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Abstract: A rigorous and powerful theoretical framework is proposed
to obtain systems of orthogonal functions (or shape modes) to represent
optical surfaces. The method is general so it can be applied to different
initial shapes and different polynomials. Here we present results for surfaces
with circular apertures when the first basis function (mode) is a conicoid.
The system for aspheres with rotational symmetry is obtained applying
an appropriate change of variables to Legendre polynomials, whereas the
system for general freeform case is obtained applying a similar procedure to
spherical harmonics. Numerical comparisons with standard systems, such
as Forbes and Zernike polynomials, are performed and discussed.
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1. Introduction

The number and relevance of applications of aspheric and freeform optics is continuously in-
creasing, ranging from astronomy [1], industry [2], solar energy [3], biomedical optics [4], or
physiological optics [5], among others. The high complexity of optical surfaces found in bio-
logical systems such as the human eye [6], or the new advances in fabrication and testing of
freeform surfaces [7], are demanding precise, robust and efficient methods of specifying these
surfaces. Ideally, the shape specification should be physically meaningful and invariant for the
different stages of design, fabrication, testing or application. In optics, itis common to represent
the surface sagas a function of the coordinates= f(x,y). Often the configuration is nearly
rotationally symmetric and hence it is better to work in cylindrical coordinated (r,0). The

variety of systems of representations range from the pure sampling grid of points, localized
splines, or global or modal representations given by combinations of functions such as spheres,
conicoids, monomials, polynomials, etc. Specific methods of representation tailored for spe-
cific applications were also proposed, such as generalized Cartesian ovals [8] or solutions of
specific differential equations [9], among others. Due to the high relevance of spheres, the most
widely used characterizations of optical surfaces is the sum of a sphere (or ca)igdics an
aspherical par usually given as a linear combination of terms C+ A. In what follows we

will talk of conicoidsC which include the sphere as a particular case.

Typically the terms specifying are either monomials or polynomials. Historically, mono-
mials were used first due to their apparent simplicity, but as Forbes pointed out referring to
monomials [10], “the most widely used characterization of surface shape is numerically defi-
cient”, mainly due to their lack of orthogonality. Orthogonal systems of polynomials, such as
Zernike polynomials [11], Forbes polynomials [10, 12—15], etc., permit to overcome a series
of key issues ranging from numerical instabilities to effective tolerance specifications. Further-
more, basic linear algebra tells us that the two crucial properties of a good system of representa-
tion (sets of basis functions) are orthogonality and completeness. An additional, but less crucial
property is normality (norm unity for all basis functions). Orthogonality, that implies the linear
independence between the basis functions, implies also good numerical behavior, avoids redun-
dancy and ensures uniqueness of the representation, among other highly important properties.
In this context completeness is even more crucial as it means that the system can represent all
possible surface shapes, that is to insure that we have a real freeform system.

In this sense the most widely used methods of optical surface representation in the form of
z=C+ Aare essentially non orthogonal, even when they use Zernike polynomials, Forbes poly-
nomials or orthogonal systems to represent the departure from the sphere (or conicoid), simply
because the conicoid itself is not orthogonahtdHere our goal was to solve this problem to
obtain a system of representation in whi€hs orthogonal toA (of course the basis functions
of A are orthogonal as well). This implies thais one of the basis functions of the system.
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To this end, we divided the main goal into the following specific objectives: (1) to develop
ageneral theoretical framework to obtain this type of systems, initially restricted to rotational-
ly symmetric surfacez= f(r); (2) to obtain and implement a complete orthogonal system, in
which the first basis function is a conicoid; (3) to generalize the above results to non-rotationally
symmetric surfaces which is essential to obtain true freeform systems; and (4) to test numerical-
ly our new systems and perform direct comparisons with previous methods. The next Sections
are organized accordingly.

