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Abstract   

In the energy management of the operation of a small power system, the scheduling of the generation units is a crucial problem. 

Applying right timing can maximize the performance of the energy supply. In this paper the optimal operation of a wind turbine, 

a solar unit, a fuel cell and a storage battery problem is formulated as a mixed-integer linear programming model (MILP) and 

solved by a deterministic optimization technique CPLEX-based implemented in General Algebraic Modeling Systems (GAMS).  

This problem has also been solved by two meta-heuristics optimization techniques that are the Genetic Algorithm (GA) and 

Evolutionary Particle Swarm Optimization (EPSO) for comparison purpose.  

A Virtual Power Producer (VPP) can optimally operate the generation units, assuring the best functioning of equipments taking 

into account the maintenance, operation and the generation measurement and control. A central control at the power system 

allows a VPP to manage the optimal generation and their load control considering all the involved costs. The application of 

methodology to a real case study of the laboratory equipments, demonstrates the effectiveness of this method to solve the optimal 

dispatch of the DC microgrid. The problem has been solved satisfactorily by three optimization techniques demonstrating the 

robustness of the proposed model.   

Keywords:   Optimization techniques, Renewable energy park, Scheduling, Virtual power producer, Microgrids. 

Nomenclature 

CW Wind energy cost coefficient (Eur/kWh) 

CPv Photovoltaic energy cost coefficient (Eur/kWh) 

CFc Fuel Cell energy cost coefficient (Eur/kWh) 

CSc Battery charge energy cost coefficient (Eur/kWh) 

CSd Battery discharge energy cost coefficient (Eur/kWh) 

CUe Undelivered energy cost coefficient (Eur/kWh) 

CEge Excess generated energy cost coefficient (Eur/kWh) 

PW Wind power generated (kW) 

Pv Photovoltaic power generated (kW) 

PFc Fuel cell power generated (kW) 

PSc Storage battery power charge (kW) 

PSd Storage battery power discharge (kW) 

PUe Undelivered power (kW) 

PEge Excess generated power (kW) 
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Load Load power (kW) 

t Time slice (hour) 

X Binary variable corresponding to battery charging 

Y Binary variable corresponding to battery discharging 

Ps Storage battery power state 

Pwmax Wind power generation capacity limit 

Pvmax Photovoltaic generation capacity power limit 

τ Learning parameter 

wi+1 Strategic parameters of particle i 

bi Best point found by particle i in its past life 

bG Best overall found by the swarm of particles 

Xi Location of particle i at current generation 

vi Velocity of particle i for the next movement 

Xi+1 Location of particle i after movement 

wi.inertia Particle Inertia term 

wi.memory Particle Memory term 

wi.coop Particle Cooperation or information exchange term 

 

1. Introduction 

The last years have seen a huge reorganization of the traditional distribution networks towards active networks 

characterized by a high penetration of Distributed Generation (DG) units, based on technologies such as internal 

combustion engines, small and micro gas turbines, fuel cells, photovoltaic and wind plants. 

The European Community indeed is promoting different initiatives to support the research in this field with a 

specific platform [1] and different calls within the FP7 framework program. The interest in these systems is 

motivated by the possibility to implement, on a large scale renewable energy, sources to limit green house gas 

emissions, also to reduce the transmission and distribution active power losses, and to delay or even prevent the 

construction of new energy infrastructures. The coordination of all these generating and loading units is a 

challenging issue that demands distributed intelligence which is referred to Smart Grids. In literature, few articles 

proposed operational solutions for microgrids because interdisciplinary knowledge is requiered. 

In [2], an optimization algorithm able to individuate the subdivision of a given distribution network into an 

optimized number of sustainable microgrid is proposed. The method provides the best configuration of microgrids in 

an existing distribution system: the optimal arrangement is the one that maximizes the sum of the savings in both the 

cost of energy purchasing and the cost of service interruptions. 

In [3], a control strategy for inverters based on DGs and a protection scheme are carried out and the coordination 

between them is proposed to control both voltage and frequency during islanded operation. 

In [4] the issue of the autonomous control of microgrids is treated. Finally, in [5] several schemes for sharing 

power between generators in microgrids are compared and the minimization of fuel use in a microgrid with a variety 

of power sources is then discussed.  

Keeping the balance between load and generation is the basic rule of all power systems. In the autonomous 

supply systems, as spacecrafts, airplanes or small islands, the critical amount of fuel and specific schedule of the 

generation capability give the scheduling problem special importance. 

In the power system the daily load curve can be well forecasted. The forecast could be based on statistical, 

analytical or technological models. Any power system contains several elements that can be characterized as 



follows: 

• Load–The power system contains controlled and uncontrolled loads. The time curve can be well forecasted. 

• Generator–The generators have many constraints that are minimal/maximal capacity limit, fuel amount 

consumption (total generated energy) and speedup ratio. 

• Storage–A large amount of electricity cannot be stored economically. Only small systems use super capacitors and 

batteries, the greater systems contain pumped water storage, pressurized air, hydrogen generator, etc. The storage 

units have double characteristics: these are loads with limited capabilities, and later they may turn into generators. 

Due to the losses of transformation, the storage would never reaches 100% of efficiency. 

Nowadays there is an upward tendency for using small isolated power systems, against central power producing 

system when regarding rural and distant places. 

In this type of system the most important producers are the renewable energy sources (e.g, photovoltaic panels 

(PV), fuel cells, wind turbine etc.) in combination with diesel generators. These small power producing networks 

need a distributed and autonomous generation control.  

Interest in small isolated power systems is also attractive for power utility companies; since they can help 

improving the power quality and power supply flexibility. Also, they can provide spinning reserve and reduce the 

transmission and distribution costs, and can be used to feed the customers in the event of an outage in the primary 

substation [6].  

This paper deals with an optimal management of a microgrid working under isolated conditions and controlled by 

VPP for Laboratory purpose. This control can be handled via Internet (IP), where the microgrid becomes intelligent 

grid. However, it may be connected to the power distribution grid. The problem described is managed hour by hour 

by the microgrid central controller located at one of the generation buses. This problem is formulated as a mixed-

integer linear programming model and solved by a deterministic optimization technique based on CPLEX [7], 

implemented in General Algebraic Modeling Systems (GAMS) [7], and it has been also solved by two meta-

heuristic optimization techniques that are the Genetic Algorithm (GA) and Evolutionary Particle Swarm 

Optimization (EPSO) for comparison  of  results purpose  point of view. 

This paper is organized as follows: Section 2 deals with the Virtual Power Producer and its operation.  In Section 

3 the real case of Microgrid Laboratory is presented with convenient details.  Section 4 presents the mathematical 

formulation of the problem under study. Section 5 explains all the optimization method used to solve the problem. 

Section 6 presents the Test Case and the discussion of the obtained results. Finally, in Section 7 the conclusions are 

duly drawn. 

2. Virtual Power Producer Operation 

The aggregation of DG plants leads to a new concept: the Virtual Power Producer (VPP). VPPs are multi-

technology and multi-site heterogeneous entities. In the scope of a VPP, producers can assure that their generators 

are optimally operated. At the same time, VPPs will be able to achieve a more robust generation profile, raising the 

value of non-dispatched generation technologies [8]. 

The VPP can also operate in isolated networks. In this type of installation the VPP can handle the system 

management and equipment functioning responsibility. VPP can reduce maintenance and operation costs of the 

isolated system and increase its efficiency. The system management is made remotely, providing the possibility of 

controlling the aggregated producer’s generation that is connected to the network and at the same time all the 



isolated power system (generation and consumption). It is possible to manage several isolated grids at the same time. 

This type of management has many particular specifications, involving some adjustments to the VPP. One of the 

differences is the aggregation goal. The “normal” VPP has as primary goal of combining the generation of 

aggregated producers to sell the biggest quantity of energy in the market, to remunerate the producers and to get its 

own profits. When VPP is managing isolated grids the most important goal is to deliver the necessary energy to 

assure the optimal function of loads. Therefore, it is necessary to manage the reserves and operation of controllable 

generation units (fuel cells and micro turbines).  

Other important aspect that VPP has to consider in the isolated microgrid operation is the need to control the 

generation and the consumption. Since system is isolated, sometimes, VPP has to disconnect some loads to maintain 

the system balance when the generation is not enough. The VPP can develop Demand Response (DR) strategies to 

advise the users about a wrong electric energy usage or simply overload.  

In isolated microgrid operation mode, the VPP has control of all the system, therefore it gots voltage and frequency 

control methods and mechanisms that permit to adjust these parameters to obtain an adequate quality service to the 

consumers demands.  

The existence of many isolated grids, that are geographically near and that are managed by the same VPP, can 

provide an interconnection of these systems which increase resources, dimension and stability for all systems. 

The associated costs of these interconnections are proportional to the distance between grids, being an important 

restrain to this type of application. These interactions have to be done at Low Voltage level (LV) to maintain a good 

voltage level and to reduce the distribution active power losses. 

3. Laboratory Equipment 

In the Microgrid Laboratory exists a small renewable system that integrates a wind turbine, photovoltaic panels 

and a fuel cell. The test system is implemented at the roof, see Figure1. 

 
Fig. 1. Microgrid Laboratory renewable system 

 

The equipments of generation are similar to [9] with the following characteristics:  

• Photovoltaic panel(s) - type: DS 40; Nominal power: 40W; Expected production of 4 panels 150 W peak 

• Wind turbine - type: Air-X 401; Nominal power: 400 W at 11.5 m/s; Daily production (day and night) approx.   

800Wh 

• Fuel cell - type: Flexiva; Nominal power: 80 W 

• Load - Practically lighting bulbs; Nominal power: 20 – 100 W (controllable) 

• Storage - Storage maximum charging capacity: 200 W; Storage maximal discharging capacity: 50 W 



Many of them generate power in the form of direct current (e.g. PV, fuel cells) or in the form of alternate current 

at a different frequency from the required 50 Hz (e.g. wind generators, micro-turbine). Therefore, the system 

containing these sources requires a power electronic interface. The system is represented on Figs. 2 and 3. 

 
Fig. 2.  Control of Microgrid Laboratory renewable system 

 

 

 
Fig. 3. Virtual micro-grid control 

 

The system can be operated connected to grid or in isolated system. In both situations, the control of all 

equipment is done with a centralized system of measurement and control. With this control system, it is possible to 

measure the generated energy by the wind turbine, photovoltaic panels, fuel cell, storage discharging and the energy 

consumed by the load. When implementing the central control, it is possible to regulate the fuel cell, the storage and 

the load for balancing the system according to the defined strategy [10]. 

It is also possible compare the forecast values of wind turbine and photovoltaic panels generation with the real 

values. This possibility improves the management of renewable energy resources.  

The generation capability of the different units will be on-line monitored, and remotely switched by the 



scheduler.  

When unbalance between active power generation and active power load demand is detected, the frequency 

deviates from its nominal value. Therefore, the isolated system should be able to maintain frequency in an 

acceptable operating range achieve power quality standards [11].  

In a further extension, the remote switches will be realized on IP base, so the physical microgrid will be extended 

to virtual microgrid. 

4. Problem Formulation 

The technical economical power dispatching consists in the identification of the optimal set points of the 

generating units in an electrical system. Usually, the objective is to minimize the production cost of these units, 

subjected to all the technical constraints.  

The problem formulation of the Laboratory system is developed as a VPP operation in an isolated grid. However, 

it may be connected to the distribution network.  Figure 4 presents the scheme that can be used in the power balance 

formulation.  

 
 

Fig.4. Microgrid Laboratory operated as  an isolated system 

In order to determine the optimal generated power by wind, photovoltaic, fuel cell and the storage battery 

charging and discharging, the optimal operation is formulated taking into account the following considerations:  

• The wind power generation strongly depends on the weather. The generation capability can be estimated in 

advance for a 24 hours period. The wind energy is dispatched during the mentioned period due to the low 

generation cost;  

• The photovoltaic generation can be well forecasted, too; 

• The fuel cell has limited output for a long time, but the total generated energy is determined by the amount of the 

hydrogen fuel; 

• The storage discharging is limited for maximal discharging capacity and existing storage energy; 

• The loads are forecasted considering several aspects, however the most of the loads can be controlled between 

limits (this is the DSM - Demand Side Management);  

• To system balance, the VPP can settle terms of reserve. For example the VPP can limit the minimum reserve to the 

10 % of load forecast. This reserve can be assured by storage and fuel cell. 



The main objective is to carry out an optimal dispatch taking into account all the aforementioned considerations.  

The expected result will be the following priorities: 1st - wind, 2nd – photovoltaics, 3rd - Fuel cell (if it is 

necessary). The surplus energy is used for charging the storage battery capacity. The different units have different 

costs, as well. The wind and solar energy are cheaper, or with low cost. The storage energy has being limited; the 

hydrogen based fuel cells have expensive cost and limited capacity. It is only the emergency reserve. 

This continuous constrained portfolio problem is solved by CPLEX in GAMS platform, Genetic algorithm (GA) 

and Evolutionary particle swarm optimization (EPSO) as can be seen next.   

The optimal schedule of the demand and generation units can be made for five minutes, one hour, and one day or 

for one week. Thus, it depends on the load forecasting, for wind and photovoltaic energy generation forecast. 

The problem constraints have been elaborated considering the five different operation modes: 

1. There is a surplus energy to store (for more details see Fig.5). 

 
Fig. 5. Surplus of primary energy 

2. The primary generation is not enough therefore the battery is discharged. In this case a 25% is considered. 

3. In case of the lack of primary generation (no wind and/or sunshine) the battery and Fuel Cell come into operation 

(see Fig.6). 

 
Fig. 6. The storage and the fuel cell are in operation 

4. In case of the lack of energy storage, only Fuel Cell comes into operation. 

5. In unsatisfactory energy generation case the load must be shed. 

The main propose is to find the minimal marginal cost for a 24 hour period. However it can be extended to one 

week, one month or one year.  

The objective function is stated as follows: 



 

 

  (1) 

Subjected to the following technical constraints: 

1. First Kirchhoff Law or Power Balance 

 
(2) 

2. Wind generation limits in each period “t”  

 (3) 

3. Photovoltaic generation limits in each period “t” 

  (4) 

4. Fuel Cell limits in each period “t”                 

  (5) 

5. Storage battery limits in each period “t”  

 (6) 

6. Storage battery maximal discharge limits in each period “t”  

 (7) 

7. Storage battery maximal charge limits in each period “t”  

 (8) 

8. The battery cannot charge and discharge at the same time in each time slice “t” 

 (9) 

9. Storage battery maximal discharge limits in each period “t” considering the battery state storage in period t-1 

    (10) 

10. Storage battery maximal charge limits in each period “t” considering the battery state storage in period t-1 

 (11) 

11. Balance state of the battery 

  (12) 

12. Initial state of the battery  

 (13) 

For the succeeding time slices the constraints are the same. The existent storage energy (PS) is updated between 

time slices. If considered a large number of time slices, it is possible to minimize the operation costs and optimize 

the storage management. 

The Distribution Network has not been taken into account due to its small dimension. However, its inclusion in 

this mathematical model is very easy. In this particular case the active power losses is a squared function of the 

current. This function can be linearized in the objective function and constraint of the flow limit on the lines can be 

included. Therefore, the solution methods proposed to solve the Mixed Integer Linear Problem is still valid. 

 



5. Mathematical Solution Methods 

The optimal dispatch problem formulated in the Section 4 is a linear model with two types of variables that are 

continuous and binaries. The nature of the formulated problem is combinatorial. As a consequence, several solution 

techniques have been proposed to solve the unit commitment problem such as heuristics [12]-[14], dynamic 

programming [15]-[17], mixed-integer linear programming [18], [19], Lagrangian relaxation [20], simulated 

annealing [21] and evolution-inspired approaches [22]-[24] can be adopted to solve the intelligent microgrid 

scheduling.  In this paper, the MILP and the evolution inspired approaches GA and EPSO have been chosen for 

solving the optimal dispatch of renewable energy microgrid optimal management problem. 

A) Mixed Integer Linear Programming (MILP) 

The MILP optimization technique has been chosen for solving the optimal dispatch of renewable energy park 

problem. The main reason for it is the convergence guarantee to the optimal solution in a finite number of steps [25] 

while providing a flexible and accurate modeling framework. In addition, during the search of the problem tree, 

information on the proximity to the optimal solution is available. Efficient mixed-integer linear programming such 

as the branch-and-cut algorithm based on GAMS platform under CPLEX name has been used in this paper.  

B) Genetic Algorithm (GA) 

The Genetic Algorithms (GA) are part of the evolutionary algorithms family which are models inspired in the 

Nature. GA´s are usually considered as function optimizers [26]. 

In this paper the Genetic Algorithm Optimization Toolbox (GAOT) for MATLAB 5 has been adapted for solving 

the optimization problem of the optimal dispatch of a small renewable energy park at the Laboratory level.  GAOT 

implements simulated evolution in the MATLAB environment using binary or real representations [27]. This 

implementation is very flexible in the genetic operators, selection function, termination functions as well as 

evolution function that can be used. The implementation is described in [27] and adopted in this work. 

The GA works with a set of (codified solutions) that constitutes a population. Such population is able to evolve by 

application of the process of selection, mutation, reproduction and crossover. The strongest individuals (solutions) 

survive during the optimization process or generations. An initial population (also known as start population) has 

been generated randomly. The select operation creates an intermediate population that picks up the best individuals 

among the initial population by means of fitness evaluation function (cost). To obtain an evolved population is 

necessary to apply some operators (crossover and mutation) which becomes the new generation. For selecting the 

best individuals in the population was used roulette [28] and normalized geometric distribution selection. The 

Crossover is an operator used by genetic algorithms to generate new individuals (solutions) through picking points 

randomly and switching their segments. Thus, arithmetic crossover takes two parents P1, P2 and performs an 

interpolation along the line formed by these parents. The number of crossover operations defined in this case is 2 for 

each generation. The mutation operator process used is the boundary mutation that consists of changing one of the 

parent’s values randomly and so changes its upper or lower bound. The number of boundary mutations defined in 

this case is 24.   

