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Abstract

Computational Anatomy aims for the study of the statis-
tical variability in anatomical structures. Variability is en-
coded by the transformations existing among populations of
anatomical images. These transformations are usually com-
puted from diffeomorphic registration based on the large
deformation paradigm. In this framework diffeomorphisms
are usually computed as end points of paths on the Rieman-
nian manifold of diffeomorphisms parameterized by non-
stationary vector fields. Recently, an alternative parame-
terization based on stationary vector fields has been de-
veloped. In this article we propose to use this stationary
parameterization for diffeomorphic registration. We for-
mulate the variational problem related to this registration
scenario and derive the associated Euler-Lagrange equa-
tions. We evaluate the performance of the non-stationary vs
the stationary parameterizations in real and synthetic 3D-
MRI datasets. Compared to the non-stationary parameteri-
zation, our proposal provides similar accuracy in terms of
image matching and deformation smoothness while drasti-
cally reducing memory and time requirements.

1. Introduction

Computational Anatomy aims for the study of the sta-
tistical variability in anatomical structures. Variability is
encoded by the transformations existing among anatomical
images. The statistical analysis of these transformations al-
lows modeling the anatomical variability of a population.
From this analysis, statistical inference can be used in or-
der to identify anatomical differences between healthy and
diseased individuals or improve the diagnosis of patholo-
gies [11, 15, 20]. In this framework, transformations are
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usually assumed to belong to a group of diffeomorphisms
(i.e. differentiable maps with differentiable inverse) en-
dowed with the structure of Riemannian manifold.

In Computational Anatomy, diffeomorphic registration
has been approached in the large deformation setting as a
variational problem that combines the minimization of an
image matching energy functional with a regularizing con-
straint on the diffeomorphic transformation. The image
matching functional has been usually selected as the sum
of squared intensity differences or information theory mea-
sures [6, 4, 14]. Transformations have been represented as
end points of paths of diffeomorphisms parameterized by
time-varying smooth vector fields defined on the tangent
space. In the last years, some variations in the definition of
the elements of the variational problem have been proposed
providing different algorithms for diffeomorphic registra-
tion. Joshi et al. have proposed an inverse consistent ver-
sion of the variational problem that incorporates a source to
target symmetry in the registration [13]. Avants et al. have
combined landmark based diffeomorphic registration in this
inverse consistent framework [3]. L. Younes has proposed
to restrict the optimization to paths that fulfill the momen-
tum conservation [21]. This constraint guarantees that the
solutions to the diffeomorphic registration problem lie on
the geodesics of the manifold. This is very desirable for
further Riemannian statistical analysis [8, 17]. Garcin et al.
have defined a Riemannian manifold structure on the space
of anatomical images in order to find geodesic paths on the
manifold of diffeomorphisms as well as on the image man-
ifold [9].

Recently, an alternative way of parameterizing paths of
diffeomorphisms has been proposed in [2]. The parame-
terization is obtained using stationary smooth vector fields
defined on the tangent space. This parameterization is
closely related to the group structure defined on the Rie-
mannian manifold of diffeomorphisms as the paths that can
be parameterized using stationary vector fields are exactly
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geodesic paths identified with one-parameter subgroups. To
our knowledge, the stationary parameterization has not been
used for diffeomorphic registration.

In this article, we propose to use the stationary parame-
terization for diffeomorphic registration in the variational
problem studied in Computational Anatomy. This restricts
transformations to belong to geodesic paths identified with
some one-parameter subgroup on the manifold. We formu-
late the variational problem related to the registration sce-
nario and derive the Euler-Lagrange equations associated to
the minimization of the energy functional. We evaluate the
performance of the non-stationary vs the stationary param-
eterizations in real and synthetic 3D-MRI datasets.

The rest of the article is divided as follows. In Sec-
tion 2 we revisit the differential structure of the Riemannian
manifold of diffeomorphisms. In Section 3 we present our
method for diffeomorphic registration. Results in real and
synthetic datasets are presented in Section 4. Finally, Sec-
tion 5 presents discussion and some concluding remarks.

