influence of the curvature of the iso-scalar surfaces

is negligible. The most important contribution to the molecular diffusion

rate comes from MD|∇Y |(= Dn · ∇|∇Y |), which is the variation of |∇Y |

normal to the iso-surface. As D is always positive, the sign of MD|∇Y |
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depends on that of n · ∇|∇Y | = ∂|∇Y |/∂xN . MD|∇Y |, with the increasing

progress variable, attains a broad maximum within the ‘burning region’,

which indicates that the scalar gradient, |∇Y |, increases in the xN direc-

tion; then MD|∇Y | starts decreasing and changes sign until attains a local

minimum in the ‘preheat region’; MD|∇Y | = 0 and its change of sign point

out the maximum value of |∇Y | and its subsequent decreasing, respec-

tively, in the xN direction, as shown in Figure 6.8 (|∇Y | in function of Y).

Finally, in Figure 6.7, it can be noted that (1/ρ)∇ · (ρD∇Y ) displays an

almost identical variation to that of MD|∇Y |, thus, the molecular diffusion

rate is governed by the variation of |∇Y | normal to the iso-surfaces.
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Figure 6.7: Molecular diffusion rate, (1/ρ)∇ · (ρD∇Y ), and its contributions [Eqs.(4.77) - (4.80)]
conditional upon the mass fraction, Y . Vertical solid bars in the terms indicate their respective
root-mean-square values and the vertical dotted lines in figure mark the four regions of the
computational domain.

The displacement speed, V Y , and its different contributions are plotted

against the mass fraction in Figure 6.9. V Y monotonically decreases from

the ‘hot products’ to the ‘fresh gases’. It can be seen that the contribution
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Figure 6.8: Scalar gradient modulus, |∇Y |, as a function of the reactant mass fraction. Dotted
lines mark the limits of the four regions of the computational domain. |∇Y | has been normalized
with its rms value using all iso-scalar surfaces.
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Figure 6.9: Normal propagation velocity, V Y , and its contributions as a function of the reactant
mass fraction. Vertical dotted lines mark the limits of the four regions of the computational
domain.

due to the normal diffusion by variation of (ρD) is not very strong, thus, the

behavior of V Y
1 (= VρD+V|∇Y |) is governed by V|∇Y |. The contribution of the

tangential diffusion (due to the curvature) is negligible, V Y
2 ≈ 0, whereas

the chemical contribution, V Y
3 , is always positive, as expected; only the

normal diffusion, V Y
1 , contributes negatively for Y < 0.3. All iso-surfaces

propagate in the direction of the scalar gradient, V Y > 0; the increase of

139



Chapter 6. Turbulent premixed flame in an inlet-outlet configuration

-20

-15

-10

-5

 0

 5

 10

 0.1  0.2  0.3  0.4  0.5  0.6  0.7  0.8  0.9

Y

∂VY/∂xN

i=1

i=2

i=3

Figure 6.10: Derivative of V Y in the direction normal to iso-scalar surfaces, xN , and contri-
butions to ∂V Y /∂xN due to normal diffusion, (∂V Y /∂xN )1, tangential diffusion (curvature),
(∂V Y /∂xN )2, and chemical reaction, (∂V Y /∂xN )3. Vertical dotted lines mark the limits of the
four regions of the computational domain.

V Y towards the burnt gases is due to the fact that the large positive values

of V3 are greater in magnitude than the large negative V1, this allows that

iso-scalar surfaces located in the ‘hot products’ and the ‘burning’ region

propagate faster than those in the ‘fresh gases’, which reduces the distance

between iso-surfaces and increases the scalar gradient.

Figure 6.10 shows ∂V Y /∂xN conditioned on the mass fraction Y , as well

as the normal and curvature diffusions and the chemical contributions.

∂V Y /∂xN can be interpreted as an added normal strain rate due to the

combined action of diffusion and chemistry. The time rate of change of

an infinitesimal area on an iso-scalar surface and the infinitesimal distance

between two iso-surfaces depend on their propagation speed relative to the

fluid, according to Eqs. (4.64) and (4.69). ∂V Y /∂xN is negative for all

values of Y , thus, two iso-scalar surfaces tend to get closer to each other
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enhancing the mixing rate. Mean curvature effects are negligible, whereas

the chemical term, (∂V Y /∂xN)3 is the main drivers of ∂V Y /∂xN since the

term involving normal derivative of the diffusion coefficient, (∂V Y /∂xN)1,

has only a minor contribution.

6.3.3 Local strain rates

Local scalar molecular fluxes are proportional to mass fraction gradients,

which depend on the flow strain rate normal to the iso-scalar surfaces, aN ,

whereas tangential strain rate, aT , influences the surface stretching. Flows

with significant density changes, due, for example, to chemical heat genera-

tion, will presumably undergo large volumetric dilatation rates. Intuitively,

this situation may lead to mostly positive values for both tangential and

normal strain rates [69]; the former will imply iso-scalar surface stretching,

whereas the latter will, in principle, yield a reduction of the scalar-gradient

modulus, as iso-surfaces separate. This fact seems to contradict the notion

of dissipation of composition inhomogeneities by scalar molecular trans-

port. In order to discuss this latter physical explanation, it is important to

analyze the stretching induced by the turbulent velocity field through aN ,

aT and the correlations of the local volumetric dilatation with the scalar

field features.

Figure 6.11(a) shows a zoom of a x − y plane of the computational do-
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(a) (b)

Figure 6.11: (a) Fluid element dilatation rate, −P = ∇ ·u, in the computational domain. (b)
−P conditional upon the mean and Gauss curvatures, km and kg. The volumetric dilatation
rate has been normalized with 〈QW 〉1/2.

main, which displays two scalar iso-lines and the volumetric dilatation

rate, −P = ∇ ·u. Figure 6.11(b) shows −P conditional upon the mean

and Gauss curvatures, km and kg. In both figures, there is a correlation

between the local dilatation rate and scalar geometries. Expansive (com-

pressive) volumetric dilatations rates are mainly associated to concave and

flat (convex) iso-scalar surfaces, in agreement with previous results [63].

Cup-like elliptic concave geometries in the ‘preheat’ and ‘burning’ regions

correlate with the highest values of −P ; this behavior can be explained

by the heat conduction focussing (defocussing) by concave (convex) ge-

ometries. It should also be noted that small compressive rates prevail

for convex and concave iso-surfaces in both the ‘fresh reactants’ and the
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‘hot products’ zones, while this tendency disappears in the ‘preheat’ and

‘burning’ regions due to the high chemical heat release.

(a)

(b)

Figure 6.12: (a) Tangential aT , and (b) normal aN strain rates conditional upon the mean and
Gauss curvatures, km and kg. The terms have been normalized with 〈QW 〉1/2.

The correlations between the local volumetric dilatation rate, −P , and the

iso-scalar surfaces can be analyzed through the strain rates. As mentioned

previously in Section 4.3.2, the volumetric dilatation rate can be decom-

posed as: −P = aT + aN = ∇ ·u [53, 76, 70, 72]. Generally, the tangential

strain rate, aT , has been used to explain some premixed and non-premixed

flame features [76, 53]. Figure 6.12 plots the tangential and the normal

strain rates, aT and aN , as functions of km and kg in the four regions of
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the computational domain. aT exhibits similar curvature dependent fea-

tures to −P , although negative strain-rates do appear for convex scalar

iso-surfaces. Thermal transport yields only positive values of aN in the

‘preheating’ and ‘burning’ regions; negative a′Ns occur for both concave

(mainly hyperbolic) and convex structures in the ‘fresh reactants’, and for

concave geometries in the ‘hot products’. In the zones with high chemical

activity there is no a strong curvature dependence of aN . Thus, the corre-

lations between local dilatation rate and scalar geometries come from the

dependence of aT on the curvature.

Figure 6.13 represents −P , aT and aN as a function of Y . Vertical dotted

lines mark the limits of the four ω̇Y -conditioned regions of the computa-

tional domain. The average of aT remains almost constant, with large fluc-

tuations, whereas aN displays an almost identical variation to that of −P .

Positive values of all three variables are predominant, with some probabil-

ity of negative values of aT for all values of Y and of aN for Y > 0.94 (‘fresh

reactants’) and Y < 0.06 (‘hot products’); Chakraborty et al. [72] show

similar results in DNS of turbulent premixed flames with Lewis number

unity. Mainly positive values of aN in Figure 6.13(c) should, in principle,

lead to diminishing scalar gradients [72, 113], particularly in the ‘preheat’

(0.253 < Y < 0.700) and ‘burning’ (0.053 < Y < 0.253) regions where

maxima of |∇Y | occur (Figure 6.8, |∇Y | in function of Y). This result
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seems counterintuitive and difficult to interpret in the absence of the ‘ad-

ditional’ normal strain rate, ∂V Y /∂xN .
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Figure 6.13: (a) Local fluid volumetric dilatation rate, (b) tangential strain rate and (c) normal
strain rate as a function of the reactant mass fraction. Vertical bars indicate the rms values of
the variables. Dotted lines mark the limits of the four regions of the computational domain.
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(a)

(b)

(c)

Figure 6.14: (a) Joint pdf of the normal and tangential strain rates, aN and aT . (b) Reaction
rate, ω̇Y , and (c) scalar gradient modulus, |∇Y |, conditional upon the normal and tangential
strain rates.

Figure 6.14 depicts the joint pdf of aN and aT , and ω̇Y and |∇Y | condi-

tioned to aN and aT in the four regions defined for different levels of reaction

rate. The regions with the most probable values are mainly located above

the line aN + aT = 0, consistent with the fact that most fluid elements
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undergo expansion; both ‘fresh reactants’ and ‘hot products’ share the

highest probabilities for low volumetric dilatation rates with zone under

aN + aT = 0 indicating that there are regions with fluid elements un-

dergo compression; significant expansions in the ‘preheating’ and ‘burning’

regions imply positive normal strain, with both signs for aT . Maximum

reaction rates occur, mainly for aN > 0 and aT either positive or negative,

in the ‘burning’ region, which is a proof of consistency in the definition

of that zone. Maxima of |∇Y |, or equivalently the scalar dissipation rate,

are coincident with aN > 0; this unexpected result seems counterintuitive

and can only be explained by the chemical enhancement of existing scalar

gradients which might balance the reduction due to positive a′Ns. The com-

bination of aN and aT can also be useful to detect certain flow topologies

in the flame zones, for instance in the regions above the line aN + aT = 0

could exist flow topologies with expansive features, such as S2 (UN/S/S)

and S8 (UN/UN/UN).

Figure 6.15 depicts the flow strain rates, aT and aN , the additional con-

tributions due to V Y and ∂V Y /∂xN , respectively, and the ‘effective’ tan-

gential, (aT + 2kmV
Y ), and normal, (aN + ∂V Y /∂xN), strain rates for

nonmaterial iso-surfaces. Vertical rms bars indicate very large fluctuations

of 2kmV
Y compared to its mean value, whereas variations associated to

aT , aN and ∂V Y /∂xN are rather small. This is likely due to significant
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Figure 6.15: Variables as functions of the mass fraction. (a) ‘Effective’ tangential strain rate and
its contributions, aT and 2kmV Y and (b) ‘effective’ normal strain rate and its contributions, aN
and ∂V Y /∂xN . Vertical dotted lines mark the limits of the four regions of the computational
domain. The variables have been normalized with τη.

iso-surface corrugation. The curvature-propagation contribution, implies

surface generation by the displacement of convex iso-scalar surfaces and

yields surface reduction for concave iso-scalar surface propagation. The

contributions of aT and 2kmV
Y to the ‘effective tangential strain rate’ are

apparently comparable, except in the ‘hot products’. ∂V Y /∂xN is large,

compared to aN , and negative for all values of Y , which makes the ‘ef-

fective’ normal strain rate, (aN + ∂V Y /∂xN), negative everywhere. While

aN > 0 tends to separate two neighboring iso-scalar surfaces and dimin-

ishes |∇Y |, ∂V Y /∂xN < 0 will draw them closer to each other and enhance

scalar-gradients. Eqs.(4.64) and (4.69) provide strong mathematical bases

to designate (aT +2kmV
Y ) and (aN +∂V Y /∂xN) ‘effective’ tangential and

normal strain rates, respectively. They stretch non-material infinitesimal

surfaces located on Y (x, t) = Γ and dilate infinitesimal normal distances
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between Y = Γ and Y = Γ +∆Γ.

Figure 6.16 depicts the joint PDF of the ‘effective’ normal and tangen-

tial strain rates, and ω̇Y and (1/ρ)∇ · (ρD∇Y ) conditioned upon (aN +

∂V Y /∂xN) and (aT + 2kmV
Y ) in the four ‘reacting’ regions. In the ‘fresh

reactants’ (aN +∂V Y /∂xN) is mostly positive and (aT +2kmV
Y ) is mainly

negative with most probable values near the origin; this implies separation

of iso-surfaces with their area elements shrinking. In the ‘preheat’ and

‘burning’ regions and in the ‘hot products’ the ‘effective’ normal strain

rate is always negative; (aT + 2kmV
Y ) displays both positive and negative

values in the ‘preheating’ zone showing some degree of symmetry about the

zero value, while positive quantities become more probable in the ‘burning’

region; most probable normal and tangential ‘effective’ strain rates locate

also near the origin in the ‘hot’ products. The reaction rate in the ‘preheat’

and ‘burning’ regions depends solely on the ‘effective’ normal strain rate;

this is also true to some extent in the ‘hot’ products for significant values

of the chemical conversion. The molecular diffusion rate depends on both

strain rates as it is apparent from Eq.(4.77); significant values of molecu-

lar transport occur always for large negative ‘effective’ normal strain rates

and both positive and negative ‘effective’ tangential strain rates. Any in-

finitesimal non-material volume element appended to an iso-scalar surface

will undergo contraction in the direction normal to the iso-surface and ei-
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(a) (b)

(c)

Figure 6.16: (Color online) (a) Joint pdf of the line and surface stretches, aN + ∂V Y /∂xN
and aT + 2kmV Y . (b) Reaction rate, ω̇Y , and (c) molecular diffusion rate, (1/ρ)∇ · (ρD∇Y ),
conditional upon the line and surface stretches.
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ther positive or negative area tangential stretching. The thermal expansion

and scalar conversion, resulting from the chemical reaction rate, given by

Eq.(6.25) and Fickian molecular diffusion, Eq.(4.77), yield the previously

described behavior.
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Figure 6.17: (a), (b) Molecular diffusion and (c), (d) chemical reaction rates as functions of the
‘effective’ normal strain rate in the ‘preheat’ and ‘burning’ regions.

Figure 6.17 presents scatter plots of the molecular diffusion and the chem-

ical reaction terms as functions of the ‘effective’ normal strain rate in

both the ‘preheat’ and the ‘burning’ regions. Correlations are apparent
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between diffusion or reaction and the ‘effective’ normal strain rates in the

preheat region; the additional functional dependence of the diffusion term

on the scalar mass fraction should be such that its sign changes at around

(aN + ∂V Y /∂xN) = −7.5 in the ‘preheat’ region; the larger the absolute

value of the ‘effective’ normal strain rate the higher the reaction rate in

the preheat zone. On the other hand, the two branches observed in the

‘burning’ region obviously correspond to values to the left and the right

sides of the minimum of (aN +∂V Y /∂xN) as a function of Y (Figure 6.15);

the upper branch of the molecular diffusion belongs to values of strain

rates to the left of that minimum, whereas the lower branch pertains to

those to its right; the upper (lower) branch of the chemical conversion

correlates with effective normal strain rates to the right (left) side of its

minimum. The lower (upper) branch of the molecular diffusion (chemical

source) term in the burning region could be easily assigned to the preheat

zone by redefining the limit between the two.

6.3.4 Small-scale flow structures

The orientation of the unit vector normal to iso-scalar surfaces with respect

to the strain rate eigenvector and the local vorticity will be investigated

in this section. First of all, we turn our attention in the eigenvalues of the

strain rate tensor Λ1, Λ2 and Λ3, which are ordered from the largest to the
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smallest value. For combusting flows with significant heat release the sum

of the eigenvalues (Λ1+Λ2+Λ3 = ∇ ·u) is distinct of zero (see Eq. (4.41)).
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Figure 6.18: Eigenvalues of the strain rate tensor. (a) Pdf of Λ1, (b) Λ2 and (c) Λ3 for different
levels of Y . (d) Eigenvalues as a function of Y . The eigenvalues have been normalized with
〈QW 〉1/2.

The resulting probability density functions of the eigenvalues of the strain

rate tensor for different levels of mass fraction are shown in Figure 6.18.

The eigenvalues have been normalized with 〈QW 〉1/2. It can be noticed as

the distributions of the most extensive and compressive eigenvalues, Λ1 and

Λ3, are more affected than the intermediate eigenvalue, Λ2, as fluid elements
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move towards the regions with high chemical activity. There is a high

probability of finding positive values of Λ3 in the ‘preheat’ and ‘burning’

regions. It can be seen as the ‘fresh’ reactants and ‘hot’ products share

the highest probability for low volumetric dilatation rates since the sum of

the averages of the three eigenvalues tends to zero. This facts indicates a

decrease of the strain rates in the ‘fresh’ and ‘burnt’ gases regions of the

computational domain. Figure 6.18(d) summarizes the previous results

since it shows the eigenvalues as a function of the mass fraction; vertical

solid bars indicate their respective rms values. It is interesting to note

that Λ1 displays an almost identical variation to those of −P and aN of

Figure 6.13, which is in agreement with the fact that most fluid elements

undergo expansion.

As every eigenvalue of the strain rate tensor have its corresponding eigen-

vector, it is important to examine how the eigenvectors are oriented with

respect to iso-scalar surfaces; the alignment of the eigenvectors with the

normal unit vector indicates how are aligned the nodal topologies of the

turbulent flow with respect to iso-scalar surfaces. Figure 6.19 depicts the

pdf’s of the cosine of the angle between the normal vector to the iso-scalar

surfaces, n, and the strain rate principal directions, ei, calculated for the

whole flow domain. e1 is the eigenvector corresponding to the most ex-

tensive eigenvalue; the subindex i orders the eigenvectors by decreasing

154



6.3. Results and discussion

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

-1 -0.5  0  0.5  1

P
d
f

cos(n , ei)

i=1
i=2
i=3

(a)

 0

 0.5

 1

 1.5

 2

 2.5

-1 -0.5  0  0.5  1

P
d
f

cos(n , ei)

i=1
i=2
i=3

(b)

 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 1.4

 1.6

-1 -0.5  0  0.5  1

P
d
f

cos(n , ei)

i=1
i=2
i=3

(c)

 0

 0.1

 0.2

 0.3

 0.4

 0.5

 0.6

 0.7

 0.8

 0.9

 1

-1 -0.5  0  0.5  1

P
d
f

cos(n , ei)

i=1
i=2
i=3

(d)

Figure 6.19: Pdf’s of cos(n, ei). n is the unit vector normal to the iso-scalar surfaces and ei

stands for the eigenvectors of Sij . The subindex of ei denotes one of the three eigenvalues,
ordered by decreasing values. i = 1 corresponds to the most extensive (positive) eigenvalue. (a)
Fresh reactants, (b) preheat region, (c) burning region, (d) hot products.

corresponding eigenvalues. n is predominantly aligned with the eigenvec-

tor corresponding to the most extensive eigenvalue in the ‘preheating’ and

‘burning’ regions, which is in agreement with recent numerical [72, 113, 114]

and experimental results [115]. n exhibits a slight alignment with the most

compressive eigenvalue, e3, in the ‘fresh reactants’, where the heat release

is weak and iso-scalar surfaces behave like those in non-reacting constant-

density turbulent flows [12, 71]. There is no preferred alignment in the ‘hot

products’ region.
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Figure 6.20: Pdf’s of cos(n, ω). n is the unit vector normal to iso-scalar surfaces. ω is the local
vorticity vector. (a) Fresh reactants, (b) preheat region, (c) burning region, (d) hot products.

In order to study the alignment of the focal topologies of the turbulent

flow with the iso-scalar surfaces, the alignment of vorticity vector, ω, with

the normal vector, n, has been calculated. Figure 6.20 plots the pdf’s

of the cosine between n and the local vorticity vector. It can be seen

that the vorticity vector results preferentially tangential to the iso-scalar

surfaces, as it results in the incompressible case (see Figure 5.14). Thus,

it contributes to curve and fold the iso-surfaces. This process can be more

complex, as the joint action of two vortical structures, either co-rotating

or counter-rotating, may also stretch and/or bend the surface.
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6.3.4.1 Invariants of the velocity-gradient tensor and local flow topologies

Nodal and focal topologies can be investigated through the study of the

invariants of the velocity-gradient tensor. As mentioned in Chapter 2,

Section 4.2.1, for combusting flows with significant heat release there are

four more flow topologies (from S5 to S8, see Table 4.2), which have not

yet been analyzed to the best of our knowledge. In this section, the first

invariant of the velocity-gradient tensor, P , will not be analyzed since it

was scrutinized in Section 6.3.3. We now turn our attention to the other

invariants as well as in the interaction of local flow topologies with the

iso-scalar geometries.

The second invariant of the velocity-gradient tensor, Q, represents the addi-

tive contribution of enstrophy, QW (≡ ωiωi/4), and dilatation/dissipation,

QS(≡ (P 2−SijSij)/2). For flows with non constant density, the dynamical

equations for the enstrophy and the strain are as follows [103]:

1

2

Dω2

Dt
= ωiSikωk − ωiωiSkk −

ωi

ρ2
∇ρ×∇p+ ωi curl

(
1

ρ

∂τik
∂xk

)
, (6.45)
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(
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[
∂
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(
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ρ

∂τij
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)
+

∂

∂xi

(
1

ρ

∂τkj
∂xj

)]
. (6.46)

The terms ωiSikωk − ωiωiSkk in (6.45) are the enstrophy production and

enter the definition of the third invariant of the velocity-gradient tensor, R,

as well as the dissipation rate generation, −SikSijSjk(≡ −Λ1Λ2Λ3), of Eq.

(6.46) (cf. Chapter 2, Section (4.2.1)). Figure 6.21 depicts Q, QS, QW , R,

RS, and (ωiωiSkk − ωiSijωj)/4 as a function of the reactant mass fraction.

The seconds and thirds invariants have been normalized with 〈QW 〉 and

〈QW 〉3/2, respectively.

As shown Figure 6.21(a) the mean of QS is negative in the ‘fresh’ reac-

tants, where the heat release is weak; it behaves like those of turbulent

mixing to constant-density. With decreasing of mass fraction, QS attains a

maximum within the ‘preheat’ region and then starts decreasing; the max-

imum value is due to the dilatation term, P 2, which enter its definition.

QS changes sign in the ‘burning’ region and attains a minimum within the

‘hot’ products region. The local enstrophy, QW , is always positive and

attains a maximum towards the ‘fresh’ gases and starts decreasing as fluid

elements move towards the regions with high chemical activity; obviously,
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Figure 6.21: (a) Q, QS , QW , and (b) R, RS , 1/4(ωiωiSkk−ωiSikωk) as functions of the reactant
mass fraction. Vertical dotted lines mark the limits of the four regions of the computational
domain.

the increments of dynamic viscosity with increasing temperature destroy

vorticity. The balance of these two quantities, along the mass fraction,

determines the magnitude of the second invariant of the velocity-gradient

tensor, Q. The magnitude of the mean of QW is small compared with that

of QS through mass fraction, and the change in sign of the mean of Q is

governed entirely by the behavior of QS; moreover, Q displays an almost
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identical variation to those of QS.

It can be seen in Figure 6.21(b) that the average of R remains near zero,

as it happens in the constant-density case (see Figure 5.16). The third

invariant of the symmetric strain-rate tensor, RS, is defined as: RS =

(−P 3+3PQS−SikSijSjk)/3. According to previous results of Figure 6.13(a)

〈P 〉 < 0 from ‘fresh’ reactants to ‘hot’ products, thus, −P 3 > 0 and the

term 3PQS is positive except in the ‘fresh’ and ‘burnt’ gases, where QS

is negative. On the other hand, the mean of dissipation rate generation,

−SikSijSjk, is always positive because the product 〈Λ1Λ2Λ3〉 is negative due

to 〈Λ3〉 < 0. Thus, the balance for RS is positive, as shown Figure 6.21(b).

The enstrophy production, ωiSikωk−ωiωiSkk, is positive towards the ‘fresh’

reactants and starts decreasing as fluid elements move towards the regions

with high chemical activity; this results is related to the high values of the

local enstrophy, QW , towards the ‘fresh’ gas side.

Figure 6.22 shows the resulting joint pdf’s of R and Q in the four reaction

rate conditioned regions of the computational domain. It is interesting

to note that the universal teardrop shape remains in the ‘fresh’ reactants

region, where the heat transfer and chemical reaction are weak, whereas the

statistical distributions move towards the left side in the regions with high

chemical activity; the latter result is in connection with the high volumetric

dilatation rates, P < 0, of these regions (see Figure 4.2(c)). Jpdf’s tails
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decrease with decreasing of mass fraction the , which indicates that the

local dissipation and enstrophy decrease towards the ‘hot’ products.

Figure 6.22: Joint pdf of R−Q. Joint pdf magnitudes decrease from the center to the circum-
ference.

Zone Description Ranges

1 Geometries with flat curvature [|kmδL| < 0.02 and |kgδ2L| < 0.004]
2 Geometries with predominant negative curvature kmδL < 0 excluding the zone 1
3 Geometries with predominant positive curvature kmδL > 0 excluding the zone 1

Table 6.3: Description of zones 1, 2 and 3 in the km - kg plane.

In order to reduce the number of combinations of scalar field structures

and flow topologies, we have considered only three zones in the km − kg

plane of Figure 4.3: nearly flat (zone 1), concave (zone 2) and convex (zone

3), which are characterized by the ranges given in Table 6.3.

Figure 6.23 shows the different joint pdf’s of R and Q calculated in the

three curvature conditioned zones of the km−kg plane and for every reaction

rate region of the computational domain. S5 (SFC) and S6 (SN/SN/SN),

typical of flows with local negative volumetric dilatation rates, are absent

in this premixed combustion study. About 50% of the topologies in the
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‘fresh reactants’ are focal and tend to disappear, in favor of nodal micro-

structures, as the scalar value move through the ‘preheating’ and ‘burning’

regions towards the ‘hot products’; obviously, positive volumetric dilatation

rates and flow laminarization mechanism, due to increments of dynamic

viscosity with increasing temperature, destroy enstrophy. Joint pdf’s look

similar to the teardrop shape of constant density flows (P = 0) in the

‘fresh reactants’, with occurrence of both stretching/compressing focuses

and stable/unstable nodes; however, local topologies, characteristic of flows

with volumetric expansion, S7 (UFS) and S8 (UN/UN/UN), contribute

about 25%, this can be interpreted as a sign of a moderate interaction of the

propagating flame with the initially imposed constant density turbulence.

Two nodal topologies, S2 (UN/S/S, 51%) and S8 (UN/UN/UN, 26%),

and two focal ones, S4 (SFS, 8%) and S7 (UFS, 10%), add up to 95%

over the flow domain in the ‘preheat’ region. Nodal, S2 (UN/S/S, 61%),

S3 (SN/S/S, 7%) and S8 (UN/UN/UN, 14%), and focal, S4 (SFS, 10%),

structures account for 92% of local flow topologies in the ‘burning’ region.

Vortical structures S4 (SFS) and S7 (UFS) start both from 20% contribu-

tions in the ‘fresh reactants’, and decrease through the ‘preheating’ and

‘burning’ regions; however, whereas the S4 maintains a 13% share in the

‘hot products’, S7 almost vanishes. This could be due to the alignment of

162



6.3. Results and discussion

Figure 6.23: Joint pdf of R−Q: (a), (b), (c) and (d) zone 1 (Flat iso-surfaces); (e), (f), (g) and
(h) zone 2 (Concave iso-surfaces); (i), (j), (k) and (l) zone 3 (Convex iso-surfaces). Joint pdf
magnitudes decrease from the center to the circumference.

the former vorticity with an extensive eigenvector.

Figure 6.24 shows the volume fractions of the flow domain pertaining to

different flow topologies, calculated for the three curvature conditioned

zones. The S2 (UN/S/S) topology dominates the local flow dynamics for

all three scalar geometries and all reaction-conditioned regions, with some

significant contribution of S8 (UN/UN/UN) for concave iso-surfaces (in

the ‘preheating’ and ‘burning’ regions). S3 (SN/S/S) for flat and convex

geometries has a modest to moderate share, mainly in the ‘hot products’.

Figure 6.24 confirms that S7 and S8 topologies associate more likely to

concave iso-scalar surfaces, where heat-conduction focusing effects enhance

chemical reaction.
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Figure 6.24: Topologies (S1−S8) belonging to P −Q−R space: (a) zone 1 (Flat iso-surfaces);
(b) zone 2 (Concave iso-surfaces); (c) zone 3 (Convex iso-surfaces).

Two nodal topologies, S2 (UN/S/S) and S8 (UN/UN/UN), and two focal

ones, S4 (SFS) and S7 (UFS), dominate for well over 90% of the samples

in the ‘preheating’ and ‘burning’ regions. The key scalar mixing variable,

|∇Y |, conditioned to aN and aT is shown in Figure 6.25 for the previous

four topologies and for the three scalar geometries. These topologies for

flat and concave scalar geometries are characterized by aN > 0 and aT >

0 with maxima of |∇Y | far from the constant density line aT + aN =

0. Only S2 and S4 topologies associated to convex iso-surfaces produce
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6.3. Results and discussion

(a) (b)

(c) (d)

Figure 6.25: Scalar gradient modulus, |∇Y |, conditioned to aT − aN in the ‘preheating’ and
‘burning’ regions. (a) S2, (b) S4, (c) S7, (d) S8.

aT < 0, with modest values of |∇Y |. Concave geometries under flow

topologies S2, S7 and S8 in both the ‘preheating’ and ‘burning’ regions

display large gradients for a wide range of aN and aT . All the features of the

nodal topologies S2 and S8 could be easily incorporated to the formulation

of molecular mixing models. Focal structures S4 and S7 require further

investigation to relate the probable region on the aN − aT plane to pairs of

counter- and co-rotating vortices.
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6.4 Summary and conclusions

The DNS of a three-dimensional variable-density turbulent premixed prop-

agating flame has been performed in an inflow-outflow configuration using

one-step Arrhenius chemistry. The interaction of the thermochemical pro-

cesses in the flame with scalar field geometries and flow topologies has

been studied from the resulting database. The computational domain has

been divided into four regions, corresponding to ‘fresh reactants’, ‘preheat’,

‘burning’ and ‘hot products’, depending on the reaction rate value. The

scalar field structures, in terms of the mean and Gauss curvatures, have

been identified. Nearly flat scalar iso-surfaces result the most probable

geometries in all four regions. Thermochemical processes in the ‘preheat-

ing’ and ‘burning’ regions smooth out highly contorted iso-scalar surfaces,

present in the ‘hot reactants’, and annihilate large curvatures. Convex

structures with moderate mean curvatures are regenerated in the ‘hot prod-

ucts’.

The molecular diffusion rate and its contributions have been analyzed. The

contribution to the diffusion due to the variation of ρD, MD(ρD), is not neg-

ligible in the regions with high chemical activity, whereas the contribution

due to the spatial curvature term is close to zero. The most important

contribution to the molecular diffusion rate comes from the variation of
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|∇Y | normal to the iso-surface.

Expressions for the propagation speed of the iso-scalar surfaces and its

contributions, and its derivative with respect to xN have been obtained.

The contributions to displacement speed due to the variation of (ρD) and

the curvature are negligible. All iso-surfaces propagate in the direction of

the scalar gradient, V Y > 0; the balance between the chemical contribution

and the contribution due to the variation of |∇Y | normal to the iso-surfaces

governs, mainly, the behavior of V Y .

Chemical heat generation yields positive flow volumetric dilatation rates

everywhere in the computational domain, which imply mostly positive flow

strain rates normal to iso-scalar surfaces. This tends to separate iso-

surfaces and diminish scalar-gradients. On the other hand, flow strain

rates in a plane tangential to the iso-scalar surfaces can be either positive,

stretching infinitesimal areas, or negative, leading to surface reduction.

Therefore, flow strain rates do not explain the intense molecular diffusive

transports occurring in turbulent premixed flames.

Positive volumetric dilatation rates, −P = ∇ ·u, display maxima (min-

ima) for concave (convex) scalar micro-structures due to heat conduction

focusing (defocusing) effects. Minima of −P are associated with convex

scalar geometries in the ‘fresh reactants’ and maxima with slightly con-

cave tile- and cup-like geometries in the ‘preheat’ and ‘burning’ regions.
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For the latter two regions of the computational domain aN does not show

correlation with the scalar geometries. Thus, the correlations between local

dilatation rate and iso-scalar surfaces are represented by a strong curvature

dependence of aT . Average tangential strain rates are approximately con-

stant with large fluctuations throughout the flow domain, whereas normal

strain rates follow the trends of volumetric dilatation rates in the different

reaction rate conditioned regions.

The most probable values of aN and aT are predominantly located above

aN + aT = 0, corresponding to positive values of ∇ ·u which are most of

the points of the computational domain. Most probable values occur in the

neighborhood of aN + aT = 0 in the ‘fresh reactants’ and ‘hot products’,

with positive or negative values of both strain rates, and for aN + aT > 0

in the ‘preheat’ and ‘burning’ regions, with aN > 0. A positive aN im-

plies a reduction of |∇Y | and hampers scalar mixing, as pointed out by

Chakraborty and coworkers [113, 72]. This effect must be definitely bal-

anced by the reactive-diffusive processes since the added normal strain rate

acts negatively in the normal direction to the iso-scalar surfaces. The in-

crease of normal propagation speed, monotonically from ‘fresh gases’ to

‘hot products’, causes two iso-scalar surfaces to get closer together, and,

therefore, increase scalar-gradients. This variation in propagation speed,

due to both chemistry and molecular diffusive transport, acts like a nega-
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tive normal strain rate, (∂V Y /∂xN < 0). Its values are much greater than

the flow normal strain rate over most part of the computational domain.

Thus,

The values of the principal strain rates, Λ1, Λ2 and Λ3, conditional upon

the mass fraction have been obtained. In accordance with high volumet-

ric dilatation rates (∇ ·u > 0) all eigenvalues have a high probability of

positive values towards the regions with high chemical activity. In ‘fresh’

reactants and ‘hot’ products the sum of the averages of eigenvalues tends

to zero, which points out a decrease of the strain rates in those regions of

the computational domain.

The scalar gradient results predominantly aligned with the eigenvector

corresponding to the most extensive eigenvalue in the ‘preheating’ and

‘burning’ regions, which is in agreement with recent numerical [113, 72, 114]

and experimental results [115]. n exhibits a slight alignment with the most

compressive eigenvalue, e3, in the ‘fresh reactants’, where the heat release

is weak and iso-surfaces behave like those in constant-density turbulent

flows [71, 12].

The enstrophy production, ωiSikωk − ωiωiSkk, results intense towards the

‘fresh’ reactants and starts decreasing as fluid elements move towards the

regions with high chemical activity. This results can be explained by the

high local enstrophy, QW , towards the ‘fresh’ gas side. The average of the
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third invariant of the velocity-gradient tensor, R, is close to zero such as

in constant-density mixing and reaction. The magnitude of the mean of

QW is small compared with that of local strain, QS, for all values of mass

fraction. Thus, the second invariant of the velocity-gradient tensor, Q, is

governed entirely by the behavior of QS.

Focal topologies are dominant in the ‘fresh reactants’ and tend to disappear

in favor of nodal structures as moving towards the ‘hot products’. Positive

volumetric dilatation rates, which are more intense in the ‘preheating’ and

‘burning’ regions, effectively destroy enstrophy. Further, these destructive

trends are also associated to increments of viscosity due to temperature

increases which fosters flow laminarization.

Joint pdf’s of R and Q look similar to the teardrop shape of constant den-

sity flows in the ‘fresh reactants’; however, a 25% share of the samples

correspond to local topologies S7 (UFS) and S8 (UN/UN/UN), character-

istic of flows with volumetric expansion, a sign of a moderate interaction of

the propagating flame with the initially imposed constant density turbu-

lence. Nodes S2 (UN/S/S, 51%) and S8 (UN/UN/UN, 26%), and focuses

S4 (SFS, 8%) and S7 (UFS, 10%) add up to 95% and 92% of the topolo-

gies in the ‘preheating’ and the ‘burning’ regions, respectively. Vortical

structures S4 (SFS) and S7 (UFS) start both from 20% contributions in

the ‘fresh reactants’, and decrease through the ‘preheating’ and ‘burning’
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regions. However, whereas the S4 maintains a 13% share in the ‘hot prod-

ucts’, S7 almost vanishes. This could be due to the alignment of the vor-

ticity with an extensive eigenvector in the S4 structures. The S2 (UN/S/S)

topology dominates the local flow dynamics for all three scalar geometries

and all reactive regions. S8 (UN/UN/UN) has a significant contribution

for concave iso-surfaces (in the ‘preheating’ and ‘burning’ regions). S7 and

S8 topologies associate more likely to concave iso-scalar surfaces, where

heat-conduction focusing effects enhance the chemical reaction.

The conclusions reached in this study pertain to small-scale features and

thus should display a certain degree of universality. Future development

of mixing models should incorporate some representation of the depen-

dences of |∇Y | and area element variations in terms of aT , aN and some

thermochemical parameters. The relative importance of thermal and mass

diffusivities as measured by the Lewis number should be studied. The

influence of the Karlovitz number should also be explored. Turbulent mix-

ing in the absence of chemical phenomena for constant density flows and

for variable density, due to external heat addition, should also be further

investigated.
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The physical system simulated here is a jet-flame configuration with a hy-

brid Large Eddy Simulation (LES)/DNS approach (see Figure 7.2). A

stoichiometric methane-air mixture is injected through a central jet, sur-

rounded by a co-flow of burned products. The simulation has been ad-
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vanced in time long enough to obtain statistical stationarity. The fully

parallel compressible solver SiTCom (Simulating Turbulent Combustion)

is used to solve the mass, momentum, energy and reaction progress variable

conservation equations (cf. Table 4.1). Viscosity, thermal conductivity,

and mass diffusion coefficients are given functions of the temperature.

7.1 Numerical implementation

The numerical schemes used within the code are based on the Finite Vol-

ume (FV) approach, thus, the physical domain is then subdivided in small

polyhedral control volumes Vi,j,k , which are delimited by a finite number

of plane surfaces, Sk, where k represent the surface element’s component

in the kth direction. The governing transport equations are rewritten in

integral formulation by integrating over a control volume V -with frontier

S-and applying the Gauss’ Theorem to the divergence-like terms, as shown

in Tabla 7.1.

The equations are solved resorting to the approximations i

iIn order to explain the spatial integration the Einstein summation convention will not be used. We will stick to the
convention that i, j, k indices refer to the discretization (in general, cell numbering along the three coordinate directions)
and we will use m, l indices to refer to vector components.
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Mass

∫∫∫

V

∂ρ

∂t
dV +

∫∫

S

ρui dSi = 0

Momentum

∫∫∫

V

∂(ρui)

∂t
dV +

∫∫

S

(ρujui) dSj +

∫∫

S

p dSi =

∫∫

S

τij dSj , (i = 1, 2, 3)

Species

∫∫∫

V

∂(ρYα)

∂t
dV +

∫∫

S

(ρuiYα) dSi =

∫∫

S

(

µ
Sc

∂Yα

∂xi

)

dSi +

∫∫∫

V

ω̇α dV

Energy (sum of sensible and kinetic, E)

∫∫∫

V

∂(ρE)

∂t
dV +

∫∫

S

(ρuiE) dSi =

∫∫

S

(uiσij) dSj +

∫∫

S

(

Cpµ

Pr

∂T

∂xi

)

dSi +

∫∫∫

V

ω̇s dV

Table 7.1: Integral form of the governing equations for reacting variable-density turbulent flows.

∫

Vi,j,k

ϕdV ≃ ϕ̂Vi,j,k , and

∫

S

ϕdSm ≃
∑

i

[ϕ]iS
m
i , (7.1)

where ϕ̂ is the average value of a generic scalar quantity ϕ over the control

volume Vi,j,k and the summation in the second equation is extended to

all the elementary plane surfaces delimiting the control volume; [ϕ]i is a

measure of the value of ϕ over the ith surface Sm
i delimiting the discrete

control volume Vi,j,k.

The solver approximates the convective terms resorting to a fourth-order

centered skew-symmetric-like scheme [116] and the diffusive terms with a
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fourth-order centered scheme. Time integration is performed via a third-

order Runge-Kutta scheme [117].

All boundary conditions are imposed using the non-reflecting 3D-Navier-

Stokes Characteristic Boundary Condition (3D-NSCBC) approach [118],

which means that the perturbations due to the boundary conditions are

minima inside the simulation region. The 3D-NSCBC is an improvement

of the NSCBC method discussed in Chapter 4, Section 6.1, therefore the

3D-NSCB will not be repeated here. A brief overview of the spatial and

time integration is presented in this section.

Figure 7.1: Schematic representation of four-nodes used for surface integral approximations.

Spatial integration

The mathematical details of spatial integration can be conveniently ana-

lyzed considering one coordinate direction at a time, as shown in Figure 7.1.

Considering the uniform spacing ∆x, i.e. Vi = S∆x, the volume averaged

value of ϕ at cell i can be computed as:

176



7.1. Numerical implementation

ϕ̂i =
1

Vi

∫

Vi

ϕdV =
1

∆x

∫

∆x

ϕ(x) dx . (7.2)

With the suitable coefficients and integrating the Taylor expansion of ϕ(x)

around the interface location xi+1/2, the centered fourth- and second-order

approximations of the interface value [ϕ]i+1/2 can be determined [119]:

[ϕ]O4
i+1/2 =

7

12
(ϕ̂i + ϕ̂i+1)−

1

12
(ϕ̂i+2 + ϕ̂i−1) +O(∆x4) , (7.3)

[ϕ]O2
i+1/2 =

1

2
(ϕ̂i + ϕ̂i+1) +O(∆x2) , (7.4)

The following one-sided third-order approximations are applying to com-

pute boundary gradients:

[ϕ]O3
i+1/2 =

1

3
ϕ̂i+1 +

5

6
ϕ̂i −

1

6
ϕ̂i−1 +O(∆x3) , (7.5)

[ϕ]O3
i+3/2 =

11

6
ϕ̂i+1 −

7

6
ϕ̂i +

1

3
ϕ̂i−1O(∆x3) , (7.6)

the last relation has been obtained by deriving the FV Taylor expansion

around the interface point [ϕ]i+3/2.

Considering the ith control Vi, the 1D-FV transport equation results as
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follows:

∂ϕ̂i

∂t
+

FCi+1/2Si+1/2 − FCi−1/2Si−1/2

Vi
=

FDi+1/2Si+1/2 − FDi−1/2Si−1/2

Vi
,

(7.7)

where FCi±1/2 and FDi±1/2 are respectively generic convective and vis-

cous discrete fluxes for the transported quantity ϕ = ρφ computed on the

cell interfaces, and κ represents the diffusion coefficient for the relevant

primitive variable φ.

The convective flux, FCi+1/2, into the domain is computed using the fourth-

order skew-symmetric-like FV formulation proposed by Ducros et al. [116]:

FCO4
i+1/2 = [ϕ]O4

i+1/2[u]
O4
i+1/2 , (7.8)

whereas on the frontier of the domain FCi+1/2 is computed switching the

scheme to second-order skew-symmetric-like formulation and using an ad-

ditional exterior boundary node computed with the 3D-NSCBC:

FCO2
i+1/2 = [ϕ]O2

i+1/2[u]
O2
i+1/2 . (7.9)
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Diffusive flux, FDi+1/2, into the computational domain is computed using

a fourth-order centered scheme such as follows:

FDO4
i+1/2 =

7

12

([
κ
∂φ̂

∂x

]

i

+

[
κ
∂φ̂

∂x

]

i+1

)
− 1

12

([
κ
∂φ̂

∂x

]

i+2

+

[
κ
∂φ̂

∂x

]

i−1

)
,

(7.10)

where [κ∂φ̂/∂x]i = κi[∂φ̂/∂x]i and [∂φ̂/∂x]i is the cell-averaged value of

the gradient:

[
∂φ̂

∂x

]

i

=
[φ]O4

i+1/2Si+1/2 − [φ]O4
i−1/2Si−1/2

Vi
. (7.11)

[φ]O4
1±1/2 are evaluated resorting to the fourth-order average, with Eq. (7.3).