The flowchart of the GA algorithm is depicted in figure 7. 



 
Fig. 7.  Genetic Algorithm process flowchart 

C) Evolutionary Particle Swarm Optimization (EPSO) 

Conversely of the GA the classic Particle Swarm Optimization (PSO) has no selection and mutation operator 

[29], [30]. The movement rule of PSO is defined by three strategic parameters (see Figure 8): inertia, memory and 

cooperation [31], [32].  

 
Fig. 8.  Evolutionary Particle Swarm Optimization process flowchart 

On the other hand, Evolutionary Particle Swarm Optimization (EPSO) introduces a new approach: mutation of 

the strategic parameters and selection by stochastic tournament of particles passing to the next generation. Given a 

population as a set of particles, the general of EPSO algorithm can be explained as follows:  

1. Replication: Each particle is replicated one (r = 1) time. 

2. Mutation: The strategic parameters w of each particle, are mutated according to: 

 (1) 



In this paper the Gaussian mutation to the particle’s weight was used where τ is the learning parameter, externally 

fixed. Note that the Strategic parameters are randomly initialized between 0 and 1. 

3. Reproduction: Each particle generates 1 descendent according to the movement equation: 

 (2) 

and  

 

 

(3) 

Finally, the basic particle movement rule is:  

 (4) 

4. Evaluation: Each particle has its fitness value, according to its current position in search space. 

5. Selection: By stochastic tournament, the best particle of each group of r+1 descendents (population + r replicas) 

of each individual of previous generation is selected to form the new generation. 

The EPSO algorithm is organized as shown in figure 9. 
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Fig. 9 Spatial representation of EPSO movement rule 

6. Test Case 

A real test case has been performed to illustrate the generality and the effectiveness of the proposed 

methodology. This study case corresponds to Laboratory microgrid Renewable Equipment (see Fig.1). The 

generation capacity and load used are shown Table 1. 

The optimization problem of Laboratory equipment has been analyzed for the 24 hours period sequential time.  In 

order to schedule the generation units, a cost of each generation technology is established. The considered prices are: 

Wind energy 0.4 Eur/kWh; photovoltaic 0.4 Eur/kWh; fuel cell 0.9 Eur/kWh; storage discharging 0.6 Eur/kWh; 

storage charging 0.4 Eur/kWh; undelivered power is 1.5 Eur/kWh and the excess energy is 0 Eur/kWh. 

Some important results as well as the optimal renewable energy dispatch have been obtained taking into account 

the marginal cost of each generation technology. 

Figure10 presents the optimal dispatch obtained by solver CPLEX in GAMS platform. In this case, (see 

Figure11) the battery charges only in the intervals 2 and 4 respectively. All values are given in W for more 

appreciation in Tables and Figures. 

 

 

 

 



 

Table 1 

Genera oa  th  

H r P  PV ) PFC (W) PSC (W) PSD (W) Lo ) 

tion capacity and l d used in e test case

ou W (W)  (W ad (W
1 130 0 160 
2 150 0 140 
3 140 0 150 
4 160 0 120 
5 100 0 110 
6 120 5 100 
7 
8 

150 
180 

10 
30 

170 
180 

9 170 60 200 
10 160 100 220 
11 120 130 230 
12 130 140 240 
13 150 150 240 
14 176 140 

13  
230 

15 
16 

185 
120 

0
100 

220 
210 

17 130 60 210 
18 140 30 220 
19 170 10 230 
20 190 5 240 
21 120 0 250 
22 
23 

170 
130 

0 
0 

200 
190 

24 150 0 

≤80 ≤200 ≤50 

180 
 

 
Fig. 10. Hourly generated ower obtained by MILP 
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Fig.11. Hourly power consumption obtained by MILP 

 

Genetic Algorithm (GA) and Evolutionary Particle Swarm Optimization techniques (EPSO) have also been 

applied to solve the optimal renewable energy park dispatch. The dispatch results of these two meta-heuristic 

techniques are different as can be seen on Figs. 12 and 13. In this case, the battery charges in the 

 intervals 4, 6, 7, 8, 9, 10, 13, 14, 16, 18, 19, 22 for the GA and in the intervals 3, 5, 7, 8, 9, 10, 11, 13, 14, 19 and 24 

for the EPSO respectively. All values can be seen on Figs. 14 and 15.  

 
Fig. 12. Hourly generated power obtained by GA 

 

 
Fig. 13. Hourly generated power obtained by EPSO 



 
Fig. 14 Hourly power consumption obtained by GA 

 

Before applying these algorithms to the dispatch problem, some tests were carried out in order to determine the 

best values for the parameters that control the GA and EPSO. 

 
Fig. 15. Hourly power consumption obtained by EPSO 

 

The optimal dispatch problem was studied from the point of view of results and computation times. The suitable 

parameters for GA and EPSO can be seen in the Tables 2 and 3, respectively. The performance of the GA and EPSO 

algorithms are depicted in Figs. 16 and 17, respectively. The comparison results from CPU execution time point of 

view can be seen in Table 4. 

 
Fig. 16. Evolution of objective function obtained by GA 

 



 
Fig. 17. Evolution of objective function obtained by EPSO 

 

Table 2 

Tuning Parameters Genetic Algorithm 

Attribute Description Used value 

ε Epsilon indicates the threshold for 
two fitness to find the best solution 10−10 

Crossover 
operator Arithmetic Crossover 2 crossover operations 

per generation 

Mutation 
perator Boundary Mutation 24 mutations per 

generation 
Select 

Operator Normalized geometric distribution Probability of 1.00 

Select 
Operator 2 Roulette method - 

Initial 
population Population size 100 

Number of 
generation

s 

Number of generations applied to 
start population 500 

 

Table 3 

Tuning Parameters  

Evolutionary Particle Swarm Optimization 

 

Attribute Description Used value 

Number of 
particles Number of particles 40 

Search 
space 

Dimension of 
values for each 

particle 
120 

Number of 
iterations 

Number of 
iterations applied to 

swarm 
500 

τ 
Tau indicates the 
mutation factor 

value 
0.7 

Mutation 
method Gaussian mutation 

 

 



Table 4 

Computational Performance MILP, GA and EPSO 

Algorithm 
Objective 
Function 

Value 

Number of 
Iterations or 
generations 

Computational 
time (S) 

MILP 2.0185 10000 2 
GA 2.0960 500 30 

EPSO 2.1240 100 5 
 

GA and EPSO have been chosen since it has already proven to be successful in solving many problems in power 

system operation and scheduling [30]-[31], [33]-[34]. The algorithm has been successfully implemented using a 

high-performance computation library developed in GECAD/ISEP, Portugal.  

For the application of the methodology a digital program in GAMS platform has been developed. Other two 

meta-heuristic optimization techniques have also been developed and applied to solve the problem. All cases have 

been tested on a PC compatible with  4 processor Intel Xeon X5450, 3.0-GHz, 4GB of random-access-memory 

(RAM) and Windows Server 2008 Operating System.  

Table 5 shows in an easier way the results obtained by the three optimization techniques. This table is a summary 

of optimal dispatch of the renewable energy park treated in this work.  

Table 5 

Optimal Dispatch Results Obtained by MILP, GA and EPSO Algorithms 

PW PV PFC PSC PSD 
HOUR 

MILP GA EPSO MILP GA EPSO MILP GA EPSO MILP GA EPSO MILP GA EPSO 
LOAD 

1 130 130 130 0 0 0 0 30 32 0 0 0 30 0 0 160
2 150 140 150 0 0 0 0 0 0 10 0 0 0 0 0 140 
3 140 139 140 0 0 0 0 11 21 0 0 2 10 0 0 150 
4 160 123 160 0 0 0 0 0 0 40 3 0 0 0 0 120 
5 100 70 100 0 0 0 0 0 33 0 0 33 10 47 0 110 
6 100 109 120 0 3 5 0 0 0 0 12 0 0 0 0 100 
7 150 150 150 10 10 10 0 18 34 0 7 4 10 0 0 170 
8 180 156 180 0 29 30 0 0 0 0 5 5 0 0 0 180 
9 170 159 170 30 49 60 0 0 0 0 8 3 0 0 0 200 
10 160 158 160 60 65 100 0 0 0 0 3 2 0 0 0 220 
11 120 114 120 110 116 32 0 0 0 0 0 4 0 0 0 230 
12 130 127 130 110 113 76 0 0 0 0 0 0 0 0 0 240 
13 150 92 150 90 150 110 0 0 0 0 2 3 0 0 0 240 
14 176 134 176 54 138 37 0 0 0 0 42 12 0 0 0 230 
15 185 92 185 35 128 29 0 0 0 0 0 0 0 0 0 220 
16 120 115 120 90 99 13 0 0 0 0 4 0 0 0 0 210 
17 130 127 130 60 55 60 0 29 36 0 0 0 20 0 0 210 
18 140 139 140 30 30 30 0 53 32 0 2 0 50 0 21 220 
19 170 169 170 10 9 10 30 54 58 0 2 1 20 0 0 230 
20 190 186 190 5 4 5 45 51 47 0 0 0 0 0 0 240 
21 180 180 180 0 0 0 70 71 71 0 0 0 0 0 0 250 
22 170 170 170 0 0 0 30 35 31 0 5 0 0 0 0 200 
23 130 128 130 0 0 0 60 62 57 0 0 0 0 0 2 190 
24 150 141 150 0 0 0 30 39 45 0 0 6 0 0 0 180 

 

For a depth comparison of the results obtained by the different optimization technique that are MILP, GA and 

EPSO, the authors proceed to present all the results in figures format. For instance, the wind power resulted by the 

application of the three optimization technique has been drawn in the same figure as shown in Figure 18. It is 



important to note that the wind power is a continuous and positive variable, in this case all the optimization 

techniques have generally the same tendency regarding to the obtained results.   

7. Conclusions 

In this paper an optimal operation of an isolated system by a VPP is presented and discussed. The main goal is to 

decide the best VPP management strategy to minimize the generation costs of wind energy, photovoltaic energy, 

fuel cell energy and optimize storage charging and discharging time subjected to all the operation technical 

constraints. 

The dispatch has been formulated as a mixed integer linear programming problem and solved by three 

optimization techniques that have been developed and tested to a real case study presented and discussed in this 

work. Performance of each technique has been studied demonstrating that the MILP is the most adequate technique 

to solve this type of problem, handling effectively the binary problem variables. 

The application of the methodology to a real case presented in the microgrid Laboratory, demonstrates the 

effectiveness and the robustness of the proposed model. It is also verified that the proposed method has a very low 

execution time for solving a mixed integer linear programming problem. The proposed model can help the planner 

engineer to minimize the operation cost of the generations units taking into account the reliability expressed in the 

undelivered energy cost.    
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a b s t r a c t

This paper presents a filtering application to improve the behavior of the Differential Equation Algorithm
(DEA) against harmonic distortion in transmission and distribution power systems. The proposed filter
is based on Fast Fourier Transform (FFT) techniques during steady-state conditions. The voltage and
current continuous-time equations are also considered, in fault conditions, to estimate the fundamental
component waveforms of voltage and current. Simulations results show the singularities problems of
DEA algorithm against harmonic distortion and the accurate operation achieved within 0.32 cycles using
this filtering application.

© 2009 Elsevier B.V. All rights reserved.

1. Introduction

The basic requirement of a distance protection algorithm is the
capability of high speed and selective isolation of faulted sections in
the power system. Fourier analysis techniques are the most widely
used tools in signal processing for distance relaying [1]. However,
the time these methods need for operation is in the range of at
least one and a half cycles. Protection algorithms based on travel-
ing waves principle [2–4] offer the fastest operation time after fault
inception, but put too high demands on current and voltage sam-
pling time for accurate operation [4,5]. Unlike these algorithms, the
Differential Equation Algorithm (DEA) [5–9] has an operating time
below 0.32 cycles with less sample time requirements than travel-
ing wave techniques. Thus, a relay based on the DEA is suitable since
high speed operation is achieved including fault detection, esti-
mation of fault location, fault classification and tripping decision
within the operation time.

In [9] the behavior of the DEA algorithm is analyzed under differ-
ent situations in a power distribution system without considering
harmonic distortion and fault resistance, resulting in an efficient
algorithm for fault detection and location.

However, the increasing application of electronic power facili-
ties in the industrial environment bears to a significant harmonic
distortion in the waveforms of voltages and currents [10]. This har-
monic distortion in conjunction with the fault resistance and the
transient components contained in the waveforms of voltages and

∗ Corresponding author. Tel.: +34 976761923; fax: +34 976762226.
E-mail address: mggracia@unizar.es (M. García-Gracia).

currents during the fault period, introduces important measuring
errors in the DEA algorithm [8]. These uncertainties implicit in the
measured data must be removed to avoid misoperations and power
disruption. This emphasizes the need to analyze the behavior of
DEA in a power system with harmonic distortion aiming to develop
suitable filtering methods to enhance the accuracy of the algorithm.

Some authors have proposed different filtering applications for
harmonic waveforms. In [1] a mimic phasor estimator is proposed
by using discrete Fourier Transform, where the filtered waveform is
established in at least 0.5 cycles, but it is based on an iterative adap-
tive scheme for voltage and current phasors where convergence
depends on variation of fault parameters. Otherwise, [8] proposes
a medium post-filtering for DEA algorithm that rejects singulari-
ties problems due to harmonic distortion; however it demands an
additional time in this stage before an accurate convergence to the
fault distance. In [11] a recursive algorithm based on minimiza-
tion of the absolute error in the waveform estimation is presented,
where convergence time is in the range of 2.5 cycles and it is
applied to study symmetrical components in unbalanced power
systems. Unlike digital filters, several active filters have been pro-
posed [12–15] to mitigate harmonic current effect over the power
quality of the power system. These active filters offer a selective
elimination of harmonic components, however under fault con-
ditions, the accuracy of harmonic elimination is reduced and the
filtered fundamental waveform may be misleading for DEA algo-
rithm.

The method introduced in this paper takes the presumption
that the peak value relation between the fundamental frequency
component and the harmonic components remains similar in both
prefault and fault state. Under this scope, a straightforward filter-

0378-7796/$ – see front matter © 2009 Elsevier B.V. All rights reserved.
doi:10.1016/j.epsr.2009.10.012
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ing application is proposed for estimating fundamental waveforms
of voltages and currents by means of continuous-time equations
taking into account the information of prefault state to accelerate
the estimation of the waveforms. Then, using the differential equa-
tion that describes an electric circuit, the algorithm determines the
inductance and resistance seen by the relay.

The proposed algorithm provides capability for fast tripping
decisions within 0.32 cycles, taking into account both accuracy and
security. Extensive simulations and comparative studies of the pro-
posed algorithm with the conventional DEA and Fourier techniques
are reported and discussed.

2. The Differential Equation Algorithm

2.1. Presumptions and general equations in continuous time

Here is presented a summarized derivation of the DEA. A suitable
reference for detailed derivation of DEA, considering mutual cou-
pling effect, is [9]. The derivation of the equations for this algorithm
requires the following presumptions:

• voltage and current transformers are ideal in the frequency range
from 50 to 500 Hz

• the line is perfectly transposed
• shunt capacitance is neglected

The DEA algorithm is based on the differential equation that
describes an electric circuit. Therefore, under fault conditions, the
protected line is modeled as follows:[

ua

ub

uc

]
= krR1

[
la
ib
ic

]
+ klL1

d

dt

[
ia
ib
ic

]
(1)

where, ua, ub, uc and ia, ib, ic are the phase quantities of voltages and
currents, respectively. The parameters kr and kl are the relative line
length for the resistive part and the inductive part, respectively. For
a fault on the protected line, both should be bounded between 0
and 1. In an ideal case, kr and kl should be similar. The arrays R and
L are the resistance and the inductance array for the whole line,
respectively.

Through the presumption of perfect transposition mentioned
above, the following expressions are obtained:

R =
(

Rs Rm Rm

Rm Rs Rm

Rm Rm Rs

)
; L =

(
Ls Lm Lm

Lm Ls Lm

Lm Lm Ls

)
(2)

where the subscripts s and m are used for self and mutual param-
eters, respectively. The relation between these parameters is:

L1 = Ls − Lm

R1 = Rs − Rm

L0 = Ls + 2Lm

R0 = Rs + 2Rm

(3)

being the subscripts 0 and 1 the zero and positive sequence, respec-
tively. Subtracting self and mutual parameters in (3) gives:

L0 − L1 = 3Lm

R0 − R1 = 3Rm
(4)

Using (4), and considering that the zero sequence current is:

i0 = (ia + ib + ic)
3

(5)

Eq. (1) can be rewritten as follows:[
ua

ub

uc

]
= krR1

[
ia
ib
ic

]
+ klL1

d

dt

[
ia
ib
ic

]

+ kr(R0 − R1)

[
i0
i0
i0

]
+ kr(L0 − L1)

d

dt

[
i0
i0
i0

]
(6)

and expressed in a general form as follows:

u = krir + klL1
dil
dt

(7)

being the derivation of variables u, ir and il different for each type
of fault (three phases, double phase to ground and SLG) [8].

