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ABSTRACT. We determine the 6-dimensional solvmanifolds admitting an invari-
ant complex structure with holomorphically trivial canonical bundle. Such com-
plex structures are classified up to isomorphism, and the existence of strong
Kéhler with torsion (SKT), generalized Gauduchon, balanced and strongly
Gauduchon metrics is studied. As an application we construct a holomorphic
family (M, J,) of compact complex manifolds such that (M, J,) satisfies the 90-
lemma and admits a balanced metric for any a # 0, but the central limit neither
satisfies the 99-lemma nor admits balanced metrics.

In memory of Sergio Console

1. INTRODUCTION

Any compact complex surface with holomorphically trivial canonical bundle is iso-
morphic to a K3 surface, a torus, or a Kodaira surface; the first two are Kahler, and
the latter is a nilmanifold, i.e. a compact quotient of a nilpotent Lie group by a lattice.
It is well known that in any real dimension 2n the canonical bundle of a nilmanifold
IN\G endowed with an invariant complex structure is holomorphically trivial, where
by invariant complex structure we mean one induced by a complex structure on the
Lie algebra of the nilpotent Lie group G. In fact, Salamon proved in [27] the existence
of a closed non-zero invariant (n,0)-form (see also [5] for some applications of this
fact to hypercomplex nilmanifolds). For 6-dimensional nilmanifolds the classification
of invariant complex structures J as well as the existence of some special Hermit-
ian metrics (as SKT, generalized first Gauduchon, balanced and strongly Gauduchon
metrics) with respect to such J’s have been studied in [7, 12, 13]. In this paper we
are interested in the Hermitian geometry of 6-dimensional solvmanifolds admitting an
invariant complex structure with holomorphically trivial canonical bundle, i.e. with
an invariant non-zero closed (3,0)-form (see Proposition 2.1 for details). Throughout
the paper, by a solvmanifold we mean a compact quotient T'\G of a non-nilpotent
solvable Lie group G by a lattice I'.

Since the complex structures we consider are invariant, they come from complex
structures on the Lie algebra g of G. Given an almost complex structure J: g — g
on a 6-dimensional Lie algebra g, the existence of a non-zero closed form of bidegree
(3,0) implies that J is integrable, i.e. that J is a complex structure. If the Lie algebra
is nilpotent then both conditions are equivalent [27]. The 6-dimensional nilpotent
Lie algebras admitting a complex structure were classified in [27] and recently these
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complex structures have been classified up to equivalence [7]. For solvable Lie alge-
bras admitting a complex structure there exists a general classification only in real
dimension four [23], but no general result is known in higher dimension.

In this paper we consider the bigger class of 6-dimensional solvable Lie algebras
g and look for almost complex structures admitting a non-zero closed (3,0)-form.
Notice that the latter condition implies that b3(g) > 2. We will consider both the
indecomposable and the decomposable solvable Lie algebras which are unimodular
as we aim to find invariant complex structures with non-zero closed (3,0)-form on
solvmanifolds [20]. We recall that the 6-dimensional indecomposable solvable Lie
algebras have been classified by Turkowski [31], Mubarakzyanov [21] and Shabanskaya,
who recovered and corrected in [29] the work of Mubarakzyanov (see the Appendix
for more details).

In Section 2 we consider the formalism of stable forms [17], together with ideas in [9,
14, 15, 28], and we explain in detail the method that we follow to classify unimodular
solvable Lie algebras admitting a complex structure with non-zero closed (3,0)-form.
The classification is obtained in Propositions 2.6 and 2.7 for the decomposable and
indecomposable cases, respectively. As a consequence we have that if a solvmanifold
admits a complex structure arising from an invariant non-vanishing holomorphic (3,0)-
form, then its underlying Lie algebra g must be isomorphic to one in the list of
Theorem 2.8, i.e. g = g1,9% (a > 0),93,...,08s or gg. The Lie algebras g1,9% (o >
0) and g3 are decomposable, whereas gq4,...,gs and gy are indecomposable. The
Lie algebra gs is precisely the real Lie algebra underlying Nakamura manifold [22].
Moreover, using some results in [6], we ensure in Proposition 2.10 the existence of a
lattice for the simply-connected Lie groups associated to the Lie algebras in the list,
although for g§ we are able to find a lattice only for a countable number of different
values of a (note that one cannot expect a lattice to exist for any real « > 0 according
to [32, Prop. 8.7]).

In Section 3 we consider the whole space of complex structures having closed (3,0)-
form and classify them up to equivalence (see Theorem 3.10). It turns out that the
classification is finite, except for g3 (Proposition 3.4) and gg (Proposition 3.7). As
a consequence of this complex classification, we study in Section 4 the existence of
several special Hermitian metrics on the corresponding complex solvmanifolds. The
SKT geometry is studied in Theorem 4.1 and provides a new example of compact
SKT manifold based on the Lie algebra g4. In Theorem 4.3 we investigate the ex-
istence of invariant first Gauduchon metrics, in the sense of [16], and find that a
solvmanifold corresponding to g¢ has invariant first Gauduchon metrics which are
not SKT, moreover it does not admit any SKT metric (notice that any invariant first
Gauduchon metric on a 6-nilmanifold is necessarily SKT as proved in [13, Proposition
3.3]). Finally, Theorems 4.5 and 4.6 deal with the existence of balanced metrics [19]
and strongly Gauduchon metrics [24, 25, 26], respectively, and provide new compact
examples of such Hermitian geometries.

Our goal in Section 5 is to construct a holomorphic family of compact complex man-
ifolds (M, Jy)aea, A = {a € C| |a| < 1}, such that (M, J,) satisfies the d9-lemma
and admits balanced metric for any a # 0, but (M, Jy) neither satisfies the 90-lemma
nor admits balanced metric. The construction is based on the balanced Hermitian
geometry studied in Theorem 4.5 for gg, the Lie algebra underlying Nakamura man-
ifold, together with a recent result by Angella and Kasuya [3] on deformations of
the holomorphically parallelizable Nakamura manifold. Notice that the central limit
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(M, Jy) admits strongly Gauduchon metric by Theorem 4.6, as it must happen ac-
cording to Popovici’s result [26, Proposition 4.1]. We recall that there exists [7] a
holomorphic family (N, J,), N being a 6-dimensional nilmanifold, such that (N, J,)
has balanced metrics for any a # 0, but the central limit (NN, Jy) does not admit
strongly Gauduchon metric.

