REDUCTION OF POLYSYMPLECTIC MANIFOLDS
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ABSTRACT. The aim of this paper is to generalize the classical Marsden-Weinstein reduction procedure
for symplectic manifolds to polysymplectic manifolds in order to obtain quotient manifolds which in-
herit the polysymplectic structure. This generalization allows us to reduce polysymplectic Hamiltonian
systems with symmetries, such as those appearing in certain kinds of classical field theories. As an
application of this technique, an analogous to the Kirillov-Kostant-Souriau theorem for polysymplectic
manifolds is obtained and some other mathematical examples are also analyzed.

Our procedure corrects some mistakes and inaccuracies in previous papers [29] [50] on this subject.
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1. INTRODUCTION

The problem of reduction of systems with symmetry has attracted the interest of theoretical physicists
and mathematicians, who have sought to reduce the number of equations describing the behavior of the
system by finding first integrals or conservation laws. The use of geometrical methods has proved to be a
powerful tool in the study of this topic, and was introduced by Marsden and Weinstein in their pioneering
work of reduction of autonomous Hamiltonian systems under the action of a Lie group of symmetries,
with regular values of their momentum maps [47] (see also [48] for a review of symplectic reduction).
In this case, the reduced phase space so-obtained is a symplectic manifold and inherits a Hamiltonian
dynamics from the initial system.

The Marsden-Weinstein technique was subsequently applied and generalized to many different situa-
tions; for instance, the reduction of Hamiltonian systems with singular values of the momentum map has
been studied in several papers such as [54] for the autonomous case, and [38] for the non-autonomous.
In both cases, a stratified symplectic manifold is obtained as a quotient manifold which, in the second
situation, is also endowed with a cosymplectic structure. Furthermore, with certain additional conditions,
the reduced phase space inherits a non-degenerate Poisson structure [3] (see also other references quoted
therein). The reduction of time-dependent regular Hamiltonian systems (with regular values) is developed
in the framework of cosymplectic manifolds in [2], obtaining a reduced phase space which is a cosymplec-
tic manifold. The study of autonomous systems coming from certain kinds of singular Lagrangians can
be found in [I5], where the conditions for the reduced phase space to inherit an almost-tangent structure
are given. Some of the results here obtained are generalized to the case of non-autonomous singular
Lagrangian systems in [31I]. Another approach to this question is adopted in [36], where the authors give
conditions for the existence of a regular Lagrangian function in the reduced phase space, which allows
them to construct the reduced cosymplectic or contact structure (and hence the reduced Hamiltonian
function) from it. Finally, a general study on reduction of presymplectic Hamiltonian systems with
symmetry is conducted in [24].

There are further cases in reduction theory; for instance, the theory of reduction of Poisson manifolds
is treated in works such as [34] and [44]. Reduction of cotangent bundles of Lie groups is considered in
[45]. As regards the subject of Lagrangian reduction, some works, such as [46], consider the problem from
the point of view of reducing variational principles (instead of reducing the almost tangent structure, as
is the case made in some of the above mentioned references), as well as other approaches to the so-called
Euler-Poincaré reduction [I7, 22] and Routh reduction for regular and singular Lagrangians [19, B3]. The
study of reduction of non-holonomic systems can be found, for instance, in [7], [I1], [16] and [42]. Finally,
in [I0] a presentation of optimal control systems on coadjoint orbits related to reduction problems and
integrability is provided, although it is in previous papers such as [55] and [58], where an initial analysis
of the problem of symmetries of optimal control systems is carried out. A more general treatment of the
reduction problem of these kinds of systems using the reduction theory for presymplectic systems is given
n [23]. A different point of view on this topic using Dirac structures and implicit Hamiltonian systems
is adopted in [8] and [9]; while a further approach can be found in [49]. (Of course, this list of references
is far from being complete).

With regard to the problem of reduction by symmetries of classical field theories, only partial results
have been achieved in the context of the Lagrangian and Poisson reduction, leading to the analogous
of the Lie-Poisson equation in classical mechanics [20], the Euler-Poincaré reduction in principal fiber
bundles [I8] 2T] and for discrete field theories [57], and other particular situations in multisymplectic
field theories. Nevertheless, although studies on symmetries and conservation laws in field theories have
already been carried out (see, for instance, [25] 28] 35, 43 53] and the references quoted therein), a
complete generalization of the Marsden-Weinstein reduction theorem to the case of classical field theory
has yet to be obtained.

The main objective of this paper is to perform this generalization for one of the simplest geometric
formalisms of classical field theories: the so-called k-symplectic formalism [29] (on its Hamiltonian formu-
lation), and considering only the regular case. This k-symplectic formalism (also called polysymplectic
formalism) is the generalization to field theories of the standard symplectic formalism in autonomous
mechanics, and is used to give a geometric description of certain kinds of field theories: in a local descrip-
tion, those whose Lagrangian and Hamiltonian functions do not depend on the coordinates in the basis
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(in many of these theories, the space-time coordinates). The foundations of the k-symplectic formalism
are the k-symplectic manifolds [4, [5] [6], B7].

An initial approach to reduction in this context was made in the seminal work of Giinther [29], where
the author attempts to apply the Marsden-Weinstein reduction theory for symplectic manifolds to the
polysymplectic case. Nevertheless, in this paper (in which the author wishes to generalize some technical
properties of the orthogonal symplectic complement to the analogous polysymplectic situation) the proof
of one of the fundamental results fails to hold true. A more recent attempt was made in [50] for reduction
of k-symplectic structures, but this article contains similar inaccuracies that invalidate the proof of the
theorem of reduction of the polysymplectic structure proposed there. On the other hand, a further
analogous erroneous attempt to extend the Marsden-Weinstein reduction theorem to multisymplectic
manifolds was made in [30]. A promising way to address this problem has been initiated very recently by
Bursztyn et al [13]. The key point in this approach is to use the notion of a multiplicative form in a Lie
groupoid (see [12,[14]). Another approach using a different and appropriate notion of a multi-momentum
map was proposed by Madsen and Swann [40, [41] (see also [56]). The theory is applied to closed forms
of arbitrary degree. Existence and uniqueness of multi-momentum maps was discussed and applications
to the reduction of several types of “closed geometries of higher order” are given.

In this paper, we seek to correct these inaccuracies, although as we will see, the generalization of
the Marsden-Weinstein theorem to the polysymplectic context (for regular values of the corresponding
momentum maps) is not straightforward and some additional technical conditions must be added to the
usual hypothesis. We also study how a polysymplectic structure can be defined in the quotient space,
and then, when starting from a Hamiltonian polysymplectic system, how to reduce it.

The organization of the paper is as follows: Section [2| provides a brief review on polysymplectic
manifolds (in appendixwe present some typical examples of these structures). In particular, we review
Gilinther’s reduction method and give a counterexample showing that this procedure is not correct.
The main results of the paper are presented in Section [3] where we study the reduction procedure for
polysymplectic structures in general, first considering the reduction by a submanifold in general, and then
stating the Marsden-Weinstein reduction theorem for this case. As an application, some typical examples
are analyzed; namely, the reduction of the product of symplectic manifolds, the reduction of cotangent
bundles of k'-covelocities and the Kirillov-Kostant-Souriau theorem for polysymplectic manifolds. In
Section |4 the above results are applied and completed in order to reduce polysymplectic Hamiltonian
systems, and the procedure is applied to certain kinds of Hamiltonian polysymplectic systems defined in
cotangent bundles of k!'-covelocities, as well as to the problem of harmonic maps, as a particular example.

Throughout this work, manifolds are real, paracompact, connected and C°°, maps are C*°, and sum
over crossed repeated indices is understood. G denotes a Lie group and g its Lie algebra.

2. COMMENTS ON GUNTHER’S POLYSYMPLECTIC REDUCTION: A COUNTEREXAMPLE.

In [29], Giinther extends the Marsden-Weinstein reduction [47] to the polysymplectic setting. However,
as commented in the introduction to the present paper, the description given by Gilinther contains some
mistakes. In this section we discuss this fact and present a simple counterexample to Giinther’s results;
in particular, we see that Lemma 7.5 and Theorem 7.6 in [29] are incorrect. First, we recall the notions
of a polysymplectic manifold, a polysymplectic action and momentum map, and then in section we
discuss Giinther’s results on reduction.

2.1. Polysymplectic manifolds, actions and momentum maps. In this section we review the con-
cept of a polysymplectic structure introduced by Giinther in [29] and some necessary notions for the
reduction procedure described by this author (for further details see [29] and also [50]).

Definition 2.1. Let M be a differentiable manifold of dimension n. A k-polysymplectic structure in M
is a closed nondegenerated R*-valued 2-form

k
w=> w'®ra,
A=1

where {r1,...,m} denotes the canonical basis of R*. The pair (M,@) is called a k-polysymplectic manifold
or simply a polysymplectic manifold.
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Some typical examples of polysymplectic manifolds are analyzed in Appendix A.

Note that M has a k-polysymplectic structure @ if and only if there exists a family of k& closed 2-forms
(wh, ..., w") such that

k
(2.1) ﬂ ker w? =0.
A=1

Throughout this paper we use this characterization of a polysymplectic structure. Thus, a family
of k closed 2-forms (w!,...,w*) such that (2.1)) holds is called a k-polysymplectic structure or simply a
polysymplectic structure.

Definition 2.2. An action ®: GxM — M of a Lie group G on a polysymplectic manifold (M, w', ... w"),
is said to be a polysymplectic action if for each g € G, the diffeomorphism

o, : M — M
z = P(g,x2)
is polysymplectic; that is, for A=1,...,k,

CI);wA =w?.

As in the symplectic case, we can introduce the notion of a momentum map for polysymplectic actions
in a natural way:

Definition 2.3. Let (M,w!,... ,wk) be a polysymplectic manifold and ®: G x M — M a polysymplectic
action. A mapping

J=(JY . T8 M — g*x .k xg
is said to be a momentum mapping for the action ® if for each & € g,

Z.EMwA = djé4 s
where jg‘: M — R is the map defined by
ng(gc) = JA(x)(§), reM

and &y 18 the infinitesimal generator of the action corresponding to €.

Remark 2.4. In the particular case k = 1, the above definition reduces to the definition of the momentum
mapping for a symplectic action. (See [I]).

If G is a Lie group, we may define an action of G over g*x .5. xg* by
Coad®: G xg'x k. xg* — g'x .k xg*
(g:p1,-- i)+ Coadk(g, pa, ..., px) = (Coad(g, p1), - . ., Coad(g, jir))
where Coad denotes the usual coadjoint action

(2.2)

Coad : Gxg° —g°
(9,1) = poAd,
CoadF is called the k-coadjoint action (see Appendix A).

Definition 2.5. A momentum mapping J = (J',...,J*): M — g*x .k, xg* for the action ® is said to
be Coad®-equivariant if, for every g € G and © € M,

(2.3) J(Q4(x)) = Coad];(J(x)) ;

that is, the following diagram is commutative
M—Ls g*x k. xg*
<I>gl iCoadZ
M —Ls g% k. xg*
Remark 2.6. (1) Observe that, for every g € G and = € M, the condition is equivalent to
JA(®@,(2)) = Coad,(J*(x)), forevery A=1,....k.
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(2) If J is Coad*-equivariant then Ty, J(&xr(m)) = Egrx kb xge(J(m)), for m € M and ¢ € g, where

13 o*x Exge 18 the infinitesimal generator of C'oad® associated with £.

