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Chapter 0

Introduction

The study of the asymptotic behaviour of one-parameter families (in particular Cp-
semigroups) of operators on a Banach space has received a lot of attention in recent
years. In particular the convergence of orbits of a given family to zero is a milestone
in operator theory and differential equations. Under assumptions of very different
nature, and motivated by applications to partial differential equations, a number of
results about stability of Cy-semigroups and other families have been obtained. A
fairly complete overview on the techniques used and the results obtained on this
topic can be found in [B, CT, EN, N].

In this introduction we do not pretend to give an exhaustive presentation about
the history and main results of asymptotic analysis of one-parameter families of ope-
rators. Our purpose is just to collect a set of results which allows us to understand

this memoir properly.

Stability of semigroups
Let X be a complex Banach space and let A be a closed operator on X with

7



8 Introduction

domain D(A) and range R(A). Let u: [0,00) — X be a (vector-valued) continuous
function which is differentiable on (0,0) and such that u(z) € D(A) for all r > 0.
The so-called Cauchy problem for A consists on finding a function u as above

such that it satisfies the equation

u'(t) =Au(t), t>0,
u(0) = x, xeX,

(ACP)

where x € X is a given initial value. The problem is said to be well-posed if A
is the infinitesimal generator of a strongly continuous Cyp-semigroup 7'(¢) = ' of
bounded operators on X. Then the solution u is given by u(t) = e4x, t > 0.

An important question about the behaviour of the above solution u is whether
or not it is stable, which is to say by definition that lim, . u(¢) = 0. Thus one says
that for a given x € X the orbit {T'(¢)x : ¢t > 0} is stable when lim, .. T'(f)x = 0, and
that the semigroup (7'(¢));>0 is stable if all its orbits are stable. Next, we recall well

established facts about stability of one-parameter semigroups.

e Liapunov Theorem

We start with the simplest case. Let 2(X ) denote the Banach algebra of bounded
operators on a Banach space X. Then A is the generator of the exponential semi-
group ("), given by the (convergent in %(X)) series

o kak
e ::k_ot:! (r eR).

In particular we can consider the full algebra M,,(C) of n x n matrices on the com-
plex field C -which corresponds to (X ) when X = C"- and A € M,,(C).

The classical Liapunov stability theorem goes back to 1892, see [Li] and also
[EN, Theorem 1.2.10]. For a given A € M,,(C), it characterizes the stability of

(e"),>0 in terms of the location of the eigenvalues of A:



Theorem 1. Let (¢'4),>q be the one-parameter semigroup generated by A € M,,(C).

Then the following assertions are equivalent:
(a) The semigroup is stable, i.e., lim, . ||| = 0.
(b) All eigenvalues of A have negative real part, i.e., RA < 0 forall A € o(A).

Naturally, mathematicians have tried to extend this finite-dimensional theorem
to infinite dimensions as much as possible. A research line in this direction is the
following.

Let A be the (closed) infinitesimal generator of a Cy-semigroup (7'(¢));>0. Then
the (uniform) exponential growth bound of A -or 7'(¢) alternatively- is the (possibly

infinite) number
o(A) :=inf{lw €R : |lexp(tA)| < Me® for some M > 0 and all r > 0}.
Let 6(A) denote the spectrum of A. The spectral bound s(A) of A is defined by
s(A) :==sup{RA : L €c(A)}.

One has, for bounded A, the following extension of Theorem 1, which is also

known as Liapunov Theorem.

Theorem 2. Let A be a bounded operator on the Banach space X. Then,

Thus the Liapunov theorem shows that the spectrum o (A) of A is responsible
for the asymptotic behavior of the solution u of the equation (ACP). Note that the
relation between the two versions of the theorem -namely, Theorem 1 and Theorem

2- is given by the fact that if 0(A) is contained in the left-hand half-plane, then
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s(A) <0, s0 ®(A) < 0 and the solution is uniformly asymptotically stable, that is,
le4|| — 0 as ¢t — oo, see [EN, Theorem 1.3.14].
The proof of Theorem 2 -see for instance [DK, Theorem [.4.1] or [EN, Corollary

IV.2.4]- relies upon the spectral mapping theorem

¢4 = (), t>0.

See [EN, Theorem 1.3.13].

Neither the spectral mapping theorem nor the Liapunov theorem are longer true
for general unbounded operators A. Even in the case of Hilbert spaces, there exist
examples of Cy-semigroups whose uniform growth bound @(A) is strictly larger
than the spectral bound s(A), see [EN, Counterexamples IV.2.7 and IV.3.4]. These

“patologies" are the starting point for the modern asymptotic theory of semigroups.

Remark. As in the bounded case, the spectral mapping theorem implies the equality
®(A) = s(A) for general operators A. So it is important to find conditions on a
Co-semigroup (or on its generator) which allow us to prove the spectral mapping
theorem. In this sense, a well-known assumption is the eventual continuity with
respect to the uniform operator topology; this holds for compact semigroups and
holomorphic semigroups, for instance. Let us also mention some other new spectral
mapping theorems, like for example the weak spectral mapping theorem for non-
quasianalytic groups ([EN, Section IV.3. c]) and the spectral mapping theorem of
Latushkin and Montgomery-Smith ([N, Section 2.5]).

Nevertheless, the equality @(A) = s(A) can be directly proved in some particular
cases. For example, this holds when A generates a positive semigroup on spaces
LP () or Cp(Q2); see [N, Section 3.3.5] and references therein.

In the general case, one has to look for additional spectral conditions to deter-
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mine the stability of some (or all) orbits (T'(¢)x),>o with x € X. In this direction we
must quote the classical stability theorem proved by Arendt-Batty and Lyubich-Vii
([AB, LV]), and also the semigroup version of the Katznelson-Tzafriri theorem es-
tablished by Esterle-Strouse-Zouakia and Vii ([ESZ, V]). It is in this setting where
we focus our research. We devote the next paragraph to explain these items in some

more detail.

e Stability of orbits

Let A be a closed operator and let 6p(A*) denote the point spectrum of the
adjoint operator A* of A. Arendt-Batty in [AB] and Lyubich-Vi in [LV] showed

independently and with different proofs from each other the following result.

Theorem 3. Let (T (t)),>0 be a uniformly bounded Cy-semigroup on a Banach space

X, with generator A. If
(i) o(A)NiR is countable, and
(ii) op(A*) iR =0
then T (t) is asymptotically stable, i.e. lim; o T (t)x =0 for all x € X.

We refer to this stability result as the Arendt-Batty-Lyubich-Vi theorem. None
of the above spectral requirements (i) and (ii) in the above theorem is superfluous,
see [AB]. This result was subsequently extended by Vi to semigroups with non-
quasianalytic growth in [V1].

A positive measurable locally bounded function w(7) with domain R or [0, o)
is said to be a weight if @(¢) > 1 and @(s+1) < w(s)w(t) for all 7,5 in its domain.

A weight @ on [0, o) is called nonquasianalytic if

<]
/ ogo(t) di <
0o t2+1
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Assume that liminf, .. 0(t)"'@(s +1) > 1 for all s > 0. Then one can define the

associated weight function @ on R given by

~ t
o(s) := limsup Ot +5)

1))

Clearly, (1) < o(t) for every t > 0.

,if s >0, and o(s) := 1,if s <O0.

The Vi’s result is as follows.

Theorem 4. Let A be the generator of a Co-semigroup T (t) such that
sup@(t) | T(1)]| < +ee,
t>1

for some nonquasianalytic weight ® on [0,0) for which ®(t) = O(t*) as t — oo, for

some k > 0. Assume also that 6(A) NiR is countable and op(A*) NiR = 0. Then

limo() 'T(t)x=0 forallxeX.

t—ro0

The stability of the semigroup obtained in the above theorems involves the
strong operator topology. It is possible to get results on uniform asymptotic con-
vergence (to 0) of the semigroup, that is, convergence in the operator norm, when
the semigroup acts on suitable operator-valued weights. These results are semigroup
extensions of the Katznelson-Tzafriri theorem:

Let A(T) be the convolution Wiener algebra formed by all continuous periodic
functions f(1) = Yo ane™, t € [—m, 7], such that || f[|4r) = Yy o |an] < oo,
endowed with the norm |[-[| 4. This algebra is regular. Let A, (T) be the convolu-
tion closed subalgebra of A(T) formed by the functions f with a, = 0 for all n < 0.
Assume that T € %(X) is a power bounded operator, that is, sup, ||T"| < oo.

Clearly, the operator sum

f(T):= Z a,T"
n=0
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is well defined for every f € A, (T) with f(t) = Yoo qane™ ,t € [—m, 7). In [KT],
Katznelson and Tzafriri proved that if f € A (T) is of spectral synthesis in A(T)
with respect to 6(T) N'T then

lim |77 f(T)|| = 0.

n—soo

What spectral synthesis does mean in regular Banach algebras is explained in Chap-
ter 1 (Section 1.4).

The continuous version of this theorem for uniformly bounded Cy-semigroups
was given in [ESZ, Théoreme 3.4] and [V, Theorem 3.2]), independently one paper
of each other, and with different proofs. Recall that the convolution algebra L!(R)
is a regular Banach algebra and that the Banach space L'(R") can be seen as a
subalgebra of L!(R) in a similar way as A (T) is of A(T) (convolution in L'(R)

corresponds to convolution of coefficients in A(T)). This version is as follows.

Theorem 5. Let A be the infinitesimal generator of a uniformly bounded Cy-semigroup
(T(t))i>0 on X. If f € L'(R") is of spectral synthesis in L'(R) with respect to
i6(A) NR then

lim [T (1) 7o (f) || = O,

t—oo
where my: L' (RY) — %(X) is the bounded Banach algebra homomorphism defined
by
7o (f)x = / FOT()xdr, xeX, feL (RY).
0

As an obvious corollary we obtain that, under the conditions of the above theo-

rem, the orbits {7'(¢t)y : t > 0} are stable for all y = my(f)x, x € X. That is,

lim7(r)y=0, foreveryy=m(f)x, x<X.

f—3o0
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Let & denote the set of all functions in L' (R*) which are of spectral synthesis
in L'(R) with respect to ic(A) NR. From the above, we have that whenever the
subspace Y := {m(f)x: f € &p,x € X} is dense in X then the semigroup 7'(¢) is
stable. The density of ¥ on X was proved in [ESZ] provided A satisfies

0 (A) NiR is countable and op(A*) NIR =0,

so it gives in this way another different proof of the Arendt-Batty-Lyubisch-Vii

theorem.

e Decay rate of stable orbits

In the last decades, many authors have approached the issue about searching for
estimates of the decay rate of stable orbits. Motivated by applications to damped
wave equations and many other hyperbolic problems, great progress in the problem
of getting decay estimates has been achieved in the case that the infinitesimal gene-
rator of the Cy-semigroup has empty boundary spectrum; that is, when o (A) NiR =
0 (see [BEPS], [BD], [Bu], [Le], [LR], for instance). It turns out from these results
that the growth of the resolvent on the imaginary axis determines the rate of decay
of smooth orbits of the semigroup. A unified statement to this subject was given by

Batty and Duyckaerts (see [BD, Theorem 1.5]):

Theorem 6. Let (T (1));>0 be a uniformly bounded Cy-semigroup on a Banach space
X. Let A be its generator and assume that 6(A) NiR = 0. Let k € N. Then, there

are constants Cy, T, > 0 such that
Ci

[T -ayH) < —%—
(Mia1/C0))

VIZT/H
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where

ME) = sup [(it-A)7N|, E=1,

1<[7|<§

Miog(§) = M(S)log((1+M(E))(1+¢)), ¢ = 1.

Remark. In [BD], it is also conjectured that the logarithmic correction considered
in Mg is necessary when X is a general Banach space but it can be dropped if X is
a Hilbert space. In the recent paper [BT], A. Borichev and Y. Tomilov confirm this
conjecture for polynomially growing M. In addition, they show that Theorem 6 is
sharp.

The proof of Theorem 6 is based on a classical contour integral method initiated
by Newman and Korevaar in [Ne] and [K], respectively. Using this technique, C.
J. K. Batty and T. Duyckaerts also estimate the decay of some Cesaro means of
a bounded vector-valued function whose Laplace transform extends to a suitable
region containing the imaginary axis ([BD, Theorem 4.1]). They conclude the work
by considering the case of semigroups whose associated boundary spectrum is at
most finite ([BD, Proposition 4.3]). Such method and results are further considered

in the present memoir (see Chapter 2 below).

Vector-valued Laplace theorems and asymptotics

As noticed at the end of the preceding section, the study of asymptotics of orbits
is related with the study of vector-valued functions through the analytic properties
of their Laplace transforms. In the present section, we follow on this idea.

For a Banach space X, let R := [0,0) and let L]

loc

(R™;X) denote the vector

space of functions f : R™ — X which are Bochner integrable on [0, R] for all R > 0.
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For a function f € L}OC(R+;X ), the Laplace transform .Z f of f is given by

L) = /0 " f)e M

for those complex values A for which the integral exists. If such a set of numbers A
is non-empty one says that the function f is Laplace transformable. In the particular
case that f(r) = T(t)x for t > 0, x € X and (7(¢));>0 a uniformly bounded Cy-

semigroup generated by A, we get that C™ C p(A) and
(A—A) 'x= / T(t)xe Mdi,  RA >0,
0

Then the Laplace transform is the link between Cauchy problems and spectral
properties of operators, that is, between solutions and resolvents. We will serve
from this fruitful relationship (or other variants of it) to obtain some of the main
results of this memoir. We shall not be concerned here with representation theorems
for Laplace transforms, corresponding to well-posedness of the Cauchy problem:;
see [ABHN, Section 3.1] for a wide range of results on this matter. On the other
hand, we will concentrate on results of tauberian nature relating Laplace transforms
and their applications to the asymptotic behaviour of orbits of semigroups -that is,
asymptotics of solutions to (ACP)- and of other one-parameter families of bounded

operators.

e Post-Widder inversion formula

Recall that # > 0 is said to be a Lebesgue point of a function f € L], .(RT;X) if

im - [ 1706) - @) las =0

h—0

Every point of continuity is a Lebesgue point of f and almost all points are Lebesgue

points of f (see [ABHN, p. 16]).



17

It is a well known fact that any Laplace transformable function f € L}O J(RT:X)
is (uniquely) determined by its Laplace transform, as the following (vector-valued)

Post-Widder formula shows (see [ABHN, Theorem 1.7.7]).

Theorem 7. Let f € L} ([0,00);X) be such that £ f() converges for some A € C.

loc

Lett > 0 be a Lebesgue point of f. Then

fo=nim -1y (M) e (1)

n—oo t t

The above theorem provides us with the vector-valued version of the classical
Post-Widder inversion formula for the Laplace transform; see [P, W]. Such a limit
is known as a real inversion formula since only properties of .Z f(A) for large real
A are used. In recent years, the Post-Widder formula has been fruitfully applied to
numerical problems; see for instance [MCPS, SB].

In Theorem 7, if one takes f(¢) = T (t)x for some x € X, where T(t) = ¢4 is a
Cy-semigroup, and applies the resolvent equation

C1y @
n!  dAn

A—A)"x=A-A) "y peN,
then one gets the Euler formula for semigroups

t
T(t)x= lim (I —-A)"x, t>0;
n

n—oo

see [ABHN, Corollary 3.3.6]. Note that this formula can be regarded as that the
orbit of the semigroup is an asymptotic limit of orbits of the resolvent function of

its generator. We give an integrated version of this property in Chapter 3 below.
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Ill-posed Cauchy problems and asymptotics of solutions

There are (closed) interesting operators A for which the Cauchy problem

u'(t) =Au(t), t>0,

u(0) = x, xeX,
is ill-posed in the sense that A is not the infinitesimal generator of any strongly Cop-
semigroup, so the solution to the equation, even when it exists, is not given by the
action of a semigroup on the initial value x € X.

However, in some important cases of the above situation, it is still possible to
work with families of operators which are to be found as generalizations, exten-
sions or variants of the ones formed by semigroups. These are the so-called inte-
grated semigroups. Other one-parameter families like cosine families, integrated
cosine families or Mittag-Leffler families appear in the setting of ill-posed Cauchy
problems of higher orders. We are here mostly concerned about one-parameter in-
tegrated semigroups.

Let assume that A is the generator of an exponentially bounded n-times inte-

grated semigroup (7;,(¢));>0 (see definitions in Chapter 1 below). Then the function

u(t) := d—Tn(z‘)x, (r>0)

tl’l
is the unique solution to the equation (ACP). Thus the ergodic type limit

lim T, (1)x = fim [ (1 — 5" u(s) 2
e A T R P DT

reflects the asymptotic behaviour of the solution « at infinity.
However, it is not clear what one should handle as the most accurate notion of
stability of an integrated semigroup. In [Me], a once integrated semigroup (77 (t));>0

generated by A is called stable when there exists lim;_,. 77 (¢)x in X for every x €
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@. Such a condition seems to be fairly suitable at first sight, though it entails a
notable restriction on the generator of (7;(¢)),>o. In fact, if (71(r)),>0 is stable then
A is invertible. Moreover, lim; ., T} (t)x = —A~"!x, x € m; see [Me, Proposition
5.1 and Remark 5.3].

In the above setting, the stability theorem of Arendt-Batty-Lyubich-Vi (Theo-

rem 3) admits the following integrated version; see [Me, Theorem 5.6].

Theorem 8. Let A be the generator of a uniformly bounded once integrated semi-

group (Ti(t));>0 such that
(i) 6(A)NiR is countable,
(ii) op(A*)NiR =0,
(iii) A is invertible.

Then (Ti(t));>0 is stable; that is, there exists lim; o Ti(t)x(= —A~'x), for every

x € D(A).

We give an extension of this result to n-times integrated semigroups, with in-
vertible generator and satisfying the growth condition sup,.,®(t)~!||T,(¢)|| < o
-where  is a non-quasianalytic weight-, in Chapter 4 below.

The question now is to find out results like Theorem 8 for n-times integrated
semigroups with non-invertible generator. A formally straightforward generaliza-
tion of the semigroup stability property for n-times integrated semigroups satisfying
sup,~ot || T,(t)|| < e, is the requirement that lim; ..t ~"7,(f)x = 0 for all x € X.
However, specialists prefer to consider this requirement as an ergodic type property

rather than stability in its own. We establish a result of this type in Chapter 6.
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Main results

In this section we give statements of the main theorems presented in the memoir.
Our first concern here is about the investigation of new results involving the Laplace
transform of vector-valued functions and their direct application to the study of
asymptotics of orbits. More precisely, we are interested in the decay rate of stable

orbits and in an Euler formula for integrated semigroups.

e Decay rate of stable orbits

As we have pointed out before, one of the methods used in the memoir, in order
to study the asymptotics of one-parameter families of bounded operators, consists of
studying analytic properties of appropriate vector-valued functions. In this setting,
it is interesting to find new results about the Laplace transform, and its inverse, of
such functions. The results obtained here locate around this circle of ideas, and are
motivated by those given by C. J. K. Batty and T. Duckaerts in [BD]. Our main
results are as follows.

Put ¢ (¢) := e™' for r € RT. Let * denote the usual convolution in R and let o

denote the convolution product defined by

gof ()= [ sls=0f(9)ds, 1>0,
forg € L'(RT) and f € L*(R*";X).

Theorem 2.1.1, p. 63: Let X be a Banach space and let f € L*(R*;X). Assume

that there exists a continuous function [L: (0,00) — (0,0) satisfying:

(i) The Laplace transform £ f has a holomorphic extension to the region ¥, :=

{z€C:Re>—pu(|Sz]) "} and | L f(2)|| < u(|Sz]) throughout £, NC~.
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(ii) W is decreasing on (0, 1] and increasing on [1,0).

Then there exists positive constants C and T such that

_ 1 1
‘(el—el*el)Of(t)H§C<mloé(l‘/4)+1‘4k)gl(t/4)+t>, t>7,

—1
where Mlog

defined by

—1 . . .
and My, denote the inverse functions of Mg and myeg, respectively,

Miog(§) := u(&)log(1+u(6))(1+8)), ¢ =1,

14+pu(8)

g (&) :=u(é‘)log< 6

), 0<&E<I.

The preceding theorem is the basis to obtain the following result on decay rate
of semigroup stable orbits.

Let (T(t));>0 be a uniformly bounded Cp-semigroup on the Banach space X,
with infinitesimal generator A. Let M: [1,00) — R and m: (0,1] — R™ be the
continuous functions given respectively by

M(&):= sup [|iA-A)"", &>1,
I<|A]<€

and

m(&):= sup [(IA-A)7"l, 0<E<L.
E<ial<t
Define p: (0,00) — (0,0) by

1(g):==2m(g), if 0 <& < land u(g) :=2M(E), if ¢ > 1.

Now, let Mjog and my,g be defined as in the previous theorem.
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Theorem 2.2.1, p. 71: In the above setting, assume that 6(A)NiR C {0}. Then,

for every k € N there exist positive constants Cy, T, > 0 such that for all t > 1,

k
_ _ 1 k
IT(1)A*(1-A4)| < G, <m10;(t/4k> +m ﬂ) .

This theorem admits an extension to semigroups whose infinitesimal generators
have boundary spectrum formed by a finite number of points, not necessarily the

origin. See Theorem 2.2.1 in Chapter 2.

e Post-Widder integrated formula. Euler formula for o-times integrated

semigroups

The link between Laplace transforms of vector valued Bochner-measurable func-
tions and orbits of semigroups can also be taking into account to deal with integrated
families. In this direction, we first give an inversion formula of Post-Widder type for
A %*-multiplied vector-valued Laplace transforms (o > 0), which generalizes Theo-
rem 7 above.

Let X be a Banach space, and let f € L], .(R*;X) be such that

sup [t Te™ ™ ()| =M < oo
>0

for some ¥y > —1 and some @ > 0. Clearly, the Laplace transform .Z f(A) of f
exists at least on the open right half-plane RA > ®. For such a function f we have

the following.

Theorem 3.1.1, p. 80: For every a € (0,v+ 1) and for any Lebesgue point t > 0
of f,

T L aet (ZD)" payntld"
f(t)—,}glgom/o(’_s) n! (E) ain A0 z:n/sds'
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Let us point out that one can also obtain an analogous result for Laplace-Stieltjes
transforms and ¢ a positive integer; see Corollary 3.1.1 in Chapter 3 below.

The above formula may well be seen as an o-times integrated Post-Widder for-
mula. Its interest relies upon the fact that it provides us with an inversion formula
for those functions ¢ : (@,) — X which are not necessarily a Laplace transform,
but such that A=%¢@(A) is a Laplace transform for some o > 0. Important classes
of (vector-valued) functions in this situation are to be found among integrated fa-
milies of operators. In fact, the formula implies inversion theorems for resolvents
of generators of integrated semigroups and integrated cosine functions. Moreover,
it recovers and extends for integrated semigroups other previously known results in
the literature, see [C, VV]:

Let (Ty(1))>0 € #A(X) be a (strongly continuous) a-times integrated semi-
group, with generator A and existing Laplace transform on A > @ for some w € R.

Then

R(AA) = (A—A)' = )Lo‘/we—’“Ta(t)dt, 2> o
0

Applying Theorem 3.1.1, one gets the following Euler’s type formula.

Corollary 3.2.1, p. 87: Assume that || Ty (t)|| < Ct?e®, t > 0, for some y > o — 1

and ® > 0. Then, for every t > 0 and every x € X,

. 1 ! a—1 (1 n+l n n+1

Examples of integrated semigroups satisfying the assumptions of Corollary 3.2.1

can be found in [H].
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One can also obtain a similar result for generators and resolvents of integrated

cosine families (see Chapter 1 for the definition of such families).