2. THE CLASSIFICATION

We first show that the existence of a holomorphic form of bidegree (n,0) with re-
spect to an invariant complex structure on a 2n-dimensional solvmanifold implies the
existence of an invariant non-zero closed (n, 0)-form. Furthermore:

Proposition 2.1. Let M =T\G be a 2n-dimensional solvmanifold endowed with an
invariant complex structure J. If Q is a nowhere vanishing holomorphic (n,0)-form
on (M, J), then Q is necessarily invariant.

Proof. Since J is invariant, we consider a global basis {w!,...,w"} of invariant (1,0)-
forms on (M, J). Then, there is a nowhere vanishing complex-valued function f: M —
C such that Q = fw' A--- Aw™. Since Q is holomorphic, we have 9Q = 9f A w' A
AW+ FOWE A AW™) =0, that is, (W A+ Aw™) = —(log f) AW A AW™.
The latter form is an invariant (n,1)-form on (M, J), so there is an invariant form o
of bidegree (0,1) on (M, J) such that

(1) d(log f) = a.

Now we apply the well-known symmetrization process, which assigns an invariant k-
form 7 to any k-form v on M by integration with respect to a volume element on M
induced by a bi-invariant one on the Lie group G (its existence is guaranteed by [20]).
By extending the symmetrization to the space of complex forms, since J is invariant
we have that symmetrization preserves the bidegree and commutes with 9, because it
commutes with the differential d (see [7, 11] for more details). Applying this to (1),
we get

d(log f) = a = a,

because « is invariant. But 1/()?;7 is the symmetrization of a function, so it is a constant
and then 5(1/0?;7) = 0. Therefore, a = 0 and by (1) we get d(log f) = 0. This means
that log f is a holomorphic function on a compact complex manifold, which implies
that log f = ¢, where ¢ is a constant. In conclusion, f = exp(c) is a constant function,
and () is necessarily invariant. |

As a consequence of this result, in order to describe the solvmanifolds M = T'\G
admitting an invariant complex structure with holomorphically trivial canonical bun-
dle, we are led to study the unimodular solvable Lie algebras g admitting a complex
structure J with non-zero closed (n,0)-form. Next we classify such Lie algebras in
dimension 6.

We will recall first the formalism of stable forms which enable us to construct the
space of almost complex structures on a given Lie algebra [9, 17]. Let (V,v) be an
oriented six-dimensional vector space, a 3-form p is stable if its orbit under the action
of the group GL(V) is open. Let x: A°V* — V be the isomorphism defined by
k(n) = X where X is such that cxv =17, and let K, : V — V be the endomorphism
given by K,(X) = k(txpAp). The square of this endomorphism is proportional to the
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identity map so it is an automorphism of the vector space. Let A(p) be the constant
of proportionality, that is,

Ap) = ltr(Kﬁ).

6
Then, the stability of p is equivalent to the open condition A(p) # 0. When A(p) < 0
the endomorphism J, := —L— K, gives rise to an almost complex structure on V.
P ’ Do e B piex

Moreover, A(p) enables to construct a specific volume form ¢(p) := /|\(p)|v € A°V*
such that the action of the dual endomorphism .J; on 1-forms is given by the formula

(2) ((J30)(X)) 6(p) = a A txp A p,
for any o € g* and X € g.
As a consequence there is a natural mapping

(3) {pe NV | Ap) <0} = {J: V=V |J*=-I}

assigning each p to J = J, through relation (2). Although this map is not injective,
as for example J,» = J, when p’ is proportional to p, it is onto and therefore it covers
the space of almost complex structures on V.

We are interested in the complex structures on a Lie algebra g admitting non-zero
closed (3,0)-form. Let Z3(g) = {p € A®g* | dp = 0}. The map (3) restricts to the
surjective mapping

{pe Z%@g) | \p) <0, d(Jyp) =0} = {J:g—g]| J? = —I, 30 € A*? closed}.
The closed (3,0)-form is given by ¥ = p +iJ;p.

The next result provides an equivalent condition to determine the existence of such
complex structures on g.

Lemma 2.2. Let g be a Lie algebra and v a volume form on g. Then, g admits an
almost complex structure with a non-zero closed (3,0)-form if and only if there exists
p € Z3(g) such that the endomorphism Jy:g" — g" defined by

(4) ((j;a)(X)) v=ahixphp,
for any o € g* and X € g, satisfies that j;p 1s closed and tr(j;;g) < 0.

Proof. Let J: g —> g be an almost complex structure admitting a non-zero (3,0)-form
U = ¥, +4¥_ which is closed. Let p = ¥,. Then, A(p) < 0, J = J, is determined
by (2) and the form J3p = W_ is closed. Since the associated form ¢(p) is a volume
form on g, we have that v = s¢(p) for some s # 0. Now, for the endomorphism
j;: g° — g* given by (4) we get

s ((T30)(0) 6(p) = ((J;0)(X)) v = a Auxp A p = ((J0)(X)) 6(p),

for any o € g* and X € g. This implies that J¥ = s.J. Therefore, tr(.J:?) < 0 if and
only if tr(J3?) < 0, and moreover, d(j;p) = 0 if and only if d(J;p) = 0. O

For the computation of the endomorphism J  we will use the simplest volume form
v = el23456 where {e!,..., e} is the basis of g* in which the Lie algebra is expressed.
Notice that we will follow the notation given in [14, 15, 28] and [31] to name the Lie
algebras; for instance, the notation ¢(2) @ ¢(1,1) = (0, —e'3, e!2,0, —e*6, —*®) means
that ¢(2) @ ¢(1,1) is the (decomposable) Lie algebra determined by a basis {e}9_;
such that de' = 0, de? = —e'3, de?® = e'2, de* = 0, de® = —e6, deb = —e*°.



The next two concrete examples show how we will proceed in general in the proofs
of Propositions 2.6 and 2.7 below in order to exclude candidates. Some of the com-
putations in these examples, as well as in Propositions 2.6 and 2.7 and in Section 3,
were carried out using Mathematica and the differential forms package scalarEDC by
S. Bonanos available at www.inp.demokritos.gr/sbonano/.

Example 2.3. Let us consider the indecomposable solvable Lie algebra g = Ag:;; =

(€23,e%6,—36,0,¢6,0). Any p € Z3(g) is given by
p = a1e'® 4 ase!0 4 a3e130 1+ aue? 4 ag(e235 — 16 1 qge?30 4 qre246

+a8€256 +a96346 +a106356 +a11€4567

for ai,...,a;; € R. Fix v = 23456 and let j; be the endomorphism given by (4).
A direct calculation shows that

tr(j;‘z) =6(a2 — a1a)? > 0.