Numerical diffusive fluxes at the last cell interface before the boundary are

computed with a third-order approximation:

FDO3
i+1/2 =

1

3

[
κ
∂φ̂

∂x

]

i+1

+
5

6

[
κ
∂φ̂

∂x

]

i

− 1

6

[
κ
∂φ̂

∂x

]

i−1

, (7.12)

where the gradients in cell i and the external node i+ 1 are respectively:
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[
∂φ̂

∂x

]

i

=
[φ]O3

i+1/2Si+1/2 − [φ]O4
i−1/2Si−1/2

Vi
, (7.13)

[
∂φ̂

∂x

]

i+1

=
[φ]O3

i+3/2Si+1/2 − [φ]O3
i+1/2Si−1/2

Vi+1
. (7.14)

Normal diffusive fluxes at the boundary node i + 1 are computed by

FDO3
i+3/2, which leads to the second-order one side difference approximation:

[
∂

∂x

(
κ
∂φ̂

∂x

)]

i+1

=
FDO3

i+3/2Si+3/2 − FDO3
i−3/2Si−3/2

Vi

=
1

2∆x

(
3

[
κ
∂φ̂

∂x

]

i+1

− 4

[
κ
∂φ̂

∂x

]

i

+

[
κ
∂φ̂

∂x

]

i−1

)
.

(7.15)

Time integration

The time integration is solved using the third-order TVD (Total Variation

Diminishing) Runge-Kutta scheme proposed by Gottlieb and Shu [117].

Applying Eq. (5.14) the time integration results in:
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U (0) = U (n) ,

U (1) = U (n) +∆tR(U (0)) ,

U (2) =
3

4
U (n) +

1

4
[U (1) +∆tR(U (1))] , (7.16)

U (3) =
1

3
U (n) +

2

3
[U (2) +∆tR(U (2))] .

The maximum time step, ∆t, is given by the Courant-Friedrichs-Lewys-

number limit (CFL) involving an inviscid time ∆tI and a viscous time

∆tV :

CFL =
∆t

min{∆tI ,∆tV }
, (7.17)

where the inviscid and viscous time-steps are given by:

∆tI =
Vi,j,k∑

m(|ûm|+ â)Sm
i,j,k

, (7.18)
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∆tV =
ρ̂V 2

i,j,k

2µ̂eff

∑
m(S

m
i,j,kS

m
i,j,k)

, (7.19)

where the hat operator implies volume averaging within Vi,j,k , a =
√
γp/ρ

is the speed of sound and µ̂eff is the effective dynamic viscosity. In the

present work CFL ≤ 1 [117].

Reaction progress variable, reaction rate and flame thickness

The chemistry is tabulated with the FPI (Flame-Prolongation of ILDM)

flamelet approach [86] (cf. Chapter 2, Section (4.4.2)). A reaction progress

variable, c, based on a single progress variable Yc defined by Godel et

al. [120], Yc = YCO+YCO2
+(YN2

−Y 0
N2
)+(YH2O−Y 0

H2O
)+YNO+YNO2

+YN2O,

is used in this case. c is defined as follows:

c =
Yc

Y eq
c

, (7.20)

where the ‘eq’ superscript designates the value of the corresponding vari-

able in the burnt state of the laminar-premixed flame. Y 0
N2

and Y 0
H2O

are,

respectively, the mass fractions of N2 and H2O in fresh gases. Y 0
N2

and

Y 0
H2O

ensures that Yc = 0 in fresh gases for all mixing conditions. This

tabulation approach actually provides the best fit for the burning rate of a
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single-step chemistry, with all the species of the detailed scheme involved

in the thermochemistry. Thermodynamic variables are related by the per-

fect gas equation of state, p = ρRT/W , where R is the universal perfect

gas constant and W is the mean molecular weight. The flame thickness is

based on the maximum temperature gradient, (cf. Eq. (4.91)).

Figure 7.2: Description of the computational domain.

7.2 Simulation parameters

The analysis is performed in a jet-flame configuration simulated with a

hybrid Large Eddy Simulation (LES)/DNS approach. A stoichiometric

methane-air mixture is injected through a central jet with a mean velocity

Ujet = 30 m/s, and equivalence ratio φF = 4.4, surrounded by a co-flow of

burned products with a mean velocity Ucoflow = 5.4 m/s, and equivalence
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ratio φc = 1. Turbulence parameters are those experimentally studied by

Chen et al. [121]. The nozzle diameter is D = 12 mm and the compu-

tational domain extends 192 mm in the streamwise (x), 66 mm in the

crosswise (y) and 66 mm in the spanwise (z) directions, with 802, 466 and

466 grid points, uniformly spaced, in the x, y, and z directions, respec-

tively. Therefore a LES mesh of about 171 million nodes is used, with a

resolution varying between 150 µm and 200 µm. An imbedded zone within

the LES mesh features a much higher resolution of 50 µm (see Figure 7.2),

where small scales can rapidly develop to complete the turbulence cascade

of the already well-resolved LES. Results are analyzed in this zoom box

located at x/D = 4.5 from the nozzle, which corresponds essentially to the

potential core of the jet [121], and at t = 80 ms, which is much greater

that one initial integral eddy turnover time, τl = 1.13 ms. The DNS zoom

box under study contains 243× 343× 343 grid points where the resolution

is of the order of 50 micrometer in the x, y and z directions, respectively,

and has physical domain dimensions of 12 mm ×18 mm ×18 mm (see

Figure 7.2).

A presumed probability density function closure [122] is used in the LES

part, close to the burner injection and downstream of the fully resolved

flow part. In the DNS zone, the probability density function reduces to

a Dirac delta function, thus ensuring full resolution of the reaction zone
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and that of its interaction with turbulence. This is visible in Figure 7.2,

where the reaction zone thickness strongly decreases within the DNS zone

starting at x/D = 4.5. This simple approach allows for generating DNS

data embedded within a turbulent flow featuring most of the properties of

shear-flows found in real burners.

The turbulent Reynolds number, Re, based on the characteristic DNS

velocity fluctuations rms, u′ = 2.12 m/s, and the integral length scale,

l = 2.4 mm, reads:

Re =
ρu′l

µ
,= 300 . (7.21)

On the other hand, the Lewis number,

Le =
λ

ρCpD
= 1 . (7.22)

Cp is the specific heat at constant pressure.

Turbulence is introduced by injecting a correlated random noise [123] with

uniform rms, u′, throughout the jet inlet. The dimensionless characteristic

velocity fluctuations rms, u′/SL, and the integral length scale, l/δL, of the

premixed flame turbulent jet flame are used, where SL is the non stretched

laminar flame velocity and δL is the flame thickness based on the maximum

temperature gradient. In this study, u′/SL = 5.43 and l/δL = 6.31, with

combustion taking place in the ‘thickened-wrinkled flame’ regime [78, 76],
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as shown in Figure 7.3. Numerical values of the aero-thermo-chemical

variables for this simulation are presented in Table 7.2.
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Figure 7.3: Turbulent combustion diagram. The point indicates the case under study.

Parameter Value
Prandtl number, Pr 0.72
Schmidt number, Sc 0.72
Lewis number, Le 1.0
rms of velocity fluctuations, u′ 2.12 (m/s)
Integral length scale, l 2.4 (mm)
Turbulent kinetic energy dissipation rate, ε 4.0e3 (m2/s3)
Kolmogorov length micro-scale, η 0.0332 (mm)
Kolmogorov time micro-scale, τη 6.5192e-2 (ms)
Non stretched laminar flame velocity, SL 0.39 (m/s)
Laminar flame thickness, δL 0.38 (mm)
Chemical time scale, τch 0.97 (ms)
Velocity ratio, u′/SL 5.43
Length ratio, l/δL 6.31
Turbulent Reynolds number, Re 300
Damköhler number, Da = (l/δL)/(u

′/SL) 1.16
Karlovitz number, Ka = τch/τη 5.03

Table 7.2: Values of dimensionless parameters and physical variables of the simulation.

7.3 Results and discussion

As mentioned in Chapter 4, the geometrical structures of the scalar field

change in the normal direction to the iso-surfaces (see Figure 7.4). Thus,
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Figure 7.4: Iso-contours of the progress variable c.

results will be analyzed considering four different regions of the compu-

tational domain based on the reaction rate and the progress variable val-

ues. The regions are termed as follows: ‘fresh reactants’, ‘preheat region’,

‘burning region’ and ‘hot products’. Figure 7.5 shows the reaction rate,

ω̇c = ω̇/ρ, as a function of the progress variable, c; ω̇c has been normalized

with its rms using all the samples in the domain. As the progress variable

is monotonically increasing toward the hot products, the reaction rate is

always positive. ω̇c attains a maximum about c ≈ 0.78. In Figure 7.5, ver-

tical dotted lines split the four regions of the computational domain under

study. The dots upon the red line mark the limits of the reaction rate

between 50%, 60% and 70% of its maximum value to evaluate the sensitiv-

ity of the ‘burning’ region. Figure 7.6 shows the joint probability density

functions of the mean and Gauss curvatures, km and kg, using the different

limits of the ‘burning’ region. It can be noted that there are no changes in

the features of the scalar geometries, as the jpdf’s are very similar. Then,

the ‘burning’ region is defined using the limit 0.7ω̇cmax
as it is the nearest
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value to the maximum reaction rate. Tabla 7.3 resumes the intervals for

‘fresh reactants’, ‘preheat region’, ‘burning region’ and ‘hot products’ de-

pending on the values of the progress variable. Hereafter, results will be

analyzed in these four regions of the computational domain.
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Figure 7.5: Reaction rate, ω̇c, conditional upon the progress variable, c. The dots upon the
red line mark the limits of the reaction rate to evaluate the sensitivity of the ‘burning’ region.
Vertical dotted lines mark the limits of the four regions of the computational domain.

Figure 7.6: Joint pdf of the mean and Gauss curvatures, km and kg, in the ‘burning’ region
characterized by ω̇c > 0.5ω̇cmax , ω̇c > 0.6ω̇cmax , and ω̇c > 0.7ω̇cmax . km and kg have been
normalized with the flame thickness, δL. Joint pdf magnitudes decrease from the center to the
circumference.
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Fresh reactants 0.001 < c < 0.200

Preheat region 0.200 < c < 0.647

Burning region 0.647 < c < 0.841

Hot products 0.841 < c < 0.960

Table 7.3: Ranges corresponding to scalar values for the different regions of the computational
domain.

7.3.1 Structure of the scalar field in terms of the Mean and

Gauss curvatures

To explore the scalar structure, the geometries of the scalar field through

the mean and Gauss curvatures of the iso-scalar surfaces in the different

regions of the computational domain have been calculated. Figure 7.7

shows the joint pdf of the mean and Gauss curvatures, km and kg, for

the four regions of the computational domain. km and kg have been nor-

malized with the laminar flame thickness, δL. All the joint pdf’s display

maxima for nearly flat iso-scalar surfaces, in agreement with the results

of Chapters 3 and 4, experimental results [60] and three-dimensional DNS

calculations [63, 101] of premixed turbulent flames. It is important to note

that concave iso-surfaces are much more probable than convex ones both in

the ‘fresh reactants’ and ‘preheat’ regions; this result seems to agree with

the intuitive notion that concave geometries are predominant in zones en-

closed within the jet flame. It seems that the high chemical activity smooth

the large curvatures of the iso-scalar surfaces as fluid elements move from

the ‘preheating’ to the ‘burning region’ the large curvatures decrease. This
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behavior is similar to that obtained in Figure 6.6 of Chapter 4. The scalar

structures curved positively increase in the ‘hot’ products and are dominant

over other structures. The radius of convex geometries decrease towards

the ‘burnt’ gases, which could be induced by the vortices that survive in

this region of the computational domain; Tanahashi et al. [39] argue that

strong coherent fine-scale eddies, perpendicular to the flame front, can sur-

vive behind it and create low pressure zones, which increase the probability

of finding convex geometries in the ‘hot’ products region.

Figure 7.7: Joint pdf of the mean and Gauss curvatures, km and kg. Joint pdf magnitudes
decrease from the center to the circumference. km and kg have been normalized with the flame
thickness, δL.

7.3.2 Non-material surface propagation velocity

As mentioned in Chapter 2, Section 4.3.3, the displacement speed of the iso-

scalar surfaces, V c ii, is governed by the local balance between molecular

diffusion and reaction rates. Thus, before studying the behavior of V c

iiFor this case, we are working with the progress variable c, thus, the displacement speed symbol is termed: V c.

190



7.3. Results and discussion

it is important to check the contribution due to the molecular diffusion

processes.

Scalar structures play an important role in the molecular diffusion rate,

(1/ρ)∇ · (ρD∇c), since the geometry of the iso-surfaces could become a

source/sink from the mass flow rate, which enhances or hampers the molec-

ular diffusive transport. Using the definition of the unit vector normal

to the iso-scalar surfaces, n = −∇c/|∇c|, the various contributions to

(1/ρ)∇ · (ρD∇c) can be estimated, namely,

MD(ρD) = −|∇c|
ρ

n · ∇(ρD) = −|∇c|
ρ

∂(ρD)

∂xN
, (7.23)

MD|∇c| = −Dn · ∇|∇c| = −D
∂|∇c|
∂xN

, (7.24)

MDcurv = −D|∇c|∇ ·n = −2D|∇c|km . (7.25)

The total molecular diffusion rate and its contributions conditional upon

the progress variable have been calculated and the result is shown in Fig-

ure 7.9. All variables in this figure have been normalized with the rms

values of (1/ρ)∇ · (ρD∇c).

It can be seen in Figure 7.9 that the contribution to the diffusion due to

the variation of ρD, MD(ρD), is not negligible in the regions with high

chemical activity. The term ρD decreases from c = 1 to c = 0 thus the
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derivative in the normal direction to the iso-scalar surfaces is negative;

this term turns MD(ρD) into positive and attains a maximum value in the

‘preheat region’. It is important to note that the average of the spatial

curvature term is close to zero, 〈MDcurv〉 ≈ 0. It can be noted that the

most important contribution to the molecular diffusion rate comes from

the variation of |∇Y | normal to the iso-surface, MD|∇c|. (1/ρ)∇ · (ρD∇c)

displays an almost identical variation to that MD|∇c|; this finding is in

agreement with the results of Chapter 4, Section 6.3.2. MD|∇c|, with the

increasing progress variable, attains a broad maximum within the ‘preheat’

region and then starts decreasing and changes sign until attains a local

minimum in the ‘burning’ region. The sign of MD|∇c| depends on that of

∂2c/∂x2N . If there is an inflection point of c(xN) at x
∗
N , where ∂

2c/∂x2N = 0,

this occurs for a particular iso-surface c(x, t) = c(x∗N , t), MD|∇c| will be

zero. For monotonically varying c(xN): ∂2c/∂x2N < 0 for 0 < c(xN) <

c(x∗N), and MD|∇c| will be positive; ∂2c/∂x2N > 0 for c(x∗N) < c(xN) < 1,

and MD|∇c| will be negative. It might be tempting to define a normal

characteristic length scale, δN , as

δN =
∂c/∂xN
|∂2c/∂x2N |

. (7.26)

For (∂c/∂xN) → 0, results show that δN is finite, as shown in Figure 7.8.
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δN reaches a maximum value of 20 mmat c ≈ 0.56 (‘preheat region’), with

much smaller values in the ‘fresh’ and ‘burning’ regions.
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Figure 7.8: Characteristic iso-scalar surface separation length, δN (mm).
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Figure 7.9: Molecular diffusion rate, (1/ρ)∇ · (ρD∇c), and its contributions conditional upon
the progress variable, c. Variables in this figure have been normalized with the rms values of
(1/ρ)∇ · (ρD∇c). Vertical solid bars in the terms indicate their respective root-mean-square
values and the vertical dotted lines in figure mark the four regions of the computational domain.

193



Chapter 7. Premixed turbulent jet flame

Figure 7.10: Molecular diffusion rate, (1/ρ)∇ · (ρD∇c), conditional upon the mean and Gauss
curvatures, km and kg.
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Figure 7.11: Normal propagation velocity, V c, and its contributions as a function of the reactant
mass fraction. Vertical dotted lines mark the limits of the four regions of the computational
domain.

In order to examine the correlation between the iso-scalar surface geome-

tries and the molecular diffusion rate, the term (1/ρ)∇ · (ρD∇c) has been

calculated upon the mean and Gauss curvatures, km and kg, for the ‘pre-

heat’ and ‘burning’ regions. The result is shown in Figure 7.10; these

regions of the computational domain have been selected because they con-

tain the maximum and minimum values of the molecular diffusion term

according to the results in Figure 7.9. The results shows that there is a
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Figure 7.12: Derivative of V c in the direction normal to iso-scalar surfaces, xN , and contributions
to ∂V c/∂xN due to normal diffusion, (∂V c/∂xN )1, tangential diffusion (curvature), (∂V c/∂xN )2,
and chemical reaction, (∂V c/∂xN )3. Vertical dotted lines mark the limits of the four regions of
the computational domain.

correlation between these variables; concave structures of the scalar field

correlate with positive values of (1/ρ)∇ · (ρD∇c), whereas for nearly flat

and convex geometries correlate with negative values of the molecular dif-

fusion term. These effects could be explained by the diffusive removal of

the heat of reaction, generated near concave iso-surfaces; convex geome-

tries could tend to enhance the heat removal through the defocusing of

thermal conduction.

The displacement speed, V c, and its different contributions are plotted

against the progress variable in Figure 7.11. V c and its contributions have

been normalized with (D0/δL), where D0 is the value of the molecular mass

diffusivity in the fresh gases, and δL is the laminar flame thickness. In this

case the contributions due to the variation of (ρD) is positive and the

contribution due to the spatial curvature is negligible, 〈V c
2 〉 ≈ 0. The most
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important term in V c
1 (= V(ρD)+V|∇c|) comes from the the variation of |∇Y |

normal to the iso-surface; V c
1 displays an almost identical variation to that

of V|∇c|. The propagation velocity induced by the chemical conversion is

always positive, as expected V c
3 > 0, and reaches the highest values towards

the ‘hot’ products, which is consistent with the reaction rate plot shown

in Figure 7.5. V c, always positive, monotonically increases towards the

burnt gases since the large positive values of V3 are greater in magnitude

than the large negative V1. The iso-scalar surfaces located in the ‘hot

products’ and ‘burning’ regions propagate faster than those in the ‘fresh’

gases due to the chemical reaction effects. Consequently, two iso-surfaces,

c(x, t) = Γ and c(x, t) = Γ + ∆Γ, for example, in the ‘preheating’ region

will move toward the ‘fresh’ zone and tend to narrow the gap, ∆xN , among

themselves. This finding is consistent with the small values of δN in the

‘fresh gases’ of Figure 7.8.

Figure 7.12 shows ∂V Y /∂xN and its contributions conditioned on the progress

variable. It can be seen that ∂V Y /∂xN < 0 in the regions with high chem-

ical activity. ∂V Y /∂xN can be interpreted as an added normal strain rate

due to the combined action of diffusion and chemistry, and in this con-

text, ∂V Y /∂xN < 0 means that two adjacent iso-surfaces get closer to

each other as time increases. Curvature effects are negligible while normal

diffusion (positive) and chemistry (negative) contributions are comparable
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in absolute value; for c > 0.85 the chemistry and normal diffusion almost

balancing.

7.3.3 Local strain rates

This section aims at explaining the local mixing rate thorough the flow

strain rates, which enhance or hamper the molecular diffusion processes.

Figure 7.13(a) shows a zoom of a y − z plane of the computational do-

main, which displays two scalar iso-lines and the volumetric dilatation

rate, −P = ∇ ·u. Figure 7.13(b) shows −P conditional upon the mean

and Gauss curvatures, km and kg. The behavior of −P with scalar geome-

tries are consistent with those results shown in Chapter 4, Section 6.3.3

since zones with scalar geometries positively (negatively) curved or with

concave (convex) geometries connect with positive (negative) dilatation

rates. Thus, there seems to be a universal behavior between the local di-

latation rate and scalar geometries regardless of the configuration under

study. Expansive (compressive) volumetric dilatations rates are mainly

associated to concave and flat (convex) iso-scalar surfaces. The heat con-

duction focussing (defocussing) by concave (convex) geometries enhance

(hamper) the local volumetric dilatation rate. Thus, it can be seen that

for geometries with small radius of curvature like cup elliptic concave (con-

vex) geometries are obtained the highest positive (negative) values of ∇ ·u
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in the ‘preheat’ and ‘burning’ regions. It is clear, at least locally, that

scalar molecular transport effects through the scalar structures can influ-

ence the rate of change of an infinitesimal fluid volume per unit volume,

which, in turn, would affect directly the flow strain rates tangential, aT ,

and normal, aN , to the iso-surfaces.

On the other hand, the reactive-diffusive processes can be linked to the

local volumetric dilatation rate through the Low Mach number flamelet

assumption. Assuming constant-pressure in the flow domain, under the

flamelet hypothesis, it exists a progress variable based on the temperature,

cT =
T − Tu

Tb − Tu
, (7.27)

so that the state of law (P = ρRT/W ) can be replaced by [124]

ρ = ρ(cT ) =
ρu

(1 + τcT )
, (7.28)

with

τ =
(Tb − Tu)

Tu
, (7.29)

subscripts ‘u’ and ‘b’ indicate variables corresponding to the unburned and

the burnt gases, respectively, and τ = 6.4 [124].
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(a) (b)

Figure 7.13: (a) Fluid element dilatation rate, −P = ∇ ·u, in the computational domain. (b)
−P conditional upon the mean and Gauss curvatures, km and kg. The volumetric dilatation
rate has been normalized with 〈∇ ·u〉, using all the samples in the domain.

Then, from Eq. (4.1):

∇ · ucT = −1

ρ

(
∂ρ

∂t
+ u · ∇ρ

)
= −1

ρ

Dρ

Dt
, (7.30)

= −
(
1

ρ

dρ

dcT

)
DcT
Dt

=

(
τ

1 + τcT

)
DcT
Dt

. (7.31)

According to the flamelet formalism, the progress variable verifies an equa-

tion of the form:

DcT
Dt

=
1

ρ
[∇ · (ρD∇cT ) + ω̇] , (7.32)
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leading to the low Mach number approximation:

∇ · ucT =
τ

ρu
[∇ · (ρD∇cT ) + ω̇] , (7.33)

where ω̇ is the chemical source of cT .

In a fully compressible and multi-species formulation, the energy equation

cannot be cast in temperature equation without assuming numerous hy-

potheses [76]. Even when this is done, there are additional terms due to

pressure gradient, molar weights and CP variations, acting on temperature

used to define cT . Therefore, (DcT/Dt), the substantial derivative of cT ,

does not equal exactly the summation ∇ · (ρD∇c) + ω̇.

Figure 7.14: Joint pdf of the mean and Gauss curvatures, km and kg, using the scalar field cT .
Joint pdf magnitudes are maxima in the origin, and decrease as curvature values increase. km
and kg have been normalized with the flame thickness, δL.

One way to see the effects of the approximation of the Low Mach number

is computing the joint pdf of the mean and Gauss curvatures using the

progress variable based on the temperature, cT . Figure 7.14 shows the
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Figure 7.15: Volumetric dilatation rate obtained from Eq. (7.33), conditional upon the mean
and Gauss curvatures, km and kg.
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Figure 7.16: Dilatation, ∇ · u, obtained from the present DNS and that calculated using
Eq. (7.33), across the progress variable. Vertical solid bars in the terms indicate their re-
spective root-mean-square values and the vertical dotted lines in figure mark the four regions of
the computational domain.

joint pdf’s of the mean and Gauss curvatures, km and kg, calculated in

the four regions of the computational domain using the scalar field cT .

These results look almost identical to those of Figure 7.7, but it can be

noted that in some parts of Figure 7.14 the curvature values are larger than

those shown in Figure 7.7. Both figures show the same trends. Nearly flat

iso-scalar surfaces are the most probable local scalar structures. Concave

scalar geometries towards ‘fresh reactants’ and ‘preheat region’ prevail and
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convex scalar structures, with large values of the mean curvatures, are

dominant over the concave ones in the ‘hot products’.

In order to analyze the relation between∇ · ucT obtained with the low Mach

number flamelet approximation [124] and the small-scales scalar structures,

Figure 7.15 shows the plot of ∇ · ucT conditional upon km and kg. It can

be seen that the dilatation rate has the same trend with scalar micro-

structures to those results shown in Figure 7.13(b) but there is no a perfect

match between them. To measure the relative differences between these

dilatation rates, Figure 7.16 plots the values of∇ · u obtained from the DNS

and those calculated using Eq. (7.33). Variables in this figure have been

normalized with 〈∇ ·u〉, using all the points in the domain. Vertical solid

bars indicate their respective rms values. High volumetric dilatation rates

occur in the ‘preheat’ and ‘burning’ regions. Part of the ‘fresh reactants’

and ‘hot products’ regions can display small negative values of dilatation

rates. While relative differences of the two volumetric dilatation rates

remain between 0 and 4.5% for c < 0.17, they notably increase for c >

0.18. This is not surprising, since the effects neglected in the simplified

diffusive and reactive budget of the temperature-based progress variable

discussed above, occur mainly in regions with high chemical activity. The

high relative differences between dilatation rates casting doubts on the

validity of the progress variables defined without a perfect match with the
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form of the primitive equations solved.

(a) (τ/ρu)ω̇

(b) (τ/ρu)∇· (ρD∇cT )

Figure 7.17: Different terms of dilatation rate, ∇ · u (Eq. 7.33), conditional upon the mean
and Gauss curvatures, km and kg. (a) (τ/ρu)ω̇, (b) (τ/ρu)∇ · (ρD∇cT ). The terms have been
normalized with 〈∇ ·u〉 using all the samples of the computational domain.

In order to explain the discrepancies between the values of ∇ · u obtained

from the jet flame DNS and that calculated using Eq. (7.33), the diffusive

and reactive contributions to the latter have been analyzed. Figure 7.17

shows the chemical and molecular diffusion contributions to ∇ · ucT , con-

ditional upon km and kg, for the four regions of the domain. All terms

in this figure have been normalized with 〈∇ ·u〉, using all samples of the

domain. While the chemical contribution is always positive, as expected,
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the molecular diffusion term is negative for nearly flat and slightly convex

geometries in the burning region. This feature can be explained by the

diffusive removal of the heat of reaction, generated near flat and slightly

concave iso-surfaces; convex geometries tend to enhance the heat removal

through the already mentioned defocussing of thermal conduction. The

reactive contribution is small in the ‘fresh reactants’ and the ‘hot prod-

ucts’ regions, displays moderate values in the ‘preheat region’ and exhibits

maxima in the ‘burning’ region. Cup-like and tile-like elliptic concave ge-

ometries yield the highest positive diffusive contributions to ∇ · ucT , which,

once more, can be explained by the focussing effect of the scalar molecular

transport in concave structures.

The previous results show that high (low) volumetric dilatation rates,∇ ·u,

are present in the ‘preheat’ and ‘burning’ regions (‘fresh’ and ‘burnt’ gases),

but now it will be analyzed which of the parts of the volumetric dilatation

rate (∇ ·u = aT + aN ; the tangential, aT , or normal, aN strain rates) is

dominant in all of these regions since this information will indicate how

the strain enhances or hampers the mixing rate of scalar field. Figure 7.18

shows the dilatation rate and the normal and tangential strain rates for

different values of the progress variable. The terms in this figure have been

normalized with 〈∇ ·u〉, using all the iso-scalar surfaces. These results are

similar to those obtained in Figure 6.13. It can be noted in Figure 7.18(a)
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Figure 7.18: (a) ∇ ·u, aN and aT conditional upon the progress variable, c. (b) Pdf of ∇ ·u,
(c) aN and (d) aT for different values of c. For Figure 7.18(a), vertical solid bars in the curves
indicate the standard deviation of the value at every point and the vertical dotted lines in figure
mark the four regions of the computational domain.

that approximately for c > 0.88 the values of ∇ ·u, aT and aN have not a

dependence on c. This behavior might be explained on account of the fact

that there is a co-flow of burned products in the jet flame where a mixing

layer is developed around c ≈ 0.999, which allows that the variables decor-

relate with the scalar value. Figure 7.18(b) shows that the probability of

high dilatation rate is greater towards the regions with high chemical ac-
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tivity. Referring to Figure 7.18(c) is evident that the probability of finding

high positive aN is larger in the ‘preheat’ and ‘burning’ regions. It is possi-

ble also to have negative aN in the ‘fresh’ and ‘burnt’ gases where the reac-

tion rate is negligible. It can be seen in Figure 7.18(a) that aT is constant

with an average value about 1.8, whereas aN displays an almost identical

variation to that of dilatation rate. Thus, regardless of the configuration

(premixed turbulent jet flame and premixed planar turbulent flame), the

trend of high dilatation rates across the progress variable is mimicked by

aN , which means that locally the rate of change of an infinitesimal fluid vol-

ume per unit volume is stronger in the normal direction to the iso-surface

than in the tangent plane to it. However, there is no correlation between

the flow strain rate normal to the iso-scalar and the iso-scalar surface ge-

ometries as shown in Figure 7.19(a). Despite aT remains almost constant

through the progress variable it shows in Figure 7.19(b) a correlation with

the small-scale scalar geometries. This last feature is consistent with the

result shown in Figure 6.12(a) where aT exhibits similar curvature depen-

dent features to ∇ ·u. Thus, once again, it is important to highlight that

the correlations between local dilatation rate and scalar geometries (see

Figure 7.13) come from the dependence of aT on the curvature.

Figure 7.20 depicts the joint pdf of the flow strain rates, aN and aT , and

also |∇c| conditioned to aN and aT in the four regions defined for differ-
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(a)

(b)

Figure 7.19: (a) Normal, and (b) tangential strain rates conditional upon the mean and Gauss
curvatures, km and kg. The terms have been normalized with 〈∇ ·u〉 using all the samples of
the computational domain.

ent levels of reaction rate. aN and aT have been normalized with 〈∇ ·u〉

and |∇c| with its own rms using all the values of the domain. Referring

to aT , there seems to be the same likelihood of positive and negative val-

ues in all regions of computational domain, whereas only in the ‘fresh’

and ‘burnt’ gases aN has the same likelihood of positive and negative val-

ues. The statistical probabilities are above the line aT + aN = 0 in the

‘preheat’ and ‘burning’ regions, which indicates that in these regions fluid

elements undergo expansion. The latter finding is in connection with the
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results shown in Figure 6.14(a) and the positive dilatation rates belonging

to these flame zones. As this study pertain to small-scale features and has

a certain degree of universality, one can affirm that the joint statistical

probabilities of aN and aT should always be above the line aT + aN = 0 in

the regions with high chemical activity and regardless of the configuration

under study. On the other hand, it is interesting to note that positive val-

ues of aN are dominant over negative ones in the ‘preheat’ and ‘burning’

regions. aN > 0 indicates positive stretching in the normal direction to

the iso-surface, which means that the infinitesimal distance between two

iso-surfaces increases. This finding is surprising looking at Figure 7.20(b)

where |∇c| is maxima for the ‘preheat’ and ‘burning’ regions.

The iso-scalar surfaces must move closer to each other to produce an

increase of |∇c|. Thus, the ‘additional’ part of the normal strain rate,

∂V c/∂xN , must be acting in a negative way so that |∇c| increases. The

‘additional’ part of the normal strain rate was analyzed in Figure 7.12, and

measures the difference of propagation velocities of different iso-surfaces.

The competition between aN and ∂V c/∂xN determines the magnitude of

the ‘effective’ normal strain rate aN+∂V c/∂xN . Figure 7.21 depicts the ‘ef-

fective’ normal strain rate, aN and ∂V c/∂xN , for nonmaterial iso-surfaces.

Vertical solid bars in the curves indicate the respective root-mean-square

value at every point and the vertical dotted line marks the limit of the
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(a)

(b)

Figure 7.20: (a) Joint pdf of the normal and tangential strain rates, aN and aT . (b) Scalar
gradient modulus, |∇c|, conditional upon the normal and tangential strain rates.
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Figure 7.21: ‘Effective’ normal strain rate and its contributions, aN and ∂V c/∂xN , across the
progress variable. The variables have been normalized with τη. Vertical solid bars in the curves
indicate their respective root-mean-square values and the vertical dotted line marks the limit of
the ‘preheat’ and ‘burning’ regions.

‘preheat’ and ‘burning’ regions. This figure only shows the ‘preheat’ and

‘burning’ regions because in the ‘fresh gases’ and ‘hot products’ the val-
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Figure 7.22: ‘Effective’ tangential strain rate and its contributions, aT and 2kmV c, across the
progress variable. The variables have been normalized with τη. Vertical dotted lines mark the
limits of the four regions of the computational domain.

ues of aN and the difference of propagation velocities are very low, thus,

the competition between aN and ∂V c/∂xN is near zero. It can be seen

that ∂V c/∂xN is negative, with its absolute value greater than aN . The

mean value of aN + ∂V c/∂xN is negative and displays an almost iden-

tical variation to that of ∂V c/∂xN . It is possible also to have positive

aN + ∂V c/∂xN where aN displays its maxima values and also towards the

‘fresh’ and ‘burnt’ gases. It is interesting to note that with increasing

values of the progress variable the mean of the ‘effective’ normal strain

rate starts decreasing and attains a minimum value within the ‘burning’

region. This finding is consistent with the decreasing of V c when iso-scalar

surfaces move from the ‘burning’ region to the ‘preheat’ region (as shown

in Figure 7.11).

It seems that regardless of the configuration under study in combusting
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flows with significant density variations, the ‘effective’ normal strain rate

is negative. This is owing to the term ∂V c/∂xN , which is also negative

due to the fact that the difference of propagation velocities belonging to

the chemical term are negative and dominant over the contributions of

the molecular diffusion term. aN + ∂V c/∂xN < 0 allows that the iso-

scalar surfaces move closer to each other, thus, scalar gradients and scalar

fluctuation dissipation rates will increase with time. The latter is apparent

in Figure 7.23 where the tails of the scalar gradient modulus pdf extends

to a wider range of values for increasing times; the opposite is true for

the mixing of a reactive scalar in a field of statistically homogeneous and

stationary turbulence in a constant density fluid (see Figure 5.11 ).
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Figure 7.23: Scalar gradient modulus pdf’s at several simulation times.

The ‘effective’ tangential strain rate, (aT + 2kmV
c), and its contributions,

aT and (2kmV
c), have been calculated upon the progress variable and plot-

ted together in Figure 7.22. It is important to note that these variables

have an almost constant mean value ranging from ‘fresh’ reactants to ‘hot’
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products. On the other hand, (aT + 2kmV
c) is negative and displays an

almost identical variation to that of (2kmV
c) which is also negative. The

latter finding yields surface reduction due to concave iso-scalar surfaces

propagation. Finally, it is also remarkable that (aT + 2kmV
c) < 0 in these

‘preheat’ and ‘burning’ regions has compressive effects that reduce the

iso-surface infinitesimal area, which implies separation of iso-surfaces with

their area elements shrinking.

(a) (b)

Figure 7.24: (a) Joint pdf of the line and surface stretches, aN +∂V c/∂xN and aT +2kmV c, and
(b) molecular diffusion rate, (1/ρ)∇ · (ρD∇c), conditional upon the line and surface stretches.

Figure 7.24 depicts the joint PDF of the ‘effective’ normal and tangential

strain rates, and (1/ρ)∇ · (ρD∇Y ) conditioned upon (aN +∂V Y /∂xN) and

(aT + 2kmV
Y ) in the ‘preheat’ and ‘burning’ regions. In the ‘preheat re-

gion’ (aN +∂V Y /∂xN) has a high likelihood of positive and negative values

with a long tail extending along its positive axis, whereas (aT +2kmV
Y ) is

mainly negative with most probable values near the origin; this implies sep-

aration of iso-surfaces with their area elements shrinking. In the ‘burning’

212



7.3. Results and discussion

region the ‘effective’ normal strain rate is mainly negative; (aT + 2kmV
Y )

displays both positive and negative values with a long tail extending along

its negative axis; most probable normal and tangential ‘effective’ strain

rates locate also near the origin.

The molecular diffusion rate depends on both strain rates; significant values

of molecular transport occur always for large negative ‘effective’ normal

strain rates. Positive values of (1/ρ)∇ · (ρD∇c) correlate with negative

(aT + 2kmV
Y ), which points out a enhance of molecular diffusion process

by area elements shrinking. Any infinitesimal non-material volume element

appended to an iso-scalar surface will undergo contraction in the direction

normal to the iso-surface. These findings are in agreement with the results

of Chapter 4, Section 6.3.3. The thermal expansion and scalar conversion,

resulting from the chemical reaction rate and Fickian molecular diffusion,

given by Eq. (4.77), yield the previously described behavior.

7.3.4 Small-scale flow structures

According to Eq. (4.41), the local volumetric dilatation rate, ∇ ·u, results

from the summation of the eigenvalues of the strain rate tensor Λ1, Λ2

and Λ3, which are ordered from the largest to the smallest value. As the

case under study is with variable-density the sum of the eigenvalues can

be distinct of zero, ∇ ·u = Λ1 + Λ2 + Λ3 6= 0. The latter statement has
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not only been observed in the results analyzed in Section 7.3.3 but also is

confirmed by the pdf’s shown in Figure 7.25 for the three eigenvalues of

the strain rate tensor.
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Figure 7.25: Eigenvalues of the strain rate tensor. (a) Pdf of Λ1, (b) Λ2 and (c) Λ3 for different
levels of c. (d) Eigenvalues conditional upon the progress variable. For Figure 7.25(d), vertical
solid bars in the terms indicate their respective root-mean-square values and the vertical dotted
lines in figure mark the four regions of the computational domain.
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In this figure the eigenvalues have been normalized with 〈QW 〉1/2. It can be

seen that the probability of positive values for Λ1, Λ2 and Λ3 (which turn

into flow expansion effects) is greater in the ‘preheat’ and ‘burning’ regions.

This is related to the high chemical reaction rates located in these regions

of the computational domain that foster the divergent features in the flow.

On the other hand, negative values for the eigenvalues (which indicate

compressive effects) increase their likelihood in the ‘fresh’ and ‘burnt’ gases.

The mean value of the most extensive eigenvalue, Λ1, is positive for all

regions of the computational domain, and it increases as progress variable

c does, reaching its maximum value in the ‘preheat’ region. The pdf’s for

Λ2 are similar, with positive mean values, and small (large) tails toward

negative (positive) values. Referring to Figure 7.25(c), it is evident that

the probability of finding high negative Λ3 is greater towards the ‘fresh’

and ‘burnt’ gases where the reaction rate is negligible. ∇ ·u increases from

‘fresh’ gases, reaches a maximum in the ‘preheat’ region and after decreases

toward the ‘hot’ products. Then, Λ1 is the eigenvalue that best represents

its behavior across the progress variable.

As mentioned in Chapters 3 and 4, the eigenvalues have associated their

corresponding eigenvectors, e1, e2, and e3; the subindex i orders the eigen-

vectors by decreasing corresponding eigenvalues. The alignment between

the strain principal directions and the flame normal, n, indicate how are
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Figure 7.26: Pdf’s of cos(n, ei). n is the unit vector normal to the iso-scalar surface and ei are
the eigenvectors corresponding to the three eigenvalues of Sij . i = 1 corresponds to the most
positive (extensive) eigenvalue, i = 2 the intermediate and i = 3 the most negative. (a) Fresh
reactants, (b) preheat region, (c) burning region, (d) hot products.

located the nodal topologies of the turbulent flow respect to the iso-scalar

surfaces. Figure 7.26 depicts the pdf’s of the cosines of the angles between

the normal vector to the iso-scalar surfaces and the strain rate principal

directions. There seems to be a slight alignment between the normal vec-

tor and the most extensive and compressive eigenvectors in ‘fresh’ gases,

which means that in this part of the computational domain the fluid el-

ements undergo both expansion and compressive effects. In the ‘preheat’

and ‘burning’ regions the flame normal has a strong alignment with e1,
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which is in agreement with results analyzed in Chapter 4, Section 6.3.4,

and recent numerical [72, 113, 114] and experimental results [115]. Here, it

is important to highlight the following: Λ1 is the eigenvalue that best rep-

resents ∇ ·u which, in turn, displays an almost identical variation to that

of aN , thus, Λ1 is related to aN ; in accordance with this, the alignment of

e1 with the normal flame confirms that the distance between iso-scalar sur-

faces increase due to positive aN ’s, which hamper scalar-gradients. Finally,

in the ‘hot’ products there is no alignment, which might be explained by

the decorrelation of the variables with the scalar value due to the mixing

layer created by the co-flow of burned products in the jet flame.

Another way to study the alignment is to see how are located the focal

topologies (related to the vorticity) with respect to iso-scalar surfaces. For

this study is pertinent to examine the alignment of the vorticity vector,

ω, with the normal vector, n. Figure 7.27 plots the pdf’s of the cosine

between the flame normal and the local vorticity vector for all regions of

the computational domain. It seems that, regardless of the configuration

under study, the results for this alignment do not change. As detailed

in Sections 5.4.4 and 6.3.4, the probability of finding the vorticity vector

lying in the plane of the iso-scalar surfaces is high. Thus, there will be the

same likelihood of positive and negative values of surface stretching in the

tangent plane to the iso-scalar surfaces. This results is consistent with the
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Figure 7.27: Pdf’s of cos(n, ω). n is the unit vector normal to iso-scalar surfaces. ω is the local
vorticity vector. (a) Fresh reactants, (b) preheat region, (c) burning region, (d) hot products.

constant behavior of the tangential strain rate across the progress variable

(see Figures 7.18(a) and 7.18(d)).

7.3.4.1 Invariants of the velocity-gradient tensor and local flow topologies

Combustion instabilities can be created, in particular, by the diffusion ef-

fects, thermal expansion, or heat losses. For premixed flames, thermal

expansion plays an important role in the hydrodynamic instability: it cre-

ates sharp folds in the flame front. On the other hand, in reacting turbulent

flows there are external perturbations, different from diffusive-thermal ef-
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fects, coming from the turbulent field in which the flame front propagates.

The effects of these perturbations might be due to the small-scale local

flow topologies [18], which in interaction with the flame front could create

different small-scale scalar structures. Thus, it is of considerable inter-

est to study these turbulent flow topologies and their influence upon the

iso-scalar surfaces.

As mentioned in previous Chapters, one way to provide information on

this subject is to study the local flow topology and to analyze the behavior

of the invariants, P,Q,R, of the velocity-gradient tensor [18]. The first

invariant of the velocity-gradient tensor, P = −∇ ·u, will not be consider

in this section since it was scrutinized in Section 7.3.3. Here, the attention

is put in the other invariants, as well as in the production/annihilation

terms of the transport equations for the enstrophy and the total strain

[Eqs. (6.45) and (6.46)].

Figure 7.28 depicts the invariants Q, QS, QW , R, RS, and 1/4(ωiωiSkk −

ωiSijωj) conditional upon the progress variable c. The seconds and thirds

invariants have been normalized with 〈QW 〉 and 〈QW 〉3/2, respectively, us-

ing all the iso-scalar surfaces. Referring to Figure 7.28(a), it is evident

that Q displays an almost identical behavior to that of the local dissi-

pation/dilatation, QS. This trend is due to the fact that QS is larger

in magnitude than the local enstrophy, QW , which is consistent with the
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Figure 7.28: (a) Q, QS , QW , and (b) R, RS , 1/4(ωiωiSkk − ωiSikωk) conditional upon the
progress variable. Vertical dotted lines mark the limits of the four regions of the computational
domain.

behavior of dissipation/dilatation analyzed in Section 7.3.3. The nodal

topologies are related to QS(≡ (P 2−SijSij)/2)), thus, the budget of these

topologies in the ‘preheat’ and ‘burning’ might be due to the action of the

high dilatation rates. On the other hand, the budget of nodal topologies in

the ‘fresh’ and ‘burnt’ gases might be governed by the dissipation process,

SijSij, since the negative values of QS(≡ (P 2 − SijSij)/2)) predominate
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in these regions of the computational domain. This finding is consistent

with the fact that 〈P 2〉 ≈ 0 in these flame regions (see Figures 7.18(a)

and 7.18(b)). The above seems to indicate a universality in the behavior

of nodal topologies and their budgets in reacting turbulent flows since the

same trend is observed in the results shown in Figure 6.21(a). Referring to

QW , it has a slight decreasing from ‘fresh reactants’ to regions with high

chemical activity, which can be related to the increments of dynamic vis-

cosity due to the increasing temperature that destroy vorticity. The almost

constant behavior of QW in the regions with high chemical activity means

that there is the same likelihood of increasing or reducing an iso-surface

infinitesimal area by the action of the complicated turbulent motions of

the vortices. If the vorticity budget is constant in these regions the aT

budget there will be constant too, since the vorticity vector is lying in the

tangent plane to the iso-scalar surfaces keeping the values of aT constant.