2. Basis for rotationally symmetric surfaces

In this section we introduce the general framework of our theory, restricted to rotationally sym-
metric surfaces defined by an equation of the farm f (r), r € [0, 1], wherer andz are cylin-
drical coordinates. We design an orthogonal systemL{d®, 1] with measuredv = rdr, in
which the first element of the system is a specified coniCdidat, in the following, we denote
by qo(r) for convenience. The remaining elements of the system, the elements of the set A,
are denoted bygp(r), n=1,2,3,... The functiongyy(r), n=1,2,3,..., are constructed using
three essential ingredients: (i) an arbitrary orthonormal systes(X) }n—o0,12...., with respect
to a certain measuidu = p(x)dxin an intervallc, d], (i) the selected conicoidp(r) and (iii) a
convenient change of variabte= ¢ (r), ¢ : [0,1] — [c,d]. A similar method based on a change
of variables was successfully applied before to obtain orthogonal Zernike-like sytems on non-
circular apertures [16], polygons and polygonal facets [17]. The resulting orthogonal system
consists of functiongqo(r),q1(r),qz(r),...} defined in the interval0, 1] that are orthogonal
with respect to the measude = rdr. Moreover, the functionga(r),gx(r), ... have also norm
unity. Rougly speaking, the idea is the following: we ysg) to replace the first elemerb
of the system{ pn(X) }n=0,12... by do(r). To preserve the orthogonality of the new system, we
must choose (r) appropriately. In the remaining of this section we develop this idea and give
an important example.

Let {pn(X) }n=0,12... be an orthonormal basis tzf, [c,d] with pp(x) = po constant and mea-
suredu = p(x)dx. This means that

d
B = [ Pr0OPmOOPOITX NM=0.1,2,... (1)

After a (at this moment unknown) change of variaplg0, 1] — [c,d]; x= ¢ (r), with ¢ (0) =c,
¢(1)=dand¢’(r) >0in(0,1), we find

Bn= [ Bald()Pr(B()P(B1)8' (), nm=012,.. @
We observe that, when we define
(1) 1= Copn(@(O))W(E).  w(r) := /PO @3)

withC,=1forn=1,2,3,..., andCy arbitrary at this moment; we find that the functiapsr),
n=123,... are orthonormalif0, 1] with respect to the measude = rdr. It is worth to note

that the variable in the denominator ofv(r) is not dangerous as the numerator behaves as
r whenr — 0, as we see in the first line of (4). To complete our basis, we need to introduce
a first elementyy(r), the arbitrary conicoid, assuring that it is orhogonal to all the elements
gn(r), n=1,2,3,... This is achieved by choosing the functigiir) as the unique solution of
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the boundary value problem:

C5P; (4)
p(0)=c, $(1)=d.

Since the first-order differential equation in Eq. (4) can be directly solved by integration, the
unique solutiork = ¢ (r) of Eq. (4) is implicitly defined by the equation

{p(¢<r>)¢/<r> = e,

X 1 r
/ PO = 0 | scB(s)as (5)

when we take N »
G5 | scsds/ |15 [ptic] ©)

It is obvious that the left hand side of Eq. (5) is an increasing functionasfd the right hand
side of Eq. (5) is an increasing functionrofThen,¢ (r) is a monotonic function witlg’(r) > 0.

Thus, we have that the sfilin(r) }n—0.1.2.... iS a quasi-orthonormal basiso§ [0, 1] (orthonor-
mal except for the fact thalgo||? = C3) with

~ Qo(r) _
qn(r)_copocnpn(tp(r)), n=0,1,2,... @)

Moreover,{gn(r)}n01.2.. is complete irL2[0,1]. For any functiorF (r) € L2[0, 1], we define

R
0= W67100)

(8)
that belongs ta.%c, d]:
2 b 2 1 2 1 2 2
118 = [ 1760p0adx= [0 ()Ep@(r)'()dr = [71F(r)Prar = |[F |2 (@)
As {pn(X)}n=01,2,... is complete irLf, [c,d], we have that
f(x) = icnpn(x), almost everywhere ifc, d], (10)

with 1
Chi= /d Pn(X) f(X)p(X)dx = —/1q (NF(r)rdr, n=0,1,2,3 (11)
n- Je n Cn 0 n ’ [t At At

Then,{dn(r)}n-0.12. . is @ complete system ic3[0, 1], since for any functior (r) € L2[0, 1],
we have