Definition 2.7. A polysymplectic manifold endowed with a polysymplectic action of a Lie group and

a Coad”-equivariant momentum map, (M;w!, ... w*; ®;.J), is said to be a polysymplectic Hamiltonian
G-space.

In this setting we can prove a result which generalizes Lemma 4.3.2 in [I]. First we need to introduce
the following concept: let (V,w?,...,w") be a polysymplectic vector space and W be a subspace. The
polysymplectic orthogonal complement of W is the linear subspace of V defined by

k
Wt = (v e V|w(v,w) = ... = wF(v,w) =0, for every w € W} = ﬂ we?
A=1
(A complete description of the k-th orthogonal complement and its properties can be found in [39]).
Then:

Lemma 2.8. Let ®: G x M — M be a polysymplectic action with momentum mapping J: M — g*x ..
xg*, and let i € g*x K. xg* be a regqular value of J. If m € J=1(u) and G,, is the isotropy group of p
under the k-coadjoint action, we have:

(1) T (G, -m) =T (G-m) N T (J (1)) and
(2) Tpn(J7 () = T5*(G - m), where -F denotes the polysymplectic orthogonal complement.

)

Proof. For (1), observe that v € T,,,(G - m) if and only if there exists £ € g such that v = &7(m). Then
), or

to check (1) is equivalent to proving that &y (m) € Tpn (G, - m) if and only if &y (m) € Ty (J 1 (p)
equivalently ¢ € g,, if and only if &y (m) € Tpn(J 1 ().

Now, note that &u(m) € T, (J 71 () if and only if T, J(£pr(m)) = 0, that is e x kxg-(J(m)) = 0.
Since m € J~1(u), we have that Egrx kg (1) = Eges g (J(m)) = 0 and then ¢ € g,,. Therefore (1)
holds.

For the item (2), we have
X e TEHG -m) ©w(m)(X,&m(m)) =0,Vé cgand VA =1,...,k
dJA(m)(X)=0,Y¢egandVA=1,....k
ST, J4(X)=0,VA=1,...,k
X eTn(J ().

2.2. Giunther’s reduction: a counterexample. The idea of the reduction of polysymplectic manifolds
is to generalize the Marsden-Weinstein reduction procedure for symplectic manifolds to polysymplectic
manifolds in order to obtain quotient manifolds which inherit the polysymplectic structure.

A first but incomplete attempt at reduction in this setting was made in [29] (see also [50]). In this
direction, the main result in Giinther’s paper is the following statement:

Statement 2.9. Let ®: G x M — M be a polysymplectic action with momentum map J: M — g*x .k,
xg*, and let p € g*x 5. xg* a regular value of J. Then there exists uniquely a polysymplectic form
@u on M, = JNpu)/G\ with mh@, = i%@, where m,: J~ (n) — M, is the canonical projection and
iyt J7H () = M is the canonical inclusion.

The proof of this statement is based on the following result (Lemma 7.5 in [29]).

Statement 2.10. Under the same conditions as in the statement 2.9, if m € J~Y(u) the following
relations hold:

(2) Ton(Gy - m) = TG ) N TEH(T (1)
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Let us observe that the above statement is true for symplectic manifolds (and in this case it coincides
with Lemma , but in general it is not true for polysymplectic manifolds. The key point is that if
W is a subspace of a polysymplectic vector space (V,w!,...,w") then it is not true, in general, that
(WHHk)Lk = W and in the above lemma Giinther assumes that the identity (W-*)L1k = W holds.
Next, we present a simple counterexample of the above results.

Let (N,w) be a symplectic manifold, then M = N x N has a polysymplectic structure given by

wh = prijw, A=1,2, pr; and pry being the canonical projections.

_Let ¢: G x N — N be a free and proper symplectic action with equivariant momentum mapping
J: N — g*. Then we can define a free and proper polysymplectic action by

®: Gx(NxN) — NxN
(97 (xay)) = (¢g(x),¢g(y))

and a Coad?-equivariant momentum mapping for ® given by
J: M=NxN — g'xg*
(,y) = (J(2),J(y))
Let p = (u1, p2) € g* X g*. Since the action ¢ is free and proper, 1 and ps are regular values of J,

and then 4 is a regular value of J. Therefore, G,, acts free and properly on J~!(x) and this implies that
J~1(u)/G, is a smooth quotient manifold.

Next, we see that, for this example, item (2) in the statement does not hold. In fact, we know
that

Tiorwn)d () = {(vi,v2) € ToyN x Ty, N | Ty, J (1) = 0, Ty, J (v2) = 0}
= TI1(J_1(IU‘1)) X TIQ(J_l(lu’Q))v

T(a1,2)(G - (w1,22)) = {(€n(71),&n(72)) [€ € 8}
and, as a consequence of item (2) in Lemma we have that

T2 (G (w1,29)) = Ty (J 7 (1)) X Ty (T (112)) -
On the other hand, using again Lemma [2.8] we know that

(2.4) Tar o) (G (21,72)) =T (a1 ) (G - (1, 22)) N Ty o) (T (1)
={(En (1), En(22)) [€ € 8y NG}

Finally,
' 1,2 7 7 T T 1.2
Tiar o ? ™ (0) VT2, T 00) = (T (T 10) X Ty (T 022)) ) 0 (T (T 0)) X T (T 122)) )
(T (T (00)) X Toa (T (1)) 0 (T (T (1)) % T (T (12))
(T (7)) N TE (T () % (T (T (112)) N T (T (12) )

(2'5> :T11 (Gm '.’1?1) X Ta:z (Guz . ‘TQ) = {(5N(1’1)a77N($2)) ‘f €G> € g#«2} .

Remark 2.11. In (2.5) the symbol + denotes the symplectic orthogonal of a subspace. Moreover, we
use the following result: If (V,w) is a symplectic vector space, and W, W' are two subspaces of the vector
space V, then (W x W)+2 =W+ x (W)L,

. . _ 1,2 _ .
Using 1; and 1; it follows that T(s, a,)(Gp - (@1, 22)) C Tiay )] () N T2, 71 (1), but in
general these two spaces are different. Therefore, item (2) in the statement is not always right.
This implies that the quotient space M,, = J “L(w)/ G, is not, in general, a polysymplectic manifold and
T(Il,:bg)‘]_l(/’l/)

T(I17$2) (GM : (1’1, x2))

the statement H is not true, in general (note that Tr (o, z0) M, = for (x1,x2) €

T (p)-

As a consequence, we see that the generalization of the Marsden-Weinstein reduction theorem to the
polysymplectic setting is not straightforward, and some additional technical conditions must be added to
the usual hypothesis.
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T($1,£C2)J71 (Iu’)
T(xl,IQ)J_1<M) mTl72 J_l(u)

(z1,22)

Remark 2.12. Note that the quotient vector space is polysymplectic.

In addition, using (2.5, we have that

T(mwcz)J_l(M)
Ty way () VT2 T (1)

(z1,72)

Timy (eromn (o) (17 (00) /Gy % T (12) /G ) 2

for (x1,22) € J~ (1) = JH(u1) x J ' (pa), where m,,: J = (1) — J ' (11)/G,; is the canonical projec-
tion, i € {1,2}.

Thus, J~(p1)/G iy X J~*(u2)/G,., is a polysymplectic manifold (in fact, it is the product of the two
reduced symplectic manifolds J~*(p1)/Gp, and J =1 (p2)/G ).

In the following Section [3] we develop a Marsden-Weinstein reduction procedure for polysymplectic
manifolds in such a way that when we apply this procedure to the polysymplectic manifold M = N x N
the resultant reduced polysymplectic manifold is just J~(u1)/Gpy x J = (u2)/G, (see Theorem
and Example [3.3.1)).

3. REDUCTION OF POLYSYMPLECTIC MANIFOLDS

The general setting of symplectic reduction (going back to E. Cartan) is the following (see [I], pag
298):

“Suppose that M is a manifold and w is a closed 2-form on M let
ker w={veTM | 1,w =0}

the characteristic distribution of w and call w regular if ker w is a subbundle of TM.
In the regular case, we note that ker w is an involutive distribution. By Frobenius’s
theorem ker w is integrable and hence it defines a foliation F on M. Form the quotient
space M /F by identification of all points on a leaf. Assume now that M /F is a manifold,
the canonical projection M — M/JF being a submersion. Then, the tangent space at
a point m,(x) is isomorphic to T,M/ker w(x) and hence w projects on a well-defined
closed, nondegenerate 2-form on M/JF; that is, M/F is a symplectic manifold.”

Marsden and Weinstein [47] apply this general result to the case of submanifolds defined by the level
sets of a Coad-equivariant momentum mapping of a given symplectic action.

The aim of this section it to extend these results to polysymplectic manifolds, that is, we want define
quotients of polysymplectic manifolds which inherit the respective structure in a way analogous to the
Marden-Weinstein reduction for a symplectic manifold.

3.1. Polysymplectic reduction by a submanifold. Using Frobenius’ theorem and the fact that the
family of 2-forms associated with a polysymplectic structure are closed, we obtain the following lemma:

Lemma 3.1. Let (M,w!,...,w") be a polysymplectic manifold and 8 be a submanifold of M with injective
k

immersion i: 8§ — M. If the distribution on 8 given by ﬂ ker (i*w
A=1

A) has constant rank then it defines
a foliation Fg on 8.

Remark 3.2. Note that for each = € 8, the following relations holds (see [39])
k
ﬂ ker (i*w™)(z) = T,8 N T;-*S.
A=1

Theorem 3.3. Let (M,w?,...,w*) be a polysymplectic manifold and let 8 be a submanifold of M with
injective immersion i: 8§ — M. Assume that

k
e The distribution ﬂ ker (i*w?) has constant rank,
A=1
o The quotient space 8/Fs is a manifold and the canonical projection w: 8 — 8/Fg is a submersion.
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Then, there exists a unique polysymplectic structure (wé, . ,wlg) on 8/Fs such that, for every A=1,... k
the following relation holds:

TrwE = i*w?.

Proof. If x is a point of 8, then the tangent space Ty () (§/Fs) to 8§/Fs at the point m(z) is isomorphic
to the quotient space T,8/Fs(x).

Using that the 2-form w# is closed, for A € {1,...,k}, we deduce that i*w* is basic with respect to

the foliation Fg. This implies that every i*w” will project on a well-defined 2-form @4 on S/Fg such

that T*@8 = i*wA.

k
Finally, we will prove that n ker @ = 0. Let [vy] = Tpm(vs) € Tr(x) (8/Fs) be such that
A=1

z[vw]@g“(ﬂ(aﬁ)) =0.
Furthermore, if w, € T,8 we obtain that
(o, (0 (2)) (we) = (W) (@) (g, wy) = (7708 () (vey W)

= 0§ (m(@))(Tom(va), Tom(wa)) = (110,185 (7(2))) ([ws]) = 0.