In this case it is not worth evaluating the closedness of J ,p because by Lemma 2.2
there is no almost complex structure J; coming from a closed 3-form p € Z3(g) and
in particular g does not admit a closed complex volume form.

Example 2.4. Let us consider the 5 @& 1 decomposable solvable Lie algebra g =
A;%S SR = (el 4+ €25 e -3 + 15, %5 0,0). Any p € Z3(g) is given by

p = a1 + aze'® + azelS + ase'®® + aze? + ag (€230 — e146) 4 gre24

Fage?6 4 age?56 1 106345 4 1655 + 196956,
for aj,..., a2 € R. Take v = €'23%56 and let j; be the endomorphism given by (4).
Then, we have

étr(j;:z) = (a3 + as)?a2 + 4(aya10 — azar)ai — 2(az — as)azagag + aa’

and
d(j;;p) _ Qa% (2a1€1256 + ap (€456 4 2356) 1 (a3 + az)e456 — 2a1063456) '

Since the form j; p must be closed, we distinguish two cases depending on the van-
ishing of the coefficient ag. If ag = 0 then tr(j;jg) = 6(agag)? > 0, and if ag # 0 then
a; = ag = ag + as = a;p = 0 and so tr(j;Q) = 0. Consequently, Lemma 2.2 assures
that there is no almost complex structure .J; admitting a non-zero closed (3,0)-form.

From now on we shall denote by b (g) the dimension of the k-th Chevalley-Eilenberg
cohomology group H*(g) of the Lie algebra. The next lemma shows a simple but
useful obstruction to the existence of complex structures with non-zero closed (3,0)-
volume forms in the unimodular case involving b3. We remind that the unimodularity
of g is equivalent to bg(g) = 1.

Lemma 2.5. If g is an unimodular Lie algebra admitting a complex structure with a
non-zero closed (3,0)-form U, then bs(g) > 2.

Proof. Let W, W_ € A%(g*) be the real and imaginary parts of ¥, that is, ¥ =
U, +¢W_. Since ¥ is closed we have that d(V,) = d(¥_) = 0 and therefore
[U.],[¥_] € H3(g). It is sufficient to see that both classes are non-zero and, moreover,
that they are not cohomologous.
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Suppose that there exist a,b € R with a® + b # 0 such that a¥, +b¥_ = da for
some o € A?(g*). Since 0 # LW AU =V, AU_ € A%(g*), we get

dla A (=bT 4 +a¥_)) = (aV +bU_)A(=bT, +a¥_) = (a® +b*)T L AT_ £0.
But this is in contradiction to the unimodularity of g. (I

As a consequence of Lemma 2.5 we will concentrate on unimodular (non nilpotent)
solvable Lie algebras g with b3(g) > 2. We will tackle the classification problem first
in the decomposable case.

Let g = b @ ¢. The unimodularity and solvability of g and Lemma 2.5 imply
restrictions on the factors. In fact, g is unimodular, resp. solvable, if and only if b
and ¢ are unimodular, resp. solvable. Moreover, by Lemma 2.5 and the well known
formula relating the cohomology of g with the cohomologies of the factors, we have

(5) bg(b)b()(C) + bg(b)bl(C) + bl(b)bQ(C) + b()(b)bg(C) = bg(g) 2 2

Proposition 2.6. Let g = b® ¢ be a siz-dimensional decomposable unimodular (non
nilpotent) solvable Lie algebra admitting a complex structure with a non-zero closed
(3,0)-form. Then, g is isomorphic to e(2) @e(1,1), Ag Y OR or A 1O R with
a > 0.

Proof. Since g is decomposable, we divide the proof in the three cases 3®3, 4® 2 and
5@®1. In the 3@ 3 case the inequality (5) is always satisfied. The 3 ® 3 decomposable
unimodular (non nilpotent) solvable Lie algebras are e(2)@e(2), ¢(2)®e(1,1), ¢(2)Bbs,
¢(2) ®R3, e(1,1) ®e(1,1), ¢(1,1) @ b3 and e(1,1) ® R3 (see Table 1 in the Appendix
for a description of the Lie algebras). An explicit computation shows that there is no
p € Z* satisfying the conditions A(p) < 0 and d(J};p) = 0, except for g = ¢(2)Be(1,1).
We give an example of a closed complex volume form for ¢(2) & ¢(1,1) in Table 1.

Since R? is the only 2-dimensional unimodular Lie algebra, the 4@ 2 case is reduced
to the study of g = b® R? for any 4-dimensional unimodular (non nilpotent) solvable
Lie algebra b satisfying (5), i.e. b3(b)+ 2bs(b) +b1(b) > 2. The resulting Lie algebras
MGAﬁ@WHﬁgP%%@mm—l<a§—;Am2@R Ay g®R? and Ay 10 ®R?
(see Table 1). However, all of them satisfy A(p) > 0 for any p € Z3(g).

Finally, the 5 @ 1 case consists of Lie algebras of the form g = b @& R for
any b-dimensional unimodular (non nilpotent) solvable Lie algebra b such that
(b2(b),b3(b)) # (0,0),(1,0),(0,1). Therefore, the Lie algebras are: A71’71’1 & R,
AP P o R with 0 < B < 1, AL @R, A5y~ @Rl%mﬁ®Rmm7>0
%M@Rx4w®RA%J@RmmO<7<1Amflmma>01%m@R
A5 15 @R, Ai,fgz OR, A 5 &R, AP 2i61 ®R, A5 35 @R and A5 32 ®R. The explicit
computation of each case allows us to dlstlngmsh the following three situations:
elfg=Asy ' ®Ror AY3¢ @R, then A(p) > 0 for all p € Z3(g).

e The Lie algebras A5} "M @R and A ' @R with o > 0 admit a closed complex
volume form (see Table 1 for a concrete example).

e For the rest of Lie algebras there is no p € Z3(g) satisfying d(J;p) =0and A(p) <0
simultaneously.

In conclusion, in the 5@ 1 case the only possibilities are A;}*fl’l @ R and the family
A @R with o > 0. 0

Next we obtain the classification in the indecomposable case.
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Proposition 2.7. Let g be a siz-dimensional indecomposable unimodular (non nilpo-
tent) solvable Lie algebra admitting a complex structure with a non-zero closed (3,0)-
form. Then, g is isomorphic to Né)y’l_sl’_l, Ag:g’;, Ag:é’zl, Ag:gél, B, or Bgg.