2.2. Single line to ground faults

Considering a SLG fault on phase a at a relative distance k of the
total length of the protected line, the voltage of the faulty phase is
given by:

ua = kr[R1ia + (R0 − R1)i0] + kl

[
L1

dia
dt

+ (L0 − L1)
di0
dt

]
(8)

Eq. (8) can be expressed as the general form (7), considering the
following variables:

u = ua

ir = R1ia + (R0 − R1)i0
il = L1.ia + (L0 − L1)i0

(9)

2.3. Double phase to ground fault

For a double phase to ground fault between phases a and b, the
equation is:

(ua − ub) = krR1(ia − ib) + klL1
d

dt
(ia − ib) (10)

Expressing (10) as the general form (7) leads to the following
considerations:

u = ua − ub

ir = R1(ia − ib)
il = L1(ia − ib)

(11)

2.4. Three phase fault

Assuming a symmetrical fault at a distance k of the protected
line, the general Eq. (1) is rewritten as:[

ua

ub

uc

]
= krR1 ·

[
ia
ib
ic

]
+ klL1 · d

dt

[
ia
ib
ic

]
(12)

Since it is a symmetrical fault, that is i0 = 0, the network can be
treated as a single phase system. Any phase can be used to deter-
mine the values of kr and kl. Using two sets of samples of voltage
and current of the phase a, the equations that allow the values of
kr and kl to be obtained are:

[
uan

uan+1

]
=

⎡
⎢⎣ R1ian L1

dian

dt

R1ian+1 L1
dian+1

dt

⎤
⎥⎦
[

kr

kl

]
(13)

2.5. Solution of the continuous-time equations in discrete-time

The solutions of (8), (10) and (13) are expressed in reference [5]
in discrete-time domain. The two unknown parameters kr and kl
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Fig. 1. Overview of the model with filtering application.

can be estimated by differentiating (7) as follows:[
u

du

dt

]
=

⎡
⎣ ir Ll

dil
dt

dir
dt

Ll
d2il
dt2

⎤
⎦[ kr

kl

]
(14)

Subsequently, by using three continuous samples of i and u, fault
distance is given by:

krn = (iln − il(n−1))(u(n−1) + u(n−2)) − (il(n−1) − il(n−2))(un + u(n−1))
�T

(15)

kln =
(

�

2

)
× −(irn − ir(n−1))(u(n−1)+u(n−2))+(ir(n−1) − ir(n−2))(un+u(n−1))

�T
(16)

where � is the frequence sampling of the protective device, n the
index of time and �T the determinant of the inverse of the matrix
in (14) expressed as follows:

�T = (ir(n−1) + ir(n−2))(iln − il(n−1)) − (irn + ir(n−1))(il(n−1) + il(n−2))(17)

2.6. Singularities problems present in DEA against harmonic
distortion

As (17) is a discrete-time signal, it has implicit a repetitive
perturbation at a constant period which introduces a periodic fre-
quency deformation. Therefore, when the determinant (17) gets
values near to zero, kr and kl result in a mathematical indetermina-
tion. This indetermination is proportionally incremented the higher
the frequency components that appear in the current waveform
are. Such is the case of harmonic distortion in the power system.
Consequently, if the sampling time fits with the frequency deforma-
tion, it results in an extremely poor estimation of the fault distance.
Moreover, the inverse proportionality between fault resistance and
fault current makes the numerical differentiation in (15) and (16)
become closer to the zero axis. Thus, poor estimation and lack of
convergence are expected to be obtained by DEA algorithm due to
the fault resistance.

To deal with these additional factors that decrease the accuracy
of DEA algorithm, it is necessary to introduce a filtering application

as shown in Fig. 1. The proposed filter is based on continuous-time
equations (22) and (28) of voltage and current, respectively, as it is
explained in Section 5.

3. Power system test case simulation

3.1. Power system modeled

The power system shown in Fig. 2 has been considered for this
study. The simulation has been done using PSCAD-EMTDC package
[16,17] and with a sampling time of at least 50 kHz.

This power system consists in a 45 kV system that feeds a load
of 1.5 MW and 0.53 Mvar through line 1 of 7.7 km and a load of
3.93 MW and 2.58 Mvar through line 2 (7.7 km). These loads are
also connected to bus 2, through lines 3 and 4, both of 9.4 km. The
electrical network connected to bus 1 and bus 2 is represented by
its Thévenin equivalents, which are given by:

Zth1 = 4.25/84.4◦ � Zth2 = 8.46/ − 20.57◦ �
Uth1 = 49.49/84.4◦ V Uth2 = 44.74/ − 23.3◦ V

subscript th1 and th2 makes reference to the positive and negative
Thévenin equivalents, respectively.

Sequence data of the lines 1 and 2, modeled with mutual cou-
pling, are the following:

R1 = 1.314 � R0 = 2.650 �
L1 = 0.0092 H L0 = 0.0354 H

The THD in voltage waveform (THDV) is generated according
to [18] with a maximum value of 5.5% in steady-state conditions,
resulting a THD in the current waveform (THDI) of 3.3%. The objec-
tives of the current limits are to limit the maximum individual
frequency voltage harmonic to 3% of the fundamental and THDV
to 5% for systems without a major parallel resonance at one of the
injected harmonic frequencies [18]. The value of each harmonic
component of the voltage waveform is shown in Table 1. The plan-
ning levels are specified by the electrical utility for all the voltage
levels as internal quality objectives. According to reference [19],
the THDV limit expected in HV systems must be lower than 3% and
for LV and MV systems must be within 6%.

Fig. 2. Power system modeled for analyze the behavior of the DEA algorithm.



M. García-Gracia et al. / Electric Power Systems Research 80 (2010) 582–591 585

Table 1
Harmonic distortion of the applied voltage waveform in the simulated power
system.

Frequency (Hz) Harmonic number Fundamental voltage percent (%)

60 1 100
120 2 1.5
180 3 2.0
240 4 1.5
300 5 2.0
420 7 2.0
540 9 1.5
660 11 1.5
780 13 1.5

1020 17 1.0
1140 19 1.0

3.2. Behavior of the DEA algorithm against harmonic distortion

Fig. 3 shows the reactance estimated by DEA when a SLG fault
occurs at instant t = 0.087 s and at 25% of the protected line length,
without considering harmonic distortion and fault resistance. Oth-
erwise, Fig. 4 depicts the reactance estimated for the same fault,
considering harmonic distortion and fault resistance. The value is
assumed stable when its variation is within ±0.001 pu.

As it can be seen in Fig. 4, it is difficult to determine the fault
distance since its value is in an intermittent state. This is because a
periodic deformation takes place in the determinant expressed in
(17) when there is harmonic distortion.

Fig. 5 shows the determinant for the fault case where no
harmonic distortion was included. Otherwise, Fig. 6 shows the
determinant in case of harmonic distortion. Note that a periodic
deformation with a TDEF period can be appreciated. In the time
�t1 appears the maximum disturbance which leads to a highly
uncertain and misleading estimated value.

4. Filtering application for DEA algorithm

4.1. Description of the filter design

The fundamental presumption considered for the filter design
is that the peak value relation between the fundamental frequency
component and the harmonic waveform remains equal in both
prefault and fault state. In steady-state conditions, the filter deter-
mines the peak value and phase angle of the waveforms of voltage
and current, applying a Fast Fourier Transform (FFT) [20]. These
quantities are computed and refreshed every cycle.

4.2. Waveform estimated for voltage fundamental component

The voltage waveform with harmonic distortion is expressed by
the following continuous-time equation:

u(t) = Upeak 1 sin(ωt − �1) +
50∑

h=2

Upeak h sin(hωt − �h) (18)

where ω is the fundamental frequency, Upeak 1 and �1 are the
amplitude and phase angle of the fundamental voltage waveform,

Fig. 3. Reactance estimated by DEA without considering harmonic distortion, fault is at 25% of line length.

Fig. 4. Reactance estimated by DEA considering harmonic distortion, fault is at 25% of line length.



586 M. García-Gracia et al. / Electric Power Systems Research 80 (2010) 582–591

Fig. 5. Determinant of DEA without including harmonic distortion.

Fig. 6. Determinant of DEA including harmonic distortion, periodic frequency deformation is appreciates and fault is at 25% of line length.

respectively, and Upeak h and �h are the amplitude and phase angle
belonging to the h-th harmonic component. It is assumed that the
highest number of harmonic component in study is the order 50.
The effective magnitude Ueffec of the voltage waveform u(t) given
by (18) is determined as:

Ueffect = Upeak√
2

=

√√√√ 50∑
h=1

(
Upeak h√

2

)2

(19)

Using (19), a relation factor Fu is determined to relate the peak
value of each component, Upeak h, with the apparent peak value,
Upeak, of the voltage waveform. These relation factors Fu are calcu-
lated by:

Fu =

⎡
⎣ Fu

1
...

Fu
50

⎤
⎦ =

⎡
⎣ Upeak 1

...
Upeak 50

⎤
⎦ 1

Upeak
(20)

According to the presumption considered, after fault inception,
these relation factors are similar to those computed one cycle ear-

lier. Thus, using (20) the peak voltage value during fault conditions
Uf

peak
can be estimated from the voltage waveform uf(t) as follows:

uf (t) = Fu
1 Uf

peak
sin(ωt − �f

1) +
50∑

h=2

Fu
h Uf

peak
sin(hωt − �f

h
) (21)

Being the peak value Uf
peak

of the voltage waveform uf(t) an
unknown parameter. For voltage waveforms, the changes that
experiment the phase angle after fault inception are negligible.
Therefore, �f

1 can be assumed similar to the prefault value of �1.

Hence, Uf
peak

is determined as follows:

Uf
peak

= uf (t)

Fu
1 sin(ωt − �1) +

∑50
h=2Fu

h
sin(hωt − �h)

(22)

Therefore, the output of the proposed filter represents the fun-
damental voltage waveform of (18) and is it expressed by the

Fig. 7. Voltage waveform at bus 1 of the power system modeled, fault is at 25% of line length.
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Fig. 8. Voltage fundamental component waveform computed by the filter proposed (solid line) and FFT (points).

Fig. 9. Block diagram of the control system modeled for estimating current fundamental component waveform.

following continuous-time equation:

ufilter out(t) = Fu
1 Uf

peak
sin(ωt + �f

1) (23)

where ufilter out(t) is the filtered voltage waveform generated by the
proposed filter to be processed by the DEA algorithm.

Fig. 7 shows the voltage waveform at bus 1 of the power sys-
tem shown in Fig. 2. A SLG fault is applied at 25% of line length
and at instant t = 0.087 s, considering a fault resistance of 0.01 �.
Fig. 8 depicts the voltage fundamental component waveform com-
puted by the proposed filter (solid line) and by FFT (points). The
performance of the proposed filter leads to an estimated voltage
waveform 0.68 cycles faster than the FFT and with a magnitude
error of less than 0.1%.

4.3. Waveform estimated for current fundamental component

After fault inception, a phase jump in current waveform is possi-
ble. Therefore, the current waveform can change in phase position
with respect to prefault conditions. Hence, correct estimation of
magnitude and phase are important to improve the performance
of numerical differentiation in (15) and (16). In steady-state condi-
tions, the parameters of the current waveform are determined in
the same way as in (19) and (20). This is:

i(t) = Ipeak 1 sin(ωt − �1) +
50∑

h=2

Ipeak h sin(hωt − �h) (24)

where, �1 and �h are the phase angles related to the fundamental
and h-th current harmonic component, respectively. The apparent
peak value Ipeak of current waveform in steady-state conditions is
determined by the following expression:

Ieffec = Ipeak√
2

=

√√√√ 50∑
h=1

(
Ipeak h√

2

)2

(25)

Then relation factor Fc is calculated for the current waveform as
follows:

Fc =

⎡
⎣ Fc

1
...

Fc
50

⎤
⎦ =

⎡
⎣ Ipeak 1

...
Ipeak 50

⎤
⎦ · 1

Ipeak
(26)

As �h and Ipeak changes when fault occurs, they are considered
unknown parameters. Therefore, a control system has been imple-
mented to determine these parameters. The task of this algorithm is
to detect the zero crossing or differential sign variations of the mea-
sured current waveform. The control system considered is shown
in Fig. 9, where the reference signal is based on a fundamental
component sinewave without angle phase.

The instantaneous current if(t) during fault conditions can be
expressed as:

if (t) = Fc
1If

peak
sin(ωt − �f

1) +
50∑

h=2

Fc
hIf

peak
sin(hωt − �f

h
) (27)

Expanding (27), the following expression is obtained:

if (t) = If
peak

Fc
1(cos(�f

1)sin(ωt) − sin(�f
1)cos(ωt))

+ If
peak

50∑
h=2

Fc
h(cos(�f

h
)sin(hωt) − sin(�f

h
)cos(hωt)) (28)

A suitable way for solving (28) is considering 50 samples in
different instants of time and solving for �f

h
by using linear pro-

gramming algorithms.
However, for power systems with a THDI lower than 7%, it

is observed that fundamental harmonic contribution to faults is
higher than the contribution of the rest of harmonics. This is Fc

1 � Fc
h

for h = 2, 3, . . ., 50. Thus, harmonic contribution to faults can be con-
sidered relatively negligible in comparison with the fundamental
harmonic. This presumption simplifies broadly the solution of (28)
by assuming that in fault conditions �f

1
∼= �f , where �f is the phase

angle of the measured current waveform during fault conditions.
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Fig. 10. Current waveform at bus 1 of the power system modeled, fault is at 25% of line length.

Fig. 11. Current fundamental component waveform computed by the filter design (solid line) and FFT (points).

The presumption used (�1 ∼= �f) has been checked for several
THDI. For the cases when THDI of the power system is greater
than 10% or during the energization of power transformers and
transmission lines, the presumption considered becomes pointless
and misleading for accurate operation. To avoid misoperation of
the algorithm during these events, a harmonic blocking function
must be included in order to operate using conventional Fourier
algorithms.

Subsequently, when the algorithm detects a zero crossing, the
phase angle, �f, will be the difference between the reference signal
(sin ωt) and the current waveform measured. Therefore, the peak
value is estimated by means of (28) as follows:

If
peak

= if (t)

Fc
1(cos(�f

1)sin(ωt) − sin(�f
1)cos(ωt))

(29)

Otherwise, if the waveform reaches its peak value before the
detection of a zero crossing, the magnitude If

peak
is computed. Then,

If
peak

is a known parameter and the phase angle �f
1 is estimated from

(28) by considering two samples at instants t and t + �t, and solving
for �f

1 as follows:

�f
1 = arcsin

(
1

Fc
1 · If

peak

· tan(ωt)
sin(ω(t + �t)) − cos(ω(t + �t)) · tan(ω(t + �t))

·
(

if (t + �t) − sin(ω(t + �t))
sin(ωt)

· if (t)
))

(30)

Since cancellation of the DC component is not possible for all
faults by the auxiliaries CT [21], the algorithm gets from a mem-
ory stack the measurement of the last 0.25 cycles. Next, the peak
detection is compared with the last 1/4 measurements to subtract
the DC component effect.

Once determined both parameters �f
1 and If

peak
, the proposed

filter generates the estimated current waveform expressed as:

ifilter out(t) = Fc
1If

peak
sin(ωt − �f

1) (31)

where ifilter out(t) is the filtered current waveform generated by the
proposed filter to be processed by the DEA algorithm.

In Fig. 10, the measured current waveform at bus 1 of the power
system modeled is shown. Fault is at 25% of line length without

considering fault resistance. Fig. 11 shows the current waveform
computed by the proposed filter (solid line) and by FFT (points). The
performance of the proposed filter points to an estimated wave-
form at least 0.54 cycles faster than the FFT and with a magnitude
and phase angle difference of less than 0.5%.

5. Results and discussion

The behavior of DEA algorithm using the proposed filter-
ing application is analyzed by comparing the simulation results
with both theoretical values and conventional DEA algorithm.
The lowest accurate performance of DEA algorithm is appreci-
ated in SLG faults. Thus, the behavior of the algorithm using
this filtering application is presented by analyzing the accu-
racy, time response and influence of the fault inception angle
against SLG faults on the power system of Fig. 2. For double
phase and three phase faults, the DEA seems less affected by
harmonic distortion. Nonetheless, errors in the estimation are
still considerable and therefore are reduced by using the filtering
application.

5.1. Accuracy of the algorithm

The accuracy of the DEA algorithm with the proposed filter
incorporated is simulated and analyzed for different faults applied
at different lengths of the protected line. Moreover, fault resistance
takes values of 0, 5 and 10 � for each simulation. Table 2 shows the
results of fault distance estimated by the DEA algorithm consider-
ing an inception angle of 60◦. The waveforms of voltage and current
estimated by the filter improve the convergence time of the DEA
algorithm. Also, the values of impedance and distance estimated
are more accurate.
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Table 2
Errors in the estimated fault distance varying fault location and resistance.

Fault distance (%) Fault resistance (�) Filter-DEA algorithm DEA algorithm

Error (%) Distance (pu) Error (%) Distance (pu)

25
0 0.638 0.2564 1.97 0.2697
5 0.657 0.2434 20.44 0.4544

10 0.331 0.2533 60.38 0.8538

50
0 0.221 0.5022 3.83 0.5383
5 0.567 0.4943 30.36 0.8036

10 4.775 0.5478 82.25 1.3225

75
0 1.145 0.7615 7.14 0.8214
5 0.999 0.7400 43.09 1.1809

10 14.808 0.8981 109.85 1.8485

100
0 2.408 1.0241 12.41 1.1241
5 5.377 1.0538 59.40 1.5940

10 8.091 0.9191 81.30 1.8130

Fig. 12. Comparison of the distance errors by DEA using filtering application (solid
lines) and without (dashed lines) for 5 and 10 � fault resistance simulation.

As it can be appreciate in Fig. 12, for a fault with 5 and 10 � fault
resistances, the distance error using the proposed filter is reduced
in a 56% in comparison with the DEA without filter.

5.2. Response time of the algorithm

Fig. 13 shows the convergence behavior of DEA algorithm with
the proposed filter for a SLG fault at instant t = 0.087 s. The algorithm
converges to a non-variation value even considering fault resis-
tance. This is because the determinant (17) remains constant once

Fig. 13. Behavior of DEA algorithm with filtering application considering harmonic
distortion, fault is at 25% of line length.

fundamental waveforms of current and voltage are estimated. Thus,
response time is slightly faster than DEA without filter because of
the time required for convergence.

Fig. 14 shows the convergence time of the DEA algorithm with
and without the proposed filter for SLG faults in the protected line.
The DEA algorithm without the proposed filter has higher response
time because of the DC component that introduces more oscilla-
tions during the value estimation.

The response time of Fourier techniques algorithms [22] is close
to 46 ms with 5% of error in the estimated value. Under this scope,
DEA algorithm offers a fast and accurate protection for faults with
low fault resistance.