Thus,
k
Uy € ﬂ ker (i*w™)(z),
A=1
that is, v, is tangent to Fs and then [v,] = Tp7(v,) = 0. n

3.2. Marsden-Weinstein reduction for polysymplectic manifolds. In this section we apply the
above general result to the case of submanifolds defined as the level sets of a Coad*-equivariant momentum
mapping of a given polysymplectic action. Our formulation follows the scheme of Marsden and Weinstein
[47).

Throughout this section we consider a polysymplectic Hamiltonian G-space (M,w!, ... wk; ®,.J).

The aim of this section is to impose conditions that guarantee that J~*(u)/G,, is a quotient manifold
with a polysymplectic structure (w}t, . ,wﬁ).
As a consequence of a well-known result, one obtains:

Lemma 3.4. Let (M,w!,... ,w*;®, J) be a polysymplectic Hamiltonian G-space. If = (g1, ..., pux) €
g*x .k, xg* is a reqular value of the momentum map J = (J*,...,J*) (by Sard’s theorem, it takes place
for “almost all” u), then

S= Jﬁl(:u) = Jﬁl(,ufla cee uk)
is a regular submanifold of M.

Therefore, we can apply the general theorem of polysymplectic reduction (see Theorem by a
submanifold with § = J~1(u), and we obtain the following

Theorem 3.5. Let (M,w!, ..., wk; ®,.J) be a polysymplectic Hamiltonian G-space and jn = (1, ..., p) €
g*x .k xg* be a reqular value of the momentum map J = (J*,...,J*). We denote by i: 8§ = J 1 (u) —
M the canonical inclusion. Let us assume that:

k
e The distribution ﬂ ker (i*w™) has constant rank (we denote by Fj-1() the induced foliation),
A=1
o J N u)/Fj-1(y is a manifold and the canonical projection m,: J~ () = J~Hp)/Fy-1(, is a

submersion.

Then there exists an unique polysymplectic structure (w}t, e ,wﬁ) on J’l(p)/ff"fl(u) such that the fol-
lowing relationship holds for every A=1,... )k

* A _ x A
WHWM—ZLU .
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Now we seek conditions, expressed in terms of the elements of the polysymplectic Hamiltonian G-space
(M,w',... W ®,J), such that the two assumptions made in the previous theorem are satisfied. The
first point is to study the following question:

k
Under what conditions does the distribution ﬂ ker (i*w™) have constant rank?.
A=1
k
Now we study this question, giving conditions that guarantee ﬂ ker (2" A) = T,(G, - z), for every
A=1

z € J7'(un), and assuming that the action of G,, on J~!(p) is free. In such a case, the leaves of the
induced foliation F -1, are the orbits of the action of G,, on J~!(u).

Lemma 3.6. Let = (p1,...,ux) be a reqular value of J.

1) IfG,, denotes the isotropy subgroup of G under the coadjoint action Coad at s € g* and g
A HaA
its Lie algebra, then

k
G = G(/"'l:"ﬂ/”/k) = ﬂ Gu, and g, = G(p1seeospr) = ﬂ Bua -
A=1 _

(2) G, acts on J~'(n) and the orbit space J~'(1)/G,, is well-defined.

(8) For every x € J~1(p),
k
z) C ﬂ ker (i*w?
A=1

Proof. (1) Using (2.2)), one obtains:

G, = {9€G | Coadi(p)=p}={geG | Coady(pua) = pa,for A=1,... k}
k
= ({g€G | Coady(pa) =pa}= () Gpus -
A=1 A=1

As a consequence of this identity, it is immediate to prove the analogous relationship among the
Lie algebras.
(2) From the polysymplectic action ®: G x M — M, we define the action

Dy GuxJ N w) = JHw)
(9,2) = Pu(g,x): = 0(g, )

This is a well-defined map. Indeed, let (g,z) € G, x J~1(u) C G x M, then as J is Coad"-
equivariant, we have:

J(Pu(g,2)) = J(®(g,2)) = Coady (J(z)) = Coady (1) = .
Therefore, if (g,7) € G, x J 1 (u) then ®,(g,2) € J~1(u).

(3) We consider the action ®,: G, x J~*(u) — J~ (). If g, is the Lie algebra of G,, we have
Tz(G,u . fﬂ) = {5]*1(/1 (:L') ‘ é- € g,u} .
k
If 710y (w) € To(Gy - ), then §5-1(,) () € ﬂ ker (1 ) if, and only if,

A=1

() (@) (£ (@), Xo) =
for every X, € T,,(J~ 1(u)) Now, we have
() (@) (-1 (), Xa) = wA(2) (Ent(2), Xo) = (1600 (@)(Xa) = (dIA)2)(Xa) = X (F).
But as X, € T.(J~ (1)), we obtain that
0="T,J(X;) = (T (Xa), ..., To*(Xa))
and thus, 0 = T, J4(X,) = 0. Therefore, for £ € g we have
(Ted(Xa)) (€) = 0;
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that is, Xx(jg‘) =

From this lemma we obtain that,
G- x) ﬂ ker (i =T,(J 7 (W) NTF (I (w) - for every x € J ™ (u),
but, in general, the condltlon
(3.1) ﬂ ker (i ) C T.(G,, - x)

does not hold. Note that if (3.1)) holds and the action of G, on J~*(u) is free then the distribution

ﬂ ker (i*w®) has constant rank. In addition, if the action of G,, on J~!(y) is proper, then J = (u)/G,,
1S a quotient manifold which admits a polysymplectic structure. In fact,

HW)/Gu= T )T -

So, a new natural question arises:
k
Under what conditions can it be assured that T,(G,, - x) ﬂ ), for every x € J () ?

Now we give conditions that guarantee that
ﬂ ker (4 , for every x € J 7 () ,
=1

which implies that T, (J " (n))/T% (G, - ) is a polysymplectic vector space.

First, we recall the following immediate result, which is fundamental in our description.

Lemma 3.7. Let I14: V — V4 be k epimorphisms of real vector spaces of finite dimension. Assume
that there exists a symplectic structure w® on Vy for each index A and ﬂf::l ker IT, = {0}, then
(V,Q1,...,Q), with Q4 = Mw? is a polysymplectic vector space.

We consider again the example described in Section (see Remark . In this example, the
reduced polysymplectic manifold is the product of two reduced symplectic manifolds: J “(p1)/Gy, and
J Y (p2)/G,,. Using this fact for each (zy,29) € J~'(u) we can obtain the reduced polysymplectic
structure by applying Lemma as follows

V= Ty tonyimy o) (7 (00) /G X T (12) /G )
and R R
Va =Ty o) (77 00)/Grs ) = Tea (7 0140) Tar (G 20).

Observe that the vector spaces V4 can be described as the quotients
ker Tz, w0y
ker wA (1, T2)
{lEm (@1, 22)] | €€ guat
where J4 = J, for A € {1,2}, ker w'(x1,22) = {0} x Ty, N and ker w?(z1,29) = T, N x {0}.

Va =

We now return to the general case of a polysymplectic Hamiltonian G-space (M,w?,...,w"*; ®,.J) and
assume that p = (u1, ..., ug) is a regular value of the momentum map J: M — g*x .5. xg*. Then, using
that J is a momentum map, we deduce that ker w*(x) is a subspace of ker T, J4. In fact, if X € ker w”(z)
and ¢ € g, we have that {(T,J4)(X)}(&) = djg‘(X) = (1g,,w™)(2)(X) = —(axw?)(x)(Epr(x)) = 0. On
the other hand, since G,,, acts on (JA) ™Y (ua), if x € (JA)"L(pa), it follows that {&xr(2) |€ € g,,} is
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x

also a subspace of ker T, JA. Thus, if pril: T,M — m

is the canonical projection, we have that

ker T, J4

Pr%({éM(x) €€ gunt = {[Em(2)]|& € gu,} is a subspace of m

example, we can consider the quotient space

. Therefore, as in the previous

ker T, J4
ker w4 (x)

{[Em(2)] | €€ 0ua}

Va=

k
Thus, the problem of finding conditions that guarantee that T,(G,, - x) = ﬂ ker (i*w?)(z) can be
A=1

decomposed in two steps:
(1) To prove that, for every = € J~!(u), the vector space

ker T, J4
Vi ker wA(x)

{[Em(2)] | €€ 0un}

x

is a symplectic vector space, where [£r ()] = pri (€p(2)) and pril: T, M — Fer wA(z)

is the

canonical projection.
(2) To find conditions guaranteeing that we can define k linear epimorphisms

(W)
Y . ker wA(x)
7o Tra) () /G) — (@) | €€ gua}

k
such that ﬂ ker 72 = {0}.
A=1

k
We see that these conditions also imply that T,(G, - x) = ﬂ ker (i*w™)(z).
A=1

e STEP 1.

As mentioned above, our aim is to prove the following proposition

Proposition 3.8. Let (M,w!,...,w": ®,.J) be a polysymplectic Hamiltonian G-space and p = (pi1, . . ., jix) €
g*x k. xg* be a regular value of J, then for A=1,...,k and x € J~'(u) we have that

ker T, J*
ker wA(x)

{lEm(@)] | €€ gua}

is a symplectic vector space.
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The idea of the proof is to obtain a family of closed 2-forms in the different quotient spaces of the
following diagram (based on Marsden-Weinstein’s reduction procedure):

ker T, J4 | wya(x) 3 T, M , w(x)
pr'” pry
A
1:): fz{x) ) kerT ju]‘\:[(x) W)
Lm
(ker T,J4 >
ker wA(z)

(x)

(En@)] [ €€ g,y

Before proving this proposition, we first need some lemmas in which we assume the same hypothesis
as in Proposition 3.8 The first is a straightforward consequence of the definition of a symplectic form on
a vector space and the definition of ker w”(z).

T.M
Lemma 3.9. For every A = 1,...,k, there exists a unique symplectic form w(z) on ————— such
ker wA(x)

that

pri T [wA (@) = w(2) .
. : ker T, J4 . "
Now we consider the quotient space —————, and the vectorial subspaces of ————— defined by

ker wA(x) ker w4 ()

{l&m(x)] | € € g} and {[(m(2)] | € € g, } which satisfy the following properties:
Lemma 3.10.

ker T, J4
ker wA(x)’

(1) {lEm(@)] | €€ gun} = {lEm(@)] [ E€gin

ker T, J4
(2) keeII"TA((]LL') = {[51\/[(‘%)} ‘ g € g}J—a where the SymbOZ + deTLOteS the Symplectic Orthogonal n
T,M
_ A= ,”
Ker wA(z) with respect to w(x).
ker T, JA 7"
®) [kerwA(:E)] ={Em(@)] | € €0}

(4) {Eu@)] | E€guat =

ker T,J4 ker T, J4 +
ker wA(z) | ker wA(z)

Proof. (1) The proof of this item is similar to the proof of item (7) of Lemma 4.3.2 in [IJ.
(2) Taking into account that ker w4 (x) C ker T,J#, the proof of this item is similar to the proof of
item (i¢) of Lemma 4.3.2 in [I].

(8) Tt is a consequence of (2), since w4(z) is symplectic.
(4) It is a consequence of items (1) and (3) of this lemma.