Proof. The Lie algebras g such that bs(g) > 2 are listed in Table 2 in the Appendix.
The indecomposable case is long to analyze because of the amount of Lie algebras,

but after performing the computations we distinguish the following three situations:

e Let g be one of the following Lie algebras: Ag’132a 27l (@ € R—{-1,0,1,1}),

Ag,’l_?,a’_l (a>0,a#1), A 614 ) Ag 1s with (a,0) € {(— % 2),(=2,1)}, Ag25 with
(a’b) € {( T )’(_%a_§>}” Ag,g2 ’ (b > 0)7 Ag,ng (6 = ) Ag350 with a > 0
and (b,c) € {(—2a,a),(—a,0)} and AZSy (c > 0, ¢ # ) Then A(p) > 0 for any
p € Z°(g).

e The Lie algebras Ngyg' ', A9y, Agsy, Ages » Bey and Bi, admit a non-zero
closed (3,0)-form (see Table 2 for a concrete example).

e For the rest of Lie algebras there is no p € Z*(g) such that d(J;p) = 0 and
A(p) < 0. 0

From Propositions 2.6 and 2.7 it follows the following classification:

Theorem 2.8. Let g be an unimodular (non nilpotent) solvable Lie algebra of dimen-
sion 6. Then, g admits a complex structure with a non-zero closed (3,0)-form if and
only if it is isomorphic to one in the following list:

g1 = A;%’fl’l@ R = (e!%, —e25 —e3% 45.0,0),
g5 = A5 1 ToR = (aet™4-e25, —el54-ae?, —ae?™4-e*, —e—ae??,0,0), a >0,
g3 =¢(2) De(l1,1) = (0, —e!3,e!2,0, —e6, —e?),
g1 = Ag:g,?l — (€23, €6, 26, 6 46 ().
g5 = Agjé’gl — (24 4 €35, 26,636, 4656 (),

0,0,1
96 :A6:88 = (€24 + €35, —¢36, 26, — 5646 (),

) )
_npl _ (.24 35 .46 .56 26 36
g7_B6,6_(€ +e, e, e, —e”, —e 30);
0,—1,—1
gs = N6,18 — (616 _ 625,615 + 626, —636 + 645, —635 _ 646,0,0)7

go = Bé,4 — (845,615 + 636,614 _ 626 + 656, —656,646,0).

From now on, we will use only the simplified notation g1, g9, gs, . . ., 9o when refer-
ing to the Lie algebras listed in the previous theorem.

2.1. Existence of lattices. In this section we show that the simply-connected solv-
able Lie groups G}, corresponding to the Lie algebras g; in Theorem 2.8 admit lattices
Iy of maximal rank. Therefore, we get compact complex solvmanifolds I'y\Gj with
holomorphically trivial canonical bundle.

Let H be a n-dimensional nilpotent Lie group. We remind that a connected and
simply-connected Lie group G with nilradical H is called almost nilpotent (resp. al-
most abelian) if it can be written as G = R x, H (resp. G = R x,, R”, that is,
H = R"). If we denote by e the identity element of H then following [6] we have that
de(p(t)) = expSL®)(tp), ¢ being a certain derivation of the Lie algebra b of H.
Although it is not easy in general to know whether a solvable Lie group G admits a
lattice, the next result allows to construct one in the case that G is almost nilpotent.
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Lemma 2.9. [6] Let G = Rx, H be a (n+1)-dimensional almost nilpotent Lie group
with nilradical H and b the Lie algebra of H. If there exists 0 # t1 € R and a rational
basis {X1,...,X,} of b such that the coordinate matriz of d.(u(t1)) in such basis is
integer, then T' = t1Z %, exp™ (Z(X1, ..., X,)) is a lattice in G.

Now we will use the former lemma to prove the following result:

Proposition 2.10. For any k # 2, the connected and simply-connected Lie group Gy,
with underlying Lie algebra g admits a lattice.

For k = 2, there exists a countable number of distinct a’s, including o = 0, for
which the connected and simply-connected Lie group with underlying Lie algebra g&
admits a lattice.

Proof. The Lie algebra gg is not almost nilpotent, but its corresponding connected
and simply-connected Lie group Gg admits a lattice by [33]. It is not hard to see that
for k # 8 the Lie algebra gi of Theorem 2.8 is either almost nilpotent or a product
of almost nilpotent Lie algebras. In fact, we find the following correspondence with
some of the Lie algebras studied in [6] (we use the notation in that paper in order to

compare directly with the Lie algebras therein): g; = gg}’*l’l OR, gy = gg:?’; B R,

93 =095 D054 04 20007 05 = 00ss 06 = 009y and g7 = g§go. The simply
connected Lie group G3 admits a lattice, since it is product of two 3-dimensional Lie
groups and every 3-dimensional completely solvable simply connected Lie group has
a lattice. For gi,99, 94,905,096 and g7, the existence of lattices in the corresponding
Lie groups is already proved in [6]. In fact, a lattice is respectively given by:

Iy = (t1Z %, exp™ (Z{es, ..., eq))) x Z, H=R*, t; =log (%) ;

'Y= (LZ x, exp™ (Z{er,... eq))) x Z, H=R" t; =

Ty =t1Z x, exp™(Z{ei, ... e5)), H=Heisz x R%, t; = ;

I's =t1Z %, epo(Z<—%el, %(63 —e5), qe3 — %e& %(62 —ey4), 063 — %(34)),
a= 7‘/5(3;6‘/5), H = Heiss, t; = log (%) ;

Te = t1Z %, exp™ (Z{es, ..., e5)), H = Heiss, t; = 7;

'y =t1Zx, exp (Z(2e1, —ey — e3,e4 + €5,69 — €3,€4 — €5)), H = Heiss, t; =,

where Heisg and Heis; are the real Heisenberg group of dimension 3 and 5. So, it
remains to study g§ with o > 0, and gg.