Corollary 3.2.2, p. 88: Ler A: D(A) C X — X be the generator of an o.-times
integrated cosine function (Cy(t));>0 for which there exist constants Yy > o, — 1 and

® > 0 satisfying ||Cq(2)|| < Ct?e® fort > 0. Then, for every x € X and t > 0,

I S AR Gl D A AN >
Calt)x= Jim roos /0 (-5 (B)T o (AR(G2,)) LR

Notice that the two latter theorems tell us that the orbits of integrated semigroups
and cosine families are obtained as asymptotic limits of orbits of their resolvent
functions.

e Stability of n-times integrated semigroups

We now address the question of stability for n-times integrated semigroups with
n > 1. First of all, in the research line initiated by O. El Mennaoui to generalize the
Arendt-Batty-Lyubisch-Vi theorem, we extend [Me, Theorem 5.6] as follows. Let

p(A) denote the resolvent set of a closed operator A.

Theorem 4.0.1, p. 93: Let A be the generator of a n-times integrated semigroup

(Tu(t))r>0 such that
e 0(A)NIR is countable,
e op(A")NIR =0,
e 0cp(A).

Assume that sup,~, 0(t)"||T,(t)|| < e where @ is a nonquasianalytic weight on

[0,00) for which @(t) = O(tX) as t — oo, for some k > 0.



25

We have:
(i) fot) ' =0t ) ast — o, then

lim(t) " 'T,(t)x=0, xeD(A).

t—o0

(ii) If @(t) ~ 7" ast — oo, then there exists

1
tli_>r£1°t_"+]Tn(t)x =— = 1)‘A_lx, x € D(A").

Remark. For n =1 Theorem 4.0.1 (ii) is [Me, Theorem 5.6]. So any n-times inte-
grated semigroup (7;,(¢)),>0 satisfying the latter equality in Theorem 4.0.1 (ii) might
well be called stable. Similarly, the ergodic type equality lim, . @ (¢)~'7,(t)x = 0,
x € D(A"), for o(t) ~ 1" at infinity, defines a property on 7;,(r) which corresponds
to stability of Cp-semigroups when n = 0. Then one could say that an integrated
semigroup satisfying Theorem 4.0.1 (i) for w(r) ~ 1" as t — oo is stable of order n,
and stable under @ in general. However, as we have mentioned before, specialists

prefer to use the term ergodicity (to O in the present case) to refer to the existence of

limits like limy_,eo# " T;,(2)x.

The proof of Theorem 4.0.1 above relies upon a nontrivial adaptation of argu-
ments of [Me] and [V1]. In this way, we extend in passing some other auxiliary

results of [Me] and [V1].

Remark. A fairly nontrivial problem arising from Theorem 4.0.1 is how to remove
condition (iii) on the invertibility of the generator A. The arguments considered in
the original proofs of the Arendt-Batty-Lyubisch-Vii theorem do not seem to fit well
in the integrated setting. However, there is a proof of this theorem in [ESZ] -relying

on the continuous Katznelson-Tzafriri theorem and harmonic analysis properties of
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suitable Banach algebra homomorphisms- which turned to be useful, and will allow
us to obtain some, partial but interesting, result; see Chapter 6. To start with, one
establishes a fairly nontrivial extension of the continuous version of the Katznelson-

Tzafriri theorem for semigroups in Chapter 5.

o Extension of the Esterle-Strouse-Zouakia-Vi theorem: Katznelson-

Tzafriri theorem for integrated semigroups.

Let C(R) be the space of test functions on R, and let C°(R™) be the space
of test functions gx|o .., where g runs over C”(R). For & > 0 and function f €
CZ(R™) we put W f to refer to the so-called Weyl derivative of order ¢ on (0,o).
One defines also the Weyl derivative W*g on all on R for every g € C°(R); see
definitions in Chapter 1 (Section 1.3) below.

Let 7 Jr(a) (t%), 7@ (|t|*) denote the Banach spaces obtained as the completions

of CZ(R™), CZ(R) in the norm given by

va(f)i= [ WEF@I%dr,  feco(@)

where Q is equal to [0,0), R, respectively. These spaces were introduced in [GM],
and are in fact Banach algebras for the usual convolution on R. Moreover, .7 (® (|¢|%)
is a regular Banach algebra and .7 Jr(a) (t%) is a closed (non-regular) subalgebra of it.

Let (Ty(f))r>0 be an o-times integrated semigroup in Z(X) (see, once again,
the definition in Chapter 1, Section 1.2.2) such that sup,. ot~ % |75 ()| < . Then

the mapping 7y ﬂia) (t%) — A(X) defined by

T (f)x = /OWWff(t)Ta(t)xdt, xeX,fe T,

is a bounded Banach algebra homomorphism. All the above properties can be found

in [GM].
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We have the following extension of the Esterle-Strouse-Zouakia-Vii theorem.
Theorem 5.0.1, p. 103: For a > 0, let (Ty(t));>0 be an a-integrated semigroup in
PB(X ) with generator A such that

supt™ || T (2)]] < oo, lim D(a+ 1) *Ty(t)x=x, x€X.
>0 t—0T

Suppose that f € T Jfa) (t%) is of spectral synthesis in T @ (|t|*) with respect to
io(A)NR. Then
lim =% || To (1) e (f)|| = 0.

t—o0

Theorem 5.0.1 is the main result in [GMM1]. Its proof relies on the harmonic
analysis of the mapping 7, and some intricated duality techniques involving distri-
bution spaces.

Now, as similarly as it is indicated just after Theorem 5 (p. 13), one could prove
that

lim7y(1)x=0, xe€X,

{—o0
whenever the subspace Y := {7y (f)x: f € G4,x € X} were dense in X and always

under the conditions
6(A)NiR countable, op(A*)NIR =0

on the generator A. Here, the set G denotes the space of functions f in .7, fx) (t%)
which are of spectral synthesis in .7 (¥ (|¢|*) with respect to ic(A) NR.

In fact, for usual semigroups this is obtained in [ESZ] on the basis of certain
auxiliary results about spectral synthesis and related items. It does not seem sim-

ple how to establish part of these results in the integrated setting, but, anyway, the
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corresponding quoted density of Y holds under other quite reasonable conditions, as

we show in the next section.

e Spectral synthesis and stability.

The content of this section corresponds to Chapter 6 of the memory and it is
splitted up into two parts, the first one devoted to spectral synthesis and the second
one dealing with the integrated semigroups.

Here we restrict our results to @ = n, any nonnegative integer. Let (7,(t)),>0 be
a n-times integrated semigroup in (X ) generated by A. Let &, denote the vector
subspace of functions in .7, +(") (t") which are of spectral synthesis in .7 ") (|¢|") for
S:=io(A)NR. In the semigroup case, when n = 0, one of the key ingredients to
show the density of m,(S,) in X is the fact that closed countable subsets of R are
sets of spectral synthesis in L' (R). Thus one must investigate whether or not this
property still holds in the Banach algebra .7 ") (|¢|") for general n. Indeed, we will
obtain that it does not hold in the latter case. Therefore, one must find out what

remains valid in this respect.

Weak spectral synthesis in .7 ") (|¢|")
Let S be a closed subset of R. With .% (f) we refer to the Fourier transform of
any f € 7™ (|t|"). Such transforms are n-times differentiable in R\ {0} and the

derivatives satisfy lim,_,ox/(.Z f)//)(x) = 0 for j =0,1,--- ,n. Set
M(S):={f e TW(t|"): ¥ Z (/) (x) =0 (x€S:0< j <k)}
fork=0,...,n; M(S) :=My(S), and

J(S) :={f € ZW(|t|") : Z(f) = 0 on a neighborhood of S}.
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Then by definition the closed subset S of R is of spectral synthesis if and only if
J(S) is dense in M(S).

Theorem 6.2.1, p. 132: For everya € R,

M,({a}) = J({a}).

At this point it must be noticed that My(0) = M(0) = M, (0) for 0 < k < n,
and therefore {0} is a set of spectral synthesis for the Sobolev algebra .7 ") (|¢|").
Moreover, the theorem tells us that {0} is the only singleton with such a property.

Now, standard arguments give us the following.

Theorem 6.2.2, p. 134: For every countable subset S of R,

T(S) = M, (S).

As a consequence of these results, we are ready to prove the following ones on

integrated semigroups.

Null ergodicity of semigroups
Put M, 1 (S) :== M,(S)N 7, Jr(") (#"). We say that S is an interpolation set for
T () in F0(|e|) it

T Mo (8) = T (1]") /My (S).
Theorem 6.3.2, p. 136: Let (T,,(t)):>0 be a n-times integrated semigroup in A(X)

with generator A such that

supt "||T,(t)|| <eo and limn!t"'T,(t)x=x (x€X).
>0 t—0
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Assume that
(i) S:=io(A)NR isa countable compact interpolation set for fin) (") in T ([¢|™).
(ii) op(A*)NiR = 0.

Then m,(M, +(S))X is dense in X and, in consequence,

lim¢™"T,(t)x=0forall x € X.

t—roo

Asking for compactness of the set S in the above theorem is not out of all pro-
portion. Indeed, when one is dealing with general statements about (standard) ideals
in L!(R™), for example, compactness of the ideal hulls is usually assumed.

QUESTION.- What real subsets are indeed interpolation sets for the subalgebra
@) in 70 (|e[7) 2

The above question is not simple to settle in all generality, but at least finite

subsets provide a positive answer. So we have:

Theorem 6.3.3, p. 140: Let (T,,(t)):>0 be a n-times integrated semigroup in B(X)

with generator A. Assume that
(i) sup,~of || Tu(t)]| < o0 and lim;on! t"T,(t)x = x (x € X),
(i) io(A)NR is finite and op(A*)NIR = 0.

Then

tli_>mt_”Tn(t)x =0forallxeX.
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The theorem applies to Cp-semigroups (T'(¢)),>o satisfying (ii) above, which
are not uniformly bounded in norm but for which sup,.¢~"||7,(t)|| < oo for some
n, where

Tt = — )!/Ot(t—s)”_]T(t)dt.

(n—1

In this way, we obtain an abstract result on (null) ergodicity of Cy-semigroups.

This memoir is organized as follows. In Chapter 1, we introduce notation and
the main concepts we will use along this text. It contains a couple of new results
(Propositions 1.3.1 and 1.3.2) of great importance in other chapters. In Chapter 2,
we prove the results concerning to estimates of the rate of decay of vector-valued
functions (in terms of its Laplace transforms) and their applications on semigroup
theory. The contents of this chapter correspond to the ones in [M]. The (vector-
valued) Laplace transform is also the key of the results in Chapter 3. The main
result here is the Post-Widder type formula for A*-multiplied Laplace transforms.
As a consequence, we get some inversion formulas for the resolvent of a-times
integrated semigroups and cosine families. These results are contained in [GMM].
The last three chapters are mainly devoted to the study of asymptotic properties
of ¢-times integrated semigroups. The main result of Chapter 4 is concerned to
stability (under some non-quasianalytics weights) of n-times integrated semigroups.
The assumptions on the generator of the integrated semigroup are, in particular,
invertibility and the countability of its boundary spectrum. In Chapter 5, we give
an extension to the setting of «-times integrated semigroups of the Katznelson-
Tzafriri theorem for Cp-semigroups. The results in this chapter can be also found
in [GMMI1]. Finally, in Chapter 6, we carry on a study of primary ideals and the

notion of spectral synthesis in the Sobolev algebras .7 ") (|¢|"). This allows us to
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prove a result for integrated semigroups in the spirit of the Arendt-Batty-Lyubich-

Vi stability theorem.



Chapter 1

Basic concepts and preliminary

results

This chapter is devoted to establish notation and introduce the main concepts we

will use along the memoir.

From now on, we take X to be a complex Banach space with generic norm
II-|l. We denote by #(X) the Banach algebra of all bounded linear operators on X

endowed with the operator norm.

For a closed operator (A,D(A)) on X, we denote by p(A) the resolvent set of A
defined by p(A) := {4 € C : 1 —Ais invertible with inverse in #(X)}. The resol-
vent of A is the function R(-,A) : p(A) — Z(X) given by R(A,A) := (A —A)~! for
A € p(A). The spectrum o(A) of A is defined by 6(A) := C\ p(A), and the point
spectrum 6,(A) by 6,(A) :={A € C : Ker(A —A) # {0} }.

Let A be a densely defined operator on X. Then, its adjoint operator A* on the

33
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dual space X* is the element of Z(X*) whose domain is given by

D(A") ;= {x" € X* : Jy* € X" such that (Ax,x™) = (x,y")for all x € D(A)},

and is defined by A*x* := y* for x* € D(A*). See for instance [EN, Appendix B].

Through the text, we shall consider the following function spaces. Here, [ is a

real interval and X stands for a Banach space.

C(I,X):={f:1—X : f is continuous},

Co(I,X):={feC(,X) : lim_ 4o ||f(2)]| =0}, if Lo €T,
C'(I,X):={f €C(I,X) : f is n-times continuously differentiable},n € N,
C*(I,X):={f €C(I,X) : f is infinitely many times differentiable} ,
Cx(I,X):={f €C(I,X) : f has compact support} ,

- (R) := Schwartz space of rapidly decreasing functions ,

" (R) := Space of tempered distributions,,

L, (I;X):={f:1— X : fislocally Bochner integrable on I},
LP(I;X):={f:1— X : f is Bochner p-integrable on I},

L*(I;X):={f:1— X : f is measurable and essentially bounded on I} .

Recall that || f]|, := (fIHf(t)Hl’dt)% whenever f € LP(I;X) for 1 < p < o and
| flleo := esssupier|| f(2)]] if f € L*(I;X). Notice that when X = C, the spaces
LP(I;C) are the usual Lebesgue spaces which we simply denote by L?(I).

Also, we briefly write R := [0,0), R™ := (—,0], C* := {z € C : Rz > 0}
and C*:={ze€ C: Rz < 0}.
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1.1 Vector-valued Laplace and Fourier transforms

1.1.1 The Laplace integral

In this paragraph, we introduce the definition and some basic properties of the
vector-valued Laplace transform.
For a function f € L}OC(R+;X ), the Laplace integral £ f of f is formally defined
by
ZLfA) = /wa(s)e—“ds = lim /Otf(s)e_hds, AeC, (1.1)

t—o0
where the latter integral is understood in the Bochner sense.

Now, let abs(f) denote the abscissa of convergence of £ f given by
abs(f) == inf{RA : L f(A)exists}.

It is shown in [ABHN, Theorem 1.4.1] that the Laplace integral .Z f(A) converges
if RA > abs(f) and diverges if RA < abs(f), so that the open right half-plane
{RA > abs(f)} is contained in the interior of the domain of convergence of £ f(1).
If Zf converges for every A € C means that abs(f) = —oo and if £ f does not

converge for any A then abs(f) = eo.

Definition 1.1.1. We say that a function f € L}OC (R*;X) is Laplace transformable

if abs(f) < oo and then the function L f : {RA > abs(f)} — X is called the Laplace

transform of f.

From the definition (1.1) of Laplace integral, it is straightforward to check that
any exponentially bounded function f € L,lo -(R*;X) is Laplace transformable. Re-

call that a function f: RT™ — X is exponentially bounded if there exist constants

o € Rand M > 1 such that || f(7)|| < Me® (¢t > 0). The infimum of all exponents ®
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for which such a estimation holds is called exponential growth bound (or type) of the
function and it is usually denoted by @(f). Hence, abs(f) < w(f) but the converse
is no longer true (see [ABHN, Example 1.4.4.]). As a matter of fact, the abscissa of
convergence abs(f) is determined by the exponential growth of the antiderivative
of f. In [ABHN, Theorem 1.4.3.], it is shown that f is Laplace transformable if and

only if its antiderivative F(t) = [§ f(s)ds is exponentially bounded and, moreover,
abs(f) = o(F — F..)

where F., := lim,_,., F () if the limit exists and F., := 0 otherwise.
Other remarkable fact about the Laplace integral of a given Laplace transformable
function f € L} (R*;X) is that .Zf is analytic at least for RA > abs(f) and for

loc

every n € NU{0},

(ZHA) = /O T Moy f(0)de, KA > abs(f).

1
loc

On the other hand, any Laplace transformable function f € L, (R*;X) is uniquely

determined by its Laplace transform, as the following result shows.

Theorem 1.1.1. [ABHN, Theorem 1.7.3] Let f,g € L} (R*;X) be Laplace trans-

loc

formable functions. Assume that L (L) = Lg(A) for RA sufficiently large. Then,

f=ga.e.

Other important result in this setting is the Post-Widder inversion formula (see
Theorem 7, p. 17). This formula allows us to retrieve a function f € L}, .(RT;X)
(a.e.) through derivatives of its Laplace transform.

To finish this paragraph, we focus on Laplace transforms of strongly continuous

operator-valued functions. In particular, if 7 : Rt — (X)) is strongly continuous
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and exponentially bounded (so Laplace transformable), the Laplace integral of T is
defined for every A such that RA > abs(T) by

t

ZLT(A) = /0 wT(s)e*“ds =lim | T(s)e *ds, (1.2)

t— J0

where the limit exists in the operator norm. We recall that the evolution families we
will deal with along this memoir are under these conditions.

We refer to [ABHN] for a complete overview on this matter. Other specific
results about the Laplace transform will be stated when necessary throughout this

text.

1.1.2 The Fourier transform

Definition 1.1.2. For a function f € L'(R;X), its Fourier transform F (f) : R — X
is given by

F(F)(s) = /_ Z F(O)e dr, s € R.

Next, we collect some well-known properties of the (vector-valued) Fourier
transform (see for instance [ABHN], [EN]). For f € L'(R;X) and g € L'(R) we

have:
(i) Riemann-Lebesgue Lemma: .7 (f) € Cy(R;X)
(i) Z(f*g)(s) = F(f)(s).7 () s) for every s € R.
Gii) [~ g().Z () (0)dr = [=. F (&) (1) F(1)dr.

(iv) Inversion Theorem: If .7 (f) € L'(R;X) then

£l) = — [ Zﬂ‘( F)(s)eds, ae. t €R.
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(v) Plancherel’s Theorem: If g € L' (R) N L?(R) then .% (g) € L*(R) and

17 ()]l = V27|82

In order to study the Fourier transform of functionals, we first turn our attention
to the space of smooth, rapidly decreasing functions, that is, the Schwartz space

given by
' (R):={9 € C*(R) : [|@]na —Sup(1+\X\) |9 ()] < o, for all m,n € No},

endowed with its usual locally convex topology defined by the family of seminorms
|| - lm,«- Recall that the space of test functions Z(RR) := C°(R) is densely contained
in Z(R). It is a well known fact that the Fourier transform is a continuous, linear
and one-to-one mapping of .(R) onto itself, whose inverse is also continuous.

Moreover, if f,g € . (R), we have:
(i) fxge.(R)and

(i) 7(fg) =7 (f)*F(g)-

Let .#/(R) denote the space of all tempered distributions, that is, the space of all
continuous linear maps from .#(R) to C. The space .’(R) is naturally embedded
in the space of distributions 2’'(R). For instance, every distribution with compact
support is tempered. On the other hand, every function f € L!'(R) may be also

regarded as a tempered distribution f = L¢ by

Ls(o) /f x)dx, ¢ € S (R).

Starting from convolution of two functions, it is natural to define the convo-

lution of a tempered distribution and a function. For functions ¢, ¢ : R — C, the
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convolution product @ * ¢ is given by

(p*0)(x /(P o(x—y)dy,

provided that the integral exists in the Lebesgue sense a.e. x € R. Now, for a tem-
pered distribution u € .#/(R) and a function ¢ € . (R), their convolution product

ux @ is the tempered distribution defined as follows:

(ux@)(¢) :=u(@*9), ¢ €7 (R),

where @(x) = @(—x). This definition is consistent when functions are identified

with distributions. Moreover, for every u € .¥/(R) and @, ¢ € . (R),

(ux@)xdp =ux(@*9). (1.3)

Now, for u € ./(R) we define its Fourier transform .% (u) as the tempered

distribution given by

F (u)(9) :=u(F(9)) ¢<cS(R).

This definition is also consistent when a function is identified with a distribution,
that is, given a function f € L!(R) the Fourier transform of u 1 equals to u g ).

The formal properties of the Fourier transform on .#'(R) are preserved for tem-
pered distributions. In particular, the Fourier transform is a continuous, linear and
one-to-one mapping of ./(R) onto .#’/(R). The topology considered here is the
weak*-topology that . (R) induces on .’ (R). Moreover, for every u € ./(R) and
¢ € . (R), it holds:

(i) F(uxp)=7(¢)F (u).

(i) F(u)* 7 (@) = F (Qu).
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Recall that for arbitraries u € .’ (R) and ¢ € . (R), the multiplication @u is also a
tempered distribution such that (¢ou)(¢) := u(@9).
For a fairly complete overview on convolution and the Fourier transform of

functionals, we refer to [Ru].

1.2 (Cp-semigroups and integrated families

In this section, we present some basic results of the theory of semigroups and other

evolution families related with the abstract Cauchy problem.

1.2.1 Strongly continuous semigroups

Definition 1.2.1. A family (T (t))>0 C #(X) is called a Co-semigroup if it satisfies:
(i) T(0) = I (the identity operator on X).
(ii) T(t)T(s) =T(t+s) forallt,s > 0.
(iii) lim, o+ T (t)x = x for every x € X, in the norm of X.

Observe that conditions (ii) and (iii) imply that the semigroup is strongly continuous,
that is, the orbit map ¢ — T'(¢)x is continuous from R into X for every x € X.

An automatic consequence of the strong continuity is that every Cy-semigroup
T = T(t) is exponentially bounded, that is, (7)) < o (see [ABHN] or [EN]).
Hence, every Cp-semigroup is Laplace transformable in the sense of Definition

1.1.1.

Definition 1.2.2. The generator of a Co-semigroup (T (t)),;>0 C B(X) is defined as
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the operator A on X whose domain is given by

D(A):={xeX:y= lim ! (T (t)x —x) exists}.

t—0t ¢

In that case, Ax = y.

One may define the generator of a given Cy-semigroup T = (T'(¢)),>0 C AB(X)
alternatively as the unique operator A on X whose resolvent is the Laplace transform
of the semigroup in the sense that (&(T),) C p(A) and T(A) = R(A,A) for A >

o(T). Hence, the resolvent of A is given by

R(A,A)x = /oo e T (s)xds, RA > o(T), x € X.
0

As a matter of fact, an operator A generates a Cp-semigroup if and only if its
resolvent is a Laplace transform, that is, there exists a strongly continuous function
T : R* — Z(X) such that R(A,A) = T(A) for RA large enough. The functional
equation 7' (¢)T (s) = T (¢ +s) follows from the fact that R(-,A) is a pseudoresolvent,

i.e., it verifies the resolvent identity:
R(A,A) —R(1,A) = (L —A)R(A,A)R(L,A), A, 1€ p(A).

This identity together with the injectivity of R(-,A) implies that 7'(0) = I. Moreover,
the semigroup 7 is non-degenerate, which means that if 7'(¢#)x = 0 for all # > 0 then
x=0.

For the generator A of a Cyp-semigroup on X, the following properties hold:

(i) Ais aclosed, densely defined linear operator.