2. Riemannian manifolds of diffeomorphisms

In this section we describe the differentiable structure of
the Riemannian manifold

Diff(Ω) := {ϕ : Ω → Ω, ϕ and ϕ−1 smooth mappings}
(1)

as well as the two different parameterizations of paths of
diffeomorphisms that have been proposed in the literature.
The set Ω is a compact simply connected manifold. In our
framework, Ω represents the image domain that is a com-
pact cubic neighborhood of points in R

3.
The study of infinite dimensional manifolds is more

complicated than in finite dimensions. In the finite dimen-
sional case the structure of differentiable manifold provides
a local homeomorphism from every element in the mani-
fold to the Euclidean vector space, R

n. Thus, finite dimen-
sional manifolds locally behave like Euclidean spaces. Oth-
erwise, infinite dimensional differentiable manifolds are lo-
cally homeomorphic to infinite dimensional metric vector
spaces (namely, a Frechet, a Banach or a Hilbert space),
showing a complex differential structure. In every point of
the manifold, this vector space is the so called tangent space
(V ). In the case of Diff(Ω), this is the vector space of
smooth vector fields in Ω. Depending on the degree of dif-
ferentiability of the set of diffeomorphisms (i.e. the mean-
ing of the term ”smooth” in Equation 1), we can obtain dif-
ferent metric spaces and, therefore, different structures of
differentiable manifold in Diff(Ω). For example, the set
of C∞ diffeomorphisms Diff∞(Ω) is a Frechet space, the
set of Ck, k < ∞, diffeomorphisms Diffk(Ω) is a Banach
space, and the set of Sobolev Hs, s > 1

2dim(Ω) diffeomor-
phisms Diffs(Ω) is a Hilbert space [18].

In Computational Anatomy, Riemannian manifolds of

diffeomorphisms are considered with the Hilbert differen-
tiable structure. Diffs(Ω) has been widely studied in
physics [1, 12, 7] as the computation of the motion of a
system in continuum mechanics can be described by a path
of diffeomorphisms

φ : [0, 1] → Diffs(Ω), t → φ(t) (2)

deforming the ambient space Ω. The analogies existing be-
tween this physical problem and diffeomorphic registration
allow to translate the setting for working with Diffs(Ω)
from continuum mechanics to Computational Anatomy.

Thus, in both disciplines paths of diffeomorphisms are
usually parameterized as the solution of the transport equa-
tion

φ̇(t) = v(t, φ(t)) (3)

with initial condition φ(0) = id, where v : [0, 1] → V is
a time varying flow of smooth vector fields in the tangent
space V . Diffeomorphisms can be computed as solutions of
non-stationary ordinary differential equations (ODE). The
metric in Diffs(Ω) is defined from the scalar product
〈v, w〉V = 〈Lv, Lw〉L2 where L is a linear invertible dif-
ferential operator. The Hilbert differentiable structure guar-
antees that the solution to the transport equation is a path of
diffeomorphisms in Diffs(Ω). 1

With this parameterization, the energy of a path in the
Riemannian manifold is defined as

E(φ) =

√∫ 1

0

‖v(t)‖2
V dt (4)

This energy intuitively represents the cost that supposes
walking on the manifold following that path. Paths mini-
mizing this cost are called geodesic curves. In this case,
the energy is identified with the metric and measures the
amount of deformation associated to the diffeomorphism
φ(1).