We will show first that there exists a countable subfamily of g§ with o > 0 whose
corresponding Lie group G admits lattice. The 5-dimensional factor Ag‘_”l;o"l in the

decomposable Lie algebra g5 = Ag’l}a’l @ R is given by
le1,e5] = —aer + ez, [e2,e5] = —e1 — aea, [e3,e5] = aez + eq, [es,e5] = —e3 + ey,

which is almost abelian since A?”l}a’l =R Xad., R%. If we denote by B, the coordinate
matrix of the derivation ad,, : R* — R*in the basis {e1, €2, €3, €4}, then the coordinate
matrix of d.(u(t)) is the exponential

eYcos(t)  eXsin(t) 0 0
B, | —e“sin(t) e*cos(t) 0 0
© 0 0 e tcos(t) e “sin(t)

0 0 —e sin(t) e *cos(t)



9

If t; = Iz with [ € Z and [ > 0, then the characteristic polynomial of the matrix e' B«
is p(A) = (1 — (=1} (e + e~ )X+ A2)2, which is integer if oy ,,, = %log(i"””gnz%)

with m € Z and m > 2. Moreover, e!'Pe = P=1C; ., P, where

0 0 e Bt 0 -1 0 0
1 e Bt 0 0 1 om(=1)! o 0
Po=1 0 0 —e B~ | Crm = g 0 0 -1 ’
— B~ 0 0 0 0 1 m(-1)
with € = \/ﬁ and T = m2_4§((7;211[4‘)m2_4. Taking the basis X7 = e(ea — e4),

Xy = Btes+ B eq, X5 = e(e1+e3) and Xy = BHe; + 5 es of R* and using Lemma 2.9
we have that IV = InZ x , Z(X1, ..., X4) is a lattice of the simply-connected Lie group
associated to A?”l}a’l with @ = ay,,. Hence, I =T" x Z is a lattice in G5"™.

The Lie algebra gg can be seen as an almost nilpotent Lie algebra g = R Xaq, b,
where h = (e1,...,e5]| [e1,e4] = —es, [e1,€5] = —ea, [e4,e5] = —eq) is a 5-dimensional
nilpotent Lie algebra. Proceeding in a similar manner as for g§, we compute the
characteristic polynomial of d.(u(t)) getting that p(\) = (A2 — 2Xcos(t) + 1)2. If
ty = m then p(A\) € Z[)] and the coordinate matrix of dc(p(t1)) in the basis X; = Tey,
Xo = \/§e4, X3 = \/§65, X4 = (%)3/262 + \/§64 and X5 = —(g)3/2€3 + \/§e5 of b

is

1 0 0 0 O
0O -2 0 -1 0
c=10 0 -2 0 -1
0 1 0 0 O
0 0 1 0 0

Moreover, { X7, ..., X5} is a rational basis of h because [ X1, Xo] = [X1, X4] = — X3+
)(57 [Xl,Xg,] = [Xl,X5] = X2 —X4, [XQ,Xg] == [XQ,X{,] = —[Xg,X4] = _X1~ Hence,
if we denote by H the simply-connected Lie group corresponding to h, then using
Lemma 2.9 we have that I' = 7Z x,, exp™ (Z(X1,...,X5)) is a lattice in the Lie
group Gy. d

Remark 2.11. Bock found a lattice for the Lie group associated to A3~ *' with

o =3 = %log 3+2‘/5, that is, for [ = 1 and m = 3. Notice that our result for
k = 2 is consistent with the result obtained by Witte in [32, Prop. 8.7], where it is
showed that only countably many non-isomorphic simply-connected Lie groups admit
a lattice, so that one cannot expect a lattice to exist for any real a > 0.

The Lie algebra gg does not appear in [6] because its nilradical is the 5-dimensional
Lie algebra b, which is isomorphic to g5 3 (in the notation of [6]), but there are only
two solvable and unimodular Lie algebras with nilradical g5 3 considered in that paper

(namely gg. %6 and g¢ 7s) which are both completely solvable, but g9 is not.

3. MODULI OF COMPLEX STRUCTURES

In this section we classify, up to equivalence, the complex structures having closed
(3,0)-form on the Lie algebras of Theorem 2.8. Recall that two complex structures
J and J’ on g are said to be equivalent if there exists an automorphism F': g — g
such that FoJ = J o F.
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3.1. The decomposable case. We consider firstly the 5 @ 1 decomposable Lie al-
gebras.

Lemma 3.1. Let J be any complex structure on g1 or g5, a > 0, with closed volume
(3,0)-form, then there is a non-zero closed (1,0)-form. More concretely, the (1,0)-
form €® —iJ*e® is closed.

Proof. Let us consider first g = g; with structure equations given as in Theorem 2.8.
Any p € Z3(g) is given by
p = a1e'® + el + aze13 + age30 + agel® + age?® + age?0
T 010620 + 01163 + 4196340 1 136356 4 14256,
where a; € R. We use the equation (2) to compute the space of almost complex

structures corresponding to p € Z3(g). When we compute the images of €°, €% by J ’
we find that the subspace spanned by e°,¢ef is J ,-invariant, because

J*65 =1 aja12 + ajras — agag — asa e5+2a as — a4a 66

p /7‘)\( )l(( 1012 1162 408 3 9) ( 1202 4 9) )7

J*66 = L —2(ara11 — aza, 65*0,(1 + aj1a9 — agag — asa 66.
p /r\( )l( ( 1611 3 8) ( 1412 1142 4068 3 9) )

Therefore, the (1,0)-form n = > — Z'J;e5 is closed for every p € Z3(g).
The same situation appears for g = g5, o > 0, because again the subspace spanned
by €7, € is found to be J-invariant for all p € Z3(g). O

Lemma 3.2. Let J be any complex structure on g1 or g5, a > 0, with closed volume
(3,0)-form. Then, there is a (1,0)-basis {w', w? w3} satisfying the following reduced
equations

dw' = Aw' A (W3 + W),
(6) dw? = —AwW? A (W3 + w?),
dw?® = 0,
where A = cosf +isind, 6 € [0,7).

Proof. By Lemma 3.1 we can consider a basis of (1,0)-forms {n',n? 13} such that

n® = e® —iJ*e® is closed. The structure equations of g, and g3 with a > 0 force

the differential of any 1-form to be a multiple of e® = %(n?’ +1%), so there exist
A,B,C,D,E, F € C such that

dnt = (An' + Bn? + En®) A (n* + 1),
dn? = (Cn* + D + F) A (i + ),
dn® = 0.

Moreover, since d(n'?3) = 0 necessarily D = —A.
Let us consider the non-zero 1-form 7' = An' + Bn? + En?. Notice that

dr' = (A2 + BC)n' + (AE + BE)*) A (° + %),

which implies that A2 + BC # 0 because otherwise dr! would be a multiple of 6.
Then, with respect to the new (1,0)-basis {71, 72,73} given by

Ti=An'+By?+ By, ' =Cn' =A@ +Fy’, =0,
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the complex structure equations are
drt = (ATt + BT A (73 + 73),

(7) dr? = (Ctt — AT A (73 + 73),
dr3 = 0.