Table 3
Errors in the estimated fault distance varying fault location, resistance and inception angle.

Fault distance (%) Fault resistance (�) Filter-DEA algorithm

30◦ 60◦ 90◦

Distance error
(%)

Response time
(%)

Distance error
(%)

Response time
(%)

Distance error
(%)

Response time
(%)

25
0 0.62 0.0053 0.638 0.0067 1.25 0.0078
5 1.55 0.0043 0.657 0.004 0.33 0.0057

10 2.08 0.0033 0.331 0.004 2.05 0.0057

50
0 3.78 0.0052 0.221 0.0062 1.13 0.0078
5 4.11 0.0045 0.567 0.005 0.85 0.007

10 5.79 0.0041 4.775 0.0041 2.98 0.007

75
0 4.26 0.0052 1.145 0.0062 4.03 0.008
5 7.13 0.0042 0.999 0.0048 −3.07 0.007

10 10.44 0.004 14.808 0.0048 7.35 0.007

100
0 6.17 0.005 2.408 0.005 2.96 0.005
5 4.44 0.0048 5.377 0.0042 9.79 0.0042

10 16.67 0.0049 8.091 0.0034 11.34 0.0034
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Fig. 14. Response time of DEA with filtering application (dashed line) and without
(solid line) against SLG faults.

5.3. Influence of the fault inception angle in the response of the
algorithms

Table 3 shows the errors obtained in the computation of the
distance for different fault inception angles. The fault angles con-
sidered are 30◦, 60◦and 90◦ of the voltage wave for phase a. The
fault distance is 50% of the total length. In this table it is observed
that the accuracy and response time of the algorithm varies lightly
against fault inception angle variations.

6. Conclusion

When harmonic distortion and fault resistance exist, the behav-
ior of DEA algorithm without filter is uncertain and misleading for
fault distance estimating.

The proposed filter based on continuous-time equations is suit-
able to improve DEA performance in estimating fault distance
considering harmonic distortion and fault resistance. The con-
vergence times are within 0.32 cycles. The theoretical limitation
presented by the proposed filter is the accuracy of the algorithm
against faults with high fault resistance and with high harmonic
distortion.

Applying filtering techniques to achieve voltage and current
fundamental waveforms enables DEA to achieve a non-variable
convergence value for improving accuracy in fault distance esti-
mation.
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Appendix A. List of symbols

ua, ub, uc voltage phases quantities (V)
ia, ib, ic current phases quantities (A)
kr, kl relative line length of resistive and inductive part, respec-

tively
R resistance matrix for a transmission line (�)
L inductance matrix for a transmission line (H)
R1, R2, R0 resistance of positive, negative and zero sequence,

respectively (�)
L1, L2, L0 inductance of positive, negative and zero sequence,

respectively (H)
Rs, Rm self and mutual resistance for a transmission line (�)
Ls, Lm self and mutual inductance for a transmission line (H)
n index of time of the sample

� frequency sampling of the protective device (Hz)
ir, il resistive and inductive current, respectively (A)
Uth1, Uth2 Thévenin equivalent voltages of positive and negative

sequences, respectively (V)
Zth1, Zth2 Thévenin equivalent impedances of positive and negative

sequences, respectively (�)
HV high voltage systems
THD total harmonic distortion
THDI total harmonic distortion in current waveform
THDV total harmonic distortion in voltage waveform
h subscript for the harmonic component order.
Upeak h peak voltage of the h-th voltage harmonic component (V)
Ueffec effective voltage (V)
Ieffec effective current (A)

Uf
peak

peak voltage estimated during fault (V)

uf(t) voltage value during fault condition
Ipeak h peak current of the h-th current harmonic component (A)
Fu

h
relation factor between peak voltage of the h-th voltage
harmonic component and the effective voltage in steady
state

Fc
h

relation factor between peak current of the h-th current
harmonic component and the effective current in steady
state

ufilter out(t) filtered voltage waveform generated by the proposed
filter

ifilter out(t) filtered current waveform generated by the proposed
filter

References

[1] C.-S. Yu, A discrete Fourier transform-based adaptive mimic phasor estimator
for distance relaying applications, IEEE Transactions on Power Delivery 21 (4)
(2006) 3387–3395.

[2] A.H. Osman, O.P. Malik, Transmission line distance protection based on wavelet
transform, IEEE Transactions on Power Delivery 19 (2) (2004) 515–523.

[3] M. Silva, M. Oleskovicz, D.V. Coury, A fault locator for transmission lines using
traveling waves and wavelet transform theory, in: Proceedings of the Eighth
IEE International Conference on Developments in Power System Protection,
IEE, vol. 1, 2004, pp. 212–215.

[4] D. Chanda, N.K. Kishore, A.K. Sinka, A wavelet multiresolution analysis for loca-
tion of faults on transmission lines, International Journal of Electrical Power &
Energy Systems 25 (1) (2003) 59–69.

[5] M. Akke, J.S. Thorp, Some improvements in the three-phase differential equa-
tion algorithm for fast transmission line protection, IEEE Transactions on Power
Delivery 13 (1) (1998) 66–72.

[6] L.F. Santos, P.M. Silveira, Evaluation of numerical distance protection algo-
rithms for series compensated transmission lines, in: Proceedings of the
Transmission & Distribution Conference and Exposition, TDC ’06, Latin America,
IEEE/PES, 15–18 August, 2006, pp. 1–6.
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Abstract— This paper proposes an adaptive distance relaying 
scheme based on the current phase jump behavior during fault 
conditions to improve the apparent impedance estimated by the 
relay. For a nonpilot protection scheme, the measured impedance 
is affected by error due to the combined effects of fault resistance 
and prefault load. An experimental relation between the current 
phase jump introduced with fault inception and the X/R ratio 
seen by the distance protection is deduced. The phase jump 
correction factor obtained is an exponential function of the X/R 
ratio of the line. This factor is applied to the apparent impedance 
measured by the relay and it allows mitigating the adverse effect 
of prefault power. The adaptive scheme improves significantly 
the accuracy in estimation of the resistive fault location. The 
application of this scheme does not require communication links 
from the remote end of line and is applicable to all types of fault. 
   

Index Terms—Adaptive scheme, distance protection, 
impedance locus, fault resistance, prefault load, current phase 
jump.  

I. INTRODUCTION 
ONPILOT distance relays remain susceptible to 
malfunction under a wide range of power system 

operating conditions. This is because protection function is 
provided with voltage and current signals only from one end 
of the protected circuit, and is expected to assess the location 
of a fault on the basis of these locally derived signals [1]. 

Many parameters such as ground fault resistance, prefault 
system conditions, mutual effects of parallel lines and shunt 
capacitance influences exert an important influence on the 
distance measurement process, and not surprisingly, several 
sources of error are present when estimating the impedance 
seen at the relay location [2]. These limitations of nonpilot 
distance relays have been acknowledged for a long time [3], 
[4] and lead the traditional distance relaying approach to 
experience underreach and overreach problems. 

Adaptive protection concept became an attractive 
possibility due to the advancement of computers, 
communication systems and software developments. The 
adaptive protection is defined as a protection philosophy that 
modifies the preferred protective response in order to make 
them more attuned to prevailing power system conditions [5]. 
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In particular, adaptive methods applied in distance relaying 
have been focused mainly to improve fault location and 
response time by mitigating the adverse effect of frequency 
variation, fault resistance, dc component, X/R source ratio, 
mutual couplings and prefault power condition over the 
apparent impedance estimated by the relay.  

In [6] an adaptive concept based on processing harmonic 
data from voltage waveform is presented to improve fault 
distance location, while [7] presents a recursive Fourier 
filtering technique to remove the decaying dc offset 
component from fault signals for accelerating the response of 
the relay. Likewise [8] develops an adaptive discrete Fourier 
transform-based mimic filter to approximate the decaying dc 
time constant from voltage and current measurement to 
achieve higher accuracy on the estimated impedance.  

Other adaptive concepts are oriented to use a compensating 
factor that modifies the characteristic of the distance 
protection to improve the estimated apparent impedance and 
to increment security in high speed distance protection [9]-
[11]. Latest adaptive concepts are being based on neural and 
agent technologies [11]-[14] to increment the accuracy of 
apparent impedance estimation.  

These adaptive techniques achieve significant improvement 
in the accuracy, security and dependability of the distance 
protection algorithm. However, most of them require an 
intensively learning pattern for different training sets 
corresponding to different parameters of the power system. 

This paper presents an adaptive distance relaying scheme 
based on the current phase jump data during fault conditions 
to determine a correction factor applied to the apparent 
impedance seen by the relay. The correction factor used is 
found to be an exponential function of the X/R ratio of the 
line. This is an experimental relation between the current 
phase jump introduced with fault inception and the X/R ratio 
seen by the distance protection. The factor is applied to the 
apparent impedance in order to increase the accuracy in the 
estimation of the apparent impedance measured by the relay.    

To verify the proposed adaptive scheme, detailed analyses 
of the apparent impedance seen by the relay have been 
performed, taking into account mutual coupling, prefault 
condition, fault resistance, fault angle inception and X/R ratio. 

The algorithm presented modifies the X/R ratio seen by the 
relay according to the current phase jump once fault occurs. 
Then, by means of the jump corrective factor, JCF, 
determined by an empirical X/R ratio vs. current phase jump 
curve, the algorithm mitigates the adverse effect of fault 
resistance over the apparent impedance locus and calculates 
an improved fault location within the protected line. The 

 N
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application of this scheme does not require communication 
links with the remote terminal of the protected line. 

Simulations have been performed for single line to ground 
faults and evaluated with both adaptive schemes based of 
Discrete Fast Fourier Transform (DFFT) algorithm [7], [8] 
and neural network [11] to highlight the effectiveness and 
accuracy achieved by the new proposed adaptive scheme.  

II. INFLUENCE OF PREFAULT POWER CONDITION ON THE 
APPARENT IMPEDANCE SEEN BY THE RELAY 

In order to obtain a brief understanding of the influence of 
system load on fault currents and voltages, it is helpful to 
perform a fault study on the system shown at Fig. 1 for a 
single line to ground (SLG) fault. The effective voltage and 
current phasors at a relay location during healthy system load 
conditions are denoted by VL, IL respectively. The ratio of 
these two signals gives the corresponding load apparent 
impedance seen from the relay location in stable conditions 
and is denoted as ZLL=VL/IL.  

 
Following a SLG fault inception at phase a and solving the 

equivalent sequence networks circuit leads to an evaluation of 
the fault current Ir seen by the relay at phase a. The influence 
of prefault load current IL is taken into account using the 
superposition theorem. Therefore, the fault current Ir is 
represented by two terms [3] as follows  

LFr III +⋅=ψ  (1) 
being IF the total current at the fault point, and is determined 
as follows 

0011

1

2 ppF

LL
F ZCZCZ

ZlmIVI
⋅+⋅⋅+⋅

⋅⋅−=
ψ

 (2) 

where Zp1 and Zp0 are the positive and zero sequence 
equivalent source impedance of bus p, respectively, Zl1 is the 
positive sequence impedance of the line and m is the distance 
to fault. ZF is the apparent impedance of the fault path and is 
equivalent to 

ψ
F

F
R

ZlmZ
⋅

+⋅=
3

1
 (3) 

being RF the fault resistance.  
The factors ψ, C1 and C0 are constants for a given system 
arrangement and denote the distribution factor expressions. 
The derivation of these factors and of IF is shown in Appendix 
A. 

Then, the voltage equation at the relay location for phase a 
is  

( ) FFLFr IRIIZlmV ⋅⋅++⋅⋅⋅= 31 ψ  (4) 
Thus, using voltage and current signals (Vr, Ir respectively), 

the apparent impedance seen by the relay is Zr. The latter 
impedance can be expressed as a function of ZLL and RF [3] as 

follows 
( )

ξ
ξ
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where ξ is constant for a given system arrangement and 
represents the following simplified impedance 

⎟⎟
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⎞
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For a better comprehension of the effect of prefault load in 
the performance of Zr it results suitable to represent the locus 
of a complex variable in an R-X diagram for different prefault 
load conditions. At [3] a detailed procedure for the 
construction of this diagram is presented, where prefault load 
current is considered and the corresponding fault location (as 
viewed by the relay) is represented by the radius of the 
circular locus obtained from the argument of (5). 

In the R-X diagram shown in Fig. 2, ZX represents apparent 
impedance Zr evaluated at the fault point, considering RF=0. 
The locus of the apparent impedance for varying RF represents 
a circle arc linking the fault location point ZX and the load 
point ZLL, where the center lies above the segment 1_LLX ZZ  

for θF > 0 (θF inductive) and below the segment 2_LLX ZZ  for 

θF < 0 (θF capacitive). 
In Fig. 2, ϕ l denotes the apparent impedance angle of the 

line, subscripts 1 and 2 refer to the capacitive (exporting 
power) and inductive (importing power) condition of θF, 
respectively, θLL is the load apparent impedance angle and CN 
is the center of the circle for each condition. Note that under 
exporting power condition of bus p, the link path between the 
fault point and the load point is represented by P1 and under 

 
Fig. 1. System arrangement for a SLG fault study case. 

importing condition by P2. 
 

 
Thus, the effect of importing power at the relay location is 

to cause an increase in the apparent impedance estimated by 
the relay, and results in further underreaching of the 

ort power condition causes an overreaching 
sults in a miscoordination between distance 

protection zones [3], [11]. 

Fig. 2. Locus of measured impedance Zr for varying RF. P1 represents the 
path for θF inductive and P2 the pat for θF capacitive. 

protection. An exp
tendency which re



 3

III. RELATION OF CURRENT PHASE JUMP WITH FAULT 
LOCATION 

The second term in (3) represents the error component in 
measured impedance due to the combined effects of fault 
resistance and prefault load and it could only be determined if 
both system arrangement and fault path impedance are known 
parameters. However, when considering the operation of 
distance relays, the current and voltage magnitudes of the 
receiving terminals are unknown parameters for a nonpilot 
protection scheme.  

Therefore, the magnitude and phase of the total current at 
fault path IF, shown in Fig. 3, are unknown and the potential 
rise due to the fault resistance is not considered by the 
measurement units of the relays for a correct estimation of the 
apparent impedance to fault. This leads to an error in distance 
measurement whenever fault resistance is present. The phase 
and magnitude difference between the components of fault 
current at the relay location I p

r and the total current in the 
fault path are shown in Fig. 3. 

 
However, the performance of the current waveform, more 

precisely, the current phase jump introduced with fault 
inception is related to the X/R ratio seen by the distance 
protection during fault condition. This study proposes a 
correction factor based on the current phase jump behavior 
during fault conditions to mitigate the error component of (3).  

The scheme is applicable for all types of fault, and the 
degree of compensation remains constant for all fault 
locations within the protected circuit since X/R is a constant 
for a particular line. 

The voltage vr (t) at the relay location, once fault occurs, is 
of the form  

)sin()( tVtv mr ω⋅=  (7) 

where the phase jump expected is within 0.2º ∼ 0.5º and is 
considered negligible (Fig. 4). However, the phase jump is 
significant for the fault current waveform seen by the relay 
ir(t), which is given by 

)sin()( φω −⋅= tIti mr  (8) 

being φ the arc tangent of X/R seen by the relay during fault 
condition. 

Under prefault conditions, the current waveform iL(t) is 
represented by 

)sin()( LmL tIti φω −⋅=  (9) 

where φL is the arc tangent of X/R seen by the relay during 
prefault condition.  
 Then the phase jump in the current waveform Δφ, shown in 
Fig. 4, is given by 

( ) LLr titi φφφ −=−=Δ )()(arg  (10) 

and it is proportional to the argument of the difference 
between Zr and ZLL, as follows 

( )LLr ZZ −=Δ argφ   (11) 

 
Substituting (5) in (11)  
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and simplifying this latter expression the following relation is 
obtained 
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As load impedance is much greater than line impedance, i.e. 
ZLL >> m·Zl1, the ratio m·Zl1 /ZLL tends to zero and expression 
(13) becomes 

( ) ( )
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+⋅⋅+⋅

+⋅⋅++=Δ
ξ

ξφ
LLF

LL
LL ZCR

ZCZ
1

1

23
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Eq. (14) shows that Δφ contains data of both the effect of 
prefault conditions (ZLL) and fault resistance (RF).  

IV. POWER SYSTEM SIMULATIONS 
The power system considered for this study is shown in Fig. 

5. The simulation has been done using PSCAD/EMTDC 
package [15], with a sampling time of 10 kHz. 

The nominal voltage of this power network is 45 kV with 
two loads of 3.93+j2.58 MVA and 1.5+j0.5 MVA connected 
through two double circuits; lines L1, L2 of 20 km and L3, L4 
with 30 km. 

 
 Lines L1 and L2 are identical with mutual coupling, both 

Fig. 4. Phase jump in the current waveform (solid line) with fault inception in 
comparison with the prefault current waveform (pointed line) and voltage 
waveform. 

 
Fig. 3. Magnitude and phase difference between the component of fault 
current at the relay location and the total current in the fault path. 

 
Fig. 5. Power system modeled for simulations. 
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modeled by a PI circuit section. Likewise, lines L3 and L4 are 
also identical and with mutual coupling between both. The 
electrical networks connected to G1 and G2 are represented 
by their Thévenin equivalents, which are given by 

ZthG1= 4.2556 \ 84.44° Ω   ZthG2 = 8.4677 \ 73.90° Ω 
where ZthG1 and ZthG2 represent the equivalent source 
impedance of G1 and G2, respectively. The Thévenin voltage 
magnitude of G1 varies between 0.9 and 1.1 p.u. with respect 
to the nominal voltage of G2, while the voltage phase of G1 
varies ±10º respect to G2.  These parameters variations are 
performed to simulate different states of power condition at 
the distance relay location point in bus 1. 