Recently, an alternative way of parameterization of
geodesics in Diffs(Ω) has been proposed [2]. In this
framework, geodesic paths are parameterized as the so-
lution of the transport equation associated to a stationary
smooth vector field in the tangent space,

φ̇(t) = w(φ(t)) (5)

with initial condition φ(0) = id, where w ∈ V . With this
parameterization diffeomorphisms can be computed as so-
lutions of stationary ODEs. The energy of a path parame-
terized by a stationary vector field w can be defined from
Equation 4 as

E(φ) =

√∫ 1

0

‖tw‖2
V dt = ‖w‖V (6)

1In fact, the solution does not exist in Diff∞(Ω) and Diffk(Ω) as
these spaces are not Sobolev.
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This parameterization is closely related to the group
structure defined in Diffs(Ω) with the right invariant met-
ric defined in Equation 4 as the geodesic paths that can be
parameterized using stationary vector fields are exactly the
one-parameter subgroups. In this case, the vector field w
is an infinitesimal generator of the subgroup and the solu-
tion of the transport equation is identified with the expo-
nential map. It has been shown that this set of diffeomor-
phisms do not comprise all diffeomorphisms in Diffs(Ω)
(in fact, the exponential map is not onto [10]). Nevertheless,
it could provide good results for diffeomorphic registration
of anatomical images as well as an appropriate framework
for further Riemannian statistical analysis [8, 17].

3. Diffeomorphic registration of anatomical
images

In this article, diffeomorphic registration from a template
image I0 to a target I1 is obtained computing the end point
ϕ of a path of diffeomorphisms φ(t) resulting from the min-
imization of the energy functional

E(ϕ) = E(φ)2 +
1
σ2

‖I0 ◦ ϕ−1 − I1‖2
L2 (7)

where E(φ) measures the energy of the path φ(t), ‖ · ‖L2

measures the matching between the images after registra-
tion and the scaling factor σ balances the energy contribu-
tion between deformation and image differences. In this
section we review the method for diffeomorphic registration
using the non stationary parameterization and formulate our
method using the stationary parameterization.

3.1. Registration using the non-stationary para-
meterization

In Computational Anatomy, the energy functional 7 is
usually written as

EI0→I1(v(t)) =
∫ 1

0

‖v(t)‖2
V dt+

1
σ2

‖I0 ◦φ(1)−1 − I1‖2
L2

(8)
where v(t) is the time-varying vector field parameterizing
the path of diffeomorphisms φ(t) [4]. In order to assure a
source to target symmetry in the registration, in this article
we use the inverse-consistent version instead [13]

EI0↔I1(v(t)) =
∫ 1

0

‖v(t)‖2
V dt +

1
σ2

(‖I0 ◦ φ(1)−1 − I1‖2
L2

)
+

1
σ2

(‖I1 ◦ φ(1) − I0‖2
L2

)
(9)

The Euler-Lagrange equation associated to the mini-
mization of this energy functional is given in Equation 10.
In this equation, L is a linear invertible differential opera-
tor associated to the ‖ · ‖V . The time-varying vector field
solution of the Euler-Lagrange equation provides a path of
diffeomorphisms with minimal energy and maximum im-
age matching at t = 1.

3.2. Registration using the stationary parameteri-
zation

In our method for diffeomorphic registration between
anatomical images we parameterize diffeomorphisms as so-
lutions of stationary ODEs belonging to a one-parameter
subgroup for some infinitesimal generator w ∈ V . Thus,
the diffeomorphism that connects I0 and I1 is represented
by the exponential map exp(w), where w is computed from
the minimization of the energy functional

EI0↔I1(w) = ‖w‖2
V +

1
σ2

(‖I0 ◦ exp(w)−1 − I1‖2
L2

)
+

1
σ2

(‖I1 ◦ exp(w) − I0‖2
L2

)
(11)

The Euler-Lagrange equation associated to the minimiza-
tion of the energy functional is given in Equation 12. The
details of the computation are given in the Appendix. The
stationary vector field solution of the Euler-Lagrange equa-
tion provides a one-parameter subgroup of diffeomorphisms
with minimal deformation and maximum image matching
at t = 1.

3.3. Numerical implementation

The numerical implementation for finding the minimum
of the energy functionals EI0↔I1(v(t))) and EI0↔I1(w)
proceeds within a multi-resolution strategy in a gradient de-
scent fashion. In order to make both algorithms compara-
ble, the same implementational criteria have been adopted
in their common stages.