Now we distinguish two cases:
e If B # 0 then we consider the new basis {w!,w? w3} given by

w'=(A+VA2+BC)r'+B7r?, W= (A-VA2+BC)r'+B7?,
w® = |VAZ+ BC|73.

With respect to this basis, the equations (7) reduce to
VA2 + B 3 VA2 + B . 3

7+Cw1/\(w3+w3), dw2:77+0w2/\(w3+w3), dw® =0,
VA% + BC| VA + BC|

that is, the equations are of the form (6) where the new complex coefficient has

modulus equal to 1.
o If C # 0 then with respect to the basis {w!, w? w?} given by

wt=Crt = (A-VA2+BC) 1%, w*=C1'— (A+VA2+BC)7?,
w* = |VATF BO| 7,

the equations (7) again reduce to equations of the form (6) where the new complex
coefficient has modulus 1.

Finally, notice that in the equations (6) one can change the sign of A by changing
the sign of w?, so we can suppose that A = cos @ + isin § with angle § € [0, 7). O

dw! =

Proposition 3.3. Up to isomorphism, there is only one complex structure with closed
(3,0)-form on the Lie algebras g1 and g3, whereas g§ has two such complex structures
for any o > 0. More concretely, the complex structures are:

(8) (01,d): dw' =W A (WP +w?), dw?=—w? A (WP +wd), dw®=0;
9) (09,J): dw' =iw' A (WP +W?), dw?=—iw? A (WP +WP), dw® =0;
, dw' = (£cos 0 +isin ) w! A (W3 + w?),

(10) (g5 7, Je): { dw? = —(£cosd+isinf)w? A (w® + w?),
dw? =0,

where 6 € (0,7/2).

Proof. A real Lie algebra underlying the equations (6) is isomorphic to g1 or g3 for
some a > 0. In fact, in terms of the real basis 8',..., 3% given by w!' = ' + 82,
w? = B3 +iB* and w? = £(B° + %), we have

dB' = cos 9 p® —sinf 25, dp? = —cos B 335 + sin 6 42, dp® =0,

dp? = sinf 315 + cos 6 527, dp* = —sinf 335 — cos 6 47, dp® = 0.
In particular:
o If § = 0 then taking e! = B, €2 = 84, €3 = 33, e* = %, ® = 3° and b = B the
resulting structure equations are precisely those of the Lie algebra g;.
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e If § € (0,7) then sinf # 0 and taking e! = B!, €2 = -2, &3 = B33, * = B4,
e’ = sinf 3° and €% = B% we get the structure equations of g|2a‘ with a = —<f,
Notice that « takes any real value when 6 varies in (0,7), and if 6 # 7 then 6 and
m — 0 correspond to two complex structures on the same Lie algebra. By a standard
argument one can prove that these two complex structures are non-equivalent. (I

Let us consider now the 3 @ 3 decomposable Lie algebra gs. With respect to the
structure equations given in Theorem 2.8, any closed 3-form p € Z3(g3) is given by

p = a1e'® +agel? 4 azel® 4 ay e +as e 4 agel® + ay 23

+ag(e30 — €245) 4 qg(e!3% — €246) 4 qy(e126 + £345)

+ar1 (€125 4 €346) 1 gy, €49,
where a1, ...,a12 € R. By imposing the closedness of .J;p together with the condition
tr(J;jQ) < 0, one arrives by a long computation to an explicit description of the
complex structure J,, which allows us to prove that {el, e?,e3, J;el, J;eQ, J;e3} are
always linearly independent. Therefore, the forms

wl=el — Z'J;el, w?=e2— iJ;eQ, wd=e3 - iJ;e3,

constitute a (1,0)-basis for the complex structure J,. Moreover, one can show that
with respect to this basis the complex structure equations have the form

dw' =0,
(11) dw? = =113 4 b + fiw'? — fiw? — (1 + gi)w'® + giw®,

dw® = 2w!? + cw'l + (3 + hi)w'? — hiw?! — fiw' + fiwdl,
where the coefficients b, ¢, f, g, h are real and satisfy 4gh = 4f2 — 1. (Explicit expres-
sion of each coefficient in terms of aq, ..., a2 can be given, but this information is not

relevant and so we omit it.) Notice that the condition 4gh = 4f? — 1 is equivalent to
the Jacobi identity d2 = 0. Furthermore, these equations can be reduced as follows:

Proposition 3.4. Up to isomorphism, the complex structures with closed (3,0)-form
on the Lie algebra gs are

dwt = 0,
(12) (93, Jz): dw? = —1w'3 — (1 + 2i)w!® + ziw?!,
= (= o+

where x € RT.

Proof. Observe first that with respect to the (1,0)-basis {w!, w? + 2cw!, w?® — 2bw'},
the complex structure equations express again as in (11) but with b = ¢ = 0, that is
to say, one can suppose that the coefficients b and ¢ both vanish.

Let us prove next that we can also take the coefficient f to be zero. To see this,
let {w!,w? w3} be a (1,0)-basis satisfying (11) with b = ¢ = 0 and f # 0, and let us
consider the (1,0)-basis {n',n?, 173} given by

L= o PN g—h—\/Ql;r(ngg, = g—h—sz LB,

A direct calculation shows that with respect to {n',7% 1} the corresponding coeffi-
cient f vanishes. Therefore, since 4gh = —1 we are led to the reduced equations (12),
where we have written z instead of g.
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Finally, let J, and J,» be two complex structures corresponding to z,z’ € R.

It is easy to see that the structures are equivalent if and only if z2’ = f%. This
represents an hyperbola in the (z,z’)-plane, so the equivalence class is given by one
of the branches of the hyperbola, that is, we can take x > 0. (]

3.2. The indecomposable case. Next we classify the complex structures on the
indecomposable Lie algebras gq4, ..., go.

Lemma 3.5. Let J be any complex structure on gy (4 < k < 7) with closed (3,0)-
form. Then, there is a (1,0)-basis {w',w? w3} such that
dw = Aw' A (W3 + W),
(13) dw? = —Aw? A (W3 4 w?),
d(JJS = G11 wﬁ + Glz wli + 612 wﬂ + G22 (JJQQ,
where A, G12 € C and Gn, Gos € R, with (GH, Glz, Ggg) 7’5 (0, 0,0), satisfy
(14) Al=1, (A+A)Gu =0, (A+A4)Gx»=0, (A-A)G=0.