The sequence data of the lines L1, L2, L3 and L4 are the 
following  

Rl1 = 0.35 Ω/km       Rl0 = 0.4947 Ω/km  
Xl1 = 0.3987 Ω/km   Xl0 = 1.4866 Ω/km 
RlM0 = 0.1445 Ω/km     XlM0 = 0.9809 Ω/km  
The equivalent network G1 has been modeled with 

harmonic distortion. The total harmonic distortion in voltage 
waveform (THDV) is generated according to [16] with a 
maximum value of 5.5% in steady-state.  

Extensive simulations have been performed varying the 
fault resistance, fault angle inception, prefault power 
conditions, type of conductor (X/R line ratio), THDV of G1, 
and fault location m within line L1. 

 

 
In Fig. 6 is represented the apparent impedance seen by the 

distance relay for SLG faults applied at different points of line 
length, m, and for a varying fault resistance between 0.001 
and 75 Ω. For importing power prefault condition, the 

Thévenin voltage of G1 is 45.40 kV∠40º and for G2 is 44.75 
kV∠45º and corresponds to Fig. 6.a. While for exporting 
power prefault condition, the Thévenin voltage of G1 is 45.40 
kV∠50º and for G2 is 44.75 kV∠45º and corresponds to Fig. 
6.b. The protection device is located on bus 1. 

V. IMPLEMENTATION OF THE PROPOSED ADAPTIVE SCHEME 
The proposed adaptive scheme has been implemented to a 

distance algorithm based on DFFT. As shown in Fig. 7, the 
measured values of voltage and current are passed through an 
anti-aliasing filter represented by a 2nd order Butterwoth filter 
[17]. 

The filtered signals are introduced to the DFFT algorithm to 
determine the fundamental phasor of both voltage and current 
signals. A fault detector is implemented to select the prefault 
value of the current IL. This data is refreshed every half-cycle. 
Once the fault detector operates, the phase jump is calculated 
by using (10) taking into account both signals Ir and IL.  

The current phase jump result in an exponential relation 
with the X/R ratio seen by the relay during fault condition. 
Therefore the correction factor curve is represented by the 
following general form  

φΔ⋅⋅= B

F
eAR

X  (15) 

where X/RF is the ratio seen by the relay during fault 
condition, and A and B are coefficients determined by the 
Xl/Rl1 ratio of the protected line and which varies according to 
the power condition of the relay location (importing or 
exporting power). 
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Then, depending of the prefault power condition, the jump 

corrective factor JCF is determined by calculating the 
difference between (15) and the X/R ratio obtained by the 
impedance measurement unit of the relay as follows 
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Fig. 7. Adaptive protection scheme using current jump phase correction 
factor implemented in a DFFT distance algorithm. 

(b) 

F

Fmeasured

R
X

R
X

R
X

JCF
−

=  (16) 

Finally, the JCF is applied to the apparent impedance 
Zap_measured to improve the accuracy of the fault point location 
and mitigate the adverse effect on impedance estimation of 
high fault resistance and prefault power condition.   

As shown at Fig. 8.a, the correction factor curve X/RF ratio 

Fig. 6. Apparent impedance seen by the distance relay for SLG faults at 
different location, m, of line L1 and varying RF from 0.001 to 75Ω with 
prefault condition of: a) bus 1 importing power, and b) bus 1 exporting 
power. 
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vs. the current phase jump Δφ is located between the curves 
obtained for X/RF ratio seen by the relay against faults at both 
10% and 100% of total line length, which ensures an error 
coefficient within 5% of the actual value. Fig. 8.b shows the 
improvement introduced by the proposed JCF scheme to 
mitigate the adverse effect of importing power condition and 
fault resistance over the apparent impedance seen by the relay. 

 
The coefficients Aimp, Aexp and Bimp, Bexp (subscript imp and 

exp denote importing and exporting power condition, 
respectively) save a linear proportionality with the Xl/Rl1 ratio 
of the line as follows (Appendix B) 

8859.31124.0
1

+⋅= Rl
XlAimp

 (17) 

5287.34826.0
1

−⋅= Rl
XlBimp

 (18) 

52063.17299.1
1exp Ε+⋅−= Rl

XlA  (19) 

6982.20011.0
1exp −⋅−= Rl

XlB  (20) 

In Fig. 9, the linear proportionality between these 
coefficients and the Xl/Rl1 ratio is shown. In Fig. 9.a, the 
coefficient Aexp is multiplied by 105. 

 

VI. SIMULATION OF THE PROPOSED ADAPTIVE SCHEME 
For the study case described in Fig. 5, the line Xl/Rl1 ratio is 

1.1390. Therefore, the correction factor curve is given by: 
- Importing power prefault condition: 

φΔ⋅−⋅= 9791.20142.4 eR
X

F
 (21) 

- Exporting power prefault condition: 
φΔ⋅−⋅Ε= 6994.252063.1 eR

X
F

 (22) 

The curves of JCF obtained from the Xl/Rl1 ratio of line L1 
during importing and exporting power prefault condition are 
illustrated in Figs. 10.a and 10.b, respectively.  

 
As shown in these figures, the curves of JCF obtained from 

the Xl/Rl1 ratio of line L1 have approximately a ±5% of error 
margin respect the X/RF ratio curves seen by the relay for 
faults at both 10% and 100% of line length with a varying 
fault resistance up to 75 Ω. 

2
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The results obtained from implementing this adaptive 
scheme in distance algorithm are tabulated in Table I and the 
apparent impedance locus are shown in Figs. 11.a and 11.b for 
importing and exporting power, respectively.  
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Fig. 11. Apparent impedance seen by the distance relay for SLG faults at 
different m, of line L1 and varying RF from 0.001 to 75Ω with prefault 
condition of: a) bus 1 importing power, and b) bus 1 exporting power.
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Fig. 9. Determination of (a) coefficient A and (b) coefficient B through the 
line Xl/Rl1 ratio for importing power condition (dashed line) and exporting 
power condition (solid line). 
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Fig. 8. Influence of JCF over the apparent impedance seen by the relay; a) 
Location of X/RF vs. Δφ curve for correction factor determination, b)
corrected apparent impedance seen by the relay during faults with importing 
power condition. 

 
(b) 

Fig. 10. Location of X/RF vs. Δφ curve for correction factor determination 
for: a) bus 1 importing power, and b) bus 1 exporting power. 
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The relative error in fault point location, ε%, is determined 
as follows [18] 

100% ⋅−=
m

mm rε  (23) 

where mr is the fault point location estimated by the relay. 
Considering fault resistances greater than 25 Ω, the 

improvement achieved in the fault location is at least 60.98% 
(for importing power condition) in comparison to the DFFT 
algorithm results. Even when the incidence of fault is in the 
remote line L3, the corrective factor performs an accurate 
estimation of the fault point location. 

 

 
 

Varying the protected line Xl/Rl1 ratio to 1.7171, keeping 
the remote line Xl/Rl1 ratio in 1.1390 and incrementing the 
THDV to 7% is obtained the performance shown in Table II 
for the proposed adaptive scheme. From Fig. 10, coefficients 
A and B are the following  

- Importing power prefault condition: 
φΔ⋅−⋅= 6001.20790.4 eR

X
F

 (24) 

- Exporting power prefault condition: 
φΔ⋅−⋅Ε= 7012.252062.1 eR

X
F

 (25) 

As noticed for faults at m=125%, the error in fault point 

location has increased because of the difference of X/R rates 
between protected and remote lines. However, because of the 

se jump and X/RF ratio, the 
improvement in fault point location implementing the JCF 
scheme is still at least 49.77% in comparison with the DFFT 
algorithm. 

exponential shape of current pha

 

 
 
The comparison of the proposed JCF scheme with 

algorithms based on neural network has been performed with 
the radial basis function neural network RBFNN [11]. The 
testing patterns applied to the RBFNN are within the range of 
active and reactive power of the power system considered.  

According to [11], the errors obtained with RBFNN are 
found to be lower than 2.25% for remote end faults (m=100%) 
and lower than 20.99% for close faults (m=25%). This 
indicates that the proposed JCF scheme provides a more 
accurate performance against close faults, but for remote end 
faults RBFNN offers best estimated impedance. 

From these results, it can be noticed that implementing the 
proposed JCF scheme for distance protection is very 
promising as compared to RFBNN, taking into account that 
this latter technique requires to be trained by extensive 
patterns for each range of active and reactive power. 

TABLE I 
ERROR IN FAULT POINT LOCATION USING FFT DISTANCE ALGORITHM WITH 

THE PROPOSED ADAPTIVE SCHEME FOR 1.1390 XL/RL1 LINE RATIO  

Error in fault location, ε% 

DFFT distance 
algorithm 

DFFT distance 
algorithm+JCF 

Fault 
location 

(m) 

Fault 
resistance 

[Ω] Importing 
power 

Exporting 
power 

Importing 
power 

Exporting 
power 

0.001 0.29 % 0.29% 0.00 % 0.11% 
5 5.24 % 2.02% 0.06 % 1.44% 
10 12.85 % 3.15% 0.66 % 0.24% 
25 48.58 % 3.22% 0.11 % 5.66% 
55 182.01 % 9.31% 0.96 % 3.45% 

25% 

75 320.52 % 25.17% 0.03 % 3.89% 
0.001 0.14 % 0.80% 0.00 % 0.34% 

5 4.09 % 1.51% 0.00 % 0.05% 
10 9.93 % 1.75% 1.45 % 2.15% 
25 37.57 % 0.01% 0.04 % 0.70% 
55 141.99 % 12.54% 0.05 % 4.71% 

50% 

75 251.39 % 26.00% 0.60 % 4.71% 
0.001 0.21 % 1.50% 0.00 % 0.80% 

5 4.93 % 1.88% 0.02 % 7.01% 
10 11.56 % 1.74% 0.08 % 3.86% 
25 43.46 % 1.46% 7.58 % 7.80% 
55 166.87 % 17.34% 8.52 % 14.21% 

75% 

75 298.07 % 32.74% 0.53 % 13.09% 
0.001 1.10 % 2.67% 0.01 % 2.48% 

5 8.23 % 3.09% 0.00 % 5.90% 
10 18.54 % 2.63% 0.00 % 3.25% 
25 69.92 % 2.99% 1.26 % 6.92% 
55 276.61 % 27.00% 9.25 % 11.87% 

100% 

75 500.13 % 48.36% 1.90 % 10.88% 
0.001 4.96 % 6.63% 0.04 % 4.05% 

5 22.01 % 7.44% 0.09 % 0.84% 
10 48.59 % 5.83% 0.03 % 2.43% 
25 192.15 % 8.95% 0.38 % 1.94% 
55 801.57 % 59.59% 5.76 % 6.98% 

125% 

75 1430.1 % 97.56% 2.19 % 6.28% 

TABLE II 
ERROR IN FAULT POINT LOCATION USING FFT DISTANCE ALGORITHM WITH THE 

PROPOSED ADAPTIVE SCHEME FOR 1. 7171XL/RL1 LINE RATIO 

Error in fault location, ε% 

DFFT distance 
algorithm 

DFFT distance 
algorithm+JCF 

Fault 
location 

(m) 

Fault 
resistance

[Ω] Importing 
power 

Exporting 
power 

Importing 
power 

Exporting 
power 

0.001 0.29% 0.29% 0.00% 0.05% 
5 5.16% 1.99% 0.01% 0.17% 

10 12.66% 3.11% 0.36% 0.13% 
25 47.88% 3.17% 0.07% 3.79% 
55 179.39% 9.17% 1.06% 3.80% 

25% 

75 315.92% 24.81% 0.03% 11.44% 
0.001 0.14% 0.79% 0.00% 0.30% 

5 4.03% 1.48% 0.00% 0.02% 
10 9.79% 1.73% 0.21% 0.31% 
25 37.03% 0.01% 0.02% 0.30% 
55 139.95% 12.36% 0.01% 0.56% 

50% 

75 247.78% 25.62% 0.33% 2.59% 
0.001 0.21% 1.47% 0.00% 0.54% 

5 4.86% 1.86% 0.02% 7.71% 
10 11.39% 1.71% 0.09% 4.06% 
25 42.84% 1.44% 6.67% 6.86% 
55 164.47% 17.09% 3.75% 6.25% 

75% 

75 293.79% 32.27% 0.08% 1.90% 
0.001 1.09% 2.63% 0.00% 1.04% 

5 8.12% 3.04% 0.00% 0.71% 
10 18.27% 2.59% 0.00% 1.79% 
25 68.92% 2.94% 0.84% 4.64% 100% 

55 272.63% 26.62% 10.17% 13.06% 
75 492.95% 47.67% 2.00% 11.43% 

0.001 7.34% 9.81% 5.50% 10.69% 
5 32.54% 11.00% 7.60% 18.50% 

10 71.84% 8.62% 11.30% 26.78% 
25 284.10% 13.23% 17.89% 31.57% 125% 

55 1185.09% 88.11% 34.67% 47.68% 
75 2114.36% 144.23% 67.89% 75.77% 
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VII. CONCLUSION 
The algorithm presented is an adaptive distance relaying 

based on the modification of apparent impedance seen by the 
relay. From the current phase jump with fault inception a jump 
correction factor is estimated and applied to the apparent 
impedance. 

This corrective factor is found to be an exponential function 
of the X/R line ratio which compensates the error of 
overreaching and underreaching of distance relay due to the 
adverse effect of prefault load condition on the apparent 
impedance locus.  

Nonetheless, for faults in remote lines having an X/R line 
ratio considerably different from the protected line, the 
accuracy of the algorithm in locating the fault point is lower. 
Likewise, as the line length increases, the estimation of the 
fault location becomes less accurate, but still with minor error 
margin than those estimated by the conventional DFFT 
algorithm. 

 

APPENDIX A 
Referring to Fig. 1, the interconnection of sequence 

networks for the SLG fault is shown in Fig. 12. Positive and 
negative sequence impedances are assumed to be equal and all 
variables subscripts 1, 2 and 0 represent positive, negative and 
zero sequence components, respectively. 

 

 
 
When the system is on load, the prefault voltage at the relay 

location, where for simplicity is assumed that the 
electromagnetic force sources in the positive sequence 
network of terminal p and q are equal (EP=Eq=E), is 
determine as follows 

1ZlmIEV LL ⋅⋅+=  (26) 
The total current at the fault point is 

( ) ( ) ( ) Fppp
F RZZlmCZZlmCZZlmC

EI
⋅++⋅⋅++⋅⋅++⋅⋅

=
3000222111

           

 (27) 021 III ===

C1, C2 and C0 are the distribution factors for positive, 
negative and zero sequence, respectively, and are defined as 
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where Zp1 and Zp0 are the positive and zero sequence 
equivalent source impedance of bus p, respectively, Zq1 and 
Zq0 the positive and zero sequence equivalent source 
impedance of bus q, respectively, Zl1 and Zl0 the positive and 
zero sequence impedance of the line, respectively, and m is 
the distance to fault. The distribution factor C2 is equivalent to 
C1.  

Using these relations and after algebraic manipulation, the 
total current IF can be written as 

Fpp

F

RZCZC
Zl
ZlCCZlm

EI
⋅+⋅+⋅⋅+⎟⎟

⎠

⎞
⎜⎜
⎝
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⋅+⋅⋅⋅

=
322 0011

1

0
011

 (30) 

Re-arranging (30) it is obtained the following expression 

00111 23
pp
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=

ψ
ψ
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where ψ  is given by  

1

0
012

Zl
Zl

CC ⋅+⋅=ψ   

Substituting E in (31) from (26) generates the following 
expression for the total fault current IF  

00121

1

23
pp
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⎠

⎞
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ψ
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where defining the apparent impedance of the fault path ZF as 
in (3)  

ψ
F

F
R

ZlmZ
⋅

+⋅=
3

1
 

and substituting it in (32) generates IF as shown in (5) 

0011

1

2 ppF

LL
F ZCZCZ

ZlmIVI
⋅+⋅⋅+⋅

⋅⋅−=
ψ

 

 Finally, substituting the total fault current IF from (32) in 
(1) generates the following expression for the fault current at 
the relay location 

 
Fig. 12. Interconnection of sequence network for a SLG fault. 

 ( )
( ) ( ) Fpp
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I
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=
32

23

000111
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APPENDIX B 
In Section IV-C it has been studied the performance of the 

proposed JCF scheme varying the line Xl/Rl1 ratio. The 
fficients A and B of the X/RF ratio vs. Δφ curves during 

importing and exporting power prefault condition have been 
line length and Xl/Rl1 

ulated.  

coe

obtained varying the operation voltage, 
ratio of the line in the power system sim
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The variation in the voltage operation and the line length in 

the power system have a negligible effect over the final result 
of the phase jump and the coefficients A and B, as shown in 
Table III. The standard deviation of coefficients A and B 
resulting from varying both parameters voltage operation and 
line length is within a 0.4028% from the value derivate of (17) 
to (20) for each coefficient and which is considered 
negligible. 

  

   
 
Otherwise, the X/R line ratio has a significant effect over 

the current phase jump once fault occurs. Coefficients A and B 
differs for different X/R line ratios to improve the estimated 
apparent impedance by the relay. These variations are shown 
in Table IV, where coefficients A and B have been determined 
varying X/R line ratio of most common used overhead 
conductors. From these simulation results it has been 
determined the experimental equations (17) to (20) for 
coefficients A and B. 

 

 
The coefficients A and B from varying the Xl/Rl1 are shown 

in Fig. 13 for both importing and exporting conditions, with 
the respective straight line resulting from (17) to (20). It is 
noticed that the mean error when considering linear 
proportionality between coefficients (A and B) and Xl/Rl1 is 
within 0.0163%.  

In Fig. 14 the location of X/RF vs. Δφ curves the for 
correction factor of a 72 km line length at 45 kV are shown. 
As it can be observed, the error margin becomes wider as line 
length increases. However, results achieved still have better 
error margin than those estimated by DFFT algorithm.  

 

 

 

 
Fig. 14. Location of X/RF vs. Δφ curve for correction factor determination 
for 20 km and 72 km of line length. 