In the coarsest resolution level, the algorithm based on
the non-stationary parameterization initializes with iteration
k = 0, v(t) = 0V and φ(t) = id ∀t whereas the algo-
rithm based on the stationary parameterization initializes
with w = 0V , and ϕ = id. In the finer resolution lev-
els, both algorithms initialize v(t) and w interpolating the
vector fields resulting from the convergence in the previous
resolution level using a b-spline interpolator. Every itera-
tion in the gradient descent consists of the steps collected in
Table 1.

In both algorithms, a golden search strategy based on the
optimization scheme in [4] is used to update the step size
ε. The computation of the diffeomorphisms is performed
by solving the transport equations 3 and 5 using a semi-
lagrangian algorithm [19]. The operator associated to 〈., .〉V
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∇v(t)E(v(t)) = 2v(t) − 2
σ2

(LL†)−1
(
det(Dφ(t)−1)(I0 ◦ φ(t)−1 − I1 ◦ φ(T − t))(∇I0(φ(t)−1) + ∇I1(φ(T − t)))

)
(10)

∇wE(w) = 2w − 2
σ2

(LL†)−1
(
(I0 ◦ exp(w)−1 − I1)∇(I0 ◦ exp(w)−1) + (I1 ◦ exp(w) − I0)∇(I1 ◦ exp(w))

)
(12)

is selected to be L = γId − α∇2, and LL† is computed
in the Fourier domain as in [4]. The convergence in each
resolution level is reached if the value of ε in the search
strategy is too small or the rate of change in the energy is
less than a tolerance value.

4. Results

In this section we provide the evaluation of our method
for diffeomorphic registration. This evaluation consists in
comparing the performance of the non-stationary and the
stationary parameterizations in the registration scenarios
associated to the variational problems EI0↔I1(v(t)) and
EI0↔I1(w). We provide results on real and synthetic MRI
brain datasets.

4.1. Real datasets

The population of real anatomical brain images was
composed by a total of 18 T1-MRI from the Hospital Clinic
Barcelona, Spain. The images were acquired using a Gen-
eral Electric Signa Horizon CV 1.5 Tesla scan. As pre-
processing steps, the images were first re-sampled yield-
ing volumes of size 256 × 256 × 220 with a spatial reso-
lution of 0.9 × 0.9 × 0.9 mm and cropped to volumes of
size 155 × 205 × 170. Next, the skull was removed from
the images [5]. Finally, the image intensity was normalized
using a histogram matching algorithm and all the images
were aligned to a common coordinate system using a sim-
ilarity transformation (7 dof) with the algorithms available
at the Insight Toolkit (ITK).

4.2. Registration in real datasets

In this experiment, we evaluate the performance of the
diffeomorphic registration algorithms in real datasets. The
quality of the registration is measured with parameters
based not only on the final image matching but also on the
transformation smoothness. The image matching is quanti-
fied from the relative L2 differences,

RSSD =
1
2
‖I0 ◦ ϕ−1 − I1‖L2 + ‖I1 ◦ ϕ − I0‖L2

‖I0 − I1‖L2
(13)

This measure comprises errors in the registration due to
photometric variations between the images and inaccurate

matching consequence of diffeomorphic regularization con-
straints. The smoothness of the transformation is measured
from the extrema of the Jacobian determinant associated to
the inverse transformation, Jmax = max(det(Dϕ−1)) and
Jmin = min(det(Dϕ−1)). From those registrations with
the same relative differences the ones with the highest min-
imum determinant (i.e. smoother) are more desirable.

As these performance parameters are strongly influenced
by the selection of the scaling parameter σ, the experiment
consists in the registration of one of the images randomly
selected in our datasets to the rest of images with several
values of σ. Table 2 presents the average and standard de-
viation of these measurements obtained in the experiment.
Figure 1 shows a representative example of diffeomorphic
registration with this parameter setting. The histogram of
the differences between the template, the target and the cor-
responding transformed images is shown in Figure 2.