Proof. Let us consider first the Lie algebra g4 with structure equations given as in
Theorem 2.8. Any element p € Z3(g4) is given by

p=arel® 4 asel 4 az (€' — e134) + ay (€124 + €139) + a5 130
+ ag (€190 + 231) + a7 (€146 — €235) 1 gg 230 4 ag €216 + g1 €27
T ag1 €346 4 a15 €36 4 aq5 €156,
where aq,...,a13 € R. A direct calculation shows that if a% + ai = 0 then there do

not exist closed 3-forms p satisfying the conditions d(.J;p) = 0 and A(p) < 0.
Suppose that a3 + a3 # 0. Then, an element p € Z3(gy4) satisfies the

ol . . . 2_ 2 2 _ 2 2
condition d(.J;p) = 0 if and only if a;p = as(ag=az)+ Z‘éjf(?; au(aﬁa“), a1z =
3 4

2a3a6a7—a4(a§—a§)+ag(a§+ai)
a§+ai
that A(p) = —4(azag — asa11 + agar)? < 0.
Let p € Z3(g4) be such that A(p) < 0 and d(J;p) = 0. A direct calculation shows

that J ’ €% is given by

and a3 = 0. Moreover, under these relations one has

j;e6 = 2(a3 + a?)e! + 2(azap + asar)e? + 2(azar — agap)e?
—+ 2((13&11 —+ a40a9 —+ a%)eﬁ.

Therefore, the coefficient of J ;eﬁ in e' is nonzero for any p.

A similar computation for the Lie algebras g5, g¢ and g7 shows that for any complex
structure J, with closed (3,0)-form, we also have that

J;‘e6 = cre! 4 coe® + c3ed + cae* + c5e® + cgeb,

where the coefficient ¢; is non-zero.
Let us consider the (1,0)-form 73 = 6 — iJ;‘eG. From the structure equations of
gk (4 <k <7)in Theorem 2.8, it follows that

dn® =ic1e?® —ia A eb, it g=ga,

dn?) :i01(€24+€35) _ia/\667 if 9= 95,096,097,



14

where « is a 1-form. Since ¢; # 0 we can write the 2-forms e?? and e?* 4 €% as

e = —Land 4+ LaAeb, if g=g4,
(15) T .
et e¥ = —ZdpP + ~ane®, if g=gs 06,07

Now, let n',7* be such that {n',n? 7*} is a basis of (1,0)-forms. Since e® is closed
and n® + > = 2¢%, the integrability of the complex structure implies that dn® has no
component of type (2,0) and

d773 _ Gll 7711+G12 7712+G13 7713"_612 7721+G22 772§+G23 n23+613 7731+é23 773§+G33 ,,7337

for some G11, GQQ, G333 € R and G12, Glg, Gas € C.

From the structure of the Lie algebras g (4 < k < 7), the relation (15) and taking
into account that dn? is of type (1,1), it follows that there exist A, € C such that

dn' = Xdn® + (An' + B + En®) A (* + 1),

dn? = pdn® + (Cn* + D> + F?) A (® +1°),
(16) d773 = Gn1 ’171i + G2 7]12 + Gi3 7713
+ G2 + G + Gagn®
+ Gisn®t + Gas ®? + Gz ™3,

for some A, B,C, D, E, F € C.

We will see next that these complex equations can be reduced to equations of the
form (13). Notice first that with respect to the (1,0)-basis {n' — An®,n% — un3,n*}
we get complex equations of the form (16) with A = g = 0. So, without loss of
generality we can suppose A = p = 0. Moreover, the coefficients E and F also vanish.
In fact, suppose for example that E # 0 (the case F' # 0 is similar). Using (16) with
A = p = 0, the condition d(dn') = 0 is equivalent to

EG1 = EG12 = EG13 = EGyy = EGa3 =0,

so E # 0 implies dn® = G333 = G33n® A (n® +n?). But this is a contradiction with
the structure of the Lie algebras g (4 < k < 7), because d(g}) would be annihilated
by the real 1-form 73 + 3.

From now on, we suppose that A = y = F = F = 0 in the equations (16). A direct
calculation shows that

d17123 — 613 ,’71231 +§23 leSQ + (A + D+ G33)7712337

so '3 is closed if and only if G135 = Gao3 = 0 and D = —A — G33. Moreover, the
unimodularity of the Lie algebras g; (4 < k < 7) implies that G335 = 0. In fact, taking
the real basis {f',..., f} of g} given by

=i =i = i

we get that the trace of ady, is zero if and only if G33 = —2Re A — 2Re D, which
implies, using that Gss = —A — D, that the coefficient G35 = 0.
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Summing up, we have proved the existence of a (1,0)-basis {n',n% 13} satisfying
the reduced complex equations

dnt = (An* + Bn?) A (n° + 1),
(17) dn? = (Cn' — An®) A (p° + %),
dn?; _ Gll nli + G12 771? + 312 7721 + GQQ 7725’

where A, B,C,G15 € C and G11,Go2 € R.

Notice that A% + BC # 0 because otherwise the (1,0)-form An' + B7? would be
closed, but this is a contradiction to b1(gx) = 1, for 4 < k < 7. Therefore, arguing
as in the proof of Lemma 3.2 we can suppose that B = C = 0 and |A| = 1 in (17).
Finally, the condition d(dn3) = 0 is satisfied if and only if (A+A)G1; = (A+A)Ga =
(A—A)G12 =0. O

As a consequence of the previous lemma, we have the following classification of
complex structures on gg, for 4 < k < 7.

Proposition 3.6. Up to isomorphism there is only one complex structure J with
closed (3,0)-form on the Lie algebras gs and gg, and two such complex structures on
the Lie algebras g4 and g7. More concretely, the complex structures are:

(18) (g4, Ju): dw' = iw'A (W + w?), dw?=—iw’A (W + w?), dw®=+w';
(19) (g5, J): dw' = W'A (WP +W?), dw?=—w?A (W 4+ w?), dw’=w'? +w?;

(20) (g6, J): dw' = iw' A (W + ), dw?=—iw?A (W* +w?), dw’®=w' + w??;

(21) (g7, J2): dw' = i W' A(WH w?), dw?=—iw? AW+ w?), dw®= +(w'—w??).