This finding is related to the constant values of the tangential strain rate

across the progress variable (see Figures 7.18(a) and 7.18(d)).

RS has a mean value always positive. Despite the fact that RS(≡ (−P 3 +

3PQS−SikSijSjk)/3) includes several dynamically significant complex pro-

cesses, it can be seen in Figure 7.28(b) that is governed by −〈P 〉3 > 0 (since

〈P 〉 = −〈∇ ·u〉 < 0) and −SikSijSjk(≡ −Λ1Λ2Λ3). The latter is always

positive due to the fact that 〈Λ1〉 > 0, 〈Λ2〉 > 0 and 〈Λ3〉 < 0 according
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to results in Figure 7.25. On the other hand, the enstrophy production,

ωiSikωk − ωiωiSkk, defined in Eq. (6.45) is always positive. The balance

between this term and the annihilation of enstrophy due to the increments

of dynamic viscosity, leads to a constant budget of QW across the progress

variable. It can be seen in Figure 7.28(b) that ωiSikωk −ωiωiSkk has lower

magnitude than that of RS. Thus, the balance for R (Eq. (4.50)) has the

same trend and sign than that of RS.

Figure 7.29: (−P ) = ∇ ·u, Q∗ and flow topologies (S1 − S8) in the computational domain.
(−P ) and Q∗ have been normalized with 〈∇ ·u〉 and 〈∇ ·u〉2, respectively. 〈∇ ·u〉 has been
obtained using all the samples of the four reaction-rate conditioned regions

Flow topology effects upon the iso-scalar surfaces can be examined if we
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track the topologies around the flame. Figure 7.29 shows the zoom of a

y − z plane of the computational domain. This zoom displays two scalar

iso-lines, the volumetric dilatation rate (−P ) = ∇ ·u, the flow topologies

from S1 to S8 and the Q∗ invariant used by Hunt et al. [125],

Q∗ ≡ (−SijSij +WijWij)/2 . (7.34)

Q∗ separates strain dominated regions (Q∗ < 0) from coherent fine scale

eddies (Q∗ > 0). It can be seen in Figure 7.29 that local expansion (−P <

0) is significant between the iso-lines, with maximum (minimum) values

associated to concave (convex) scalar geometries. These processes can be

explained by the heat conduction focussing (defocussing) effect of the scalar

concave (convex) structures. High positive values of (−P ) also highlight a

zone between the scalar iso-lines where an intense thermo-chemical activity

prevails. The dotted black circle ‘A′ marks a zone with Q∗ > 0, which can

be considered like a ‘canonical’ vortex. The identified vortex tends to

fold the flame front. It can also be noted high stretching zones (Q∗ < 0)

found into the flame with joint interactions of unstable topologies, such

as S2 (UN/S/S) and S8 (UN/UN/UN). The latter has been identified as a

typical topology of combusting flows with significant heat release [126]. It is

apparent that the S3 (SN/S/S), S5 (SFC) and S6 (SN/SN/SN) topologies
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are absent in this flame.

Figure 7.30: Joint pdf of R−Q. Joint pdf magnitudes decrease from the center to the circum-
ference.

Figure 7.30 shows the joint pdf’s of R and Q in the four regions of the

computational domain. It is interesting to note that in this case, with

chemical effects acting on the flow, the universal teardrop shape typical of

constant-density turbulent flows disappears. Instead, the statistical distri-

butions are displaced towards the left side and are sharper in the regions

where high chemical activity exists, which is consistent with the statisti-

cal distributions corresponding to P < 0 (see Figure 4.2(c)). Referring to

‘fresh’ and ‘burnt’ gases, there are zones of the statistical distributions dis-

placed towards the right, which indicates flow compressive effects due to the

low values of the reaction rate. S6 (SN/SN/SN), typical of flows with local

negative volumetric dilatation rates, is absent in all the statistical distribu-

tions. The unstable topology S2 (UN/S/S) is the most probable, whereas

the stable compressive topologies S3 (SN/S/S) and S5 (SFC) have the low-
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est share. Focal topologies such as S1 (UFC) and S4 (SFS) decrease their

shares about 15%, in the ‘preheating’ and ‘burning’ regions, whereas the

divergent topologies S7(UFS) and S8 (UN/UN/UN) increase their shares

up to about 10% and 30%, respectively. In general, it is observed how fo-

cal topologies tend to disappear in favor of nodal micro-structures towards

the ‘hot products’. This latter can explain the slight decreasing of QW

observed from ‘fresh reactants’ to regions with high chemical activity.
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Figure 7.31: Topologies (S1 − S8) belonging to P − Q − R space in the four regions of the
computational domain.

Figure 7.31 shows volume fractions of the flow domain pertaining to dif-

ferent flow topologies. It can be seen that S5 (SFC) and S6 (SN/SN/SN)

topologies, typical of flows with local negative volumetric dilatation rates,

have the lowest share. Topologies S2 (UN/S/S), S4 (SFS), S7 (UFS) and

S8 (UN/UN/UN) dominate in the ‘preheat’ and ‘burning’ regions, whereas

the topologies S1 (UFC), S3 (SN/S/S) and S4 (SFS) are important in the
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‘fresh reactants’ and tend to disappear as moving towards the regions with

high chemical activity. The above is consistent with previous results [126].

In the ‘hot products’ the share of focal topologies is high, but the shape

of the joint pdf of R and Q shown in Figure 7.30 suggests that in these

topologies the vorticity is very low. Moreover, the focal topologies in this

region might be created by the co-flow of burned products in the jet flame

with values of local enstrophy.

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4
 0.45

 0.5
 0.55

 0.6
 0.65

 0.7
 0.75

 0.8
 0.85

 0.9

Fresh reactants Preheating Burning Hot products

V
f

S1
S2

S3
S4

S5
S6

S7
S8

(a) Zone 2 (Concave iso-surfaces)
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(b) Zone 3 (Convex iso-surfaces)

Figure 7.32: Topologies (S1−S8) belonging to P−Q−R space: (a) zone 2 (Concave iso-surfaces);
(b) zone 3 (Convex iso-surfaces).
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In order to reduce the number of combinations of scalar field structures

and flow topologies, the analysis of flow topologies has been restricted to

only two zones of the km − kg plane of Figure 4.3: concave (zone 2) and

convex (zone 3) geometries. This zones are characterized by the ranges

given in Table 6.3. Figure 7.32 shows the volume fractions of the domain

corresponding to the different flow topologies. These fractions have been

calculated for the two curvature conditioned zones. The S2 (UN/S/S)

topology dominates the local flow dynamics for the two zones and for all

reaction-conditioned regions, but there is also some significant contribu-

tion of S8 (UN/UN/UN) for concave iso-surfaces (in the ‘preheating’ and

‘burning’ regions). S1 (UFC) and S3 (SN/S/S) have a low to moderate

share, from ‘preheat’ region to ‘hot’ products, whereas S5 (SFC) and S6

(SN/SN/SN) topologies, typical of flows with local negative volumetric

dilatation rates, are absent. Figure 7.32(a) confirms that unstable topolo-

gies S7 and S8 are associated more likely to concave iso-scalar surfaces,

where heat-conduction focusing effects enhance the chemical reaction and

increase the dilatation.
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Chapter 7. Premixed turbulent jet flame

Figure 7.33: Contour surfaces of Q∗ at three different times. The three dimensional surfaces
shown at the top of the picture correspond to a value Q∗ = 3. This zoom box coincides with
the ‘canonical’ vortex marked with a dotted black circle ‘A′ in Figure 7.29.
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Figure 7.34: Pdf’s of the cosine between the flame normal, n, and the local vorticity vector, ω.
These pdf’s have been calculated for the zoom box of Figure 7.33.

Contour surfaces of Q∗ are shown in Figure 7.33 at three different times

separated by time increments of the order of the Kolmogorov micro-scale.

This zoom box captures the ‘canonical’ vortex shown in Figure 7.29. The
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Figure 7.35: Pdf’s of the mean curvature, km. These pdf’s have been calculated for the zoom
box of Figure 7.33.

red iso-surfaces at the top of the picture have a value Q∗ = 3. It can be seen

that the ‘canonical’ vortex (dotted black circle ‘A′) interacts with the iso-

lines of the progress variable, c. It is important to remark that the diameter

of the vortex decreases as well as its length as it evolves; Tsinober et

al. [127] argue that in the enstrophy dominated regions the curvature radius

of vortex lines increases. Visually, it seems that all these iso-surfaces Q∗ =

3 are preferentially perpendicular to the unit vector normal to the iso-

scalar surfaces: n = −∇c/|∇c|. To calculate the alignment of these focal

topologies respect to the iso-scalar surfaces, Figure 7.34 plots the pdf’s of

the cosine between the flame normal, n, and the local vorticity vector, ω,

at the three different times. The results of this alignment do not change

and the probability of finding the vorticity vector parallel to the plane of

the iso-scalar surfaces is high. These findings are in agreement with the
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results of Chapter 4, Section 6.3.4 and DNS calculations [105], where the

vorticity vector is found to lie preferentially in the plane of the flame.

It can also be seen in Figure 7.33 that where the identified vortex acts

the concavity of the iso-scalar surface geometries increases. In order to

quantify the increase of curvature of the iso-scalar surfaces, Figure 7.35

shows the pdf’s of the mean curvature, km (For a positive (negative) flame

curvature, km > 0 (km < 0), the scalar surface is convex (concave) towards

the fresh gas side. km = 0 are flat iso-scalar structures). km has been made

non-dimensional by the laminar flame thickness, δL. All the pdf’s display

maxima for nearly flat iso-scalar surfaces, in agreement with experimental

results [60] and three-dimensional DNS calculations [126, 63, 101] of pre-

mixed turbulent flames. It is important to note that concave iso-surfaces

increase their probability as they evolves, whereas convex ones remains

equal for the three times under study. These results provide evidence that

the local flow topologies have an influence in the geometry of flame struc-

ture apart from its diffusive-thermal effects.

7.4 Summary and conclusions

A three-dimensional DNS of a premixed methane-air turbulent jet flame

in a piloted Bunsen burner configuration has been performed. The com-
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putational domain has been divided into four regions (‘fresh reactants’,

‘preheat’, ‘burning’ and ‘hot products’), characterized by the value of the

chemical reaction rate and the progress variable. The scalar field geome-

tries, in terms of the curvatures km and kg, have been identified. Nearly

flat iso-surfaces are the most probable local scalar structures. The high

chemical activity smooths the large curvatures in the ‘preheat’ and ‘burn-

ing’ regions. Concave geometries towards ‘fresh reactants’ prevail in this

jet flame configuration in front of the ‘burning region’, while convex struc-

tures are more probable in the ‘hot products’. Some explanations for the

latter feature, anticipated in the literature, in terms of small-scale eddies

perpendicular to the iso-scalar surfaces must be carefully scrutinized in

future research.

Molecular diffusion rate and its effects on the scalar field have also been

analyzed. The tangential diffusion (due to the curvature) is negligible,

whereas the contribution to the molecular diffusion rate due to the vari-

ation of |∇Y | normal to the iso-surface is the strongest; the variation of

ρD is not negligible in the regions with high chemical activity and has a

positive contribution in the normal molecular diffusion. The total diffu-

sion rate conditional upon the km and kg suggests that convex geometries

could enhance the heat removal through the defocusing of thermal conduc-

tion, whereas the concave iso-surfaces could enhance the diffusive removal
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through the focusing of the heat of reaction.

The kinematics of non-material iso-scalar surfaces has been analyzed; a

characteristic length scale normal to an iso-scalar surface emerges from

that analysis. The infinitesimal distance between to iso-surfaces, δN , in

the ‘fresh gases’ indicates that the mixing rate can be dominated by the

small-scale flow features.

Expressions for the propagation speed of an iso-scalar surface relative to

the fluid and its derivative, with respect to the normal direction to the

constant composition surface and negative in the direction of the scalar

gradient, have been obtained. The displacement speed of the iso-scalar

surfaces, V c, and its contributions due to the normal molecular diffusion

variation, V1 and chemical processes, V3, are found to be consistent with the

results reported by Chakraborty and Cant [62]. However, the contributions

due to the variation of (ρD) and to the spatial curvature, V2, are negligible.

The displacement speed is governed by the chemical contribution, V3, and

it suggests that the iso-scalar surfaces located in the ‘hot products’ and

‘burning’ regions propagate faster than those in the ‘fresh’ gases.

The volumetric dilatation rate, ∇ · u, conditional upon km and kg, has

been obtained for the four regions. Maxima (minima) of ∇ · u correspond

to concave and flat (convex) scalar structures. This finding was also found

in the analysis of Chapter 4, which suggests a universal behavior for the
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dilatation and the scalar geometries regardless of the configuration under

study.

An expression for ∇ · u, with additive contributions from molecular diffu-

sion and chemical generation of the reaction progress variable, has been

obtained, formulating a one-dimensional flamelet assumption based on a

progress variable defined from temperature, as in a low Mach number ap-

proximation, but solving for a fully compressible energy equation in the

DNS. A comparison of this expression with values of the volumetric dilata-

tion rate, computed from the present DNS results, shows that differences

are relatively small or moderate for c < 0.5. However, for c > 0.5, relative

differences are significantly high, casting doubts on the validity of progress

variables defined without a perfect match with the form of the primitive

equations solved, in the case of a highly wrinkled flame surface.

The diffusive and reactive contributions to the flamelet model for ∇ · u,

conditional upon km and kg, have been analyzed for the four flow regions.

The chemical term is positive and yields high values for slightly concave iso-

surfaces, cup-like and tile-like structures. Molecular diffusion contributes

negatively to the volumetric dilatation rate in nearly flat and slightly con-

vex geometries within the ‘burning’ region; defocussing of heat conduction

by convex structures can explain this feature. Diffusive fluxes display high

positive values for elliptic concave geometries in the ‘preheat’ region.
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The dilatation rate has been disaggregated in the tangential, aT , and nor-

mal, aN , strain rates. Average tangential strain rates are approximately

constant across the progress variable, whereas normal strain rates follow

the trends of volumetric dilatation rates in the different regions of the

computational domain. This means that locally the rate of change of an

infinitesimal fluid volume per unit volume is stronger in the normal di-

rection to the iso-surface than in the tangent plane to it. The tangential

and normal strain rates conditional upon the km and kg indicate that the

correlations between local dilatation rate and scalar geometries come from

the dependence of aT on the curvature. The joint pdf’s of aN and aT in

the ‘preheat’ and ‘burning’ regions show their most probable values lo-

cated above the line aN + aT = 0. This finding was also found in Chapter

4, which suggests a universal behavior for aT and aN in the regions with

high chemical activity regardless of the configuration under study. The

normal strain rate has the same likelihood of positive and negative val-

ues in the ‘fresh’ and ‘burnt’ gases, whereas in the ‘preheat’ and ‘burning’

regions is always positive. This indicates that the infinitesimal distance

between two iso-surfaces by the aN effects increases in the ‘preheat’ and

‘burning’ regions. The latter is balanced by the action of the ‘additional’

part of the normal strain rate ∂V c/∂xN , which is dominant and always

negative for the four reaction-level regions. ∂V c/∂xN allows the ‘effective’
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normal strain rate, aN + ∂V c/∂xN , to be negative and attains a mini-

mum value within the ‘burning’ region. This is due to the fact that V c

decreases when iso-surfaces move from the ‘burning’ region to ‘preheat’ re-

gion. aN +∂V c/∂xN < 0 allows that iso-scalar surfaces move closer to each

other and then the scalar-gradients is enhanced; scalar gradient pdf clearly

shows enhancement with time. The molecular diffusion rate depends on

both ‘effective’ strain rates; significant values of molecular transport occur

always for large negative ‘effective’ normal strain rates. Positive values of

(1/ρ)∇ · (ρD∇c) correlate with negative (aT + 2kmV
Y ), which points out

a enhance of molecular diffusion process by area elements shrinking.

The values of the principal strain rates, Λ1, Λ2 and Λ3, have been obtained

in the four regions of the computational domain. In this case, with chemical

effects acting on the flow, 〈Λ2〉 > 0, contrarily to constant-density turbulent

flows [14, 71, 103, 104] (cf. Chapter 3, Section 5.4.4); furthermore, 〈Λ1〉 >

0, and 〈Λ3〉 < 0. All eigenvalues have a high probability of being positive

towards the regions with high chemical activity, which is in agreement

with ∇ ·u > 0. The most extensive eigenvalue, Λ1, represents clearly

the behavior of ∇ ·u. The eigenvector corresponding to most extensive

eigenvalue, e1, is preferentially aligned with the unit vector normal to the

iso-scalar surfaces, n. This alignment was also found in Chapter 4 and in

recent numerical [113, 72, 114] and experimental results [115] of turbulent
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premixed flames. This fact suggests that the most extensive direction of

nodal flow topologies is always aligned with the normal direction to the iso-

surfaces. On the other hand, the focal flow topologies are predominantly

lying in the tangent plane to the iso-scalar surfaces, thus, there will be

the same likelihood of positive and negative values of surface stretching in

these tangent planes. This result is consistent with the constant behavior

of the tangential strain rate across the progress variable.

The production/annihilation terms of the transport equations for the en-

strophy and the total strain have been studied. The dissipation/dilatation

processes related to nodal topologies are governed by the high dilatation

rates in the ‘preheat’ and ‘burning’, whereas in the ‘fresh’ and ‘burnt’ gases

are governed by the dissipation process, SijSij. This seems to indicate a

universality in the behavior of nodal topologies and their budgets in re-

acting turbulent flows since the same trend is observed in the results of

Chapter 4. The local enstrophy, QW , decrease slightly towards the regions

with high chemical activity and in these regions keeps its budget constant.

This finding is consistent with the constant values of the tangential strain

rate found across the progress variable: as the vorticity vector is lying in

the tangent plane to the iso-scalar surfaces there will be the same likelihood

of increasing or reducing an iso-surface infinitesimal area in these tangent

planes. Furthermore, the dissipation production, RS, is mainly governed
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by the dilatation rates and its mean value is always positive across the

progress variable. The enstrophy production, ωiSikωk − ωiωiSkk, is always

positive and competes with the annihilation of enstrophy due to the incre-

ments of dynamic viscosity leading to a constant budget of QW across the

progress variable.

The universal teardrop shape of the joint pdf’s of R and Q typical of

constant-density turbulent flows disappears. Instead, the statistical distri-

butions are displaced towards the left side and are sharper in the regions

where high chemical activity exists. Stable flow topologies, such as S3

(SN/S/S), S5 (SFC) and S6 (SN/SN/SN), are negligible or have the lowest

share across the progress variable. Focal topologies, such as S1 (UFC) and

S4 (SFS), tend to disappear in favor of nodal micro-structures, such as S2

(UN/S/S) and S8 (UN/UN/UN), from ‘fresh reactants’ to the ‘hot prod-

ucts’. This finding explains the slight decreasing of QW observed towards

the ‘hot products’. The study of the type of flow topologies conditional

upon the scalar geometries suggests that nodal topologies S2 (UN/S/S)

dominates the local flow dynamics in all reaction-conditioned regions, and

that unstable and divergent topologies S7 (UFS) and S8 (UN/UN/UN) are

more likely associated to concave iso-scalar surfaces, where heat-conduction

focusing effects enhance the chemical reaction and increase the flow dilata-

tion. Flow topology effects upon the iso-scalar surfaces have been examined
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tracking the flow topologies around the flame. A ‘canonical’ vortex has

been identified and its time evolution has been analyzed considering three

different times separated by increments of the order of the Kolmogorov

time micro-scale. This vortex is found to lie most probably in the plane of

the iso-scalar surfaces. The local concave scalar structures increases where

the identified vortex acts. These results provide evidence that local flow

topologies have a strong influence in the geometry of flame structure apart

from its diffusive-thermal effects.

The molecular diffusion effects upon the scalar field investigated in this

work are a topic of interest, mainly to include them, if relevant, in new

molecular mixing models of reacting turbulent flows. The relative impor-

tance of thermal and mass diffusivities as measured by the Lewis num-

ber should be investigated in future work, as well as the influence of the

Karlovitz number in these phenomena. Future work should address the

investigation of the fields in two close times with a difference of the order

of Kolmogorov time micro-scale, where the nodal and focal flow topologies

can be located around the flame. This will give information about the

low pressure zones which could strongly affect the modulus of the flame

curvature.
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8
Conclusions

The most important findings of this work have been summarized at the

end of every chapter, with the exceptions of Chapters 1 and 2. This last

chapter aims at summarizing the main results of the research presented in

this dissertation, as well as at comparing the four cases considered. Finally,

some suggestions for future work are outlined.

Scalar mixing and turbulent reacting flows have been revisited through

the study of three-dimensional DNS experiments and datasets for different

turbulent flows of constant and variable density fluids. Statistically homo-

geneous and stationary isochoric turbulence, as well as turbulent premixed

flames in an inflow-outflow configuration and in a jet with a co-flow of hot

products have been investigated. Small-scale processes for both the scalar
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and the velocity fields have been analyzed through of the study of the local

flow topologies and scalar structures.

Small-scale structures of the scalar field, in terms of the mean and Gauss

curvatures, km and kg, of the scalar iso-surfaces, have been identified. The

computational domain for the combusting flows has been divided into four

regions: ‘fresh reactants’, ‘preheat’, ‘burning’ and ‘hot products’, charac-

terized by the values of both the chemical reaction rate and the scalar field.

For constant-density mixing and reaction, the curvature values of the iso-

scalar surfaces grow as the Schmidt number increases. Nearly flat scalar iso-

surfaces are the most probable geometries in all cases. For variable-density

turbulent premixed flames, the thermochemical processes in regions with

high chemical activity smooth out highly contorted iso-scalar surfaces, and

annihilate large curvatures; convex scalar structures with moderate mean

curvatures are regenerated in the ‘hot products’.

The effects of the molecular diffusion rate on the scalar have also been

analyzed. For constant-density mixing and reacting fields, the molecular

diffusion rate is much greater for the reactive scalars than for the inert

ones. The contribution to the tangential molecular diffusion rate due to

the curvature effects is important for inert scalars, whereas it results negli-

gible for reacting cases. This is also true for the variable-density turbulent

combusting flows. While the product of the fluid density and the molec-
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ular diffusion coefficient is constant for isochoric flows, it may vary for

turbulent premixed flames and contributes to the molecular diffusion rate.

However, the most important contribution to the molecular diffusion rate

comes from the diffusion normal to the iso-scalar surfaces in all the cases

studied. The molecular diffusion rate conditional upon km and kg suggests

that convex geometries could foster the heat removal through the defocus-

ing of thermal conduction, whereas concave iso-surfaces could increase the

local temperature through the focusing of the heat of reaction.

Understanding the transport of iso-scalar surfaces by turbulence and by

molecular diffusion is tantamount to grasp the building blocks of scalar

mixing. The kinematics of non-material iso-scalar surfaces has been the-

oretically analyzed. The time rate of change of the infinitesimal distance

between two iso-surfaces is controlled by the value of the ‘effective’ nor-

mal strain, which combines flow and diffusion-reaction induced strain rates.

The value and sign of the ‘effective’ normal strain rate determines whether

the modulus of scalar gradients or, equivalently, the scalar fluctuation dis-

sipation rate, increases or decreases with time.

Expressions for the propagation speed of an iso-scalar surface relative to the

fluid and its derivative, with respect to the normal direction of the iso-scalar

surfaces, have been obtained. Flows with constant and variable values of

the product of the fluid density and the molecular diffusion coefficient
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are distinguished. For the former, the displacement speed displays an

almost identical variation to those of the normal and tangential diffusion

contributions, whereas for the latter the propagation speed is governed by

the chemical process.

For the turbulent premixed flames studied, heat generation by chemical

reaction yields positive flow volumetric dilatation rates, −P = ∇ ·u > 0,

in the whole computational domain, which indicates the prevalence of pos-

itive flow strain rates normal to the iso-scalar surfaces. ∇ ·u displays

maxima (minima) for concave (convex) micro-scalar structures due to heat

conduction focusing (defocusing) effects. An expression for ∇ · u, with ad-

ditive contributions from molecular diffusion and chemical generation of

the reaction progress variable, has been obtained under a one-dimensional

flamelet assumption based on a progress variable defined from temperature,

as in a low Mach number approximation, but solving for a fully compress-

ible energy equation in the DNS. A comparison of that expression with

the dilatation rate values, obtained from the present DNS results, shows

that differences between them are significantly high. These results casts

doubts on the validity of this approximation. The dilatation rate has been

decomposed into the tangential, aT , and normal, aN , strain rates. Aver-

age tangential strain rates are approximately constant for all values of the

progress variable, whereas normal strain rates follow the trends of volumet-
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ric dilatation rates in the different regions of the computational domain.

The local rate of change of an infinitesimal fluid volume per unit volume

seems dominated by variations in the normal direction to the iso-surface.

The joint pdf’s of aN and aT , in the combusting flow regions with high

chemical activity, show that the most probable values are located above

the line aN + aT = 0 regardless of the configuration under study. This in-

dicates that aN causes an increasing of the infinitesimal distance between

two iso-surfaces in regions with high chemical activity. This is balanced

by the ‘induced’ normal strain rate due to the term ∂V Y /∂xN , which is

dominant and always negative.

Flow normal strain rates, iso-surfaces propagation speeds and normal deriva-

tives are radically different for the constant-density turbulence and for the

premixed flames. While the flow normal strain rate is mainly negative

for constant density flows, heat release causes its values to be positive in

most of the computational flow domain for combusting flows. The profiles

of the propagation speed and its derivative as functions of composition

are also drastically different for constant and variable density flows. As

a consequence, the ‘effective’ normal strain rates, whose sign determines

the temporal growth or decay of scalar gradients and dissipation rates, are

predominantly positive for constant density turbulence and mostly nega-

tive in the cases of premixed flames. Pdf’s of the modulus of the scalar
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gradient clearly show the enhancement of the scalar gradients with time for

turbulent premixed flames, and destruction for constant density mixing-

reaction.

Small-scale structures of the velocity field have been investigated using

the invariants of the velocity gradient tensor. The eigenvalues, Λ1, Λ2

and Λ3, of the strain rate tensor have been obtained, where Λ1 is the

largest and Λ3 the smallest. For all cases, 〈Λ1〉 is always positive, 〈Λ3〉

is negative, and the intermediate 〈Λ2〉 remains positive; in the cases of

turbulent premixed flames, Λ3 has a high probability of being positive in

regions with intense chemical activity, which is in agreement with the fact

that ∇ ·u > 0. The eigenvector corresponding to the largest eigenvalue,

e1, is preferentially aligned with the unit vector normal to the iso-scalar

surfaces, n, in the ‘preheat’ and ‘burning’ regions for turbulent premixed

flames; this fact suggests that the most extensive direction of nodal flow

topologies is always aligned with the normal direction to the iso-surfaces.

In the cases of constant-density mixing and reaction, n is aligned with the

eigenvector corresponding to the smallest eigenvalue, e3, which enhances

the local scalar gradient. On the other hand, for all cases considered in this

work, the vorticity vector contributes to curve and fold the iso-surfaces as

it is found to lie preferentially in the tangent plane to iso-scalar surfaces.

The local enstrophy and strain rate, as well as their production terms,
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increase their magnitudes in the regions where the scalar value is close

to the average and in regions with intense chemical activity in the sta-

tistically homogeneous turbulence cases. On the contrary, for turbulent

premixed flames, these processes are annihilated as fluid elements move

towards the ‘hot products’. Positive volumetric dilatation rates, which are

more intense in the ‘preheating’ and ‘burning’ regions, effectively destroy

enstrophy. Furthermore, these destructive trends can also be associated

to increments of viscosity due to temperature increments which fosters

flow laminarization. The dissipation/dilatation processes, related to nodal

topologies, are dominated by the high dilatation rates in the ‘preheat’ and

‘burning’ regions, whereas in the ‘fresh’ and ‘burnt’ gases are governed by

the local dissipation of kinetic energy. The universal teardrop shape of

the joint pdf’s of Q and R appears for constant-density mixing and reac-

tion, but this shape changes drastically for the cases of variable-density

turbulent reacting flows: the joint pdf is displaced towards the left side

and it becomes sharper in regions with high chemical activity. The statis-

tical study of flow topologies suggests that focal topologies are dominant

in the ‘fresh reactants’ and tend to disappear in favor of nodal structures

as moving towards the ‘hot products’. A ‘canonical’ vortex, identified in

the simulation domain, has been studied: it is found to lie most probably

in the plane of the iso-scalar surfaces. Its time evolution has also been
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analyzed considering three different times separated by increments of the

order of the Kolmogorov time micro-scale: the local concavity of scalar

structures increases where the identified vortex acts. This result seems to

provide evidence that local flow topologies have a strong influence in the

flame structure geometry.

The contributions to the physical understanding of turbulent mixing result-

ing from this study should be incorporated to the development of molecular

mixing models or used to improve the existing ones, particularly those for

combusting turbulent flows. The functional dependence of the molecu-

lar diffusion term on the mass fraction and the relevance of the ‘effective’

normal strain rate as a characteristic mixing rate should be scrutinized.

The implementation in the molecular mixing models of the dimensional

or dimensionless equations for the time rate of change of the infinitesi-

mal distance between two adjacent iso-surfaces should be one of the main

objectives of further research in the short term. All reaction-conditioned

regions pointed out in our analysis, and the usefulness of the characteristic

normal distance defined in this research must be investigated. Future work

should also address the study of all these features in diffusion flames, and

their applications in the non-premixed turbulent combustion.
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9
Conclusiones

Los resultados más importantes se han resumido al final de cada caṕıtulo,

excepto en los Caṕıtulos 1 y 2. Este último caṕıtulo tiene como objetivos

sintetizar los principales resultados de la investigación presentada en esta

tesis, comparar los cuatro casos considerados y proponer algunas sugeren-

cias para el trabajo futuro.

Se han analizado la mezcla escalar y los flujos reactivos turbulentos a través

del estudio de experimentos numéricos de SND tridimensional y los datos

resultantes para flujos turbulentos de densidad constante y variable. Se ha

investigado turbulencia isócora estad́ısticamente estacionaria y homogénea,

aśı como también llamas premezcladas turbulentas en una configuración

de entrada-salida y en un jet con un co-flujo de productos calientes. Se
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han analizado también los procesos de las pequeñas escalas, tanto para el

campo escalar como para el campo de velocidades, mediante del estudio

de las topoloǵıas del flujo local y las estructuras locales del escalar.

Se han identificado las estructuras de las pequeñas escalas del campo es-

calar, en términos de las curvaturas media y de Gauss, km y kg. Se

ha dividido el dominio computacional para los flujos con combustión en

cuatro regiones: ‘reactantes frescos’, ‘región de precalentamiento’, ‘región

de quemado’ y ‘productos calientes’, caracterizadas por los valores de la

tasa de reacción y el campo escalar. Para mezcla y reacción con densi-

dad constante, las curvaturas de las superficies iso-escalares crecen cuando

el número Schmidt aumenta. Las geometŕıas más probables de las iso-

superficies del escalar son prácticamente planas en todos los casos. Para

las llamas premezcladas turbulentas de densidad variable, los procesos ter-

moqúımicos en regiones con alta actividad qúımica suavizan las superficies

iso-escalares muy arrugadas y eliminan las altas curvaturas; las estructuras

del escalar convexas con curvaturas medias moderadas aparecen de nuevo

en los ‘productos calientes’.

Se han analizado también los efectos de la difusión molecular sobre el

campo escalar. Para los campos de mezcla y reacción con densidad cons-

tante, la tasa de difusión molecular es mucho mayor para los casos de

escalares reactivos que para los inertes. La contribución de la tasa de di-
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fusión molecular tangencial debida a los efectos de curvatura es importante

para escalares inertes, mientras que para los casos reactivos es desprecia-

ble. Esto último también sucede en los casos de flujos con combustión

turbulenta de densidad variable. Si bien para flujos isócoros el producto de

la densidad del fluido por el coeficiente de difusión molecular es constante,

éste puede variar para llamas premezcladas turbulentas contribuyendo a la

tasa de difusión molecular. Sin embargo, la contribución más importante

a la difusión molecular viene dada por la difusión normal a las superficies

iso-escalares en todos los casos analizados. La tasa de difusión molecular

condicionada a km y kg sugiere que las geometŕıas del escalar convexas

podŕıan fomentar la eliminación de calor por la desfocalización de la con-

ducción térmica, mientras que las iso-superficies cóncavas podŕıan aumen-

tar la temperatura local a través de la focalización del calor de reacción.

Conocer bien el transporte de las superficies iso-escalares por turbulencia

y difusión molecular equivale a comprender los elementos básicos de la

mezcla escalar. Se ha analizado teóricamente la cinemática de las super-

ficies iso-escalares, no materiales. La variación temporal de la distancia

infinitesimal entre dos iso-superficies viene dada por el valor de la defor-

mación normal ‘efectiva’, la cual suma las tasas de deformación inducidas

por la reacción-difusión y las debidas al flujo. El valor y el signo de la

deformación normal ‘efectiva’ determinan si los módulos de los gradientes
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del escalar o, equivalentemente, las tasas de disipación de las fluctuaciones

del escalar, aumentan o disminuyen con el tiempo.

Se han obtenido las expresiones para la velocidad de propagación de una

superficie iso-escalar relativa al fluido, y su derivadas con respecto a la di-

rección normal de las superficies iso-escalares. Se distinguen aqúı los flujos

con valores constantes o variables del producto de la densidad de fluido y

el coeficiente de difusión molecular. Para los primeros, la velocidad de des-

plazamiento resulta casi idéntica a las contribuciones de difusión normal

y tangencial, mientras que para los últimos la velocidad de propagación

aparece gobernada por el proceso qúımico.

Para las llamas premezcladas turbulentas estudiadas, la generación de calor

por reacción qúımica produce tasas de dilatación volumétricas positivas en

todo el dominio computacional, −P = ∇ ·u > 0, lo cual indica el pre-

dominio de tasas de deformación positivas normales a las superficies iso-

escalares. ∇ ·u muestra máximos (mı́nimos) para micro-estructuras del

escalar cóncavas (convexas) debido a la focalización (desfocalización) de los

efectos por conducción de calor. Se ha obtenido una expresión para ∇ · u,

con las contribuciones aditivas de la difusión molecular y de la generación

qúımica de la variable de progreso definida en términos de la temperatura,

suponiendo un flamelet unidimensional similar a la de una aproximación

para bajo número de Mach, pero resuelta en la SND para una ecuación
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de la enerǵıa del caso totalmente compresible. Una comparación entre esa

expresión y la tasa de dilatación calculada con la SND muestra diferen-

cias significativas, lo cual cuestiona la validez de las hipótesis usadas. Se

ha descompuesto la tasa de dilatación volumétrica en sus componentes de

deformación tangencial, aT , y normal, aN . El promedio de la tasa de defor-

mación tangencial es aproximadamente constante para todos los valores de

la variable de progreso, mientras que la velocidad de deformación normal

sigue la tendencia de la dilatación volumétrica en las diferentes regiones

del dominio computacional. La variación local de un volumen fluido in-

finitesimal por unidad de volumen parece dominada por variaciones en la

dirección normal a la iso-superficie. Las pdfs conjuntas de aN y aT , en

las regiones con alta actividad qúımica, muestran sus valores más altos

localizados por encima de la ĺınea aN + aT = 0, independientemente de

la configuración analizada. Esto indica que aN causa un incremento de la

distancia infinitesimal entre dos iso-superficies en regiones con actividad

qúımica alta. Este fenómeno se compensa con la velocidad ‘inducida’ de

deformación normal debida al término ∂V Y /∂xN , la cual es dominante y

siempre positiva.

Las tasas de deformación normal, las velocidades de propagación y las

derivadas normales son radicalmente diferentes en los casos de turbulen-

cia con densidad constante y en llamas premezcladas. Mientras que la
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velocidad de deformación normal del flujo es generalmente negativa para

los casos de densidad constante, la liberación de calor hace que sus valores

sean positivos en la mayor parte del dominio computacional para los flujos

con combustión. Los perfiles de la velocidad de propagación y su derivadas

como funciones de la composición son también diferentes para los casos de

flujo de densidad constante y los de densidad variable. Como consecuencia,

las velocidades de deformación normal ‘efectiva’, cuyo signo determina el

crecimiento temporal o decaimiento de los gradientes del escalar y tasas de

disipación, son predominantemente positivas para los casos de turbulencia

con densidad constante y mayoritariamente negativas en los casos de las

llamas premezcladas. Las pdfs del módulo del gradiente del escalar mues-

tran claramente el crecimiento de los gradientes del escalar con el tiempo

para llamas premezcladas turbulentas, y su disminución para los casos de

mezcla y reacción con densidad constante.

Se han investigado las estructuras de las pequeñas escalas del campo de

velocidad mediante los invariantes del tensor gradiente de velocidad. Se

han obtenido los valores propios, Λ1, Λ2 y Λ3, del tensor velocidad de

deformación, donde Λ1 es el más grande y Λ3 el más pequeño. Para todos

los casos, el promedio de Λ1 es siempre positivo, el promedio de Λ3 es

negativo, y el promedio del intermedio Λ2 resulta positivo; en los casos

de llamas premezcladas, Λ3 tiene una alta probabilidad de ser positivo
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en las regiones con actividad qúımica intensa, lo cual concuerda con el

hecho que ∇ ·u > 0. El vector propio correspondiente al autovalor más

grande, e1, está preferentemente alineado con el vector normal unitario

a las superficies iso-escalares, n, en las regiones de ‘precalentamiento’ y

‘quemado’ para llamas premezcladas turbulentas; este hecho sugiere que

la dirección más extensiva de las topoloǵıas nodales del flujo esté siempre

alineada con la dirección normal a las superficies iso-escalares. En los casos

de densidad constante tanto con mezcla como reacción, n resulta alineado

con el vector propio correspondiente al autovalor más pequeño, e3, lo cual

aumenta el gradiente del escalar local. Por otra parte, para todos los casos

analizados en este trabajo, la vorticidad contribuye a curvar y doblar las

iso-superficies ya que resulta casi siempre paralela al plano tangente a las

superficies iso-escalares.

La enstrof́ıa local y la velocidad de deformación aśı como sus términos

de producción, para los casos de turbulencia estad́ısticamente homogénea,

crecen significativamente en las regiones donde el valor del escalar es cer-

cano al promedio y también en las regiones con actividad qúımica intensa.

Por el contrario, para las llamas premezcladas, estos procesos son muy ate-

nuados al desplazarse los elementos fluidos hacia los ‘productos calientes’.

Las tasas de dilatación volumétrica positivas, que son más intensas en

las regiones de ‘precalentamiento’ y ‘quemado’, efectivamente destruyen
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la enstrof́ıa. Además, estas tendencias disipativas también pueden aso-

ciarse a incrementos de viscosidad, ya que el aumento de la temperatura

fomenta la laminarización del flujo. Los procesos de disipación/dilatación,

relacionados con topoloǵıas nodales, están dominados por las altas tasas

de dilatación en las regiones de ‘precalentamiento’ y ‘quemado’, mientras

que en los gases ‘frescos’ y ‘productos calientes’ se rigen por el proceso

de disipación de enerǵıa cinética local. La forma universal de lágrima de

las pdfs conjuntas de Q y R aparece para los casos de mezcla y reacción

de densidad constante, pero cambia drásticamente para los casos de flujos

reactivos turbulentos con densidad variable: la pdf conjunta se desplaza

hacia el lado izquierdo y se afila en las regiones con alta actividad qúımica.

El estudio estad́ıstico de las topoloǵıas del flujo sugiere que las topoloǵıas

focales son dominantes en los ‘reactivos frescos’ y tienden a desaparecer en

favor de estructuras nodales al desplazarse hacia los ‘productos calientes’.

Se ha estudiado en detalle un vórtice ‘canónico’ identificado en el dominio

de la simulación: éste aparece prácticamente paralelo al plano de las su-

perficies iso-escalares. Su evolución temporal se ha analizado utilizando

tres tiempos diferentes separados por incrementos del orden de la micro-

escala de Kolmogorov y se ha encontrado que la concavidad local de las

estructuras escalares aumenta donde el vórtice identificado actúa. Este re-

sultado parece indicar que las topoloǵıas locales del flujo tienen una fuerte
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influencia en la geometŕıa de la estructura de la llama.

Las contribuciones a la comprensión f́ısica de la mezcla y combustión tur-

bulentas resultantes de este estudio debeŕıan ser incorporadas al desarrollo

de modelos de mezcla molecular o utilizadas para mejorar los ya existentes,

particularmente los de flujos con combustión turbulenta. La dependencia

funcional del término de difusión molecular de la fracción de masa y la

importancia de la velocidad de deformación normal ‘efectiva’ considerada

como una tasa de mezcla caracteŕıstica debeŕıan ser analizadas. La imple-

mentación en los modelos de mezcla molecular de ecuaciones dimensionales

o adimensionales para la variación temporal de la distancia infinitesimal,

entre dos iso-superficies cercanas, debeŕıa ser uno de los principales ob-

jetivos a corto plazo. Todas las regiones condicionadas a los valores del

escalar y la reacción indicadas en nuestro análisis y la utilidad de la dis-

tancia normal caracteŕıstica definida en este trabajo deben ser examinadas.

El trabajo futuro también debeŕıa abordar la investigación de todos estos

aspectos en llamas de difusión y sus aplicaciones a la combustión turbulenta

no premezclada.
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A three-dimensional direct numerical simulation of a propagating turbulent premixed
flame is performed using one-step Arrhenius model chemistry. The interaction of the
flame thermochemical processes with the local geometries of the scalar field and
flow topologies is studied. Four regions (“fresh reactants,” “preheating,” “burning,”
and “hot products”), characterized by their reaction rate and mass fraction values,
are examined. Thermochemical processes in the “preheating” and “burning” regions
smooth out highly contorted iso-scalar surfaces, present in the “fresh reactants,” and
annihilate large curvatures. Positive volumetric dilatation rates, −P = ∇ · u, display
maxima for elliptic concave and minima for convex scalar micro-structures. Constant
average tangential strain rates, aT, with large fluctuations, occur throughout the flow
domain, whereas normal strain rates, aN, follow the trends of volumetric dilatation
rates. Focal topologies, present in the “fresh reactants,” tend to disappear in favor of
nodal structures as moving towards the “hot products.” The vorticity vector is pre-
dominantly tangential to the iso-scalar surfaces. The Unstable Node/Saddle/Saddle
and Stable Focus/Stretching topologies, present in the “fresh reactants,” correlate
with large values of aN and aT providing hints on the flow topologies fostering scalar
mixing. C© 2014 AIP Publishing LLC. [http://dx.doi.org/10.1063/1.4884555]

I. INTRODUCTION

A turbulent premixed flame acts as a propagating frontier between the fresh mixture and the
burnt gases, which modifies both the upstream and downstream flows through aero-thermo-chemical
processes. Far upstream of the flame, the flow turbulence, as well as the structure of the scalar fields
will weakly sense the flame presence. As large- and small-scale structures of the velocity and
scalar fields approach the flame, interactions become increasingly important and likely dominate in
regions of intense chemical activity and thermal transport. The resulting flow and scalar structures
downstream of the flame will be significantly different from those upstream of it.

It is apparent that small-scale flow and scalar structures strongly influence the turbulent mixing
that, in turn, affect the thermal fields and the chemical kinetics. It is therefore important to know
how small-scale flow and scalar structures, as momentum, mass, and thermal molecular diffusion
local enhancers, behave and evolve in front, within and behind the flame. Molecular mixing models
for combusting flows, resulting from that knowledge, could incorporate more physical content and
likely improve their accuracy and prediction capability.