Table 2. Registration in real datasets. Average and standard deviation of
the relative L2 differences, RSSD, and the extrema of the jacobian deter-
minant, Jmax, Jmin. Upper and lower tables show the results obtained
with EI0↔I1 (w) and EI0↔I1 (v(t)), respectively.

EI0↔I1 (w)

1/σ2 RSSD Jmin Jmax

1e0 0.66 ± 0.04 0.82 ± 0.02 1.21 ± 0.03

5e1 0.36 ± 0.04 0.36 ± 0.14 2.25 ± 0.57

1e2 0.32 ± 0.03 0.29 ± 0.14 3.10 ± 1.31

5e2 0.30 ± 0.03 0.26 ± 0.14 3.79 ± 2.31

1e3 0.27 ± 0.02 0.23 ± 0.14 4.37 ± 2.75

5e3 0.27 ± 0.02 0.23 ± 0.13 4.15 ± 2.31

1e4 0.26 ± 0.02 0.23 ± 0.13 4.13 ± 2.34

5e4 0.26 ± 0.01 0.23 ± 0.13 4.23 ± 2.53

1e5 0.27 ± 0.02 0.23 ± 0.13 4.10 ± 2.18

EI0↔I1(v(t))

1/σ2 RSSD Jmin Jmax

1e0 0.66 ± 0.04 0.68 ± 0.01 1.39 ± 0.03

5e1 0.37 ± 0.04 0.30 ± 0.20 2.19 ± 0.56

1e2 0.34 ± 0.04 0.29 ± 0.12 2.89 ± 1.26

5e2 0.31 ± 0.03 0.25 ± 0.11 3.76 ± 2.32

1e3 0.29 ± 0.02 0.22 ± 0.12 4.17 ± 2.74

5e3 0.28 ± 0.02 0.21 ± 0.08 4.29 ± 2.62

1e4 0.27 ± 0.02 0.19 ± 0.10 4.35 ± 2.58

5e4 0.27 ± 0.02 0.19 ± 0.11 4.27 ± 2.30

1e5 0.27 ± 0.02 0.19 ± 0.09 4.56 ± 2.55
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Table 1. Algorithms for diffeomorphic registration. Left, registration using the non-stationary parameterization. Right, registration using the stationary
parameterization.

(1) Compute ∇vk(t)E(vk(t)) from the Euler-Lagrange Equation 10.
(2) Update the gradient descent step vk(t) = vk−1(t) − ε∇vk−1(t)E(vk−1(t)).

(3) Compute the inverse path of diffeomorphimsms φ−1(t).
(4) Compute the direct path of diffeomorphisms φ(t).
(5) Compute the transformed images I0 ◦ φ−1(t) and I1 ◦ φ(t).
(6) Check for convergence criterion.
(7) Prepare the next resolution level.

(1) Compute ∇wk
E(wk) from the Euler-Lagrange Equation 12.

(2) Update the gradient descent step wk = wk−1 − ε∇wk−1E(wk−1).

(3) Compute the inverse diffeomorphimsm ϕ−1 = exp(−wk).
(4) Compute the direct diffeomorphism ϕ = exp(wk).
(5) Compute the transformed images I0 ◦ ϕ−1 and I1 ◦ ϕ.
(6) Check for convergence criterion.
(7) Prepare the next resolution level.

Figure 1. Illustration of axial, coronal and saggital views of a real data
registration experiment for 1/σ2 = 5.0e4. The first and second rows
show the template (I0) and the target (I1) used for registration. The
third and fourth rows show the differences (ranging from -50 to 50) be-
tween the target and the deformed template obtained with EI0↔I1 (w) and
EI0↔I1 (v(t)), respectively. The image matching was equal to 0.26 in the
case of stationary parameterization and 0.30 in the case of non-stationary
parameterization. The corresponding jacobian values ranged from 0.23 to
12.30 and from 0.30 to 9.09, respectively.