[ee] CO 0
F(r)=w(r)f(¢(r)) = > caw(r)pn((r)) = aQo(f) + ) Cnln(r). (12)
n= n=1
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Solution for normalized Legendre polynomials
The normalized Legendre polynomials [18]

n 2
i) = 2525 5 () v s po= 5 @)

are an orthonormal basis bf[—1, 1] with respect to the weight functigm(x) = 1. We take the

following conicoid:
L2r2
Oo(r) =b 1_Sa—a (14)

with s= +1. If s=1 andb > 0, g is the portion of an ellipse with semiaxasandb in the
upper half-plane between the angles arhafa? — L2/a) and 11/2, and with 0< L < a. If
s=1 andb < 0, gp is the portion of an ellipse with semiaxesand —b in the lower half-
plane between the anglesr/2 and— arctarfbv/a? — L2/a), and with O< L < a. If s= -1
andb > 0, qo is the portion of a hyperbola with semiaxasandb in the upper half-plane
between the angles arctin/a’+L?/a) and 11/2, and ifs= —1 andb < 0, g is the portion
of a hyperbola with semiaxesand—b in the lower half-plane between the angles/2 and
—arctarfbv/a?+ L2/a). In any case, from Eq. (5),

X 2 r b? b2r2 L2r2
1= dt==5 [ t(b?—s5L%? )dt=— |[1-s——=]|. 15
x* /71 Cg/o < a2 c? %2 2 (19)

We obtain the value dfy from Eq. (6),

1 b2
Co=51/202—s L2 (16)
Thus,
() = 2 [ sl%?) —1 17
X=(r) = 55— 5 [2a% —sLr?] — 1. (17)

Therefore, we have that the set

gn(r) = 2Cysign(b)

2a2 — 29 2r2 2r2 5 9o
a2 "(2a2—5L2 [2a —er]—l), n=0,1,2,...,
(18)

is a quasi-orthonormal basis bf [0, 1] with dv = rdr and any functiorF (r) € L2[0,1] can be

written as
co. |/ Lzrz 2
F(r)=—=—by/1—-s—+ Y caan(r), (19)
Co a? nZl

with cn, Co andan(r) given in Egs. (11), (16) and (18) respectively.

In Table 1 we can find the first five functiomg(r),qi(r),...,q4(r). The graphs of these
functions (up ton = 4) are illustrated in Fig. 1 for a elliptical capc [0,1],s=1,b=1 and
a=L=3/4.

Observation 1. In optics, it is standard to express rotationally symmetric surfaces in terms of
their deviation from the sagittal representation. If we consider as first term

go(r) = — (20)
0 14+v1—ec@ 2?2’
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Table 1. First five functions of the new quasi-orthonormal bésisr) }n—01,2,.. (see Eq.
(18)) obtained from the normalized Legendre polynomials@ytd) = by/1— s%—z.

n n(r)
212
0 b 1st—£
V a
JaZ—s2r2
1 —2/3sign(b) 2 SL (2sL%r* — 4% + 282 — sL?)

(2a2 _ SL2)3/2

Va2 922

2ﬁsign(b)m

X (GSZL“r8 — 245128218 — 6 (L4 — 2s12a® — 4a*) r# + 122 (sL2 — 2a2) r2 + (sL? - 2a2)2)

Va2 922

—2V7 sign(b)m

x (20s3L5r12 — 12052 %a?r10 — 3012 (PL* — 2sL%a2 — 8a*) r® + 4082 (3s?L* — 6sL2a? — 4a*) r®

+12(s’LE — 45?1482 — 6sL2a’ + 20a0) r4 — 24a2 (sL? — 2&12)2 r2—(sl2— 2a2)3>

) VaZ —gl2r2

6sign(b) ———
(282 — SL2)9/2

x (70s*L8r 16 — 5605°L6a?r14 — 140s2L4(s?L4 — 251282 — 12a%)r12 4 280sL2a%(3s?L* — 6sL2a? — 8a*)r10

+10(9s*L8 — 365°L8a? — 13271 %a* 4 3365L%a0 + 11228)r8 — 4002(9s°L6 — 365°L%a? + 8sl2a* + 56a°)r®

—20(sL? — 2a2)2(s’L* — 2sL%a? — 18a*)r* + 40a2(sL2 — 2a%)3r2 + (sL2 — 2a2)*)

with 0 < L2 < 1/(ec?) if € > 0, and as initial orthonormal basis the normalized Legendre
polynomials given in Eq. (13), we obtain a new quasi-orthonormal bagi§ ) }n-o.1,2, . Of
L2[0,1] with dv = rdr given by