(c) 

(d) 
Fig. 13. Linear proportionality between coefficients: (a) Aimp, (b) Bimp, (c)
Aexp and (d) Bexp and Xl/Rl1 line ratio. 

(a) 

(b) 

TABLE IV 
PARAMETERS A AND B VARYING THE  X/R LINE RATIO 

Coefficient Varying X/R 
line length Aimp Bimp Aexp Bexp 

3.0000 4.2231 -2.0101 1.2100E5 -2.7012 
2.8000 4.1800 2.4000 1.2063E5 -2.7015 
2.2000 4.1400 2.3670 1.2063E5 -2.7000 
1.900 4.1200 2.6118 1.2063E5 -2.6998 
1.7170 4.0789 2.7001 1.2063E5 -2.7003 
1.1390 4.0139 2.9790 1.2063E5 -2.6990 
1.0000 4.0100 3.0461 1.2063E5 -2.6993 
0.8000 3.9550 3.0426 1.2063E5 -2.6995 

TABLE III 
PARAMETERS A AND B VARYING THE OPERATION VOLTAGE AND LINE 

LENGTH IN THE POWER SYSTEM 

Varying X/R source  Varying voltage 
operation  Coefficient 

45 kV, 
 Length=20 km 

45 kV, 
 Length=75 km 

132 kV, 
Length= 75 km

Standard 
Deviation

Aimp 4.0142 4.1538 4.0139 0.0807 
Aexp 1.2063E5 1.2063E5 1.2063E5 0.0001 
Bimp -2.9790 -2.9996 -2.9786 0.01201 
Bexp -2.6994 -2.7152 -2.6988 0.0093 
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Abstract  

The measured impedance of distance protections is affected by an error due to the combined effects of fault resistance 

and prefault load. This paper proposes the implementation of an adaptive scheme which applies a correction factor based 

on the phase jump of the current waveform once fault occurs to improve the apparent impedance estimated by relays 

based on Differential Equation Algorithms (DEA). Relation between current phase jump, prefault power conditions and 

fault resistance has been deduced with an experimental curve that relates the error introduced into the estimated apparent 

impedance with the registered phase jump. Through this experimental curve a correction factor has been obtained as an 

exponential function of the phase jump that, applied to the apparent impedance measured by the relay, allows to mitigate 

the adverse effect of prefault power. The proposed adaptive scheme improves significantly the accuracy of the estimated 

fault location without delaying the response time of the DEA algorithm. The application of this scheme does not require 

communication links with the remote end of line and is extended to all types of fault. 

Keywords: Distance protection algorithm, differential equation algorithm, adaptive scheme, impedance locus, current 

phase jump

1. Introduction 

Recent advances on distance relaying systems are mainly focused to address two important issues: fast tripping 

decision and accurate impedance estimation. This leads to enhance distance algorithms by mitigating sources of error 

and reducing sampling time to achieve a fast and accurate convergence of the estimated impedance, taking into account 

the compatibility of these improvements with ongoing technologies of distance relays. 

Distance protections based on Differential Equation Algorithm (DEA) present a major advantage because are not 

sensitive to the decaying DC component of the current waveform achieving response time within 0.32 cycles [1]. In most 

cases, tripping decision may occur before CT saturation whereas Fourier algorithms [2], [3] have an operating time of at 

least one cycle [4] that leads to misoperation of distance relays during CT saturation. Traveling wave algorithms are 

theoretically the fastest, but unlike DEA algorithms, put too high demands on current and voltage sampling time for 

accurate operation (240 kHz) and particularly for nonpilot schemes, the minimal distance resolution is highly dependent 

on frequency sampling [5]. Thus, a relay based on the DEA is suitable since high speed operation is achieved along with 

fault detection, estimation of fault location, fault classification and tripping decision within the operation time. 

Improvement of DEA algorithm presented at [6] is based on considering the effect of mutual couplings over the 

differential equations that describes an electric circuit with parallel lines. In [9] a post median filtering is proposed to 

improve soundness, but with higher time delay. Likewise, [1] presents a filtering technique that mitigates the adverse 

effect of harmonic distortion over the estimated apparent impedance, delaying slightly the operation time of DEA 
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algorithm. These improvements increase accuracy of estimated apparent impedance by compensating the errors raised 

from mutual couplings and harmonic distortion, however the effect of fault resistance in conjunction with prefault power 

condition is still an important source of error on this final estimation. 

Fault resistance and prefault power exert an important influence on the distance measurement process that has been 

acknowledged for a long time [7], [8] and leads the traditional distance relaying approach to experience underreach and 

overreach problems. Due to the continuously changing power conditions in networks, adaptive schemes may represent 

an appropriate way to modify the preferred protective response in order to make them more attuned to prevailing power 

system conditions. 

Several adaptive schemes have been applied to distance relaying systems. In [9] an adaptive concept based on 

processing harmonic data from voltage waveform is presented to improve fault distance location, while [2] and [3] 

present an adaptive Fourier filtering technique to remove the decaying dc offset component from fault signals for 

accelerating the response of the relay. Other adaptive concepts are oriented to use a compensating factor that modifies 

the characteristic of the distance protection based on neural and agent technologies to improve the estimated apparent 

impedance and to increment security in high speed distance protection [10]-[12]. These adaptive techniques achieve 

significant improvement in the accuracy, security and dependability of the distance protection algorithm based on phasor 

methods as Fourier algorithm and not for time domain methods as DEA algorithm. 

This paper presents an adaptive distance relaying scheme based on the current phase jump data, during fault 

conditions, to determine a correction factor that is applied to the apparent impedance seen by relays based on DEA 

algorithm. The correction factor used is found to be an exponential function of the current phase jump once fault 

inception and is applied to the apparent impedance in order to increase the accuracy in the estimation of the apparent 

impedance measured by the relay. 

To verify the proposed adaptive scheme, detailed analyses of the apparent impedance seen by the relay have been 

performed, taking into account mutual coupling, prefault condition, fault resistance, fault angle inception and X/R line 

ratio. 

The proposed algorithm modifies the apparent impedance seen by the relay according to the current phase jump once 

fault occurs. Then, by means of the jump corrective factor JCF which is determined by an exponential relation reactance 

error vs. current phase jump, the algorithm mitigates the adverse effect of fault resistance over the apparent impedance 

locus and calculates an improved fault location within the protected line. The application of this scheme does not require 

communication links with the remote terminal of the protected line. 

Simulations have been performed for single line to ground faults (SLG) and evaluated with both adaptive schemes 

based on Discrete Fast Fourier Transform (DFFT) algorithm [3] and conventional DEA algorithm [6] to highlight the 

effectiveness and accuracy achieved by the new proposed adaptive scheme.  

2. The Differential Equation Algorithm 

2.1 Basic assumptions and derivation of DEA algorithm 

A summarized derivation of the DEA algorithm is presented subsequently. Suitable references for detailed derivation 

of this algorithm are [1], [6]. The derivation of the equations for this algorithm requires the following assumptions: 

• the voltage and current transformers are ideal in the frequency range from 50 to 500 Hz 

• the line is perfectly transposed 

• shunt capacitances are neglected 
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The DEA algorithm is based on the differential equation that describes an electric circuit. Therefore, under fault 

conditions, the protected line is modeled as follows 

1 1

a a

b r b l b

c c

u i
du k i k i
dt

u i

⎡ ⎤ ⎡ ⎤ ⎡ ⎤
⎢ ⎥ ⎢ ⎥ ⎢ ⎥= +⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎢ ⎥ ⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦

R L
a

c

i

i
 (1) 

where, ua, ub, uc and ia, ib, ic are the phase quantities of voltages and currents, respectively. The parameters kr and kl are 

the relative line length for the resistive part and the inductive part, respectively. For a fault on the protected line, both 

should be bounded between 0 and 1. In an ideal case, kr and kl should be similar. The arrays R1 and L1 are the positive 

sequence resistance and inductance matrix for the protected line, respectively. Through the assumption of perfectly 

transposition mentioned above, the following relation between both self and mutual with positive and zero sequence 

parameters can be expressed  

1 s mt 0 s mt

1 s mt 0 s mt

= -        ,        = + 2
 = -      ,       = + 2

L L L L L L
R R R R R R

 (2) 

being the subscripts 0 and 1 the zero and positive sequence, respectively, and the subscripts s and mt the self and mutual 

parameters, respectively. Taking into account that the zero sequence current is 

0 ( )a b ci i i i= + + 3  (3) 

Eq. (1) can be rewritten as follows 
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 (4) 

Considering a SLG fault on phase a at a distance k of the protected line length, the voltage of the faulty phase is given by  

[ ] 0
1 0 1 0 1 0 1( ) ( )a

a r a l
di di

u k i i k
dt dt

⎡= + − + + −⎢⎣ ⎦
R R R L L L ⎤

⎥  (5) 

Then, for this type of faults, (4) can be expressed in a general form as follows 

1
l
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= + L  (6) 
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The derivation of variables u, ir and il of the general form (6) are different for each type of fault (three phase, double 

phase to ground and SLG) and are detailed at [1]. 

2.2 Solution of the continuous-time equations in discrete-time 

The two unknown parameters kr and kl can be estimated by differentiating (6) in discrete-time domain as follows [6] 
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l 2

l
r

r

llr

di
iu kdt

du kd idi
dt

dt dt

⎡ ⎤
⎡ ⎤ ⎢ ⎥ ⎡ ⎤⎢ ⎥ ⎢ ⎥= ⋅ ⎢ ⎥⎢ ⎥ ⎢ ⎥ ⎣ ⎦⎢ ⎥⎣ ⎦ ⎢ ⎥⎣ ⎦

L

L
 (8) 



  4 

Subsequently, by using three continuous samples of ir, il and u, fault distance can be deduced by 
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r n
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  (10) 

where fs is the frequency sampling of the protective device, n the index of time and ΔT the determinant of the inverse of 

the matrix in (8) expressed as follows 

( )( ) ( )( )( 1) ( 2) ln ( 1) ( 1) ( 1) ( 2)r n r n l n rn r n l n l nT i i i i i i i i− − − − − −Δ = + − − + +  (11) 

3. Influence of prefault power condition on the apparent impedance seen by the relay 

In order to obtain a brief understanding of the influence of system load on fault currents and voltages, it is helpful to 

perform a fault study on the system shown at Fig. 1 for a single line to ground (SLG) fault. The effective voltage and 

current phasors at a relay location during healthy system load conditions are denoted by VPF, IPF respectively. The ratio 

of these two signals gives the corresponding load apparent impedance seen from the relay location in stable conditions 

and is denoted as ZPF=VPF/IPF.  
qp

PT

21

CT

m.Zl1 (1- m).Zl1

DISTANCE 
RELAY

SLG FAULT

Ep
Zp

Eq
Zq

(1

IF

 

Fig. 1. System arrangement for a SLG fault study case. 

Following a SLG fault inception at phase a and solving the equivalent sequence networks circuit leads to an 

evaluation of the fault current IF
relay seen by the relay at phase a. As detailed at [13], the influence of prefault load current 

IPF is taken into account using the superposition theorem. Therefore, the fault current IF
relay is represented by two terms 

as follows  

F
relay F PFI I + Iψ= ⋅  (12) 

being IF the total current at the fault point, and is determined as follows 

2
PF PF 1

F
F 1 p1 0 p0

V - I m ZlI
Z C Z C Zψ

⋅ ⋅
=

⋅ + ⋅ ⋅ + ⋅
 (13) 

where the factors C1 and C0 are constants for a given system arrangement and denote the distribution factor expressions 

as follows 

1 ) (1 )
 and q1 1 q0 0

1 0
q1 p1 1 q0 p0 0

Z ( m Zl Z m Zl
C = C

Z Z Zl Z Z Zl
⎛ ⎞ ⎛ ⎞+ − ⋅ + − ⋅
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being Zp1 and Zp0 the positive and zero sequence equivalent source impedance of bus p, respectively; Zq1 and Zq0 the 

positive and zero sequence equivalent source impedance of bus q, respectively; Zl1 the positive sequence impedance of 

the line and m the distance to fault. ZF is the apparent impedance of the fault path and is equivalent to 

3 F
F 1

RZ m Zl
ψ
⋅

= ⋅ +  (14) 

being RF the fault resistance. The factor ψ denotes the following distribution factor expression 

2 0
1 0

1

ZlC + C
Zl

ψ = ⋅ ⋅  (15) 

Then, the voltage equation at the relay location for faults in phase a is  

( ) 3F
relay 1 F PF F FV m Zl I I Rψ= ⋅ ⋅ ⋅ + + ⋅ ⋅ I  (16) 

Thus, using voltage and current signals (V F
relay and I F

relay, respectively), the apparent impedance seen by the relay is 

Z F
relay. The latter impedance can be expressed as a function of ZPF and RF [13] as follows 

( )3 2
3 2

F
relay F 1 1 PF

relay PFF
relay F 1 PF

V R m Zl C Z
Z Z

I R C Z
ξ

ξ
⋅ + ⋅ ⋅ ⋅ +

= = ⋅
⋅ + ⋅ ⋅ +

/ F  (17) 

where ξ is constant for a given system arrangement and represents the following simplified impedance 

2 0
1 p1 0 p0

1

ZlC Z C Z
Zl

ξ
⎛ ⎞

= ⋅ ⋅ + ⋅ +⎜ ⎟
⎝ ⎠

 (18) 

For a better comprehension of the effect of prefault load in the performance of Z F
relay it results suitable to represent 

the locus of a complex variable in an R-X diagram for different prefault load conditions. At [13] a detailed procedure for 

the construction of this diagram is presented, where prefault load current is considered and the corresponding fault 

location (as viewed by the relay) is represented by the radius of the circular locus obtained from the argument of (17) 

denoted as θF. 

In the R-X diagram shown in Fig. 2, ϕl corresponds to the apparent impedance angle of the line. The locus of the 

apparent impedance Z F
relay for varying RF represents a straight line when there is no power exchange between bus p and 

bus q (θF = 0). However, under power exchange conditions, the locus of Z F
relay denotes a concave upwards arc that links 

fault location points for varying fault resistance (RF ≠ 0) when importing power condition (θF <0) and concave 

downwards arc when exporting power condition (θF > 0). Note that under importing condition of bus p, the link path 

between different fault point locations is represented by P1 and under exporting power condition by P2. 
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+jX

R

Zl1

ϕl

P2

P1 ZF
relay

θF > 0 ; RF ≠ 0

ZF
relay

θF < 0 ; RF ≠ 0

ZF
relay

θF = 0 ; RF ≠ 0
ZF

relay
RF = 0

 

Fig. 2. Locus of measured impedance Z F
relay for varying RF. P1 represents the path for θF inductive and P2 the pat for θF 

capacitive. 

Thus, the effect of importing power at the relay location is to cause an increase in the apparent impedance estimated 

by the relay, and results in further underreaching of the protection. An export power condition causes an overreaching 

tendency which results in a miscoordination between distance protection zones [11], [13]. 

4. Relation of current phase jump with fault location 

One of the sources of error in measured impedance is the fault resistance and prefault power condition and is 

represented in the second term of (14). This error can be only compensated if both system arrangement and fault path 

impedance are known parameters. However, when considering the operation of distance relays, the current and voltage 

magnitudes of the receiving terminals are unknown parameters for nonpilot protection schemes.  

Therefore, the magnitude and phase of the total current at fault path IF, shown in Fig. 1, are unknown and the 

potential rise due to the fault resistance is not considered by the measurement units of distance relays for a correct 

estimation of the apparent impedance. This leads to an error in distance measurement whenever fault resistance is 

present.  

Nonetheless, the current phase jump introduced with fault inception is related to the error introduced in the reactance 

Xl1 seen by the distance protection during fault condition. This study proposes a correction factor based on the current 

phase jump behavior during fault conditions to mitigate the error component of (14).  

The scheme is applicable for all types of fault, and the degree of compensation remains constant for all fault locations 

within the protected circuit since Xl1 is a constant for a particular line length. 

The voltage v F
relay(t) at the relay location, once fault occurs, is of the form  

F
relay( ) 2 V sin( )F

relayv t tω= ⋅ ⋅  (19) 

where the phase jump expected is within 0.2º ∼ 0.5º and is considered negligible (Fig. 3). However, the phase jump is 

significant for the fault current waveform seen by the relay i F
relay(t) which is given by 

F
relay( ) 2 I sin( )F

relayi t tω φ= ⋅ ⋅ −  (20) 

being φ the arc tangent of Xl1/Rl1 seen by the relay during fault condition. 

Under prefault conditions, the current waveform iPF(t) is represented by 

PF( ) 2 I sin( )PF Pi t t Fω φ= ⋅ ⋅ −  (21) 
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where φPF is the arc tangent of Xl1/Rl1 seen by the relay during prefault condition. Then, the phase jump in the current 

waveform Δφ, shown in Fig. 3, is given by 

( )arg ( ) ( )F
relay PF PFi t i tφ φ φΔ = − = −  (22) 

and it is proportional to the argument of the difference between Z F
relay and ZPF, as follows 

( )arg F
relay PFZ ZφΔ = −  (23) 
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Fig. 3. Phase jump in the current waveform (solid line) with fault inception in comparison with the prefault current waveform 

(pointed line) and voltage waveform. 