(ii) Hille-Yosida condition: There exist constants M > 0, ® € R such that (®, ) C

p(A) and

(A — )" 'R(A,A) W /nl| <M (A > o,necNUO).
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(iii) R(A,A)T(t) =T (t)R(A,A) forallt >0and A € p(A).
(iv) If x € D(A) then T'(¢t)x € D(A) and %T(t)x =T(t)Ax = AT (t)x for all t > 0.
(v) Forallt >0andx € X,

/t T(s)xds € D(A) and T(t)x—x :A/t T(s)xds
0 0

(vi) A is bounded if and only if the semigroup (7'(¢));>o is uniformly continuous
(i.e. T(-) is continuous from [0,e0) to Z(X) endowed with the norm topolo-
i tkAk
gy). In that case, T'(t) = 4 := Z R for every r > 0.
k=0 "

The proof of these and other properties can be found in [ABHN, Proposition 3.1.9].

Co-semigroups and abstract Cauchy problems
As said in the Introduction, given a closed operator A on a Banach space X, the

initial value problem
u'(t) =Au(t), t>0, (ACP)
u(0) = x, xeX
is called the abstract Cauchy problem associated to the operator A and the initial
value x. A classical solution of (ACP) is a function u € C'(R*,X) such that u(t) €
D(A) for every t > 0 and for which (ACP) holds. The problem is said to be well-
posed if for every x € D(A), there exists a unique classical solution u of (ACP).
Notice that the existence of a classical solution yields x € D(A). Hence, if the
initial value x is an arbitrary point in X, a weaker notion of solution should be

considered, that of mild solution. A function u € C(R™,X) is called a mild solution

of (ACP) if for all t > 0,

/Otu(s)ds €D(A) and u(t)—x :A/Otu(s)ds.
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This notion arises by integrating the differential equation in (ACP). Analogously,
the problem (ACP) is mildly well-posed if for every x € X, there exists a unique
mild solution of (ACP). Mild and classical solutions only differ by regularity. As a
matter of fact, a mild solution u of (ACP) is classical if and only if u € C' (R*, X).
The following result shows that the existence of unique solution of (ACP) is the

same as saying that the operator A generates a Cp-semigroup:

Theorem 1.2.3. (JABHN, Theorem 3.1.12], [EN, Theorem 6.7]) Let A be a closed

operator on X. Then, the following assertions are equivalent:
(i) (ACP) is mildly well-posed.
(ii) The operator A generates a Cy-semigroup (T (t));>0 on X.
(iii) p(A) # 0 and (ACP) is well-posed.

If these assertions hold, the mild solution of (ACP) is given by u(t) := T (t)x for

each x € X.

1.2.2 «-Times integrated semigroups

Definition 1.2.4. Let o > 0. An «-times integrated semigroup is a strongly conti-

nuous family (Ty(t))i>0 C B(X) such that Ty, (0) = 0 and satisfies
1+ S
[(a) T ()T (s) = / (t+5—r)* Ty (r)dr— / (t+5s—r)*'Ty(r)dr (1.4)
t 0
for every s,t > 0.

Moreover, (Ty(t)):>0 is called non-degenerate if T, (t)x = 0 for all + > 0 implies

x=0.
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As in the case of Cp-semigroups, integrated semigroups are related to their
generators by Laplace transform. Let Ty : [0,00) — Z(X) be an a-times inte-
grated semigroup and assume that it is Laplace transformable, that is, abs(Ty) < ®
for some @ > 0. In this case, there exists a unique operator A on X satisfying
(w,00) C p(A) and such that

ROALA) = (A—A)' = )La/()we_’l’Ta(t)dt, 1> .
Such an operator A is called the generator of (Ty(t));>0. A O-times integrated semi-
group corresponds to the notion of Cyp-semigroup.

Hence, whereas the Laplace tranforms of Cp-semigroups are resolvents R(4,A)
of operators A, a-times integrated semigroups are those operator-valued functions
whose Laplace transforms are of the form A ~*R(A,A). This property corresponds
to the functional equation (1.4) for Tj.

Moreover, we have for o > 0:
(i) R(A,A)Tx(t) =T (t)R(A,A) forallt >0and A € p(A).
(ii) If x € D(A) then Ty (¢)x € D(A) and Ty (t)Ax = ATy (t)x for all £ > 0.

(iii) Foreveryt >0and x € X, [§ Ty(s)ds € D(A) and

t Z,(X
Al T, =Ty(t)x — =——=x.
/0 a(s)xds =Ty (t)x F(a—l—l)x

In particular, T (0) =0.
(iv) Forallr > 0and x € D(A),

t t(x
Ta(s)Axds =Ty (t)x — =—=x.
/0 a($)Axds = Ty (t)x F(Oc—{—l)x

In particular, T(+) is differentiable and 4 Tp, (t)x = T (1) Ax + %x.
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The following result shows that A generates an integrated semigroup if and only
if the associated Cauchy problem (ACP) admits classical solutions for every initial

value x belonging to the domain of some power of A.

Theorem 1.2.5. [ABHN] Let A be a closed operator on X and let n € N. Then, the

following are equivalent:
(i) A generates an exponentially bounded n-times integrated semigroup.

(ii) p(A) # 0 and for every x € D(A™) there exists a unique classical solution

of (ACP) which is exponentially bounded.

If these assertions hold, let (T, (t)):>0 denote the n-times integrated semigroup ge-
nerated by A. Then, for every x € D(A") the (mild) solution of (ACP) is given by
u(t) = L T,(t)x, t > 0.

See [ABHN], [AK] and [H] for the general theory of integrated semigroups.

1.2.3 Integrated cosine functions

In Chapter 3, we shall deal with o-times integrated cosine functions (¢ > 0). In par-
ticular, we obtain an inversion formula of Post-Widder type for the Laplace trans-

form of these functions, up to the factor A %.

Definition 1.2.6. A strongly continuous family (Cy(t));>0 C B(X) is an a-times

integrated cosine function if Cq(0) = I and

2Ca(1)Co(s) = /tﬂ(tJrsr)a_lCa(r)lf(lZ‘)/OS(tJrsr)a_lCa(r)Fc(l;) (1.5)
+/ —18)% 7 Calr) dr OS(r—I—t—s)a_lCa(r)rc(igc)

for every 0 < s < t.
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The family (Cy(t)):>0 is called non-degenerate if Cy(t)x = 0 for every t > 0
implies x = 0. Moreover, if the Laplace transform of Cy(-) : [0,00) — Z(X) con-
verges in (@, o) for some @ > 0, then there exists a unique operator A on X, called

the generator of (Cy(t));>0, such that

AR(AZ,A) = A(A2—A)! = A“/m e MCy(1)dt, 1> .
0

Hence, generators of a-times integrated cosine functions are those operators for
which A!=*R(A? A) is a Laplace transform.

A O-times integrated cosine function is a usual cosine function. Recall that
a cosine function is a strongly continuous function Cos : Rt — Z(X) such that

Cos(0) =1 and
2Cos(t)Cos(s) = Cos(t +s)+Cos(t —s) (t>s>0).

Cosine functions are related with second order Cauchy problems, namely pro-

blems defined by closed operators A on a Banach space X in the following way:
u'(t) =Au(t), t>0,
u(0) =x, xeX,
u'(0) =y yeX.

As in the case of integrated semigroups and (ACP), integrated cosine functions

appear when weaker notions of well-posedness of the second order Cauchy problem

are considered. See [ABHN, Section 3.14.] and references therein for details.

1.3 Convolution Banach algebras of Sobolev type

As said before, there are certain convolution Banach algebras defined by fractional

derivation which are well-suited for the study of integrated semigroups. In this
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section, we give in detail definitions and basic properties of such algebras, as well
as the natural relationship with integrated semigroups via a functional calculus of
Hille-Phillips type.

For a > 0 and f € C(R™), the Weyl fractional integral of f of order a on R
is defined by

W) = s [ =0 s (2 0) (16)

and then the Weyl fractional derivative of f on R™ is defined as

d" o —(n—a)

WEf() = (1) oW,

f) (£=0),

where n:= [a] + 1 and [a] is the integer part of o.

The operator W, % : C(R") — CZ(R") defined by (1.6) is one-to-one (and
continuous for the usual topology of C;”(R™)) and then the fractional derivative W
can be seen as the inverse operator of W,_%. These operators satisfy the group law

Wfﬂs = Wfo for any a, 8 € R where W? is defined to be the identity operator.

Definition 1.3.1. We define 7. +(a) (t%) as the completion of C*(R™) in the norm vy
given by
valf)i= [T WES@ldr, S e CT®RY),

For 0 < B < a, we have ,%fa)(to‘) — ﬂiﬁ)(tﬁ) — 1%50)00) = L'(R"), where —

means continuous inclusion.

We have in fact that .7, Jr(a) (t*) is a commutative Banach algebra with respect to

the convolution product on R™ given by

Frglx) = /Oxf(x—y)g(y) dy (ac.x>0;f,ge TD0%).
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These facts can be found in [GM, Prop. 1.4] and [GMR, Prop. 2.3]. Also, the cha-
racter space of .7, Jr(a) (t%) coincides with {z € C: Rz > 0} and the Gelfand transform
of 7, Jr(a) (t%) is the Laplace transform [GMR1]. The fractional algebras .7, Jr(a) (t%)
extend the corresponding Banach algebras introduced in [AK] for integer «.

We further consider a copy of 7. fa) (t*) on the negative real half-line. Analo-

gously, the Weyl fractional integral and derivative of a function f in C°(R™) are

given by
WD) = g [ =0 s, (<0),
and
WER() = TWS p), (1<),

respectively. Let 9,(“)((—1‘)“) denote the convolution Banach algebra obtained as

the completion of C;°(R™) with respect to the norm

0
valf)i= [ IWEF@I (0%t f € CT(=e0,0]

Of course, 7% ((—1)%*) enjoys properties similar to those of .7, fx) (t%).
Now, we introduce the natural extension of these algebras for functions defined

in the whole real line:

Definition 1.3.2. Let .7 (|t|%) be the completion of C2(R) with respect to the

norm
valf)i= [ IWer@lcar,  fecs®),
where WO := WEf A WEf,, [ = fX(wg and fr = [Xom)-
As a matter of fact, we have that 7(@(|t|%) = 7 ((—=1)*) & 9J£a) (r*) and it

is 7 (|t|") is also a convolution Banach algebra, this time for the convolution on

all of R, see [GM, Th. 1.8]. Other properties of .7 (*)(|¢|*) are that its character
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space is isomorphic to R and its Gelfand transform is equal to the Fourier transform.
Also, .7 (®)(|t|*) is regular on R since it contains the test functions.
Some additional structure of .7 Jr(a)(ta) and .7 (®)(|¢|*) as Banach algebras has

been recently studied in [GMR] and [GMR1].

Riesz kernels

Next we pay attention to a couple of distinguished families of functions related
to the algebras .7, Jfa) (t*) and .7 (@) ([t|*). These families are canonical examples of
integrated semigroups.

For B > 0 and ¢ > 0, the Riesz kernel Rffl on R is defined by

(r—s)P1
—— if 0<s<1,
Rf_l(s) — F(B)
0 if s>t

Then RP ' € yfa)(t“) whenever 8 > « and, though R*~! ¢ ﬁla) (t%), R*! de-
fines a multiplier of the algebra .7, Jr(a) (t%) by convolution. This means that for all

fe Q%F(a)(t‘x) and ¢ >0, then R* ' x f € t%r(a)(t“) and the inequality
Va (Y™ f) < Cat®Val(f) (1.7)

holds. This estimate follows from the formula

K1) (s)
- I(a)

WERE " f)(s) /S:(rth—s)“*lef(r)dr (1.8)

XS&ZQ()S) /sw(rw—S)“_]Wff(r)dr’

valid for all s > 0, which is also the base to prove that the mapping

RY — Z\%), t > R s f
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is norm continuous; see [GM, pp. 17, 34].
Moreover, the convolution product in .7, Jfa) (t%) can be expressed in terms of

Riesz kernels [GMR, Lemma 4.2]:

frg= [ WEORS sgar fge TV, (19)

As a consequence of the above integral representation one gets that for a given
closed subspace / in ﬂfa) (t%), 1 is an ideal of er(a) (t*)ifand only if R* ' x f €1
forall f € I andt > 0 [GMR, Prop. 4.3].

Therefore closed ideals of .7, Jfa) (t*) are characterized as those closed subspaces
of 7 +(a) (t*) which are invariant under the action by convolution of kernels R* !
Thus the family of Riesz kernels plays a similar role to the one that the translation
semigroup (& );~0, formed by the Dirac masses on R™, has with respect to L' (R™).
This fact seems to be of interest because the algebras .7, Jfa) (t%) are not invariant
under translations [GMR, p. 5].

In the next result, we show that the family I'(ct+ 1)~ *R*!, £ > 0, is a summa-

bility kernel for 7% (1%):
Proposition 1.3.1. [GMMI, Proposition 1.1] Let a > 0. For all f € 7% (+*),

lim T(a+ 1)t *R* s f = f.

t—0t

Proof. Let f € Cc(w) [0,0) and ¢ > 0. By using the formula (1.8) and the equality
at=® [° (r+t—s)*'dr=1, we obtain that
Ve (T(a+ 1)t *R* '« f)— f)
t oo t
<ar® / / (r1— )% (WEF(r)|s%drds + / W £(s)]s%ds
0 Js 0

b [ [ (oot W) - W) s,
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By Fubini’s theorem and the dominated convergence theorem, it readily follows
that the first integral on the right-hand member of the above inequality converges to
zero as t — 0. The second integral also tends to 0 as r — 0™ by a straightforward

argument. For the third integral we apply again Fubini’s theorem to get

(xt*“/N/S (r+t—8)*YWof(r) —WEf(s)|s* drds
_ at‘o‘/ot/rth(rths)a_1|Wff(r)Wff(s)|s°‘dsdr
t oo rr+t
o / / (rt— )% WS F(r) — W £ (s)|s* dsdr

Now, taking into account that W f € ct [0,00) and the fact that ["(r+1 —

)% 1% ds < Cy t** for some Cy > 0, we get that

t pr+t
t—a/o /[ (r + 1t — S)O‘_1|W_ﬁ‘f(r) — W-gf(sﬂsadsdr < CaHngHoofaH

and therefore the integral tends to zero as r — 0.

As regards the double integral [ [, setting C := sup[supp(W % f)], we have

r

oo r+t
ar @ /t / (rtt— )% (WEF(r) — WEF(s)]s® dsdr
C

r+t
< at-a/ sup ]Wff(r)—Wff(s)\/ (r1—85)%"ds (r+1)%dr
t se(rr+t) r

C
= [ 0 sup W) - WEF(s)|dn
t s€(rr+t)

for 0 <t < C. Since W f is uniformly continuous, given any &€ > 0 there exists

8 > O such thatif 0 < ¢ < & then

(Zc>06+l
o+1

C C
/(r—i—t)a sup [WEF(r) — WEf(s)|dr < s/ (r + 1)%dr < €.
t sE t

(rr+t)
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Thus putting all the above bounds together, we have shown that

lim T(oc+ 1)t *R* L f=f

t—0t

in the norm v, for every f € C°[0,). To conclude the proof, we only have to

apply the density of C;°[0,0) in .7} (@) (t*) and the estimate (1.7). O

As noticed before, we must deal with convolution on the whole real line. Thus
a version of Riesz kernels on all of R is needed, which extends the family of Riesz
kernels R*~! defined previously for > 0. We maintain the same notation for such
an extension.

For ¢ >0 andt € R, put

f— ol
E=9)"" i o<s<n
()
_ _ o—1
RE(s) =0 OO
I'(a)
0, otherwise.

The above family satisfies similar properties to those summarized prior to Propo-

sition 1.3.1; see [GM] and [GMR]. In particular we have:
(i) R* '« fe T@(|t|*) forevery t € R and f € .7 ([t|*), with
Va(RY 5 f) < Ca 1] * v (f)-
(ii) For any f,g € 7 (%) (|r|%),

fre= [ Were) RS wg)dr,

where the integral converges in the norm topology of .7 (%) (|t|%)
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Banach algebra homomorphisms and a-times integrated semigroups

The link existing between the above algebras and integrated semigroups relies
upon the following fact:

Let us assume that (7 (7)),>0 is an @-times integrated semigroup of homo-
geneous growth %, that is, such that sup,. o7~ %||Ty(7)|| < co. Then the mapping
T : %ﬁa) (t%) — AB(X) defined by

T (f)x i= /OOOWff(t)Ta(t)xdt, xeX, fe 790, (1.10)

is a bounded Banach algebra homomorphism [Mi].
Under some additional assumption and via the family of Riesz kernels, we
can establish the following one-to-one correspondence between ¢-times integrated

semigroups and bounded Banach algebra homomorphisms from .7, Jr(a) (t%) to B(X):

Proposition 1.3.2. [GMMI1, Proposition 5.1] Let X be a Banach space and let

o > 0. If Ty(1) is an o-times integrated semigroup on a Banach space X satisfying
ITa()l| < C1% (1> 0), (1.11)

and

linaF(Oc+1)t_°’Ta(t)x:x (x€X), (1.12)
t—
then the bounded homomorphism 7y, : 7, Jr(a)(t“) — AB(X) given by
na(f)x:/ W () Ta(t)x dt (x € X) (1.13)
Jo

is such that na(fia) (t%))X is dense in X.
Conversely, for every bounded homomorphism Ty, : . Jr(a) (t%) — B(X) such that
n’a(ﬂia) (t%))X is dense in X, the family defined by

To(t)x 1= e (R @)y, (x = Ta(g)y € T\ ™ (t%); t > 0),
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is an o-times integrated semigroup on %B(X) satisfying (1.11) and (1.12) whose

associated homomorphism defined by the integral expression (1.13) is Ty,

Proof. Let (Ty(t))i>0 € #A(X) be an a-times semigroup on X under the assump-
tions in (1.11) and (1.12). Since the mapping f — W*(f)t% 7% (1%) — L' (R*)
is an isometric isomorphism of Banach spaces, we can take a sequence (e,),cn C
ﬂia) (t*) such that T(a + 1)"'"W%(e,) (1) t* = ”7([0’%}(1‘)’ t >0, for each n € N.

Then, for any x € X and n € N,

1
x—Ty(en)x = x— n/n Lo+ 1)t~ %Ty(1)xdt
0
1
_ n/" (x—T(a+ 1)1 Ty (t)x) dr.
0
From this and the fact that lim,_,o (o + 1)1~ *T(¢)x = x for every x € X, we con-
clude that

|x — g (en)x]] < sup |x—T(a+1)t *Ty(t)x]] — 0, asn— oo.
te(0,1)

This shows that ﬂa(ffa) (t%))X is dense in X.

Conversely, let my @ .7 +(a) (t*) — A(X) be an arbitrary bounded homomor-
phism such that 7y (.7, Jfa) (t*))X is dense in X. Then X is a Banach (bi-)module
on 7, Jr(a) (t*) through the action 7, such that 7, Jfa) (%)X = X, by the Cohen’s facto-
rization theorem, since .7, Jfa) (t*) has a bounded approximate identity (see [GM]). It
means that for every x € X there exist g € er(a) (t%) and y € X such that x = 7y (g)y.

For a given multiplier u of .7 Jr(a)(t“) define

Ta(H)x = T (1 % )y.

The expression above does not depend on the decomposition x = 7y (g)y, it gives

rise to a bounded linear operator on X, and makes 7, a bounded algebra homomor-
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phism from the Banach algebra of multipliers of .7, Jfa) (t%) and B(X) [E, Proposi-
tion 5.2]. In particular one can define Ty (t) := me(R* 1), t > 0, since R* ! is a
multiplier of .7, Jfa) (t%).

The fact that 7, is a bounded homomorphism and that R*~! is moreover an a-
times integrated semigroup implies that (7,(7)) is an -times integrated semigroup,
as well. Also, (T,(1)) verifies the growth condition (1.11) because ||[R*~!|| < Cr®

(t > 0). Now, for f € ffa)(to‘) and x = g (g)y € X,

To(f) e (8)y = ma(f*8)y = Tg (/Omwff(t)R?“l *g dt) y
= [ We s sy dr = [ WEROTu) T )y dr,

where we have used the representation (1.9) in the second equality and the continui-

ty of 7y in the third one. Hence
T (f)x = /Owaf(t)Ta(t)x dt Vfe 7@ xex.
Finally notice that
Lo+ D)t *To(t)Ta(f) = To (T(a+ 1)t R f)

for any f € e%r(a)(t“) and ¢ > 0. Then, by the factorization X = ﬂa(ﬂla) (t%)X,

Proposition 1.3.1 and the continuity of 7, we obtain that

lim D(a+ 1) *Ty(t)x=x (x€X).

t—0t

Thus we have shown that (7(7));>0 is a C-semigroup, and the proof is over. ]

The corresponding result for o = 0 is well known and can be seen in [ESZ],

[Ki] and [CT1] for instance.
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Remark 1.3.1. Given any a-times integrated semigroup (7¢(7)) on X of homo-
geneus growth t%, there always exists a closed subspace Xy of X such that the fami-
ly (Tu(?) |x,) is an a-times integrated semigroup on B(Xp) and verifies condition
(1.12) for every x € Xp. In fact, X, can be taken as the closure of 7y (7. +(a) (t%))X in
X, where 7y : ﬂfx) (t%) — A(X) isasin (1.13).

Remark 1.3.2. For a-times integrated cosine functions there is a similar result,
with the only difference that the homomorphism 7, has to be replaced by a homo-
morphism Yy : 7, Jr(a) (t%) — Z(X) with respect to the cosine convolution product *

in e%r(a) (t*) defined for f,g € er(a) (1%) by

Freg(t) =1 (f*g(t) + s -nesas+ [ —t)f(S)dS> >0

Actually, the family (R*!);>¢ is an a-times integrated semigroup and an a-
times integrated cosine family since it verifies the corresponding functional equa-
tions (namely, (1.4) and (1.5) in Chapter 1). Thus it seems reasonable to consider
the Riesz kernels as canonical integrated families, in the present setting. For all the

above facts we refer the reader to [GM], [GMM1] and [Mil].

Duality in the Sobolev algebras

We shall also need to consider duality in .7(® (|t|*) and .7, Jfa) (t%). In order to
do that, we take into account the following fact:

The operator W, * extends as a surjective isometry W %: L (%) — 7, la) (t%)
where L! (t%), endowed with the usual norm, is the Banach space of integrable func-
tions on R™ with respect to the weight t*; see [GMR, Section 2]. Thus the mapping
W gfa) (t%) — L'(t%) is defined as the inverse of W[ %: L!(t%) — fia)(ta),

so that a function f in L'(R") belongs to .7, Jr(a) (t*) if and only if there exists
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F € L'(¢*) such that

1

flx)= F(O[)/x(x’(y—x)o‘_lF(y) dy fora.e. x>0.

On account of the isomorphism between .7, +(a) (t%) and L' (t%), the dual Banach
space 7, Jﬁa) (t%)* of T, Jr(a) (t%) is automatically identified with the set of almost eve-
rywhere defined functions ¢ : R™ — C which satisfy t~%¢ € L*(R™). The duality

is implemented by the formula
Lo(f) = (Lo )= [ WEF@O@War. e T,

forevery ¢ =Ly € %fa) (t%)".
Moreover, 7. Jr(a) (t*)* becomes a (dual) Banach .7 Jr(a) (t*)-module through the
action of 7 +(oc) (t%) on itself as a Banach algebra. We denote the dual Banach module

product by e, so that
(Lo )= Lo f. TLV %) x 719 (1%) = 7L

is defined by (Ly e f)(g) := Ly(f *g) forall g € g%fa) (1%).