The study of scalar field local topologies in turbulent flows is an old subject. Gibson1, 2 analyzed
the features of zero-gradient points and minimal gradient surfaces of a passive scalar in a turbulent
flow. Moffatt3 classified the scalar field critical points (zero scalar-gradient points) in terms of the
eigenvalues of the scalar Hessian (second-derivative) tensor; depending on the index of the critical
points, elliptic extremal points (maxima and minima), or saddle points of two types are encountered.
Wang and Peters4 investigated small-scale passive scalar statistics through the use of direct numerical

a)Electronic mail: lcifuentes@unizar.es

1070-6631/2014/26(6)/065108/24/$30.00 C©2014 AIP Publishing LLC26, 065108-1

 This article is copyrighted as indicated in the article. Reuse of AIP content is subject to the terms at: http://scitation.aip.org/termsconditions. Downloaded to  IP:

147.83.204.11 On: Mon, 11 Aug 2014 12:22:27

http://dx.doi.org/10.1063/1.4884555
http://dx.doi.org/10.1063/1.4884555
http://dx.doi.org/10.1063/1.4884555
mailto: lcifuentes@unizar.es
http://crossmark.crossref.org/dialog/?doi=10.1063/1.4884555&domain=pdf&date_stamp=2014-06-25


065108-2 Cifuentes et al. Phys. Fluids 26, 065108 (2014)

simulation (DNS) and introduced the concept of dissipation elements. Dopazo et al.5, 6 used DNS
results for constant-density turbulent flow to describe the local geometry of iso-scalar surfaces in
terms of either main curvatures k1 and k2 or mean and Gauss curvatures, km and kg.

Candel and Poinsot7 obtained an expression for the flame stretch and relate it to previous
derivations; they also present a balance equation for the flame surface density function. Chakraborty
and co-workers8, 9 dissected various aspects of turbulent premixed flame curvature and its propa-
gation speed as a function of Lewis number; the preferential alignments of the reaction progress
variable gradient and the strain rate eigenvectors, for thin reaction zone and corrugated flamelet
regimes, implied different dependence of the former on strain rates tangential to the iso-surface
and its curvature; that preferred alignment also changed with Damköhler number, with scalar
gradients parallel to the most compressive eigenvector for low values and to the most extensive
one for high values and intense heat release zones;10 the occurrence and importance of posi-
tive strain rates normal to the iso-scalar surfaces remarkably and distinctly emerged from these
works.9, 11

Chong et al.12 studied and classified the local small-scale three-dimensional topologies for
both compressible and incompressible flows, based on the velocity-gradient tensor invariants.
Distinct surfaces in the 3D invariant space separate stable and unstable, nodal and focal topolo-
gies. Extensive numerical and experimental investigations of statistical properties in the plane
of the second and third invariants have been performed for constant density flows; Perry and
Chong13 and Soria et al.14 analyzed the fine-scale structures in time-developing mixing layers and
found that most probable motions display large positive values of the second invariant, associ-
ated with a stable focus/stretching topology. Chong et al.15 and Chacin and Cantwell16 revealed
that the joint probability density functions (jpdf’s) of the second and third invariants exhibit a
teardrop shape. Ooi et al.17 studied the fine-structure of several turbulent flows and found that their
jpdf’s were rather similar, which suggested a certain universality of small-scale motions. Recently,
Elsinga and Marusic18 provided an explanation for that universal teardrop shape, evaluating av-
erage flow patterns in the local coordinate system defined by the eigenvectors of the strain-rate
tensor.

The investigation of flow topologies in variable-density turbulent flows is limited in comparison
with that of incompressible turbulence. Feiereisen et al.19 conducted the first DNS of variable-
density turbulence; however, extensive studies were only undertaken a decade later. Chen et al.20

studied the geometry of flow patterns of a numerically simulated compressible mixing layer; data
suggested that the third invariant of the strain rate tensor correlates with a 3/2 power of the sec-
ond invariant, with a Reynolds number dependent proportionality factor. Maekawa et al.21 studied
the velocity-gradient invariants for decaying isotropic compressible turbulence and observed that
unstable node/saddle/saddle and stable focal/stretching topologies prevailed over other topologies.
Tanahashi et al.22 used the second invariant of the velocity-gradient tensor to separate strain dom-
inated regions from coherent fine scale eddies in a premixed flame DNS with an inflow-outflow
configuration; the latter are perpendicular to the flame front and can survive behind it. Suman and
Girimaji23 investigated the local flow topology in compressible isotropic turbulence. Grout et al.24

studied the local flow topology of a reactive transverse fuel jet in cross-flow; the highest heat release
rates of the flame are found in regions with node/node/node (unstable) topology. Wang and Lu25

studied a compressible turbulent boundary layer identifying several most probable topologies in the
inner and outer layer.

To the best of our knowledge, a detailed joint study of local scalar geometries and flow topologies
for variable-density turbulent reacting flows has never been reported. This study aims at exploring
the interactions of a flame with the small-scale geometry of the scalar field and the flow fine-
structure, as well as obtaining new information on the features of invariants of the velocity-gradient
tensor. Section II describes the partial differential equations governing mass, momentum, scalar, and
energy transports; it includes brief summaries of local geometries of iso-scalar surfaces in terms
of their curvatures, km and kg, and of local flow topologies with regard to the velocity-gradient
tensor invariants. The DNS numerical implementation is described in Sec. III. Section IV analyzes
the results and discusses their physical meaning and implications. Some concluding remarks and
suggestions for future work are finally presented in Sec. V.
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II. MATHEMATICAL FORMULATION

We solve the set of conservation equations for mass, momentum, energy, and chemical species,
using the fully parallel compressible solver NTMIX3D.26, 27 A single step Arrhenius-type irreversible
reaction, Reactants → Products, to maintain the computational cost within reasonable limits, interacts
with a three-dimensional turbulent velocity field. The reaction rate expression is

ω̇ = ω̇R

Y u
R

= ρY Bo exp

(
−β

α

)
exp

[ −β(1 − θ )

1 − α(1 − θ )

]
, (1)

where ρ is the density of the mixture; Y = YR/Y u
R is the reduced mass fraction, defined with YR,

the reactants mass fraction and its value in the fresh gasses, Y u
R ; Bo is the pre-exponential factor; the

ratio α = (Tb − Tu)/Tb is defined with the temperature, T, in the unburned, Tu, and burnt gases, Tb;
β is the reduced activation energy or Zel’dovich number, β = αEa/RTb, E is the activation energy
and R the universal gas constant; and θ = (T − Tu)/(Tb − Tu) is the reduced temperature.

A. Dimensionless equations

The full set of governing equations is made dimensionless using reference characteristic vari-
ables and molecular transport coefficients in the fresh gases, namely,

are f = au, Tre f = (γ − 1)Tu, ρre f = ρu, pre f = ρua2
u = γ pu,

λre f = λu, μre f = μu, νre f = μre f /ρre f , C pre f = C pu,

Dthre f = λre f /ρre f C pre f , Dref = Du, tre f = Lre f /are f ,

where the sub-index u denotes a variable value in the fresh gases. aref, Tref, ρref, pref, λref, μref,
νref, Cpref, Dthref, Dref, Lref, and tref are the reference speed of sound, temperature, density, pressure,
thermal conductivity, dynamic viscosity, kinematic viscosity, specific heat at constant pressure
(assumed constant), thermal diffusivity, mass diffusivity, length scale, and time. γ is the ratio of
specific heats at constant pressure and volume, respectively. The full set of dimensionless governing
equations can be written in Cartesian tensor notation as28, mass continuity:

∂ρ+

∂t+ + ∂

∂x+
i

(ρ+u+
i ) = 0, (2)

momentum:

∂ρ+u+
i

∂t+ + ∂

∂x+
j

(ρ+u+
i u+

j ) + ∂p+

∂x+
i

= 1

Rea
· ∂τ+

i j

∂x+
j

, (3)

energy:

∂ρ+e+
t

∂t+ + ∂

∂x+
i

[
(ρ+e+

t + p+)u+
i

] = 1

Rea
· ∂

∂x+
j

(u+
i · τ+

i j )

− 1

Rea · Pr
C+

p

∂q+
i

∂x+
i

−α′T +
u ω̇+, (4)

and reactant mass fraction:

∂(ρ+Y )

∂t+ + ∂

∂x+
i

(ρ+Y u+
i ) = 1

Rea Sc

∂

∂x+
i

(
μ+ ∂Y

∂x+
i

)
+ ω̇+ . (5)

The superscript + denotes a dimensionless variable or property. Dimensionless density,
ρ+ = ρ/ρref, ith component of the velocity vector, u+

i = ui/are f , pressure, p+ = p/pref, temper-
ature, T+ = T/Tref, time, t+ = t/tref, and ith component of the position vector, x+

i = xi/Lre f are
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used. Moreover, the following constitutive relations and the perfect gas law complete the system
definition:

τ+
i j = 2μ+

(
S+

i j − 1

3
δi j S+

kk

)
, (6)

S+
i j = 1

2

(
∂u+

i

∂x+
j

+ ∂u+
j

∂x+
i

)
, (7)

e+
t = 1

2
·

3∑
k=1

u+2
k + p+

(γ − 1)ρ+ , (8)

q+
j = −λ+ ∂T +

∂x+
j

, (9)

p+ = ρ+T +C+
p

γ − 1

γ
, (10)

α′ = α

1 − α
, (11)

ω̇+ = −ρ+Y Rea Pr DaS+2
L · exp

[ −β(1 − θ )

1 − α(1 − θ )

]
. (12)

τ+
i j is the viscous stress tensor, given by the Navier-Poisson relation, and S+

i j is the rate of strain
tensor. e+

t is the total (kinetic plus internal) specific energy. q+
j is the heat conduction vector, given

by the Fourier constitutive relation. The perfect gas law relates p+, ρ+, and T+. The dimensionless
parameters, entering the conservation equations, (2)–(5), and the reaction rate (12), are defined as

Rea = are f Lre f

νu
, (13)

Pr = C pu · μu

λu
, (14)

Sc = μu

ρu Du
, (15)

Da = D+
th

S+
L

2 Bo exp(−β/α), (16)

where Rea stands for the acoustical Reynolds number, Pr for the Prandtl number, Sc for the Schmidt
number, and Da for the Damköhler number.

S+
L in Eqs. (12) and (16) denotes the non-stretched laminar flame speed, defined by

S+
L = 1

are f ρuYu

∫ +∞

−∞
ω̇ dx . (17)

The laminar flame thickness is then given by

δ+
L = D+

th

S+
L

, (18)

where the thermal diffusivity, D+
th , is evaluated in the hot products.

The turbulent Reynolds number Ret, based on the fluctuating velocity rms value, u′, and the
integral length scale, l, is expressed as

Ret = u′l
νu

. (19)
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In this study, the acoustical and turbulent Reynolds numbers are 5066 and 64.28, respectively. The
dynamic viscosity is modeled as

μ+ = μ+
u

(
T

Tu

)b

, (20)

with b = 0.6. The thermal conductivity and mass diffusivity are functions of dynamic viscosity and
density, via the assumption of constant Cp, Prandtl and Schmidt numbers, with Pr = 0.75 and Sc =
0.7. The Lewis number is unity.

To simplify the notation, dimensionless variables will be written hereafter without the
superscript +.

B. Local geometry of isoscalar surfaces

In this paper, an iso-scalar surface is defined by Y(x, t) = constant. The unit vector normal to an
iso-surface is

n = ∇Y

|∇Y | . (21)

The local geometry of the scalar field is characterized by its value, Y(x, t), by its first and second
derivatives, ∂Y/∂xn and ∂2Y/∂x2

n , in the direction normal to the iso-surface, xn, and also by its
curvature tensor, ∂ni/∂xj = ni, j. The latter can be written in terms of the scalar field derivatives as5, 6,

ni, j = 1

|∇Y | (δik − ni nk)
∂2Y

∂x j∂xk
. (22)

The invariants of ni, j are given by

I1 = −∇ · n, (23)

I2 = (1/2)(ni,i n j, j − ni, j n j,i ), (24)

I3 = −det(ni, j ). (25)

As I3 = 06, the two eigenvalues of ni, j (main curvatures, k1 and k2) are obtained from the
equation

k2 + I1k + I2 = 0 . (26)

The Gauss curvature, kg, and the mean curvature, km, are

kg = k1k2, (27)

km = k1 + k2

2
= 1

2

∂ni

∂xi
. (28)

The zone kg > k2
m in the km − kg plane implies non-physical complex curvatures. Figure 1

shows the different local geometries of isoscalar surfaces and may be presented in a dimensionless
form with kmδL and kgδ

2
L . For a positive (negative) mean curvature, kmδL > 0 (kmδL < 0), the surface

is convex (concave) towards the fresh reactants.

C. Local flow topology

The local flow topologies are characterized by the invariants of the velocity-gradient tensor,
A, with components Aij = ∂ui/∂xj; its three eigenvalues, λ1, λ2, and λ3, are the solutions of the
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FIG. 1. Classification of iso-scalar surface geometries in terms of their mean and Gauss curvatures, km and kg.

characteristic equation,

λ3 + Pλ2 + Qλ + R = 0, (29)

P, Q, R are the three invariants of A12, specified by

P = −tr (A) = −(λ1 + λ2 + λ3) = −Sii , (30)

Q = 1

2

(
[tr (A)]2 − tr (A2)

) = 1

2

(
P2 − Si j Si j + Wi j Wi j

)
, (31)

R = −det(A) = 1
3

(−P3 + 3P Q − Si j S jk Ski − 3Wi j W jk Ski
)
, (32)

where Sij is the symmetric strain-rate tensor and Wi j is the skew-symmetric rotation-rate tensor.
−P = ∇ · u, represents the local volumetric dilatation rate, namely, the rate of change of an

infinitesimal fluid volume per unit volume. −P < 0 implies element compression, −P = 0 means
zero dilatation, and −P > 0 entails local fluid expansion.

The discriminant D of Eq. (29) is defined by12

D = 1

108

[
27R2 + (4P3 − 18P Q)R + 4Q3 − P2 Q2

]
. (33)

The surface D = 0 divides the P − Q − R phase space into two regions; for D > 0, A displays
one real and two complex-conjugate eigenvalues (focal topologies), while in the region D < 0, A
has three real eigenvalues (nodal topologies). The two surfaces, r1a and r1b, of D = 0 are given by

1

3
P

(
Q − 2

9
P2

)
− 2

27

(−3Q + P2
)3/2 − R = 0 , [r1a] (34)

1

3
P

(
Q − 2

9
P2

)
+ 2

27

(−3Q + P2
)3/2 − R = 0 . [r1b] (35)

Further, in the region D > 0, A has purely imaginary eigenvalues on the surface r2, which is
described by

P Q − R = 0. [r2] (36)

For P = 0 the surface r2 coincides with the Q −axis. Thus, the surfaces r1a, r1b, r2 and R =
0 divide the P − Q − R space into different regions, which correspond to distinct flow topologies,
plotted, as reminder, in Figure 2 and explained pictorially in Table I.
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FIG. 2. Classification of critical points in the Q − R plane for: (a) P > 0, (b) P = 0, and (c) P < 0. Topologies and
corresponding acronyms are listed in Table I.

The invariants of Sij and Wi j are given by

PS = P = −Sii , QS = 1

2

(
P2 − Si j Si j

)
, RS = 1

3

(−P3 + 3P QS − Si j S jk Ski
)

, (37)

PW = 0, QW = ω2

4
= 1

2
Wi j Wi j , RW = 0 , (38)

where ω2/2 = ωiωi/2 is the local enstrophy. ωi is the ith component of the vorticity vector. Both the
turbulent kinetic energy dissipation and the volumetric dilatation rates contribute to QS. It is readily
shown that

Q = QS + QW , R = RS + P QW − Wi j W jk Ski = RS + P QW − 1

4
ωi Si jω j , (39)
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TABLE I. Description of the flow topologies in P − Q − R space.

Sector Acronym Description Sketch

S1 UFC Unstable focus/compressing

S2 UN/S/S Unstable node/saddle/saddle

S3 SN/S/S Stable node/saddle/saddle

S4 SFS Stable focus/stretching

S5 SFC Stable focus/compressing

S6 SN/SN/SN Stable node/stable node/stable node

S7 UFS Unstable focus/stretching

S8 UN/UN/UN Unstable node/unstable node/unstable node

Q represents the additive contribution of enstrophy, QW , and dissipation/dilatation, QS. Enstrophy
production, P QW − (ωi Si jω j )/4, and dissipation rate generation, SijSjkSki, enter the definition of
R.29

III. NUMERICAL SIMULATION

The DNS solver26, 27 uses a 6th order compact finite-differences scheme for space discretization
and time integrates the conservation Eqs. (2)–(5) with a third order Runge-Kutta explicit method. The
computational domain, shown schematically in Figure 3, has a size 3π in the x direction and 2π in
the y and z directions, and contains 768 × 512 × 512 grid points, uniformly distributed. The domain
is treated as periodic in the y and z directions, while non-reflecting inlet-outlet boundary conditions
are imposed in the x direction, using the Navier-Stokes Characteristic Boundary Condition (NSCBC)
method.30

A planar laminar flame, located at x = 6.3, is used as initial condition. At t = 0, an incom-
pressible turbulent velocity field is imposed on the fresh reactants region of size (2π )3, as shown in
Figure 3(b). The flame then propagates with a velocity SL towards the fresh gases, interacting with
the turbulence, which wrinkles iso-scalar surfaces; simultaneously, the velocity field undergoes the
influence of thermal processes. The initial incompressible isotropic turbulence is generated with
an independent pseudo-spectral numerical code,31, 32 starting from a given spectrum and using a
stochastic forcing scheme, to yield a statistically stationary field. In the zero correlation-time forcing
scheme,33, 34 all wave numbers with a modulus less than 2

√
2, except the zero mode which makes
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FIG. 3. (a) Description of the computational domain, (b) initial conditions, and (c) computational domain from simulation
at t = 90.

no contribution, receive a stochastic contribution at every time step, while their phase is adjusted to
enforce incompressibility.

Numerical values of the aero-thermo-chemical variables and dimensionless parameters for this
simulation are presented in Tables II and III. The initial ratio of the rms velocity fluctuations, u′, to
the non-stretched laminar flame velocity is u′/SL = 3. The eddy turnover time, l/u′, is τ = 56.40.
In this study, the initially planar laminar flame is allowed to interact with the turbulence field up
to a time t = 90, greater than the eddy turnover time. The Kolmogorov micro-scale, η = 0.0372,
guarantees an adequate spatial resolution with the current domain and mesh sizes. The laminar
flame thickness, δL = 0.0526, is also sufficiently well resolved. The initial integral length scale to
flame thickness ratio is l/δL = 16.084. Therefore, combustion takes place in the “thickened-wrinkled
flame” regime,28, 35, 36 as shown in Figure 4.

IV. RESULTS AND DISCUSSION

Figure 5 shows the reactant mass fraction iso-lines in planes x − y and x − z, in a zoom of
the computational domain, at t = 10, t = 50, and t = 90. The initially flat flame bends under the
influence of the turbulence and images are consistent with the current thickened-wrinkled flame
regime (Figure 4). Hereafter, we analyze DNS data at t = 90.
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TABLE II. Values of dimensionless parameters.

Parameter Value

Acoustical Reynolds number, Rea 5066
Turbulent Reynolds number, Ret 64.28
Prandtl number, Pr 0.75
Schmidt number, Sc 0.75
Lewis number, Le 1.0
Damköhler number, Da 93.64
Karlovitz number, Ka = τ ch/τη 1.49
α = (Tb − Tu)/Tb 0.8
Zel′dovich number, β 6.0

TABLE III. Values of physical variables.

Physical variable Value

DNS grid points 768 × 512 × 512
Integral length scale, l 0.846
rms of velocity fluctuations, u′ 0.015
Turbulent kinetic energy dissipation rate, ε 3.9894 × 10−6

Kolmogorov scale, η 0.0372
Kolmogorov time scale, τη 7.03
Integral eddy turnover time, τ 56.40
Non stretched laminar flame velocity, SL 0.005
Laminar flame thickness, δL 0.0526
Chemical time scale, τ ch 10.52
Initial turbulence intensity, u′/SL 3
Initial integral length scale to flame thickness ratio, l/δL 16.084
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FIG. 4. Turbulent combustion diagram. The point indicates the case under study.

Local scalar geometries and flow topologies interact with thermochemical processes, specific
of different parts of the computational domain, which is then divided into four regions depending
on the value of the reaction rate, ω̇Y . Parts of the domain where |ω̇Y | < 0.001|ω̇Ymax | = 0.0004 (or,
equivalently, 0.700 < Y < 0.999) are termed “fresh reactants.” The “preheating” region extends
over 0.253 < Y < 0.700 or 0.001|ω̇Ymax | < |ω̇Y | < 0.7|ω̇Ymax | = 0.336. |ω̇Y | > 0.7|ω̇Ymax | or 0.053
< Y < 0.253 characterizes the “burning” region. Finally, 0.001 < Y < 0.053, which corresponds
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FIG. 5. Iso-lines of reactant mas fraction at t = 10, 50, and 90, in the x − y and x − z planes.

to |ω̇Y | < 0.7|ω̇Ymax |, defines the “hot products.” These four regions are depicted in Figure 6. The
sensitivity of results is small to changes in the definition of the “reacting” region (e.g., selecting 0.5
or 0.6|ω̇Ymax | instead of 0.7|ω̇Ymax |).

Figure 7 shows the joint pdf of the mean and Gauss curvatures, km and kg, for the four regions
of the computational domain. km and kg have been normalized with the thickness flame, δL. In the
“fresh reactants,” the joint pdf is slightly skewed towards positive values of km, reflecting the features
of initially imposed and evolving small-scale turbulent structures and scalar field upstream of zones
of intense heat and mass diffusive/reactive activity. These processes drastically discriminate against
large values of km and kg in both the “preheating” and “burning” regions; the probability of highly
concave and convex iso-scalar surfaces, of a marked either elliptic or hyperbolic nature, significantly
decreases as the heat transfer and chemical reaction become important. Nearly flat scalar geometries
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Fresh reactantsPreheat regionBurning regionHot products

FIG. 6. Reaction rate, ω̇Y , as a function of the reactant mass fraction. Dotted lines mark the limits of the four regions of the
computational domain.
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FIG. 7. Joint pdf of the mean and Gauss curvatures, km and kg. Joint pdf magnitudes decrease from the center to the
circumference. (a) Fresh reactants, (b) preheating region, (c) burning region, (d) hot products.

FIG. 8. Fluid element dilatation rate, ( − P), in the computational domain.
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FIG. 9. (a) Local fluid volumetric dilatation rate, (b) tangential strain rate, and (c) normal strain rate as a function of the
reactant mass fraction. Vertical bars indicate the rms values of the variables. Dotted lines mark the limits of the four regions
of the computational domain.
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FIG. 10. Fluid element dilatation rate, ( − P), conditional upon the mean and Gauss curvatures, km and kg. (a) Fresh reactants,
(b) preheating region, (c) burning region, (d) hot products.

FIG. 11. Tangential strain rate, aT, conditional upon the mean and Gauss curvatures, km and kg. (a) Fresh reactants, (b)
preheating region, (c) burning region, (d) hot products.
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FIG. 12. Normal strain rate, aN, conditional upon the mean and Gauss curvatures, km and kg. (a) Fresh reactants,
(b) preheating region, (c) burning region, (d) hot products.

are the most probable ones in all four regions. Slightly concave scalar iso-surfaces occur in the
“preheating” region, but they become less probable in the “burning” zone and “hot products,” very
likely due to the heat conduction enhancement or focusing, with a reduction of km < 0, by concave
geometries. Convex iso-surfaces with moderate values of km, predominantly of an elliptic cup-like
structure, survive in the “hot products.”

Figure 8 shows a zoom of a x − y plane of the computational domain, which displays two scalar
iso-lines and the volumetric dilatation rate, −P = ∇ · u. Local expansion predominates between
the iso-lines, with maximum (minimum) values associated to concave (convex) scalar geometries.
The volumetric dilatation rate can be decomposed as7, 10, 11, 28

∇ · u = −P = aT + aN , (40)

where

aT = (δi j − ni n j )Si j , (41)

is the scalar iso-surface tangential strain-rate and

aN = ni Si j n j , (42)

is the corresponding normal strain-rate. The use of aT to explain some premixed and non-premixed
flame features prevails in the literature.7, 28

Figure 9 represents −P, aT, and aN as a function of Y in the four ω̇Y -conditioned regions of the
computational domain. −P, aT, and aN are normalized with 〈QW 〉1/2. The average of aT remains
almost constant, with large fluctuations, whereas aN displays an almost identical variation to that
of −P. Positive values of all three variables are predominant, with minimum negative values of aT

for all values of Y and of aN only for Y > 0.94 (“fresh reactants”) and Y < 0.06 (“hot products”);
Chakraborty et al.11 show similar trends for Lewis number unity. Figures 10–12 plot the values of
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FIG. 13. Joint pdf of the normal and tangential strain rate, aN and aT. Joint pdf magnitudes decrease from the center to the
circumference. (a) Fresh reactants, (b) preheating region, (c) burning region, (d) hot products.

−P, aT, and aN as functions of km and kg in the four regions of the computational domain. In the “fresh
reactants,” moderate positive values (expansions) of −P occur for concave geometries, while nearly
zero and low negative values (compressions) are associated with convex structures. High positive
values of −P associated with intense thermo-chemical activity, are apparent in the “preheating” and
“burning” regions, for low values of km and kg. aT exhibits similar curvature dependent features
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FIG. 14. Scalar gradient modulus, |∇Y|, as a function of the reactant mass fraction. Dotted lines mark the limits of the four
regions of the computational domain.
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TABLE IV. Description of zones 1, 2, and 3 in the km–kg plane.

Zone Description Ranges

1 Geometries with flat curvature [|kmδL | < 0.02 and |kgδ2
L | < 0.004]

2 Geometries with predominant negative curvature kmδL < 0 excluding the zone 1
3 Geometries with predominant positive curvature kmδL > 0 excluding the zone 1

to ∇ · u, although negative strain-rates do exist for convex scalar iso-surfaces. Thermal transport
yields only positive values of aN in the “preheating” and “burning” regions; negative a′

N s occur for
both concave (mainly hyperbolic) and convex structures in the “fresh reactants,” and for concave
geometries in the “hot products.”

The joint pdf of aN and aT is shown in Figure 13; the domain of probable values is mainly
located above aN + aT = 0, consistent with the fact that most fluid elements undergo expansion; both
“fresh reactants” and “hot products” share the highest probabilities for low volumetric dilatation
rates. Significant expansions in the “preheating” and “burning” regions imply positive normal strain,
with both signs for aT.

Mixing rates of scalar fields are in part determined by aT and aN. Local scalar molecular fluxes
are proportional to mass fraction gradients, which depend on aN, whereas aT influences surface
stretching. Mainly positive values of aN should, in principle, lead to diminishing scalar gradients,9, 11

particularly in the “preheating” (0.253 < Y < 0.700) and “burning” (0.053 < Y < 0.253) regions
where maxima of |∇Y| occur (Figure 14, |∇Y| en function de Y). This result seems counterintuitive
and can only be explained by the chemical enhancement of existing scalar gradients which might
well balance the reduction due to positive a′

N s.
To reduce the number of relevant combinations of scalar field structures and flow topologies,

we propose to split the km − kg plane of Figure 1 into three zones: nearly flat (zone 1), concave (zone
2), and convex (zone 3), which are characterized by the ranges given in Table IV.

Figure 15 shows the joint pdf’s of R and Q in the three curvature conditioned zones of the km

− kg plane and the four reaction rate conditioned regions of the computational domain. S5 (SFC)
and S6 (SN/SN/SN), typical of flows with local negative volumetric dilatation rates, are absent in
this premixed combustion study. About 50% of the topologies in the “fresh reactants” are focal

FIG. 15. Joint pdf of R − Q: (a)–(d) zone 1 (Flat iso-surfaces); (e)-(h) zone 2 (Concave iso-surfaces); (i)-(l) zone 3 (Convex
iso-surfaces). Joint pdf magnitudes decrease from the center to the circumference.
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FIG. 16. Topologies (S1 − S8) belonging to P − Q − R space: (a) zone 1 (flat iso-surfaces); (b) zone 2 (concave iso-surfaces);
(c) zone 3 (convex iso-surfaces).
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and tend to disappear, in favor of nodal micro-structures, as moving through the “preheating” and
“burning” regions towards the “hot products”; obviously, positive volumetric dilatation rates and flow
laminarization, due to increments of dynamic viscosity with increasing temperature, destroy vorticity.
Joint pdf’s look similar to the teardrop shape of constant density flows (P = 0) in the “fresh reactants,”
with occurrence of both stretching/compressing focuses and stable/unstable nodes; however, local
topologies, characteristic of flows with volumetric expansion, S7 (UFS) and S8 (UN/UN/UN),
contribute about 25%, a sign of a moderate interaction of the propagating flame with the initially
imposed constant density turbulence.

Two nodal topologies, S2 (UN/S/S, 51%) and S8 (UN/UN/UN, 26%), and two focal ones, S4
(SFS, 8%) and S7 (UFS, 10%), add up to 95% over the flow domain in the “preheating” region.
Nodal, S2 (UN/S/S, 61%), S3 (SN/S/S, 7%), and S8 (UN/UN/UN, 14%), and focal, S4 (SFS, 10%),
structures account for 92% of local flow topologies in the “burning” region. Vortical structures S4
(SFS) and S7 (UFS) start both from 20% contributions in the “fresh reactants,” and decrease through
the “preheating” and “burning” regions; however, whereas the S4 maintains a 13% share in the “hot
products,” S7 almost vanishes. This could be due to the alignment of the former vorticity with an
extensive eigenvector.

Figure 16 shows volume fractions of the flow domain pertaining to different flow topologies
also disaggregated for the three curvature conditioned zones. The S2 (UN/S/S) topology dominates
the local flow dynamics for all three scalar geometries and all reaction-conditioned regions, with
some significant contribution of S8 (UN/UN/UN) for concave iso-surfaces (in the “preheating” and
“burning” regions). S3 (SN/S/S) for flat and convex geometries has a modest to moderate share,
mainly in the “hot products.” Figure 16 confirms that S7 and S8 topologies associate more likely to
concave iso-scalar surfaces, where heat-conduction focusing effects enhance chemical reaction.

It is important to examine the alignment of both nodal and focal topologies with respect to
iso-scalar surfaces. Figure 17 depicts the pdf’s of the cosine of the angle between the unit vector
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FIG. 17. Pdf’s of cos(n, ei). n is the unit vector normal to iso-scalar surfaces and ei is the eigenvector of Sij. The subindex
of ei denotes one of the three eigenvalues, ordered by decreasing values. i = 1 corresponds to the most extensive (positive)
eigenvalue. (a) Fresh reactants, (b) preheat region, (c) burning region, (d) hot products.
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FIG. 18. Pdf’s of cos(n, ω). n is the unit vector normal to iso-scalar surfaces. ω is the local vorticity vector. (a) Fresh
reactants, (b) preheat region, (c) burning region, (d) hot products.

normal to iso-scalar surfaces, n, and the eigenvectors of the strain rate tensor, ei, all over the
flow domain. e1 is the eigenvector corresponding to the most extensive eigenvalue; the subindex i
orders the eigenvectors by decreasing corresponding eigenvalues. n is predominantly aligned with
the eigenvector corresponding to the most extensive eigenvalue in the “preheating” and “burning”
regions, which is in agreement with recent numerical9, 11, 37 and experimental results.38 n exhibits a
slight alignment with the most compressive eigenvalue, e3, in the “fresh reactants,” where the heat

FIG. 19. Scalar gradient modulus, |∇Y|, conditioned to aT − aN for nodal topology S2 in the “preheating” and “burning”
regions.
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FIG. 20. Scalar gradient modulus, |∇Y|, conditioned to aT − aN for focal topology S4 in the “preheating” and “burning”
regions.

release is weak and iso-scalar surfaces behave like those in non-reacting constant-density turbulent
flows.39, 40 There is no preferred alignment in the “hot products.”

Figure 18 plots the pdf’s of the cosine between n and the local vorticity vector, ω. Values
computed over all the flow domain are used. The vorticity vector is preferentially tangential to iso-
scalar surfaces and, therefore, it contributes to curve and fold them. The joint action of two vortical
structures, either co-rotating or counter-rotating, may also stretch and/or bend the surface. These
results are in agreement with three-dimensional DNS calculations,41 where the vorticity vector is
found to lie preferentially in the plane of the flame.

Two nodal topologies, S2 (UN/S/S) and S8 (UN/UN/UN), and two focal ones, S4 (SFS) and
S7 (UFS), account for well over 90% of the samples in the “preheating” and “burning” regions.
The key scalar mixing variable, |∇Y|, conditioned to aN and aT is shown in Figures 19–22 for the
previous four topologies and for the three scalar geometries. These topologies for flat and concave
scalar geometries are characterized by aN > 0 and aT > 0 with maxima of |∇Y| far from the constant
density line aT + aN = 0. Only S2 and S4 topologies associated to convex iso-surfaces can produce

FIG. 21. Scalar gradient modulus, |∇Y|, conditioned to aT − aN for focal topology S7 in the “preheating” and “burning”
regions.
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FIG. 22. Scalar gradient modulus, |∇Y|, conditioned to aT − aN for nodal topology S8 in the “preheating” and “burning”
regions.

aT < 0 with modest values of |∇Y|. Concave geometries under flow topologies S2, S7, and S8 in both
the “preheating” and “burning” regions display large gradients for a wide range of aN and aT. The
features of nodal topologies S2 and S8 should be easy to incorporate in the formulation of molecular
mixing models. Focal structures S4 and S7 require further investigation to relate the probable region
on the aN − aT plane to pairs of counter- and co-rotating vortices.

V. CONCLUSIONS

A three-dimensional variable-density DNS of a turbulent premixed propagating flame has been
performed in an inflow-outflow configuration using one-step Arrhenius chemistry. The interaction
of the flame thermochemical processes with scalar field geometries and flow topologies has been
studied. The computational domain has been divided into four regions, corresponding to “fresh
reactants,” “preheating,” “burning,” and “hot products,” depending on the value of the reaction rate.
Nearly flat scalar iso-surfaces are the most probable geometries in all four regions. Thermochemical
processes in the “preheating” and “burning” regions smooth out highly contorted iso-scalar surfaces,
present in the “hot reactants,” and annihilate large curvatures; convex structures with moderate mean
curvatures are regenerated in the “hot products.”

Positive volumetric dilatation rates, −P = ∇ · u, display maxima (minima) for concave (convex)
scalar micro-structures due to heat conduction focusing (defocusing) effects. Minima of −P are
associated with convex scalar geometries in the “fresh reactants” and maxima with slightly concave
tile- and cup-like geometries in the “preheating” and “burning” regions. Average tangential strain
rates are approximately constant with large fluctuations throughout the flow domain, whereas normal
strain rates follow the trends of volumetric dilatation rates in the different reaction rate conditioned
regions.

Probable values of aN and aT are predominantly located above aN + aT = 0, corresponding to
positive values of ∇ · u throughout most points of the computational domain. Most probable values
occur in the neighborhood of aN + aT = 0 in the “fresh reactants” and “hot products,” with positive
or negative values of both strain rates, and for aN + aT > 0 in the “preheating” and “burning” regions,
with aN > 0.

Focal topologies are important in the “fresh reactants” and tend to disappear in favor of nodal
structures as moving towards the “hot products.” Positive volumetric dilatation rates, which are
more intense in the “preheating” and “burning” regions, effectively destroy enstrophy; further, these
destructive trends are also associated to increments of viscosity due to temperature increases which
fosters flow laminarization.
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Joint pdf’s of R and Q look similar to the teardrop shape of constant density flows in the “fresh
reactants”; however, a 25% share of the samples correspond to local topologies S7 (UFS) and S8
(UN/UN/UN), characteristic of flows with volumetric expansion, a sign of a moderate interaction
of the propagating flame with the initially imposed constant density turbulence. Nodes S2 (UN/S/S,
51%) and S8 (UN/UN/UN, 26%), and focuses S4 (SFS, 8%) and S7 (UFS, 10%) add up to 95% and
92% of the topologies in the “preheating” and the “burning” regions, respectively. Vortical structures
S4 (SFS) and S7 (UFS) start both from 20% contributions in the “fresh reactants,” and decrease
through the “preheating” and “burning” regions; however, whereas the S4 maintains a 13% share in
the “hot products,” S7 almost vanishes. This could be due to the alignment of the vorticity with an
extensive eigenvector in the former. The S2 (UN/S/S) topology dominates the local flow dynamics
for all three scalar geometries and all reactive regions. S8 (UN/UN/UN) has a significant contribution
for concave iso-surfaces (in the “preheating” and “burning” regions). S7 and S8 topologies associate
more likely to concave iso-scalar surfaces, where heat-conduction focusing effects enhance chemical
reaction.

The scalar gradient is predominantly aligned with the eigenvector corresponding to the most
extensive eigenvalue in the “preheating” and “burning” regions, which is in agreement with recent
numerical9, 11, 37 and experimental results.38 n exhibits a slight alignment with the most compressive
eigenvalue, e3, in the “fresh reactants,” where the heat release is weak and iso-surfaces behave like
those in constant-density turbulent flows.39, 40

Future development of mixing models should incorporate some representation of the depen-
dences of |∇Y| and area element variations in terms of aT, aN and some thermochemical parameters. A
positive aN implies a reduction of |∇Y| and hampers scalar mixing, as pointed out by Chakraborty and
co-workers;9, 11 this effect must be definitely balanced by thermochemical processes. It is straight-
forward to show that a chemical source term cannot generate scalar gradients, but can increase or
decrease existing ones.

The conclusions reached in this study pertain to small-scale features and thus should display
a certain degree of universality; however, this should be confirmed in other flows, like turbulent
premixed jet flames. Local flow topologies at a single point cannot unambiguously be related to
iso-scalar surface geometries. Two point micro-structures might also be required to characterize
local deformations of non-material surfaces. Two-time studies, with time lags of the order of the
Kolmogorov time micro-scale could also be relevant.
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Abstract

The local volumetric dilatation rate, namely, the rate of change of an infinitesimal fluid volume per unit
volume, r � u, is an important variable particularly in flows with heat release. Its tangential and normal
strain rate components, aT and aN , respectively, account for stretching and partially for separation of
iso-scalar surfaces. A three-dimensional direct numerical simulation (DNS) of a turbulent premixed
methane–air flame in a piloted Bunsen burner configuration has been performed by solving the full con-
servation equations for mass, momentum, energy and chemical species using tabulated chemistry. Results
for the volumetric dilatation rate as a function of the iso-scalar surface geometry, characterized by the
mean and Gauss curvatures, km and kg, are obtained in several zones (reactants, preheat, reacting and prod-
ucts) of the computational domain. Flat iso-scalar surfaces are the most likely geometries in agreement
with previous DNS. The relationship between density and a reaction progress variable, under a low Mach
number flamelet assumption, leads to an expression for r � u with contributions from progress variable
source and molecular diffusion budget, with a significant contribution from the latter; this approximate
expression for the volumetric dilatation rate is studied with DNS results. The joint pdf of aN and aT con-
firms that the line aT þ aN ¼ 0 separates mostly expansive flow regions from compressive zones.
� 2014 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

Keywords: Volumetric dilatation rate; Iso-scalar surface curvature; Tangential and normal strain rates; Premixed flame;
Direct numerical simulation

1. Introduction

Turbulent reacting flows are ubiquitous in
chemical processes, energy systems and multiple
engineering and environmental problems. Their

interest stems from both technical applications
and an incomplete understanding of the underly-
ing physical fundamental mechanisms. Small-
scale flow structures and scalar geometries
strongly interact in front, within and behind
highly reacting zones and determine mixing, com-
bustion and heat release rates. Turbulent mixing
models should incorporate correct physical fea-
tures to improve their predictive accuracy.

http://dx.doi.org/10.1016/j.proci.2014.06.026
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Haworth and Poinsot [1], through the use of
two-dimensional direct numerical simulations
(DNS), investigated Lewis number effects in the
structure of a premixed flame front with single-
step Arrhenius chemistry; they found that the
local flame structure of non-unity Lewis number
flames correlates more strongly with local flame
curvature than with tangential strain rate. The
two-dimensional DNS of a turbulent premixed
methane–air flame by Echekki and Chen [2]
showed that the correlation of radical species with
mean curvature, km, of the flame surface is
strongly dependent upon their individual mass
diffusion rates. Tanahashi et al. [3] studied, via
DNS, the local flame structure of hydrogen/air
premixed turbulent flames propagating in three-
dimensional homogeneous isotropic turbulence;
they found that the probability density function
(pdf) of km is far from Gaussian, with exponential
tails, and that flame elements with large curva-
tures, convex towards the burned side, display
high heat release rates. Chakraborty and Cant
[4] used three-dimensional DNS of premixed tur-
bulent flames with single-step Arrhenius chemistry
to investigate the effect of km on flame propaga-
tion and obtained that the mean curvature is neg-
atively correlated with the local volumetric
dilatation rate, r � u, and with the displacement
speed of the iso-scalar surfaces. Sankaran et al.
[5] conducted three-dimensional DNS of a turbu-
lent premixed methane–air Bunsen turbulent
flame with a reduced chemistry; they concluded
that the volumetric dilatation rate decreases with
km and that km exhibits a longer tail for positive
curvatures.

To the best of our knowledge, a detailed
characterization for variable-density turbulent
reacting flows of the rate of change of an infinites-
imal fluid volume per unit volume for different
local scalar geometries, described in terms of km

and kg [6], the mean and Gauss curvatures, respec-
tively, has never been undertaken. Moreover in
flame zones, how molecular diffusion and reaction
of scalars are related with r � u are also of inter-
est. The present work aims at investigating these
issues through DNS of a premixed methane–air
turbulent jet flame.

Section 2 provides an overview of the conser-
vation equations, of the numerical method and
of the DNS properties. Section 3 briefly summa-
rizes the mathematical description of local geom-
etries of iso-scalar surfaces in the km � kg plane.
Section 4 analyzes and discusses the results for
different regions of the flow domain (reactant, pre-
heat, reacting and product zones); r � u directly
calculated from DNS and that obtained formulat-
ing a so-called ‘flamelet’ assumption are examined
with tangential and normal strain rates character-
izing expansive and compressive flow regions.
Section 5 summarizes the main findings and
recommends some future work.

2. Mathematical description and imbedded DNS in
LES

The analysis is performed in a jet-flame
configuration simulated with a hybrid Large Eddy
Simulation (LES)/DNS approach.

A stoichiometric methane–air mixture is
injected through a central jet, surrounded by a
co-flow of burned products. Turbulence parame-
ters are those experimentally studied by Chen
et al. [7]. The nozzle diameter is D = 12 mm and
the computational domain extends 192 mm in
the streamwise (x), 66 mm in the crosswise (y)
and 66 mm in the spanwise (z) directions, with
802, 466 and 466 grid points, uniformly spaced,
in the x, y, and z directions, respectively. There-
fore a LES mesh of about 171 million nodes is
used, with a resolution varying between 150 lm
and 200 lm. An imbedded zone within the LES
mesh features a much higher resolution of 50 lm
(Fig. 1(a)), where small scales can rapidly develop
to complete the turbulence cascade of the already
well-resolved LES. Results are analyzed in this
zoom box located at x=D ¼ 4:5 from the nozzle,
which corresponds essentially to the potential core
of the jet [7], and at t = 80 ms, which is much
greater that one initial integral eddy turnover
time, tl ¼ 1:13 ms. The DNS zoom box under
study contains 243� 343� 343 grid points where
the resolution is of the order of 50 micrometer in

Fig. 1. (a) Snapshot of iso-c burning rate in the
centerline plane. (b): Iso c ¼ 0:8 surface in the DNS
zone.
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the x, y and z directions, respectively, and has
physical domain dimensions of 12 mm� 18 mm
�18 mm (Fig. 1(b)).

A presumed probability density function clo-
sure [8] is used in the LES part, close to burner
injection and downstream of the fully resolved
flow part. In the DNS zone, the probability den-
sity function reduces to a Dirac delta function,
thus ensuring full resolution of the reaction zone
and of its interaction with turbulence. This is vis-
ible in Fig. 1(a), where the reaction zone thickness
strongly decreases within the DNS zone starting
at x=D ¼ 4:5. This simple approach allows for
generating DNS data embedded within a turbu-
lent flow featuring most of the properties of
shear-flows found in real burners.