4.3. Synthetic datasets

The population of synthetic anatomical brain images was
composed by two groups of 20 images. Each group was
generated from simulated diffeomorphic deformations pa-
rameterized with stationary and non-stationary vector fields
applied to a template image randomly selected from the real
datasets.

−100 −80 −60 −40 −20 0 20 40 60 80 100
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0.002

0.004

0.006

0.008
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0.012

0.014

Figure 2. Histogram of the intensity differences in the registration exper-
iment shown in Figure 1. Green plot corresponds to the differences before
registration (I0−I1). Blue and magenta plots correspond to the differences
after registration using the stationary and the non-stationary parameteriza-
tions, respectively (I0 ◦ϕ−1 − I1 and I0 ◦φ(1)−1 − I1). The histogram
has been plotted just taking into account differences not equal to zero.

The stationary diffeomorphisms were simulated from
the stationary vector fields w1, ..., wN resulting from the
registration of the template to the rest of the images in
the real datasets. Principal Geodesic Analysis (PGA) was
performed on the covariance matrix associated to the wi

using the method in [20]. New instances of stationary
vector fields were generated from the modes of variation
u1, ..., uN and the corresponding eigenvalues λ1, ..., λN as
wnew = ΣN

i=1αiλiui. The parameters αi were randomly se-
lected from a normal distribution of zero mean and standard
deviation 1. The simulated diffeomorphisms were obtained
solving the stationary transport equation.

The simulated non-stationary diffeomorphisms
were generated from the non-stationary vector fields
v1(t), ..., vN (t) resulting from the registration of the
template to the rest of the images in the real datasets. As
the space of time-varying vector fields is not linear, the
computation of PGA was applied to the linear space of
initial vector fields v1(0), ..., vN (0) instead. This way,
new instances of initial vector fields were generated as
explained in the stationary case. The non-stationary
vectors associated to the simulated initial vector fields
were generated via geodesic shooting [16]. The simulated
diffeomorphisms were obtained solving the non-stationary
transport equation.

4.4. Registration in synthetic datasets

In this experiment, we evaluate the performance of the
diffeomorphic registration algorithms in synthetic datasets.
The quality of the registration is measured with parameters
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based on the final image matching (RSSD). As photomet-
ric variations between the template and target images are
null this measure comprises the errors in the registration due
to inaccurate matching consequence of diffeomorphic reg-
ularization constraints (i.e. the parameterization used). In
addition, we compare the simulated diffeomorphisms with
the ones obtained via registration using the average L2 dif-
ferences (SSD) between corresponding grid points.

Table 3 presents the average and standard deviation of
these measurements. Figures 3 and 4 show representative
examples of the diffeomorphic registration experiments.
The histogram of the differences before and after registra-
tion are shown in Figure 5.

Table 3. Registration in synthetic datasets. Average and standard devia-
tion of the relative L2 differences between the images, RSSD, and L2

distance to the real transformations, SSD. Left table shows results cor-
responding to the simulated stationary diffeomorphic transformations and
right table shows results corresponding to the non-stationary ones.