Analogous facts hold about duality in 9,(a)((—t)°‘) and functions ¢, now su-
pported on (—oo,0). Then we shall represent the dual .7 ) (|t|*)* as the (topologi-
cal) direct sum .7 " (|¢]")* = ﬂfa)((—t)a)* ® 9J£a) (t*)*, so that the continuous
linear functionals of .7 (|¢|") correspond to functions ¢, defined almost every-
where on R, such that [¢|"%¢ € L”(R). An important observation here is that eve-
ry functional Ly of 7" (|t|*)* can be considered as a tempered distribution on R
since the Schwartz class . (R) is continuously and densely contained in .7 %) (|¢|")

[GMR, Prop. 2.3].
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1.4 Spectral synthesis on regular Banach algebras

A commutative semisimple Banach algebra 2 with character space .# () is called
regular if for every closed subset E C . (2l) and every point p ¢ E there exists an
element f € 2 such that f = 0 on E and f( p) # 0, where fis the Gelfand transform
of f.

An element f of 2l is said to be of spectral synthesis with respect to a closed sub-
set S C . () if there exists a sequence (f,,) in 2 such that the Gelfand transform

ﬁl vanishes in a neighbourhood %, of S for each n, and
lim || f = fulla = 0.
n—oo

Then a closed subset S of .Z () is called a set of spectral synthesis for 2 if every
f € U such that fvanishes on § is of spectral synthesis with respect to S; see [K]
and [L].

It is said that 2 satisfies the Ditkin-Wiener property at p € .# (A) if {p} is of
spectral synthesis for (. In a Banach algebra 2/ satisfying the Ditkin-Wiener condi-
tion at every point of .Z (A) any closed subset of . (2() with scattered boundary is
a set of spectral synthesis, so is any closed countable subset; see [RS, p. 37].

An example of Banach algebra which satisfies the Ditkin-Wiener property at
every point of its character space R is L' (R). In particular, every closed set E C R

with countable boundary is of spectral synthesis (see [N, Theorem 5.4.3]).



Chapter 2

Decay estimates of functions
through singular extensions of

vector-valued Laplace transforms

In the main result of the present chapter (Theorem 2.1.1), we obtain estimates for
the rate of decay of certain slight modification of a given function f € L”(R*;X) in
terms of the growth of .Z f on the imaginary axis. In more detail we shall assume
that .2 f has an analytic extension to some region containing iR \ {0}, where it
satisfies suitable bounds. Hence, we allow .Z f to have a pole at the origin. Then,
we estimate the decay of (e; xe; —ep) o f where e;(t) := e’ for r € RT and o

denotes the convolution product defined by
g0 f(1) == / g(s—1)f(s)ds, 1 >0,g € L'(R"), f € L"(R*;X).
t

This result is in the spirit of [BD, Theorem 4.1] and [AB, Proposition 1.1].

The first section is devoted to prove the above-mentioned result (Theorem 2.1.1).

59
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In the second section, Theorem 2.1.1 is applied to Cp-semigroups under the assump-
tion that the boundary spectrum of their infinitesimal generators is empty or consists
of the origin. Such semigroups appear in applications to wave equations (see [Bu],
[DEMP], [DFMP1] and references therein). We estimate the decay of certain orbits
in terms of the norm of the resolvent operator along the imaginary axis (Proposition
2.2.1). Notice that if (T(¢));>0 is such a Cp-semigroup and we consider f(¢) =T (¢)x

for any x € X then
(eyxey—ey)of(t)=T()A(1—A)"%x, >0,

where A denotes the generator of (7'(¢)). This result is in the spirit of Theorem 6
(see p. 14) mentioned in the Introduction.

Finally, in Theorem 2.2.1 we show that similar estimates can be given for the
rate of decay of certain orbits of bounded semigroups having arbitrary finite bounda-
ry spectrum. This result extends Proposition 2.2.1 and completes [BD, Proposition
4.3]. The added interest of this result is that such estimates are given in an explicit
way in terms of the resolvent operator along the imaginary axis.

The results in this chapter correspond to those of the paper [M].

2.1 The decay rate of functions

Put e,(t) := e ¥ forevery z € C andr € R*. Then e, € L' (R*) whenever z belongs
to the open right half plane C*, and ||e;||; = 1/%Rz. The family (e;),cc verifies the

resolvent identity

(z—0)(e;xep) =ep—e,, z,0€C.
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Given f € L*(R*;X) and g € L' (R*), let go f € L*(R*;X) denote the convolution

product given by

go f(t) ::/toog(s—t)f(s)ds, t>0,

where the integral is understood in the sense of Bochner. This product is the adjoint
convolution to the usual one in L' (R™) in the sense that for any g,h € L'(R") and

feL*(RT;X) we have

5]

| exmosod = [ noge .
0 0

However, this product o is neither commutative nor associative. Some of the
properties of this convolution that will be used in the sequel are the following (see

for instance [Mi2] and [CT1]):

(i) go(hof)=(gxh)of=ho(gof) for f,g,h as above.
.. 1 n
(il) e;o0eq = 24-7606(0 for every z,@ € C™.
Lemma 2.1.1. Let f € L™(R";X). Then,
(e1 —ze,xe1)of =e,o(f—ejof), z€CT. 2.1

Proof. Taking into account that (z —1)(e;*e1) = e; —e, forall z € CT, it is readily

seen that

(e1—ze;xer)of =erof —z(e;xe1)of =e;0f —(exer)of.

Now, the claim follows trivially from the basic properties of o mentioned above. [
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Lemma 2.1.2. Let f € L*(R";X) be such that its Laplace transform £ f extends

to an analytic function in some region Q containing C*. Then, the function
Vil (el _Zez*el)of(t)v Cr =X
also extends analytically to Q for every t > 0. Moreover, if z € Q\ {1} andt >0

then

(o1 —zecven)o fl1) = 11— () +ero () + T Z1) (2)

where g(.)(t) denotes the entire function given by

t
g:(1) = e’z/ e “f(s)ds, zeC.
0

Proof. Lett > 0 be fixed and z € C*. Notice that

ecof(0)= [ e f(5)ds = 2 1(2) = 8:00).

By (2.1) and the expression of e; o f above, we get that
(e1 —zegxer) o f(t) =" L f(2) — g:(t) —ezo(e10f)(t).

It is also straightforward from the definition of o that
o 3
e;o(erof)(t) =€ / (e 0 f)(s)ds — @ / e~ (e1 0 f)(s)ds.
0 0
Considering the integral expression of e o f and applying Fubini Theorem in both

integrals, we obtain that if z # 1 then

LI - )~

-z 11—z 1—z

ezo(erof)(r) = 1 (er0f)(1).
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From this, we get that, for any z € C*\ {1},
1 Z
(ey —ze xey)o f(t) = = (zg.(t)+e10f(r))+ 17_Zez"$f(z).
Now, observe that the right-hand side of this equality has an analytic extension to
the region Q \ {1}. Thus, by the identity theorem for analytic functions, we obtain
that the function

2 (e1 —ze xey)of(t), CT =X

extends analytically to the region Q and, also, the last equality holds in Q\ {1},

which proves (2.2) and concludes the proof. O

In order to state the main result, let us introduce some notation. Given a contin-

uous function p : (0,00) — (0,00), we will denote

1
Y, =4ze¢C:Rz> —-—-1.
wi=lee >~y

In Theorem 2.1.1, we assume that the Laplace transform of a given function admits
an analytic extension to a region X;,. This assumption on the Laplace transform
is certainly natural and it has been considered in other settings, see for example
[CT1, Section 4] and references therein. The outline of the proof of Theorem 2.1.1
is inspired by that of [BD, Theorem 1.5.] mentioned above, which is based on the
contour integral method introduced by Newman and Korevaar ([Ne] and [Ko]). We
shall apply a suitable adaptation of this technique, similarly to [AFR] and [AB]

where some singularities are considered.

Theorem 2.1.1. [M, Theorem 2.3.] Let X be a Banach space and let f € L*(R"; X).
Assume that there exists a continuous function [ : (0,00) — (0, 00) verifying the follo-

wing conditions:
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(i) The Laplace transform .Z f has a holomorphic extension to the region ¥, and

1L f(z)]] < u(|3z|) throughout £, NC™.
(ii) W is decreasing on (0, 1] and increasing on [1,+eo).

Then, there exist positive constants C and T such that

1 1
"(61-61*61)0]‘(2‘)” SC(WLZO;(Z‘/A'-)—FW—FI) l‘>T7

-1 —1
where my,, and M,

og denote the inverse functions of mj,, and M., respectively,

defined by
Miog(S) = u(&)log((1+u(8))(1+8)), ¢ =1 (2.3)
migg(&) = wu(&)log (H—g(&)) ,0<&E<. 2.4)

Proof. Under the assumptions of the statement, notice that the functions My, and
myog are strictly increasing and decreasing, respectively. We are then allowed to

consider the inverse functions Mlgé : [Miog(1),00) — [1,00) and mlgi, : [migg (1),00) —

(0, 1], which satisfy:

—1

lim My,

f—ro0

(1) =0 = lim ——.
t—yo0 Mlog (t)

Ford >0, let y; and ¥, denote the right and left-hand half of the circle |z| =4,

respectively. Let# >0 and letany R > 1 and 0 < r < 1. Set y:=y3 Uy;" UY where

Y is a path in X, NC~, which is to be chosen later, so that 7y is closed, rectifiable

and homotopic to zero. Hence, Cauchy’s Theorem yields

2 2
(e1 —erxep)of(t) = 1;/;: /7(1 —i—%)(l—i—%)(el —zez*el)of(t)izl

where Ng , := (1+1/R*)~1(1+7*)~! < 1. The factors 1+ z%/R* and 1+ 7% /Z* play

an important role in order to get suitable upper estimates of the integral above. We
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will write C to denote any positive constant, which may change from line to line,
depending only on || f||. and the function p.

First, we prove that the norm of (e} — e xe1) o f(¢) is bounded by

2 2z A dz

1 Z r o
o +H./,/(1+1€2)(1+z2)1—ze f@) =l 25)

up to some constant C > 0.

Note that if |z| = R, |1 +z?/R?| = 2|Rz|/R and |1 +r?/z?| < 2. Taking into

account the equality in (2.1), we observe that
[(er —zezxer) o f(0)]| <2 flleolecll < C/Rz

whenever z € CT. Therefore,

2 2 C

z r dz
1] 0+ 0+ D) e —zere)or Fl< g5 @0

On the other hand, if |z| = r we have |1 +z2/R*| <2 and |1+ 7% /22| = |1+ 2/r*| =
2|Rz|/r. In addition, if z € ¥,

,
[(e1 —zezxer) o f(1)]| < [[fll=ller —zezxer]l < C%.
and, as a consequence,

2 2 d
H/ﬁ(l—i—;z)(l—i—;)(el—zez*el)of(t)z_zl\SCr. @.7)

Up to now, we then have that the norm of (e; —ej xe;) o f(¢) is bounded by
r? dz

1 2
P po I ) e —zecreno 0

up to some constant C > 0.
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Now, we consider the expression of (e; —ze; xe1) o f(f) given by (2.2). Thus,

the norm of the last integral is bounded by

2 r2
1]+ )0+ 5) T Gal)+ere ) 75

2 r2
[0+ )+ DT 20 ),

Denote for simplicity

By Cauchy’s Theorem,

/ G(2)dz= | Gi(2)dz
YUy Y

since both paths Y Uy, and y; go from iR to —iR. Next, we see that the integrals
of G; along y; and 7y, are bounded similarly to (2.6) and (2.7), respectively. First,

it is easy to check that

Thus, acting as in (2.6), we get that

B gt +erosml <c, zec.

C
dz|| < ——
] Gilaael < 5=

and, analogously to (2.7),
|| Gzl <c
12

’/7’ Gi(z)dz| < C<r—|— 11)

Finally, putting together all the estimates above, we get the estimate in (2.5).

Therefore,
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Next, we consider a suitable choice of y. In particular, let ;. and y_ to be the

two paths in X, NC~ such that ¥ =y, Uy_. We take s := YR Uyl Uy2 Uy, where

Yi(s) = s+iR, TR <5 <0
vi(t) = 2;(11)&% 1 <T<R,
7vi(t) = 2;(11)11'1, r<t<l,
i) = skir, st 50

Moreover, we know that

IZIEG < B, g <s<0.
IZFA@ < uE®,  1<T<R,
IZFR@N < uE®),  rT<,
IZICO) < u), g <<
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We can consider ¥ to be piecewise smooth (if it is not, it can be approximated by
smooth paths). In particular, ¥’ remains rectifiable.

We shall now estimate the norm of the integral in (2.5). The factor z/(z — 1)
is uniformly bounded along . Straightforward calculations show that both factors
1+7r%/7> and 1+ z2/R? are also bounded on ¥’ by some constant depending only
on the value 1 (1). We do not need sharper bounds on these factors in order to get
suitable estimates, except for v/ .

First, the integral in (2.5) over ¥¥ is bounded by

c / ’ uRe — 5 <&
~2u(R)"! vE(s)—1] ~ 2R
On ¥, , we have |1 +72 /72| <2|Rz|/|z| and |z— 1| > 1, so that

oz |Rz| 1
I0+5) 526 < 21250 < 2

Hence, the integral in (2.5) over 7y} is bounded by

u(r) = 1.

0
C/ eMds < g(1 —e_t/Z“(r)) <
~(u(n)-! t

~1a

On the other hand, the integral over 7! can be bounded by

C/ u(t)e PO dr < Cu(R) (R—1)e"/#®)
< o (R (1R
~“R-1

Now, we see that if we consider 1 > 4Mo, (1) and we set R = M|

log '(t/4), exactly as

n [BD], then R > 1 and, moreover,

(14 L(R)2(1 4+ R)? = Mios RI/BR) — g1/20(8)
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Thus, the norm of the integral over . is bounded by C/(R — 1). Finally, we may

bound the integral over ¥2 by

dt
C / w(r)e /20 < Cu(r)e /0
Wi( T)—1|
2
<cr <(1+L;(r)) et/Zu(r)) .
I

Analogously to the preceding case, we notice that if we set r = m];é (t/4) then r <

1/2 whenever t > 4mjo(1/2). Furthermore,

B g/ _ /20
r? N N ’
so that the integral over ¥2 is bounded by Cr.

In conclusion, choosing R = Mlgé (t/4) and r =my,, !(¢/4), the claim of Theorem

2.1.1 holds for some 7' > 4max{ Miog (1), miog(1/2) }. O

Remark 2.1.1. By looking at the estimates in detail, one realizes that the final
constant C > 0 appearing in Theorem 2.1.1 is of the form C = Cy,|| f||.. where C, >0

is some constant only depending on (.

Remark 2.1.2. Assumption (ii) in Theorem 2.1.1 is not strictly necessary in order
to get similar decay estimates. In particular, given f € L*(R";X) and a continuous
function u : (0,00) — (0,0) such that (i) is satisfied, then the function v : (0,00) —

(0,00) defined as

sup u(s) if 0<r<lI,

1<s<1

v(t) =
sup u(s) if r>1

1<s<t
is continuous and verifies both conditions (i) and (if). The claim of Theorem 2.1.1

then holds for M, and mye defined in terms of v.
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To illustrate Theorem 2.1.1, we next consider some particular cases of growth of
the Laplace transform near its singularities on the imaginary axis. Some examples
for the growth at infinity are considered in [BD] and remain valid in this setting.

Indeed, set M = [ .. and let o, B > O:

o If M(E) = Be® then Mlgé () ~ Llog(t), t— +eo.

o

o IfM(E)=B(1+&)” theangg](t)NCa’ﬁ <logt(t)> , t— oo

e If M is bounded then Mlggl (t) ~ e (C>0), t— +oo.

As examples of growth for m = | 1], we can consider the following:

o If m(E) = Pe® " then mlgé(t) ~ loga(t)’ t — oo

o Ifm(§)=PE *then mlj);(t) ~Cop <10gt(l‘)) E, t — oo,

e If m is bounded then ml_oé(t) ~ e C(C>0), t— oo

2.2 Applications to semigroup theory

2.2.1 One point in the boundary spectrum

Let (7' (¢));>0 be a bounded Cyp-semigroup on a Banach space X and let A denote its

infinitesimal generator. See definitions and properties in Chapter 1. Assume that

o(A)NiR C {0}. Then, the function 7+ ||(iT —A)~!|| is continuous on R\ {0}.
Let M : [1,00) — R be the continuous increasing function defined by

M(E):= sup [[(iT—A)"], &> 1.

1<|7|<€
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Consider also the continuous decreasing function given by
m(&):= sup [l(ir—A)7", 0<E <1,
c<|l<1
Now, we define pt : (0,00) — (0,00) as
2m(§) if 0< & <1,

u(g):= (2.8)
M(E) if E>1.

Theorem 2.2.1. [M, Proposition 3.1] Let (T (t)),>0 be a bounded Cy-semigroup on
a Banach space X and let A be its generator. Assume that 6(A) NiR C {0}. Let
i 2 (0,00) — (0,00) be the continuous function defined as in (2.8) above and let M,
and my,g be defined in terms of W as in (2.3) and (2.4). Then, for any k € N there
exist positive constants Cy and Ty, such that for all t > T,

k
ki1 a\—2k -1 1 E
|7 (A (1—-4)%]| < G <mlog(z/4k)Jer;g1 a0 - t) (2.9)

—1 —1 . . .
where M, 2 and my, 2 denote the inverse functions of M,g and my,g, respectively.

Proof. Since ||T(1)AK(1—A)~|| <||T(t/k)A(1 —A)~2 ¥t >0, it suffices to prove

(2.9) for k = 1. Let x € X such that ||x|| = 1 and set f(r) := T'(¢t)x fort > 0. Since
(1—A)~'—I=A(1—-A)"!, we have that

THOA—A)2x=T() ((1-4)2x— (1-A)"x) =

:T(t)/m(el*el—el)(s)T(s)xds:/ (e1%e1 —e1)()T (¢ + s)xds

0 0
= /[m(el xep—ep)(s—1)f(s)ds = —(e1 —erxer)o f(t).

Now, the claim follows from Theorem 2.1.1 and Remark 2.1.1 just by checking

that u satisfies the assumptions in this theorem. It is clear from the definition that u
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is decreasing on (0, 1] and increasing on [1, +<o), as well as that i is continuous. On
the other hand, we know that iR\ {0} C p(A) so that we may extend the resolvent
operator into the left-half plane by means of standard Neumann series. In particular,
ifz€ £, NC™ then i3z € p(A) and

L 1
(132]) = 2[(iSz=A)~1]|

iSz—z| =Rz <
u
so that z € p(A) and
(z—A)"'=Y (i8z—A) " (iSz—2)".
n=0

Now, it follows easily that ||(z —A) x| <2[|(iSz—A)"'x|| < u(|3z). O

Remark 2.2.1. Under the assumptions of Theorem 2.2.1, the operator A(1 —A)~2

is a particular case of the functional calculus given by
n(h)x:= / h(t)T(t)xdr,  x€X,heL'(R"). (2.10)
0

Indeed, A(1 —A)~2 = 7(e; *e; — e1). Moreover, observe that the function e; * e —
e; € L'(RT) is of spectral synthesis with respect to (io(A)) NR since its Fourier
transform vanishes at {0}. Therefore, the Katznelson-Tzafriri type theorem for Cy-

semigroups (see [ESZ] and [V]) yields

lim || T(1)A*(1 —A) || =0, forallk € N.

t—oo

Definitions and details about sets and functions of spectral synthesis can be seen in

Chapter 1 and references therein.

Corollary 2.2.1. Let (T (t)):>0 be a bounded Cy-semigroup on a Banach space X
generated by an operator B such that 6(B) NiR C {ip} for some p € R. Let U :
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(0,00) — (0,00) be defined in terms of A := B —ip as in (2.8). Then, there are

constants Cy, Ty, > 0 such that for all t > Ty,

k
1 k
|T(t)(ip—B)*(1+ip—B) *| < (ml%l,(t/4k) + m + t)

where M, and my,, are given by (2.3) and (2.4), respectively.

Proof. The claim follows immediately from Theorem 2.2.1 by noticing that the
semigroup (e "P'T(t)),>0 is a bounded Cp-semigroup generated by B — ip such that

o(B—ip)NiR C {0}. O

2.2.2 Arbitrary finite boundary spectrum

Let (T(t));>0 be a bounded Cp-semigroup on a Banach space X. Assume that
the boundary spectrum of its generator A is at most finite, that is, 6(A) NiR C
Uj=1{ip;} for some n € N and some Uj_;{p;} C R.

Under these hypothesis, the bounded operator
n
(1=A) T (Gp;—A)(1—A)"") Q.11)
j=1

is a particular case of the functional calculus given by (2.10). Indeed, let

1 Tipjtix
= eR.
8%) 1+ile]1 T+ix =

Observe that g € Cp(R) and vanishes on ic(A) NR. Note also that
ipjt+ix 1 ipj

1+ ix Tl 1t

(6 —(1—ipju)(x), VxeR,

where & denotes the Dirac measure at the origin and ~ denotes the Fourier transform.

Then, the function

n

fi=ux H((‘S—(l —ipj)u) € L'(RT)

J=1
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is such that f = g. From this and the fact that finite sets of R are of spectral synthesis,
it follows that f is of spectral synthesis with respect to ic(A) NR. Furthermore, it
is easy to check that the operator in (2.11) is equal to 7(f). Hence, it follows from

the continuous version of the Katznelson-Tzafriri Theorem above mentioned that

lim ||T(¢) 1H(zp, )(1-A)") | =0.

t—+oo

In the following Theorem 2.2.1, we estimate this decay in terms of certain func-
tions M and m, similar to those considered in the last case, defined by means of the
resolvent operator along the imaginary axis when avoiding the possible singularities
ipj.

In order to define these functions, assume without loss of generality that n > 2

and p; < p;j whenever 1 <[/ < j <n. Let

Pj+1—Dj

d = min { p]} and D >max{|p,+d|, |p1—d|}.

1<j<n
Let K := [-D,D]\Uj(p; —d,pj+d) and denote
my :=sup||(it —A) || < .
Tek

Now, let M be the continuous positive increasing function given by

M(&):= sup {|[(it=A)""[|,mg}, &>D.

D<|r|<g
Also, for each j =1,...,n, we define
mi(€):= sup {|[(ir—A)"",mx}, 0<&<d,
E<|t—pjl=d

and set

m(§) = sup m;(§), 0<§<d,

1<j<n
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which is continuous, positive and decreasing. Moreover, we define

Miog(§) :=M(G)log ((1+M(5))(1+8)), § =D, (2.12)

and
1+m(&)
3

Theorem 2.2.1. Let (T (t));>0 be a bounded (Cy)-semigroup on a Banach space X

Miog (&) ::m(é)log( > , 0< & <d. (2.13)

and let A be its generator. Assume that o(A) NiR C U, {ip;} for some n € N and
{pj: 1< j<n} CR. Then, there exist positive constants C and T such that for all

t>T,

j=1

n 1 1
IT@)(1=A)"'T]Gp;—A)1-A) Y <C (m,o§<f/4>+w+z>

where M., and my,, are defined as in (2.12) and (2.13), respectively.