V2q0(r

(1) = %()cnpn@;(r)), n=012,..., (21)

with
8[(1—ec?L?)3/2 - 1] + 3ec?L2(4— ec?L?)
2 _ _ _
CZ= T , Ch=1 n=123.. (22

and 2| 2¢2\3/2 21 2,2 21 2,2

8|(1— eceLer — 1|+ 3eceLer<(4— ecoLer

8[(1—ec?2)3/2— 1] + 3ec?L2(4— ec?L?)
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v o NS AN

0.0 0.2 0.4 0.6 0.8 1.C

Fig. 1. Graphs of the first five functions of the new quasi-orthonormal basis
{on(r)}n=0.12,... (see Eq. (18)) obtained from the normalized Legendre polynomials and
Qo(r)=by/1— s%ﬁ, with s=1,b =1 anda= L = 3/4 using different scaleyy (orange),

qu (red), gz (blue),qs (green).gs (brown).

that is,

c3L3r? €3
r)=2v6
(") 6C”1+ VI—ec?2r2 || 8[(1—ec?L2)3/2— 1] 4 3ec?L2(4— ec?L?)

,8 [(1—ec®L2r?)%2 — 1] 4 3ec?L?r?(4— ec?L2r?)
B 8[(1—ec?L2)%/2—1] + 3ec?L2(4— ec?L?)

—1) , n=012...
(24)
This is a significantly less compact expression as compared to Eq. (18).

The theory developed in this section only applies to rotationally symmetric surfaces specified
by an equation of the forma= f(r), with r € [0,1]. In the following section we generalize the
theory to arbitrary surfaces defined in cylindrical coordinétg, z), specified by an equation
of the formz= f(r,6).

3. Basis for freeform surfaces

In this section we formulate a more general theory to approximate arbitrary surfacgs, 6)
defined over the unit disk cos9,r sin@) € D. We design an orthogonal system fg{D) with
measurelv = rdrd 6 in which the first element of the system is a specified rotationally symmet-
ric surfacegd(r). The remaining elements of the systefi(r,6),n=1,2,3, ..., are constructed
using again the three essential ingredients used in the previous section: (i) an arbitrary orthogo-
nal systenpp'(x,0), n,m(n) =0,1,2,..., of Lf,([c, d] x [0,2]) with measurely = p(x)dxde,

(if) the surfacegd(r) and (i) a convenient change of variatde= ¢ (r), ¢ : [0,1] — [c,d]. Then,

the resulting orthogonal system consists of functi¢g(r),qm(r, 6),...}, n,m(n) = 1,2,...,
defined in the unit dislo that are orthogonal with respect to the measive- rdrd6. More-
over, the functiongf),(r,0),...,n,m(n) = 1,2,... are also orthonormal. In the remaining of this
section we accomplish this task and give a particular solution.
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Let { (X, 8) }nmn)=0,1,2... be an orthonormal basis f; ([c,d] x [0,271) with pJ(x,8) =
p8 constant and measurgu = p(x)dxdf. We want to find a quasi-orthonormal basis
{aR(r,0)}nmn)=0.1.2... of L5(D), dv = rdrd8, with g3(r) predetermined. We have

-d 21T
uardnar = [ p0)dx [~ dOPN(x O)pY (x.6), nmm=012.. (25
: c 0

After a (at this moment unknown) change of variakle ¢ (r) with ¢(0) =c, ¢(1) =d and
¢'(r) >0in (0,1), we find

-1 21T o
BunrBnar = [ P(B()¢'(1)ar [ dORN(9(r).0)pF (9(r).0). n.m(n) =0.1,2..... (26)
We observe that, when we define

r)e'(r
R(1,0) = CTOR(B (1), Opw(r),  w(r) = PO (@)
with CJ' = 1 for (n,m) # (0,0) andCJ arbitrary at this moment, we find that the functions
gn'(r,8),n,m(n) =0,1,2,..., are orthonormal i with respect to the measude = rdrd 6. To
complete our basis, we need to introduce a first elenq@{n) assuring that it is orthogonal to all
the other elementg(r,0), n,m(n) =0,1,2,..., (n,m) # (0,0). This is achieved by choosing
the functiong (r) the unique solution of the boundary value problem Eq. (4) given by Eq. (5).
Then, we have that the s¢t(r, 8) }nmn)—0,1,2,... IS @ quasi-orthonormal system b§ (D)
with
am(r, 6) = CIw(r)pl(9(r). 6). (28)

a9(r) predetermined and

(37~ [ sicbioas/ [ie8? [ o] @9)