Turbulence is introduced by injecting a corre-
lated random noise [9] with uniform rms, u0,
throughout the jet inlet. The dimensionless char-
acteristic velocity fluctuations rms, u0=SL, and
the integral length scale, l=dL, of the premixed
flame turbulent jet flame are used, where SL is
the non stretched laminar flame velocity and dL

is the flame thickness based on the maximum tem-
perature gradient. In this study, u0=SL ¼ 5:43 and
l=dL ¼ 6:31, with combustion taking place in the
‘thickened-wrinkled flame’ regime [10,11].

The fully parallel compressible solver SiTCom
(Simulating Turbulent Combustion) is used to solve
the mass, momentum, energy and reaction progress
variable conservation equations. This solver
approximates the convective terms resorting to a
fourth-order centered skew-symmetric-like scheme
[12] and the diffusive terms with a fourth-order cen-
tered scheme. Time integration is performed via a
third-order Runge–Kutta scheme [13]. All bound-
ary conditions are imposed using the 3D-NSCBC
approach [14]. External forces, Soret and Dufour
effects, thermal diffusive fluxes of chemical species,
pressure gradient diffusion, bulk viscosity and radi-
ative heat transfer are assumed negligible. Viscos-
ity, thermal conductivity, and mass diffusion
coefficients are given functions of the temperature.

The chemistry is tabulated with the FPI flam-
elet approach (Flame-Prolongation of ILDM)
[15] using a single progress variable Y c as defined
by Godel et al. [16], which includes CO, CO2, H2O
and some nitrogen species. This tabulation
approach actually provides the best fit for the
burning rate of a single-step chemistry, with all
the species of the detailed scheme involved in the
thermochemistry.

The governing equations can then be written in
Cartesian tensor notation as mass continuity:

@q
@t
þ @

@xi
ðquiÞ ¼ 0; ð1Þ

momentum equation:

@ðquiÞ
@t
þ @ðqujuiÞ

@xj
¼ � @p

@xi
þ @sij

@xj
; ð2Þ

energy equation in the form of E ¼ es þ 0:5uiui,
sensible plus kinetic energy:

@ðqEÞ
@t
þ @

@xi
ðquiEÞ ¼ �

@

@xj
ðpujÞ þ

@

@xj
ðsijuiÞ

þ @

@xi
k
@T
@xi

� �
þ _xT ; ð3Þ

and reaction progress variable Y c:

@ðqY cÞ
@t

þ @

@xi
ðquiY cÞ ¼

@

@xi
qD

@Y c

@xi

� �
þ _xY c : ð4Þ

In these balance equations, t and xi stand for time
and ith component of the position vector, respec-
tively. q denotes density, ui is the ith component
of velocity, p is the pressure, sij is the ij component
of the viscous stress tensor, given by the Navier–
Poisson constitutive relation [11], k is the thermal
conductivity, D is the mass diffusivity computed
with a Schmidt number of 0.7, _xY c is the reaction
rate of the progress variable and _xT is the heat
release due to combustion. Thermodynamic vari-
ables are related by the perfect gas equation of
state, p ¼ qRT=W , where R is the universal perfect
gas constant and W is the mean molecular weight.

The turbulent Reynolds number, Re, based on
the characteristic DNS velocity fluctuations rms,
u0 ¼ 2:12 ms, and the integral length scale,
l ¼ 2:4 mm, reads:

Re ¼ qu0l
l
;¼ 300: ð5Þ

On the other hand, the Lewis number,

Le ¼ k
qCpD

¼ 1: ð6Þ

Cp is the specific heat at constant pressure.
Formally, the volumetric dilatation rate can be

split into strain rates tangential, aT , to iso-scalar
surfaces ðc ¼ constant) and normal, aN , to them
[1,17]:

r � u ¼ @ui

@xi
¼ aN þ aT ; ð7Þ

where aN and aT are defined by,

aN ¼ ninj
@ui

@xj
; ð8Þ

aT ¼ dij � ninj

� � @ui

@xj
; ð9Þ

n is the unit normal vector at each point of the iso-
scalar surfaces.

Assuming constant-pressure in the flow
domain, under the flamelet hypothesis, it exists a
progress variable c ¼ ðT � T uÞ=ðT b � T uÞ, based
on temperature, so that the state of law
(P ¼ qRT=W ) can be replaced by q ¼ qðcÞ ¼ qu=
ð1þ scÞ, with s ¼ ðT b � T uÞ=T u [18]. Subscripts
‘u’ and ‘b’ indicate variables in the unburned and

L. Cifuentes et al. / Proceedings of the Combustion Institute 35 (2015) 1295–1303 1297



the burnt gases, respectively, and s ¼ 6:4. Then,
from Eq. (1):

r � u ¼� 1

q
@q
@t
þ u � rq

� �
¼ � 1

q
Dq
Dt

; ð10Þ

¼ � 1

q
dq
dc

� �
Dc
Dt
¼ s

1þ sc

� �
Dc
Dt
: ð11Þ

According to the flamelet formalism, the progress
variable verifies a balance equation of the form:

Dc
Dt
¼ 1

q
r � ðqDrcÞ þ _xð Þ; ð12Þ

leading to the low Mach number approximation:

r � u ¼ s
qu
r � ðqDrcÞ þ _xð Þ; ð13Þ

where _x is the chemical source of c.
In a fully compressible and multi-species for-

mulation, the energy equation cannot be cast in
temperature equation without formulating numer-
ous hypotheses [11]. Even when this is done, there
are additional terms due to pressure gradient,
molar weights and CP variations, acting on tem-
perature used to define c. Therefore, ðDc=DtÞ,
the substantial derivative of c, does not equal
exactly r � ðqDrcÞ þ _x. Expressing r � u with
relation (13), thus neglecting these additional
terms, allows for measuring their impact and
how they relate to the scalar field topology
through relation (7).

3. Geometries of scalar fields

Iso-scalar surfaces, cðx; tÞ ¼ constant, can be
described in terms of their mean and Gauss curva-
tures, km and kg, respectively [6]. The unit normal

vector to those surfaces, pointing towards the
reactants, is given by n ¼ �rc=jrcj.

The expressions for kg and km are,

kg ¼k1k2 ; ð14Þ

km ¼
k1 þ k2

2
¼ 1

2
r � n ; ð15Þ

where k1 and k2 are the main surface curvatures,
namely, the eigenvalues of the curvature tensor,
@ni=@xj, corresponding to its eigenvectors, the
main directions of curvature. Figure 2 character-
izes iso-scalar surface geometries in the km � kg

plane [6]; the region kg > k2
m implies non-physical

complex curvatures. Positive mean curvatures
entail convex surfaces towards the fresh reactants,
while km < 0 indicate concave ones. The km � kg

plane may be presented in a dimensionless form
with kmdL and kgd

2
L.

4. Results and discussion

The interaction of small-scale flow structures
with the scalar geometries locally modifies reac-
tion progress variable iso-surfaces [19]. Presum-
ably, that interaction will be different for various
flow regions, characterized, among other things,
by their volumetric dilatation rates. In this study,
results are separately obtained for four zones,
defined in terms of their reaction rate or progress
variable values. Reaction rates smaller than 0.1%
of the maximum value, _xcmax

¼ _xmax=q ¼ 5:626
(for c � 0.708), define the ‘fresh reactants’
region ð0:001 < c < 0:100Þ. The region character-
ized by _xc between 0.1% and 70% of _xcmax

is
termed the ‘preheat’ zone ð0:100 < c < 0:5856Þ.
The ‘burning’ region is the highly reactive
zone with _xc > 0:7 _xcmax

or, equivalently,
0:5856 < c < 0:7747. The ‘hot products’ region is
typified by reaction progress variable values
greater than 0.7747 and smaller than 0.999. Set-
ting the reaction rate limit for the ‘burning’ region

Fig. 2. Classification of iso-scalar surface geometries in
terms of their mean and Gauss curvatures, km and kg.
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Fig. 3. Reaction rate, _xc, as a function of the progress
variable, c. Vertical dotted lines mark the four regions of
the computational domain.
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between 50% and 70% only slightly modify the
analyzed features. Figure 3 shows graphically
the reaction rate as a function of the reaction pro-
gress variable and defines the ranges of c for the
‘fresh reactants’, ‘preheat’, ‘burning’ and ‘hot
products’ regions; _xc has been normalized with
its rms using all iso-scalar surfaces. Hereafter,
results will be analyzed in these four regions of
the computational domain.

Figure 4 shows the joint pdf of the mean and
Gauss curvatures in the four regions previously
defined. km and kg have been normalized with
the thickness flame, dL. The joint pdfs display
maxima for nearly flat iso-scalar surfaces, in
agreement with experimental results [20] and
three-dimensional DNS calculations [4,5] of pre-
mixed turbulent flames. Concave iso-surfaces are
much more probable than convex ones both in
the fresh reactants and preheat regions; this result
seems to agree with the intuitive notion that
concave geometries are predominant in zones

enclosed within the jet flame. The statistical distri-
bution of km and kg in the burning region is only
slightly skewed towards negative values of mean
curvature. Convex scalar geometries, with large
values of the mean curvatures, are probable in
the ‘hot products’ region; Tanahashi et al. [3]
argue that strong coherent fine-scale eddies, per-
pendicular to the flame front, can survive behind
it and create low pressure zones, which increase
the probability of finding convex geometries in
the ‘hot products’ region. This explanation should
be carefully scrutinized, since vorticity is effi-
ciently destroyed in regions of high volumetric
dilatation rates.
r � u, conditional upon the mean and Gauss

curvatures, is shown in Fig. 5 for the four regions
of the domain. The volumetric dilatation rate has
been normalized with its rms value, using all the
iso-scalar surfaces. A negative correlation between
r � u and km is observed, in agreement with
previous results [4]. Expansive (compressive)

Fig. 4. Joint pdfs of mean and Gauss curvatures, km and kg, for the four regions of the computational domain: Fresh
reactants, preheat region, burning region and hot products.
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volumetric dilatations rates are mainly associated
to concave and flat (convex) iso-scalar surfaces.
Cup-like elliptic concave geometries in the ‘pre-
heat’ and ‘burning’ regions correlate with the
highest values of r � u; this behavior can be
explained by the heat conduction focussing (defo-
cussing) by concave (convex) geometries. It
should also be noted that small compressive rates
prevail for convex and concave iso-surfaces in
both the ‘fresh reactants’ and the ‘hot products’
zones, while this tendency disappears in the ‘pre-
heat’ and ‘burning’ regions due to the high chem-
ical heat release.

The comparison between r � u obtained from
the present DNS and that calculated using Eq.
(13), which corresponds to the low Mach number
flamelet approximation [18], is shown in Fig. 6.
Variables in this figure have been normalized with
the rms values of r � u, using all the iso-scalar sur-
faces. Vertical solid bars indicate their respective
rms values. While relative differences of the two
volumetric dilatation rates remain between 0%
and 4.5% for c < 0:5, their disagreement notably
increase for c > 0:54. This is expected, since the
effects neglected in the simplified diffusive and

reactive budget of the temperature-based progress
variable discussed above, occur mainly in burnt
gases. Also, high volumetric dilatation rates occur

Fig. 5. Fluid element dilatation rate, r � u, conditional upon the mean and Gauss curvatures, km and kg.
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Fig. 7. Different terms of dilatation rate, r � u (Eq. 13), conditional upon the mean and Gauss curvatures, km and kg. (a)
ðs=quÞ _x, (b) ðs=quÞr � ðqDrcÞ. The terms have been normalized with the rms of r � u using all the iso-scalar surfaces.
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in the ‘preheat’ and ‘burning’ regions. Part of the
‘fresh reactants’ and ‘hot products’ regions can
display small negative values of r � u. A plot of
the volumetric dilatation rate obtained from Eq.
(13), conditional to km and kg, looks almost iden-
tical to that of Fig. 5.

Notwithstanding the discrepancies between the
values of r � u obtained from the current DNS
and that calculated using Eq. (13), it is of interest
to analyze the diffusive and reactive contributions
to the latter. Figure 7 shows the chemical and
molecular diffusion contributions to r � u, condi-
tional upon km and kg, for the four regions of
the domain. The terms in this figure have been
normalized with the rms value of r � u, using all
the iso-scalar surfaces. While the chemical contri-
bution is always positive, the molecular diffusion
term is negative for nearly flat and slightly convex
geometries in the burning region. The latter effect
can be explained by the diffusive removal of the
heat of reaction, generated near flat and slightly
concave iso-surfaces; convex geometries tend to
enhance the heat removal through the already
mentioned defocussing of thermal conduction.
The reactive contribution is small in the ‘fresh
reactants’ and the ‘hot products’ regions, displays
moderate values in the ‘preheat region’ and exhib-
its maxima in the ‘burning’ region. Cup-like and
tile-like elliptic concave geometries yield the high-
est positive diffusive contributions to r � u, which,
once more, can be explained by the focussing
effect of the scalar molecular transport in concave
structures.

Figure 8 shows the joint pdf of the normal and
tangential strain rates, aN and aT , using all the iso-
scalar surfaces for the complete domain. aN and
aT have been normalized with the rms values of
r � u. The straight line aT þ aN ¼ 0 separates the
expansive zones (above the line) from the com-
pressive ones (below the line). High probabilities
of finding zones with r � u ¼ 0 might be mislead-

ing; although expansive zones are certainly more
probable, mixing together values for the ‘fresh
reactants’, ‘preheat’, ‘burning’ and ‘hot products’
regions yield this statistically averaged picture.

5. Conclusions

A three-dimensional DNS of a premixed meth-
ane–air turbulent jet flame has been performed in
a piloted Bunsen burner configuration. The com-
putational domain has been divided into four
regions (‘fresh reactants’, ‘preheat’, ‘burning’
and ‘hot products’), characterized by the value
of the chemical reaction rate. The scalar field
geometries, using the km � kg plane, have been
identified. Nearly flat iso-surfaces are the most
probable local scalar structures. Concave geome-
tries towards ‘fresh reactants’ prevail in this jet
flame configuration in front of the ‘burning
region’, while convex structures are more proba-
ble in the ‘hot products’. Some explanations for
the latter feature, anticipated in the literature, in
terms of small-scale eddies perpendicular to the
iso-scalar surfaces must be carefully scrutinized
in future research.

The volumetric dilatation rate, r � u, condi-
tional upon km and kg, has been obtained for the
four regions. Maxima (minima) of r � u corre-
spond to concave and flat (convex) scalar
structures.

An expression for r � u, with additive contri-
butions from molecular diffusion and chemical
generation of the reaction progress variable, has
been obtained, formulating a one-dimensional
flamelet assumption based on a progress variable
defined from temperature, as in a low Mach
number approximation, but solving for a fully
compressible energy equation in the DNS. A com-
parison of this expression with values of the volu-
metric dilatation rate, computed from the present
DNS results, shows that differences are relatively
small or moderate for c < 0:5. However, for
c > 0:5, relative differences are significantly high,
casting doubts on the validity of progress vari-
ables defined without a perfect match with the
form of the primitive equations solved, in the case
of a highly wrinkled flame surface.

The diffusive and reactive contributions to the
flamelet model for r � u, conditional upon km and
kg, have been disaggregated for the four flow
regions. The chemical term is positive and yields
high values for slightly concave iso-surfaces,
cup-like and tile-like structures. Molecular diffu-
sion contributes negatively to the volumetric dila-
tation rate in nearly flat and slightly convex
geometries within the ‘burning’ region; defocuss-
ing of heat conduction by convex structures can
explain this feature. Diffusive fluxes display high
positive values for elliptic concave geometries in
the ‘preheat’ region.

Fig. 8. Joint pdfs of the normal and tangential strain
rates, aN and aT , using all the iso-scalar surfaces.
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The joint pdf of the strain rates normal and
tangential to scalar iso-surfaces for the overall
computational domain combines different behav-
iors in the four regions. Mixing all four regions
most likely masks the peculiarities of every one.
Future work should address the investigation of
aN and aT statistics, conditional upon km and kg,
and for the four reaction-level regions.
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a b s t r a c t

A Direct Numerical Simulation (DNS) dataset of a turbulent premixed propagating flame with an Arrhe-
nius one-step chemistry in an input–output configuration is examined. Combustion takes place in the
‘corrugated flamelets’ regime. Heat release causes the flow volumetric dilatation rate to be positive over
most of the computational domain, with associated positive strain rates normal to iso-scalar surfaces and
both positive or negative strain rates tangent to them. The normal propagation of convex and concave
iso-surface infinitesimal area elements produces stretching and reduction, respectively, superposed to
tangential flow strain rate effects. The normal propagation speed of iso-surfaces increases monotonically
from ‘fresh gases’ to ‘hot products’, which draws two adjacent ones closer; this contribution, due to both
chemistry and molecular diffusive transport, is much greater than that of the normal flow strain, and
enhances mixing and chemical conversion. Many aspects of turbulent premixed flames traditionally
explained in terms of tangential strain rates can likely be well understood using the normal ones.

� 2014 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

1. Introduction

The importance of the tangential strain rate on the propagation
speed and stability of laminar, premixed flames has been investi-
gated for some time (Matalon [1], and references therein). Inter-
pretations of turbulent mixing in terms of the iso-scalar surface
evolution have also been proposed [2,3].

Transport equations for flame area and surface density function
have been derived with an explicit dependence on tangential
stretching [4,5].

Flows with important density changes, due, for example, to
chemical heat generation, will presumably undergo large volumet-
ric dilatation rates. Intuitively, this situation may lead to mostly
positive values for both tangential and normal strain rates [6];
the former will imply iso-scalar surface stretching, whereas the lat-
ter will, in principle, yield a reduction of the scalar-gradient mod-
ulus, as iso-surfaces separate. This fact seems at first glance to
hamper scalar molecular fluxes and dissipation of composition
inhomogeneities. Chakraborty [7] has documented, via DNS, the
occurrence of positive normal strain rates in a ‘corrugated flam-
elets’ regime. and negative ones in a ‘thin reaction zone regime’;
while in the first case the scalar gradient aligns preferentially with

the strain rate tensor eigenvector corresponding to its most exten-
sive eigenvalue, in the second instance the scalar gradient is
mainly parallel to the most compressive eigenvector. This latter
feature coincides with that described for turbulent scalar mixing
in constant density flows [8,9]. Chakraborty et al. [10] have scruti-
nized via DNS the Lewis number effect on the scalar gradient align-
ment in turbulent premixed flames; they have documented mainly
positive normal strain rates and concluded that ‘the most extensive
principal strain rate’ is preferentially perpendicular to iso-scalar
surfaces and ‘destroys the scalar gradient’ with a ‘magnitude’ that
‘increases with decreasing Lewis number for given turbulent Rey-
nolds and Damköhler numbers’.

This works aims at explaining why scalar-gradients can grow
and mixing is not hampered under mostly positive flow strain rates
normal to iso-surfaces. DNS results for a propagating turbulent
premixed flame with one-step Arrhenius chemistry in an input–
output configuration are examined. Normal strain rates caused
by changes in iso-scalar surface propagation speed in the normal
direction, due to both molecular transport and chemistry, are neg-
ative and lead to ‘effective’ strain rates that bring iso-surfaces clo-
ser together and enhance scalar-gradients.

Section 2 describes the kinematics of non-material iso-scalar
surfaces and summarizes the assumptions underlying the direct
numerical simulations. The practical execution of the latter is
presented briefly in Section 3. Numerical results are discussed in
Section 4 and some conclusions are drawn in Section 5.

http://dx.doi.org/10.1016/j.combustflame.2014.11.034
0010-2180/� 2014 The Combustion Institute. Published by Elsevier Inc. All rights reserved.

⇑ Corresponding author.
E-mail address: lcifuentes@unizar.es (L. Cifuentes).

Combustion and Flame xxx (2014) xxx–xxx

Contents lists available at ScienceDirect

Combustion and Flame

journal homepage: www.elsevier .com/locate /combustflame

Please cite this article in press as: C. Dopazo et al., Combust. Flame (2014), http://dx.doi.org/10.1016/j.combustflame.2014.11.034

http://dx.doi.org/10.1016/j.combustflame.2014.11.034
mailto:lcifuentes@unizar.es
http://dx.doi.org/10.1016/j.combustflame.2014.11.034
http://www.sciencedirect.com/science/journal/00102180
http://www.elsevier.com/locate/combustflame
http://dx.doi.org/10.1016/j.combustflame.2014.11.034


2. Formulation

2.1. Kinematics of iso-scalar surfaces

Scalar mixing can be viewed as a combination of iso-scalar
surface stretching and scalar-gradient growth induced by the
flow field. Figure 1 depicts an infinitesimal surface, S, on the
non-material iso-surface Yðx; tÞ ¼ C, with a normal unit vector
nðx; tÞ ¼ rY=jrYj.

Yðx; tÞ is, for example, the normalized reactant mas fraction
(Y ¼ 1 in the ‘fresh gases’ and Y ¼ 0 in the ‘hot products’).

An infinitesimal vector, rðx; tÞ, joins a point x at the center of S
to a point xþ r on a neighboring iso-scalar surface Yðx; tÞ ¼ Cþ dC.
The two extremes of r move with velocities vYðx; tÞ and vYðxþ r; tÞ,
where the velocity of a point of the non-material iso-scalar surface
is decomposed as

vYðx; tÞ ¼ vðx; tÞ þ VYðx; tÞn; ð1Þ

v is the fluid velocity and VY is the normal displacement speed of
Yðx; tÞ ¼ C relative to the local fluid. The time rate of change of r is

dr
dt
¼ ðr � rÞvY : ð2Þ

The right side of (2) can be expanded as

dr
dt
¼ r � sþ r �wþ ðr � rÞVY nþ VY ðr � rÞn; ð3Þ

where s and w are the strain and rotation rate tensors, respectively,
and rn is the curvature tensor. r �w can be recast as 1=2ðx� rÞ, in
terms of x ¼ r� v, the vorticity vector.

If r ¼ DxNn, one can readily obtain from (3)

1
DxN

dDxN

dt
¼ aN þ

@VY

@xN
; ð4Þ

dn
dt
¼ ðd� nnÞ � s � nþ 1

2
x� nþ VYðn � rÞn; ð5Þ

where

aN ¼ n � s � n; ð6Þ

is the flow strain rate normal to Yðx; tÞ ¼ C. @VY=@xN is the deriva-
tive of the propagation velocity in the normal direction to the
iso-surface. d is the identity Kronecker delta tensor. While the
vorticity has no influence on the variation of the modulus of
r;DxN , it obviously rotates its direction, n.

The infinitesimal volume V ¼ SDxN , between the two iso-scalar
surfaces, changes in time according to

1
V

dV
dt
¼ trðsÞ þ @VY

@xN
þ 2kmVY ; ð7Þ

where trðsÞ ¼ r � v, the trace of the strain rate tensor, yields the
flow volumetric dilatation rate, and km is the local mean curvature,
km ¼ ðr � nÞ=2, of the iso-scalar surface. km > 0 for iso-surfaces
convex towards ‘fresh gases’ and km < 0 for concave ones. The
time rate of change of the infinitesimal surface S can thus be
obtained from

1
S

dS
dt
¼ 1

V
dV
dt
� 1

DxN

dDxN

dt
; ð8Þ

and using (4) and (7)

1
S

dS
dt
¼ aT þ 2kmVY ; ð9Þ

with

aT ¼ ðd� nnÞ : s; ð10Þ

the flow strain rate tangential to Yðx; tÞ ¼ C. This expression has
been derived for flame stretch by several authors (Poinsot and
Veynante [11], and references therein). aN and aT satisfy
aN þ aT ¼ r � v.

The mass flow rate per unit volume of Yðx; tÞ, which determines
the local mixing rate, is

fY � Sn
V

� �qD
S
V

DC
DxN

; ð11Þ

where fY is the Fickian molecular flux,
P
ðC; x; tÞ ¼ S=V ¼ 1=DxN is

the surface density function [5], and jrYj ¼ @Y=@xN ¼ DC=DxN .
For the two given iso-scalar surfaces, the local mixing

rate increases with time if DxN diminishes. From (4) one con-
cludes that dDxN > 0 if ðaN þ @VY=@xNÞ > 0, and dDxN < 0 if
ðaN þ @VY=@xNÞ < 0.

For combusting flows with significant heat release r � v > 0,
and the probability of finding aN > 0 in most of the flow domain
might be large. Therefore, for the scalar-gradient and the mass flow
rate per unit volume to increase, @VY=@xN should be negative and
its absolute value greater than aN .

Surface stretching ðdS > 0Þ occurs if ðaT þ 2kmVY Þ > 0, but
seems to bear no direct influence on the local mixing rate.

On the other hand, the evolution of an iso-scalar surface obeys
the equation

@Y
@t
þ ðvY � rÞY ¼ 0; ð12Þ

which can be rephrased as

@Y
@t
þ ðv � rÞY ¼ �VY jrYj: ð13Þ

An equation for the evolution of jrYj can be readily obtained
from (12),

@jrY j
@t

þ ðvY � rÞjrYj ¼ � aN þ
@VY

@xN

 !
jrYj; ð14Þ

The scalar-gradient associated to a point on a non-material iso-
surface moving with velocity vY decreases or increases depending,
once again, on positive or negative values, respectively, of the
‘effective’ normal strain rate, ðaN þ @VY=@xNÞ.Fig. 1. Schematic representation of two elements of flame surface.
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2.2. Non-material surface propagation velocity

The conservation equation for a reacting species mass fraction
can be written as

DY
Dt
¼ 1

q
r � ðqDrYÞ þ

_x
q
; ð15Þ

where D represents the Fickian molecular diffusivity coefficient for
Y and _x stands for its net production rate by chemical reaction.

The molecular diffusion contribution can be expressed as

1
q
r � ðqDrYÞ ¼ D

@Y
@xN

@

@xN
ln qD

@Y
@xN

� �� �
þ 2km

� �
; ð16Þ

in terms of derivatives normal to the iso-surface and its mean
curvature.

Equating the right sides of (13) and (15), and using (16), an
expression for VY is easily obtained

VY ¼ �D
@

@xN
ln qD

@Y
@xN

� �� �
� 2Dkm �

ð _x=qÞ
ð@Y=@xNÞ

: ð17Þ

The contributions from molecular diffusion normal and tangen-
tial (due to curvature) to an iso-surface and from chemical reaction
correspond to the three terms on the right side of (17). Its normal
derivative is

@VY

@xN
¼ � @

@xN
D

@

@xN
ln qD

@Y
@xN

� �� �� �
� 2

@ Dkmð Þ
@xN

� @

@xN

ð _x=qÞ
ð@Y=@xNÞ

� �
:

ð18Þ

3. Numerical simulation

A dataset from a Direct Numerical Simulation of a propagating
premixed turbulent flame with an inflow-outflow configuration
at moderate turbulent Reynolds number is used to examine and
compare the different terms in the propagation speed of iso-scalar
surfaces defined above.

The conservation equations for mass, momentum, energy and
species mass fractions are integrated with the fully parallel
compressible solver NTMIX3D [12,13], using a 6th order compact
finite-differences scheme for space discretization and a third-order
Runge–Kutta explicit method for time advancement. The full set of
governing equations is made dimensionless using reference charac-
teristic variables and molecular transport coefficients in the fresh
gases. Dimensionless density, qþ ¼ q=qref ; ith component of the
velocity vector, uþi ¼ ui=aref , pressure, pþ ¼ p=pref , temperature,
Tþ ¼ T=Tref , time, tþ ¼ t=tref , and ith component of the position vec-
tor, xþi ¼ xi=Lref are used. The superscript þ denotes a dimensionless
variable or property, and aref and Lref , are the reference speed of sound
and length, respectively [12,13]. To simplify the notation, dimension-
less variables will be written hereafter without the superscript þ.

The formulation, as presented, for example, in (Poinsot and
Veynante [11]), assumes a lean fuel mixture in which the deficient
reactant is the fuel and a single step Arrhenius expression as a
model for combustion chemical kinetics. The rate of consumption
of the reduced fuel mass fraction Y ¼ YF=Y0

F is then written as

dY
dt

� �
ch
¼ � _x ¼ �qYB0exp

�Ta

T

� �
; ð19Þ

where q is the density of the mixture, B0 is the pre-exponential fac-
tor and Ta is the activation temperature. The heat release rate is
related to omega by the heat release factor Q ¼ CpðTb � TuÞ=Y0

F , so
that

dT
dt

� �
ch

¼ Q _x: ð20Þ

The chemical reaction rate is then completely determined by
the parameters a ¼ ðTb � TuÞ=Tb; b ¼ aTa=Tb and B0. The sub-index
u and b denote a variable value in the unburned and burnt gases,
respectively.

The fluid density follows a perfect gas equation of state, with
constant molecular mass and constant specific heat ratio c. The
transport coefficients are considered temperature dependent, via
a model for the molecular viscosity

l ¼ lu
T
Tu

� �b

; ð21Þ

and constant Schmidt and Prandtl numbers so that the mass
diffusivity D and the thermal diffusivity Dth are given by

D ¼ l
qSc

; ð22Þ

Dth ¼
k

qCp
¼ l

qPr
: ð23Þ

Initial conditions correspond to a planar premixed flame prop-
agating in the negative x direction with a laminar flame speed SL

and width dL ¼ Dth=SL, so that fresh gases (corresponding to
Y ¼ 1) are located to the left of the x axis and burnt products
ðY ¼ 0Þ to the right. A constant-density isotropic turbulent veloc-
ity field is initially superposed to the velocity in the fresh gases
side and evolves without forcing in the compressible solver
NTMIX3D. In the subsequent propagation towards fresh gases
the flame encounters a decaying turbulent field, which wrinkles
it as it progresses. The initial constant-density isotropic turbu-
lence is generated with an independent pseudo-spectral numeri-
cal code [14,15], starting from a given spectrum and using a
stochastic forcing scheme, to yield a statistically stationary field.
In the zero correlation-time forcing scheme [16,17], all wave
numbers with a modulus less than 2

ffiffiffi
2
p

, except the zero mode
which makes no contribution, receive a stochastic contribution
at every time step, while their phase is adjusted to enforce
incompressibility.

The computational domain, of size Lx� Ly� Lz ¼ 1:5L� L� L
with L=dL ¼ 119:45 is discretized in a 768� 512� 512 uniform
grid with periodic boundary conditions in the cross-flow direc-
tions, y and z, and non-reflecting inlet–outlet boundary conditions
in the x direction, imposed using the Navier–Stokes Characteristic
Boundary Condition (NSCBC) method [18].

In this study the gas parameters introduced above are chosen
as b ¼ 0:6; Pr ¼ 0:75; Sc ¼ 0:75; c ¼ 1:4, and the chemical rate
parameters are a ¼ 0:8, and b ¼ 6:0. The rms velocity fluctuations
in the ‘fresh reactants’ decay from u00 ¼ 0:016 in t ¼ 0 to
u0 ¼ 0:010 in tfinal, in which our data are presented. To estimate
the integral length scale, l, in the ‘fresh reactants’, the transverse
autocorrelation coefficients in cross-stream planes, y� z, are
obtained. The integral scale increases from l0 ¼ 1:058 in t ¼ 0 to
l ¼ 1:200 in tfinal. The turbulent Reynolds number, Ret ¼ u0l=mu,
decreases from Ret0 ¼ 86 in t ¼ 0 to Ret ¼ 61 in tfinal. The initial
eddy turnover time is s0 ¼ l0=u00 ¼ 66.13. In this study, the
initially planar laminar flame is allowed to interact with the
turbulence field up to a time tfinal ¼ 90, 1.36 times greater than
the initial eddy turnover time.

The Kolmogorov length micro-scales at the beginning and the
end of the simulation, are g0 ¼ 0:0370 and g ¼ 0:0550, respec-
tively, which guarantee an adequate spatial resolution with the
current domain and mesh sizes along the simulation time. The tur-
bulent Damköhler number, defined as Da ¼ ðl=dLÞ=ðu0=SLÞ, is 11:41
at tfinal. Therefore, combustion takes place in the ‘corrugated flam-
elets’ regime [11,19]. Numerical values of the aero-thermo-chem-
ical variables and dimensionless parameters for this simulation
are presented in Table 1.
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The local interaction of small-scale flow structures with scalar
geometries will probably vary in different flow regions. Thus,
results are separately obtained for four regions, defined in terms
of their reaction rate _xY ¼ _x=q, and mass fraction Y, values. The
zones of the computational domain where j _xY j < 0:001j _xYmax j ¼
0:0004 (or, equivalently, 0:700 < Y < 0:999) is termed the ‘fresh
reactants’. The ‘preheating’ region extends over 0:253 < Y <

0:700 or 0:001j _xYmax j < j _xY j < 0:7j _xYmax j ¼ 0:336. The ‘burning’
region is characterized by j _xY j > 0:7j _xYmax j or 0:053 < Y < 0:253.
Finally, 0:001 < Y < 0:053, which corresponds to j _xY j < 0:7
j _xYmax j, defines the ‘hot products’. Figure 2 demarcates these four
reaction-conditioned regions.

4. Numerical results

Figure 3 shows the volumetric dilatation rate,r � v, and the tan-
gential, aT , and normal, aN , strain rates as functions of the reactant
mass fraction, Y. Vertical error bars display root-mean-square
(rms) values of these variables, which depict large fluctuations.
Intense heat release causes positive values of r � v all over the
computational domain. aT is constant for most values of Y, except
in the neighborhood of Y ¼ 0 and Y ¼ 1. The evolution of aN resem-
bles that of r � v, with positive values everywhere, in agreement
with previous results [7], except near Y ¼ 0 and Y ¼ 1, where
r � v � 0 and aN � �aT .

The time rate of change of an infinitesimal area on an iso-scalar
surface and the infinitesimal distance between two iso-surfaces
depend on their propagation speed relative to the fluid, according
to Eqs. (4) and (9). Figure 4 shows VY and @VY=@xN as functions of Y.
Expanding expressions for VY and @VY=@xN , the various contribu-
tions to both can be estimated, namely,

Table 1
Values of dimensionless parameters and physical variables at the end of the
simulation.

Parameter Value

Prandtl number, Pr 0.75
Schmidt number, Sc 0.75
Lewis number, Le 1.0
a ¼ ðTb � TuÞ=Tb 0.8
Zel’dovich number, b 6.0
rms of velocity fluctuations, u0 0.01
Integral length scale, l 1.20
Turbulent kinetic energy dissipation rate, e 8.333e�7
Kolmogorov length micro-scale, g 0.055
Kolmogorov time micro-scale, sg 15.36
Non stretched laminar flame velocity, SL 0.005
Laminar flame thickness, dL 0.0526
Chemical time scale, sch 10.40
Velocity ratio, u0=SL 2.0
Length ratio, l=dL 22.81
Turbulent Reynolds number, Ret 61
Damköhler number, Da ¼ ðl=dLÞ=ðu0=SLÞ 11.41
Karlovitz number, Ka ¼ sch=sg 0.68
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Fig. 2. Reaction rate, _xY ¼ _x=q, as a function of the reactant mass fraction. Dotted
lines mark the limits of the four regions of the computational domain.
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Fig. 4. Variables as a function of the reactant mass fraction. (a) Normal propagation
velocity, VY , and its contributions (Eqs. (24)–(26)), and (b) derivative of VY in the
normal direction xN ; @VY=@xN , and its contributions (Eqs. (27)–(29)). Vertical bars
indicate the rms values of the variables. Dotted lines mark the limits of the four
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normalized with ðD0=dLÞ, where D0 is the value of the molecular mass diffusivity
in the fresh gases, and dL is the laminar flame thickness. @VY=@xN and its
contributions have been normalized with sg.

4 C. Dopazo et al. / Combustion and Flame xxx (2014) xxx–xxx

Please cite this article in press as: C. Dopazo et al., Combust. Flame (2014), http://dx.doi.org/10.1016/j.combustflame.2014.11.034

http://dx.doi.org/10.1016/j.combustflame.2014.11.034


VY
1 ¼ �D

@

@xN
ln qD

@Y
@xN

� �� �
; ð24Þ

VY
2 ¼ �2Dkm; ð25Þ

VY
3 ¼ �

_xY

ð@Y=@xNÞ
; ð26Þ

@VY

@xN

 !
1

¼ � @

@xN
D

@

@xN
ln qD

@Y
@xN

� �� �� �
; ð27Þ

@VY

@xN

 !
2

¼ �2
@ðDkmÞ
@xN

; ð28Þ

@VY

@xN

 !
3

¼ � @

@xN

_xY

ð@Y=@xNÞ

� �
: ð29Þ

VY is positive whereas @VY=@xN is negative for all values of Y.
Mean curvature effects are negligible for both VY and @VY=@xN .
Chemistry is the leading positive contributor to VY , while the nor-
mal diffusion term yields a negative VY

1 for Y < 0:3 and a small

positive contribution for Y > 0:3. The chemical term, ð@VY=@xNÞ3
is the main driver of @VY=@xN while the normal diffusion term,
ð@VY=@xNÞ1, has a smaller contribution. Vertical error bars included
in the figure render very small variations of both propagation
velocity and its normal derivative, with insignificant variable fluc-
tuations. Iso-scalar surfaces increase their normal velocity of prop-
agation, relative to the fluid, from ‘fresh gases’ to ‘hot products’.
Consequently, two iso-surfaces, Yðx; tÞ ¼ C and Yðx; tÞ ¼ Cþ DC,
for example, in the ‘burning’ region will move toward the ‘preheat-
ing’ zone and tend to narrow the gap, DxN , among themselves.

@VY=@xN can be viewed as a ‘normal strain rate’, which enhances
the scalar-gradient, DC=DxN , through the reduction of DxN .

Figure 5 depicts the flow strain rates, aT and aN , the additional
contributions due to VY and @VY=@xN , respectively, and the ‘effec-
tive’ tangential, ðaT þ 2kmVY Þ, and normal, ðaN þ @VY=@xNÞ, strain
rates for nonmaterial iso-surfaces. Vertical rms bars indicate very
large fluctuations of 2kmVY compared to its mean value, whereas
variations associated to aT ; aN and @VY=@xN are rather small. This
is likely due to significant iso-surface corrugation. The curvature-
propagation contribution, implies surface generation by the dis-
placement of convex iso-scalar surfaces and yields surface reduc-
tion for concave iso-scalar surface propagation. The contributions
of aT and 2kmVY to the ‘effective tangential strain rate’ are appar-
ently comparable, except in the ‘hot products’. @VY=@xN is large,
compared to aN , and negative for all values of Y, which makes
the ‘effective’ normal strain rate, ðaN þ @VY=@xNÞ, negative every-
where. While aN > 0 tends to separate two neighboring iso-scalar
surfaces and diminishes jrY j; @VY=@xN < 0 will draw them closer
to each other and enhance scalar-gradients. Eqs. (4) and (9) provide
strong mathematical bases to designate ðaT þ 2kmVYÞ and
ðaN þ @VY=@xNÞ ‘effective’ tangential and normal strain rates,
respectively. They stretch non-material infinitesimal surfaces
located on Yðx; tÞ ¼ C and dilate infinitesimal normal distances
between Y ¼ C and Y ¼ Cþ DC.

Figure 6 plots the joint PDF of aN and aT , in the four regions
defined for different levels of the reaction rate. The most probable
values locate near aN þ aT ¼ 0, both in the ‘fresh reactants’ and in
the ‘hot products’ where r � v � 0; in the ‘preheat’ and ‘burning’
regions the maximum probability corresponds to aN > 0 and aT

takes both positive and negative values, consistent with r � v > 0.
Figure 7 depicts the joint PDF of the ‘effective’ normal and tan-

gential strain rates, and _xY and ð1=qÞr � ðqDrYÞ conditioned upon
ðaN þ @VY=@xNÞ and ðaT þ 2kmVYÞ in the four ‘reacting’ regions. In
the ‘fresh reactants’ ðaN þ @VY=@xNÞ is mostly positive and
ðaT þ 2kmVYÞ is mainly negative with most probable values near
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Fig. 5. Variables as a function of the reactant mass fraction. (a) ‘Effective’ tangential
strain rate and its contributions, aT and 2kmVY and (b) ‘effective’ normal strain rate
and its contributions, aN and @VY=@xN . Vertical bars indicate the rms values of the
variables. Dotted lines mark the limits of the four regions of the computational
domain. The variables have been normalized with sg.

Fig. 6. Joint pdf of the normal and tangential strain rates, aN and aT . Joint pdf
magnitudes decrease from the center to the circumference.
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the origin; this implies separation of iso-surfaces with their area
elements shrinking. In the ‘preheat’ and ‘burning’ regions and in
the ‘hot products’ the ‘effective’ normal strain rate is always nega-
tive; ðaT þ 2kmVY Þ displays both positive and negative values in the
‘preheating’ zone showing some degree of symmetry about the
zero value, while positive quantities become more probable in
the ‘burning’ region; most probable normal and tangential ‘effec-
tive’ strain rates locate also near the origin in the ‘hot’ products.
The reaction rate in the ‘preheat’ and ‘burning’ regions depends
solely on the ‘effective’ normal strain rate; this is also true to some
extent in the ‘hot’ products for significant values of the chemical

conversion. The molecular diffusion rate depends on both strain
rates as it is apparent from Eq. (16); significant values of molecular
transport occur always for large negative ‘effective’ normal strain
rates and both positive and negative ‘effective’ tangential strain
rates. Any infinitesimal non-material volume element appended
to an iso-scalar surface will undergo contraction in the direction
normal to the iso-surface and either positive or negative area tan-
gential stretching. The thermal expansion and scalar conversion,
resulting from the chemical reaction rate, given by Eq. (19) and Fic-
kian molecular diffusion, Eq. (16), yield the previously described
behavior.

Fig. 7. (a) Joint pdf of the line and surface stretches, aN þ @VY=@xN and aT þ 2kmVY . (b) Reaction rate, _xY , and (c) molecular diffusion rate, ð1=qÞr � ðqDrYÞ, conditional upon
the line and surface stretches.
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Figure 8 presents scatter plots of the molecular diffusion and
the chemical reaction terms as functions of the ‘effective’ normal
strain rate in both the ‘preheat’ and the ‘burning’ regions. Correla-
tions are apparent between diffusion or reaction and the ‘effective’
normal strain rates in the preheat region; the additional functional
dependence of the diffusion term on the scalar mass fraction
should be such that its sign changes at around
ðaN þ @VY=@xNÞ ¼ �7:5 in the ‘preheat’ region; the larger the abso-
lute value of the ‘effective’ normal strain rate the higher the reac-
tion rate in the preheat zone. On the other hand, the two branches
observed in the ‘burning’ region obviously correspond to values to
the left and the right sides of the minimum of ðaN þ @VY=@xNÞ as a
function of Y (Fig. 5); the upper branch of the molecular diffusion
belongs to values of strain rates to the left of that minimum,
whereas the lower branch pertains to those to its right; the upper
(lower) branch of the chemical conversion correlates with effective
normal strain rates to the right (left) side of its minimum. The
lower (upper) branch of the molecular diffusion (chemical source)
term in the burning region could be easily assigned to the preheat
zone by redefining the limit between the two.

5. Concluding remarks

A simple kinematic derivation of the mechanisms that cause
two adjacent non-material iso-scalar surfaces to move apart or clo-
ser together, and infinitesimal areas to stretch or contract in a
domain containing a propagating turbulent premixed flame in
the ‘corrugated flamelets’ regime has been presented. Chemical
heat generation yield positive flow volumetric dilatation rates
everywhere in the computational domain, which imply mostly
positive flow strain rates normal to iso-scalar surfaces; this tends
to separate iso-surfaces and diminish scalar-gradients. On the
other hand, flow strain rates in a plane tangential to the iso-scalar
surfaces can be either positive, stretching infinitesimal areas, or
negative, leading to surface reduction. Therefore, flow strain rates
do not explain the intense molecular diffusive transports occurring
in turbulent premixed flames.

The normal propagation velocity of iso-surfaces increases an
infinitesimal convex area, producing a flame stretch-like effect,

and reduces a concave one, implying a surface contraction. This
curvature-propagation effect is comparable to the flow tangential
strain rate in most regions of the computational domain and super-
poses to it.

The normal propagation speed increases monotonically from
‘fresh gases’ to ‘hot products’, and causes two iso-scalar surfaces
to get closer together, and, therefore, increase scalar-gradients.
This variation in propagation speed, due to both chemistry and
molecular diffusive transport, acts like a negative normal strain
rate. Its values are much greater than the flow normal strain rate
over most part of the computational domain.