Substituting (17) in (23) results  

( )2 1
arg

3 2

1
PF 1 1 PF

PF

F 1 PF

m ZlZ C m Zl Z
Z

R C Z

ξ
φ

ξ

⎛ ⎞⎛ ⎞⎛ ⎞⋅
⋅ ⋅ ⋅ ⋅ − + ⋅ −⎜ ⎟⎜ ⎟⎜

⎝⎜ ⎝Δ = ⎜ ⎟⋅ + ⋅ ⋅ +
⎜ ⎟
⎜ ⎟
⎝ ⎠

⎟
⎠ ⎟⎠  (24) 

and simplifying this latter expression the following relation is obtained 

( )2 1
arg

3 2

1
1 PF

PF
PF

F 1 PF

m ZlC Z
Z

Z
R C Z

ξ
φ

ξ

⎛ ⎞⎛ ⎞⋅
⋅ ⋅ + ⋅ −⎜ ⎟⎜

⎝⎜Δ = ⋅⎜ ⎟⋅ + ⋅ ⋅ +
⎜ ⎟⎜ ⎟
⎝ ⎠

⎟
⎠ ⎟  (25) 

As load impedance is much greater than line impedance, i.e. ZPF >> m·Zl1, the ratio m·Zl1 /ZPF tends to zero and 

expression (25) becomes 

( ) ( )2
180º arg arg

3 2
1 PF

PF
F 1 PF

C Z
Z

R C Z
ξ

φ
ξ

⋅ ⋅ +⎛
Δ = + + ⎜ ⋅ + ⋅ ⋅ +⎝ ⎠

⎞
⎟  (26) 

which shows that Δφ contains data of both the effect of prefault conditions ZPF and fault resistance RF. 
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5. Power system simulation 

The power system considered for this study is shown in Fig. 4. The simulation has been done using PSCAD/EMTDC 

package [14], with a sampling time of 10 kHz. 

The nominal voltage of this power network is 45 kV with two loads of 3.93+j2.58 MVA and 1.5+j0.5 MVA 

connected through two double circuits; lines L1, L2 of 20 km and L3, L4 with 30 km. 

PT
DISTANCE 
RELAY

21

CTUG1

G1
45 kV
50 Hz

ZthG1

BRK

BUS 1

BRKBUS 2 L2

L1

1.5+j0.5 MVA

3.93+j2.58 MVA

UG2

G2
45 kV
50 Hz

ZthG2

L3

L4

ZlineZline ZlineZline

ZlineZlineZlineZline

 

Fig. 4. Power system considered for the study. 

Lines L1 and L2 are identical with mutual coupling, both modeled by a PI circuit section. Likewise, lines L3 and L4 

are also identical and with mutual coupling between both. The electrical networks connected to G1 and G2 are 

represented by their Thévenin equivalents, which are given by 

ZthG1= 2.1850+j8.9498 Ω  ZthG2 = 1.8414+j7.9761 Ω 

where ZthG1 and ZthG2 represent the equivalent source positive sequence impedance of G1 and G2, respectively. 

Parameters variations considered to simulate different states of power condition at the distance relay in bus 1 are: 

Thévenin voltage magnitude of G1 varies between 0.9 and 1.1 p.u. respect to the nominal voltage of G2 and voltage 

phase of G1 varies ±5º respect to G2. 

The sequence data of the lines L1, L2, L3 and L4 are the following  

Zl1 = 0.2604+j0.3986 Ω/km Bl1 = 0.2878E-08 S/km  

Zl0 = 0.49105+j1.4325 Ω/km Bl0 = 0.1698E-08 S/km 

ZM0=0.2308+j0.9268  BM0 = 0.5574E-09 S/km 

being Bl1 and Bl0 the positive and zero sequence susceptance of line, respectively, and ZM0 and BM0 the mutual coupling 

zero sequence impedance and susceptance, respectively, of the double circuit shown in Fig. 4.  

The equivalent network G1 has been modeled with harmonic distortion. The total harmonic distortion in voltage 

waveform (THDV) is generated according to [15] with a maximum value of 5.5% in steady-state.  

6. Development and implementation of the proposed phase jump correction factor 

The proposed phase jump correction factor has been implemented to a distance algorithm based on DEA using an 

adaptive scheme. As shown in Fig. 5, the measured values of voltage and current are passed through an anti-aliasing 

filter represented by a 2nd order Butterworth filter [16]. Then, the filtered signals are introduced to the DEA algorithm to 

determine the apparent impedance. A fault detector is implemented to select the prefault value of the current iPF(t). This 

data is refreshed every half-cycle.  

Once the fault detector operates, the phase jump is calculated by using (22) and taking into account both signals 

iF
relay(t) and iPF(t).  

The JCF represents the relative error on the Z F
relay and results in an exponential function of the current phase jump 

 Δφ ratio seen by the relay during fault condition. Therefore the correction factor curve is represented by the following 

general form  
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( ) BJCF A e φφ ⋅ΔΔ = ⋅  (27) 

where A and B are constants for a given X/R ratio of the protected line that varies according to the power condition of the 

relay location (importing or exporting power). 
va(t)
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Fig. 5. Adaptive protection scheme using current phase jump correction factor implemented in a DEA distance algorithm. 

Finally, the JCF is applied to the Xmeasured to improve the accuracy of the fault point location estimated by DEA 

algorithm as follows 

( )
1

1 (
Fault distance [km] measuredX JFC

Xl
)φ⋅ − Δ

=  (28) 

As shown at Fig. 6.(a), the JCF vs. current phase jump Δφ represents an exponential curve that fits the amount of 

errors on estimated apparent impedance varying fault location m from 10% to 100% of protected line length and fault 

resistance RF from 0.001 to 75 Ω. Fig. 6.(b) shows the improvement introduced by the proposed JCF scheme to mitigate 

the adverse effect of importing power condition and fault resistance over the apparent impedance seen by the relay. 
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              (a)                                               (b) 

Fig. 6. Improvement of the proposed JCF scheme over the apparent impedance seen by the relay; (a) JCF vs. Δφ curve (b) 

corrected apparent impedance seen by the relay during faults with importing power condition. 

The coefficients Aimp, Aexp and Bimp, Bexp (subscript imp and exp denote importing and exporting power condition, 

respectively) save a linear proportionality with the X/R ratio of the protected line as follows 

1.0667 6.652imp
XA R= ⋅ +  (29) 

6.1139 3.9533imp
XB R= ⋅ −  (30) 

exp 0.4439 0.4820XA R= − ⋅ −  (31) 

exp 1.8722 4.0095XB R= ⋅ +  (32) 
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Coefficients Aimp and Aexp given in (29) and (31) are normalized with 1x10-06 and 1x10-18, respectively. In Fig. 7, the 

linear proportionality between these coefficients and the X/R line ratio is shown. 
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Fig. 7.  Determination of (a) coefficient A and (b) coefficient B through the line X/R ratio for importing power condition 

(solid line) and exporting power condition (dashed line). 

7. Performance of DEA algorithm using the proposed adaptive scheme 

7.1 Performance of the proposed JCF adaptive scheme 

For the power system described in Fig. 4, the X/R ratio of line L1 is 1.53. Therefore, the JCF is given by: 

- Importing power prefault condition: 

-06 5.4018.2841x10JCF e φ⋅Δ= ⋅  (33) 

- Exporting power prefault condition: 

18 6.8741.162x10JCF e φ− ⋅= − ⋅ Δ  (34) 

The curves of JCF for importing and exporting power prefault condition are illustrated in Figs. 8.(a) and 8.(b), 

respectively. These curves of JCF obtained from the phase jump Δφ have an average relative error of ±8.8% respect to 

the error on the apparent impedance seen by the relay for faults, varying fault resistance, up to 75 Ω, and position m from 

10% to 100% of line length. 
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   (a)                                                                                          (b) 

Fig. 8. JCF vs. phase jump Δφ for: a) bus 1 importing power, and b) bus 1 exporting power. 

The performance of DEA using the proposed adaptive scheme is analyzed by comparing the simulation results with 

DFFT and DEA algorithm values. The lowest accurate performance of DEA algorithm is appreciated in SLG faults. 

Thus, the behavior of this algorithm implementing the JCF is presented by analyzing the accuracy of estimated apparent 

impedance against SLG faults on the power system shown in Fig. 4.  

The apparent impedance locus obtained from implementing this adaptive scheme in DEA algorithm are shown in Figs. 

9.(a) and 9.(b) for importing and exporting power, respectively, and results showing the relative error on the estimated 

fault location ε% are tabulated in Table 1.  
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Fig. 9. Apparent impedance seen by the distance relay for SLG faults at different m, of line L1 and varying RF from 0.001 to 

75Ω with prefault condition of: a) bus 1 importing power, and b) bus 1 exporting power. 

Table 1. Error in estimated fault location using DEA distance algorithm with the proposed JCF 

adaptive scheme for 1.53 X/R line ratio 

Error in fault location, ε% 

DFFT algorithm DEA algorithm Proposed DEA 
algorithm+JCF 

Fault 
location 

(m) 

Fault 
resistance 

[Ω] Importing 
power 

Exporting 
power 

Importing 
power 

Exporting 
power 

Importing 
power 

Exporting 
power 

0.001 -6.56% -6.14% -8.09% -8.52% -4.15% -4.31% 
5 -0.04% -7.15% 5.57% -9.66% 3.16% -8.80% 
10 8.39% -8.65% 18.36% -12.65% 10.82% -8.60% 
25 45.49% -15.87% 49.15% -28.49% 18.48% -2.83% 
50 148.74% -36.04% 75.49% -104.05% 5.12% -11.13% 

12.5% 

75 307.64% -64.89% 86.50% -934.75% 10.32% -24.95% 
0.001 -6.55% -6.05% -7.97% -8.45% -4.88% -4.26% 

5 -2.91% -6.88% 0.04% -9.81% -2.51% -9.09% 
10 1.79% -7.97% 8.48% -12.17% 1.19% -8.75% 
25 22.42% -12.73% 33.52% -22.73% 1.00% 1.77% 
50 79.80% -25.04% 62.64% -58.22% -5.98% 7.12% 

25% 

75 168.18% -41.99% 77.92% -152.55% -24.56% -15.78% 
0.001 -6.50% -5.87% -7.77% -8.35% -4.57% -4.20% 

5 -4.23% -6.67% -2.77% -10.05% -5.05% -9.44% 
10 -1.30% -7.62% 2.91% -12.28% -2.87% -9.84% 
25 11.56% -11.38% 22.16% -21.11% -9.13% -2.93% 
50 47.44% -20.21% 50.37% -45.23% -14.19% 4.18% 

50% 

75 102.95% -31.71% 68.50% -90.79% 1.09% -2.47% 
0.001 -6.43% -5.66% -7.59% -8.28% -4.29% -5.16% 

5 -4.53% -6.53% -3.51% -10.30% -5.52% -9.69% 
10 -2.07% -7.52% 1.30% -12.72% -3.80% -10.27% 
25 8.80% -11.21% 18.43% -21.80% -8.82% -3.52% 
50 39.38% -19.42% 45.75% -44.79% -7.13% 2.78% 

75% 

75 87.03% -29.69% 64.73% -84.39% 1.66% 0.85% 
0.001 -6.32% -5.42% -7.40% -8.20% -5.09% -5.07% 

5 -4.51% -6.40% -3.66% -10.62% -5.67% -10.01% 
10 -2.14% -7.50% 0.88% -13.39% -4.24% -10.93% 
25 8.45% -11.47% 17.53% -23.53% -5.54% -8.17% 
50 38.64% -19.97% 44.93% -48.46% -8.74% -4.21% 

100% 

75 86.26% -30.27% 64.30% -90.43% 3.13% 1.94% 

7.2 Accuracy of the proposed adaptive scheme estimating fault point location  

As it can be appreciate in Table 1, for fault resistances greater than 50 Ω the improvement achieved in the fault 

location are at least 89.10 % and 90.63% (for importing power condition) in comparison with DFFT and DEA algorithm, 



  12 

respectively. The error in estimating fault location ε% for SLG faults at remote terminal with 75 Ω of fault resistance 

using DFFT, DEA and proposed JCF adaptive scheme algorithm, with importing power condition, are shown in Fig. 10.  
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Fig. 10. Error in fault point location ε% for SLG faults at remote terminals with RF 75Ω and importing power prefault condition 

using DFFT, DEA and proposed JCF adaptive scheme algorithm. 

The DEA algorithm using the proposed adaptive scheme improves considerably the estimated fault location. 

Nonetheless, the behavior for faults at 25% seems to be less accurate in comparison with the rest of fault locations. This 

is because the exponential curve of the JCF used to fit the apparent impedance error shown in Fig.8 presents slightly 

more dispersion in the zone corresponding to faults at 25% of line length, however is more effective for faults at remote 

end terminal where an accurate estimated impedance is highly appreciated for avoiding misoperation of distance relays. 

In this paper, the exponential curve is preferred because of its effectiveness for remote end faults and parameters 

simplicity, however the flexibility of the method allows its application through other curves. 

7.3 Response time of the algorithm 

Fig. 11 shows the convergence time of the DEA algorithm with the proposed JCF adaptive scheme in comparison 

with the DFFT algorithm for SLG fault at 12.5% of the protected line with 75 Ω of fault resistance and exporting prefault 

power condition. As it can be observed, the convergence time of DEA algorithm is 6.4 ms while DFFT algorithm 

convergence time is 20 ms (1 cycle). Fault occurs at 0.12 s. 
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Fig. 11. Response time of DEA algorithm with proposed JFC adaptive scheme (solid line) and DFFT algorithm (dashed line) for 

a SLG fault at 12.5% of protected line with RF 75 Ω and exporting power condition. Fault occurs at 0.12 s. 

8. Conclusion 

The proposed adaptive scheme applies a correction factor to the apparent impedance estimated by DEA distance 

algorithm, which is determined through the phase jump registered on the current waveform once fault occurs. 
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This corrective factor is found to be an exponential function of the X/R line ratio which compensates the error of 

overreaching and underreaching of distance relay due to the adverse effect of prefault load condition on the apparent 

impedance locus.  

The implementation of the proposed adaptive scheme does not delay the response time of DEA distance algorithm 

allowing an accurate and fast tripping decision against high resistive faults in comparison with Fourier distance 

algorithms.  
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a b s t r a c t

Application of a simplified PV model to large-scale PV installations neglects the current distortion, poten-
tial rise and losses in the system as consequence of the capacitive coupling inside the dc electric circuit.
These capacitive couplings represent a leakage impedance loop for the capacitive currents imposed by
the high frequency switching performance of power converters. This paper proposes a suitable method
to reproduce these harmonic currents injected not only into the grid, but also into the dc circuit of the
PV installation. The capacitive coupling proposed of PV modules with ground is modeled as a parallel
resistance and capacitor arrangement which leads to an accurate approximation to the real operation
response of the PV installation. Results obtained are compared with those of simplified models of PV
installations used in literature. An experimental validation of the proposed model was performed with
field measurements obtained from an existing 1 MW PV installation. Simulation results are presented
together with solutions based on the proposed model to minimize the capacitive ground current in this
PV installation for meeting typical power quality regulations concerning to the harmonic distortion and
safety conditions and to optimize the efficiency of the installation.

� 2010 Elsevier Ltd. All rights reserved.

1. Introduction

Renewable energy systems are being considered as promising
generation sources to cover the continuously increasing demand
of energy and to improve reliability of electric power systems
[1,2]. In particular, photovoltaic (PV) solar energy has become sig-
nificant and attractive due to their availability and compatibility
with typical demand curves of distribution networks. However,
the extensive dimension required for PV installations leads to
develop optimum sizing methods to guarantee the lowest invest-
ment with full use of PV arrays, so that the installation can work
at the optimum conditions in terms of investment and power sys-
tem reliability [3]. In small scale PV installations, the performance
of the installation strongly depends on manufactured modules [4].
Otherwise, for large-scale PV installations, electrical parameters,
such as the capacitive coupling with grounding systems, become
significant because of the high frequency current imposed by the
power converters and can affect considerably the behavior of the
plant.

Based on field measurements, it has been noticed the impor-
tance of modeling the PV array with capacitive coupling with the
grounding system, to accurately simulate the dc and ac compo-
nents of the current waveform measured in the installation. This
capacitive coupling is part of the electric circuit consisting of the

PV arrays, cables capacitive couplings, ac filter elements and the
grid impedance, and its effect is being appreciated in most large-
scale PV plants. Due to this capacitive coupling between PV
modules and earth, potential differences imposed by switching
actions of the converter inject a capacitive ground current [5,6]
which can cause significant electromagnetic interferences, grid
current distortion, losses in the system, high noise level in the
installation and unsafe conditions for work [7,8].

Several PV installation analysis are presented in literature
[4,9–11], where most theoretical analysis and experimental verifi-
cations have been performed for small scale PV installations with-
out considering ground coupling. Converter models and topologies
also have been studied [2,12], but without considering the amount
of losses produced by the capacitive circuit that appears due to the
switching actions.

Simplified PV installation models, presented in [13–15], have
been evaluated for small scale installations, however the applica-
tion of these models to large scale installations neglects the current
distortion and losses as consequence of capacitive coupling. In [16],
the total conversion losses of a 3 MW PV installation have been
studied considering reflection losses, low radiation and shadow
losses, temperature losses, auxiliary losses, array losses and con-
verters losses. The latter two factors sum a total of 10% of the rated
power where part of these losses is due to the capacitive coupling
that was neglected in [11].

The paper proposes an improved model for large-scale PV
installations that details the capacitive coupling of the electric
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circuit with the grounding system. The developed model for PV
installations allows to analyze the current distortion, electromag-
netic interference, ground losses and Ground Potential Rise (GPR)
[17] due to the capacitive coupling. In the paper, after the detailed
description of the proposed model, different simulation results are
pointed out. Finally an experimental validation of the model ap-
plied to an existing 1 MW PV installation is presented together
with solutions based on the proposed model to minimize the
capacitive ground current in this PV installation for meeting typical
power quality regulations concerning to the harmonic distortion
and safety conditions, as well as to optimize the design by increas-
ing the PV installation efficiency.

2. Ground capacitance coupling in PV installation

PV installations with a rated power greater than 500 kW are
considered as large scale systems [8]. In Fig. 1 a typical arrange-
ment of a large-scale PV installation is represented. In most
large-scale PV installations it may be outlined that are systems
with long cables (over 8 km) and a detailed modeling of the net-
work to take full advantage of the actual system capacity is needed
[7].

The region between PV modules and PV structure essentially
acts as an insulator between layers of PV charge and ground. Most
parallel capacitive effects that may be ignored at very low frequen-
cies can not be neglected at very high frequencies, because the
reactance Xc will become quite small due to the inverse propor-
tionality with frequency f and will introduce a low reactance path
between power elements and ground.