Lemma 3.11. Let (M,w?, ... ,wh @, J) be a polysymplectic Hamiltonian G-space, p = (p1,..., 1) €

g*x k. xg* be a regular value of J and wA(x) the symplectic structure on ————— defined in Lemma
ker w4 (x)
. . ker T, J4
3.9 Then there exists a skew-symmetric bilinear form wja(x) on ————— such that
ker wA(x)

A e~

[or? T'wya(z) = wya(z),
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ker T, J4
where prJA: ker T, J4 — kerif‘() is the canonical projection, if: ker T,,J* — T, M ‘s the canonical
er wi(x
~  ker T,J4 .M
inclusion and wya(x): = (i2)*[w?(z)]. Moreover, taking the inclusion i : el z

ker wA(x) 7 Ler wA(z)’
the following relation holds:

—_~—

wa(z) = (4] wA(2)]

Proof. Consider the 2-form on ker T, J4 defined by
wya(z) = (ig) W (@) ;
that is, if vy, w, € ker T J4 then
wa (@) (Ve we) = W (@) (i3 (v2), 05 (we)) = W (2) (vg, ws) -
Taking into account that ker w? (z) C ker T,,.J4, it is easy to prove that

(3.2) ker w? () C ker wya(x).

ker T, J4
ker wA(x)

it is clear that [prJA]*wJA (x) = wya(x). Moreover, wja(z) is the restriction of wA(z) to the subspace
ker T, J#

As 1) holds, wya (z) induces a well-defined 2-form w ya (2) on the vector space . Furthermore,

. Indeed, by definition, wa(z) is characterized by [pr’"]*wsa(z) = wya(z). In addition, we

ker w4 (z)
have that
wpa() = () @A@) = (@) (i) wi@) = (rY oif) (@A)
= (o) (@A) = (") () (@A@)
and then w4 (z) = (iA)*(wA(2)). n

Now, as a consequence of the above lemmas, we are able to prove Proposition [3.8]

ker T}, J4

Proof of Proposition[3.8 We have that {[£a(z)] | € € g, } is a subspace of Kor A (z)

(ker TxJA>

ker w4 (z)

{Em@)] | €€ gun}’
ker T,J4

. ker T, J4 N (ker wA(a:)>

P Yerwi(@) — (En@)] [€E€ g}

Now, using item (4) in Lemma , it is easy to prove that wsa(z) induces a well-defined non-degenerate
ker T, J*
ker w4 (z)
{[ém(@)] | €€ gun}

. Then, we can

consider the quotient vector space with canonical projection

2-form w,, , (x) on given by

ker T, J4
ker wA(z)

Wiea (@) ([[02]], [[wa]]): = wya(@)([va], [wa]),  for [vg], [w,] €
e STEP 2.

In this step we assume that the action of G, on J~1(p) is free and proper, and thus J~!(u)/G,, is a
quotient manifold. Then we can define k linear morphisms

. » ker wA(x)
T Ty o) (T (1) /G) — {En@)] | £€ ..}
In fact:
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Proposition 3.12. Let (M,w',... ,w¥; ®,J) be a polysymplectic Hamiltonian G-space and let p =
(f1s -y i) € g¥% K. xg* be a regular value of J. Suppose that G, acts freely and properly on J~(u),
then:

To(J 7 (w) _ (Yo ker T,J4

To(Gu-7) (@) [ €€

_ ()
- Tn(G, - x)

(1) For every z € J=1(u), Ty oy (J~"(1)/Gp) =

(2) There exists a linear map T2 between the quotient vector spaces T,T“(z)(J_l(u)/Gu)
ker T, J4

p ker wA(x)

A=1.....k.
@] [Eeg,,) o eevA=L. -

an

Proof. (1) Using the fact that T,(J *(u)) = ﬂlzzl ker T,.J4, we deduce the result.
(2) As T, (J Y (w) = ﬂ%zl ker T,,JB, then, for every A = 1,...,k we have that T,(J~!(u)) C
ker T, J4 and therefore we can consider the composition

A
Tz

/\ﬂ‘\ ker T, J4

—1 Jja A pr
Tz('] (:u’)) —— ker TxJ ker wA(:E)

Moreover, as g, = ﬂ’j\:l gu, (see item (1) in Lemma , we have

er 1, A
72 (TG 2)) S {IEm (@) | €€ g0} = {M}L

Therefore (see Lemma [3.10)),

ker T,.J4 ker T,,J4
A T T
o (81710 (7)) € ker wA(x) [ker wA(z)

} — {[en(@)] | €€ g}

Hence, 74 induces a well-defined linear map

( ker T, J4 )
L L) \keo'@
TG o) {Em(@)]/E € vunt

Further results require to prove the following lemma:

Lemma 3.13. Let (M,w?,...,w"; ®,.J) be a polysymplectic Hamiltonian G-space and let jp = (i1, ..., pp) €
g*x k. xg* be a regular value of J = (J*,...,JF). Leti: J=Y(u) — M be the canonical inclusion. As-
sume that G, acts freely and properly on J~*(p).

For every A=1,...,k, the 2-form i*w® on J~*(pn) induces a closed 2-form w/t on J~(u)/G,, which
satisfies the following properties:

(1) ﬂ';w;:‘ = i*w?, where 7,0 J7(p) — J7H(1)/G,, is the canonical projection.

(2) Ifa e (n) then [T]* (wyu, (2) = wji (mu())

Proof. (1) Ifz € J ' (u) we have that T,(G,, -z) C ﬂffl:l ker (i*w?)(x), (see item (3) in lemma j

and, thus, zﬁruw(i*"‘)A) =0, for £ € g,. In addition, using that i*w? is a closed 2-form, we

deduce that i*w4 is 7,-basic. Therefore, there exists a unique 2-form w;‘ on J~Y(pn)/G,, such
A

that 7*w? = i*wA. Moreover, since w? is a closed 2-form, we have that w::‘ is a closed 2-form.

[Taag T’



REDUCTION OF POLYSYMPLECTIC MANIFOLDS 15

—1
(2) If [vy] = Tpmu(v,) denotes the corresponding equivalence class in w of v, € Tp(J 71 (1)),
then
([%?}*(WMA (13))) ([Uﬂf]v [ww]) = ([ ]* qu( ))) (Txﬂ'u(vx)aTxﬂ'u(wx))
= Wual® 0 Tomy) (va), (7 0 Tomy) (we))

)
= wya(z)(m f(vx)ﬂrﬁ wy))

—_~—

(
= ) (7 w
— (@) (77 0 7)) (0,), (572 0 7h) (1))
)

= [mwsa (@) (v, we) = (Fw) (@) (ve, wy)

= WA @) (el [a)),
where we have used that 74 0,7, = praona and that [Wf]*wj;(/x) = (i*w?)(x). The following
diagram illustrates the situation:

. - A
JA 1

(T (J 1), i*wA(2)) ———— (ker T, JA, wya(z)) ————— (T, M, w”(z))

] T |
(i) — (2 77) (2 )

e @l/E € gy @)

Proposition 3.14. For A=1,....k, let 72 be the linear maps defined in Proposition . If every 74
k

is an epimorphism and ﬂ ker 72 = {0}, for every x € J~'(p), then (w}t, e ,wﬁ) is a polysymplectic
A=1

structure on J~1(u)/G ., which satisfies ﬂ;w;‘ =i*w? for every A.

Proof. 1t is a consequence of Lemmas [3.7] and [

Observe that, after these two steps, a polysymplectic structure is obtained on the quotient space
J ) /F g1 = JH () /G, using a family of auxiliary maps 721, A=1,...,k, x € J~'(u). Neverthe-
less we want find conditions on the momentum map, and the kernel of the 2 forms w? such that the two
conditions of the last proposition on the linear map 74 hold.

Lemma 3.15. The linear map
<ker(TxJA)>
a7 () ker w1 (2)
" TG ) (@] T€ € 0}

is an epimorphism if and only if

ker(T,J?) = To(J 71 (1)) + kerw? () + Tp(Gpy - ) -

Proof. We remark that

k k
(3.3) To(J 7 () = () ker(Tud ), To(Gru-2) = {€nr(@)|€ € 0. VBY = [ ) Tu(Grp - @)

B=1 B=1



16 J.C. MARRERO, N. ROMAN-ROY, M. SALGADO, AND S. VILARINO

ker(T,J4) ker(T,J4)
{éﬁ%ﬁ?‘i )ng} B ( gﬁgi(ﬂ)) ) '
To(G,, - o) N ker wA(z)

Thus, a direct algebraic computation proves the result.

Lemma 3.16. The condition ﬂ’; L ker 72 = {0} holds if and only if

G, - x) ﬂ (kerw?(z) + Tu(Gp - 7)) N Tu(J~Hp)) -
B=1

Proof. From (13.3)), we have that

Therefore,

.
To(Gp-x) € () (kerw? () + Tu(Glup - ) NTu(J ().
B=1

On the other hand, using (3.3) and (3.4), we deduce that the condition ﬂ%zl ker 72 = {0} holds if
and only if

k
ﬂ (ker w®(2) + To(Gpy - 7)) NTo(J (1) € Tu(G - ).
B=1
This proves the result. [ |

Finally, we can summarize the results of this section in the following reduction theorem for polysym-
plectic manifolds.

Theorem 3.17. Let (M,w!,... ,w*; ®,J) be a polysymplectic Hamiltonian G-space such that u = (pi1, . . .,
wk) € g5 x k. xg* is a regular value of J and G, acts freely and properly on J~(u). Assume that for
every x € J~ () the following conditions hold:

(3.5) ker(T, J4) = T, (J () + kerw? (z) + T (G, - 2), for every A,
and
k
(3.6) To(Gp-z) = () (kerw®(z) + Tp(Gupy - ) N To(JH (1))
B=1

Then the orbit space Jfl(p)/G# is a smooth manifold which admits a unique polysymplectic structure

(w}m e ,wfj) satisfying the property

(3.7 w;wl’? =i*w?,

where 7, J () — J7H(u) /G, is the canomical projection, and i: J=(u) — M is the canonical inclu-
sion.
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3.3. Examples.

3.3.1. The product of symplectic manifolds. Let M be the product of the symplectic manifolds My, with
A € {1,...,k}. Denote by @* the symplectic 2-form on M, and by (w!,...,w*) the corresponding
k-polysymplectic structure on M (see Appendix .

Suppose that for every A € {1,...,k}, dA: G x My — My is a free proper symplectic action of the
Lie group G4 on M4 which adrmtb a C'oad-equivariant momentum map J4: My — g* e

Then, we may consider the free and proper action ® of the product Lie group G = G; X -+ X G on
M given by

O((g1,--- k), (@1, 7)) = (D (g1, 21), ..., ©F(gr, 21)) -

It is clear that ® is polysymplectic.

Moreover, if g = g; X ... x g, is the Lie algebra of G, we have that J = (J!,...,J*) is a Coad"-
equivariant momentum map for the action ®, where J4: M — g* = g} x ... x g} is defined by

T @, w) (s &) = T (@) (Ea),

for (x1,...,2x) € M and (&1,...,&) €91 X ... X gk = g.