The system{qp\(r,0) }n mmn)—0,12,... iS complete irL2(D). The proof is similar to the proof of
the one dimensional case given in Section 2. Therefore, foFéng) < L2(D), we have that

0 o0

C
F(r60)= SN+ >  qan(r.6), (30)
0 n,m(n)=0
(nm £(00)
with 1
cnm::@// q(r, 0)F (r,0)rdrd0, n,m(n)=0,1,2,3,... (31)
D

Solution for spherical harmonics
Forn=0,1,2,..., consider the spherical harmonic functions [19]

o, 8) — \/ (2— Gmo)(2n+ 1) (n—m)! {Pgﬂ(x) come),  0<m<n o

4Ar(n+m)! P(x) sin(m@), —n<m<0,

whereP?(x) are the associated Legendre polynomials [20]

P = U eme S e 1, p80) = o 39
n )= o X P E) =5
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They are an orthonormal basis Iofﬁ([—l, 1] x [0,2m1]) with measuredu = dxd6. We choose

the conicoidqg(r) given in Eq. (14) as first approximation of the surface. Then, from equation
Eq. (5), and using the value @8 given in Eq. (29), we have (r) given in Eq. (17). Therefore,
the set{qfl(r,6)}y 015" is a quasi-orthonormal basis bf (D) with dv = rdrd®,

an'(r,8) = 2C, sign(b)

2a2—2s2r2 2r2
2a2—sl2 ™M\ 23242
and, in particulargd(r) = by/1—sL.2r2/a2.
Figure 2 shows the first functions (upno= 4, andm > 0) forr € [0,1], 6 € [0,2m], s= 1,
a=b=1landL=1/2.

[2a% —sL?r?] -1, e) (34)

Fig. 2. First functiongjl'(r, 6) (see Eq. (34)) for the case of the spherical harmonics and
q8(r) = /1-r2/4. The rows represent the ascending order frors O to n = 4, the
columns are the positive valuesmmffromm=0tom=n.

4. Implementation and examples

For the numerical implementation and testing of the new basis proposed in Sections 2 and 3,
we consider a Gaussian surface, as it is expected to require higher order expansions to obtain
reasonable accuracies. In the first test, we use a rotationally symmetric Gaussian surface to
compare with Forbes polynomials for the 1D case. The second test considers the same sym-
metric Gaussian surface to establish a comparison with our new basis in 2D, and the basis in
1D and Zernike polynomials. Finally, in the third test we use a non-symmetric elliptic Gaussian
surface to compare our 2D system with Forbes and Zernike polynomials. In all the examples,
we use the least square approximation for computing the coefficients.
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Example 1. In order to check the accuracy of the approximation supplied by the f@gis }
n=0,12,... givenin Eq. (18) and compare with Forbes’ approximations, we consider the following
Gaussian surface of revolution (see Fig. 3),

1 12
rA
2k
1k
-0.3 -0.2 -0.1
Y4

Fig. 3. Gaussian surface of revolution Eq. (35) given in Example 1.

For Forbes’ approximation, we implement bo@f°" and QR polynomials [10, 12]. On the
one hand, Forbes’ approximation usiQff" polynomials [10] reads

N cr?
C14+vV1—eck?

wherec ande are, at this moment, free parameterss the normalized radial coordinate given

by U=r/rmax rmax= L is the aperture size, ar@y"(x) = Pr(no’4)(2x— 1) with P&a’ﬁ)(x) the
Jacobi polynomials of parametdis, 3) = (0,4). Following Forbes’ algorithm, the values of
ande in the first term on the right hand side of Eqg. (36) can be approximated-by0.398942
and € ~ —8.646945. Then, the first term in Eq. (36) is a hyperbola. On the other hand, we
considerQbs polynomials [10, 12]. In this case

M
F(r) +u''y amQRN (W), (36)
m=0

Cofsl 2 wv(l-—u?) M
Fi~—2 W) o qs), (37)
1+ \/1_ C%fsr2 \/1_ C%fsr2 m=0

wherecyss is the curvature of the best-fit sphergax= L andu=r/rmax PolynomialsQE{s(x)
can be generated using a non-standard recurrence relation [12, 15] that involves a set of or-
thogonal polynomials. For this example, the best-fit curvatyrgecan be approximated by
—0.306394.