The ‘effective’ tangential and normal strain rates, thus, enhance
molecular diffusive transport and chemical conversion.

The importance of the normal strain rates in turbulent pre-
mixed flame phenomena has been recognized in the existing liter-
ature by a limited number of authors. Some phenomena can
probably be better explained in term of the normal strain rate
rather than the tangential one.

The relative importance of thermal and mass diffusivities as
measured by the Lewis number will be studied in future work.
The influence of the Karlovitz number should also be explored.
Similar features to those presented in this work are currently
under investigation in turbulent jet premixed flames. Turbulent
mixing in the absence of chemical phenomena for constant density
flows and for variable density, due to external heat addition, is also
under scrutiny.
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ABSTRACT 

 

DNS datasets for inert and reactive scalars in statistically homogeneous and stationary turbulence of constant 

density fluid, and for turbulent premixed flames in an inflow-outflow configuration and in a jet are examined. The 

objective is to gain a better physical understanding of mixing to use in modeling molecular diffusion terms. Classical 

descriptions in term of either scalar fluctuation moments or pdf conservation equations can be related to transport of 

iso-scalar surfaces by turbulent convection and molecular diffusion. The kinematics and propagation speeds of 

iso-surfaces are theoretically analyzed. The effective normal strain rate, which combines flow and diffusion-reaction 

induced processes, emerges as an essential variable; scalar gradients and dissipation rates increase for negative 

effective normal strains and decrease for positive ones. It is argued that the characteristic mixing time should be 

proportional to the inverse of the effective normal strain rate. The latter displays drastically different behaviors for 

constant density turbulence, with predominantly positive values, and for flows with significant heat release, with 

mostly positive ones. The former turbulent flows cause scalars to become less dissipative as time progresses, whereas 

the latter increase scalar dissipation. Functional dependences of the molecular diffusion rate conditioned on 

composition are sought. It is suggested that the characteristic mixing time is determined by the different interrelated 

processes, mainly in the limits of very low and very high Karlovitz numbers. 

 

 

Keywords: Turbulent premixed flames, tangential and normal strain rates, flame, iso-scalar surface kinematics, propagation speed, inert 

and reactive scalars, homogeneous turbulence 

 

1. INTRODUCTION 

 

The ubiquity of mixing in engineering and everyday devices 

is enormous. Combustion systems, chemical reactors, 

atmospheric pollution, domestic blending of liquids and solids 

are but a few examples of the relevance of mixing processes. 

Measuring the degree of mixing is thus an important issue. Some 

authors choose entropy considerations and definitions to quantify 

mixing [1]-[2].   

The turbulent mixing of spatially segregated scalar fields 

(e.g., two regions of fluid with different temperatures, several 

inert or reactive chemical species) is a process, which combines 

convection by large and medium scale velocity structures, 

straining of scalar geometries by the local flow topologies and 

molecular diffusion. Should scalars be reactive, intimate contact 

at the molecular level is indispensable for them to be chemically 

converted into intermediate species or products. Large eddy 

convection beats heterogeneous scalars and brings them closer 

together, for example, by engulfment or entrainment, although 

retaining their distinct compositions, with segregation still at 

smaller spatial scales [3]. Local flow nodal and vortical 

structures fold and stretch scalar zones separating scalar fields, 

fostering scalar gradient enhancement and surface growth; the 

former increases molecular fluxes of scalars, whereas the latter 

promotes the global mixing.  

Average scalar fluctuations (e.g., the standard deviation, 

〈(𝑌 − 〈𝑌〉)2〉1/2, or this value normalized with the mean 〈𝑌〉) are 

good indicators of mixing. The shape of scalar probability 

density functions (pdf), displaying either two Dirac 𝛿 spikes for 

an initially segregated scalar with two possible values, or a 

single spike for asymptotically perfect mixing, can also serve to 

evaluate mixing.  

Oboukhov [4], Corrsin [5] and Batchelor [6] pioneered work 

on scalar mixing, emphasizing spectra and length micro-scale 

estimates. Experiments on scalar mixing has been the subject of 

many experimental studies [7]-[10]. Numerical studies are also 

numerous [11]-[12]. 

Organized vorticity large structures experimentally, first 

observed by Brown and Roshko [13], caused a temporary change 

in the mind-sets of traditional mixing researchers. Vortex growth 

by pairing seemed to clash with conventional cascade processes. 

The experimentally well documented interaction between 

span-wise and stream-wise vortices [14] and the discovery of the 

‘mixing transition’, from predominant large span-wise vortices 

to a three-dimensional flow with small scale structures ([15] and 

references therein), also numerically corroborated [16], were 

important milestones to reconcile classical viewpoints on mixing 

with newly proposed models [17]. 

The geometric interpretation of mixing and turbulence is 

physically and mathematically appealing [18]-[20]. Local 

geometries of iso-scalar surfaces can be classified using the 

eigenvalues of the curvature tensor [21] and [22]. Some attempts 

at explaining small scale mixing in terms of zero gradient points 

have been suggested [23]. A model using the extremal points of a 

fluctuating scalar field and its gradient trajectories serves to 

define ‘dissipation elements’, which are parameterized in terms 

of minima-maxima distance and scalar value differences [24]. A 

technique to obtain critical points of geometric fields is used to 

determine three-dimensional flow topologies of turbulent 

premixed flame interactions, analyzing the eigenvalues of the 



 

scalar Hessian tensor [25]. Investigations on the alignment of 

passive scalar gradients were performed via DNS [26] and [27]. 

Local flow topologies have been investigated using critical 

point concepts. The nature of the three eigenvalues, P, Q and R, 

of the velocity gradient tensor allows the separation of nodal 

(strain dominated) and focal (vorticity dominated) points in the 

Q-R plane for constant density flows (P = 0) for any type of 

homogeneous and inhomogeneous turbulence [28]-[30]. For 

variable density flows, P ≠ 0 is the third axis to categorize up to 

eight local flow topologies [31]-[33]. 

Local flow topologies and iso-scalar surface geometries are 

therefore two basic building blocks, which interact in the mixing 

process in statistically homogeneous flows. In shear flow 

turbulence, engulfment or entrainment of fluids is a previous 

step, with some limited mixing at the molecular level taking 

place at that stage. 

Reynolds averaged transport equations in the physical and 

spectral spaces for reactive scalars were first formulated by 

Corrsin [3], [34] and [35], and O’Brien [36]-[38].   

Dopazo and O’Brien [39] proposed a closed formalism using 

the probability density (PD) functional of a scalar field. They 

projected the PD functional transport equation into a 

one-dimensional composition space to obtain the scalar pdf 

conservation equation [40], with no closure needed for the 

highly nonlinear chemical source term; they applied it to the 

evolution of the temperature in a statistically homogeneous 

exothermic mixture. A different technique was used by Lundgren 

[41] to obtain the turbulent velocity pdf transport equation. 

Modelling the ‘conditional diffusion’ (molecular mixing) 

became a central problem in pdf methodologies. A linear mean 

square estimation (LMSE) model was first proposed [40], and 

the hyperbolic PDE for the pdf was readily integrated. This 

model relaxes all the scalar values in the flow field towards the 

scalar mean; however, the relaxation in unphysical, and, for 

example, two initial Dirac 𝛿’s, corresponding to two segregated 

values of the scalar, remain asymptotically separated for large 

times, indicating inadequate mixing behavior. Aiming at a more 

physically sound relaxation towards the scalar mean, Dopazo 

[42] and Janicka et al. [43] independently developed a two 

‘scalar value’ interaction model, inspired on the 

coalescence/dispersion model of Curl [44]. A combination of a 

LMSE model and a Langevin stochastic composition change was 

proposed by Valino and Dopazo [45] to correctly relax any initial 

pdf. 

Flagan and Appleton [46] first introduced particle methods in 

a plug-flow burner to predict NOx. Pope [47] formalized the use 

of MonteCarlo particle methods for mixing/reactive systems 

with turbulent flows to integrate multidimensional pdf transport 

equations; six basic principles were also enunciated to guide the 

development of molecular mixing models (MMM): i) 

dimensional consistency; ii) coordinate system independence; 

iii) Galilean invariance; iv) realizability; v) linearity and 

independence of conserved passive scalars; and vi) boundedness 

of compositions. 

Some review papers [48]-[50] and a textbook [51] illustrate 

aspects of the pdf methodology. Over the last 30 years, many 

molecular mixing models have been proposed, that perform with 

different degrees of success [52]-[55]. However, none is 

completely satisfactory at present. In general, the existing 

models are statistically-based and the current physical 

understanding of mixing, through DNS and experiments, has 

little reflection in them. Models are becoming increasingly 

complicated, supposedly ‘to predict situations of practical, 

industrial interest’. 

Distinct approaches, which try to address the molecular 

mixing modeling have been proposed. The joint pdf transport 

equation of one scalar and its gradient modulus was studied by 

Meyers and O’Brien [56]. Valino [57] replaced MonteCarlo 

particles by fields that vary closer to the real scalar evolution. 

The linear eddy model [58] and the one-dimensional turbulence 

model [59] aimed at mimicking the effects of small scale 

vortices on scalar fields.  

The mixing of inert and reactive scalars by statistically 

stationary and homogeneous turbulence in a constant density 

fluid has been investigated via DNS in a box with 2563grid 

points [21] and [22]. The pseudo-spectral method was analogous 

to those previously developed [60] and [61] and a classical 

forcing scheme [62] was used. 

Laminar and turbulent premixed flames have been 

investigated for some time [63]-[66]. Transport equations for 

flame area and surface density function have been derived with a 

explicit dependence on tangential stretching [67] and [68]. Flows 

with important density changes, due, for example, to chemical 

heat generation, undergo large volumetric dilatation rates [69]. 

This situation leads to mostly positive values for both tangential 

and normal strain rates [70]; the former will imply iso-scalar 

surface stretching, whereas the latter will, in principle, yield a 

reduction of the scalar-gradient modulus, as iso-surfaces 

separate.  

Chakraborty [71] and [72] has conducted direct numerical 

simulations to document the existence of positive normal strain 

rates in a ‘corrugated flamelet regime’ and negative ones in a 

‘thin reaction zone regime’; while in the first case the scalar 

gradient aligns preferentially with the strain rate tensor 

eigenvector corresponding to its most extensive eigenvalue, in 

the second instance the scalar gradient is mainly parallel to the 

most compressive eigenvector. This latter result is identical to 

findings in turbulent scalar mixing in constant density flows [26] 

and [27]. Chakraborty et al. [73] have examined the Lewis 

number effect on the scalar gradient alignment in turbulent 

premixed flames; mainly positive normal strain rates exist and 

“the most extensive principal strain rate” is preferentially 

perpendicular to iso-scalar surfaces and “destroys the scalar 

gradient” with a “magnitude” that “increases with decreasing 

Lewis number for given turbulent Reynolds and Damköhler 

numbers”. Predominant local flow topologies and scalar 

geometries in turbulent premixed flames have recently been 

investigated [74] and [75]. 

Section 2 contains some mathematical descriptions of the 

mixing process of inert and reactive scalars; moment formulation 

and characteristic mixing times are discussed; the transported 

pdf methodology is briefly described and the closure problems 

are described; a kinematic analysis of iso-scalar surfaces allows 

a simple explanation for the enhancement and destruction of 



 

scalar gradients. The DNS datasets examined in this work are 

summarily presented in Section 3. A comparison of results for 

inert and reactive scalars in constant density turbulence, and for 

two turbulent premixed flames is scrutinized in Section 4. Some 

conclusions are drawn in Section 5.    

 

2. THE MATHEMATICS OF MIXING PROCESSES 

 

2.1 Scalar conservation equation  

 

The problem of mixing can be illustrated with a single scalar. 

The reduced reactants mass fraction, 𝑌(𝐱, 𝑡), is governed by 

 

𝜕𝑌/𝜕𝑡 + 𝑣𝑗  𝜕𝑌/𝜕𝑥𝑗  =  (1/𝜌) 𝜕/𝜕𝑥𝑗  [𝜌𝐷 (𝜕𝑌/𝜕𝑥𝑗)]  +

 [�̇�(𝑌)/𝜌],     (1) 

 

where 𝑣𝑗  is the jth component of the velocity vector, v, mean 

plus fluctuation, 𝜌 is the density, 𝐷 is the molecular diffusion 

coefficient and [�̇�(𝑌)/𝜌]  is the chemical reaction rate, with 

dimensions of the inverse of a chemical time. For variable 

density flows, (1) is coupled with the continuity, momentum and 

energy conservation equations, the gas state equation and 

appropriate thermodynamic relations. Should 𝜌  and 𝐷  be 

constants, v is independently determined and is a known ‘driver’ 

for (1), which is also separately treated. The molecular diffusion 

contribution can be expressed as 

  

(1/𝜌) 𝜕/𝜕𝑥𝑗  [𝜌𝐷 (𝜕𝑌/𝜕𝑥𝑗)] =  𝐷(𝜕𝑌/𝜕𝑥𝑁) [𝜕 ln(𝜌𝐷 𝜕𝑌/𝑥𝑁)/

𝜕𝑥𝑁  +  2 𝑘𝑚] ,     (2)  

 

where 𝑥𝑁  is the coordinate normal to the iso-surface, 

𝑌(𝑥, 𝑡)  =  Γ, and 𝑘𝑚 = (𝜕𝑛𝑖/𝜕𝑥𝑖)/2 is its mean curvature. For 

𝜌𝐷 =  constant, 

 

(1/𝜌) 𝜕/𝜕𝑥𝑗[𝜌𝐷 (𝜕𝑌/𝜕𝑥𝑗)] = 𝐷∇2𝑌 = 𝐷(𝜕2𝑌/𝜕𝑥𝑁
2 )  +

 2 𝑘𝑚𝐷(𝜕𝑌/𝜕𝑥𝑁).    (3) 

 

The first and second derivatives of the scalar profile with 

respect to 𝑥𝑁, and the mean curvature of the iso-scalar surface 

emerge as important features.   

For constant 𝜌  and 𝐷 , and statistically homogeneous 

velocity (zero mean) and scalar fields, the Reynolds average of 

(1) yields 

 

𝑑〈𝑌〉/𝑑𝑡 = 〈 [�̇�(𝑌)/𝜌]〉,    (4) 

 

where angular brackets denote either ensemble or spatial 

averages. Splitting the scalar field as 

 

𝑌(𝐱, 𝑡) = 〈𝑌〉(𝑡) + 𝑦(𝐱, 𝑡),   (5) 

 

where 𝑦(𝐱, 𝑡) stands for scalar fluctuations, leads to 

 

𝜕𝑦/𝜕𝑡 + 𝑣’𝑗𝜕𝑦/𝜕𝑥𝑗 = 𝐷𝜕𝑥𝑗(𝜕𝑦/𝜕𝑥𝑗) + [�̇�(𝑌)/𝜌] − 〈[�̇�(𝑌)/

𝜌]〉,     (6) 

 

𝐯′  is the fluctuating turbulent velocity vector. The time 

evolution equation for the variance of 𝑦(𝐱, 𝑡), 〈𝑦2〉(𝑡), is 

 

𝑑[(1/2)〈𝑦2〉]/𝑑𝑡 =  −〈휀𝑌〉 + 〈𝑦[�̇�(𝑌)/𝜌]〉,  (7) 

where 〈휀𝑌〉 = 〈𝐷 (𝜕𝑦/𝜕𝑥𝑗) (𝜕𝑦/𝜕𝑥𝑗)〉 is the scalar fluctuation 

dissipation rate, analogous to the turbulent kinetic energy 

dissipation rate, 〈휀〉, which appears in the equation 

 

𝑑[(1/2)〈𝑣’𝑖 𝑣’𝑖〉]/𝑑𝑡 =  − 〈휀〉,     (8) 

 

for the time evolution of the average turbulent kinetic energy. 

For statistically stationary turbulence the characteristic 

macroscopic time 𝜏 = [(1/2) 〈𝑣’𝑖  𝑣’𝑖〉]/〈휀〉 is constant. On the 

other hand, the fluctuations of an inert scalar field will have a 

characteristic decay time, 𝜏𝑌(𝑡)  = [(1/2) 〈𝑦2〉]/〈휀𝑌〉 , which 

will, in general, vary with time according to 𝑑𝜏𝑌(𝑡)/𝑑𝑡 =

−[1 + 𝜏𝑌(𝑡) (1/〈휀𝑌〉) 𝑑〈휀𝑌〉/𝑑𝑡]; depending on the sign and 

value of [𝜏𝑌(𝑡) (1/〈휀𝑌〉) 𝑑〈휀𝑌〉/𝑑𝑡] , 𝜏𝑌(𝑡)  can increase or 

decrease with time.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                            

For a chemically inert scalar, 〈휀𝑌〉 >  0 dictates the mixing 

rate. For example, for a completely segregated scalar with two 

possible values, 0 and 1, at 𝑡 =  0, 〈𝑌〉(0)  =  1/2, whereas 

〈𝑌2〉(0)  =  1/4 ; as time becomes asymptotically large, 

〈𝑌〉(𝑡)  =  1/2  and 〈𝑦2〉(𝑡)  ⟶ 0 . An indicator of scalar 

‘mixedness’ is 〈𝑦2〉1/2(𝑡)/ 〈𝑌〉(𝑡), which in the previous case 

will vary from unity for the completely segregated state, to zero 

for a perfectly mixed composition. Obviously, the mixing rate or, 

equivalently, the characteristic mixing time will change with 

time; the latter, of the order of 〈𝑦2〉/〈휀𝑌〉, will be very large for 

small times due to huge scalar gradients, and it will decrease as 

mixing progresses. 

A conservation equation for the instantaneous variable 휀𝑌 

can be readily obtained, 

 

𝜕[(1/2) 휀𝑌]/𝜕𝑡 + 𝑣’𝑗 𝜕[(1/2) 휀𝑌]/𝜕𝑥𝑗  =  − (𝑛𝑖  𝑠𝑖𝑗 𝑛𝑗) 휀𝑌  +

 𝐷 𝜕/𝜕𝑥𝑗  {𝜕[(1/2) 휀𝑌]/𝜕𝑥𝑗)} –  𝐷 [𝜕(𝜕𝑦/𝜕𝑥𝑁)/𝜕𝑥𝑗] [𝜕(𝜕𝑦/

𝜕𝑥𝑁)/𝜕𝑥𝑗]  −  𝐷 휀𝑌 (𝜕𝑛𝑖/𝜕𝑥𝑗) (𝜕𝑛𝑖/𝜕𝑥𝑗)  +  휀𝑌 𝑑[�̇�(𝑌)/𝜌]/𝑑𝑌,

     (9) 

 

where n is the unit vector normal to the iso-scalar surface 

𝑌(𝐱, 𝑡)  =  Γ, defined by 

 

𝑛𝑖(𝐱, 𝑡) = (𝜕𝑌/𝜕𝑥𝑖)/ [(𝜕𝑌/𝜕𝑥𝑘)(𝜕𝑌/𝜕𝑥𝑘)]1/2, (10) 

 

𝑠𝑖𝑗 is (𝑖, 𝑗) component of the turbulent flow strain rate tensor, 

𝜕𝑦/𝜕𝑥𝑁  =  𝜕𝑌/𝜕𝑥𝑁  =  𝑛𝑗  𝜕𝑌/𝜕𝑥𝑗  is the scalar gradient 

modulus, and 𝜕𝑛𝑖/𝜕𝑥𝑗  is the iso-surface curvature tensor. The 

first term on the right side of (9) is the gradient enhancement or 

destruction by the flow strain rate normal to the iso-surface, 

 

𝑎𝑁  =   𝑛𝑖  𝑠𝑖𝑗 𝑛𝑗,    (11) 

 

𝑎𝑁 > 0 will reduce 휀𝑌, whereas 𝑎𝑁 <  0 will tend to increase 

휀𝑌. The second term is the molecular transport of 휀𝑌. The third 

and fourth terms are the dissipation rate of 휀𝑌 due to molecular 

diffusion of gradient modulus and to changes in iso-surface 

orientations and curvatures. The last term represents the 

enhancement or destruction of 휀𝑌 due to chemistry.   



 

2.2 Probability density function (PDF) methodology 

 

An alternative way to describe mixing is through the use the 

probability density function (pdf) methodology. This formalism 

is illustrated with a simple pdf transport equation, corresponding 

to the scalar field governed by (1) with constant 𝜌 and 𝐷. The 

fine-grained probability density function is defined by 

 

𝛿[Γ– 𝑌(𝐱, 𝑡)] = (1/𝛥Γ){𝐻 + [Γ𝛥Γ –  𝑌(𝐱, 𝑡)] –  𝐻[Γ –  𝑌(𝐱, 𝑡)]} , 

      (12) 

 

when 𝛥Γ ⟶  0 . 𝛿  and 𝐻  are the Dirac-delta and the 

Heaviside-step functions. The term within curly brackets is unity 

only when Γ ≤  𝑌(𝐱, 𝑡)  <  Γ +  𝛥Γ.  𝛿[Γ –  𝑌(𝐱, 𝑡)]  can 

loosely be viewed as the pdf of a fine-grained distribution 

function, 𝐻[Γ –  𝑌(𝐱, 𝑡)] , a scalar variable that obeys the 

transport equation [49]. 

 

𝐷𝛿/𝐷𝑡 =  − (𝜕/𝜕𝛤) [𝐷(∇2𝑌) 𝛿]  −  (𝜕/𝜕𝛤) {[�̇�(𝛤)/𝜌] 𝛿}.

     (13) 

 

Ensemble average of (13) yields 

 

𝜕𝑃/𝜕𝑡 + 𝑉𝑗  (𝜕𝑃/𝜕𝑥𝑗) + (𝜕/𝜕𝑥𝑗) [〈𝑣’𝑗 | 𝑌(𝐱, 𝑡) =  Γ〉𝑃] =

−(𝜕/𝜕Γ)[〈𝐷 (∇2𝑌)| 𝑌(𝐱, 𝑡)  =  Γ〉 𝑃]  −  (𝜕/𝜕Γ) {[�̇�(Γ)/𝜌] 𝑃}  ,

     (14) 

 

where 𝑃 =  𝑃𝑌(Γ; 𝐱, 𝑡)  =  〈𝛿[Γ –  𝑌(𝐱, 𝑡)]〉  is the pdf of 

𝑌(𝐱, 𝑡) and V is the mean flow velocity vector. The closure 

problem is apparent in two transport terms of the iso-scalar 

surface 𝑌(𝐱, 𝑡)  =  Γ: 

· 〈𝑣’𝑗 | 𝑌(𝐱, 𝑡)  =  Γ〉, the average turbulent convection, and 

· 〈𝐷 (∇2𝑌)| 𝑌(𝐱, 𝑡)  =  Γ〉, the average ‘conditional diffusion’ or 

‘molecular mixing’.  

On the positive side, the chemical source term is closed in 

this transported PDF methodology. The turbulent convection of P 

vanishes in statistically homogeneous flows. The main difficulty 

for the last forty years has thus been the modeling of the 

‘conditional diffusion’. A ‘molecular mixing model’ should 

implicitly involve not only the molecular transport, but the 

concomitant evolution of iso-scalar surface geometries 

undergoing the straining due directly to small scale flow 

topologies or that induced by chemistry and diffusion.  

Using (3), the ‘conditional diffusion’ can be rephrased as 

 

〈𝐷 (∇2𝑌)| 𝑌(𝐱, 𝑡)  =  Γ〉  =  〈𝐷 (𝜕2𝑌/𝜕𝑥𝑁
2 )| 𝑌(𝐱, 𝑡) =  Γ〉  +

 〈2 𝑘𝑚 𝐷(𝜕 𝑌/𝜕 𝑥𝑁) | 𝑌(𝐱, 𝑡)  =  Γ〉 ,  (15) 

 

The ‘conditional normal and tangential diffusion’ terms, 

respectively. The shape of the profile 𝑌(𝑥𝑁, 𝑡) as a function of 

𝑥𝑁, normal to iso-surfaces, as well as the local mean curvature of 

the iso-surfaces influence the mixing term. Since, 𝜕 𝑌/𝜕𝑥𝑁 ≥ 0, 

convex (concave) iso-surfaces will yield a positive (negative) 

contribution to ‘conditional diffusion’ due to curvature, whereas 

convexity (concavity) of profiles 𝑌(𝑥𝑁, 𝑡)  will negatively 

(positively) contribute to it. 

Let ∆𝑥𝑁 be an infinitesimally small distance between the 

iso-surface 𝑌(𝐱, 𝑡)  =  Γ and the ones in front and behind it, 

following n. 𝐷(𝜕2𝑌/𝜕𝑥𝑁
2 ) is then approximated as 

 

𝐷 (𝜕2𝑌/𝜕𝑥𝑁
2 )  =  − {1/[(∆𝑥𝑁)2/6 𝐷]} [Γ − 〈𝑌(𝑥𝑁, 𝑡)〉2(∆𝑥𝑁)]

     (16) 

 

where 〈𝑌(𝑥𝑁, 𝑡)〉2(∆𝑥𝑁)  is the average of 𝑌(𝑥𝑁 , 𝑡)  in the 

interval (−∆𝑥𝑁, + ∆𝑥𝑁) about 𝑥𝑁 , on 𝑌(𝐱, 𝑡) = Γ.  (∆𝑥𝑁)2/

6 𝐷 is interpreted as a ‘scalar mixing time’, dependent on the 

time evolution of ∆𝑥𝑁. On the other hand, the deviation [Γ −

 〈𝑌(𝑥𝑁, 𝑡)〉2(∆𝑥𝑁)]  will be negative (positive) for concave 

(convex) profiles of 𝑌(𝑥𝑁 , 𝑡). 

Modelling the molecular mixing term encompasses several 

difficulties: 

- Determining the functional dependence on Γ . When 

〈𝑌(𝑥𝑁 , 𝑡)〉2(∆𝑥𝑁)  is replaced by 〈𝑌(𝐱, 𝑡)〉 , the local mean in 

either a LES or a RANS methodology, the dependence on Γ 

will be likely nonlinear. Nonlinear mean square estimations can 

provide cubic dependences, but adds complexity to the use of the 

model. 

- The characteristic mixing time or mixing rate varies with 𝐱 

and 𝑡, and is dictated by the relative separation of iso-scalar 

surfaces. The latter might well depends not only on the local 

flow strain rate but also on the molecular transport and chemical 

reactions. The limits of 𝐾𝑎 ≫ 1 and 𝐾𝑎 ≪ 1, in a combusting 

flow, might have widely different characteristic mixing times. 

The traditional choice of a mixing time proportional to 〈𝑘〉/〈휀〉 

in RANS methodologies seems extremely simplistic. 

- Most ‘molecular mixing models’ have been developed for 

turbulent mixing in constant density fluids. Flow and heat 

release in combustion can jointly induce normal strain rates 

totally different from those for constant density turbulent 

velocity fields. Significant changes in 𝜌𝐷  with 𝑥𝑁  should 

certainly modify physical mechanisms of molecular transport. 

 

2.3 Kinematics of iso-scalar surfaces 

 

It is clear from the two previous sub-sections that scalar 

mixing can viewed from a vantage point in terms of evolution of 

iso-scalar surfaces. Figure 1 shows an infinitesimal surface, 𝑆, 

on the non-material surface 𝑌(𝐱, 𝑡)  =  Γ. (10) defines its normal 

unit vector 𝐧(𝐱, 𝑡). 

The infinitesimal vector, r, joins a point x at the center of 𝑆 

to a point 𝐱 +  𝐫 on a neighboring iso-scalar surface 𝑌(𝐱, 𝑡)  =

 Γ + ∆Γ. The two extremes of 𝐫 move with velocities 𝐯𝑌(𝐱, 𝑡) 

and 𝐯𝑌(𝐱 + 𝐫, 𝑡), where  

  

𝑣𝑖
𝑌(𝐱, 𝑡)  =  𝑣𝑖(𝐱, 𝑡)  +  𝑉𝑌(𝐱, 𝑡) 𝑛𝑖 ,   (17) 

 

𝐯 is the fluid velocity and 𝑉𝑌 is the normal propagation speed 

the iso-surface relative to the local fluid. The time rate of change 

of 𝐫 is 

 

𝑑𝑟𝑖/𝑑𝑡 = 𝑠𝑖𝑗 𝑟𝑗 +  𝑤𝑖𝑗𝑟𝑗  +  𝑟𝑗(𝜕𝑉𝑌/𝜕𝑥𝑗) 𝑛𝑖 + 𝑉𝑌𝑟𝑗(𝜕𝑛𝑖/𝜕𝑥𝑗)  , 

     (18) 

 

where 𝐬  and 𝐰  are the strain and rotation rate tensors, 



 

respectively, and (∇𝐧) is the curvature tensor. 𝑤𝑖𝑗𝑟𝑗  can be 

recast as (1/2)휀𝑖𝑗𝑘𝜔𝑗𝑟𝑘, in terms of 𝜔𝑖 = 휀𝑖𝑗𝑘  (𝜕𝑣𝑘/𝜕𝑥𝑗), the 

vorticity vector. 휀𝑖𝑗𝑘 is the alternating Levy-Civita tensor. 

 

 

Figure1. Schematic representation of non-material iso-scalar 

surfaces and infinitesimal vector and area elements. 

 

 

If 𝑟𝑖 = Δ𝑥𝑁𝑛𝑖, one can readily obtain from (18) 

 

(1/Δ𝑥𝑁) 𝑑Δ𝑥𝑁/𝑑𝑡 =  𝑎𝑁 + 𝜕𝑉𝑌/𝜕𝑥𝑁,   (19)  

 

(11) defines the flow normal strain rate, 𝑎𝑁 . 𝜕𝑉𝑌/𝜕𝑥𝑁 

accounts for differences in the propagation velocity of two 

adjacent (infinitesimally close) iso-surfaces.         

The infinitesimal volume 𝑉 = 𝑆 Δ𝑥𝑁 , between the two 

iso-scalar surfaces, changes in time according to 

 

(1/𝑉) 𝑑𝑉/𝑑𝑡 =  𝑠𝑖𝑖 + 𝜕𝑉𝑌/𝜕𝑥𝑁 + 2𝑘𝑚𝑉𝑌,   (20) 

 

where 𝑠𝑖𝑖 = (𝜕𝑣𝑖/𝜕𝑥𝑖), the trace of the strain rate tensor, yields 

the flow volumetric dilatation rate. The curvature is positive for 

iso-surfaces convex towards ‘fresh gases’ (𝑌 = 1)  and 

negative for concave ones.  The time rate of change of the 

infinitesimal surface 𝑆 can thus be obtained from (19) and (20)  

 

(1/𝑆) 𝑑𝑆/𝑑𝑡 =  𝑎𝑇 + 2𝑘𝑚𝑉𝑌,    (21) 

 

where  

 

𝑎𝑇 = (𝛿𝑖𝑗  – 𝑛𝑖𝑛𝑗)𝑠𝑖𝑗,     (22) 

 

is the flow strain rate tangential to the iso-scalar surface 

𝑌(𝐱, 𝑡)  =  Γ . 𝛿𝑖𝑗  is the Kronecker delta or identity tensor. 

Expression (21) has been derived for flame stretch by several 

authors ([65-[68] and references therein).  

 

𝑎𝑁 and 𝑎𝑇 add up to  

 

𝑎𝑁  +  𝑎𝑇  =  𝜕𝑣𝑖/𝜕𝑥𝑖.    (23) 

For flows of constant density fluids, 𝜕𝑣𝑖/𝜕𝑥𝑖 = 0 and 𝑎𝑁 =

−𝑎𝑇.                                                                                                                      

The local molecular flux (mass per unit area and time) vector 

of 𝑌(𝐱, 𝑡) at point 𝐱 and time 𝑡 is 

 

𝑓𝑖
𝑌  =  − 𝜌 𝐷 (𝜕𝑌/𝜕𝑥𝑖).    (24)           

 

The mass flow rate (mass per unit time) across the 

infinitesimal surface 𝑆 is 

 

𝑓𝑖
𝑌𝑆 𝑛𝑖 = − 𝜌 𝐷 𝑛𝑖(𝜕𝑌/𝜕𝑥𝑖) 𝑆 = − 𝜌 𝐷 𝑆  (𝜕𝑌/𝜕𝑥𝑁),  (25)  

  

with the scalar gradient 𝜕𝑌/𝜕𝑥𝑁 = 𝛥Γ/𝛥𝑥𝑁.  

The mass flow rate per unit volume, which determines the 

local mixing rate, is 

 

𝑓𝑖
𝑌𝑆 𝑛𝑖  / 𝑉 = − 𝜌 𝐷 (𝑆 / 𝑉) (𝜕𝑌/𝜕𝑥𝑁),   (26) 

 

Σ(Γ; 𝑥, 𝑡)  =  𝑆/𝑉 =  1/Δ𝑥𝑁  is the surface density function 

[68]. 

Therefore, 

 

𝑓𝑖
𝑌𝑆 𝑛𝑖  / 𝑉 ~ − 𝜌 𝐷 ΔΓ/(Δ𝑥𝑁)2.    (27) 

 

Relation (16) provides a hint at modelling molecular 

diffusion.   

For the two given iso-scalar surfaces, the local mixing rate 

increases with time if Δ𝑥𝑁 diminishes. From eq. (19), 𝑑Δ𝑥𝑁 >

0 if 𝑎𝑁  +  𝜕𝑉𝑌/ ∂𝑥𝑁 > 0 (scalar gradients decrease with time), 

and 𝑑Δ𝑥𝑁 < 0  if 𝑎𝑁  +  𝜕𝑉𝑌/ ∂𝑥𝑁 < 0  (scalar gradients 

increase with time).  

For combusting flows with significant heat release 

(𝜕𝑣𝑖/𝜕𝑥𝑖) > 0, and the probability of finding 𝑎𝑁 > 0 in most 

of the flow domain is high. Therefore, for the scalar-gradient and 

the mass flow rate per unit volume to increase, 𝜕𝑉𝑌/ ∂𝑥𝑁 

should be negative and its absolute value greater than 𝑎𝑁. 

On the other hand, (1) can also be written as 

 

𝜕𝑌/𝜕𝑡 + 𝑣𝑗 (𝜕𝑌/𝜕𝑥𝑗) =  − 𝑉𝑌 (𝜕𝑌/𝜕𝑥𝑁),   (28) 

 

An equation for the evolution of the scalar gradient, 

(𝜕𝑌/𝜕𝑥𝑁), can be readily obtained from (28), 

 

𝜕(𝜕𝑌/𝜕𝑥𝑁)/𝜕𝑡 + 𝑣𝑗
𝑌𝜕/𝜕𝑥𝑗)(𝜕𝑌/𝜕𝑥𝑁) = −(𝑎𝑁 + 𝜕𝑉𝑌/

∂𝑥𝑁)(𝜕𝑌/𝜕𝑥𝑁),     (29) 

 

The scalar-gradient associated to a point on a non-material 

iso-surface, moving with velocity 𝐯𝑌 , decreases or increases 

depending on positive or negative values, respectively, of the 

‘effective’ normal strain rate, (𝑎𝑁 + 𝜕𝑉𝑌/ ∂𝑥𝑁).       

Equating the right sides of (1) and (28), and using (2), an 

expression for 𝑉𝑌 is easily obtained, 

 

𝑉𝑌  =  − 𝐷 𝜕 ln(𝜌𝐷 𝜕𝑌/𝜕𝑥𝑁)/𝜕𝑥𝑁  −  2 𝐷 𝑘𝑚 – (�̇�/𝜌)/(𝜕𝑌/

𝜕𝑥𝑁),      (30) 

 

The contributions 𝑉1
𝑌, from normal molecular diffusion, 𝑉2

𝑌, 



 

from tangential (due to curvature) diffusion, and 𝑉3
𝑌 , from 

chemical reaction, correspond to the three terms on the right side 

of (30). The normal derivative of (30) yields 

 

𝜕𝑉𝑌/ ∂𝑥𝑁 = (𝜕/𝜕𝑥𝑁) {− 𝐷 [𝜕ln(𝜌𝐷 𝜕𝑌/𝜕𝑥𝑁)]/𝜕𝑥𝑁}  +

 (𝜕/𝜕𝑥𝑁) (− 2 𝐷 𝑘𝑚) + (𝜕/𝜕𝑥𝑁) [– (�̇�/𝜌)/(𝜕𝑌/𝜕𝑥𝑁)], (31) 

 

The three terms on the right side of (24), (𝜕𝑉𝑌/ ∂𝑥𝑁)1,

(𝜕𝑉𝑌/ ∂𝑥𝑁)2 and (𝜕𝑉𝑌/ ∂𝑥𝑁)3, quantify the contributions of 

normal and tangential diffusions, and chemistry, respectively. 

Note that 𝜕𝑉𝑌/ ∂𝑥𝑁 has dimensions of the inverse of a time 

scale, to which normal and tangential diffusions, as well as 

chemistry contributes. 

For flows of constant 𝜌 and 𝐷 fluids, 

 

𝑉𝑌  =  − 𝐷 (𝜕2𝑌/𝜕𝑥𝑁
2 )/ (𝜕𝑌/𝜕𝑥𝑁)  −  2 𝐷 𝑘𝑚 – (�̇�/𝜌)/(𝜕𝑌/

𝜕𝑥𝑁),      (32) 

 

For (𝜕𝑌/𝜕𝑥𝑁)  ⟶  0, DNS results show that (𝜕2𝑌/𝜕𝑥𝑁
2 )/

 (𝜕𝑌/𝜕𝑥𝑁) is finite and so is (�̇�/𝜌)/(𝜕𝑌/𝜕𝑥𝑁). This point 

deserves a more detailed analysis ([23]-[25]). Similarly 

 

𝜕𝑉𝑌/ ∂𝑥𝑁 = (𝜕/ ∂𝑥𝑁)[− 𝐷 (𝜕2𝑌/𝜕𝑥𝑁
2 )/(𝜕𝑌/𝜕𝑥𝑁)] +

(𝜕/ ∂𝑥𝑁)(−2 𝐷 𝑘𝑚) + (𝜕/ ∂𝑥𝑁)[– (�̇�/𝜌)/(𝜕𝑌/𝜕𝑥𝑁)].  (33)           

         

A length scale, 𝛿𝑁, can be defined by the relation 

 

𝛿𝑁 = (𝜕𝑌/𝜕𝑥𝑁)/|(𝜕2𝑌/𝜕𝑥𝑁
2 )|,    (34) 

 

The order of magnitude of 𝛿𝑁 , compared with the 

Kolmogorov length micro-scale and the laminar flame thickness, 

should be obtained from DNS results. 

 

2.3 Dimensionless ‘effective’ normal strain rate equation  

 

Equation (19) can be written as 

 

(1/∆𝑥𝑁) 𝑑∆𝑥𝑁/𝑑𝑡 = 𝑎𝑁  + (𝜕/𝜕𝑥𝑁) {− 𝐷 [𝜕 ln(𝜌𝐷 𝜕𝑌/

𝜕𝑥𝑁)]/𝜕𝑥𝑁}  + (𝜕/𝜕𝑥𝑁
′ )(− 2 𝐷 𝑘𝑚) + (𝜕/𝜕𝑥𝑁) [– (�̇�/𝜌)/

(𝜕𝑌/𝜕𝑥𝑁)],     (35) 

 

All term in (35) have dimensions of an inverse of time. In 

principle, (1/∆𝑥𝑁) 𝑑∆𝑥𝑁/𝑑𝑡 can be considered proportional to 

the characteristic mixing time. The flow normal strain rate 

should scale with the Kolmogorov time micro-scale, 𝜏𝜂 =

 (𝜈/휀)1/2. The order of magnitude of the second term on the 

right side is 𝐷0/𝛿𝑁
2 , the inverse of a characteristic molecular 

normal diffusion time (𝐷0 can be, for example, the value of the 

molecular diffusion coefficient in the fresh gases and 𝛿𝑁  a 

characteristic separation of iso-sufaces). 𝐷0 𝑘𝑚0/𝛿𝑁 is the order 

of magnitude of the third term (𝑘𝑚0 stands for the characteristic 

mean curvature of the iso-surfaces). The last term is of the order 

of the inverse of a characteristic chemical time, 𝜏𝑐ℎ
−1. The orders 

of magnitude of the second, third and fourth terms of the right 

side of (35), compared to the first one, are the dimensionless 

numbers (𝐷0 𝜏𝜂/𝛿𝑁
2 ), (𝐷0 𝜏𝜂/𝛿𝑁

2 )(𝑘𝑚0 𝛿𝑁) and (𝜏𝜂/𝜏𝑐ℎ). The 

first one is the ratio of the Kolmogorov time micro-scale to a 

characteristic normal diffusion time. (𝑘𝑚0 𝛿𝑁)  is a 

dimensionless curvature. The last parameter is the inverse of the 

Karlovitz number (𝐾𝑎 = 𝜏𝑐ℎ/𝜏𝜂). In general, (𝐷0 𝜏𝜂/𝛿𝑁
2 )−1 =

 𝑆𝑐 𝑅𝑒3/2 (𝛿𝑁/𝑙)2, where 𝑆𝑐 = 𝜈0/𝐷0, is the Schmidt number 

(𝜈0 is the kinematic viscosity coefficient in the fresh gases), the 

turbulent Reynolds number is defined by 𝑅𝑒 = 𝑢’𝑙/𝜈0 (𝑙 is the 

integral length scale and 𝑢’  the turbulent fluctuation rms). 

Should 𝛿𝑁 be of the order of 𝛿𝐿, the laminar flame thickness, 

(𝐷0 𝜏𝜂/𝛿𝑁
2 )−1~ 𝐾𝑎. 

 

For 𝐾𝑎 ≪ 1 the fast reaction will determine the 

characteristic mixing time and the flow strain rate will not 

influence the process; the importance of the normal and 

tangential diffusions will depend on the orders of magnitude of  

(𝛿𝑁/𝛿𝐿) and (𝑘𝑚0 𝛿𝑁). At the other extreme, 𝐾𝑎 ≫ 1, a slow 

reaction will not influence the mixing rate; if (𝐷0𝜏𝜂/𝛿𝑁
2 ) ≪ 1 

and (𝐷0 𝜏𝜂/𝛿𝑁
2 )(𝑘𝑚0 𝛿𝑁) ≪ 1 , the flow strain rate will 

determine the characteristic mixing time; however, the molecular 

diffusion will control the mixing process if (𝐷0 𝜏𝜂/𝛿𝑁
2 ) ≫ 1 

and/or (𝐷0 𝜏𝜂/𝛿𝑁
2 )(𝑘𝑚0 𝛿𝑁) ≫ 1.     

 

3. DNS DATASETS EXAMINED 

 

Datasets from the direct numerical simulations of: 

- a box of statistically homogeneous and stationary turbulence 

mixing an inert and a reactive scalar in a constant density fluid, 

- a premixed turbulent flame in an inflow-outflow configuration, 

and 

- a turbulent jet premixed flame in a co-flow of hot products,  

are examined and compared in this work. The DNS geometries 

and strategies are next described. 

 

3.1 DNS of inert and reactive scalar mixing in homogeneous 

turbulence with a constant density fluid 

 

A box of constant density, statistically homogeneous 

turbulence is simulated. Given the initial turbulent kinetic energy 

spectrum, a stochastic forcing scheme maintains a statistically 

stationary turbulence. Boundary conditions are periodic. 