Proof. We shall follow an argument analogous to that of Theorem 2.1.1 so we just
present a sketch of the proof. We will write C to denote a positive constant, which
may change from line to line, depending only on n, C := sup,~ || T(¢) |, the functions
M and m and the absolute values of {p;}.

Lett > 0 and let R and r be any positive constants such that
!
R >max{l,D} and r < mln{i ,d}.

ForpcRandd >0, let y;f 4 and Ypd denote the right and left-hand half of the circle
|z—ip| = d, respectively. Let ¥ be any path in p(A) NC~ such that y:= ¥/, U
(Ui y;,“ﬂ) U7 is closed, rectifiable and homotopic to zero. Thus, by Cauchy’s

Theorem,

TO0-4) "= 5 [ T0GE-A)
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where F is the function given for every z € C\ {0} U (c(A) NiR) by
2 n 2

F() (1+R2)H(1+m

)

n
and I, := [ (ip; —A)(1—A) !
j=1
As a consequence of the choice of R and r and after straightforward calculations,

we observe that

Pt < i g R ana (o) < 92

if [z—ipj|=r.

Thus, acting as in the first part of the proof of Theorem 2.1.1, it is not difficult to
see that ||T(¢)(1 —A)~'T14]| is bounded by

1
— ||/7/F(z)e”(z—A) lnAin 2.14)

up to a positive constant C.
To estimate the latest integral, we denote ¥ = U (Uj_; ;) U (U], &) where
n:=n®un_un,unfandn;:=n; Unj_Unj, Un;, may be taken by means

of Neumann series as follows:

. -1
n¥(s) = s=+iR, i <5 <0
—1
T) = —— FiT, D<t<R.
n+(7) e <7<
Foreach j=1,...,n
r . —1
M) = silpEr), ] <5 <0
-1
i (T) = ——m—+41i7 ; <7t<pit+d
n]7+() 2m(’L‘—pj)+l’ p]+r_ _p]+ y
—1
n,-(1) = —F——r +ir, pi—d<t<p;—r,
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and

aj = [—1/2m(d)+i(pj+d),—1/2m(d)+i(pjs1—d)],j=1,....n—1,
o, = [—1/2m(d)+i(pn+d),—1/2M(D)+iD],

o = [-1/2M(D)—iD,—1/2m(d)+i(p1 —d)],

where [z,w] denotes the closed line segment connecting z and w. Moreover,

lz—A)'| < 2M@R), if zen,
lz—A) Y < 2m(r), if zen;,
=AY < 2mg, if zea.

One can easily check that the function F is bounded by a constant C on the
whole path /. This bound is sharp enough to our purposes except for the paths
N Jj=1...,n

It is straightforward to see that the integral in (2.14) over ¥ is bounded by C/R.

Moreover, proceeding as in (2.1), the integral over 1+ may be estimated by

% (14 MR) (1R MB)

By the equality (ip; —A)(z—A)"! =1—(z—ip;)(z—A)~! and noticing that

|F(2)| < C|Rz|/|z—ip;| whenever z € 1} ., we obtain that
IF(2)|l|(ipj—A)(z—A)""| <C on nj..

so that the integral in (2.14) over 7); , is bounded by

0
C/ etlds < g
—1/2m(r) t
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Acting as in (2.1), the integral over 1); + can be estimated by

Cr <1+’;’l(r) et/Zm(r)) _

On the other hand, for j =1,...,n— 1, we can bound the integral in (2.14) over
; by
Ce—t/Zm(d) < Ce—t/Zm(r) .

For j € {0,n}, observe that Rz < max{—1/2m(d), —1/2M (D)} whenever z € a;.
If M(D) < m(d) then the integral over ¢; may be bounded similarly as above by

Ce™!/2m(1) Conversely, if m(d) < M(D), the integral over a; may be estimated by
Ce!/MR).

Now, we realize that if
t > max{4Mioe(max{1,D}), 2mioe(min{1/2,d}) }
and setting R = Mlggl (t/4)and r = mlgé(t/Z), then
(1+M(R)?(1 +R)2e /M) — | — <1+”§<>> o1/,

In particular, e */2"(") <y and ¢~"/2M(R) < 1/R.

Finally, putting together all estimations above, we obtain the claim. O



Chapter 3

Integrated version of the
Post-Widder inversion formula

for Laplace transforms

Let X be a Banach space. It is a well known fact that every Laplace transformable

function f € L}, (R™;X) is determined by its Laplace transform. As a matter of

fact, if £ f(A) converges for some A € C then

1 /n n

£(0) = lim (~1)" ()" e (%) 3.1)

n—oo t t

for every Lebesgue point ¢ > 0 of f. See [ABHN, Theorem 1.7.7]. Recall that f > 0
is a Lebesgue point of a function f € L}, .([0,00);X) if

loc

) t+h
lim [ [|f(s) = f(t)]|ds = 0.
h—0J¢
Every point of continuity is a Lebesgue point of f and almost all points are Lebesgue

points of f (see [ABHN, p. 16]).
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The main result of this chapter, see Theorem 3.1.1 below, is an integrated Post-
Widder formula for A%-multiplied Laplace transforms (and Laplace-Stieltjes trans-
forms) of vector-valued functions. This theorem allows us to obtain inversion for-
mulae for resolvents of generators of (a-times) integrated semigroups and inte-
grated cosine families of operators. Such formulae in particular recover and extend
for ar-times integrated semigroups other previously known results in the literature,
see [C, VV]. The chapter ends with a discussion about the canonical example of in-
tegrated family formed by the so-called Riesz kernels. Let us recall that the results

in this chapter can also be found in [GMM].

3.1 The main result

Let f: (0,00) — X be a measurable function such that

sup |t e f(1)]| = M < oo
t>0

for some ¥ > —1 and @ > 0. Clearly, the Laplace transform .Z f exists at least on

the open right half-plane RA > ®. The following is the main result of the chapter.

Theorem 3.1.1. Let ¥, @ and f be as above. Then, for every a € (0,7+ 1) and
every Lebesgue pointt > 0 of f,

ds.
A=n/s

£(1) = lim 1/0t(t—s)“l (nl!)n (g)"“ %(Mgf)

In the next lemma it is shown that the conditions on f and on o ensure that the

Post-Widder approximant

Ls A2 f ()] = V" (%)"+1 P razr)

nl dAr (s>0)

A=n/s
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is Bochner integrable near the origin for n sufficiently large, so that the integral in

Theorem 3.1.1 is actually convergent.

Lemma 3.1.1. Let f: (0,00) — X, ¥, @ and @ be as in the assumptions of Theorem
3.1.1. Then the function L, (. [A*Z f(A)] is Bochner integrable in (0,t) for every

t > 0 and for every n > wt.

Proof. First of all, notice that, due to the growth conditions on f, the integral
5 f(u)uFe=*"du is Bochner convergent for every A > @ and k > 0. Now, take

t >0andn > wt. Hence if s € (O t) then n > ws, so we get

(x+1+k
( /f w)uke™ gy,

where Y, := (=D () (n— k)!(n_k) for k = 0,...,n. Then note that, for some

n (X+l+k o —(n/s)u
() [ Irnte
N 0

<M (E) itk / "k (/s -~ g,
0

- s

(n/s)a+l+k
= M((n/s) )P I(y+k+1)

<MT(y+k+ Dn* =% (k=0,...,n),

L,s[A*Zf(A

M >0,

provided that y > —1. Therefore, the function L, ( [A*.Z f(A)] is integrable in (0,7)
whenever o € (0,7+1). O

Remark 3.1.1. In order to ensure the Bochner integrability of L, ) [A*Zf(1)]
near the origin, it is enough to assume that the given function f is in L}O J(RTX), it

is Laplace transformable, and its Laplace transform .Z f satisfies
/ AFHF (2 )0 (1)dA < oo for every k € N and R > 0.
R

Under these weaker assumptions, the inversion formula in Theorem 3.1.1 also holds.
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Proof of Theorem 3.1.1. Lett > 0 be a Lebesgue point of f. Denote

I(t) = —— /O (= ) L [ACLF(A)] ds

The convergence of this integral for n > @t follows from Lemma 3.1.1. As before,

write

1+k
L,s[A*Zf(A < a++/f Yuke= 9 gy

for s € (0,¢) and n > or. Using Fubini’s Theorem we get

F(t) = ( chn/ uF f () 5, (u) du

where

1 Tkt
A1) ::/O(t—s)a_l (g)“ NGy (4> 0).

Making the change of variable z = (n/s)u — (n/t)u, we obtain

—(n/t)u o0
_ he —k—1 —1 k,—
Hn(u) = ey t* /0 2%tz +nu) e dz
—(n/t)u kK /k k—i
ne a—1 @ .
otk ! ];)(-]) ( : ) C(a+j).

Then

where, for u > 0,
owate):= S, 3 () (1) = ()

see [VV, Lemma 3.1] for the general formula. Hence we get

In(t) = Eta_”_l /m W%~ () du.
0

n!

3.2)
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Notice that for every non-negative integer n > o + 1,

nn+1 oo na
— %l / W% Mgy = T (n+1—a)
n! 0 n! ’
which tends to 1 (n — o), since ['(u+ 1) ~ u*+1/2e=\/21 as u — oo (see [T]). Thus,
to obtain the assertion of the theorem, it is enough to check that

o

F(t) = I(t) — %r(m 1—a)f(t) =0, asn — oo,

So, to proceed with it, set

F(s)=F(t) = f(t)(s—1),

Q
—
NP

Il

«\%
=
<
~—
|

&.‘
=
=

QL

<

Il

where F(s) := [y f(u)du, s > 0. Then ||F(s)|| < Ms""1e® for some M > 0 and
every s > 0. This readily implies that the function G is exponentially bounded, so
there exist some constants (t > 0 and C > 0 such that ||G(s)|| < Ce** for every s > 0.
We may assume that 4 > @. On the other hand, the fact that ¢ is a Lebesgue point
of f implies that |G(s)|| =o(]s—1]), as s —¢.

By integration by parts, we have for n > max{uz, o} that

n! —n— = oo —(n/t)u
Salt) = T [T o () — £(0)

n+1 ) n—o

_ Ltafnfl/ <nu _(n_a)unocl) ef(n/t)uG(u)du
n! 0 t
n it [ a1

= o= _ — n—G— —(n/l)u
0 t /0 < ; (n a))u e G(u)du
2o N—0\ pai —n

= — */ <y— >y” *le™™G(ty)dy.
nt tJo n

Let now € > 0 and choose 0 < & < 1 such that if [y — 1| < & then

1
;HG(ty)H <egly—1|. (3.3)
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Divide _#,(t) into three integrals _# ,(t), #2,(t) and _Z3,(t) whose intervals of
integration are (0,1 —6), (1—8,1+40) and (1 + 8,), respectively.
First, we are going to estimate _¢; ,,(¢). Take n > (ot +1)/0. In this case, the

function y s y"~*~!e™ is increasing on (0,1 — &), and therefore

nt21 p1-6 n—0o. . .

| A0 < e [ = e e Gl
n"t2 1 I 1-6
=8y e [FGlay)dy =z a,

where we have used that § /(oc+ 1) < (n—a)/n—y < 1 forall y € (0,1 — ). Then,

by Stirling’s formula,
n
a,=0 (n3/2 ((1 - 6)86> > as n — oo,

and therefore a, — 0 as n — oo, since (1 — §)e? < 1. Therefore, || 71 ,(t)|| < € for
n large enough.

Now, applying to _#, ,(t) the estimate (3.3), we get

nl’l+2 1+68 n—o o
| Z2n(t)| <€ Y /1—6 ly— . [y — 1]y le™dy

nn+2 1+6 n—ao
—et [ 1= e ey

l’l+2 1+6 _(x
<e” - ((y—1>2+<1—”><y+1>)y"“e"wy
n! Ji_s n

nn+2

- n!

e —a -
/ (yz—(1+n)y+(2—n )> Y e dy
0 n n

o - —-a
:sn’<1“(n—a+2)—(1+n .
n.

m(n—o+1)+(2—

)n*T(n — a))

o

= 8’:1—! Cn—a+1)+2anl'(n—a)).
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Thus, the fact that lim,, .. %F(n —B+1)=1forall B >0 implies that

o

lim "= (D(n— o+ 1) +2anl(n — &) = 1 +2a.

n—o nl

Hence, || _#2,(t)|| < 2(1+ a)e for all sufficiently large n.

To estimate _#3,(t), take ng € N such that ngp > ut and let n > ng. Thus, the

function y — y" 0~ %~ (=m0} is decreasing on (14 §,0). Then we have

'ty e n—o
(2 < - AN =1 —ny G(t d
1Ll < T [ o= e Gy
+2 oo
< n' g y"iaefnye“tydy
n' t Jits
_ mc Ao = (n=no)y o o= (Mo=H1)y g,
n! t Jits

WO (148 e
" —(no—u1)y 7y, .
n! t eln—no)(1+9) +5y e dy =: b,,.

Similarly as before, the Stirling’s formula applies to show that b, — 0 as n — oo,

and we have that ||_#3 ,(¢)|| < € for large enough n. The proof is completed. O

Remark 3.1.2. There are some particular cases in which the inversion formula in
Theorem 3.1.1 can be obtained as a consequence of the classical (vector-valued)
Post-Widder inversion formula 3.1. For example, it occurs when the function is the
integral of order & > 0 of some suitable function:

For & > 0, set jg(t) :=t*'T'(at) !, > 0. Let g € L}, .(RT;X) be an exponen-
tially bounded function. Thus, the function f := j * g satisfies the assumptions of
Theorem 3.1.1, where * is the usual convolution on R*. Notice that A*.Z f () =

Zg(A) for suitable complex values of A. Therefore, applying the formula in 3.1
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and the dominated convergence theorem, we have that for every ¢ > 0,

0 = Jas (rggg(—l)”nl! <<>>g() (())) )
= tim s o= SR () () as

I B | N I
= }Ellr(a)/o([_s) n! (E) i A ZT)

ds.
A=n/s

Thus the interest of Theorem 3.1.1 relies upon the fact that it provides an in-
version formula for those functions @ : (@,e0) — X which are not necessarily a
Laplace transform, but such that A=%¢(A) is a Laplace transform for some o > 0;
see [ABHN, Example 2.2.4]. Important classes of functions in this situation involve
general a-times integrated semigroups or integrated cosine functions (see next sec-

tion).

To end this section, we point out that there exists a well known version of the
Post-Widder inversion formula 3.1 in which the Laplace-Stieltjes transform £s of
vector-valued Lipschitz continuous functions is considered. If F : RT — X is a

Lipschitz continuous function, that is,

F(t)—-F
up IFO=FOI
t,s>0 ‘t_s‘

then the Laplace-Stieltjes transform of F is given by
L(F)A) = —F(0)+ A / e ME(1)dr
0

for those A greater than the exponential growth bound of F'. It follows from 3.1 that

if F: RT — X is a Lipschitz continuous function such that F(0) = 0 then

F(t) = lim <—{>" <z>"+1 d" <zs<F><M>

,1>0.

t dAn A A=n/s
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See [ABHN, Theorem 2.3.1].

As a consequence of Theorem 3.1.1, we further obtain the following inversion

formula for Laplace-Stieltjes transforms:

Corollary 3.1.1. Let F : RT — X be a Lipschitz continuous function such that

F(0)=0. Lett > 0. Then,

N AN
o= S [ () cem]_ o

Proof. For F under these assumptions, we have that ZF (1) = A1 %(F)(A) for
A large enough. Moreover, ||F(t)|| < Ct for every t > 0 and some C > 0. Then, it

suffices to apply Theorem 3.1.1 for o = 1. 0

3.2 Applications to o-times integrated families

We show here that Theorem 3.1.1 applies to ¢-times integrated semigroups and
a-times integrated cosine families, obtaining in such a way appropriate inversion

formulae of Euler’s type for these families.

3.2.1 Euler’s exponential type formula for o-times integrated semi-

groups
Let X be a Banach space and let o > 0.

Corollary 3.2.1. Let A: D(A) C X — X be the generator of an Q-times integrated
semigroup (To(t))>0 such that ||Ty(2)|| < Ct"e®, t > 0, for some y > oo — 1 and

® > 0. Then, for everyt > 0 and every x € X,

_ L r a1 (PN,
Ta(t)x—r}gr.}or(a)/o(t—s) (5)" RCE,4)* xas.



88 Integrated version of the Post-Widder inversion formula

Proof. Letx € X. Set f(t) := Ty(t)x for t > 0. Notice that f is continuous on [0, )
since (Ty(t))s>0 is strongly continuous. By definition, R(A,A)x = A*Z f(A) for A

large enough. Moreover, the resolvent equation gives us
(—=1)"/n!)(d"/dA")R(A,A)x = R(A,A)"x.
Now, the claim follows automatically from Theorem 3.1.1 since @ € (0,y+1). O

The above corollary extends previous results in this setting (see [C, Theorem
3.1] for n-times integrated semigroups, # € N, and [VV, Theorem 3.1] for expo-
nentially bounded a-times integrated semigroups and 0 < o < 1), and provides a
unified proof for them.

A large number of examples of a-times integrated semigroups satisfying the

assumptions of Corollary 3.2.1 can be found in [H].

3.2.2 o-Times integrated cosine functions

Another consequence of Theorem 3.1.1 is the following result, which seems to be

new.

Corollary 3.2.2. Let A: D(A) C X — X be the generator of an Q-times integrated
cosine function (Cy(t))r>0 for which there exist constants Yy > o —1 and ® > 0

satisfying ||Cq(1)|| < Ct7e® fort > 0. Then, for every x € X and t > 0,

ca(t)x:ggor(la)/ot(t—s)“l(;l!)" (5)" o (ra2a) | ds

K

Proof. Similar to the proof of Corollary 3.2.1. 0

Particular examples of generators of a-times integrated cosine functions are

provided by generators of ¢-times integrated semigroups. In fact, if an operator
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B on a Banach space is such that B and —B are both generators of corresponding
a-times integrated semigroups then A = B? is the generator of an o-times inte-
grated cosine function; see [AK, MeK]. In this case the explicit calculation of
(d"/dA™) (AR(A%,A)) is simple:

dn
dAn

(AR(22,A)) = %[R()L, —iB)" 4 R(A,iB)").

3.2.3 On Riesz kernels

Let us recall that, for &, > 0, the Riesz kernel R*~! is the function defined by

(1—s)%"!

Rf‘fl(s) = (0]

X0 (s), s>0.

As we have shown in Chapter 1, these kernels play a central role in the study of
Banach algebras of Sobolev type .7 Jr(a) (t*), which are in close relationship with
a-times integrated semigroups and integrated cosine functions. In particular, the
function R*~! is a multiplier of the Banach algebra .7, +(a) (r*) with respect to either
the usual convolution product *, or even the cosine convolution product *.. In both
cases we have that, as a multiplier, |[R* || < Cr%e® (r > 0).

In view of Theorem 3.1.1 we have the following:

Corollary 3.2.3. Let o« > 0 and @ > 0. Then for every g € 7, Jr(a) (t%) and t > 0 we

have
_ . 1 t _ ny\n+l " 1
R o= lim g J, 0 (7)™ s
in the norm of 9+(a) (t%), where

") =S ea(r), (r>0)

and e is either the usual convolution * or the cosine convolution *. in 9+(a) (1%).
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Proof. Note that for every A > @ and n € N one has
e i =e M) = la/ R*e™M gy,
0

and
(=" d" s
nl dart T4 '

Hence it is enough to take f(z) = R* e g in the formula of Theorem 3.1.1 to obtain

the result. OJ

Remark 3.2.1. The formula in the preceding corollary serves to illustrate Theo-
rem 3.1.1 in a canonical situation, as regards a-times integrated semigroups. For
simplicity, assume o > 1. The equality

1 t n+1 g
R* (1) :r}g?ol“(a)/o (t—s)%1 (g) —e " gs, 1> 0,

n!
holds as a particular case of the fact that formula 3.1 remains true when one replaces
functions like f with Dirac masses:
For r > 0,

8, = lim (_l')n (?)"H 8 (%) = lim (Z)"“ LS TIRY

n—e  pl n—oo n!

in the sense of weak convergence of measures. In fact, for each continuous function

F on [0,00) with lim,_,. F () = 0 we have

1 [~ /n\ntl e r
— " —(n/s)r _ n—1 _—nt I
F,(r): pA <s) e F(s)ds o /0 " e ™F (t> dt,

‘ / e dr =1
n! 0

Therefore
nn+ 1

Fy(r)—F(r) = "— /sz"—le—"f IF (r/1) — F(r)]dt,

n!
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and so by standard methods involving the partition of the integration domain (0, )
into two parts {|t — 1| < &} and {|r — 1| > €}, for suitable small € > 0, one gets
lim,,_,o F,(r) = F(r). In this connection, for the sake of completeness, let us point

out that integration by parts gives us

/ tnflefnt dt = 7/ ynflefy dy
n! Jite (n=1)! Jn(1+e)

k k oo
_ Z ﬁ (e / e dy,
(14+&)n

and this expression tends to 0 as n — oo by the Stirling formula and the fact that

y+— e Y is integrable.)
Corollary 3.2.3 tells us that the above numerical limit holds indeed for convolu-

tion and in the norm of .7, Jr(a)(t“).

Notice that starting from Corollary 3.2.3, with a direct proof independent of
Theorem 3.1.1, one can prove Corollary 3.2.1 and Corollary 3.2.2 (for y = o and
® = 0) by just considering the image of R* ! e g and of its integral expression
through the homomorphisms 7, and 7, respectively, introduced in Chapter 1 (see

Proposition 1.3.2 and Remark 1.3.2).
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Chapter 4

On stability of integrated
semigroups with nonquasianalytic

growth

The main result of this chapter extends [Me, Theorem 5.6] to n-times integrated
semigroups for every natural n and a fairly wide boundedness condition involving
nonquasianalytic weights (see definition in Chapter 1, p.11). The result is the follo-

wing.
Theorem 4.0.1. Let A be the generator of a n-integrated semigroup T,(t) such that

6(A)NIR is countable, op(A*) NiIR =0 and 0 € p(A). Assume that

sup (1) | T, (1) < oo,

t>1

for some nonquasianalytic weight @ on [0,0) for which @(t) = O(t*), as t — oo, for

some k > 0.
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We have:

Q) Ifolt)t=o(t"), ast — oo, then

limw(r)"'T,(t)x =0, x¢& D(A").

t—o0

(i) If o(t) ~ 1 ast — oo, then

1
lim ¢ "7, (t)x = —

—1 n
lim 7(n—1)!A x, x€D(A").

The proof of Theorem 4.0.1 is a combination of arguments and ideas of [Me]
and [V1]. In passing, we give extensions of results of [Me] and [V1]. Lemma
4.0.1 below provides a slight improvement of [V1, Theorem 7], which is in turn an

extension of the Arendt-Batty-Lyubich-Vii theorem.

Lemma4.0.1. Let U(t));>0 C B(Y) be a strongly continuous Co-semigroup of posi-
tive exponential type with generator L. Let B be a nonquasianalytic weight on [0,0)
such that B( ) = O(t*) as t — oo, for some k > 0. Assume that there exists R € (Y )
such that U(t)R = RU (t) for allt > 0 and ||U(t)R|| < B(¢) (t > 0).

If 6(L)NiR is countable and op(L*) NiR = O then

tlggmU( JRy=0 (yev).

The overall argument goes along similar lines as in [V1, Theorem 7], lemmata

included. Here we outline that argument for convenience of prospective readers.