Finally, we consider our expansion defined by Eq. (19), Wdh(r) }n—o,1,... the new quasi-

orthonormal basis given in Eq. (18 = 3[2b? — sgg L2)%/2 and ¢, defined in Eq. (11). As the
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first order approximation is given by Eq. (14), in order to get a first close-fitting approximation,
we must translate the original function, thati$r) + b, in such a way that both functions are
coincident ar = 0. For this function, we consider=1,a=b = 1/cys in Eq. (14).

The fit error obtained with the three approximations Eq. (19) (proposed here), Eq. (36)
(ForbesQSo" polynomials) and Eq. (37) (Forbe®s polynomials) for the same number of
terms N =7, M = 6 andM = 6 respectively, that is, 8 terms for the three cases) and for
L =rmax= 1, are compared in Fig. 4.

In Fig. 5 we compare the relative error provided by equations Eq. (19) (new basis proposed
in Section 2) and Egs. (36) and (37) (Forbes polynomials) it.thenorm for the same number
of terms. Our basis functions provide lower errors than FO@#8 polynomials, but not with
respect to ForbeGPS polynomials.

Example 2. In order to check the accuracy of the approximation supplied by the basis
{am'(r,8)} nmmn)—012.... for the freeform case given in Eq. (34), we implement the same ex-
ample asin the 1D case, but now we consider the approximation problem in 2D,

f(r,0) = —— (eé - 1) , rel0,1], 6€l0,2m). (38)

We approximate this function by using the new quasi-orthonomal hg3is, 6) } n mm)—o.1...
givenin Eq. (34) but choosmgg )in Eq. (14) the sphere with=1,a=b=1/Cyss andL 1

QO( )= \/ (bes) —r2
Co
C—O,/ Cofs) 2 — T2+ nm% 0 crgn'(r, 8), (39)

with Co = [Z (2¢,2+ 1)] ™/ andc? defined in Eq. (31).
Here we compare with the approximation obtained with Zernike polynomials (ZPs) [11]

Z) &z, ), & — /2"/ ZM(r,0) £ (r, 0)rdrd 6, (40)

and with the approximation obtained with Forbes polynomials (37). The results are similar to
the ones obtained in Fig. 5 for the 1D case in comparison with Forbes polynomials. Our method
compares favorably with ZPs for 2D.

We consider now the non-symmetric two-dimensional Gaussian type surface (see Fig. 6),
f(r,0) =2— e "(c0SO125IP0) < 101] 9 € [0,2m). (41)

In Fig. 7 we compare the root mean square errors (RMSE) provided by Forbes in [14, Eq.
(2.2)], [15, Eq. (1.1)],

£(r,0) RS S IR RIS
T 14 V1-cr? V1-cr2 n; "
(42)
M N r
+ 5 U™y [al'cosmd + b'sinm] QW) b, u= —,
m=1 n= Imax
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Fig. 4. Plots of the fit error obtained using our basis functions and Forbes polynomials,
QN andeme, for the same number of terms, eight, for the three cases.

with ¢ ~ 0.261082 max = 1, and the new quasi-orthonomal ba§iff(r, 6) }, mmn)—o,1,... given
in Eq. (34), but choosingg(r) the portion of a hyperboloid with semiaxasandb like Eq.