Now, assume that ji4 € g% is a regular value of the momentum map JA: My — g, for Ae{l,... Kk}

Then, pn = (p1, .- ., 4x) is a regular value of the momentum map J, with u4 = (0,...,0, f14,0,...,0) €
g1 X X gp = 0"

In addition, if x = (z1,...,2) € J~1(u), it follows that

ker(TyJA) = Ty, My X -+ X Ty Ma_y X ker(Ty, J) X Ty y, Mgy X -+ X Ty My,

To(J 7 (1) = ker(Tmljl) x - x ker(Ty, J*)

kerw(x) = Ty, My X+ -+ X Ty Ma—y x {0} X Tpp sy Magq X -+ x Ty My,

To(Gua - w) = Toy (Grom1) X oo X Ty (Gacr - A1) X Toy ((Ga)jua - a) X Toy iy (Gagr - wag)

X oo mek(kak),
To(Gy-x) =To, ((Gr)a, - 1) X -+ X Ty, (G) iy, - k) -

Thus, we deduce that
ker(T,J4) = T, (J~Hp)) 4+ kerw?(z), VA

and

k
m (kerw® (z) + To(Gpyp - 7)) = To(Gp - ).

Therefore, we may apply Theorem and we obtain a reduced polysymplectic manifold J~!(u)/G e

Note that
TN ) = (I () x - x (T 7 ()
and
Gu= (G % X (Gi)jy -

In fact, J~'(u)/G, is polysymplectomorphic to the product of the reduced symplectic manifolds
jA —1(5
(G LV {1,...,k}, that is,

(Ga)iia
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3.3.2. The cotangent bundle of k'-covelocities. In this case we consider the model of polysymplectic
manifold M = (T}})*Q (see Appendix A).

Let ¢: Q — @ be a diffeomorphism. The canonical prolongation of ¢ to the bundle of k'-covelocities

of @, is the map (T})*p: (T})*Q — (T})*Q given by
(Te) plag, ., aq) = [(ag o Te) (™ (q)),- -, (g 0 To) (¢ (9))] -
An interesting property of this map (T,g)*cp is that it conserves the canonical polysymplectic structure of
(TH*Q, that is,
(Ti) o] w? =wh .

Observe that in the case k = 1, this notion reduces to the canonical prolongation T*p from @Q to T*Q.

Using the canonical prolongation, we can define a polysymplectic action in the following way.

Every action ¢: G x @ — @ of a Lie group G on an arbitrary manifold @) can be lifted to a polysym-
plectic action

=9 Gx(T)'Q — (T)Q

(g,aé,...,o/;) — @Tg(g,aé,...,a’;):(T,cl)*(q)gfl)(aé,...,a’;).

(3.8)

Now, in order to define a Coad¥-equivariant momentum map for this action ¢7* , we recall the following
theorem, which can be found in [29] [50].

Theorem 3.18. Let ®: G x M — M be a polysymplectic action on a polysymplectic manifold (M,w?,. ..,
wh). Assume the polysymplectic structure is exact, that is, there exists a family of 1-forms 0%, ...,0% such
that, wd = —dA*. Assume that the action leaves each 6 invariant, i.e., (<I>g)*9A = 64 for every g € G
(and then it is called a k-polysymplectic exact action). Then the mapping J = (J',...,J*): M —
g*x .k xg* defined by

T @)(€) = 0 () (Em(x)) ; €€g,zeM

is a Coad”-equivariant momentum map for ®.

Proof. Tt is equivalent to Proposition 6.9 in Giinther’s paper [29]. [

Consider now the special case when M = (T})*Q with 6%, ..., 6% the canonical 1-forms. As we have
seen, a diffeomorphism ¢ of @ to @ lifts to a diffeomorphism (7})*¢ of (T}})*Q that preserves each 64,
and an action ¢ of G on @ can be lifted to obtain an action on (7}})*Q (see example .

Corollary 3.19. Let ¢: G x Q — Q be an action of G on Q and let ® = ¢Tr be the lifted action
on M = (T,g)*Q Then this polysymplectic action has a Coad®-equivariant momentum mapping J =
(JY oo TR (TH*Q — g x k. xg* given by

T (ag, - ag)(€) = ag (¢a(9))

where &g 1s the infinitesimal generator of ¢ on Q.

We consider the Hamiltonian polysymplectic G-space (M,w!, ..., w*; ®;.J) where

e M = (Tkl)*Q is the tangent bundle of k'-covelocities of a manifold @, with the canonical
polysymplectic structure defined in Appendix A.

e The polysymplectic action is ® = ¢”%, the lift of an action ¢: G x Q — Q, (see (3.8) ).

e The Coad"®- equivariant momentum map J = (J',...,J*): (T})*Q — g*x k. xg* for the
action ®7% is defined by (see corollary [3.19)

T ag, ..., ag)(€) = af (@), A=1,... k.

If £ € g, we denote by {p the infinitesimal generator of the action ¢ associated to £, by &r-g the
infinitesimal generator of the cotangent lifting ¢ of the action ¢ associated to &, and finally, by §(T,§)*Q

the infinitesimal generator of ¢7* associated to &. It is immediate to prove that

o {1+ is m-projectable on £g.
° §(T§)*Q is ﬂgA—projectable on {r-q, and Wg—projectable on &q.
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Next, we will see that if the action ® is infinitesimally free then the Hamiltonian polysymplectic G-
space (M,w?, ... w"; ®;.J) satisfies the hypotheses of Theorem We remark that if @ is free then ¢
is infinitesimally free.

Denote by J: T*Q — g* the standard momentum map associated to the action ¢: G x Q — @, that
is, for oy € T/ Q,
Jag): ¢ — R
£ = ag)(§) = aq(e(a).
Lemma 3.20. If ¢ is infinitesimally free, that is, the linear map
g — T,Q
£ = &ola)

is injective, for every q € Q, then

ker(To,d) + Va,(1q) = Ta, (T*Q) .

Proof. If ® is infinitesimally free then J
d: T*Q — g* is a submersion and

(3.9) dimker(7,,d) = 2dim Q — dim G

TrQ: T;Q — g¢" is a linear epimorphism. This implies that

Now, let Xq: T7;Q — To,(T;Q) = Va,(rq) € T,,(T*Q) be the canonical isomorphism. A direct
computation proves that

ker(To,8) N Va, (7q) = {(By)a, € Ve (mQ) [ B4 € T)(G - )},
where T)(G - ) is the annihilator of the subspace T,(G - q).
Thus,
(3.10) dim (ker(T,,d) NV, (7g)) = dimQ — dim G

Therefore, using (3.9) and (3.10)), we deduce that
dim (ker(T,d) + Va, (1q)) = 2dim Q = dim T, (T*Q)

which ends the proof of the result. [

If ¢ is infinitesimally free, then the momentum map J: T*Q — g* is a submersion (see proof of Lemma

k
3.20) and this implies that the polysymplectic momentum map J: (T})*Q — g*x . xg* also is a

k
submersion. Thus, every p € g*x - ). X g* is a regular value of J. Moreover, we may prove the following
results.

Proposition 3.21. If ¢: GxQ — Q is infinitesimally free, ag = (al,...,ak) € (T7):Q and p = J(og) €

@ q
k
gFx . xg*, we have that

ker(TanA) =T, (J (1) + kerw?(ay),  for all A.

Proof. From Corollary it follows that
ker(T, J4) = Taq((Tkl)*Q)m(Taé(T*Q) X o % Tyass (T7Q) X ker(Toad) x Tyaea (T7Q) X -+ x T (T*Q))

and
Ty (771 1) = To, (T4 Q) 1 (ker(Toyd) x -+ x er(Tyd) )

On the other hand, using (A.l), we deduce that
ker(w? (ag)) = Var (mQ) X -+ X Vagx—l(?TQ) x {0} x Vag‘“(ﬂ'Q) X oo x Vor(mq) -

1
q

Therefore, from Lemma [3.20] the result follows. ]
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Proposition 3.22. If ¢: G x Q — Q is infinitesimally free, g = (o}

qQ

k) e (TH*Q and = J(ayg) €
k
g*x . xg* then
k

) (kerw?(ag) + Tu, (G - ) = T (G- ) -

B=1
Proof. We have that
ker w? (aq)+ T, (G -g) = {(0F +Er- (1), vE +E0-(05)) |€ € G v € Vi (), for every A}.

Now, using that the action ¢ is infinitesimally free and the fact that {r-¢ is a mg-projectable over &g,

we deduce that
k

) (kero®(ag) + Ta, (Gun - ag)) = {(Er-qlag), ... ér-qlag)) |€ € 0., VB} .
B=1

Thus, since g, = ﬂ%zl Oy, it follows that
Taq (Gu : O‘q) = {(gT*Q(O‘é)v s 7£T*Q(O‘§)) 1€ € 9u37VB}

which proves the result. [ |

From Theorem |3.17 and Propositions [3.21] and [3.22] we conclude that if ¢ is an infinitesimally free
k
action, p € g*x - ). xg* and G,, acts properly on J~!(x), then J~!(u)/G, is a polysymplectic manifold.

3.3.3. Kirillov-Kostant-Souriau theorem for polysymplectic manifolds. In this case, we specialize the
above example, taking () = G with G acting on itself by left translations, that is, ¢, = L, for ev-
ery g € G.

The momentum mapping of the action ®7x is J = (J',..., J*): (TH*G — g*x .. xg* where

T ag, .. a)(€) = aff o TLRy(€), (€,
where R, denotes the right translation by g € G.

Using the identification
(TH*G=T*Ga k. oT*G = Gx (g"x .k. xg*)
(af,...,ak) = (g,a)oT.Ly,...,akoT.Ly)
the momentum mapping J can be written as follows:
J: Gx(g"x .Foxg*) — g'x.Foxg*
(g,v1,... V) —  (Coady(11),...,Coady(vy)) = Coadk(v1,...v).

On the other hand, it is well-known that if w is the canonical symplectic structure of 7*G then, under

the identification T*G = G x g*, we have that
w(g,V)(TeLg)(§), @), (TeLg)(n), B)) = —an) + B(E) + v[E, ],
for (g,v) € G x g*, §,n € gand «, 3 € g* (see, for instance, [1]).

Thus, if (w!,...,w¥) is the polysymplectic structure on (T})*G = G x g*x .5. xg* it follows that
(3.11) w(gs w1, ) (TeLg) (), s - an), (TeLg) (0), Bus -, Br)) = —aa(n) + Ba(&) +valé,n).,
for g,€ G, &,megand (v1,...,vk), (@1,...,0x),(B1,--.,8k) € g*x k. xg*.

Then, if g = (p1,..., k) € g°x .*. xg* we have that

T N,y pme) = {(gv1y - vr) € G X (g"x K. xg*) | Coady(va) = pa} .
Therefore, there exists a diffeomorphism between J~!(u) = J =1 (u1,. .., ux) and G given by
G — J Y ur, .. u)
g — (g,Coady-1(p1),...,Coady—1(jr)) -
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Thus,

Jﬁl(lul, ey /‘k)/G(u1,--<7uk) = G/G(va---,uk) = O(un---#m) g g*X k Xg* s
that is, the “reduced phase space” is just the orbit of the k-coadjoint action at g = (u1,...,pux). As
a consequence, as the action of G on itself is free, using the results from Section [3.3.2] we deduce that
O(us,...,up) 18 @ polysymplectic manifold.