Numerical simulations are performed using the OpenMP (Open 

Multi-Processing) parallelized implementation [76] and [77]. A 

second-order Runge-Kutta numerical integration scheme [78] is 

used for time-marching. The computational domain, shown in 

Figure 2, contains 512 ×  512 × 512 grid points uniformly 

distributed in the 𝑥, 𝑦 and 𝑧 directions. The length of the cube 

side is 16.57 mm. To reduce aliasing, a spherical filter is applied 

to data in Fourier space; all nodes corresponding to a wave 

number larger than 512 × 0.471 are set to zero. This filter is 

chosen to suppress the double and triple aliasing contribution 

([60] and [61]) caused by convective terms. Two scalars with 

identical initial distribution, one inert and the other reactive with 

a prescribed Arrhenius-like chemical reaction, evolve in 

homogeneous isotropic turbulence. The chemical reaction rate is 

given by 

 

�̇� = −𝐾𝑌 𝑒𝑥𝑝[−𝛽𝑌/(1 − 𝛼𝑌)],    (36) 

 



 

where 𝐾 in this case is taken equal to 13627 s−1, 𝑌 represents 

the reduced mass fraction (𝑌 =  1 in the `fresh gases' and 𝑌 =

 0 in the `hot products'), 𝛽 intends to simulate the activation 

energy effects (𝛽 =  4.5), and α =  0.7. These parameters have 

been checked in previous DNS [79] and [80]. The dynamically 

passive scalars do not affect the velocity field and evolve without 

forcing from a highly unmixed initial condition. The velocity 

field undergoes a random forcing yielding a statistically 

stationary flow with no mean gradients. The forcing scheme is 

that of Eswaran and Pope [62] and [81] with a zero correlation 

time; all wave numbers with a modulus less than 2√2, except 

the zero, receive a stochastic contribution at every time step, 

while their phase is adjusted to enforce the constant density 

condition. The turbulent Reynolds number is 𝑅𝑒 = 𝑢′𝑙/𝜈 ≈ 144, 

the integral length scale l = 2.4 mm, the kinematic viscosity is 

set equal to 𝜈 =  3.5412 × 10−5m2/s, the root mean square 

velocity 𝑢′ = 2.1 m/s, and the Kolmogorov length micro-scale 

𝜂 = 0.0577 mm . Numerical values of the characteristic 

simulation parameters are presented in Table 1. 

 

 

Figure 2. Description of the computational domain for the 

DNS of inert and reactive scalar mixing in homogeneous 

turbulence with a constant density fluid. The depicted iso-scalar 

surfaces are those with Y = 0.5. 

 

 

3.2 Turbulent premixed flame in an inflow-outflow 

configuration 

 

A premixed turbulent flame using an inflow-outflow 

configuration at moderate turbulent Reynolds number (see 

Figure 3) is simulated. A planar laminar flame, used as initial 

condition, interacts with a turbulent field of a mixture of 

CH4/O2/CO2  (70%O2 and 30%CO2)  [82], and equivalence 

ratio ∅𝐹 = 1 . Conservation equations of mass, momentum, 

energy and chemical species are solved using the fully parallel 

compressible solver NTMIX3D [83]. The domain is considered 

periodic in the 𝑦  and 𝑧  directions, while non-reflecting 

inlet-outlet boundary conditions are imposed in the x direction, 

using the Navier-Stokes Characteristic Boundary Condition 

(NSCBC) method [84]. The solver [83] uses a 6th order compact 

Finite-Differences (FD) scheme for space discretization, and a 

third-order Runge-Kutta explicit method for time integration. 

The DNS is performed using the MPI (Message Passing 

Interface) parallelized implementation [85] and [86]. The 

computational domain, shown schematically in Figure 3, has a 

size 3𝜋 in the 𝑥 direction and 2𝜋 in the 𝑦 and 𝑧 directions, 

and contains 768 ×  512 ×  512  grid points, uniformly 

distributed. A single-step Arrhenius chemistry, 𝑅𝑒𝑎𝑐𝑡𝑎𝑛𝑡𝑠 →

 𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑠, is used to maintain the computational cost within 

reasonable limits. The reaction rate expression is: 

 

�̇� = 𝜌𝑌𝐵0 𝑒𝑥𝑝(−𝛽/𝛼) 𝑒𝑥𝑝[−𝛽𝑌/(1 − 𝛼𝑌)],  (37) 

 

where ρ is the fluid density, 𝑌 = 𝑌𝑅  / 𝑌𝑅
𝑢 is the reduced mass 

fraction of the mixture (𝑌𝑅 is the reactants mass fraction and 𝑌𝑅
𝑢 

is its value in the fresh gases), 𝐵0 is the pre-exponential factor, 

𝛼 =  (𝑇𝑏  −  𝑇𝑢)/𝑇𝑏 is a ratio defined with the temperature, 𝑇, 

in the unburned, 𝑇𝑢 , and burnt gases, 𝑇𝑏 , 𝛽 is the reduced 

activation energy or Zel’dovich number, 𝛽 = 𝛼𝐸𝑎/𝑅𝑇𝑏 , E is 

the activation energy and R is the perfect gas constant. The 

fluid obeys a perfect gas equation of state, with constant 

molecular mass and constant specific heat ratio 𝛾. The transport 

coefficients are temperature dependent, namely, 

 

𝜇 = 𝜇𝑢 (𝑇/𝑇𝑢)𝑏.     (38) 

 

Schmidt and Prandtl numbers are constant and, therefore, the 

mass diffusivity 𝐷 and the thermal diffusivity 𝐷𝑡ℎ are given by 

𝐷 = 𝜇/𝜌𝑆𝑐 and 𝐷𝑡ℎ = 𝜆/𝜌𝐶𝑝 = 𝜇/𝜌𝑃𝑟.  

 

 

Figure 3. Description of the computational domain for the 

DNS of a turbulent premixed flame in an inflow-outflow 

configuration. 

 

 

Initial conditions correspond to a planar premixed flame 

propagating in the negative 𝑥 direction with the laminar flame 

speed 𝑆𝐿 and width 𝛿𝐿 = 𝐷𝑡ℎ/𝑆𝐿. A constant-density isotropic 

turbulent velocity field is initially superposed to the mean 

velocity on the fresh gases side and evolves without forcing in 

the compressible solver NTMIX3D. In the subsequent 

propagation towards fresh gases, the flame encounters a 

decaying turbulent field, which wrinkles it as it progresses. The 



 

initial constant-density isotropic turbulence is generated with an 

independent pseudo-spectral numerical code ([60] and [61]), 

starting from a given spectrum and using a stochastic forcing 

scheme, to yield a statistically stationary field. In this study, the 

gas parameters introduced previously are chosen as 𝑏 = 0.6, 

𝑃𝑟 = 0.75 , 𝑆𝑐 = 0.75 , 𝛾 = 1.4 , and the chemical rate 

parameters are 𝛼 = 0.8 , and 𝛽 = 6.0 . The rms velocity 

fluctuations in the ‘fresh reactants’ decay from 𝑢0
′ = 4.80m/s 

at 𝑡 = 0 to 𝑢′ = 3.20 m/s at 𝑡𝑓𝑖𝑛𝑎𝑙 , in which our data are 

presented. To estimate the integral length scale, 𝑙, in the ‘fresh 

reactants', the transverse autocorrelation coefficients in 

cross-stream planes, 𝑦 − 𝑧 , are obtained. The integral scale 

increases from 𝑙0 = 0.2612 mm at 𝑡 = 0 to 𝑙 = 0.2962 mm 

at 𝑡𝑓𝑖𝑛𝑎𝑙 . The turbulent Reynolds number, 𝑅𝑒 = 𝑢′𝑙/𝜈 , 

decreases from 𝑅𝑒 = 80.36 at 𝑡 = 0 to 𝑅𝑒 = 60.75 at 𝑡𝑓𝑖𝑛𝑎𝑙 . 

The initial eddy turnover time is 𝜏0 = 𝑙0/𝑢0
′ = 0.0544ms. In 

this study, the initially planar laminar flame is allowed to interact 

with the turbulence field up to a time 𝑡𝑓𝑖𝑛𝑎𝑙 = 0.0925ms, 1.70 

times greater than the initial eddy turnover time. The turbulent 

Damköhler number, defined as 𝐷𝑎 = (𝑙/𝛿𝐿)/(𝑢′/𝑆𝐿), is 11.48 

at 𝑡𝑓𝑖𝑛𝑎𝑙 . Therefore, combustion takes place in the `corrugated 

flamelets' regime ([64] and [65]). Numerical values of the 

aero-thermo-chemical variables and dimensionless parameters 

for this simulation are presented in Table 1.  

 

3.3 Turbulent jet premixed flame in a co-flow 

 

A turbulent jet premixed flame is numerically computed with 

a hybrid Large Eddy Simulation (LES)/DNS approach (see 

Figure 4). A methane-air mixture is injected through a central jet 

with a mean velocity 𝑈𝐽𝑒𝑡 = 30m/s , and equivalence ratio 

∅𝐹 = 4.4. The jet is surrounded by a co-flow of burned products 

with a mean velocity 𝑈𝑐𝑜𝑓𝑙𝑜𝑤 = 5.4m/s, and equivalence ratio 

∅𝑐 = 1 . The chemistry is tabulated with the FPI 

(Flame-Prolongation of ILDM) flamelet approach [87]. A 

reduced mass fraction, Y, based on a single progress variable 𝑌𝑐 

defined by Godel et al. [88], 𝑌𝑐 = 𝑌𝐶𝑂 + 𝑌𝐶𝑂2 + (𝑌𝑁2 − 𝑌𝑁2
0 ) +

(𝑌𝐻2𝑂 − 𝑌𝐻2𝑂
0 ) + 𝑌𝑁𝑂 + 𝑌𝑁𝑂2 + 𝑌𝑁2𝑂, is used in this case. 𝑌 is 

defined as follows 

 

𝑌 = 1 − (𝑌𝑐 𝑌𝑐
𝑒𝑞⁄ ),    (39) 

 

where the ‘eq’superscript designates the value in the burnt state 

of the laminar-premixed flame. 𝑌𝑁2
0  and 𝑌𝐻2𝑂

0  are, respectively, 

the mass fractions of 𝑁2  and 𝐻2𝑂  in fresh gases. 𝑌𝑁2
0  and 

𝑌𝐻2𝑂
0  ensures that 𝑌𝑐 = 1  in fresh gases for all mixing 

conditions. The perfect gas law relates thermodynamic variables. 

The fully parallel compressible solver SiTCom (Simulating 

Turbulent Combustion) is used to integrate the mass, momentum, 

energy and reactant mass fraction conservation equations. 

Viscosity, thermal conductivity, and mass diffusion coefficients 

are functions of the temperature. The nozzle diameter is 𝐷 =

12mm and the computational domain extends 192mm in the 

streamwise 𝑥, and 66mm in the 𝑦 and 𝑧 directions, with 802, 

466 and 466 grid points, uniformly spaced, in the 𝑥, 𝑦, and 𝑧 

directions, respectively. Therefore a LES mesh of about 171 

million nodes is used, with a resolution varying between 150μm 

and 200μm. An imbedded zone within the LES mesh features a 

much higher resolution of 50μm (see Figure 3). The DNS 

zoom box under study contains 243 ×  343 ×  343 grid points 

in the 𝑥, 𝑦, and 𝑧  directions, respectively, and has physical 

domain dimensions of 12mm x 18mm x 18mm. Results are 

analyzed in this DNS zoom, box located at 𝑥/𝐷 =  4.5 from 

the nozzle, at 𝑡 =  80 ms, much greater that the initial eddy 

turnover time, 𝜏0 = 1.13 ms. Combustion takes place in the 

`thickened-wrinkled flame' regime [64] and [65]. Numerical 

values of the aero-thermo-chemical variables for this simulation 

are presented in Table 1. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4. Description of the computational domain for the 

DNS of a turbulent jet premixed flame in a co-flow. 

 

 

4. SOME RESULTS 

 

Results obtained from the DNS described in the previous 

section are examined and compared.  

 

 



 

Table 1. DNS dimensional variables and dimensionless parameters 

 

Variables and dimensionless parameters Scalar field  

(inert and reactive), 

homogeneous 

turbulence  

(constant density) 

Turbulent premixed flame  

(variable density) 

Inflow - outflow Jet in co-flow 

DNS grid points 512 × 512 × 512 768 × 512 × 512 243 × 343 × 343 

Kinematic viscosity, 𝜈 (m2/s)  3.5412 × 10−5 1.56 × 10−5 1.7 × 10−5 

Integral length scale, 𝑙 (mm) 2.4 0.2962 2.4 

Velocity fluctuations rms, 𝑢′(m/s) 2.12 3.20 2.12 

Turbulent kinetic energy dissipation rate, 휀 = 𝑢’3/𝑙   (m2/s3) 4.0 × 103 1.1063 × 105 4.0 × 103 

Kolmogorov length micro-scale, 𝜂 = (ν3/ε)1/4 (mm) 0.0577 0.0136 0.0332 

Kolmogorov time micro-scale, 𝜏𝜂 = (ν/ε)1/2 (ms) 0.0940 0.0118 0.0651 

Non stretched laminar flame speed, 𝑆𝐿 (m/s) --------------- 1.60 0.39 

Laminar flame thickness, 𝛿𝐿 (mm) --------------- 0.0129 0.38 

Final velocity ratio, 𝑢′/𝑆𝐿 --------------- 2.0 5.43 

Chemical time scale, 𝜏𝑐ℎ = 𝛿𝐿/𝑆𝐿 (ms) --------------- 0.0080 0.9743 

Final length ratio, 𝑙/𝛿𝐿 --------------- 22.96 6.31 

Turbulent Reynolds number, 𝑅𝑒 143.68 60.75 300 

Karlovitz number, 𝐾𝑎 = 𝜏𝑐ℎ/𝜏𝜂 --------------- 0.677 14.96 

Damköler number, 𝐷𝑎 = (𝑙/𝛿𝐿)/(𝑢′/𝑆𝐿) --------------- 11.48 1.16 

Zeldovich number, 𝛽 --------------- 6.0 --------------- 

Prandtl number, 𝑃𝑟 --------------- 0.75 0.72 

Schmidt number, 𝑆𝑐 1.0 0.75 0.72 

Lewis number, 𝐿𝑒 --------------- 1.0 1.0 

 

Figure 5 show the normal and tangential strain rates, 𝑎𝑁 and 

𝑎𝑇 , conditioned on the scalar value at the iso-surfaces. For 

homogeneous turbulence in a constant density fluid, 

predominantly 𝑎𝑁 < 0  and 𝑎𝑇 = −𝑎𝑁 > 0 . The local flow 

approaches iso-scalar surfaces and, simultaneously, stretches 

them. The chemistry slightly modifies the strain values at 

different constant composition surfaces. On the other hand, for 

the premixed flames 𝑎𝑇 is positive everywhere and so is 𝑎𝑁 

throughout most of the computational domain; only near the 

extrema of 𝑌, in the fresh gases and in the hot products, 𝑎𝑁 can 

take negative values. In turbulent flames, where significant heat 

release occurs, 𝜕𝑣𝑖/𝜕𝑥𝑖 > 0 ([70], [74] and [75]), and therefore 

the probability of both 𝑎𝑁 > 0  and 𝑎𝑇 > 0  is high. While 

𝑎𝑇 ≈  200 s−1 is constant almost everywhere for the flame in 

the inflow-outflow configuration, 𝑎𝑁  displays important 

variations over the range on compositions; moreover, 𝑎𝑁  >  𝑎𝑇 

for 𝑌 in the approximate range (0.05, 0.95), which covers the 

preheat and burning regions, and a significant part of the fresh 

gases; the maxima of 𝑎𝑁 at 𝑌 ≈ 0.4 (in the preheat region) is 

about 1200 s−1, around six times the value of 𝑎𝑇 [74]. The 

flow normal and tangential strain rates for the turbulent jet 

premixed flame display similar trends to those of the 

inflow-outflow case; 𝑎𝑇  >  0 everywhere and depicts moderate 

variations for all mass fractions, reaching a maximum value of 

about 1500 s−1 at 𝑌 ≈  0.25; 𝑎𝑁 is positive except for 𝑌 ≤

 0.15 (hot products) and 𝑌 ≥  0.95 (fresh gases), and 𝑎𝑁  >

 𝑎𝑇 for 0.2 ≤  𝑌 ≤  0.87 in the preheat and burning regions 

[75]; 𝑎𝑁  ≈  6100 s−1  is the maxima at 𝑌 ≈  0.4 . The 

significant differences in the local flow between the constant and 

variable density cases, mainly in the preheat and burning regions, 

emphasizes the need to account for thermal dilatation of fluid 

elements in the molecular mixing models for combustion; the 



 

characteristic mixing time must be somehow related to 𝑎𝑁
−1 and 𝑎𝑇

−1.

  

 

DNS of inert scalar (constant density) DNS of reactive scalar (constant density) 

  

Turbulent premixed flame in an inflow-outflow 

configuration 

Turbulent jet premixed flame in a co-flow 

  
 

Figure 5. Flow strain rates normal, 𝑎𝑁, and tangential, 𝑎𝑇, to the iso-scalar surfaces, (s−1).

 

 

Figure 6 presents the propagation velocity of iso-scalar 

surfaces, given by equations (30), for variable 𝜌𝐷, and (32), for 

𝜌𝐷 =  constant , conditioned on the mass fraction 𝑌 . The 

separate contributions of the normal and tangential (due to 

iso-surface curvature) molecular diffusion rates and of the 

chemical source term are also presented. For the constant density 

and inert scalar case, iso-surfaces propagate in the opposite 

direction of the scalar gradient for 𝑌 <  0.7 and in the same 

direction for 𝑌 >  0.7 ; the normal and tangential diffusion 

contributions are of the same order for all compositions. 

Chemistry causes a drastic change with respect to the inert scalar 

case, with all iso-surfaces propagating in the direction of the 

scalar gradient, 𝑉𝑌 > 0; the propagation velocity is higher at the 

scalar extrema and displays a minimum at 𝑌 ≈  0.9; only the 

normal diffusion contributes negatively for 𝑌 <  0.25 ; the 

tangential diffusion velocity is comparable to the normal one 

over most scalar values; the contribution of chemistry to the 

propagation speed is greater that those of diffusion for 𝑌 <

 0.47. For the two premixed flames the curvature effects are 

negligible and the normal diffusion negatively contributes to the 

propagation speed for 𝑌 <  0.3 (inflow-outflow case) and for 

𝑌 <  0.37  (turbulent jet); moreover, whereas 𝑉𝑌  in the 

inflow-outflow configuration monotonically decrease from the 

hot products to the fresh gases, it exhibits a maximum at around 

𝑌 =  0.1 for the turbulent jet; differences in the treatment of the 

chemical kinetics in both cases can be the reason for the distinct 

observed behaviors, but this point deserves further attention; 

normal diffusion and chemical contributions are comparable for 

most values of 𝑌.

 

 

 

 

 



 

DNS of inert scalar (constant density) DNS of reactive scalar (constant density) 

  

Turbulent premixed flame in an inflow-outflow 

configuration 

Turbulent jet premixed flame in a co-flow 

  
 

Figure 6. Iso-scalar surface normal propagation speed, 𝑉𝑌, relative to the fluid (m/s) and contributions to 𝑉𝑌 due to normal 

diffusion, 𝑉1
𝑌, tangential diffusion (curvature), 𝑉2

𝑌, and chemical reaction, 𝑉3
𝑌. 

 

 

 

Figure 7 shows (𝜕𝑉𝑌/𝜕𝑥𝑁), given by equations (31), for 

variable 𝜌𝐷, and (33), for 𝜌𝐷 =  constant, conditioned on the 

mass fraction Y, as well as the normal and curvature diffusions 

and the chemical contributions. (𝜕𝑉𝑌/𝜕𝑥𝑁) can be interpreted 

as an added normal strain rate due to the combined action of 

diffusion and chemistry. The mixing of an inert scalar in the 

constant density case yields a concave curve, with comparable 

contributions of normal and tangential diffusion and positive 

added strain for all compositions; chemistry shows a modest and 

negative contribution for 0.07 <  𝑌 <  0.7, while the diffusion 

shares are modified with respect to the inert scalar over all 

values of the mass fraction. In this context, (𝜕𝑉𝑌/𝜕𝑥𝑁)  >  0 

means that two adjacent iso-surfaces separate as time increases, 

whereas a negative value indicates that they get closer to each 

other; the two constant density cases produce only (𝜕𝑉𝑌/

𝜕𝑥𝑁)  >  0. The two premixed flames evince a radically different 

behavior to that of the constant density mixing and reaction, with 

mostly (𝜕𝑉𝑌/𝜕𝑥𝑁)  <  0 (two iso-scalar surfaces tend thus to 

get closer to each other); curvature effects are negligible while 

normal diffusion (positive) and chemistry (negative) 

contributions are comparable in absolute value; for 𝑌 <  0.15 

the two flames show different responses, with chemistry and 

normal diffusion almost balancing for the turbulent jet.

 

 

 

 

 

 

 

 

 

 



 

DNS of inert scalar (constant density) DNS of reactive scalar (constant density) 

  

Turbulent premixed flame in an inflow-outflow 

configuration 

Turbulent jet premixed flame in a co-flow 

  
 

Figure 7. Derivative of 𝑉𝑌 in the direction normal to iso-scalar surfaces, 𝑥𝑁 , (s−1) and contributions to 𝜕𝑉𝑌/𝜕𝑥𝑁 due to normal 

diffusion, (𝜕𝑉𝑌/𝜕𝑥𝑁)1, tangential diffusion (curvature), (𝜕𝑉𝑌/𝜕𝑥𝑁)2, and chemical reaction, (𝜕𝑉𝑌/𝜕𝑥𝑁)3. 

 

 

 

Figure 8 is a plot of (𝑎𝑁  +  𝜕𝑉𝑌/𝜕𝑥𝑁) conditioned on the 

mass fraction 𝑌. (𝑎𝑁  +  𝜕𝑉𝑌/𝜕𝑥𝑁) is termed the ‘effective’ 

normal strain rate and enters equations (19), describing the time 

evolution of the infinitesimal distance separating two adjacent 

iso-scalar surfaces, and (29), governing the scalar gradient 

modulus. The latter depends on the ‘effective’ normal strain rate, 

with negative values leading to gradient enhancement as time 

evolves, and positive ones implying gradient reduction. The 

characteristic scalar mixing time must be directly related to 

(𝑎𝑁  +  𝜕𝑉𝑌/𝜕𝑥𝑁)−1. For constant density mixing and reaction, 

scatter plots in Figure 8 show that positive effective normal 

strain rates dominate, and hence gradients should be destroyed as 

time progresses. On the contrary, on average (𝑎𝑁  +  𝜕𝑉𝑌/

𝜕𝑥𝑁)  <  0 for the two premixed flames; for the turbulent jet 

configuration, positive values are also common, particularly for 

low and high scalar values; scalar gradients and scalar 

fluctuation dissipation rates will thus increase with time in 

combusting flows with significant density variations. The latter 

is apparent in Figure 9 where the tails of the scalar gradient 

modulus pdf extends to a wider range of values for increasing 

times; the opposite is true for the mixing of a reactive scalar in a 

field of statistically homogeneous and stationary turbulence in a 

constant density fluid.

 

 

 

 

 

 

 

 

 

 



 

DNS of inert scalar (constant density) DNS of reactive scalar (constant density) 

  

Turbulent premixed flame in an inflow-outflow 

configuration 

Turbulent jet premixed flame in a co-flow 

  
 

Figure 8. ‘Effective’ strain rate normal to iso-scalar surfaces, (𝑎𝑁  +  𝜕𝑉𝑌/𝜕𝑥𝑁)(s−1). 

 

 

 

DNS of reactive scalar (constant density) Turbulent jet premixed flame in a co-flow 

  
 

Figure 9. Scalar gradient modulus pdf’s at several simulation times, |𝛻𝑌| (mm−1).  

 

 

 

 

 



 

DNS of reactive scalar (constant density) Turbulent jet premixed flame in a co-flow 

  
 

Figure 10. Characteristic iso-scalar surface separation length, 𝛿𝑁 (mm).  

 

 

 

DNS of inert scalar (constant density) DNS of reactive scalar (constant density) 

  

Turbulent premixed flame in an inflow-outflow 

configuration 

Turbulent jet premixed flame in a co-flow 

  
 

Figure 11. Molecular diffusion rates as a function of the ‘scalar local fluctuations’, (1/𝜌)𝛻 ∙ (𝜌𝐷𝛻𝑌) (s−1).  

 

Figure 10 shows the normal length scale 𝛿𝑁 , defined by 

equation (34), conditioned on the scalar value. For mixing of a 

reactive scalar in a constant density turbulence, 𝛿𝑁 reaches a 

maximum value of 3.1 mm. For the turbulent jet premixed flame, 

𝛿𝑁  displays a maximum of 20 mm at 𝑌 ≈ 0.44  (preheat 

region), with much smaller values in the burning region (0.16 ≲

𝑌 ≲ 0.35)  

Figure 11 is a plot of the diffusion rates conditioned upon the 

scalar mass fraction as a function of (𝑌 − 〈𝑌〉𝑐𝑢𝑏𝑒).  〈𝑌〉𝑐𝑢𝑏𝑒  

is the average mass fraction in the neighborhood of a 



 

computational node; in this particular instance,  〈𝑌〉𝑐𝑢𝑏𝑒  is 

calculated as the average value of 𝑌  at 27 nodes, 26 

neighboring ones and the chosen node, where the mass fraction 

is 𝑌. In the limit of infinitesimal grid sizes (𝐷 ∇2𝑌) is well 

approximated by  

 

(𝐷 ∇2𝑌)  =  − {1/[(∆𝑥)2/6 𝐷]} [𝑌 − 〈𝑌〉𝑐𝑢𝑏𝑒],  (40) 

 

when ∆𝑥 =  ∆𝑦 =  ∆𝑧. It is apparent from the two scatter plots 

for constant density mixing and reaction in Figure 11, that 

equation (40) is a satisfactory relationship. The negative slope 

should be the inverse of the diffusive mixing time [(∆𝑥)2/6 𝐷]. 

For the 5123 DNS, ∆𝑥 =  ∆𝑦 =  ∆𝑧 = 0.0324 mm and 𝐷 ≈

3.54 × 10−5 m2/s. Then, [(∆𝑥)2/6 𝐷] ≈ 4.9 μs; on the other 

hand, from Fig. 11 the estimated value of the mixing time varies 

around 14  μs.  The inverse of  the maximum value of the 

effective normal strain rate is of the order of 100 μs. For the 

premixed flames, the diffusion rate, (1/𝜌) 𝜕/𝜕𝑥𝑗  [𝜌𝐷 (𝜕𝑌/

𝜕𝑥𝑗)], includes, apart from (𝐷 ∇2𝑌), the normal variations of 

𝜌𝐷, which may modify the linear dependence of equation (40); 

moreover, two linear dependences with two different slopes are 

suggested by these plots; further investigation should help to 

clarify whether these two slopes correspond to the preheat and 

burning regions of the computational domain. For LES and 

RANS computations the grid sizes will be much larger than 

those used in DNS. Should a linear dependence on [𝑌 −

 〈𝑌〉𝑐𝑢𝑏𝑒] hold, one would expect, on intuitive grounds, the slope 

to be proportional to − (𝑎𝑁  +  𝜕𝑉𝑌/𝜕𝑥𝑁). 

 

5. CONCLUSIONS AND FUTURE WORK 

 

Scalar mixing has been revisited in the context of simple 

moment formulation and pdf conservation equations. 

Understanding the transport of iso-scalar surfaces by turbulence 

and by molecular diffusion is tantamount to grasp the building 

blocks of scalar mixing. The kinematics of non-material 

iso-scalar surfaces has been theoretically analyzed; the time rate 

of change of the infinitesimal distance between two iso-surfaces 

is controlled by the value of the ‘effective’ normal strain, which 

combines flow and diffusion-reaction induced strain rates. The 

value and sign of the ‘effective’ normal strain rate determines 

whether the modulus of scalar gradients or, equivalently, the 

scalar fluctuation dissipation rate, increases or decreases with 

time. 

Expressions for the propagation speed of an iso-scalar 

surface relative to the fluid and its derivative, with respect to the 

normal direction to the constant composition surface and 

positive in the direction of the scalar gradient, have been 

obtained. Flows with constant and variable values of the product 

of the fluid density and the molecular diffusion coefficient are 

distinguished. A characteristic length scale normal to an 

iso-scalar surface emerges from that analysis. A dimensionless 

equation for the time rate of change of the infinitesimal distance 

between to iso-surfaces indicates that the mixing rate can be 

dominated by the small-scale flow features, by chemistry or by 

molecular diffusion, mainly depending on the value of the 

Karlovitz number. 

DNS experiments for turbulent flows of constant and variable 

density fluids are described in some detail. Datasets for 

statistically homogeneous and stationary turbulence, as well as 

turbulent premixed flames in an inflow-outflow configuration 

and in a jet with a co-flow of hot products have been examined. 

Flow normal strain rates, iso-surfaces propagation speeds and 

normal derivatives are radically different for the homogeneous 

turbulence and for the premixed flames. While the flow normal 

strain rate is mainly positive for constant density flows, heat 

release by flames causes its values to be positive over most of 

the computational flow domain; the profiles of the propagation 

speed and its derivative as a function of composition are also 

drastically different for constant and variable density flows. As a 

consequence, the ‘effective’ normal strain rate, whose sign 

determines the temporal growth or decay of scalar gradients and 

dissipation rates, are predominantly positive for constant density 

turbulence and mostly negative in the cases of premixed flames. 

Scalar gradient pdf clearly shows enhancement with time in 

turbulent premixed flames, and destruction for constant density 

mixing-reaction. The approximation of the scalar Laplacian by a 

linear function of the mass fraction with a negative slope is 

apparent for constant density turbulence. 

The improved physical understanding of mixing resulting 

from this study should be used in the development of molecular 

mixing models, particularly those for combusting turbulent flows. 

The functional dependence of the molecular diffusion term on 

the mass fraction and the relevance of the ‘effective’ normal 

strain rate as a characteristic, mixing rate should be scrutinized. 

The implementation in the molecular mixing models of the 

dimensional or dimensionless equations for the time rate of 

change of the infinitesimal distance between two adjacent 

iso-surfaces should be one of the main objectives in the short 

term. The various limits pointed out in our analysis should be 

scrutinized. The usefulness of the characteristic normal distance 

defined in this research must be clarified. 
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ABSTRACT 

 

Local flow topologies have been identified and the interactions of them with the iso-scalar surfaces geometries 

have been investigated using the results of a three-dimensional direct numerical simulation (DNS) of a turbulent 

premixed methane-air flame in a piloted Bunsen burner configuration with tabulated chemistry. The universal 

teardrop shape of the joint probability density function (jpdf) of the second and third invariants of the 

velocity-gradient tensor disappears in the different flame regions under study. A ‘canonical’ vortex, which affects the 

fine-scale structure of the turbulent premixed flame, has been identified and analyzed at three times, differing by 

increments of the order of the Kolmogorov time micro-scale. 

 

Keywords: Local flow topologies, iso-scalar surface geometries, invariants of the velocity-gradient tensor, turbulent premixed flame, 

direct numerical simulation. 

 

1. INTRODUCTION 

 

Combustion instabilities can be created, in particular, by the 

effects of differential and preferential diffusion, thermal 

expansion, or heat losses. For premixed flames, thermal 

expansion plays an important role in the hydrodynamic 

instability: it creates sharp folds in the flame front. On the other 

hand, in a turbulent premixed flame there are external 

perturbations, different from diffusive-thermal effects, coming 

from the turbulent field in which the flame front propagates. The 

effects of these perturbations might be investigated through the 

small-scale local flow topologies [1], which in interaction with 

the flame front might create stretching, quenching and high 

curvature values of the iso-scalar surfaces. 

Local flow topology of turbulent flows has been the focus of 

many discussions. Intuitively, a local topology is a 

three-dimensional region in the flow over which some properties 

of the flow exhibit significant correlation in space and time. 

Theoretical studies and direct numerical simulations have been 

performed to analyze and visualize these organized small-scale 

structures of turbulent flow. The seminal ideas were introduced 

by Perry and Chong [2], and Chong et al. [1]. They proposed a 

topological approach to typify elementary three-dimensional 

flow patterns using the three invariants, 𝑃 , 𝑄 , 𝑅 , of the 

velocity-gradient tensor. In incompressible turbulent flows 

(constant-density), the first invariant of the velocity-gradient 

tensor, 𝑃 = −∇ ∙ 𝐮, is zero due to continuity, and the turbulent 

flow can be described in the two-dimensional plane of the 

second 𝑄 and third 𝑅 invariants of the velocity-gradient tensor. 

A universal teardrop shape of the joint probability density 

function of 𝑄  and 𝑅  was observed for a wide variety of 

incompressible turbulence (Soria et al. [3]; Blackburn et al. [4]; 

Chong et al. [5]; Chacin and Cantwell [6]; Ooi et al. [7]; Da 

Silva and Pereira [8]). In variable-density turbulent flows, the 

teardrop shape of the jpdf of 𝑅 and 𝑄 remains for zones with 

𝑃 = 0 but depending on the region under study (compression or 

expansion regions, 𝑃 > 0 or 𝑃 < 0, respectively) the statistical 

distributions are displaced towards the left or the right side 

(Suman and Girimaji [9]; Wang and Lu [10]; Chu and Lu [11], 

Cifuentes et al. [12]). 

Our main concern in this paper is to explore the influence of 

the local flow topologies characterized by the invariants, 𝑃, 𝑄, 

𝑅 , of the velocity-gradient tensor [1,2] upon the iso-scalar 

surfaces (further details of 𝑃, 𝑄, 𝑅 have been described in 

Cifuentes et al. [12]). For this purpose, a turbulent premixed 

methane-air flame in a piloted Bunsen burner configuration has 

been investigated using the results of a three-dimensional direct 

numerical simulation zoom at three times differing by 

increments of the order of the Kolmogorov time micro-scale. As 

a reminder, the local flow topologies are plotted in Figure 1.  

 

2. MATHEMATICAL DESCRIPTION AND IMBEDDED 

DNS IN LES 

 

The analysis is performed in a jet-flame configuration 

simulated with a hybrid Large Eddy Simulation (LES)/DNS 

approach. A methane-air mixture is injected through a central jet 

with a mean velocity  𝑈𝑗𝑒𝑡 = 30 m/s , and equivalence ratio 

∅𝐹 = 4.4, surrounded by a co-flow of burned products with a 

mean velocity 𝑈𝑐𝑜𝑓𝑙𝑜𝑤 = 5.4 m/s, and equivalence ratio ∅𝑐 = 1. 

The LES mesh has about 171 million nodes, with a resolution 

varying between 150μm  and 200μm . An imbedded zone 

within the LES mesh features a much higher resolution of 50μm. 

Results are analyzed in this DNS zoom box at 𝑡 = 80ms, which 

is much greater that one initial integral eddy turnover time, 𝜏0 =

1.13ms. The chemistry is tabulated with the FPI 

(Flame-Prolongation of ILDM) flamelet approach [13]. A 

reaction progress variable, 𝑐 , based on a single progress 

variable  𝑌𝑐  defined by Godel et al. [14], 𝑌𝑐 = 𝑌𝐶𝑂 + 𝑌𝐶𝑂2 +

(𝑌𝑁2 − 𝑌𝑁2
0 ) + (𝑌𝐻2𝑂 − 𝑌𝐻2𝑂

0 ) + 𝑌𝑁𝑂 + 𝑌𝑁𝑂2 + 𝑌𝑁2𝑂 , is used in 

this case. 𝑐 is defined as follows: 

  



 

𝑐 =
𝑌𝑐

𝑌𝑐
𝑒𝑞 , (1) 

 

where the ‘𝑒𝑞’ superscript designates the value of the 

corresponding variable in the burnt state of the laminar-premixed 

flame. 𝑌𝑁2
0  and 𝑌𝐻2𝑂

0  are, respectively, the mass fractions of 𝑁2 

and 𝐻2𝑂 in fresh gases. 𝑌𝑁2
0  and 𝑌𝐻2𝑂

0  ensures that 𝑌𝑐 = 0 in 

fresh gases for all mixing conditions.  

 

 

Figure 1. (Color online) Classification of the different 

topologies in the 𝑄 − 𝑅  plane for: 𝑃 > 0  (element 

compression), 𝑃 = 0 (zero dilatation), and 𝑃 < 0 (local fluid 

expansion). The acronyms are as follows: 𝑈𝐹𝐶  (Unstable 

focus/compressing), UN/S/S (Unstable node / Saddle / saddle), 

SN/S/S (Stable node / saddle / saddle), SFS (Stable focus / 

stretching), SFC (Stable focus / compressing), SN/SN/SN 

(Stable node / stable node / stable node), UFS (Unstable focus / 

stretching), and UN/UN/UN (Unstable node / unstable node / 

unstable node). 

 

 

The fully parallel compressible solver SiTCom (Simulating 

Turbulent Combustion) is used to integrate the governing 

equations, which can then be written in Cartesian tensor notation 

as mass continuity: 

 
𝜕𝜌

𝜕𝑡
+

𝜕(𝜌𝑢𝑖)

𝜕𝑥𝑖
= 0 ,  (2) 

momentum equation:  

𝜕(𝜌𝑢𝑖)

𝜕𝑡
+

𝜕(𝜌𝑢𝑗𝑢𝑖)

𝜕𝑥𝑗
= −

𝜕𝑝

𝜕𝑥𝑖
+

𝜕𝜏𝑖𝑗

𝜕𝑥𝑗
 ,  (3) 

energy equation in the form of 𝐸 = 𝑒𝑠 + (𝑢𝑖𝑢𝑖)/2, sensible plus 

kinetic energy: 

𝜕(𝜌𝐸)

𝜕𝑡
+

𝜕(𝜌𝑢𝑖𝐸)

𝜕𝑥𝑖
= −

𝜕(𝑝𝑢𝑗)

𝜕𝑥𝑗
+

𝜕(𝜏𝑖𝑗𝑢𝑖)

𝜕𝑥𝑗
+

𝜕

𝜕𝑥𝑖
(𝜆

𝜕𝑇

𝜕𝑥𝑖
) + �̇�𝑇 ,  (4) 

and reaction progress variable 𝑌𝑐: 

𝜕(𝜌𝑌𝑐)

𝜕𝑡
+

𝜕(𝜌𝑢𝑖𝑌𝑐)

𝜕𝑥𝑖
=

𝜕

𝜕𝑥𝑖
(𝜌𝐷

𝜕𝑌𝑐

𝜕𝑥𝑖
) + �̇�𝑌𝑐

 ,  (5) 

 

In these balance equations, 𝑡 and 𝑥𝑖 stand for time and 𝑖th 

component of the position vector, respectively. 𝜌  denotes 

density, 𝑢𝑖 is the 𝑖th component of velocity, 𝑝 is the pressure, 

𝜏𝑖𝑗  is the 𝑖𝑗 component of the viscous stress tensor, given by 

the Navier-Poisson constitutive relation [15],  𝜆 is the thermal 

conductivity, 𝐷 is the mass diffusivity, �̇�𝑌𝑐 is the reaction rate 

of the progress variable and �̇�𝑇  is the heat release due to 

combustion. Thermodynamic variables are related by the perfect 

gas equation of state, 𝑝 = 𝜌𝑅𝑇/𝑊, where 𝑅 is the universal 

perfect gas constant and 𝑊 is the mean molecular weight. Table 

1 summarizes the numerical values of the aero-thermo-chemical 

variables for this simulation. The velocity and length ratios are 

𝑢′/𝑆𝐿 = 5.43 and 𝑙/𝛿 = 6.3, respectively, therefore combustion 

takes place in the ‘thickened-wrinkled flame’ regime [15,16,17], 

as shown in Figure 2. Further details of computational approach 

have been described in Cifuentes et al. [18]. 

 

Table 1. Values of dimensionless parameters and physical 

variables. 

Parameter Value 

Prandtl number, 𝑃𝑟  0.72 

Schmidt number, 𝑆𝑐 0.72 

Lewis number, 𝐿𝑒  1.0 

rms of velocity fluctuations, 𝑢′ 2.12 (m/s) 

Integral length scale, 𝑙 2.4 (mm) 

Turbulent kinetic energy dissipation rate, 휀 4.0e+3 (m2/s3) 

Kolmogorov length micro-scale, 𝜂 3.3291e-2 (mm) 

Kolmogorov time micro-scale, 𝜏𝜂 6.5192e-2 (ms) 

Non stretched laminar flame velocity, 𝑆𝐿 0.39 (m/s) 

Laminar flame thickness, 𝛿𝐿 0.38 (mm) 

Chemical time scale, 𝜏𝑐ℎ 0.97 (ms) 

Velocity ratio, 𝑢′/𝑆𝐿 5.43 

Length ratio, 𝑙/𝛿𝐿 6.31 

Turbulent Reynolds number, 𝑅𝑒𝑇 300 

Damköhler number, 𝐷𝑎 = (𝑙/𝛿𝐿)/(𝑢′/𝑆𝐿) 1.16 

Karlovitz number, 𝐾𝑎 = 𝜏𝑐ℎ/𝜏𝜂 14.87 



 

 

Figure 2. (Color online) Turbulent combustion diagram. The 

red point indicates the case under study. 

 

 

 

Figure 3. (Color online) (−𝑃) = ∇ ∙ 𝐮 , 𝑄∗  and flow 

topologies (S1 - S8) in the computational domain. (−𝑃) and 

𝑄∗ have been normalized with 〈∇ ∙ 𝐮〉 and 〈∇ ∙ 𝐮〉2, respectively. 

〈∇ ∙ 𝐮〉 has been obtained using all the samples of the four 

reaction-rate conditioned regions summarizes in Table 2. 

  

3. RESULTS AND DISCUSSION 

 

Figure 3 shows the zoom of a 𝑦 − 𝑧  plane of the 

computational domain. This zoom displays two scalar iso-lines, 

the volumetric dilatation rate (−𝑃) = ∇ ∙ 𝐮, the flow topologies 

from S1 to S8 and the 𝑄∗ invariant used by Hunt et al. [19],  

𝑄∗ ≡ (−𝑆𝑖𝑗𝑆𝑖𝑗 + 𝑊𝑖𝑗𝑊𝑖𝑗)/2, (6) 

where 𝑆𝑖𝑗  and 𝑊𝑖𝑗  denote symmetric and asymmetric 

component of the velocity-gradient tensor, respectively. 𝑄∗ 

separates strain dominated regions (𝑄∗ < 0) from coherent fine 

scale eddies (𝑄∗ > 0). 

It can be seen in Figure 3 that local expansion (−𝑃 < 0) is 

significant between the iso-lines, with maximum (minimum) 

values associated to concave (convex) scalar geometries. These 

processes can be explained by the heat conduction focussing 

(defocussing) effect of the scalar concave (convex) structures. 

High positive values of (−𝑃) also highlight a zone between the 

scalar iso-lines where an intense thermo-chemical activity 

prevails. The dotted black circle ′𝐴′ marks a zone with 𝑄∗ > 0, 

which can be considered like a ‘canonical’ vortex. The identified 

vortex tends to fold the flame front. It can also be noted high 

stretching zones (𝑄∗ < 0)  found into the flame with joint 

interactions of unstable topologies, such as S2 (UN/S/S) and S8 

(UN/UN/UN). The latter has been identified as a typical 

topology of combusting flows with significant heat release [12]. 

It is apparent that the S3 (SN/S/S), S5 (SFC) and S6 

(SN/SN/SN) topologies are absent in this flame. 

It is clear that, at least locally, geometrical scalar structures 

and flow topologies change in the normal direction to the 

iso-surfaces. Thus, it is useful to analyze the results in different 

regions of the computational domain. Tabla 2 summarizes the 

intervals for different regions depending on the scalar values: 

‘fresh reactants’, ‘preheat region’, ‘burning region’ and ‘hot 

products’. These four reaction-rate conditioned regions have 

already been investigated in previous works [12,18]. 

 

Table 2. Ranges corresponding to scalar values for the different 

regions of the computational domain. 

Region Range 

Fresh reactants 0.001 < 𝑐 < 0.200 

Preheat region 0.200 < 𝑐 < 0.647 

Burning region 0.647 < 𝑐 < 0.841 

Hot products 0.841 < 𝑐 < 0.999 

 

Figure 4 shows the joint pdf’s of 𝑅  and 𝑄  in the four 

regions of the computational domain. The second and third 

invariants have been normalized with 〈𝑄𝑊〉 and 〈𝑄𝑊〉3/2[12], 

respectively, where 𝑄𝑊(= 𝛚2/4) is the second invariant of the 

skew-symmetric rotation-rate tensor, 𝑊𝑖𝑗 , and 𝛚 is the vorticity 

vector. It is interesting to note that the universal teardrop shape 

typical of constant-density turbulent flows is absent in this flow. 

In the ‘fresh reactants’, the zone probable values of 𝑄 and 𝑅 

displaces towards the right, which indicates flow compressive 

effects (𝑃 > 0, see Figure 1 ) due to the low values of the 

reaction rate. In the ‘preheat’ and ‘burning’ regions the joint 

pdf’s are consistent with the statistical distributions 



 

corresponding to 𝑃 < 0 and the high local expansion between 

the iso-lines of the progress variable shown in Figure 3. The joint 

pdf of 𝑅 and 𝑄 in the ‘hot products’ is completely displaced 

towards the fourth quadrant, which indicates the lowest values of 

vorticity over this flow domain. It is important to remark that 

focal topologies related to high values of vorticity tend to 

disappear in favor of nodal micro-structures as moving towards 

the ‘hot products’. 