This effect is present in PV installations because of the high fre-
quency switching carried out by the converters stage, which arises
different capacitive coupling between modules and ground and
must be represented as a leakage loop between PV arrays, cables
and electronic devices with the grounding system. By means of this
leakage loop, capacitive currents are injected to the grounding sys-
tem creating a GPR along the PV installation which introduces cur-

rent distortion, electromagnetic interference, noise and unsafe
conditions for work.

As PV installations have low inductance [5], they draw ripple in
the voltage waveform which produce significant ripple currents in
the dc current waveform [8]. These harmonics are related to the
pulse number of the converter circuit. The natural frequency of a
resonant circuit is a parameter that determines the vulnerability
of the installation against harmonics and it is determined as fol-
lows [8]:

Natural frequency ¼ 1
2 � p �

ffiffiffiffiffiffiffiffiffi
1

L � C

r
ð1Þ

where C and L are the capacitance and inductance of the resonant
circuit, respectively.

Depending on the commutation frequency, the harmonics pro-
duced may be significant according to the capacitive coupling and
the resonant frequency inside the PV installation. Moreover, every
PV array is considered as an independent current source with a dc
current ripple independent of the converter ripple. These ripple
currents are not in synchronism with the converter and produce
subharmonics in the dc circuit which increase the Total Harmonic
Distortion in current waveform (THDI) [18,15].

The typical maximum harmonic order h = 40, defined in the
power quality standards, corresponds to a maximum frequency
of 2 kHz (with 50 Hz as fundamental frequency). However, the typ-
ical commutation frequency of DC/DC and DC/AC converters, usu-
ally operated with the Pulse Width Modulation (PWM) technique,
is higher than 3 kHz. Hence, the commutation frequencies are not
represented in the harmonic indicators. Nevertheless, in practice
there are substantial contributions at low order harmonics (mainly
for h = 3, 5 and 7) in the harmonic currents injected into the grid
[5]. Moreover, higher order harmonics up to the 100th order, can
be an important concern in large-scale PV installations where con-
verters with voltage notching, high pulse numbers, or PWM con-
trols result in induced noise interference, current distortion, and
local GPR at PV arrays.

Fig. 1. Typical topology of a large-scale PV installation.

Fig. 2. Modeling of capacitive coupling between the electric circuit and the grounding system of the installation.
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The proposed method is suitable to reproduce these harmonic
currents injected not only into the grid, but also into the dc circuit
of the PV installation that would lead to internal resonant, current
distortion and unsafe work conditions where capacitive discharge
currents could exceed the threshold of safety values of work [19].
The capacitive coupling is part of the electric circuit consisting of
the PV cells, cables capacitive couplings, ac filter elements and
the grid impedance, as shown in Fig. 2, and its effect is being appre-
ciated in most large scale PV plants.

3. Equivalent circuit of PV installation for ground current
analysis

Normally, numerous PV modules are connected in series on a
panel to form a PV array as it is shown in Fig. 3. The circuit model
of the PV module [20] is composed of an ideal current source, a
diode connected in parallel with the current source and a series
resistor. The output current of each PV module is determined as
follows:

I ¼ Isc � Id ¼ Isc � Io � exp
V þ I � Rs

n � VT

� �� �
ð2Þ

where Io is the diode saturation current, V the terminal voltage of a
module, n the ideal constant of diode, VT is the thermal potential of

a module and it is given by m(kT/q), where k the Boltzmann’s con-
stant (1.38E�23 [J/K]), T the cell temperature [K]; q the coulomb
constant (1.6E�19 [C]) and m the number of cells in series in a mod-
ule. Isc is the short circuit current of a module under a given solar
irradiance. Id is the diode current, which can be given by the classi-
cal diode current expression. The series resistance Rs represents the
intrinsic resistance to the current flow.

The capacitive coupling proposed of PV modules with ground is
modeled as a parallel resistance Rpv and capacitor Cpv arrangement
which simulates the frequency dependency of the insulator
between PV modules and the grounding system. The PV structure
is connected to the grounding systems represented by the ground-
ing resistance Rg of the installation.

Taking into account that the converter represents a current
source for both dc circuit and ac circuit of the PV installation, an
equivalent circuit is deduced to analyze the capacitive coupling ef-
fect over the current and voltage waveforms, as seen at inverters
terminals. In Fig. 4, the equivalent circuit of both dc circuit of the
PV installation and ac circuit for connection to the grid as seen at
terminals of the inverters and ground is illustrated. In the ac circuit
Rac_cable, Lac_cable and Cac_cable are the resistance, inductance and
capacitance of the distribution line through the power grid, Rg_es

is the ground resistance at substation and Lfilter and Cfilter are the
parameters of the LC filter connected at ac terminals of the
converter.

Fig. 3. Model of PV module, PV array and capacitive coupling with PV structure.

Fig. 4. Proposed model for the dc and ac electric circuit of a PV installation.
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4. Improvement of the equivalent electric circuit of PV
installation

The inclusion of Rpv and Cpv on the PV equivalent circuit allows
representing the leakage path for high frequency components be-
tween PV modules and ground. The proposed DC equivalent circuit,
as seen at converters terminals and at nominal operating condition
of the installation, is represented by the following continuous-time
equations

di1ðtÞ
dt

¼ 1
Lc
� v inðtÞ �

Rc

Lc
� i1ðtÞ �

1
Lc
� v2ðtÞ ð3Þ

di2ðtÞ
dt

¼ 1
Cc � ðRs þ RgÞ

� i1ðtÞ �
1

Cc � ðRs þ RgÞ
þ w

Cpv � Rpv

� �
� i2ðtÞ

þ 1
Cpv � Rpv � ðRs þ RgÞ

� v2ðtÞ ð4Þ

dv2ðtÞ
dt

¼ 1
Cc
� i1ðtÞ �

1
Cc
� i2ðtÞ ð5Þ

dvpv ðtÞ
dt

¼ Rg

Cc � ðRs þ RgÞ
� i1ðtÞ þ

Rpv þ Rg

Cpv � Rpv
� Rg

Cc � ðRs þ RgÞ
� Rg � w

Cpv � Rpv

� �
� i2ðtÞ

þ Rg

Cpv � Rpv � ðRs þ RgÞ
� v2ðtÞ

� 1
Cpv � Rpv

� vpvðtÞ ð6Þ

where i1(t) and i2(t) are the current of mesh 1 and mesh 2, respec-
tively, of the equivalent DC circuit shown at Fig. 4, vin(t) is the in-
jected voltage by the converter, v2(t) the voltage at node 2 and
vpv(t) is the voltage between PV module and ground and represents
the parameter under study. Parameter Cc represents the capacitive
coupling between cables and ground and Rc and Lc are the resistance
and inductance of the cable, respectively. Defining the following

variables states, �xproðtÞ ¼

x1ðtÞ
x2ðtÞ
x3ðtÞ
x4ðtÞ

0
BB@

1
CCA ¼

i1ðtÞ
i2ðtÞ
v2ðtÞ
vpvðtÞ

0
BB@

1
CCA a state-space model

of the dc circuit is represented as follows:

d�xproðtÞ
dt

¼

�Rc
Lc

0 �1
Lc

0

1
Cc �ðRsþRg Þ �

1
Cs �ðRsþRg Þ þ

w
Cpv �Rpv

� �
1

Cpv �Rpv �ðRsþRg Þ 0

1
Cc

�1
Cc

0 0
Rg

Cc �ðRsþRg Þ u Rg

Cpv �Rpv �ðRsþRg Þ �
1

Cpv �Rpv

2
66666664

3
77777775
�

x1ðtÞ
x2ðtÞ
x3ðtÞ
x4ðtÞ

2
66664

3
77775

þ

1
Lc

0

0

0

2
66664

3
77775 � v inðtÞ ð7Þ

yproðtÞ ¼ 0 0 0 1½ � �

x1ðtÞ
x2ðtÞ
x3ðtÞ
x4ðtÞ

2
66664

3
77775þ ½0� � v inðtÞ

being ypro(t) the output signal of the parameter under study of the
proposed state-space model and w and u are given by the following
expressions, respectively;

w ¼ Rs þ Rpv þ Rg

Rs þ Rg
ð8Þ

u ¼ Rpv þ Rg

Cpv � Rpv
� Rg

Cc � ðRs þ RgÞ
� w � Rg

Cpv � Rpv
ð9Þ

In the simplified model of PV installation defined at literature
[13–15], the capacitance Cpv and resistance Rpv are considered as
infinite and zero, respectively. Then, the capacitive coupling with
the grounding system is totally neglected. Even ground resistance
of the PV installation is not considered (Rg = 0).

The frequency response of both proposed and simplified model
for the dc circuit of a PV installation operating at nominal operat-
ing condition are shown in the Bode diagram of Fig. 5. The pro-
posed model presents a considerable gain for waveforms under
108 Hz in comparison with the simplified model which has a lim-
ited gain for this range of frequencies. Then, the proposed model
is able to show accurately the leakage loop between PV module
and grounding system for high frequencies unlike the simplified
model. The parameters under study and used for simulations are
determined according to the measurement performed on a 1 MW
PV installation and are shown in Table 1.

5. Power system simulation

5.1. Power system modeled

The PV installation to be modeled consists of two circuit with 92
PV arrays and 500 kW each one and are connected in parallel to
generate a total of 1 MW. Each circuit is modeled with an equiva-
lent PV array that represents 90 PV arrays and two individuals PV
arrays, as shown in Fig. 6. The two circuits have been modeled to
analyze the mutual effect arised from the capacitive couplings be-
tween both circuits and the grounding system, at nominal operat-
ing conditions. Each PV array has 32 modules connected in series
and a nominal voltage of 700 V. The parameters of these PV mod-
ules are shown in Table 2. The simulation has been performed
using PSCAD/EMTDC [21] with a sampling time of at least 50 kHz.

In each circuit of 500 kW, the PV arrays are connected to a DC
system of 700 V and the power is delivered to an inverter stage
which consists of four inverters of 125 kW in full bridge topology
and operation frequency of 3.70 kHz. The ac side of the inverters

Fig. 5. Bode diagram for both proposed model (solid line) and simplified model
(dashed line) for the dc circuit of a PV installation.

Table 1
Operation parameters used for simulation of the proposed model.

Parameter Value

Rc 0.25 (X/km)
Lc 0.00015 (H/km)
Rs 0.30 (X)
Rpv 1.0E7 (X)
Cpv 1.0E�9 (F)
Cc 1.0E�4 (F/km)
Rg 1.2 (X)
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are connected to a power transformer of 700/230 V. The connec-
tion to the power grid is done by a power transformer of 0.23/
20 kV of 1500 kVA connected in wye-delta. The auxiliary services
are simulated with a power transformer of 0.23/0.4 kV which fed
a load of 150 kVA. The equivalent impedance of the installation
cable is the following:

Zcable ¼ 0:6941þ j0:0031 X

The power grid is represented by the following Thévenin
equivalent:

Short circuit power Ssc = 160.68 MVA

Zth1 ¼ 2:4894 X \76:01�

Uth1 ¼ 20 kV \80�

Fig. 6. Power system of 500 kW modeled according to the real operating parameters of the 1 MW PV installation.

Table 2
PV module parameters at STC (1000 W/m2, 25 �C, AM 1.5).

Parameter Value

Power output 170.625 W
Power output tolerances ±3%
Module efficiency 13.9%
Current at Pmax, Impp 7.8 A
Voltage at Pmax, Vmpp 21.875 V
Open circuit voltage, Voc 35 V
Short circuit current, Isc 8.614 A
Nominal Operating Cell Temperature (NOCT) 46 ± 2 �C
Temperature coefficient b of Isc +0.0006 1/K
Temperature coefficient a of Voc �0.0037 1/K
Temperature coefficient c of Pmpp �0.0045 1/K

Fig. 8. Voltage measurement at PV array, (a) voltage waveform measured and (b) FFT analysis of the voltage waveform.

Fig. 7. Current measurement at PV array, (a) current waveform measured and (b) FFT analysis of the current waveform.

M. García-Gracia et al. / Applied Energy 87 (2010) 3467–3474 3471



where Zth1 and Uth1 make reference to the positive sequence Théve-
nin equivalent.

5.2. Field measurement

The current and voltage waveforms measured between the PV
module and the grounding system are shown in Figs. 7 and 8,
respectively, together with the Fast Fourier Transform (FFT) analy-
sis of each waveform. These measurements were performed at
nominal operating condition of the PV installation where more se-
vere is the ground current.

The current registered has a dc fundamental component of
magnitude 69.5011 mA and an ac component with a THDI of
31.35% dc fundamental component where the most considerable
r.m.s. magnitudes are detected at 3.70 kHz, 11.10 kHz and
14.80 kHz with 11.8212 mA, 6.9550 mA and 15.2973 mA,
respectively.

Otherwise, the voltage waveform is mainly compound by an ac
component. The FFT analysis performed for this waveform is based
on a fundamental frequency of 50 Hz. The result obtained shows a
total voltage harmonic distortion (THDV) of 4287.04% where the
r.m.s. magnitude of the fundamental component at 50 Hz is

Fig. 9. Simulation result of the proposed modeled, (a) current waveform between PV array and grounding system and (b) FFT analysis of the current waveform obtained.

Fig. 10. Simulation result of the proposed modeled, (a) voltage waveform between PV array and grounding system and (b) FFT analysis of the voltage waveform obtained.

Fig. 11. Comparison of the harmonic magnitudes between the field measurements and the proposed model simulation results for (a) current waveform and (b) voltage
waveform.
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6.4110 V and the most considerable magnitudes appear at
3.70 kHz with 177.5847 V, 7.40 kHz with 15.707 V, 11.10 kHz with
32.055 V, 14.80 kHz with 67.3155 V and 18.50 kHz with 48.0825 V.
It is useful to notice that the most important magnitudes of current
and voltage appear at frequencies that are multiple of the opera-
tion frequency of the inverter (3.70 kHz).

5.3. Simulations results of the power system modeled

The electrical parameters of the capacitive coupling between PV
array and grounding system have been adjusted according to the
field measurement in order to simulate, accurately, the response
of the proposed model against the harmonics injected by the oper-
ation of the converters. The current and voltage waveforms ob-
tained from the proposed model together with the FFT analysis
are shown at Figs. 9 and 10 respectively.

The THDI and THDV obtained from simulations are 26.99% and
3725.17%, respectively, where the DC fundamental component of
current is 88.56 mA and the fundamental voltage component at
50 Hz is 8.59 V. The frequencies where most considerable har-
monic magnitudes appear are the same of those obtained at field
measurement; 3.70 kHz, 11.10 kHz, 14.80 kHz and 18.50 kHz with-
in a percentage error of ±27.42% for fundamental component and
±15.35% for the rest of harmonic components. In Fig. 11, the har-

monic magnitudes for current and voltage waveform obtained
from simulations were compared with those obtained from field
measurements.

6. Advantage of the proposed model for designing large-scale
PV installations

The proposed model considering capacitive coupling between
PV modules and grounding system of the installation leads to an
accurate approximation to the response of the PV installation
against the frequency spectrum imposed by the switching action
of the converters at PV installations. This approximation is not fea-
sible using simplified models because of the bandwidth limitation
shown at Fig. 5 for high frequencies.

Both field measurements and simulation results indicate that
ground current in large-scale PV installations can be considerable
according to the values expressed in [19]. In the 9–25 mA range,
currents may be painful at 50–60 Hz, but at 3–10 kHz are negligi-
ble [22]. Thus, the proposed model allows the detection of capaci-
tive discharge currents that exceeds the threshold of safety values
for work.

Because large scale installations are systems with long cables,
the resonant frequency becomes an important factor to consider
when designing the ac filters and converters operation frequency.

Fig. 12. Resonance frequency of the PV installation without capacitive coupling (dashed line) and considering capacitive couplings as in the proposed model (solid line).

Fig. 13. Solution based on the proposed model to minimize the capacitive ground current in PV installation by (a) connecting an inductor between PV array and ground and
(b) insertion of capacitors between dc terminals and ground.
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The proposed model detects accurately the expected resonant fre-
quency of the PV installations at 12.00 kHz with an impedance
magnitude Zres of 323.33 X, while simplified models determine a
less severe resonant at a frequency value of 15.50 kHz with an Zres

of 150.45 X, as shown in Fig. 12. This latter resonant frequency is
misleading and pointless for the real operating parameters of the
installation. The total DC/AC conversion losses obtained from sim-
ulations is 5.6% when operating at nominal power, which is equiv-
alent to 56.00 kW. Through the proposed model it has been
detected that a 22.32% of the losses due to the DC/AC conversion
is because of the capacitive coupling modeled. Thus, a 1 MW PV
installation as modeled in Fig. 6 presents 12.50 kW of losses due
to the capacitive couplings or leakage loop between PV modules
and ground.

According to the PV installation under study, a high ground cur-
rent has been detected. Then, some preventive actions can be ap-
plied to solve this problem such as:

– Connection of the PV array to the grounding systems by means
of an inductor. The latter element represents a high impedance
for harmonics current and subsequently reduces the capacitive
ground current in the installation, as shown in Fig. 13a.

– Insertion of capacitors between the dc terminals and ground
avoids the injection of harmonic current to the PV array, as
shown in Fig. 13b, hence, the noise level and GPR between PV
modules and ground is minimized.

– Adjustment of the firing pulses frequencies and controls strate-
gies to reduce or avoid resonance and capacitive currents by
analyzing the ground current with the proposed model.

7. Conclusions

The proposed model considering capacitive coupling between
the PV modules and the grounding system of the installation leads
to an accurate approximation of the real response of PV installation
against the high frequency switching action performed by the con-
verters. This approximation is not feasible using the simplified
model because of its bandwidth limitation for high frequency
waveforms.

Simulations performed with the proposed model allow meeting
typical power quality regulations concerning to the harmonic dis-
tortion, power losses and noise level, and to optimize the design by
increasing the efficiency of the PV installation.
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