Proof. Put

q(y) :=limsup B(1) " [URY[ly (y€Y).

t—ro0
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Then ¢ is a seminorm on Y such that g(y) < ||y||y forall y € Y. Moreover, g(U(s)y) <
B(s)q(y) forevery s >0,ycY,andso N:={y €Y :¢q(y) =0} is a U(t)-invariant

closed subspace of Y. Hence one can define a norm g on Y /N given by

q(n(y)) :==q(y), yev,

Un)(x(y)) =a(U(1)y), yeY.1=0,

where 7 is the projection ¥ — Y /N.
It is straightforward to show that U (t) is a strongly continuous semigroup in the
norm g on Y /N. Let Z be the g-completion of Y /N, and let V (¢) be the continuous

extension on Z of U(t). Then:
@) [|[r(y)|lz =limsup,_,., %HU(I)RyHy, y € Y. This is obvious.

() |[V(1)] < E (t),t > 0, and from this one readily obtains that V(¢) is a strongly
continuous Cp-semigroup in Z(Z). The above bound follows by continuity

and density by the estimate
qU(O)x(y)) =q(=(U(1)y)) = q(U (t)y)
<B(qky) < B()(r(y). yeY.i>0.
() |[V(t)zlz > ||z||z forall z € Z: Fory € Y and ¢ > 0,

00170 = timsup P ¢ E ITEED

Then apply continuity and density.

> g(n(y)).

(d) V(t)omr=moU(t) (t > 0) and then one easily obtains that 7(D(L) C D(H)

and Hom = moL on D(L), where H is the infinitesimal generator of V (¢).
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(e) o(H) C o(L): By hypothesis, U(z) is of exponential type 6 > 0, whence as

is well known, fory € Y and A € C, RA > 6,

RAL)y=—(A—L)'y= —/Oooe_MU(t)y dr.

Similarly, since ||V (¢)|| < E (t), t > 0, the semigroup V(¢) is of exponential

type 0, and therefore we have forz € Zand A € C, RA > 0,

R(AH)z:=—(A—H) 'z= —/Oooe_mV(t)z dt

On the other hand, R commutes with (U (¢) by assumption and so R commutes
withR(A,L), RA > 8. Then g(R(A,L)y) < ||R(A,L)||g(y) forally € Y, which
implies that N is R(A,L)-invariant. Hence one can define the bounded opera-

tor R(A,L) on Z given by R(A,L)(x(y)) := n (R(A,L)y), y € Y. Thus,
R(Ln(y) = m(RALLY) = = [ e Hr(Uy)d

_ /0 T MY () m(y)di = RO H)();

where (d) has been applied in the last but one equality. Hence R(A,L) =
R(A,H), RA > 4.

Now, for RA > & and any u € p(L), by using the resolvent identity

and its corresponding identity for R(A,L), R(i,L) one readily finds that there
exists R(A,H) and that

R(u,H) = R(u,L);

see [V1, p. 234]. Thus u € p(H). Hence p(L) C p(H) as it was claimed.
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(f) op(H*) C op(L*). This is straightforward to see, using restricitions of func-

tionals; see [V1, p. 234]

Suppose, if possible, that Z # {0}. By (e) above we have that o(H) NiR is
countable and then iR\ o(H) # 0. So, by (c) above and [V1, Lemma 2] the semi-
group V/(7) can be extended to a Cy-group V(¢) on R such that ||V (=) <1 (¢ > 0)
and ||V (t)|| = O(t), as t — +oo. Also, 6(H) is nonempty by (b) above and [V,
Lemma 5].

Then reasoning as in [V 1, Theorem 7] one gets op(H*) NiR # @ whence 6p(L*)N
iR # 0 by (f) above. This is a contradiction and so we have proved that Z = {0}.

By (a) above we get the statement. ]

Lemma 4.0.2. Let @ be a nonquasianalytic weight such that @ is of polynomial
growth at infinity. Let X be a Banach space and (T,(t),>0) be a n-times integrated
semigroup in B(X) with generator A such that ||T,(t)|| < o(t), t > 0. Let assume
that 6(A) NiR is countable and op(A*) NiR = 0.

For every u > 0 we have:
Q) Ifo) ' =o(t="Y), ast — oo, then

limo(t) ' T,(1)A"(u —A) "x =0, xcX.

t—ro0

(i) If o(t) ~1""!, ast — oo, then

: 1 n -n,. __ Anfl(‘u_A)72nx
lim —T7,(H)A" (U —A) "x=— (n—1)! )

100 =171

xeX.

Proof. Here we follow arguments of [Me, Theorem 5.6] suitably adapted to our

setting. Take > 0 > 0. For x € X define

- n -n © tj j -n
lelly = suplle™® (T,(1)A" (1~ A) HZFA’(M—A) x)lx-
=07

t>0
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Note that A(u —A)~! = —I+u(u—A)~! is a bounded operator on X and 7;,(0) =0,

so || - |ly is a norm on X and there exists a constant Mg > 0 such that
(1 —A) "xllx < [lxlly < Msllxllx, xeX. (4.1)

Let Y be the Banach space obtained as the completion of X in the norm || - [|y.
By the extrapolation theorem [ANS, Theorem 0.2], there exists a closed operator
B on Y which generates a strongly continuous Cyp-semigroup (S(¢)),>0 C Z(Y) of
positive exponential type such that D(B") < X < Y, A = Bx where the operator
By is given by the conditions D(Bx) := {x € D(B)NX : Bx € X}, Bx(x) := B(x)
(x € X). Moreover, op(B*) C op(A*), and also p(A) = p(B) with

(A—A)x=(A-B)"'x, Aep(d)=p(B).xcX; 4.2)

see [ANS, Remark 3.1].

Let S,,(7) be the n-times integrated semigroup defined by B on Y, given by

S, 1)y = 1)!/Ot(t—s)”_1S(s)ds, yev.

(n—1

Then S, (t)x = T,(t)x for all x € X. To see this, note that T;,(¢) and S,(¢) are of
exponential type so one can rewrite (4.2) above in terms of the Laplace transforms
of T,,(t) and S,(¢) respectively, for RA large enough. Then it suffices to apply the
uniqueness of the Laplace transform.

From the above identification between T,,(7) and S, (), it readily follows that
[1Sn(w)xlly < [|Ta@)[[llxlly < @(u)lxlly, wu=>0,xeX, (4.3)

which is to say, by density, that ||S,(u)|| < @(u), for all u > 0.
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Now, by reiteration of the well known relation between a semigroup and its

t
generator S(t)y —y = / BS(s)y ds, fort >0 and y € D(B), we have
0
nfltj .
S(t)y =Sa(t)B"y+ Y FBJy, Vy € D(B").
=
Hence, foreveryy €Y,
B n nfltj B J .
SE)(u—B) "y =8,(t) [ — —— —B)""7y (44
=5y =5.0(525) + L5 (05) w-m "y ae
]_

and therefore there exists a constant Cy;, > 0 such that
IS(£)(L—B) "|ly—y §Cua)(t), t>0. 4.5)

Then, by applying Lemma 4.0.1 with U(t) =S(t), B=Land R= (u—A)™"
we obtain

lim SISO =B) "yl =0, Wy,

whence, by (4.1), (4.2) and (4.4),

1
— 1 n J
Of}gnw(t)HT()A (u=)" x+]z EA = A) ]y
— l‘J ,
< limsup 1 [T (04" (1 —A) e+ T AT (- 4)
t—vo0 ) j=0J"

for every x € X.

Thus we get

n—1 tj

lim LTn(z)A"(u —A) 2"y = —lim 1 Y -

A_] _A —2"1
M1 o00) M () & i WA

in X, and the statement follows readily. O
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Proof of Theorem 4.0.1. In the setting of the Lemma 4.0.2, let assume in addition
that 0 € p(A). Since the resolvent function of A is holomorphic, so continuous, in
the open subset p(A) C C, we have that
lim A"(u—A)™" = lim (—[+p(u—A4)"") = (-1)"L
u—0t n—0t
Now, to prove (i) and (ii) of the theorem it suffices to notice that
sup (1) | T, (1) | < oo
>0

in both cases. OJ

Remark 4.0.1. It looks desirable to find out the behavior of a n-integrated semi-
group at infinity when its generator A is not assumed to be invertible. According to
the discussion prior to Theorem 4.0.1 the existence of lim;_,. 7,,(x) entails inverti-
bility of A. Thus the type of convergence at infinity of T,,(¢), if there is some, that
one can expect if A is not invertible must be weaker than the existence of limit. In
Chapter 5, under the assumptions
sggf”HTn(t)H < eo and ;l_i>%1+ nlt 7 "T,(t)x=x (xeX),
it is proved that
limt "T,(t)m,(f) =0, [fe&,,

{300
in the operator norm, where G, is the subspace of functions of .7 Jr(n) (") which
are of spectral synthesis in 7 (|t|") with respect to the subset ic(A) NR, and
T (f) = (—=1)" [ f ()T, (¢) dt. Here, 7 (|¢]") and t%r(")(t”) are the convolution
Banach algebras defined in Chapter 1, Section 1.3. This result is an extension of
the Esterle-Strouse-Vii-Zouakia theorem, which corresponds to the case n = 0 (see

[ESZ] and [V]).
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We wonder if in the case when A is not invertible, ,(S,)X is dense in X (under
the conditions 6(A) NiR countable and 6p(A*) NiR = 0). This would give us the
ergodic type property

lim¢™"T,(t)x=0, xeX. (4.6)

1500
In Chapter 6, we obtain such result in the case that 6(A) NiR finite.

Notice that (4.6) is a consequence of Theorem 4.0.1 (i) when A is invertible;
on the other hand, the ergodicity of a n-times integrated semigroup 7,,(7) such that
sup,>1 ¢~ ""[|T,(¢)|| < oo is characterized in [Me] in terms of Abel-ergodicity or/and

ergodic decompositions of the Banach space X.
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Chapter 5

Katznelson-Tzafriri type theorem

for integrated semigroups

We call Cy-integrated semigroup on X any o-times integrated semigroup (7 (2));>0

which, in addition, satisfies

lim Do+ 1) *Ty(f)x=x (x€X). (5.1

t—0t

Notice that a Cy-semigroup (7'(¢)),>0 in (X ) satisfies in particular

lim T(t)x=x (x€X).

t—0+
The main result of the present chapter is the following:

Theorem 5.0.1. For a >0, let (Ty(t))i>0 C A(X) be a Cy-integrated semigroup

with generator A such that

supt ™% || Ty (1) ]| < oo.
t>0

103
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Suppose that f € T Jfa) (t%) is of spectral synthesis in T (|t|*) with respect to
i6(A)NR. Then
lim 1% | T (1) 2a () | = 0.

Recall that .7 (®)(|¢|*) is a regular Banach algebra whose Gelfand transform is
the Fourier transform. Hence, a function f € .7(® (|¢|%) is of spectral synthesis

respect to a closed set E C R if there exists a sequence (f,) in .7 (%) (|¢|%) such that

(i) f=1lim, o f, in T @ (|t]).
(ii) The Fourier transform .% f;, vanishes on a neighbourhood U,, of E.

To prove the above theorem, we carry through a detailed analysis of the homo-
morphism 7, along the same lines as it is done for the homomorphism 7y in the
case of Cy-semigroups considered in [ESZ]. The procedure followed in the present
chapter has to deal with a number of new and fairly non-trivial technicalities with
respect to the proof given in [ESZ]. The stuff needed is organized in sections as
follows.

In Section 5.1, we collect results about the relationships between duality and
convolution in the algebras of Sobolev type .7, +(a) (t*) and .7 (¥ (|¢|*). Section 5.2
contains a couple of results involving extensions of Laplace transforms of functio-
nals (of the algebras .7 JF(O‘)( @) and .7 " (|¢|")) through open subsets of the imagi-
nary axis. The analysis of bounded homomorphisms of .7. Jf )(ta) is carried out in
Section 5.3. First, we establish some formulae for Laplace transforms, of func-
tionals associated to such bounded homomorphisms, which are natural extensions
of those given in [ESZ, Section 2]. Then we give the main result of the section,
Theorem 5.3.1, which relates homomorphisms of .7 +(a) (t*) to functions of spec-

tral synthesis. Finally, the results of previous sections are translated in terms of
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integrated semigroups to prove the main theorem of the paper, Theorem 5.0.1, in
Section 5.4. All these results can be also found in [GMM1].

The family of Riesz kernels R* ! plays a key role in this chapter. Recall that
the convolution product in 7, Jfa) (t%) can be expressed in terms of Riesz kernels as

follows ([GMR, Lemma 4.2]):

Srg= | WEORS sgdr, f.ge T, (5.2)

As a consequence of the above integral representation one gets that closed ideals
of 7, Jr(a)(to‘) are characterized as those closed subspaces of .7 Jﬁa) (t%) which are
invariant under the action by convolution of kernels R*~!. Thus the family of Riesz
kernels plays a similar role to the one that the translation semigroup (& );~0, formed
by the Dirac masses on R*, has with respect to L! (R*). Recall also from Section
1.3 (Proposition 1.3.1) that the family I'(at 4 1)t~ *R*~!, > 0, is a summability
kernel for ﬂfa) (t%), that is,

lim D(o+ 1) @R wf=f, fe 790", (5.3)

t—0t

5.1 Duality and convolutions in the Sobolev algebras

We shall also need to consider duality in .7 (|¢|*) and .7, Jr(a) (t%), as well as its
relationship with convolution.

Recall that the dual Banach space .7, +(a) (t%)* of 7, +(a) (t%) is identified with
the set of almost everywhere defined functions ¢ : R* — C which satisfy 1~ %¢ €

L=(R"). The duality is implemented by the formula

Lo(f) = (Lo f) = [ TWef(e()dr, fe TV,
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forevery ¢ =Ly € 7, Jfoo (t*)*. Analogous facts hold about duality in T ((—=1)%)
and .7 (@ (|t|*) and functions ¢, now supported on R~ and R, respectively. See
Section 1.3 above for details and references.

The following result translates to our setting the well-known property that the
function ¢ x g lies in Cy[0, ) provided ¢ € Cp[0,) and g € L' (R*). It will be used

in the proof of Theorem 5.3.1 below.
Proposition 5.1.1. IfL, € ,%r(a)(t“)* is such that t~%¢ € Cp[0,00), then

limt * (Ly,RY '5g) =0

t—ro0
for every g € E%F(a) (t%).
Proof. Let ¢ be as above and let g € 7. +(a) (t*). Using the formula (1.8) and then
applying Fubini’s theorem, we obtain that

t*OC

I'a)

" rt<a>/ ) /,rﬂ(”“—S>°‘“ng<r>¢<s>dsdr

Ly, R* ' xg) =

/0[ /t rﬂ(“”_ ) W g(r)9(s)dsdr

l_l:((z)/ot/or(i’ﬁLl‘s)a—lw_gg(r)q)(s)dsdr

B rt(_(j) /,m /Ot(“r’ —5)* W (r)o(s)dsdr.

First, let us see that the first of the above four integrals tends to 0 as t — oo.

Since s~ %¢ € L*(R™), we have
r+t
= / (r+1—5)%"0(s)|ds < a 2% %|.r* (0<r<ri).
t

On the other hand, the change of variables s = (r+1)x gives us, for 0 < r <t
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and some C(r) > 0,

e [ = o < C0) sw ()00

t
rr =xsl

<C(r) sup ((r+0)x)"*|9((r+1)x)],

1<x<t
Moreover,

lim sup ((r+1)x)"%*o((r+1)x)|=0

1<
since s~ %¢ € Co(R™). The claim then follows from the dominated convergence
theorem (taking sequential limits 7, — o), since |W *g(r)|r® is integrable on R*.
For the second integral, it is straightforward to check that, as in the preceding

case, there exists some C > 0 for which
r+t
¢ / (r+t—5)"Yo(s)|ds < Cr* (r>1>0),

and from here it is clear that the second integral converges to 0 as f — oo.

Now note that the third and fourth integrals are bounded respectively by

F(OCCH)/O&"(OJ)(’”) (1= (145 weg () rar

and
e [l = W)
MNa+1) J: +
which in turn go clearly to 0 as t — co. The proof is over. O

Now, we introduce several convolutions relating functions and functionals of
the algebras er(a)(ta) and .7 (@ (|¢|*). Recall that er(a) (t*)* is becomes a Banach

T, Jfa) (t%)-module through the action of 7. +(a) (t%) on itself, so that

(L, f) = Lo o f, T\ (%) x 719 1% = 719 (1%)",
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where the module product e is defined by (Ly e f)(g) := Lo(f * g) for all g €
T (1),

This module product can be expressed in terms of Riesz kernels as follows:
Proposition 5.1.2. Forany Ly € 9+(a) (t*)*and f € 3+(a)(t“), we have
Loe f =Ly where y(t) := Lo(R* ' % f), t > 0.

Proof. Let v be as in the statement. By properties of the Riesz kernels pointed out
formerly, we obtain that 1~ *y € L*(R™") and therefore Ly, € .7 Jr(a) (t%)*. Moreover,
for every g € eﬁfa) (%),

Ly(g) =Ly (/0 Weg(r) R *fdt> =Lo(fx8) =Ly f(g),

where (5.2) has been used in the next-to-last equality. O

For a complex function F defined a. e. on R we put £ (x) = F(—x). Now, from
the distribution theory we borrow the convolution product of tempered distributions

and functions and define, for Ly, € 7®(|t|%)* and f € 7 (¥ (|t|%), the functional
Ly * f by

(Loxf)(8) :=Lo(fxg), g€ T ¥ (|t*).
Clearly, Ly * f € 7@ (|¢|*)* and the mapping f + Ly f, 7 9 (|t|*) — T @) (J¢|*)*
is linear and bounded. Also, it is readily seen that Ly * f = (Lg * f f); that is,

(Lo*f)(&) =Ls(f*8), g€ T W(t|%).

From here and (5.2) we get that
Lo f(g / We(s)Lg(R*S " * f)ds (5.4)

for every f € T (|t|%), Ly € T ®)(|t|*)* and g € T ¥ (|t|*)
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Definition 5.1.1. For f € 79 (|t|*) and Ly, € T ¥ (|t|*)*, we set
Lyof:=Ly_ and Lyof:=Ly,,

where Yy (s) := La(Rg;I #f), S ER, Yo 1= WX (_wo)y Vit i= WX[0,00)-

By the growth rate of y it follows that Ly o f and Ly © f are elements of
f_(a)( (—1)*)* and 7, Jfa) (t%)*, respectively. Moreover,

Loxf=Loof+Lyof in T (%),

sothat Lyo f = (Ly * f) ’gja)((,,)a) and Ly o f = (Lg * f) ‘Z(a)(’“)'
Thus we have that if f € yia)(t“) and Lg € ﬁéa) (t%)* then Lyo f and Lg ® f

are elements of 7% ((=1)*)* and 7, Jr(a) (t%)*, respectively, which are related by
L(Pof:LII], L?p'.f:LlT/
where y(s) := Lg(R*; '« f) for s < 0.

Proposition 5.1.3. For any sequences (f,)_, C 5+(a) (t%) and (Lg, )y-y € fia)(ta)*,

we have that
lim Lg o f, =0 ifand only if lim Ly, o f, =0.
n—yoo g n—oo
Proof. Forn €N, Ly, o f, = Ly, and Lg, e f, = Ly, where y,(s) := Lg(R% L f)
for s < 0, as in the remark prior to this proposition. Then, for any g € 7 (@) ((—1)%),
Ly, (g / W () y, (1) dt
= | W)Wl ds = [ W) ds = Ly, (0.

We conclude the argument by noticing that g € ﬂ,(a)((—t)“) if and only if g €
T (1), O
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5.2 Laplace transform of functionals

Recall that every element in .7 (%) (|t|%)* is a tempered distribution. In particular,
if we set e; := ™%, then the Laplace transform of a functional Ly € .7, Jfa) (r%)* is

given by
cza@x@::wag::Amwf@gaawayh:z%zxwx@,zeCﬂ

since e, € <7+(a) (1) whenever z € C* and WZ(e;) = z%, on R*. As a matter of fact,
Z(Lg) is analytic on C*. On the other hand, the Laplace transform of an element
Ly € ffa)((—t)“)* is well defined and analytic on C™ := {z € C: Rz < 0}. Now,

we have that W% (e,) = (—z)%e, for z € C™, so that
ZL(Ly)(z) =Lo(e:) = (—2)"Z(9)(2), z€ C".

Proposition 5.2.1. Let L, € 7, JF(OC)(tO‘)* such that £ (L,) extends continuously to
CtUU, where U is some open subset of iR. For any ¥ € .7 ®)([t|*) such that
F (¥) has compact support contained in —iU, we have that L, x%¥ € C*(R) N L*
with, in fact,

1

%mmzmAwmﬁmmﬂm@ww(»m

Proof. For every x > 0, let exL, denote the functional given by

<€pr,g> = <Lp7€xg> » 8 € y(a)(|t|a)

Let ¥ satisfy the assumptions of the proposition. Then ¥x h € .7(® (|¢|%) for

any h € .7(R), and F (¥ xh) = .7 (¥).Z (h) € L*(R) N L' (R) because .7 (\P) is of

compact support. We can then apply the Fourier inversion formula to get that

@en =5 [ FHOF@0)y 1>0),
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so that

= 1

T =g [ F ) F0) ) ay.

The last integral converges in .7, Jfa) (t%) since ey € T, +(a) (t%). Therefore,

(edptuh) = [ F@OOFWLplecs)dy

1

- 27C/Suppﬁ(\l’)gz(lp)<y)y(h)(_y)$(l’l7)<x+iy)dy'

Since Z(L,) is continuous on the subset isupp.# (¥) of iR, the dominated

convergence theorem applies and we get

lim e, Fxh) = 5 oy T OOIF RN Z (L) ()

On the other hand, lim, ,pe,g = g in yfa) (t%) for every g € er(a)(to‘) (see [GMR,
Lemma 3.6 (ii)]). Therefore,

lim (e.Ly, ¥ xh) = (Lp, Vs h).
Applying Fubini’s theorem, we finally obtain that

(Lp+W,h) = /R (;ﬂ /suppy(\y)9(‘1‘)(y)$(Lp)(iy)eiytdy> h(r) dt

for all h € .(R). Then the statement follows automatically. O

Remark 5.2.1. An analogous statement to the one of the above proposition holds
for elements L, € 7 ((—1)*)* whose Laplace transform extends continuously to

C uU.
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Proposition 5.2.2. Let U be an open subset of iR. Let Ly, € 9_(a)((—t)“)* and
Ly, € .7, Jfa) (t%)* be such that £ (Lp,) and £ (Ly,) have continuous extensions to

C~UU and C*UU, respectively, and verify £ (Ly,) |v= —Z(Ly,) |u. Then,
(Lpl +Lp2)*l}l = ()7
for every ¥ € T (®)(|t|*) such that supp.F (¥) C —iU.

Proof. Take ¢ € . (R) such that its Fourier transform has compact support in R
and [ ¢ = 1. Then the family ¢, :=n@(n-), n € N, is a bounded approximate
identity in .7(®)(|¢|*) (the proof of this fact is similar to the one given in [GM,
Theorem 1.11(ii)]). Hence ¥ = lim,,_,o. ¥ * @, in .7 (®)(|¢|*) in particular.