 

 

Figure 4. (Color online) Joint pdf of 𝑅 − 𝑄 for the different 

regions of the computational domain. 

 

 

Figure 5. (Color online) Topologies (S1 - S8) belonging to 

𝑃 − 𝑄 − 𝑅 space. 

 

Figure 6. (Color online) Contour surfaces of 𝑄∗ at three 

different times. The three dimensional surfaces shown at the top 

of the picture correspond to a value 𝑄∗ = 3. This zoom box 

coincides with the ‘canonical’ vortex marked with a dotted black 

circle ′𝐴′ in Figure 3. 

 

 

Figure 5 shows volume fractions of the flow domain 

pertaining to different flow topologies. It can be seen that S5 

(SFC) and S6 (SN/SN/SN) topologies, typical of flows with 

local negative volumetric dilatation rates, have the lowest share. 

Topologies S2 (UN/S/S), S4 (SFS), S7 (UFS) and S8 

(UN/UN/UN) dominate in the ‘preheat’ and ‘burning’ regions, 

whereas the topologies S1 (UFC), S3 (SN/S/S) and S4 (SFS) are 

important in the ‘fresh reactants’ and tend to disappear as 

moving towards the regions with high chemical activity. The 



 

above is consistent with previous results [12]. In the ‘hot 

products’ the share of focal topologies is high, but the shape of 

the joint pdf of 𝑅 and 𝑄 shown in Figure 4 suggests that in 

these topologies the vorticity is very low. Moreover, the focal 

topologies in this region might be created by the co-flow of 

burned products in the jet flame with values of local enstrophy. 

 

 

Figure 7. (Color online) Pdf’s of the cosine between the 

flame normal, 𝐧, and the local vorticity vector, 𝛚. These pdf’s 

have been calculated for the zoom box of Figure 6. 

Figure 8. (Color online) Pdf’s of the mean curvature, 𝑘𝑚. 

These pdf’s have been calculated for the zoom box of Figure 6. 

 

 

Contour surfaces of 𝑄∗  are shown in Figure 6 at three 

different times separated by time increments of the order of the 

Kolmogorov micro-scale. This zoom box captures the ‘canonical’ 

vortex shown in Figure 3. The red iso-surfaces at the top of the 

picture have a value 𝑄∗ = 3. It can be seen that the `canonical' 

vortex (dotted black circle ′𝐴′) interacts with the iso-lines of the 

progress variable, 𝑐. It is important to remark that the diameter 

of the vortex decreases as well as its length as it evolves; 

Tsinober et al. [20] argue that in the enstrophy dominated 

regions the curvature radius of vortex lines increases. Visually, it 

seems that all these iso-surfaces 𝑄∗ = 3  are preferentially 

perpendicular to the unit vector normal to the iso-scalar surfaces: 

𝐧 = −∇𝑐/|∇𝑐| . To calculate the alignment of these focal 

topologies respect to the iso-scalar surfaces, Figure 7 plots the 

pdf’s of the cosine between the flame normal, 𝐧, and the local 

vorticity vector, 𝛚, at the three different times. The results of 

this alignment do not change and the probability of finding the 

vorticity vector parallel to the plane of the iso-scalar surfaces is 

high. These results are in agreement with DNS calculations [21], 

where the vorticity vector is found to lie preferentially in the 

plane of the flame.  

It can also be seen in Figure 6 that where the identified 

vortex acts the concavity of the iso-scalar surface geometries 

increases. In order to quantify the increase of curvature of the 

iso-scalar surfaces, Figure 8 shows the pdf’s of the mean 

curvature, 𝑘𝑚 . The mean curvature is defined as 𝑘𝑚 =

(∇ ∙ 𝐧)/2 [22] (For a positive (negative) flame curvature, 𝑘𝑚 >

0 (𝑘𝑚 < 0), the scalar surface is convex (concave) towards the 

fresh gas side. 𝑘𝑚 = 0 are flat iso-scalar structures). 𝑘𝑚 has 

been made non-dimensional by the laminar flame thickness, 𝛿𝐿.  

All the pdf’s display maxima for nearly flat iso-scalar surfaces, 

in agreement with experimental results [23] and 

three-dimensional DNS calculations [12,24,25] of premixed 

turbulent flames. It is important to note that concave iso-surfaces 

increase their probability as they evolves, whereas convex ones 

remains equal for the three times under study. These results 

provide evidence that the local flow topologies have an influence 

in the geometry of flame structure apart from its 

diffusive-thermal effects.   

 

4. CONCLUSIONS 

 

The influence of local flow topologies upon the scalar 

structures have been studied in a three-dimensional DNS of a 

premixed methane-air turbulent jet flame. The computational 

domain has been divided into four reaction-rate conditioned 

regions, corresponding to ‘fresh reactants’, ‘preheating’, 

‘burning’ and ‘hot products’. Local expansion, −𝑃 > 0 , 

between iso-lines of the progress variable has been identified 

with maximum (minimum) values associated to concave 

(convex) scalar geometries. The joint pdf’s of the second 𝑄 and 

third 𝑅 invariants of the velocity-gradient tensor suggest that 

the characteristic teardrop shape, typical of constant-density 

turbulent flows, disappears in the different regions. Focal 

topologies related to high values of vorticity tend to disappear in 

favor of nodal micro-structures as moving towards the ‘hot 

products’. A ‘canonical’ vortex has been identified and its time 

evolution has been analyzed considering three different times 

separated by increments of the order of the Kolmogorov time 

micro-scale. This vortex is found to lie most probably in the 

plane of the iso-scalar surfaces. The local concave scalar 

structures increases where the identified vortex acts.  

The results presented here support the influence of the local 

flow topologies upon the scalar structures. The effects of these 

topologies upon the scalar gradient field evolution will be also 

studied in future work.   
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ABSTRACT 

 

Direct Numerical Simulation (DNS) data about the different terms which appear in the evolution of the scalar 

correlation function of a premixed chemically active scalar field is presented in this paper. The behaviour of a 

previous model which had been initially proposed to handle passive scalars is studied. 

 

Keywords: correlation function, chemically active scalar, turbulence 

 

 

1. INTRODUCTION 

 

In the computational simulation of turbulent reactive flows, 

see Eq. (1), it is usual that both micromixing and chemical 

reaction terms need modeling. 

 

    (1) 

 

The terms which appear in Eq.(1) are from left to right: 

inertial evolution, convective transport, mixing transport and 

chemical reaction. 

Whereas chemical reaction is a local, highly nonlinear 

phenomenon; micromixing is a typical multipoint process which 

depends on the values of the scalar field in a neighbourhood of 

any given point. This means that closures which represent 

acceptably one of them, have trouble with representing the effect 

of the other one. For instance, one-point PDF methods handle in 

an exact form any local term [1], including chemical reaction; 

however, they need some external closure in order to represent 

micromixing. The first natural choice would be to try and use 

two-point PDF methods, however the closure problem shows in 

the need to model three-point statistics. 

If the attention is focused in one-point PDF closures, the 

two-point information that they need could be provided by either 

the correlation function or by the spectrum (the Fourier 

transform of the correlation function) of the scalar field. Typical 

time and length mixing scales, to be used by a a one-point 

closure, may be derived from them. 

Since the pioneering work of Obukhov and Corrsin [2, 3, 4], 

there has been a great number of publications related to the study 

of the correlation function of a chemically passive scalar field. 

However, chemically active scalars have not received as much 

attention as passive ones. In the end, the correlation is a 

second-order statistical moment whose chemical closure suffers 

from the well known problem of moment closures: a model 

about higher order moments must be provided. 

In this contribution, Direct Numerical Simulation (DNS) data 

of homogeneous, isotropic, turbulence with highly non-linear 

active scalar species will be analyzed in order to measure the 

contribution from the different terms of Corrsin's equation[5,6], 

see Eq. (2), to the global evolution of the correlation function. It 

should be pointed out that there are no thermal effects, that is to 

say density and transport coefficients are treated as constant 

terms. This is, of course, an unreal assumption; anyway, this 

contribution is only focused in the coupling between chemistry 

and turbulent transport. 

                      

 

   (2) 

 

 

In Eq.(2), Y1 and Y2 refer to the value of a scalar field at 

position x1 and x2, respectively;  r is the modulus of the 

separation between both points; is one half of the projection 

of the velocity difference between points 1 and 2 along the line 

which links them (the radial component of the velocity at point 2, 

as seen from a reference situated on 1); D is the diffusion 

coefficient and W(Y1) and W(Y2) stand for the chemical reaction 

rate at points 1 and 2. 

In a previous work of two of the authors [7],  passive scalar 

fields obtained from a DNS were studied in order to elucidate 

whether Prandtl hypothesis [6] could be used to close the 

third-order moment, transport term in Corrsin's equation. Prandtl 

hypothesis merely proposes that  

 

            (3) 

 

 



 

which could always be true provided that zeros of the cross 

third-order moment coincide with zeros of the radial component 

of the gradient of scalar correlation. In principle, L(r) may have 

any functional dependence on r. However, the authors of 

reference [6] proposed a model for the value of L(r) 

 

   (4) 

 

where L and u' are related to the integral length and velocity 

scales of the velocity turbulent field, whereas is related to the 

correlation length of the scalar field which, in its turn, is 

expected to depend on the Prandtl (Schmidt) number. 

Although, for an arbitrary initial scalar field, the model 

represented by Eq.(4) did not provided a good fit of the 

third-order, transport moment[7]; it must be pointed out that, 

after a very short time of evolution of that field under the 

Navier-Stokes equations, the fitting was very good, though with 

time dependent parameters. 

 

2. DIRECT NUMERICAL SIMULATION (DNS) 

FEATURES. 

   All the DNS were realized in a  cubic, computational 

grid with an edge of size  cm. A pseudospectral code was 

used for the numerical integration. Wave numbers between 1 and 

 were randomly forced until a statistically stationary state 

was reached. The main features of the turbulent velocity field are 

provided in Table 1. 

 

Table 1. Turbulent Velocity data. 

Reynolds number, Taylor-based 65 ~ 69 

Kolmogorov length scale 0.0242 cm ~ 0.0249 cm 

Integral length scale 0.91 cm ~ 0.96 cm 

Large-eddy turn-over time 0.006 s ~ 0.0063 s 

Spatial resolution 5.83 ~ 6.00 

 

   The spatial resolution is the maximum wave number times 

the Kolmogorov length scale. Its value is wide higher than in 

other DNS because these data were also used to compute 

isosurface statistics whose requirements about the quality of first 

and second derivatives are higher than usual, too. 

Scalar fields were initialized as an almost unpremixed initial 

condition with mean 0.7, minimum 0.0 and maximum 1.0.  The 

word 'almost' refers to the fact that a fully umpremixed initial 

condition (either 0.0 or 1.0) shows a strong numerical dispersion 

during the first computational steps with values which may enter 

into the forbidden zones of Y<0 and Y>1. It is necessary to allow 

for the scalar and velocity field to evolve for, approximately, 0.2 

large-eddy turn-over times, while all the forbidden values of the 

scalar field are truncated to either 0 or 1, before numerical 

dispersion is reduced to an acceptable level. This process means 

that initial scalar fields have a 0.7 mean value, yet a 0.132 initial 

variance of its fluctuations, whereas a fully segregated initial 

state of 0,7 mean value should have a variance of 0.21. 

Three different values of the Schmidt number were 

considered for the scalar fields: 0.5, 1.0 and 1.5. For each 

Schmidt number both a passive and a chemically active situation 

were computed. All in all, there were a total of six simulations 

which shared the same velocity field, yet had different scalar 

field properties. 

The chemical reaction obeyed the following Arrhenius law 

 

     (5) 

 

 

 

which corresponds [8] to a Damköhler number of 0.5, with 

laminar flame speeds (Blint model, [8]) and flame thicknesses 

which are recorded in Table 2. 

 

Table 2: Laminar flame data. 

 Sc=0.5 Sc=1.0 Sc=1.5 

Laminar flame speed 0.2618 m/s 0.1851 m/s 0.1512 m/s 

Flame thickness 0.3194 cm 0.2259 cm 0.1844 cm 

Reaction thickness 0.07098 cm 0.05019 cm  0.04098 cm 

 

Two different time steps were analysed for each simultaion: 

the initial time and the time step when the variance of the 

fluctuations of the inert scalar field had lowered to a value of 

0.053. Since Schmidt numbers are different, such a state is 

reached at a different time instance for each run; however, the 

overall rate of chemical reaction is very much alike: mean 

values of the chemically active scalar fields are 0.45 for Sc=0.5 

and 0.48 for Sc=1.0 and Sc=1.5; variance values of the 

chemically active scalar fields are 0.146 for Sc=0.5, 0.149 for 

Sc=1.0 and 0.151 for Sc=1.5. 

 

3. RESULTS AND DISCUSSION 

 

3.1 Correlation function. 

 

In Figure 1, the values of the initial correlation functions in 

the interval are plotted. Since 

boundary conditions are periodic, for values higher than  the 

influence of the boundary conditions starts to be felt. No data for 

correlation lengths larger than  are presented since the aim of 

the simulation is to analyze data as free as possible from the 

particular set of boundary conditions chosen. 

In Figure 2, the correlation functions at the final step are 

represented for the six simulations. Values have been normalized 

by its maximum (the fluctuation scalar variance) to ease 

comparison. It can be checked that the initial correlation was a 

bit broader for Sc=1 and that this feature is kept as time evolves. 

Sc=0.5 and Sc=1.5 show an alike evolution of their normalized 

correlation function regardless of the presence of a chemical 

reaction. 

In Figure 3, the correlation of the chemical term at one point 

with the scalar field at another point (chemical term in Corrsin's 

equation, Eq.(2)) is plotted for the last step. Since the chemical 

term has a sign opposite to that of the scalar, this correlation is 

negative. 

In Figure 4, a plot of the ratio between the third-order cross 

moment and the gradient term in Corrsin's equation, Eq. (2), is  



 

Figure 1. Initial correlation functions.                                                                  

 

Figure 2. Normalized correlation functions, last step. 

 

 In Figure 4, a plot of the ratio between the third-order cross 

moment and the gradient term in Corrsin's equation, Eq. (2), is 

plotted for the initial and the final time steps and scalar fields 

with Sc=0.5. The same data is plotted in Figures 5 and 6 when 

Sc=1.0 and Sc=1.5, respectively.    

The model is represented as a function of a term which may 

depend on the properties of the velocity field, K, which should 

be the same with these data, plus a term which may depend on 

the Schmidt number, l. 

 

 (6) 

 

   A good fit was found with K=0.8 and l=1.75 for Sc=0.5, 

l=1.7 for Sc=1.0 and l=1.8 for Sc=1.5. The same K was taken 

for all Schmidt numbers since it should depend only on velocity 

field properties. 

 

 

4. CONCLUSIONS 

  

   A model developed a few years ago to represent turbulent 

transport in the evolution equation of the correlation function of 

a passive scalar shows a good qualitative behaviour when 

applied to represent the same term in an active scalar up to 

distances of order . 

Of course, the question of the closure of the chemical 

reaction term remains open. The shape of the normalized 

correlation function does not change very much with the 

reaction used in these simulations, however the variance used to 

normalize is strongly affected 

 

Figure 3. Chemical term of Corrsin's equation.                               

 

Figure 4. Model of transport. Sc=0.5. 

           

           Figure 5. Model of transport. Sc=1.0.   Figure 6. Model of transport. Sc=1.5. 

 



 

Figure 6. Model of transport. Sc=1.5. 

 

 

 

REFERENCES 

 

1. R. O. Fox, Computational models for turbulent reactive 

flows, Cambridge University Press, 2003. 

2.  A. M. Obukhov, The structure of the temperature field in a 

turbulent flow, Izv. Akad. Nauk SSR Geophr. Geofiz., vol. 

13, pp. 58, 1949. 

3. S. Corrsin, On the spectrum of isotropic turbulent 

fluctuations in isotropic turbulence, J. Appl. Phys., vol. 22, 

pp. 469, 1951. 

4. A. S. Monim and A. M. Yaglom, Statistical Fluid 

Mechanics vol. II, MIT Press, Cambridge, 1975. 

5. V. Eswaran, E.E. O'Brien and A.Deckert, The modelling of 

the two-point probability density function of a reacting 

scalar in isotropic turbulence, Combust. Sci. Tech., vol. 65, 

pp. 1-18, 1989. 

6. V.P. Krasitskii and V. Frost, Molecular transfer in turbulent 

flows, Fluid Dynamics, vol. 42, pp. 190-200, 2007. 

7. J. Hierro, V. Frost, C. Dopazo and J. Marín. An analysis of 

the correlation of scalar fields from DNS data, 

Khimicheskaya Fizika, vol. 24, pp. 38-46, 2005. 

8. T. Poinsot and D. Veynante, Theoretical and numerical 

combustion, Edwards, Philadelphia, 2001. 

 

 



I
‘Effective’ normal strain rate and

scalar gradient enhancement

351





‘Effective’ normal strain rate and scalar gradient enhancement

L. Cifuentesa,∗, C. Dopazoa, J. Martina, P. Domingob, L. Vervischb, M. C. Jimenezc

aLIFTEC, CSIC-University of Zaragoza, Spain
bCORIA - CNRS, Normandie Université, INSA de Rouen, France
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Two DNS datasets for turbulent premixed flames (Flame-A: inflow-outflow configuration;

Flame-B: Jet in a co-flow) are used to investigate local flow topologies and scalar iso-surface

geometries [1]. The scalar-gradient modulus, |∇Y |, evolution depends on the sign of (aN +

∂V Y /∂xN), the ‘effective’ strain rate normal to the iso-scalar surfaces [2]. This study aims

at characterizing the ‘effective’ normal strain rate for different scalar field geometries and

flow topologies for Flame-A [1] and Flame-B [3].
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Abstract

Direct Numerical Simulation (DNS) datasets of turbulent premixed flames (inflow-outflow
and jet in a co-flow) are used to study interactions of the flame thermochemical processes
with scalar field geometries in terms of their mean and Gauss curvatures, km and kg, and
local flow topologies characterized by the three invariants of the velocity-gradient tensor.
Four regions (‘fresh reactants’, ‘preheating’, ‘burning’ and ‘hot products’), singled out by
their reaction rate levels, are examined. Nearly flat scalar iso-surfaces are the most prob-
able geometries in all four regions. The second invariant of the velocity-gradient tensor,
Q, which represents the balance between the physical enstrophy and local dissipation of
kinetic energy, is governed by the second invariant of the symmetric strain-rate tensor,
Sij. Focal topologies tend to disappear in favor of nodal micro-structures towards the
‘hot products’.

Introduction

Compared to constant-density turbulent reacting flows, the scalar field geometries and
the small-scale flow features of variable-density turbulent reacting flows have been much
less studied.

Candel and Poinsot [1] deduced an expression of the flame surface stretch in terms of
the tangential strain rate, aT , and the mean curvature of the flame, km; they proved that
aT and km correlate with the extinction mechanisms of turbulent flames. Echekki and
Chen [2] simulated turbulent premixed stoichiometric methane/air flames and evaluated,
among other things, the effects of strain rate and mean curvature of the flame upon radicals
concentration and heat release. Renou et al. [3] tested experimentally different mixtures
with different Lewis numbers, and performed measurements of the flame curvature and
tangential strain rate varying the turbulence conditions. Chakraborty and Cant [4, 5] used
three-dimensional DNS of premixed turbulent flames, and obtained a detailed statistical
analysis for the displacement speed, strain rate, dilatation rate and flame curvature; the
mean curvature of the flame is negatively correlated with the local volumetric dilatation
rate and the displacement speed of the iso-scalar surfaces. Dopazo et al. [6, 7] used results
from constant-density turbulent flow DNS to describe the local geometry of iso-scalar sur-
faces in terms of either main curvatures, k1 and k2, and mean and Gauss curvatures, km
and kg. Cifuentes et al. [8] explored the flow fine-structure and the iso-scalar surface
geometries in terms of the mean and Gauss curvatures of a turbulent premixed flame and
observed that there are significant occurrence of flow topologies with divergent character-
istic interacting with concave iso-scalar surfaces, where heat-conduction focusing effects
enhance chemical reaction.

On the other hand, theoretical studies and direct numerical simulations have been
carried out to analyze and visualize the physical-space local flow structures of small-scale
turbulence. Kuo and Corrsin [9, 10] investigated the nature of small-scale turbulence and



suggested that the small-scale vorticity structure is cylindrical rather than sheet-like as
suggested by Betchov [11] and observed by Schwarz [12]. Siggia [13] observed cylindri-
cal or tube-like structures of vorticity using a direct spectral simulation for a stationary,
homogeneous, isotropic turbulence field. Perry and Chong [14], and Chong et al. [15]
proposed a topological approach to typify elementary three-dimensional flow patterns us-
ing the three invariants of the velocity-gradient tensor. In incompressible flows, the first
invariant of the velocity-gradient tensor P is zero due to continuity, and the turbulent
flow can be described in the two-dimensional plane of the second Q and third R invari-
ants of the velocity-gradient tensor. A universal teardrop shape of the Joint Probability
Density Function (JPDF) of R and Q was observed for a wide variety of incompressible
turbulence (Soria et al. [16]; Ooi et al. [17]). Dopazo et al. [7] explored the possible re-
lationship between the structures of an inert dynamically passive scalar, in terms of the
local mean and Gauss curvatures, km and kg, of the iso-scalar surfaces, and the invariant
Q. Cifuentes et al. [8] studied a three-dimensional variable-density DNS of a turbulent
premixed propagating flame in an inflow-outflow configuration and observed that positive
volumetric dilatation rates, −P = ∇ ·u, display maxima for elliptic concave and minima
for convex scalar micro-structures.

This study aims at exploring the small-scale geometry of the scalar field and the
flow fine-structure in turbulent premixed flames. A systematic investigation of the scalar
field geometries, the features of invariants of the velocity-gradient, rate-of-strain, and
rate-of-rotation tensors is undertaken by means of conditional averages and JPDF’s. The
conditional statistics reported here will serve to guide the development of accurate models
of variable-density turbulent reacting flows. A summary of flow topologies and local scalar
field geometries is first presented. The DNS of Flame-A (inflow-outflow configuration) and
Flame-B (turbulent jet in a co-flow) are then described. Results are analyzed and some
conclusions are presented.

Flow topologies

According to the topological classification of Chong et al. [15], the local flow patterns are
fully characterized by three invariants of the velocity-gradient tensor, A, with components
Aij = ∂ui/∂xj . P , Q and R are, respectively, the first, second and third invariants of A,
which are defined by

P = −tr(A) = −(λ1 + λ2 + λ3) = −Sii = −(Λ1 + Λ2 + Λ3) = −∇ ·u , (1)

Q =
1

2

(
[tr(A)]2 − tr(A2)

)
=

1

2

(
P 2 − SijSij +WijWij

)
, (2)

R = −det(A) =
1

3

(
−P 3 + 3PQ− SijSjkSki − 3WijWjkSki

)
, (3)

λ1, λ2 and λ3, are the eigenvalues of A, Wij is the skew-symmetric rotation-rate tensor,
Sij is the symmetric strain-rate tensor and Λ1, Λ2, and Λ3 its eigenvalues. The invariants
of Sij and Wij provide information about the enstrophy and local dissipation, as well as
the dissipation production rate and enstrophy generation rate. The invariants of Sij and
Wij are given by

PS = P = −Sii , QS =
1

2

(
P 2 − SijSij

)
, RS =

1

3

(
−P 3 + 3PQS − SijSjkSki

)
, (4)

PW = 0 , QW =
ω2

4
=

1

2
WijWij , RW = 0 , (5)



where ω is the vorticity vector.
−P = ∇ ·u, represents the local volumetric dilatation rate, namely, the rate of change

of an infinitesimal fluid volume per unit volume. −P < 0 implies element compression,
−P = 0 means zero dilatation and −P > 0 entails local fluid expansion. As a reminder,
the local flow topologies are plotted in Figure 1.

Figure 1: Classification of the different topologies belonging to P − Q − R space.. The acronyms
are as follows: UFC (Unstable focus/compressing), UN/S/S (Unstable node/Saddle/saddle), SN/S/S
(Stable node/saddle/saddle), SFS (Stable focus/stretching), SFC (Stable focus/compressing), SN/SN/SN
(Stable node/stable node/stable node), UFS (Unstable focus/stretching), and UN/UN/UN (Unstable
node/unstable node/unstable node).

Geometries of scalar fields

Iso-scalar surfaces, Y (x, t) = constant (where Y is, for example, the normalized reactant
mass fraction: Y = 1 in the ‘fresh gases’ and Y = 0 in the ‘hot products’), can be described
in terms of their mean and Gauss curvatures, km and kg, respectively [7]. The unit normal
vector to those surfaces, pointing towards the reactants, is given by n = ∇Y/|∇Y | .

The expressions for kg and km are,

kg = k1k2 , (6)

km =
k1 + k2

2
=

1

2
∇ ·n , (7)

where k1 and k2 are the main surface curvatures, namely, the eigenvalues of the curvature
tensor, ∂ni/∂xj, corresponding to its eigenvectors, the main directions of curvature.

Iso-scalar surface geometries in the km − kg plane can be readily characterized [7, 8];
the region kg > k2

m implies non-physical complex curvatures. Positive mean curvatures
imply convex surfaces towards the fresh reactants, while km < 0 indicate concave ones.

Numerical simulation

Two datasets from Direct Numerical Simulations of turbulent premixed flames are used
in the present work.

The first database is termed Flame-A [8] and uses an inflow-outflow configuration
(see Figure 2(a)) at moderate turbulent Reynolds number with single-step Arrhenius
chemistry:

ω̇ =
ω̇R

Y u
R

= ρY B0 exp

(
−β

α

)
exp

[ −β(1− θ)

1− α(1− θ)

]
, (8)

where ρ is the density of the mixture, Y = YR/Y
u
R is the reduced mass fraction, defined

with YR, the reactants mass fraction and its value in the fresh gasses, Y u
R , B0 is the pre-



exponential factor; the ratio α = (Tb − Tu)/Tb is defined with the temperature, T , in
the unburned, Tu, and burnt gases, Tb, β is the reduced activation energy or Zel′dovich
number, β = αEa/RTb, E is the activation energy and R the universal gas constant, and
θ = (T − Tu)/(Tb − Tu) is the reduced temperature. A planar laminar flame used as
initial condition interacts with a turbulent field of fresh gases, which was initialized by
a precomputed incompressible homogeneous isotropic turbulence field. Thermodynamic
variables are related by the perfect gas law and the conservation equations for mass,
momentum, energy and chemical species, are solved using the fully parallel compressible
solver NTMIX3D [18, 19]. The full set of governing equations is made dimensionless using
reference characteristic variables and molecular transport coefficients in the fresh gases.
All the parameters and results reported below for Flame-A are made dimensionless using
the speed of sound aref , the density and temperature in the fresh gases and a characteristic
length, Lref , defined as Lref = (Reacνref )/aref , where νref is the kinematic viscosity in the
fresh gases and Reac(= 5000) is a scaling parameter. The domain is considered periodic in
the y and z directions, while non-reflecting inlet-outlet boundary conditions are imposed
in the x direction, using the Navier-Stokes Characteristic Boundary Condition (NSCBC)
method [20]. The computational domain has a size 3π in the x direction and 2π in the y
and z directions, and contains 768 x 512 x 512 grid points, uniformly distributed. The rms
velocity fluctuations in the ‘fresh reactants’ decay from u′

0 = 0.016 in t = 0 to u′ = 0.010 in
tfinal = 90, in which our data are presented. To estimate the integral length scale, l, in the
‘fresh reactants’, the transverse autocorrelation coefficients in cross-stream planes, y − z,
are obtained. The integral scale increases from l0 = 1.058 in t = 0 to l = 1.200 in tfinal.
Combustion takes place in the ‘corrugated flamelets’ regime [21, 22]. Numerical values of
the aero-thermo-chemical variables and dimensionless parameters for this simulation are
presented in Table 1. Further details of computational approach have been described in
Cifuentes et al. [8].

Table 1: Values of dimensionless parameters and physical variables at the end of the simulation.

Parameter Flame-A Flame-B
Prandtl number, Pr 0.75 0.72
Schmidt number, Sc 0.75 0.72
Lewis number, Le 1.0 1.0
rms of velocity fluctuations, u′ 0.01 2.12 (m/s)
Integral length scale, l 1.20 2.4 (mm)
Turbulent kinetic energy dissipation rate, ε 8.333e-7 4.0e+3 (m2/s)
Kolmogorov length micro-scale, η 0.055 3.3291e-2 (mm)
Kolmogorov time micro-scale, τη 15.36 6.5192e-2 (ms)
Non stretched laminar flame velocity, SL 0.005 0.39 (m/s)
Laminar flame thickness, δL 0.0526 0.38 (mm)
Chemical time scale, τch 10.52 0.97(ms)
Velocity ratio, u′/SL 2.0 5.43
Length ratio, l/δL 22.81 6.31
Turbulent Reynolds number, Ret 61 300
Damköhler number, Da = (l/δL)/(u′/SL) 11.41 1.16
Karlovitz number, Ka = τch/τη 0.68 14.87

The second database, termed Flame-B [23], uses a jet-flame configuration. A hybrid
Large Eddy Simulation (LES)/DNS approach is performed (see Figure 2(b)). A methane-
air mixture is injected through a central jet with a mean velocity Ujet = 30 m/s, and
equivalence ratio φF = 4.4, surrounded by a co-flow of burned products with a mean
velocity Ucoflow = 5.4 m/s, and equivalence ratio φc = 1. The chemistry is tabulated
with the FPI (Flame-Prolongation of ILDM) flamelet approach [24]. A reaction progress
variable, c, based on a single progress variable Yc defined by Godel et al. [25], Yc =
YCO + YCO2

+ (YN2
− Y 0

N2
) + (YH2O − Y 0

H2O
) + YNO + YNO2

+ YN2O, is used in this case. c
is defined as follows:



c =
Yc

Y eq
c

, (9)

where the ‘eq’ superscript designates the value of the corresponding variable in the burnt
state of the laminar-premixed flame. Y 0

N2
and Y 0

H2O
are, respectively, the mass fractions

of N2 and H2O in the fresh gases. Y 0
N2

and Y 0
H2O

ensures that Yc = 0 in fresh gases for all
mixing conditions. Thermodynamic variables are related by the perfect gas law and the
fully parallel compressible solver SiTCom (Simulating Turbulent Combustion) is used to
integrate the mass, momentum, energy and reaction progress variable conservation equa-
tions. Viscosity, thermal conductivity, and mass diffusion coefficients are given functions
of the temperature. The nozzle diameter is D = 12 mm and the computational domain
extends 192 mm in the streamwise (x), and 66 mm in the (y) and (z) directions, with
802, 466 and 466 grid points, uniformly spaced, in the x, y, and z directions, respectively.
Therefore a LES mesh of about 171 million nodes is used, with a resolution varying be-
tween 150 µm and 200 µm. An imbedded zone within the LES mesh features a much
higher resolution of 50 µm (see Figure 2(b)), where small scales can rapidly develop to
complete the turbulence cascade of the already well-resolved LES. Results are analyzed in
this DNS zoom box located at x/D = 4.5 from the nozzle, which corresponds essentially
to the potential core of the jet, and at t = 80 ms, which is much greater that one initial
integral eddy turnover time, τ0 = 1.13 ms. Combustion takes place in the ‘thickened-
wrinkled flame’ regime [22, 21]. Numerical values of the aero-thermo-chemical variables
for this simulation are presented in Table 1. Further details of computational approach
have been described in Cifuentes et al. [23].

(a) Flame-A (b) Flame-B

Figure 2: Description of the computational domain.

Results and discussion

Local geometrical scalar structures and flow topologies change in the normal direction to
the iso-surfaces. Results will then be analyzed considering four different regions of the
computational domain based on the reaction rate. The regions are termed as follows:
‘fresh reactants’, ‘preheat region’, ‘burning region’ and ‘hot products’. Figure 3 shows
the reaction rates, ω̇Y = ω̇/ρ, and ω̇c = ω̇/ρ, as function of the scalar value for the
Flame-A and Flame-B, respectively. Vertical dotted lines demarcate the four regions of
the computational domain. The reaction rates have been normalized with their root-
mean-square using all the samples in the domain under study. These four reaction-rate
conditioned regions have been investigated in previous works [8, 23].
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(a) Flame-A

(b) Flame-B

Figure 4: Joint PDF of the mean and Gauss curvatures, km and kg. Joint PDF magnitudes decrease
from the center to the circumference. km and kg have been normalized with the flame thickness, δL.

To explore the scalar structure, the geometries of the scalar field in terms of mean and
Gauss curvatures of the iso-scalar surfaces in the different regions of the computational
domain have been obtained (see Figure 4). This analysis yields information about the
small-scale scalar geometries and helps to understand the turbulent scalar mixing mech-
anisms. km and kg, in Figure 4, have been normalized with the laminar flame thickness,
δL. All the JPDF’s display maxima for nearly flat iso-scalar surfaces, in agreement with
experimental results [3] and three-dimensional DNS calculations [5] of premixed turbulent
flames. In the ‘fresh reactants’ of Flame-A, the joint PDF is slightly skewed towards pos-
itive values of km (convex iso-surfaces), reflecting the features of the initially imposed and
evolving small-scale turbulent structures and scalar field upstream of zones of intense heat
and mass diffusive/reactive activity; these processes drastically discriminate against large



values of km and kg in both the ‘preheat’ and ‘burning’ regions; the probability of highly
concave and convex iso-scalar surfaces, of a marked either elliptic (kg > 0) or hyperbolic
(kg < 0) nature, significantly decreases as the heat transfer and chemical processes be-
come important. Slightly concave scalar iso-surfaces occur in the ‘preheat’ region, but
they become less probable in the ‘burning’ zone and ‘hot products’, very likely due to
the heat conduction enhancement or focusing, with a reduction of km < 0, by concave
geometries. Convex iso-surfaces with moderate values of km, predominantly of an elliptic
cup-like structure, survive in the ‘hot products’. Concave iso-surfaces in Flame-B are
much more probable than convex ones except in the ‘hot products’; this result seems to
agree with the intuitive notion that concave geometries are predominant within the jet
flame; it seems that the high chemical activity and the heat release smooth the large
concave curvatures as moving towards the ‘burning’ region; this behavior is similar to
that obtained for Flame-A. The probability of convex scalar structures increases in the
‘hot products’. The radius of convex geometries decrease towards the ‘hot products’,
which could be induced by the vortices that survive in this region of the computational
domain; Tanahashi et al. [26] argue that strong coherent fine-scale eddies, perpendicular
to the flame front, can survive behind it and create low pressure zones, which increase
the probability of finding large-curvature convex geometries in the ‘hot products’.

(a) Flame-A (b) Flame-B

Figure 5: Fluid element dilatation rate, −P = ∇·u, in the computational domain. The volumetric di-
latation rate has been normalized with 〈QW 〉1/2, where QW is the second invariant of the skew-symmetric
rotation-rate tensor (see Eq. (5)).

Figure 5 shows zooms of x − y and y − z planes of the computational domain for
both flames. They display two scalar iso-lines and the volumetric dilatation rate, −P =
∇ ·u. It can be seen that local expansion (−P > 0) is significant between the iso-lines,
with maximum (minimum) values associated to concave (convex) scalar geometries. This
behavior between −P and the scalar geometries is in agreement with previous results [5,
8, 23], and seems to be common to the two flames under study. Expansive (compressive)
volumetric dilatations rates are mainly associated to concave and flat (convex) iso-scalar
surfaces; these processes can be explained by the heat conduction focussing (defocussing)
effect of the scalar concave (convex) structures.

According to Eq. (1), the local volumetric dilatation rate, −P = ∇ ·u, results from
the addition of the eigenvalues of the strain rate tensor Λ1, Λ2 and Λ3, which are ordered
from the largest to the smallest value. For variable-density flows the three eigenvalues can
add up to non-zero, ∇ ·u = Λ1 +Λ2 +Λ3 6= 0. Fluid element dilatation rate, −P = ∇ ·u
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Figure 6: Fluid element dilatation rate, −P = ∇·u and eigenvalues of the strain rate tensor conditional
upon: (a) the mass fraction, Y , and (b) the progress variable, c. Variables have been normalized with
〈QW 〉1/2.

and eigenvalues of the strain rate tensor conditional upon the scalar field are shown in
Figure 6 for both flames. It is important to remark that the variables in both cases display
the same trends. The probability of high dilatation rate is greater near the regions with
high chemical activity. Positive values for Λ1 and Λ2 (due to flow expansion effects) are
greater in the ‘preheat’ and ‘burning’ regions, due to high chemical reaction rates. On
the other hand, negative eigenvalues (compressive effects) might occur in the ‘fresh’ and
‘burnt’ gases. The mean value of the most extensive eigenvalue, Λ1, is positive for all
regions of the computational domain, and displays an almost identical variation to that
of −P . Variation of Λ2 for both flames are similar, with positive mean values, and small
tails toward negative ones. It is important to note in Figure 6(b) that approximately for
c > 0.88 the eigenvalues depict only a small dependence on c. This behavior might be
due to the fact that there is a co-flow of burned products in the jet flame.

The second invariant of the velocity-gradient tensor, Q, represents the additive con-
tribution of enstrophy, QW (≡ ωiωi/4), and dilatation/dissipation, QS(≡ (P 2−SijSij)/2).
For flows with variable density, the governing equations for the enstrophy and the strain
are as follows [27]:

1

2

Dω2

Dt
= ωiSikωk − ωiωiSkk −

ωi

ρ2
∇ρ×∇p+ ωi curl

(
1

ρ

∂τik
∂xk

)
, (10)
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2

Ds2

Dt
= −SikSijSjk −

1

4
ωiSikωk +
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4
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(
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∂xk
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+

Sik

2

[
∂
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(
1

ρ

∂τij
∂xj

)
+

∂

∂xi

(
1

ρ

∂τkj
∂xj

)]
,

(11)

where ω2 = ωiωi and s2 = SikSik.
The terms ωiSikωk−ωiωiSkk in (10) account for the enstrophy production and enter the

definition of the third invariant, R, as well as the dissipation generation rate, −SikSijSjk(≡
−Λ1Λ2Λ3), of Eq. (11). Figure 7 depicts Q, QS, QW , R, RS, and (ωiωiSkk − ωiSikωk)/4
as functions of the scalar fields for both flames. The second and third invariants have
been normalized with 〈QW 〉 and 〈QW 〉3/2, respectively. The behavior of the invariants
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Figure 7: (a), (b) Q, QS , QW , and (c), (d) R, RS , 1/4(ωiωiSkk − ωiSikωk) as functions of the scalar
field. Vertical dotted lines mark the limits of the four regions of the computational domain.

is similar for both flames, as shown in Figures 7(a) and 7(b). The mean of QS is
negative in the ‘fresh’ reactants, where the heat release is weak, similar to turbulent
mixing in constant-density flows. With decreasing (increasing) of mass fraction (progress
variable), QS attains a maximum within the ‘preheat’ region and then starts decreasing;
the maximum value is due to the dilatation term, P 2. QS changes sign in the ‘burning’
region, where a balance between flow expansion and strain is reached, and attains a
minimum within the ‘hot products’. The local enstrophy, QW , monotonically decreases
from ‘fresh’ gases towards the ‘hot products’. Obviously, the increment of kinematic
viscosity with increasing temperature and the local volumetric expansion destroy vorticity.
On the other hand, the invariants in Figures 7(c) and 7(d) behave differently for Flames-
A and -B. RS(≡ (−P 3 + 3PQS − SikSijSjk)/3) seems to be dominated by −P 3 > 0
and −SikSijSjk(≡ −Λ1Λ2Λ3). The latter is always positive due to the fact that 〈Λ1〉 > 0,
〈Λ2〉 > 0 and 〈Λ3〉 < 0, according to results in Figure 6. On the other hand, the enstrophy
production, ωiSikωk−ωiωiSkk, defined in Eq. (10), is always positive. The balance between
this term and the annihilation of enstrophy due to the increment of kinematic viscosity,
leads to an almost constant budget of QW towards the ‘hot products’.

Nodal and focal topologies can also be investigated through the study of the invari-
ants of the velocity-gradient tensor. Figure 8 shows the joint PDF of the second and
third invariants of the velocity-gradient tensor, R and Q, in the four regions of the com-
putational domain. It is interesting to note that the universal teardrop shape, typical
of constant-density turbulent flows, remains in the ‘fresh’ reactants region for Flame-A,
where the heat transfer and chemical reaction are weak, whereas in Flame-B the teardrop



(a) Flame-A

(b) Flame-B

Figure 8: Joint PDF of R−Q. Joint PDF magnitudes decrease from the center to the circumference.

shape disappears. For both flames, the statistical distributions displace towards the left
side in the regions with high chemical activity; this behavior is consistent with the high
volumetric dilatation rates, P < 0, in these regions. JPDF’s tails decrease with decreasing
(increasing) of mass fraction (progress variable), which indicates that the local dissipa-
tion and enstrophy diminish towards the ‘hot products’. This is in agreement with the
reduction of QS and QW towards the burnt gas side (see Figures 7(a) and 7(b)). S5 (SFC)
and S6 (SN/SN/SN), typical of flows with local negative volumetric dilatation rates, seem
to be absent in these premixed combustion cases. The unstable topology S2 (UN/S/S)
is the most probable, whereas the compressive topology S1 (SN/S/S) and stable topol-
ogy S3 (SFC) have the lowest share. Topologies S2 (UN/S/S), S4 (SFS), S7 (UFS) and
S8 (UN/UN/UN) dominate over the flow domain. In general, focal topologies tend to
disappear in favor of nodal micro-structures towards the ‘hot products’. Obviously, pos-
itive volumetric dilatation rates and flow laminarization, due to increments of kinematic
viscosity with increasing temperature, destroy vorticity.

Conclusions

The behavior of local scalar field geometries and small-scale flow topologies is investi-
gated using DNS datasets for two turbulent premixed flames (Flame-A: inflow-outflow
configuration; Flame-B: jet in a co-flow). Mean and Gauss curvatures, and invariants of
the velocity-gradient, rate-of-strain, and rate-of-rotation tensors have been analyzed. The
computational domain has been divided into four reaction-rate conditioned regions, corre-
sponding to ‘fresh reactants’, ‘preheating’, ‘burning’ and ‘hot products’. Regardless of the
configuration under study, nearly flat scalar iso-surfaces are the most probable geometries
in all four regions. Thermochemical processes in the regions with high chemical activity
smooth out highly contorted iso-scalar surfaces and annihilate large curvatures. Expansive
(compressive) volumetric dilatations rates, −P = ∇ ·u, are mainly associated to concave
and flat (convex) iso-scalar surfaces. The most extensive eigenvalue, Λ1, is positive for all
regions of the computational domain, and displays an almost identical variation to that
of −P . Evolution of the invariants as a function of the scalar field have been studied.



The most extensive eigenvalue, Λ1, is positive for all regions of the computational domain,
and displays an almost identical variation to that of −P . Evolution of the invariants as a
function of the scalar field have been studied. The behavior of the second invariant of the
velocity-gradient tensor, Q, is governed by the local dissipation of kinetic energy, QS. The
physical enstrophy, QW , always decreases towards the regions with high chemical activity.
Furthermore, the enstrophy production, ωiSikωk − ωiωiSkk, is always positive as well as
the dissipation rate generation, −SikSijSjk(≡ −Λ1Λ2Λ3), due to the fact that 〈Λ1〉 > 0,
〈Λ2〉 > 0 and 〈Λ3〉 < 0. The universal teardrop shape typical of JPDF’s of R and Q in
constant-density turbulent flows disappear in regions with high chemical activity. Flow
topologies S5 (SFC) and S6 (SN/SN/SN), typical of flows with local negative volumetric
dilatation rates, are absent, whereas the topologies S2 (UN/S/S), S4 (SFS), S7 (UFS)
and S8 (UN/UN/UN) dominate over the flow domain. Focal topologies are important in
the ‘fresh reactants’ and tend to disappear in favor of nodal structures as moving towards
the ‘hot products’. Finally, the behavior of the invariants in two-time studies, separated
by time increments of the order of the Kolmogorov micro-scale, will also be undertaken
in future work.
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