(14) withs= -1 andL =1, qg(r) =by/1+r2/a2. The least square fitting provides the values
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Fig. 5. Relative errors in the approximation of the function Eq. (35) using our approxima-
tion (see Eq. (19)) and Forbes’ approximations (see Egs. (36) and (37))LiA-tmerm for
the same number of terms.

yA

Fig. 6. Non-symmetric elliptical gaussian surface given in Eq. (41).

a~0.653754 andb ~ 1.02225. Moreover, using the idea given by Forbes, we also approximate
the function using the new quasi-orthonomal basis in Eq. (34) Whereqﬁ(nb/is the best-fit
sphere, and thes= 1, anda = b = (0.261082%. We also compare with ZPs Eq. (40). The
comparison is given using the number of terms (calculated coefficients) where we take the
best RMSE given by Forbes approximation (42) for different valuesl @hdM # 0 up to

2N+ M = 10. We also compare with the ZPs approximation. Our basis functions provide lower
errors in comparison with Forbes approximation, and the difference decreases with the number
of terms considered. In comparison with ZPs approximation, our basis funcions provide lower
errors up to 10 terms, and ZPs provides lower errors from 15 terms, and also the difference
decreases with the number of terms considered.
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Fig. 7. RMSE in the approximation of the function Eq. (41) provided by the different ap-
proximations using the number of terms.

5. Discussion and conclusions

In summary, we developed a general, rigorous and powerful framework to obtain orthogonal
systems to represent freeform optical surfaces. The method consists of first selecting the de-
sired first basis functiogg, a sphere or conicoid in our case, and then choosing an appropriate
orthogonal system on the desired domain or support. For the case of rotational symmetry we
considered the intervd0D, 1] and the unit disk in general. For thesB and D domains we
selected Legendre polynomials and spherical harmonics respectively, as the initial systems.
Then the method consists of finding a change of variaplegich transforms these systems
{Pn}no.12.. into another orthogonal systefan},_q 1, in which the first functioryp is the
conicoid that we chose. Note that this theoretical framework is powerful enough to obtain or-
thogonal systems for different expressions of the conicoids: canonic expression of Eq. (14), or
the sag of Eq. (20) commonly used in optical design and testing. We also included the semidi-
ameterL of the surface explicitly, which permits to avoid the need of normalizing the radial
coordinate, that is necessary when using ZPs or similar systems. For the implementation and
examples we used the canonical expression for the sake of simplicity, since it allows more
compact expressions as compared to the sag equation.

Compared to other systems used in optics, this work is more general in different aspects.
Probably, ZPs form the most widely used orthogonal system in optics. It is the standard basis
for representing wave aberration (or optical path difference), and it is also used for representing
aspherical and freeform surfaces. This system includes the paraboloid of zero mean (defocus
terng =2r2—1,r €[0,1]), but it requires to apply a higher order expansion to approximate
spheres or other conicoids. In fact, itis common to use ZPso represent only the aspherical
terms in the formz = C + A whereC is the conicoid and\ = 5, nanZy"; aj) are the Zernike
expansion coefficients. The approach developed by Forbes [10] (actually he proposed two dif-
ferent approaches for mild and strong aspheres respectively) is similar in the sense that it splits
the surface sag into the same conic and aspherical parts + A, but applying a smartead
hocexpansioA = r*y , f,Qn(r?) whereQ, are orthogonal. Among other advantages, extract-
ing the common factor* permits to reduce the order (and number) of Forbes polynor@ials
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needed to approximate Nevertheless, the main difference of our approach is that the conicoid

is the first element of the system and hence it is orthogonal with the rest. In this sense we pro-
pose a fully orthogonal system as opposed to these partially orthogonal systems applied only to
the aspherical paA.

For the numerical implementation and testing we have chosen a Gaussian as it is expect-
ed to require higher order expansions (high values)db obtain reasonable accuracies. Our
results with D (Legendre polynomials) and’2(spherical harmonics) implementations pro-
vide results which compare favorably with Forbes polynomials and ZPs in the general freefor-
m two-dimensional case, whereas For®§ polynomials show a better performance in the
one-dimensional rotationally-symmetric case. We want to remark that the cases and implemen-
tations presented here are particular examples of a much more general theoretical framework.
In fact, it may be possible to consider a wide variety and types of initial sutgpas well as to
use different types of polynomials, etc. The main restriction to obtain systems with analytical
expressions is that the integral equations, Egs. (4) and (5), that we have to solve to obtain the
change of variables, must have an analytical solution. Nevertheless, we hope that the exam-
ples of conicoid-based orthogonal systems presented here are useful and general enough for
designing, manufacturing and testing freeform optical surfaces.
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