Remark 3.23. In the case kK = 1, this result reduces to the following: the orbit of u € g* under
the coadjoint representation is a symplectic manifold. This is the statement of Kirillov-Kostant-Souriau
theorem ( see, for instance, [I], 47]).

Note that, under the previous identifications, the canonical projection m,: J='(u) — J =1 (u)/G, is
just the map 7, : G — O, given by
mu(g) = Coady . p
and
Tymu((TeLg)(§)) = *fg*x_{c.xg*(coadg—lﬂ)
for g e G and € € g.

Consequently, using (3.11) and the fact that 7w = i*w®, it follows that
(3.12) W) (Eger ke ) Mot ege (V) = —valésn],
forve O, and §,n € g.

Observe that this polysymplectic structure coincides with the polysymplectic structure on O, .

described in (A.4]).

Now we consider the Kirillov-Kostant-Souriau theorem for the special case when G = SO(3) (the
rotation group), and we calculate the reduced polysymplectic structure. First, we briefly recall the main
formulas regarding the special orthogonal group SO(3), its Lie algebra s0(3), and its dual so(3)* (for
more details see, for instance, [52])

coslbk)

The Lie algebra s0(3) of SO(3) can be identified with R3 as follows: we define the vector space
isomorphism ": R — s0(3), by

0 —XI3 xT9
x = (21,x2,23) — X = z3 0 -z
—T2 I 0
As (x x y)" = [X,¥], the map " is a Lie algebra isomorphism between R®, with the cross product, and

(s0(3),[,+]), where [-,+] is the commutator of matrices.
Note that the identity
Xy = x x y for every x,y € R?
characterizes this isomorphism. We also note that the standard “dot” product may be written as
1 1
X y= §t7“ace(§cT§f) = —§t7“ace(§<y) .
It is well known that the adjoint representation Ad: SO(3) — Aut(so(3)) is given by
Adpx = AXAT = (Ax)",
for every A € SO(3) and x € s0(3). Using the isomorphism , this action can be regarded as the action
of SO(3) on R3, given by Adax = Ax.
The dual s0(3)* is identified with (R3, x) by the isomorphism ~: R?® — s0(3)* given by X(y): =x-y
for every x,y € R3. Then the coadjoint action of SO(3) on s0(3) is given by
Coad(A,x) = Ady_1x = (Ax)".

It is well known that the coadjoint orbit associated to SO(3) at mp € R® = s0(3)* (m # (0,0,0)) is
the 2-sphere S?(||mo||) and it has a symplectic structure given by

(3.13) wr, (1)(§,m) = —m - (€ x 1) ,
where m € O, = S?(||m0]), and &,m € T Oy, = {v € R = T, R3 | v € T,:5*(||m0]|) }-
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Now we describe the 2-coadjoint orbit at = (u9, u3) € s0(3)* xs0(3)*. Using the above identifications,
the 2-coadjoint action Coad?: SO(3) x s0(3)* x50(3)* — 50(3)* x 50(3)* can be identified with the natural

action
Coad?®: SOB)xR*xR?® — R3xR?

(A, 71, 72) —  (Am, Ams)
Then, the 2-coadjoint orbit SO(3) - (79, 79) at (7, 79) € R® x R3 is
o(ﬂ'?,ﬂ'g) = {(AT(?,ATFg) S R3 x R3 ‘ Ae 50(3)} .

We distinguish the following cases:

(1) The trivial case: (79,79) = (0,0).
In this case it is immediate that O o 0y = 0.

(2) 70 and 7§ are linearly dependent and (79, 79) # (0,0).
Assume that 79 # 0 and 79 = A\7?, with A\g € R. Then,

O(ﬂ.?’ﬂg) = {(AW?,)\()AW?) €R?xR? | A€ 50(3)}
{(m, dom) € R® x R? | e S2(||n7|)}
{reR? | me S2(||nID} = S*(I=t]]) -
We know that the orbit O 10y (and therefore S2(]|7?]])) is a polysymplectic manifold. Then,
let 7 € S(|[77]]) = O(r9,x0); therefore
T nom O(n0 n9) = {(V, Aov) € R? X R? = T,R® x Ty ,«R* | v € TS?(||x]])} -

From l) and 1D we obtain the polysymplectic structure of O 0 r0): for m € S2(||79)),u, v €
T.S?(||7]|), this polysymplectic structure is given by

1

w(lﬂ?ﬂrg)(W’ A07.(-)((1‘17 AOu)v (Va )\OV)) = -7 (11 X V)
W(QTr(J 71'0)<7r’ )\071')((117 )\()1].)7 (V, )‘OV)) = _>\() - (ll X V) .

Thus, under the canonical identification between O o 10y and S2(||7?]]), the 2-polysymplectic
structure on S?(||7?|) is given by

wim(u,v) = —7-(uxv)
WA(m)(u,v) = —Xom-(uxv).

(8) 70 and 7§ are linearly independent.
In this case there exist a diffeomorphism between O o 10y and SO(3) given by the map

C’oad?ﬂ?mg): SO(3) = O(o.x0)

2

A~ Coad? (A) = (AnY, Ax).

(79,79)
We need only to prove that this map is injective. Assume that A, A" € SO(3) are such that
C’oad%7r0 ﬂo)(A) = Coad?ﬂo 7TO)(A’), then for every i = 1,2, (ATA)7Y = 7%, Let U° = (n{, n9)
1272 172

be the 2-dimensional subspace of R? generated by 79 and #9. If B: = A=1A’, then Br = 7 for
every m € U°. Now consider an orthonormal basis {7}, 73} of U? and extend it to a positively
oriented orthonormal basis of R3; that is,

{ﬁ?vﬁgvﬁg = ﬁ? X TT(Q)} :
As B € SO(3) and (U°)* =< 7 >, we obtain that By € (U°)*; that is, BxJ = A7y, but as
B#Y is unitary and { B7), B79, B7J} must be a positively oriented basis, we deduce that \g = 1.
Therefore,

Br=7 VreR®
and so B = A7'A" = I, that is A = A’. Therefore, we can identify O (o 10y with SO(3). We
know that O(ﬂ?yﬂg) is a 2-polysymplectic manifold, and we will describe this structure.
The diffeomorphism Coaal%7r0 9) is equivariant with respect to the action of SO(3) on itself

1272
by left translations and the action Coad? of SO(3) on O (0 79), that is, the following condition
holds for every A € SO(3),

Coad? o Coad?ﬁ?,ﬁg) = Coad? 9y © Ly.

(mim
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Lemma 3.24. The 2-polysymplectic structure on O(ﬂgmg) is invariant by the action Coad?.
Proof. Let Wro be the symplectic structure on OW?, © = 1,2. This structure is invariant by the
action Coad (see [I], pag 485). Furthermore,
Wit ng) = PTiWn0
where pr; : O(ﬂgmg) — O,r? is the projection (see Proposition . Thus, we obtain:
(Coadi)*wéﬂ?’ﬂg) = (pr;o Coadi)*wwg = (Coada o pr;)*wyo
= pr! ((CoadA)*w,r?) = pr;‘wﬂg = wfw(l)mg).
[

As a consequence of the above lemma, we have that the 2-polysymplectic structure (w?!, w?)
induced on SO(3) by the diffeomorphism Coad? 0) is invariant by left translations. Therefore,

(79,73
it is sufficient to compute w!(Id) and w?(Id). Using (3.12)), (3.13) and the fact that the 2-
polysymplectic structure on SO(3) is defined by

A, _ 2 *oA _
w = (Coad(ﬁ?,ﬂg)) W0, x0) A=1,2,

we deduce that o

wA(Id)(&1,&2) = -7,

wA(Id)(é%éii) = 771—%13 A= 132

wA([d)(él%gl) = 771-942 )
where 74 = (7%, 79, %) € R3 = 50(3)*.

Finally, let {&1,&2,&3} be the canonical basis of s0(3) = R? and {¢!,£2,£3} the dual basis of
50(3)* 2 R3. We denote by {0,602 63} the basis of left invariant 1-forms on SO(3) given by
0'(A) = (TiLa—&") (A); A€ SO(3),i=1,2,3,
then we have that
wt = —aPB3et A 6% — 7102 A 03 — 70203 A O

w? = —778361 A6? — 7r‘2“92 AG3 — 7r8293 A
4. POLYSYMPLECTIC HAMILTONIAN SYSTEMS ON THE REDUCED SPACE

In this Section we study Hamiltonian systems in the reduced space. First, a brief description of the
dynamics in polysymplectic manifolds is done.

4.1. Hamiltonian systems on polysymplectic manifolds. The dynamics in a polysymplectic man-
ifold (M,w?, ... ,w") is introduced by giving a Hamiltonian function H: M — R. The dynamics is given
by k-vector fields; thus, we first recall this notion (see for instance [50]), which is a natural extension of
the notion of a vector field.

Let M be an arbitrary manifold and 7§,: TAM — M its tangent bundle of k!-velocities, that is the
Whitney sum of k copies of the tangent bundle (for a complete description of this manifold, see for
instance [53]).

Definition 4.1. A k-vector field X on M is a section X: M — TEM of Tr.

Since T} M may be canonically identified with the Whitney sum of k copies of TM, we deduce that a
k-vector field X defines k vector fields Xi,..., X on M by projecting X onto every factor. From now
on, we will identify X with the k-tuple (Xi,..., X%). Throughout this paper we denote by X¥(M) the
set of k-vector fields on M.

Now assume that M is a polysymplectic manifold with polysymplectic structure (w!,...,w*). We
define a vector bundle morphism b, as follows:
b T'M = T*M
k
(v1,...,0k) = by(v1,...,05) = ZZUA(UA.

A=1
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The above morphism induces a morphism of €*° (M )-modules between the corresponding space of sections,
bt XF(M) — QY(M).

Lemma 4.2. The map b, is surjective.

Proof. This result is a particular case of the following algebraic assertion: If V' is a vector space with a
k-polysymplectic structure (w',... ,w"), then the map

bo: Vx.B.xV — V*

k
(V1,...,0K) — bw(vl,...,vk):szAwA
A=1

18 surjective.

In fact, we first consider the identification

F: V*x boxV* = (VUx .k xV)*

4.1
(4.1) (@b,....aF) = F(al,...,a%),
k
where F(al,...,a*)(v1,...,v;) = trace(a(vp)) = Z a?(vy). Now, we consider the map
A=1
fo: Vo= (Vx E xV)*=V*x ko xV*
v () = (Wl 2wk .
As (w!,...,w*) is a polysymplectic structure, we have ker f,, = N&_, ker w? = {0}, that is, f,, is

injective and thus the dual map t is surjective.

Finally, using the identification (4.1), it is immediate to prove that b, = —f and therefore b, is
surjective. ]

Let H € C>°(M) be a function on M. As dH € Q'(M) and the map b,, is surjective, then there exists
a k-vector field X = (Xf,..., X}) satisfying
(4.2) bo(XH, .. X)) =dH .
This equation is called the Hamiltonian polysymplectic equation.
Remark 4.3. Observe that the solution to is not, in general, unique.