Now, .Z (¥ ¢,) is a compact subset of .# (W), so it is a compact subset of —iU.
By Proposition 5.2.1, (Lp, 4Ly, ) * (¥ * ¢,) = 0 for all n. Then, as n — oo, the weak*
continuity in (.7 (¥ (|¢|*))* implies that (L, +Lp,) ¥ = 0. O

5.3 Bounded homomorphisms from .7 Jﬁa) (t%) and functions

of spectral synthesis

For any element f € L%r(a) (t%), let o(f) denote its spectrum in z%fa) (t%). Let u be

the function e; in %r(a) (t%). The spectrum of u is o(u) = {(1+z)~':z€ CT} U

{0}, and its n-th convolution product is ™ (1) = @ jl)!t”_le_’ (t > 0). Itis shown in

[GMR1, Prop. 1.1] that 9+(a) (1%) is polynomially generated by u; that is, 9+(a) (t%) =

span{u :n € N},

Let ®B be a Banach algebra with a unit e and let  be a bounded algebra homo-
morphism 7: 9+(a) (t%) @ Cdp — B such that () = e, where & is the Dirac mass
at the origin. Let .o/ be the closure of the image 7 (.7, Jr(a)(t“)) in B. We denote by
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7* the adjoint mapping of 7: ﬂia) (t%) — 2, so that 7* : &7* — E%F(a)(t“)*, and by
o(n(u)) = 6%(717(u)) the spectrum of n(u) in ‘B.

Set Zi(m) :=={z€C: (z+1)"' € o(n(u))} and denote by Z(r) the comple-
ment of the connected component of C\Z; (71') which contains C~. Notice that Z(x)

is well-defined since Z;(7) C CT.
Proposition 5.3.1. Under the above assumptions and notations, the following holds:
(i) (e—(z+1)7m(u))~' € o ®Ceforall z € C\Z(r).
(ii) Let Lg:= n*(T) where T € </*. Then the mapping
2 (T, m(u)(e— (z+ V)x(u)) "), C\Z(n) - C (5.5)

is an analytic extension of £ (Ly) to C\ Z(x), which we continue denoting
by Z(Ly).

Proof. () Put A = A(z) := (z+1)~!. Clearly, if 7€ C\ Z(x) then A € C\ o (7(u)).
Moreover, {—1} C C~ C C\ Z(x) and therefore A(C\ Z(x)) is contained in the un-
bounded connected component of C\ o (7(u)). Since the boundary of Gyec.(7(u))
is included in the boundary of o(7(u)) we obtain that A (C\ Z(x)) C C\ cyace(m(u)),
as claimed.

(ii) Let z € C~ := {w € C: Rw < 0}. Since (z+1)"! ¢ o(u), we have that
8 — (z-+ Du is invertible in 7% (1%) & C&. Indeed, if Ve ((z+ 1)u) < 1 then

(&Gt =8+ Y 1) u™,
n=1

so that

u*(50—(z+1)u)’l(x):e’x+2(z+1)” = ™.
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Now, let T € o/* and set Lg = n*(T). Since Ly € ﬂ_(a)((—t)“)*, the Laplace

transform of Ly, is well-defined and it is analytic on C™~. Moreover,

9 = [ weeawemar = [TWEe ) 0)9l)ds = Lyle )

for any z € C. In particular, if |z+ 1| < vg () ™! we have

:<7t*(T),u*(60—(z—|—l)u)_l>
= (T, w(ux (8 — (z+ Du) ")) =(T,w(u)(e — (z+ )m(u))").

By the identity principle for analytic functions, the above equality holds on the

whole left half-plane C~. Now, observe that the mapping
2 (T, w(u)(e— (z+ )m(u)) "), C\Z(n) - C
is analytic, so it is an analytic extension of .Z(Ly) to C\ Z(). O

A first consequence of the proposition is an analytic extension result for the

Laplace transform linked to 7 and the product o.

Corollary 5.3.1. If Ly = 7n*(T) € n*(/*) then £ (Lgy o f) extends to an analytic
Sfunction on C\ Z(r) for every f € ﬂia)(t“). In particular, for z € Ct\ Z(7) we
have
L(Lpo f)(z) = (T, x(f)m(u)(e— (z+ )m(u))").
Proof. Let L = n*(T) for some T € &7*. Recall that Ly o f = Ly, with y(s) :=
Li(R*; "+ f), s € R (see Definition 5.1.1). Next, we show that Ly e (a/™):
For every g € (%fa) (1%),

/ Wi¥g(t)Lg(RY™ L% f) dt=Lg (/Owag(t)Rf“l *fdt> =Lg(g*f)
=(n*(T), g+ f) =(T,7(g)7(f))-
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Let Tn(f) denote the element of o7* defined by (T'w(f),a) = (T,an(f)) for all

a € /. Then one has that

Ly (¢) = (T.m(g)n(f)) = (Tx(f),7(g)) = (" (T7(f))8)

and therefore LW~, =" (Tn(f)) € n*(</*) as claimed.

The statement follows now from Proposition 5.3.1. In addition, we have that
Z(Loo f)(2) = (T, m(f)m(u) (e~ (z+ D)m(u))~")
if z is taken in CT\ Z(m). O

Now we relate the products o and ¢ for functionals associated with the homo-

morphism 7. The result extends [ESZ, Proposition 2.5].
Corollary 5.3.2. For every Lg € n* (/") and f € ng(a) (t%),
L(Lgof)+ZL(Lpof)=ZL(Ly) Z(f) inC"\Z(m). (5.6)

Proof. Let Lg € n*(«/*) and z € C* \ Z(x) be fixed. By Proposition 5.3.1 and
Corollary 5.3.1, the mapping P : ﬂia) (t*) — C given for each f € yfa)(t“) by

D(f) =L (Lo f)(2) +ZL (Lo [)(2) = Z(Le)(2)Z(f)(2)

is well-defined and linear. Furthermore, it is continuous. To prove that we note
firstly that f — Z(f)(z) is clearly continuous. Secondly, recall that Ly o f = Ly, €
ﬂJr(a) (1%)* with y(s) = Ls(R* " * f), s € R. Hence,

L (Lo o f)(2)] = Ly, (€:)] < \ZI“/O e M LR % f)| dt

< Cval )Rl [ 1% dr = Claval).
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Finally, by Corollary 5.3.1 we have that

L(Lpo f)(z) =(T,n(f)m(u)(e— (z+ 1)m(u)) ")

for all z € C*\ Z(m). Thus |-Z(Ly o f)(2)] < C'(2)Va(f). In conclusion, & is
bounded on ﬂfa) (1%).

Now we want to prove that @ = 0. Clearly, it will be enough to show that &
vanishes on C*(R*). So take f € C°(R*). Then we have that Ly x f € C)(R) and
supp(Lg * f) C supp(Lg) + supp(f) C (—oo,a] where a := sup(supp(f)) > 0 [Ru,
Th. 6.30 b) and Th. 6.37 b)]. Hence, .Z(Ly * f) exists and it is analytic at least
on C™. Moreover, .Z(Ly * f) = £ (Ly)-Z(f) on C~, where all factors have sense
simultaneously. On the other hand, we have by definition that Ly * f = Ly o f + Ly ¢
f, where Lyo f and Ly o f are supported on (—oo,0] and [0, ), respectively. Since
supp(Le * f) C (—oe,al, it follows that supp(Ly ¢ f) C [0,a], so that its Laplace
transform is an entire function. Therefore, (Lo * ) = £ (Lyo f) +.Z(Lyo f) on
C~. Then, Z(Lyof)+ L (Loof) =L (Lyp)Z(f) on C™. Indeed, this equality
holds on C\ Z(x) by the identity theorem for analytic functions. This concludes the

proof. O

Next, we give the key result on functions in .7, Jfa) (t*) € T ([t|*) which are
of spectral synthesis with respect to (—iZ(m)) NR. Such a result is in the spirit of
[ESZ, Théoreme 2.7].

Theorem 5.3.1. Let (T,)nen be a bounded sequence in </ and denote Lg =
' (T,), neN. If fe T, Jr(a) (t%) is a function of spectral synthesis with respect

to (—iZ(mw))NR then

n—soo 't

lim t_aL% o (Rg_1 xg)of=0,
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in the weak* topology of 7_(a)((—t)‘x)*, for every g € 9&0 (t%) and (t,)neny C RT

such that limy,_ye. t;, = 0.

Proof. Forg e fﬁr(a) (t%) and (t,) as above, set g, :=1, *R* ' x g (n € N). Note that
Va(gn) < Cvg(g) for all n. We want to prove that lim, . Ly, © g, © f = 0 weakly*
in 719 ((—)%)*.

The fact that (7;,),en is uniformly bounded implies that the sequences (Lg, © gn)
and (Lg, ©g,) are uniformly bounded in T ((—=1)*)* and 7, Jr(a) (1%)*, respectively.

Indeed, for all n,
Lo, 0 &nlls ILg, ©gnll < Csup |7 (T5)[|Va(g)-
n

Also, since 7% ((=1)%) and 7, JS(X) (t*) are separable Banach spaces their bounded
subsets are weak™ metrizable and then by the Banach-Alaouglu theorem there exist

(taking subsequences if necessary) the two weak™ limits

lim Ly, 0 g = Lp, € 7% ((=1)*)" (5.7)
and
lim Ly, o g =: Lp, € 717 (1%)" (5.8)

On the other hand, the family (.Z’(Lg, ©g,)) is a normal family of analytic func-
tions in C\Z(x): By Proposition 5.3.1, (L, © gn)(z) extends holomorphically to
z€ C\Z(m) as

2 (Lg, 0 8n)(2) := (T w(gn)w(u) (e — (z+ 1m(u)) ")

Since the sequences (7,,) and (v4(g,)) are uniformly bounded and the mapping

7€ CN\Z(n) = w(u)(e — (z+ 1)m(u))~! € & is analytic in C\Z(7), we have that
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(Z(Lg, 0gn)) is uniformly bounded on compact subsets of C\Z(x) as well. In other
words, (.Z(Lg, © gx)) is a normal family on C\Z(rx).
Therefore, by the Montel theorem we can assume (by passing to a subsequence

if necessary) that there exists an analytic function H in C\Z(x) such that

lim .Z(Lgy,08,) =H (5.9

n—oo
uniformly on compact subsets of sets of C\Z(m). Also, it is readily seen that
(Z(Lg, © gn))nen converges to an analytic function on C* uniformly on compact
subsets.

Now, we are going to prove that lim,_,..-Z(g,)(z) = 0 for any z € C*. Note

that
Z(e)@) = [ a0 di= [ Wi, (D (e (1)

for every z € C*, where

D) (1) = — )/Ot(t—s)alez(s)ds,t>0.

o)
Thent=*D~%(e;) € Cy([0,0) and so lim,, .- Z(g,)(z) =0 (z € C"), by Proposition
5.1.1.

Applying formula (5.6) to @, and g,, and then using (5.9) and (5.8), we obtain

n—yoo n—yo

in C™\Z(7). Hence, the function given by

H(z), if zeC\Z(rm);
F(z) =
—Z(Lp,)(z), if zeC*

is well-defined and analytic on C\ (Z(7) NiR). In addition, F |c-= .Z(L,,) by (5.7)
and (5.9), and also F |¢c+= —Z (L, ).
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Denote U := iR\ (Z(m) NiR). Recall that f is assumed to be a function of spec-
tral synthesis with respect to (—iZ(7r)) NR. Thus there exists a sequence ( f;)nen €
T @) (|t]*) such that supp.Z f, € —iU and lim, e Vo (f — f,) = 0. Clearly,

,}i_{{}o(Lpl +Lp,) * fu = (Lp, +Lp,) * f

in the weak* topology of .7 (®)(|t|*)*. On the other hand, .#(L,,) can be conti-
nuously extended to U as H, and so we get that £ (L) |y:= —Z(Lp,) |u. Then,
by Proposition 5.2.2 we have that (L, +Lp,) * f, = 0 for every n € N . Therefore,
(Lp, +Lp,) * f =01in T (|¢|*)*. In particular, if h € ﬂfa)((—t)“) then

(LPI *f)(h) = _(Lpz*f)(h) = _Lpz(f*l’l) =0

since supp(Lp,) C [0,o0) and supp(f k) C (—o,0]. In other words, Ly, o f = 0.

In conclusion, we have proved that any weak™ cluster point of the sequence
(Lg, ©8no f)nen is 0. This implies (recall again the Banach-Alaouglu theorem and
the metrizability of bounded weak* subsets of gfa)((—t)a)*) that lim, .7, L, ©

(R*xg)o f =0, as we wanted to show. O

5.4 Katznelson-Tzafriri theorem for integrated semigroups

On the base of what has been established in previous sections, we go on to prove
the main result of the paper (Theorem 5.0.1).

Recall that we have defined a Cy-semigroup as an ¢¢-times integrated semigroup
on X such that

limC(o+ 1)t *Ty(H)x=x (x€X).
t—0

In Proposition 1.3.2, we have proved that Cy-semigroups on X of growth ¢t

are in a one-to-one correspondence with bounded Banach algebra homomorphisms
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Ty L%fa) (t%) — A(X) for which na(L%fa) (t%))X is dense in X. In particular,
if (To(t))i>0 is a Cy-semigroup on X such that sup,. ot~ %||Ty(f)|| < co then the
bounded homomorphism 7y : 7, Jfa) (t%) — A(X) given by the formula in (1.10) is
such that 7y (7, Jfa) (t%))X is dense in X. Conversely, for every bounded homomor-
phism 7y : ffa) (t%) — Z(X) such that xa(ﬂfx) (t%))X is dense in X, the family
defined by

To(t)x = Ta(RE " 52y, (x=ma(g)y € 7\ (1%):1>0),

is a Cy-semigroup on X verifying sup,. ot~ %||Tx(t)|| < oo whose associated homo-
morphism defined by formula (1.10) is 7.
Next, we give the proof of Theorem 5.0.1. Let us point out first the following

lemma:

Lemma 5.4.1. Let A be the generator of a sub-homogeneous ¢-times integrated

semigroup Ty (t). Let Ty be defined as in (1.10). Then, —iZ(my) "R =ic(A)NR.
Proof. Set B:= —A and D(B) for the domain of B. Note that

B4+1) " = /Ome*fra(t)dt — 7o (u) € B(X).

In particular, X = (B+1)D(B). These facts imply that
[I—(z+ 1) (u)]X = (B—2zI)D(B)
forevery z € C. As aresult, Z; (7, ) = 0(B). Therefore, Z(7y) NiR = Z; (74) NiR =

—6(A) NiR. O

Proof of Theorem 5.0.1. Let f € .7, fa) (t*) be a function of spectral synthesis with

respect to the subset ic(A) N R. Since Ty (t) = 1o (R*™!), we have to prove that
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lim; o0 7o (£ *R* ' % f) = 0 in norm. Take g € g%fa) (t%) and (f,)peny € RT be
such that lim,,_,..t, = 0. Put g, := tn_"‘Rgf_l xg,ncN. Forh e ﬂla) (t%), by the
Hahn-Banach theorem there exists a sequence (7;,),eny € /* such that ||T,|| = 1,
and

Hna(h*f*gn)n = <Tn,7fa(h*f*gn)>, for all n.

Hence, if Lg, := w,(T,), we have that

|7 (hox fxgn)ll = <L¢n °g, 0f,h>, for all n.

By Proposition 5.1.3 one has that lim, . L, ® %, e f = 0 weakly* in 7*)(:%) if
and only if lim, e, Ly, 0 gn 0 f = 0 weakly* in T ((—1)*)*. The latter limit holds
as a consequence of Theorem 5.3.1, since f is of spectral synthesis with respect to

i6(A) NR = —iZ(my) NR. Therefore
lim 1, %|| 7o (R % fx g+ h)|| = lim || o (h* fxg,)|| =0,
n—oo n n—oo
that is,
lim 1, || a(12)%a (£ + F) | = 0 for every F T (%),
n—yoo
since .7, Jr(a) (t%) factorizes and Ty (t,) = 7o (R? ). Finally, letting F running over a

a bounded approximate identity family in .7, +(a) (t%), we get the desired result:

lim £, %(| 7o (1) 700, (f)]| = 0.

n—oo

O

Remark 5.4.1. There are proofs of the Esterle-Strouse-Vii-Zouakia theorem on the
basis of the Ingham’s tauberian theorem or using the notion of complete trajectories,

see [CT, pp. 84, 85]. We wonder if such arguments admit analogues, in the setting
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of integrated semigroups, which could be fruitfully employed to give alternative

proofs of Theorem 5.0.1.

The Esterle-Strouse-Zouakia and Vii’s theorem can be regarded as a result on
stability of orbits T (-)x, for x € Im 7o (f) and appropriate f in L!(R™). Further, it is
proven in [ESZ] that the aforementioned theorem implies (in a certainly non-trivial
way) the Arendt-Batty-Lyubich-Vii stability theorem.

Here, we do not deal with stability of integrated semigroups. Instead, we con-
sider another type of asymptotic behaviour (which is of clear ergodic nature when
the integrated semigroup 7 () comes from a Cy-semigroup 7'(¢) as given by Ty (¢) =

T(a)~! [t — )% 1T(s) ds).

Definition 5.4.1. Given an a-times integrated semigroup (To(t))i>0 on X, we call

an orbit Ty (+)x (x € X) o(t%) -ergodic if
lim 1| Ty (1)x]) = 0.
We say that (Ty(t)):>0 is 0(t%) - ergodic if To/(-)x is 0(t%) - ergodic for every x € X.

Proposition 5.4.1. Let Ty (1), A and 7y be under the assumptions of Theorem 5.0.1.
Let p(A) be the resolvent set of A. If 6(A) NiR = 0 then

lim =% || Ty(1)(A —A)"'[| =0 VA € p(A).
—»00
In consequence, (Ty(t))i>0 is o(t%) - ergodic; that is,

lim: %||Ty(t)x]| =0 VxeX.

t—roo

Proof. Take A with RA > 0, so that A € p(A) in particular. Recall that the function

er(t) =e M (t>0)is in %r(a) (t*) with W¥e; = A%e; (see Section 4, prior to
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Proposition 5.2.1). Hence, for x € X,
(A—A) x= / (Woe; ) (1) T (1)t = ma (e )x.
0

Notice now that every function in .7, +(a) (t%), so ey, is of spectral synthesis for the

empty set. Hence, by Theorem 5.0.1, one gets

lim =%\ T (1) (2 = A) ™| = lim 1= T (1) T (e) | = 0.

t—o0

For arbitrary p in p(A) it is enough to apply the resolvent identity for y and A
with RA > 0 to obtain lim, et~ %|| T (t) (n —A) 71| = 0.
Finally, the o(r%*)-ergodicity of Ty/(¢) follows by factorising

x=(u—A)"(L—-A)x

if x belongs to the domain D(A) of A, and then for arbitrary x € X by the density of
D(A) in X and the uniform boundedness of = *T(t). O

Remark 5.4.2. (1) The assumption 6 (A) NiR = @ implies that 0 € p(A) and there-

fore we obtain from the above proposition that

lim¢™ || T, (H)A™"|| = 0.

t—oo

This extends [V, Corollary 3.3].
(2) For a bounded Cy-semigroup 7'(r) the necessary property given in the first

part of Proposition 5.4.1 is in fact an equivalence:
lim (= |Ta(t)(A—A)"'||=0 VA€p(A) & o(A)NiR =0

see [N, Cor. 5.2.6]. Thus we wonder if this equivalence also holds for integrated

semigroups. One of the ingredients to prove the above result is that if f € L' (R")
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is such that lim, . ||7'(¢)mo(f)|| = O then its Fourier transform .% (f) vanishes on
o(A) NiR. Unfortunately, the argument used in [N, Th. 5.2.6] to show this property
of .Z(f) does not work for integrated semigroups. The reason is that in the latter
case one cannot appeal to translations & * f in .7 Jr(a)(t“). The natural substitute in
T, Jfa) (t%) for & is the family of Riesz kernels R*~!, but then by taking convolutions
R%~1x f one gets that the lower bound obtained for semigroups in [N, Th. 5.2.6]
fails for integrated semigroups.

(3) An alternative way to show the o(t%)-ergodicity of T(¢) in Proposition 5.4.1
relies on the idea employed in [ESZ] to prove the Arendt-Batty-Lyubich-V1ii stability
theorem from [ESZ, Théoreme 3.4].

Let G be the set formed by all functions f € 7, Jfa) (t*) which are of spectral
synthesis with respect to io(A) NR. By Theorem 5.0.1 it follows that the subset ¥
of X given by

Y i={na(f)x: feS,xeX}, (5.10)

defines a family of o(t%) - ergodic orbits of a Cy-semigroup (7y(f)),>0. Trivially, if
the set Y is dense in X then the integrated semigroup is o(t%) - ergodic. From this
observation, and since the empty set is of spectral synthesis, using Proposition 1.3.2
and the Cohen’s factorization theorem we obtain that lim; .z~ %|| Ty (¢)x|| = O for
every x € X, whenever 6(A) NiR = 0.

(Note that if one assumes additionally that the integrated semigroup Ty (t) is

Lipschitz continuous then that conclusion follows automatically by [Me, Th. 2.4].)



Chapter 6

Weak spectral synthesis and

ergodicity of semigroups

One of the purposes of the present chapter is to show that, at least in some cases,
the argument considered in [ESZ] to deduce the Arendt-Batty-Lyubich-Vi theorem

works (partially) for integrated semigroups. More precisely, we prove that
7,(S,)X is dense in X, 6.1)

which, by applying Theorem 5.0.1 (p. 103), gives lim;_,o.? "*T,,(t)x = O for every
x € X. The proof in [ESZ] appeals to the Hahn-Banach theorem and methods of
harmonic analysis, and relies on the fact that countable sets in R are sets of spectral
synthesis for L!(R). Thus, we first need to analyse the type of spectral synthesis
properties that the algebra .7 ") (|¢|") enjoys, and related items.

The organization of the chapter is as follows. In Section 6.1 we collect some
specific lemmata on convolution and derivations of Fourier transforms which will be

needed in subsequents sections. In Section 6.2, we study primary ideals and (weak)

125
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spectral synthesis properties of the algebra .7 ") (|¢|"). In contrast with the L'-case,
not even points in R are of spectral synthesis in .7 ") (|¢|") for n > 1, with the only
exception of t = 0. This is proved in Theorem 6.2.1 together with a characterization
of the primary closed ideals of 7 ") (|¢|"). In particular, we prove that a function f €
T (|t]") is of spectral synthesis in .7 ") (|¢|") with respect to a countable subset
S of R if x/.Z f()(x) = 0 for every x € S and 0 < j < n. This implies a sort of
weak spectral synthesis in the algebra .7 ") (|¢|") for closed countable subsets, see
Theorem 6.2.2. In Section 6.3 we apply these results to the asymptotic behavior of
(integrated) semigroups, and prove the density result (6.1) and its consequences, see

Theorem 6.3.2 and Theorem 6.3.3.

6.1 Derivatives, convolution and Fourier transform

Lemma 6.1.1. Forge (R),neNandk=0,...,n,
ko 7k k! .
(i) (Fg) P (x) =} <]> 3 F g (x), xeR. (6.2)
Jj=0 :

Proof. Letk=1,...,n. Using integration by parts k times and the Leibniz’s deriva-

tion rule we get, for x € R,

(M F "W = @) [ ()0 T

-
=

=

Il
~
Nagle
VRN C—\
~_
I
2 8
N
\j
=
Jd

~.

)g(]) (t)e*iXt dt

>
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\
N
—
=
OQ/\
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N
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o
o

Il
™~

1
(=)
~.

as we wanted to show. O
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Let 2(0,00) denote the space of test functions with compact support in (0, o).
The following lemma is part of folklore. We include a proof for the sake of com-
pleteness, since it will be significantly used in Section 6.2 (Proposition 6.2.2) and

Section 6.3.