RSSD SSD RSSD SSD

EI0↔I1(w) 0.03 ± 0.00 0.48 ± 0.45 0.02 ± 0.01 0.44 ± 0.35

EI0↔I1(v(t)) 0.03 ± 0.01 0.50 ± 0.46 0.03 ± 0.01 0.45 ± 0.37

4.5. Computational complexity

Computational complexity is measured in terms of mem-
ory and time requirements. The optimization for diffeomor-
phic registration in EI0↔I1(v(t)) and EI0↔I1(w) requires
the storage in memory of the diffeomorphic path parame-
terizations (v(t) and w, respectively) and the correspond-
ing energy gradients (∇Ev(t)(t) and ∇Ew, respectively). If
the path of diffeomorphisms in the non-stationary parame-
terization is sampled into T pieces, the memory require-
ments in this algorithm are multiplied by this parameter.
Besides, the computation of the energy gradient requires
the extra storage of the whole direct and inverse diffeo-
morphic paths in the case of non-stationary parameteriza-
tion while the stationary parameterization requires the stor-
age of just the direct and inverse diffeomorphisms. Thus,
depending on the sampling T of the interval [0, 1] in the
non-stationary parameterization, the memory requirements
of the non-stationary registration algorithm grow up to k ·T
times ours for some k. Time requirements are also mul-
tiplied by this factor. As example2, in a volume of size
155× 205× 170 registration using the non-stationary para-
meterization in the finer resolution level required up to 1.9
GB while stationary parameterization required about 800
MB. Time requirements for a single iteration took up to
143.20 seconds using the non-stationary parameterization
whereas the stationary parameterization took 10.25 seconds
in a machine of 2327 MHZ. This supposes a reduction of
the whole registration algorithm from some hours to a few
minutes.

2Code implemented in C++ based on the ITK library

Figure 3. Illustration of axial, coronal and saggital views of a synthetic
data registration experiment generated from a stationary diffeomorphism
for 1/σ2 = 5.0e4. The first and second rows show the template (I0)
and the target (I1) used for registration. The third and fourth rows show
the differences (ranging from -50 to 50) between the target and the de-
formed template obtained with EI0↔I1 (w) and EI0↔I1 (v(t)), respec-
tively. The image matching was equal to 0.04 in the case of stationary
parameterization and 0.04 in the case of non-stationary parameterization.

5. Discussion and conclusions

In this article, we have presented a method for diffeomor-
phic registration based on the large deformation paradigm
studied in Computational Anatomy. In contrast to tra-
ditional methods, we estimate the optimal transformation
connecting two anatomical images constrained to lie on
geodesic paths parameterized by stationary vector fields.

The performance of the stationary vs non-stationary pa-
rameterizations has been compared in a set of 18 MRI
real datasets. Both algorithms have similar accuracy and
smoothness (in the optimal case shown in Table 2, the av-
erage RSSD resulted to be 0.26 vs 0.27 and the average
minimum Jacobian 0.23 vs 0.19). Besides, the differences
before and after registration were reduced in the same de-
gree in both cases (Figure 2). In the example shown in Fig-
ure 1, subcortical structures presented a maximum match-
ing. However, the image matching seems to fail in the cor-
tex. This may be due to the differences of intensity between
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Figure 4. Illustration of axial, coronal and saggital views of a synthetic
data registration experiment generated from a non-stationary diffeomor-
phism for 1/σ2 = 5.0e4. The first and second rows show the tem-
plate (I0) and the target (I1) used for registration. The third and fourth
rows show the differences (ranging from -50 to 50) between the target and
the deformed template obtained with EI0↔I1 (w) and EI0↔I1 (v(t)), re-
spectively. The image matching was equal to 0.02 in the case of stationary
parameterization and 0.02 in the case of non-stationary parameterization.

−100 −80 −60 −40 −20 0 20 40 60 80 100
0

0.005

0.01

0.015

0.02

0.025

0.03

(a)

−100 −80 −60 −40 −20 0 20 40 60 80 100
0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

(b)

Figure 5. Histogram of the intensity differences in the registration exper-
iment shown in Figures 3 and 4, respectively. Green plot corresponds to
the differences before registration. Blue and magenta plots correspond to
the differences after registration using the stationary and the non-stationary
parameterizations, respectively. The histogram has been plotted just taking
into account differences not equal to zero.

images are higher in these regions of the brain. Another
reason could be that the regularization constraints imposed
on diffeomorphic registration makes the transformation not
able to warp between structures with high geometrical vari-
ability.