When we consider standard polysymplecic structures (that is, when M has an atlas of canonical charts
for (w!,...,wk), i.e. charts in which locally (w!,...,w") is written as the canonical model, see (A.1)), we

obtain the classical local formulation of the Hamilton equations.

4.2. Reduced polysymplectic Hamiltonian systems. Now we want to induce Hamiltonian polysym-
plectic systems on the reduced phase space.

Theorem 4.4. Under the assumptions of Theorem[3.17, let H: M — R be a Hamiltonian function which
is invariant under the action of G. We denote by X = (XH ..., X} the k-vector field associated with
H which is a solution to . Assume that each X satisfies:

e it is G-invariant; that is,
(4.3) T@)(XE) =X for ge G ,A=1,... k.

e The restriction X} |;-1(, is tangent to J = (p).

Then the flows Ff of X leave J=1 () invariant and commute with the action of G, on J~1(u), so
they induce canonically flows Ft‘z on J7Y(u)/G,, satisfying that m, oFA = Ft’zowu. If Y4 is the generator
of Ftﬁ then (Y1,...,Yy) is a solution to the Hamiltonian polysymplectic system on J~'(u)/G,, associated
with a Hamiltonian function H,: J~*(u)/G, — R satisfying that H, o w, = H oi. H, is called the
reduced Hamiltonian function.
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Proof. As X!|;-1(,) € T(J71(n)), the flow F{* of X leaves J~!(u) invariant.

From (4.3) we deduce that F/ o ¢, =d,40 FA for every g € G,. So, for every A =1,...,k, we get

a well-defined flow Ftﬁ on J~(u)/G,, such that 7, o FA = ng om,. Thus, as H is G-invariant, we can

define the function H,: J~'(u)/G, — R by H,([z]) = H(z), for every z € J~1(p).
Denote by Y4 the generator of Ft‘z. As o FA = Ftﬁ o m,, we have

H
Tr,oX, =Ygo0m,.

Using i*w? = w,’jwﬁ‘, we obtain
k k
@H) () = *dH(v,) =" (Z ’XEWA> (02) = 3w () (X (@), v2)
A=1 A=1
k k
= Y (mw) @) (XK (2),00) = Y w (@) (Temu (X7 (2)), Tomu(v))
A=1 A=1
k k
= wit () (Va([a)), [va)) = > (vawi) (va]) ;
A=1 A=1
that is, (Yi,...,Y%) is a solution to the polysymplectic Hamiltonian equation (4.2)) on J~'(u)/G,, asso-
ciated with H,,. [ |

4.3. Examples.

4.3.1. The k-cotangent bundle of a Lie group. In this part we discuss an application of Theorem [£.4] Let
(G, h) be a Lie group with a left-invariant metric h and g its Lie algebra.

In this example we consider the following canonical identifications TG = G x g and T"G = G X g*,
via the diffeomorphisms

TG — Gxg J ™G — Gxg*
an .
Ug = (g7TgL9*1(VU9)) ag = (gvag oTeLg)

Hence, in a natural way we consider the identifications
(TG =TGo " oT"G =G x g*x -+ xg*
(see example[3.3.3)) and
* ~ * k % * k %
T((TH)*G) = (Gxg*x -+ xg") x (gxg"x - xg*).

Using these identifications, we can write the lift to (T})*G of the action of G on itself by left transla-
tions, as follows:

Gx(Gxgx.kF.xg") — Gxg'x .k xg*
(ha (gvlulv" 7/1'16)) — (hgv,u'lv"wuk)

In this case, the canonical k-polysymplectic structure (w,...,wk) on (T}})*G is defined as follows:

wi (g, s -y i) (TeLg)(€), v, -y i), (TeLg) (), 715 - -5 W) = Ya(€)—va(m)+palésn], A=1,... .k,

k
where (g, p1,...,p%) € G x g*x -+ xg* and ((TeLg)(§),v1,.. - k), (TeLg) (), 715, 7)) € TyG %

*

g x Xt
The momentum map J: (T}1)*G 2 G x g*x .F. xg* — g*x .k, xg* is given by
J(g, p1, - pig) = Coad’;(,ul, k) = (Coadgpia, . . ., Coadgir)
for (g, pt1,..., k) € G X g*x 5. xg* (see Example
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We consider the Hamiltonian function

H: Gxg'x.F.xgr — R
1 k
(galu/l?"'a,uk)) = §;<HA7MA>

where < -, > denotes the inner product on g* induced by the inner product on g. It is trivial that this
Hamiltonian is G-invariant.

Throughout this example we consider the isomorphism induced by the inner product < -,- > given by
b<. > g = g" where (b 5 (€))(n) =< &n > for every £, 7 € g.

We consider the k-vector field (X{,..., X)) on G x g*x .k. xg* defined by

Xﬁl(gvﬂlv cee 7#’](7) = (TeLg (b21,>(MA)) 7ad;2 (Ml)a ey ad;21>(uA)(/4Lk))

vl,->(/1«A)

where adgp € g* is such that (adiu)(n) = p[¢, n]. This k-vector field satisfies the following properties:

e Fach X f is G-invariant.
o Xt (g p1,... ) € ker Tig i) ds fOr (g, 1, i) € G x g*x K. xg*.

In fact, if (g, p1, ..., ) € GXxg*x .F. xg* we have that the transformation Coad, is a linear
isomorphism and thus

(T(gu“l ----- uk)J)(Xf(%Mh,ﬂk))
(1)) = Te(Coadg o Coady,, ) 02! 5 (114)), - -

)
Coady(ad;_ (1)) ~ T.(Coady o Coady) (02 - (14))

o (XH,...,X{) is a solution to the Hamiltonian polysymplectic system, that is,

k

A _
A=1

Indeed, if (g, p1,...,pux) € G x g*x .*. xg* and (&,v1,...,1vk) € g X g*x K. xg*, it follows
that

k
(Z ng{‘*’é) (9,115 s i) (TeLg)(€), 11, k)
A=1

k
=3 (vabZ o ua)) —ad s, mal) + pabZls (1), €))
A=1 '

:dH(gnU'l?"'a;uk)((TeLg)(f)vylﬂ"'7Vk) :

We can therefore apply Theorem and there exists a solution ()? f{ roL ,)/(\' ,f *) to the Hamiltonian
polysymplectic system on J~*(u)/G, associated with a Hamiltonian function H,: J *(n)/G, — R
satisfying that H, om, = H oi.

In order to write a solution ()? fI o, X :I *) to the reduced Hamiltonian polysymplectic system on
J71(n)/G,, we consider the identification between G and J~!(yu1,...,ux). Under this identification,
H|j-1(4y,....ur) can be rewritten as follows:

=

H|J*1(M1 ,,,,, br) - G —

g

NN

k
> < Adjpa, Adjpa > .
A=1
Now, applying Theorem [£.4] we have

AHu _ * *
(4.4) Xty ooom) = (adb,l IRITRES ’adb;{,yAVk)

<, >V
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for each (v1,...,14) in the k-coadjoint orbit O, = J~'(u)/G,. Therefore, (Xfl“, . ,)?lf“) is a solution
to the reduced Hamiltonian polysymplectic system associated to the reduced Hamiltonian function given
by

H,:0,Cg'x.*. xg* - R

k
(2P V7 B Z<1/A,1/A> .
A=1

N =

In the following subsubsection we consider this example in the particular case G = SO(3).

4.3.2. Harmonic maps. [17, [26].

Recall that a smooth map ¢: M — N between Riemannian manifolds (M, g) and (N, h) is harmonic
if it is a critical point of the energy functional E, which, when M is compact, is defined as

1
E(p) = /M itracegga*h dvg,

where dv, denotes the measure on M induced by its metric and, in local coordinates, the expression
%traceggo*h reads

I Dp® O

DRAr P WY

(¢") being the inverse of the metric matrix (g;;) of g and (hag) the metric matrix of h. (This definition is
extended to the case where M is not compact by requiring the restriction of ¢ to every compact domain

to be harmonic).

Remark 4.5. Some examples of harmonic maps are as follows:

o If (M, g) = (N, h), the identity and the constant map are harmonic.

e In the case k = 1, that is, when ¢: R — N is a curve on N, then ¢ is a harmonic map if and
only if it is a geodesic.

e If we consider the case N = R (with standard metric). Then ¢: R¥ — R is a harmonic map if
and only if it is a harmonic function, that is, a solution to the Laplace equation.

In the sequel we consider the case M = R? with g;; = 6;; and N = SO(3) with a left-invariant metric
h. Then, we can define a Hamiltonian function

H: (T}))*SO3) — R

L~ 1 1 T2 2
(afa2) = 5 (hlah,a}) +hiaZa?)) |

where h is the corresponding bundle metric on T*S O(3). Locally,

. 1 ..
H(q',p}") = 5h"pip; -

Since h is left-invariant, so is H. Moreover, one may prove, using general results on harmonic maps (see,
for instance [26]), that if (X, X47) is a solution to the Hamiltonian polysymplectic equation associated
with H and v: R? — SO(3) is an integral submanifold of the distribution generated by X{ and X,
then ~ is a harmonic map.

On the other hand, as we have seen in the general situation referred to the previous example [1.3.1]
we have that under the assumptions of Theorem there exist (Y7,Y3) a solution to the Hamiltonian
polysymplectic system on J~*(u)/G,, associated with a Hamiltonian function H,: J~'(u)/G, = 0, = R
satisfying H,, o m, = H oi; that is, (Y1,Y2) is a solution to the equation

zYlwi + zYsz =dH,.
In this particular case, the expression of the polysymplectic forms w}t,wﬁ is described in Section m
(see (3.12)).

In accordance with the results and identifications in Section [3.3.3] we consider the following cases:
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(1) 79 and 73 are linearly dependent and (79,79) # 0. Assume that 70 # 0 and 7J = \gn{ with
Ao # 0. In this case O(zo r0) = S*(||n?]|) and

Tirpom Ot 29y = {(v, Aov) € R? x R?| v € T S*([|7]])} -
On the other hand,
TxS*(||mll) = {€rs (7)/€ € 50(3) =R’}
and &pe (m) = € x 7 for every & € s0(3) = R3.
Therefore, at a point (m, Ag7) € O(z0 9) = S2(||7?]]), the solution to the reduced Hamiltonian
polysymplectic system is (see

X (7, Aomr) =(adjs _omadis o (om) = (1 X besma(m), dom X be s (m))

221{“ (7'('7)\071') :(ad:;]“>()\07r)71' ad ()\ (Aoﬂ')) = ()\Oﬂ' X b<.,.>—1(ﬂ'),)\gﬂ' X b<.,.>71(ﬂ'))

:>\05€1HM (71'7 )\07’() .

(2) 70 and 79 are linearly independent. In this case, we know that there exists a diffeomorphism
between O (o0 -0y and SO(3), where

0wt g) = {(An, An)| A € SO(3)} .

Therefore, from 1) we have that ()A(lH “,)A(f “) is a solution to the reduced Hamiltonian
polysymplectic system where

HM(AT('?,ATFQ) (ad b= (An 0)(A7T1) ad (Aﬂo)(AﬂS))
:( Ar?) x e > 1(AnY), (Aﬂg) X b<-,'>*1(A7"?))
)?QH“ (Ar?, An)) :(ad;;l o Aﬂ'l) ¢ g)(AwS))
=((An?) x bo. ~-1(Am), (Aﬂ'g) Xbe. s-1(AT9)) .