Lemma 6.1.2. Let n and N be nonnegative integers. For a,, € R, m=0,1,...,N,
andcj, € C, j=0,1....,N, there exist functions uj € (0,0), j=0,1,...,N, such
that

(Zuj)®(an) = 8jmejx  (jm=0,1,....mk=0,1,...,n).

Proof. For 0 < j <N and 0 < k < n define the distribution ®j; € Z'(0,) by
@iufu) =) = (-0 [l 0y, we 7(0,e0)

The above family ®j; is linearly independt: If for some dj; € R one has 0 =

Yk dix®ji(u) for all u € 2(0,00) then

n N
0=Y (=i)fdpy'e ™ =Y (Z djké"””’”) (=),
Jj:k 0 \j=0

k=

for all m =0,1,...,N and every y > 0. Dividing by y" in the above equality one

obtains that
N

lim die ' =0.
—> o0 J

Since ley:o d j,,e_ia'"y is almost periodic it follows that d;, = 0 for all j =0,1,...,N.
Now, by recurrence on k from k = n to k = 0 one ends finding that ¢, = 0 for all
j=0,1,...,Nand k=0,1,...,n.

Hence Fj := span{®,,; : (m,l) # (j,k)} is a finite-dimensional subspace of

2'(0,00) and P j; does not belong to Fj;. By Hahn-Banach theorem there is v €
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2'(0,00)" = 2(0,00), since (0, o) is reflexive, such that ., (v jx) = (v, Pmi) =0,
ifj 75 m or k;é l, and <I>jk(vjk) = <ij7cbjk> =1.
Forevery j=0,1,...,N,putu;:=Y; ycjvj. Then,

n

wj(@p) =Y civil(@p) = cipvix (@) = cjk,

1=0
whereas
n
uj(Ppic) = Zcﬂvﬂ(cbmk) =0ifm# j, for every k,0 <k <n.
1=0
It follows that (Fu;)® (a,,) = 8;mcx as required. O

Lemma 6.1.3. Given ag,ay,...,sy € Rand cj € C for j =0,1,....N and k =

0,1,...,n there exists u € 9'(0,00) such that
(Zu)®(a)=ci, (0<j<N;0<k<n).

Proof. 1t suffices to take u := ug +u; + - - - +uy with ug, uy, ..., uy the functions in

the statement of Lemma 6.1.2. O]

Lemma 6.1.4. Let f be a complex function on R such that t*f € L'(R) for k =

0,1,...,n. Then, forevery g € .,

n

A(Feg) =Y (J) (71 xtTgn). 63)

j=0

Proof. This is straightforward. For f and g as in the statement, and t € R,
1"(f &)™ (1) = 1"(f+g")(1) = / (t—s+5)"f(t—s5)g" (s)ds
=¥ (1) [y g syas
i J

as we wanted to show. O
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Leth € L'(R) and put /1 (x) := ph(px), a.e. x € R, p > 0. It is well known that,
for every g € L'(R),

|hp g — Fh(0)g||1 — 0, as p — oo. (6.4)

See [RS, p. 8] for details. Notice that (hp)p~0 is a summability kernel in L' (R) if
Zh(0) = 1. In order to study primary ideals in .7 ") (|t|*) we need a version of the

above convergence for derivatives of functions.

Lemma 6.1.5. Let h be a locally integrable function on R with compact support

and let g € ./ (R). Then
mo_ )N . .
i3 9 (#0000 = 0p "), asp e, 69
j=0
for every m € NU{0}.

oo

Proof. For p >0and 0 < j <m, (Fh)V)(0) = (—i)/p/ / ¥/ hp(y)dy. Then, for

—oo

xeR,

R(x,p) == (hp xg)(x) — i)pf (_j.f) (1) 9(0)gV) (x)
= !

oo m () X .
= [ 1o <g<x—y>— y & ><—y>f> dy

m o) (x
— [ <g<x—r/p>—2g ®)
supp(h)

a0

<—r/p>f> di

1

- . m (m+1)
- (m+1)!/supp(h)h(t)( 1/p)" g (G

where we have applied the Taylor formula with Lagrange remainder, so that &,
inside the last integral is a point between x —¢/p and x.

Since h has compact support, one can choose p > 0 large enough so that &, €
(x—1,x+1) for all x € R and ¢ € supp(h). Moreover, as g € .(R) there is a
constant C such that [g" D (&) < C(1+&2,) L.
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Hence, for all p > 0,

C
mHR(, <</ h(t t’”“a’t)
P IR( P)\|L1_(m+1)! Supp(h)\ (©)]1z]

*  dx ! C(n+2)
2 _— =—F|h mi1y.
X< /1 1+\x—1|2+/1dx> (m—l—l)!” gy

This proves (6.5). ]

6.2 Weak spectral synthesis in Sobolev algebras

Recall from Chapter 1 that the character space of .7 ") (|t|") is isomorphic to R and
its Gelfand transform is equal to the Fourier transform .%. Moreover, .7 ") (|¢|") is
regular on R since it contains the test functions. See Chapter 1

Next, we study the range space of .% on .7 (|¢|"). Let C(()n) (x") denote the
space formed by the continuous functions ¢: R — C such that, for every k =

0,1...n:

(i) There exists the k-th derivative ¥ on R\ {0}.
(ii) The function ®;: x — x*@*)(x) belongs to Cy(R).
(iii) ®(0)=0fork=1,...,n.

It is readily seen that C(g") (x") is a Banach algebra endowed with pointwise mul-
tiplication and norm || - ||, () given by
19l = X 0¥, g€ G (R)
k=0
Proposition 6.2.1. For every f € 7" (|t|"), we have F (f) € C(()n) (x") and then the
Fourier transform 7 : T ([t|") — C(()n) (x") is a bounded Banach algebra homo-

morphism.
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Proof. Obviously, . ¢ € C(()"> (x") for every ¢ € .7 (R). Moreover, for ¢ € . (R),

and 0 < j < n there is a constant C;

1Z (1 0) |l < 1701 = |10y < Cill@ll1.n

where the last inequality reflects the continuous inclusion .7 ") ([¢|*) < .7 U)(|¢]/).
Thus, for some constant C, we get [|.7 @]« () < C||@||1 sy by (6.2). Then the result
follows by density of .7 (R) in .7 ") ([¢|"). O

Remark 6.2.1. Since the norm in C(gn) (x") implies pointwise convergence of all the

weighted derivatives and .7 (R) is dense in .7 ") (|¢]"), the equality (6.2) in Lemma
6.1.1 holds for functions f in .7 ") ([t|*) as well. Also, it is readily seen that the
coefficient matrix implicit in the system of n+ 1 equations defined by (6.2) is self-
invertible, so that we get the reverse equality

k

F (1 Z()ﬂ FHV(x), xeR,

forevery f € W (|t|") and k=0,1,...,n

Now, let S be a closed subset of R. Notice that a function f € .7 (|¢|") is of
spectral synthesis for S if there is a sequence (7;)7_, in 7 (|¢|"), with 7, =1 on
Uy, such that limy_,.. f * 7 = 0 in 7" (|¢]"). Also, the spectral synthesis property

of S can be rewritten in term of ideals. Set
Mi(S):={f e ZD (") : @;(x) ==/ (F )V (x) =0 (x € 5;0 < j <k)}
fork=0,...,n; M(S) := My(S), and

J(S):={f e Z"(t|") : Zf =0 on aneighborhood of S}.
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Then the closed subset S of R is of spectral synthesis if and only if J(S) is dense
in M(S). For singletons S = {a}, a € R, we put My(a) = My({a}), if 0 <k <mn,
and J(a) = J({a}). Note that My(0) = M(0) = M,(0) for 0 < k < n since .7 f €
C(()") (x"). We will show that J(a) = M,,(a) for every a € R. In the case when a = 0,
one gets that {0} is a set of spectral synthesis for the Sobolev algebra 7 ) (|¢|"). To

see this, we first give a density result of functions of compact support.

Proposition 6.2.2. In the above setting,
M, (a)N 2 is dense in My (a) for all a € R.

Proof. Assume a# 0. Let f € M, (a) and € > 0. Take h € & such that || f —hl[; () <
€. By Lemma 6.1.2, there are functions uy, . ..u, € & such that (ﬂuj)(k) (a) = 0jx,
Jk=0,1...,n. Take g:=h—Y"_o(Fh)V(a)u; in 9. Clearly, (Fg)®(a) =0
(k=0...n),and so g € M,(a) N Z. On the other hand,
@/ (Z ) (a)| = |o/ Z (f =)D (a)| < ¥ F (f = h)D .o
< NF (= )lloo,n) < [1f = All1,n)

where the last inequality is Proposition 6.2.1. Hence,

n

1f =&l < I = Al gy + X 1(F ) @)1,
Jj=0

n
<1+ Y a7 |lujlhm)e.
j=0
This proves the proposition for a # 0. The case a = 0 is similar and easier. 0
We now proceed to describe the closed primary ideals of .7 (|¢|").

Theorem 6.2.1. For every a € R,
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Proof. Leta € R,a#0, and let f € ZNM,(a). Take T € .(R) such that Z 7 =1
on a fixed neighborhood of 0. Let e,,E, p denote the functions given by e, (x) :=
€ Eqp(x) :=e_q(x)71/p (x), x € R, respectively, where p > 0. Clearly, .7 (E, ) =
F1(-—a),s0 F(E.p) =1 in a neighborhood %, of a.
Claim:
If *Eaplli,m)— 0, as p — oo. (6.6)

If the above assertion holds then f — f* E,, tends to f in 7" ([t|") and its
Fourier transform vanishes on %), so (ii) is true for functions in 2 "M, (a). Since
P N Mjy(a) is dense in M, (a) by Proposition 6.2.2, we have done. Thus let us prove
the claim.

The following elementary equality will be used later on: For every nonnegative
integers p,m

F(eat” )"(0) = i (F f) ") (a). (6.7)

We have || f * Eqplli ) = |€"(f % Eqp)™||,1, and by formula (6.3) in Lemma

6.1.4

(f 5 Eap)® = Y <”> ("I f I E),

=0 \J

so we must show that
Jim 1" fx/ES =0 (0< j<n). (6.8)
Thus let j be fixed such that j € {0,1,...,n}. Then
n
(I fRES = > ( ) kI K (et f)p x (1170). (6.9)

For 0 < k < n such that k > j, we use the estimate

P I eat™ £ (12O |y < 7M1 L 6 2O
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whence

lim p/ || (et f)p % (/TW)|| 1 = 0, if k > J. (6.10)

p—reo

For 0 < k <n such that k < j, we apply (6.7) so that
F(eat" )" (0) = " (F )T (@) =0

foreverym=0,1...,j—k,since0<n—j+m<n—k<nand f € M,(a). Then,

by (6.5) in Lemma 6.1.5, for some constant C
pj_kH(eat"_jf)p * (fjf(k))HLn < Cplikp itk — cp-l
and therefore

lim p/ || (eat™ 7 f)p * (70| 1 = 0, if k < j. (6.11)

p—reo
Now, (6.9) (6.10) and (6.11) implies (6.8). Thus the claim (6.6) follows and we

have completed the proof for a # 0. The case a = 0 is simpler and it is left to the

reader. OJ

Theorem 6.2.2. For every countable subset S of R,

T(S) = M, (S).

Proof. The argument is an adaptation of [RS, Th. 2.5.9(iii)] to our setting. Let f be
in M,(S). Since the Sobolev algebra .7 ") (|¢|") possesses (bounded) approximate
identities formed by functions whose Fourier transforms are of compact support,
one can assume without loss of generality that supp.# f is compact.

Let enumerate the elements of S, say S = {a,, :m=1,2,...}. Forevery m € N

let u,, be the measure given by

;um = 80 - Eam,p,,,v



Weak spectral synthesis in Sobolev algebras 135

where p,, is to be chosen later, in the notation of the proof of Theorem 6.2.1. For

all m € N, one has f* u,, € (R) and .# 1, = 0 on the open interval %, := (a, —

pr;17am_pn;1)'

Take now € > 0. By (6.6),
If = fx i < €/2

for p; large enough. Since f x Uy € M,(az), by (6.6) again there exists p, > p; big
enough such that

1f 5 1 — f o = |y () < €/2°

In fact, using induction, we find a sequence (py);_, such that for every k =1,2,...,

1 sy o g — o ok ok e [y gy < €/2°7
Therefore, for every m € N,

[f = fx sk |1 ()
<|f = f*ullim
A [ e e — o gk gk e [
m—1
<e) %:e(l—zim).
=0
Set K := SN supp.# f. As K is compact there exists m € N such that K C % :=
UL %. Take then g := fx* ty*---x, € S (R). Clearly, .#¢g vanishes on the
open subset % U (R \ supp.Z f) of R. Moreover, S = KU (SN (R \ supp.Z f)) C
U UJ(R\ supp.Z f).

In conclusion, g € J(S) with || f — gl|1 () < &(1 — s ) and the proof is over. [
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6.3 Null ergodicity of semigroups

For § a closed set of real numbers, put M, | (S) := M, (S)N <7+(") ("), where M(S) is

as in Section 6.2.

Definition 6.3.1. We say that S is an interpolation set for .7, +(n) (") in T (|e|") if
T M 1(8) = T () /Mu(S).

that is, for every f € T (|t|") there exists g € ﬂin) (t") such that (Fg)® (a) =
(Z )W) (a) for every a € S\ {0}, k=0,1,...,n, and Fg(0) = .Z f(0) if0 € .

Set Y := m,(M,+(S))X in X. By the functional law of integrated semigroups,

T,,(¢t) commutes with 7, and therefore Y is 7, (¢)-invariant. Thus the prescription

T,(t)[x] :=T,(t)x+Y where x| =x+Y € XY,

is well defined. It is readily seen that TN"n(t) is a n-times integrated semigroup on
X /Y which satisfies

fggt‘””ﬁ,(t)” <eoand lim T (0] =[] (] € X/Y), (6.12)
and its generator is the well defined closed operator A[x] := Ax+Y, for x € D(A),
with dense domain D(A) = {[x] : x € D(A)} in X /Y. Moreover, 6(A) C 6(A) and
op(A*) C op(A¥).

We are ready to give the main result of this section:

Theorem 6.3.2. Let T,,(t) be a n-times integrated semigroup in 2 (X ) with genera-

tor A such that

supt "||T,(1)|| < oo and limn!t "T,(t)x=x (x€X). (6.13)
>0 t—0

Assume that
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(i) S:=io(A)NR isa countable compact interpolation set for T, JE (t") in T ([¢|").
(i) op(A*)NiR = 0.
Then m,(M, +(S))X is dense in X and, in consequence,

lim¢™"T,(t)x=0forall x € X.

t—ro0

Proof. Let X’ be the topological dual of X. As before, set Y := m In
order to prove that Y = X we want to show that Y- =0 where Y- = {£ € X" : {(Y) =
0} from which the equality will follow by the Hahn-Banach theorem. We identify
L with the dual (X/Y)".
Take ¢ € Y and x € X and define /®x € ,ZL(") (") by

(t®x)(g) = (M), 0), ge T (™).

Since ¢ € Y1 itis clear that (£ ®x)(M, 4 (S)) = 0. Besides this, e%r(w (") /M, (S) =

) (|¢]") /M, (S) because S is a set of interpolation, so £ ® x defines a continuous
functional in (.7 (|t|")/M,(S))’ given by (£ @x)([f]) := (£ ®x)([g]) = (@ x)(g)
where g € 9(") (") is such that g + M, (S) = f+ M,(S) = [f]. By composition
with the projection .7 (|¢|") — .7 (|¢|")/M,(S) the functional £ ® x extends to

) (|¢]")’. On the other hand, £ ®y = 0 on 9+ (") for all y € Y, whence one
[x]|| where [x] =x+Y €

X/Y.
Then there exists an almost everywhere defined mapping ¢: R — C such that

the function 7 — 1" @(t;x,0) =t "@(z;[x],£) is in L*(R) and

(Lox)(f /f o(tx,0) di, fe TP, (6.14)
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Notice that for g € .7 Jr(") ("),
(2x)(9) = (mlghx.t) = (-1)" | ¢ O)T:(0)x.0) di,
from which one deduces that @(t;x,¢) = (T,,(¢)x, ) for allt > 0 a. e., and that
fig!tl‘”lw(t;x,ﬂ)\ < KIJ[[{ITx1]- (6.15)

Abbreviate ¢(t;x,¢) = @(t) for a moment. The integral in (6.14) means that /@ x =
@ in the distributional sense (recall that .7 ") (|¢|") contains .7 (R) densely). As
(£ ®x)(M,(S)) = 0 the Fourier transform (-)".% ¢ of { ® x is concentrated on S by
Theorem 6.2.2, and therefore supp(.# ¢) C SU{0}. By the Paley-Wiener theorem

([Ru, Th. ]), ¢ is an entire function such that
lo(z:x,0)| <C(1+]zM)e zecC, (6.16)

for some C,r >0and N € N, N > n.
Define F (z) := (z+1) Ve (z;x,£) for 3z > 0. Then F is analytic and bounded
on {3z > 0} with |F(¢)| < K||4]]]|[x]

, for all t € R, by (6.15). Then a version of
the Phragmen-Lindel6ff theorem applied to the function F implies that |F(z)| <
K||2||||[x]||, for all z € C. Similarly, taking G(z) := (z—i) Ve "?¢(z;x,£) for 37 <0
and using the same argument as above for G on {3z < 0}, one eventually deduces

altogether that, for all z € C,
|@(6,0)] < K1) (Fe)? + (1+ |S2])?) 2 &, (6.17)

Let now write @ as a power series

Q(zx, ) =) &, zeC, (6.18)

k=0
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with B (x,7) € C independent of z and depending on [x] but not on y in [x].
Since T;,(t) (and T, (7)) satisfies

n

To(t)x = /O "L(s)Axds 4+ (1> 0) 6.19)

t
n!
one has B, =0fork=0,1,...,n— 1 and B,(x,¢) = (x,£) = ([x],£) for every x € X
and ¢ € Y (it suffices to apply the L'Hopital rule, for instance). Also, using the
Cauchy integral formula for derivatives one obtains from (6.17) that

(k—1)!

B, 0] < S

Ks|l2||l[x]ll, fork>n+1, and & >0, (6.20)

where K is a constant depending on §.

Now, by derivation in (6.19) one obtains
(d/d)o(t:x,0) = @(t;Ax,£) + (" 1) /(n—1)!.

Identifying the coefficients of the corresponding power series one then finds for

k=n,n+1,... and x € D(A),

ﬁk+1(x>€) = ﬁk(Ax7€) = ﬁk(g[x],f)

This in particular means that for all [x] € D(A),

(g[x],€> = <Ax7£> = Bn-i—l(x?g)v

and it follows by (6.20) that A is a bounded operator on X /Y since D(A) is dense
in X /Y. By induction one gets also that B([x],£) = (A¥"[x],¢) for all [x] € X and

k > n. Hence,
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in (X /Y). In other words,
n—1

A Anr e An—1
=A"T,(t)+1 At A ————
e n(t) FIxyy +AL -+ CEl

(t>0).

Thus by the estimate assumed in (6.13) we have that the (holomorphic) Cy-
semigroup ¢ on X /Y is of polynomial growth along the nonnegative half-line.
One needs to control the growth of ¢ on (—o0,0) too. For this, we apply [V1,
Lemma 3 & proof of Theorem 7]: There exists a Banach space E, a bounded ho-
momorphism @: X /Y — E with dense range, and a group (V(¢));er in Z(E) such
that V(1)®(§) = et’zé for every & € X/Y and

IV(£)]| = O(t"), ast — oo, ||V(t)]| = O(1), as t — —oo. (6.21)

Moreover, if H is the infinitesimal generator of V (¢) then 6(H) C 6(A) and op(H*) C
op(A¥).

We now finish the proof adapting the argument of [V1, p. 236]: Suppose if
possible that £ # 0. Then 7,,(t) # 0 so the semigroup ¢4, and so the group V(t),
are nontrivial. By (6.21) one gets that o(H) is a subset of /R, and then it is also
countable by on eof the assumptions of the statement. Moreover, it is nonempty by
[V1, Lemma 5]. Hence there is an isolated point i® in o(H). Using the projection
on E associated with i@ by the holomorphic functional calculus one arrives at the
conclusion that H* ¢ = i@ ¢ for some nonzero ¢ € E*. Therefore 0 # op(H*)NiR C
Gp(g*) NiR C op(A*) NiR, which contradicts one of the assumptions. It follows

that £ = 0 as we wanted to show. OJ

A clear consequence of Lemma 6.1.3 is that finite sets in R are interpolation sets

for 7, +(") (t") in 7™ (|¢|"). This implies immediately the result which follows.
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Theorem 6.3.3. Let T, (t) be a n-times integrated semigroup in (X)) with genera-

tor A. Assume that
(1) sup,of || Tu(t)]| < o0 and lim;_on! t"T,(t)x =x (x € X),
(i) io(A)NRis finite and op(A*) NiR = 0.

Then
limt "T,(t)x =0 forall x € X.

t—roo

Remark 6.3.1. (i) Both preceding theorems have interest only when {0} C ic(A)N
R, in view of Theorem 4.0.1.

(ii) The compactness of the boundary spectrum 6 (A) N iR in the statement of
Theorem 6.3.2 is not, morally, a very strong condition in our setting. For instance,
compactness of hulls is a kind of usual assumption when one wants to establish
general statements on the (standard) ideals structure in L' spaces. On the other
hand, the finiteness of boundary spectra of generators is not generally an easy-to-
handle condition about semigroups; see [BD] and [M].

One would like to remove the compactness assumption, anyway, but it does not

seem to be simple.

We finish the chapter with a result on ergodic behaviour of (certain) non neces-

sarily uniformly bounded Cy-semigroups.

Corollary 6.3.1. Let T (t) = " be a Cy-semigroup in %(X ), which is not necessar-
ily uniformly bounded in t > 0, such that ic(A) NR is finite and op(A*) NiR = 0.

Assume moreover that there exists n € N for which sup, ot "||T,(t)|| < oo where

Tyt = — )!/Oz(t—s)"lT(s)xds, xEX:

(n—1
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Then
l}mt*"Tn(t)x =0, forallxeX.

Proof. The generator A of T (t) is also the generator of T, (¢). Moreover, since T (t)
is a Cp-semigroup one gets that 7,(¢) satisfies the limit property in condition (6.13).

Thus it is enough to apply Theorem 6.3.3 to obtain the corollary. O

Examples of non-bounded Cy-semigroups 7'(7) but which satisfy the estimate

sup,~ot~"||T,(t)|| < oo for some n are given in [CSS].
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Notation

Subsets of R or C
R* set of non-negative real numbers
R™ set of non-positive real numbers
C* open right half-plane
(O open left half-plane
T unit circle

Function, Distribution and Operator

Spaces
B(X) space of all bounded linear operators on X
C(I1,X) space of continuous functions
Co(1,X) space of continuous functions vanishing at infinity
c(1,X) space of n times continuously differentiable functions
Cc=(1,X) space of infinitely differentiable functions
C>(I1,X),Cz(I) space of infinitely differentiable functions having com-
pact support
L}Oc (I,X) space of locally Bochner integrable functions
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Schwartz space of rapidly decreasing functions p. 38
space of tempered distributions p. 34
space of distributions p- 38
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