In addition, the performance of both algorithms has been
compared in two populations of 20 MRI datasets generated
from simulated stationary and non-stationary parameterized
diffeomorphisms. As pointed out by Table 3 and supported
by Figures 3, 4, and 5, both algorithms have shown a high
image matching (average RSSD less than 0.03 in all cases)
regardless the parameterization used to generate the diffeo-
morphism. The average differences of corresponding grid
points between the simulated diffeomorphisms and the ones
obtained via registration resulted to be within voxel resolu-
tion.

As a consecuence of the non surjectivity of the expo-
nential map there exist points arbitrarilly close to the iden-
tity that cannot be parameterized by stationary vector fields.
This means that there may exist two images where the
non-stationary parameterization would provide much better
registration performance than the stationary parameteriza-
tion. However, the experiments reported in this article have
shown that, at least for MRI brain images, one can find ele-
ments from both parameterizations that provide similar and
acceptable registration results.

Regarding time and memory requirements, our algo-
rithm has shown to provide a considerable reduction of the
computational requirements for registration with identical
accuracy results. For this reason, our algorithm may pro-
vide an alternative fast method for computing diffeomor-
phic registration in state of the art Computational Anatomy
applications. Moreover, our algorithm allows to generate
elements belonging to one-parameter subgroups of diffeo-
morphisms where the exponential and logarithm maps can
be computed. Therefore it may be suitable to be used in a
framework for Riemannian statistical analysis in the mani-
fold of diffeomorphisms.

A. Euler-Lagrange equation for diffeomorphic
registration

In this appendix, we present the computations to ob-
tain the Euler-Lagrange equation for the energy functional
given in Equation 11. In general convex vector spaces, the
Euler-Lagrange equation associated to an energy functional
E(w) is obtained from ∇wE(w) = 0. In Frechet spaces,
the gradient operator relates the Frechet derivative and the
Gateaux derivative by ∂hE(w) = 〈∇wE(w), h〉V . Thus,
in our case, the Euler-Lagrange equation is computed from
Gateaux derivatives. The Gateaux derivative of the energy
functional along h ∈ V is defined as the variation of E(w)
under the perturbation of w in the direction of h

∂hE(w) = lim
ε→0

E(w + εh) − E(w)
ε

(14)

For simplicity, we divide the computation of ∂hE(w)
into ∂hE1(w), ∂hE2(w), and ∂hE3(w) where
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E1(w) = ‖w‖2
V , (15)

E2(w) =
1
σ2

‖I0 ◦ exp(w)−1 − I1‖2
L2 , and (16)

E3(w) =
1
σ2

‖I1 ◦ exp(w) − I0‖2
L2 . (17)

Straightforward computations provide

∂hE1(w) = 2〈w, h〉V (18)

The chain rule allows to compute the variation of E2(w)
and E3(w)

∂hE2(w) =
2
σ2

〈I0 ◦ exp(w)−1 − I1,

∇(I0 ◦ exp(w)−1) · ∂hexp(w)−1〉L2(19)

∂hE3(w) =
2
σ2

〈I1 ◦ exp(w) − I0,

∇(I1 ◦ exp(w)) · ∂hexp(w)〉L2 (20)

The Gateaux derivative of the exponential map is obtained
using a first order approximation, exp(w) = x + w.
The Gateaux derivative of the inverse exponential map is
obtained from the fact exp(w)−1 = exp(−w). Thus,
∂hexp(w) = h and ∂hexp(w)−1 = −h and

∂hE2(w) = − 2
σ2

〈(LL†)−1((I0 ◦ exp(w)−1 − I1) ·
∇(I0 ◦ exp(w)−1)), h〉V (21)

∂hE3(w) =
2
σ2

〈(LL†)−1((I1 ◦ exp(w) − I0) ·
∇(I1 ◦ exp(w))), h〉V (22)

Collecting the results in Equations 18, 21, and 22, the Euler-
Lagrange equation associated to the energy functional is
∇wE(w) = 2w + ∂hE2(w) + ∂hE3(w).
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