5. CONCLUSIONS AND FUTURE WORK

We study the reduction of polysymplectic manifolds and Hamiltonian polysymplectic systems, such as
those that appear in some types of classical field theories.

First, we have given an example that shows a mistake in the reduction scheme proposed by Giinther.

Then, after stating the guidelines for reduction of a polysymplectic manifold by a generic submanifold,
we prove a generalized version of the Marsden-Weinstein reduction theorem for a polysymplectic manifold
M in the presence of an equivariant momentum map for a polysymplectic action on M. In this paper, we
give the conditions for the polysymplectic reduction. In fact, a new additional hypothesis must be added
to the usual ones (regular values of the momentum map, free and proper actions); namely, the constancy
of the rank of the characteristic foliation on the level set of the momentum map corresponding to a fixed
value 1 € g*, and the fact that the leaves of this foliation are the orbits of the action of the isotropy
group G, on the level set. One of the main goals of this work is to study what conditions ensure that this
hypothesis holds (see Section . Assuming all these conditions, we prove that the quotient space is a
manifold that inherits a polysymplectic structure from the initial one. In this way, the limitations of the
reduction theorem presented in [50], which are referred in the introduction, are overcome and corrected.

As an application of our theorem, we analyze the case of the product of symplectic manifolds and
the particular case of reduction of the standard model of polysymplectic (k-symplectic) manifold: the
cotangent bundle of k!-covelocities. Furthermore, we generalize the Kirillov-Kostant-Souriau theorem to
the case of polysymplectic manifolds.

Finally, the reduction of polysymplectic Hamiltonian systems is also studied as a natural continuation
of the previous results, showing how under the same hypothesis as above, and assuming the invariance
of the Hamiltonian function, a new Hamiltonian polysymplectic system is defined in the quotient space.
These results are applied to analyzing the problem of reduction of Hamiltonian polysymplectic systems
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defined in cotangent bundles of k!-covelocities, which admit a suitable decomposition and, as a particular
case, the harmonic maps.

Another (possible) potential application of the previous results could be the following one. Some phys-
ical theories admit a Lagrangian formulation, as a classical field theory of first order, with a G-invariant
regular Lagrangian function L which is defined in the tangent bundle of k-velocities T}}Q associated
with a manifold @ (for example, this situation appears when one deals with the dynamics of molecular
strands; in fact, for this theory, k = 2, G is the special orthogonal group SO(3) and @ is the semi-direct
product SE(3) = SO(3)®R? of SO(3) with the abelian Lie group R3, see [27]). So, one may obtain the
corresponding Lagrange-Poincaré field equations on the reduced space T} Q/G (see [27] for the particular
case of molecular strands).

Using that the Lagrangian function L is regular, one may develop a Hamiltonian formulation of the
theory with G-invariant Hamiltonian function H which is defined in the cotangent bundle of k!-covelocities
(T})*Q. Moreover, the solutions of the Hamiltonian polysymplectic equation for H are solutions of the
Hamilton-De Donder-Weyl equations for the corresponding Hamiltonian classical field theory.

Thus, for a solution of the first equations which satisfies the hypotheses of Theorem one could
obtain a solution of the reduced Hamiltonian polysymplectic system on the corresponding reduced space

T (1) /G

It would be interesting to relate these solutions with the solutions of the Lagrange-Poincaré field
equations on T}}@Q/G. Note that the space of orbits (T})*Q/G admits a poly-Poisson structure (see [32])
and it seems likely that the reduced spaces J~!(u)/ G, can be leaves of the canonical polysymplectic
foliation in (T}})*Q/G (for the definition of the canonical polysymplectic foliation associated with a
polysymplectic structure, see [32]). Then, the Legendre transformation between 7}Q/G and (T})*Q/G,
induced by the reduced Lagrangian function on T}}Q/G, should relate the solutions of both equations.

Anyway, this paper is the first step towards a more ambitious program of reduction (“a la Marsden-
Weinstein”) of geometric classical field theories. In particular, since the multisymplectic formulation
constitutes the most general geometric framework for describing classical field theories, our next objective
is to extend the results obtained here to multisymplectic manifolds, in such a way that they can be applied
to reduce multisymplectic Hamiltonian systems.

APPENDIX A. EXAMPLES OF POLYSYMPLECTIC MANIFOLDS

In this appendix we describe some typical examples of polysymplectic manifolds.

A.1. The product of symplectic manifolds. Let M4 be a symplectic manifold with symplectic form
oA, for Ae{1,...,k}.

We consider the product manifold
M =M x -+ x My,
and the 2-form w? on M given by

9

wh = (pra)*(@")

where pra: M — M4 is the canonical projection, for A € {1,...,k}.

Then, it is clear that (w?,... ,wk) is a k-polysymplectic structure on M.

A.2. The cotangent bundle of k'-covelocities of a manifold. Let @) be a differentiable manifold,
dim@Q = n, and mg : T *Q — Q its cotangent bundle. Denote by (7}})*@ the Whitney sum T *Q& .%.
@®T *Q of k copies of T *Q, with projection Wg: (TH*Q — Q.

(T1)*Q can be identified with the manifold J*(Q,R¥)o of 1-jets of maps o: Q — R* with target at
0 € R¥, the diffeomorphism is given by
Jl (Q>Rk)0
j;,oa

T*Qa k. &T*Q
(do*(q),...,do*(q)) ,
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where 04 = 14 00 : Q — R is the A component of ¢, and 72 : R¥ — R is the canonical projection

onto the A" component, for A =1,... k. (T})*Q is called the cotangent bundle of k'-covelocities of the
manifold Q.

If (¢%) are local coordinates on U C @Q, then the induced local coordinates (¢, p:!) on (ﬂ'g)_l(U) =
(T}) *U are given by

, , 0
q’(aé, .. .,o/;) =4q'(q), p?(aé,...,a’;) = a? ( .

), 1<i<m1<A<LE.
q

On (T})*Q, we consider the differential forms
04 = (ngM) 0, wh = (5w,

where w = —df = dg’ A dp; is the canonical symplectic form on T*Q, § = p; dq® is the Liouville 1-form
on T*@Q and ﬂg’A : (TH*Q — T*Q is the projection defined by

k,A A
T (aé,...,o/;) =a, .
Obviously, w? = —df4.
In local natural coordinates, we have
(A1) 04 = pf‘ dg', w? =dq' A dp;4 .

A

A simple inspection of their expressions in local coordinates shows that the forms w* are closed and

the relation (2.1)) holds; that is, (w!,...,w") is a k-polysymplectic structure on (T}})*Q.

A.3. Frame bundle. Let LM be the frame bundle of M; that is, the manifold of all the vector space
bases in all the tangent spaces at the various points of M. This bundle is a special type of principal

bundle in the sense that its geometry is fundamentally tied to the geometry of M. This relation can
k

be expressed by means of the vector-valued 1-form ¢ = Z 94, € QYLM,R™) called the solder form.

A=1
This form is defined by

du): T,(LM) — R»
X = (u)(Xy) = u (X)),
where m: LM — M is the canonical projection and u: R™ — T, M a point of LM.
The solder form endows LM with a n-polysymplectic structure given by
wd =dvt, A=1,...,n.
(See [51] for more details).

A 4. k-coadjoint orbits. Before describing this new example of a polysymplectic manifold, it is neces-
sary to recall the symplectic structure of the coadjoint orbit of a Lie group (for more details see [I], page
303).

Let G be a Lie group, g its Lie algebra. We consider the coadjoint action
Coad: Gxg* — g*
(9,n) + Coad(g,p) = po Ady—
and the orbit of € g* in g* under this action,
0, = {Coad(g, 1) | g € G}.

It is well known that O, has a symplectic structure w, defined by the expression

(A.2) wu(¥) (§g+ (¥), ng- (V) = —v[€, 7]
where v is an arbitrary point of O, {5+ (v), ng~(v) € T,,0,.
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Let (p1,...,px) be an element of g*x .*. xg*. We define the k-coadjoint orbit as the orbit of
(pt1, ..., pug) in g*x 5. xg*, that is,
Olur i) = {Coadk(g,,ul, k) | g€ Gl
Coad® being the k-coadjoint action defined in (2.2). The space Opa,.... . Was considered in [29]. In fact,
in [29], O,,,... 4, was called the polycoadjoint orbit by (1, ..., ).

Next, we will recall the definition of the k-polysymplectic structure on O, ... ., which was introduced

in [29].

k

Lemma A.1. For every (v1,...,v;) € O we have that
T(Vlw--vyk)o(ﬂlw--aﬂk) - {gg*x.’?.xg* (i,..,ve) | €€},

where £ is the infinitesimal generator of the k-coadjoint action corresponding to &.

g* x.koxg*

Proof. This is a well-known result (see for example [I] p. 267). ]

Lemma A.2. For every A=1,...,k and each (v1,...,vx) € Oy, ... 1) we obtain that

(pra)«(ve, ..., vk) <§g*x_@.xg*(vl,...,yk)> = &g+ (va) ,
where pr4 is the canonical projection

pra: Oy, = Oua

(v1y..., V) — V4.

Proof. As the relation pry o Coad’fy1 D Coad,,, holds, we obtain

()o@, s 08) (€ e 1+ o2) ) = Tulpra o Coadly, __,)(€) = T.Coudy, (€) = g+ (va).

As a consequence of the above lemma we can consider the following relations:

T(V17~~-7Vk)o(ul7~--,uk) € T,,0u x...xT, 0y,

Sarsting V1o tk) = (§g= (1), &= (i) -

Proposition A.3. Let w,, be the symplectic structure of the coadjoint orbit O, , at pa, then the family

(w}t, . ,wﬁ) given by

(A.3)

w;?: = (prA)*w#A

is a k-polysymplectic structure on the k-coadjoint orbit O, . ..y at p= (p1,..., px).

k
Proof. By definition, every w/’:‘ is a closed 2-form on O, ... 4, )- Now we have to prove that m ker w;‘ =0.
A=1
From Lemmas and and the expression (A.2) of the symplectic form w,,, if (v1,...,v%) is an

arbitrary point of g*x .%. xg*, we obtain that

w;:‘(ul, cey Vk) (Eg*x.’?.xg*(yl’ ces VR, ng*x,’?.xg*(l’lv cl yk)> =
(A.4) [((pra)*wu,] (fg*x.]?.xg*(l/:l?"'7Vk7)’ng*><,7?,><g*(yl7"'DVk?)> =
wyia (Va) (€= (va), ng-(va)) = —val8,m] -
k
Let fg*x‘,‘ﬂ_xg*(ul,...,yk) be an element of ﬂ ker w;‘. As a consequence of (A.4), we obtain that
val&,n] = 0, for every n € g, and this is equivglzeilt to &g« (rva) = 0. Therefore, using the identification

k

1) we obtain that Sg*x.,?vxg*(z/l, ..., vg) =0 and thus m ker w;? =0. [
A=1
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