Proof. First notice that in the equations (13), after changing the sign of w? if neces-
sary, we can always suppose that A = cosf + isin @ with angle 6 € [0,7). We have
the following cases:

o If cos 6 # 0, then (14) implies G11 = G22 = 0 and sin G152 = 0, so sin § = 0 because
(G11, G12,Ga22) # (0,0,0) is satisfied if and only if G12 # 0. Therefore, in this case
A = 1 and, moreover, we can normalize the coefficient G5 (it suffices to consider
G2 w! instead of w!). So the complex structure equations take the form (19), and

in terms of the real basis {e!,...,e®} defined by w! = €2 —ie?, w? = €® + ie* and
w® = 1eb — 2ie!, one has
del = e®* +¢%°, de? = e%0, de® = %0, de* = —¢*®, de® = —€°%, de® =0,

that is, the underlying Lie algebra is gs.
o If cosf® = 0, then (14) implies that A = ¢ and G2 = 0. Therefore, the complex
structure equations become

do' =iw' A (WP + W), dw?=—iw? A (WP W), dw® =G w'! + Gy w?,
where (G11,Ga2) # (0,0). We have the following possibilities:

- When Gz = 0 we can suppose that G7; = +1 (it suffices to consider /|G11|w!
instead of w!), and then the complex structure equations reduce to (18). In terms of
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the real basis {e!,..., e} given by w! = €2 —ie®, w? = e* +ie® and w? = —Jeb £ 2iel,
we arrive at
de' =23, de? = -, de® = €25, de* = —e%5, de® =5, deb =0,

that is, the underlying Lie algebra is g4. A standard argument allows to conclude
that the two complex structures in (18) are non-isomorphic.

- The case G711 = 0 easily reduces to the previous case, so it does not produce any
non-isomorphic complex structure.

- Finally, if G11 # 0 and Gao # 0 then we can suppose G11 = +1 and Gay = +1
(it suffices to consider /|Gyi|w” instead of w* for k = 1,2). It is clear that the
case G11 = Gog = —1 is equivalent to G1; = G = 1, so it remains to study the
following three cases: (G11,G22) = (1,1),(1,—1),(—1,1). In terms of the real basis
{BY,..., 35} defined by w! = B2 +iB%, w? = B2 +iB° and w3 = %56 +2iB, one has
A8 = G %G B, dB% = ', dp° = 6%, dp* = §%°, df® = 5%, ds® =0,

When (G11,Ga2) = (1,1), taking the basis e! = —28!, €2 = 2+ 33, €3 = —p4+ %,
et = g4 4 35, €5 = B2 — 33 and €5 = — 35, the real structure equations are

de! = e®* 4+ ¢35, de? = —e35, de® = €%0, de* = —€°°, de® = €%, deb =0,
so the underlying Lie algebra is g and the complex structure is given by (20).

The cases (G11,G22) = (1,—1) and (G11,G22) = (—1,1) both correspond to the
same Lie algebra (in fact, a change in the sign of 3! gives an isomorphism), so we
suppose next that (G11,Ga22) = (1,—1), i.e.

d,@l _ _/824 +6357 dﬁQ _ —ﬂ46, dﬂg _ 656’ dﬁ4 — ,826, dﬁ5 _ _636’ dﬂG =0.
Taking e! = =81, €3 = —B3 and e® = —f3%, we conclude that g; is the underlying
Lie algebra. Therefore, the complex structures on g7 are given by (18), and it can be

proved that they are non-isomorphic. ([

Next we find that there are infinitely many non-isomorphic complex structures on
the Lie algebra gs.

Proposition 3.7. Let J be any complex structure on gg with closed volume (3,0)-
form. Then, there is a (1,0)-basis {w!,w? w3} satisfying one of the following reduced
equations:

22 gs,J): dw' = 2w + w3, dw? = —2iw?, dwd =0;

(

(23) (g8, J'): dw! = 21w + w3‘3’, dw? = —2iw?® + wgg, dw? = 0;
dw' = —(A—i)w'® — (A + i)W,

(24) (98, J4): { dw? = (A —i)w? + (A + w3,
dw?® =0,

where A € C with Jm A # 0.
Moreover, the complex structures above are non-isomorphic.

Proof. With respect to the structure equations of gg given in Theorem 2.8, any closed
3-form p € Z3(gg) is given by

p=a 6126 + as 6135 + as 6145 + ay 6156 + as 6235 + (16(6146 + 6236)

+a; 6245 + a8(6136 _ 6246) + ag 6256 + a1 6346 + a1 6356 + a1o 64567
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where a1, ...,a12 € R. A direct calculation shows that such a p satisfies the conditions
d(J;p) = 0 and A(p) < 0 if and only if a1 = 0, az = —ar, ag = as, a;p = 0 and
agar — asag # 0. Moreover, in this case \(p) = —4(agar — asag)?.
The associated complex structures J; express in terms of the real basis {et,... €5}
as
*,1 2 as5a12—arail ;5 agaiz—agaii 6
Jpe =e + agar—asas e’ + agar—asas €5
*,2 1 asaiitazaiz 5 agaiitagaiz 6
Jpe =—e + agar—asas e+ agar—asas €5
*,3 _ 4 asar—asag .5 asag—agag .6
Jpe =e + a6a77a5a86 + a5a7*a5a86 ’
J*e4 — —83 __ aaastazag 5 _ asastasag 66
14 agar—asas agar—asasg ~ ’
Jred = asagtazas ed + ag+ag ef
14 agar—asas agar—asasg '
J*eﬁ — _ a§+a§ 65 __ asastazas 66
14 agar—asas agar—asas

2 w3} given by

Let us consider the basis of (1,0)-forms {w!,w
wl =¢l — iJ,,jfe1 =el —4 (62 + k1e® + k:ge6) ,
w?=e3— iJ;e?’ =e3—3 (64 + ksed + k4e6) ,

Wl =L (e® - iJ;e5) =deb 4 (%65 + %eﬁ) ,

2c 2c
where k; = %s%12-07a11 [ 46@12—08011 L, — @447—045d9 [ _ Q4d8—dedg _
1 aga7—asasg ? 2 aga7—asag ’ 3 aga7—as5ag ? 4 aga7—asag ’
2 2
asagtaras — _agtag i _ ; 123 _ e
et and ¢ = -5 . Notice that ¢ # 0, and —2(ag + ias)w'™ = p+iJ;p.

With respect to this basis, the complex structure equations are
dw' = —(A—i)w'® — (A +i)w' + Bw3?,
(25) dw? = (A — i)w? + (A +i)w? + Cw?3,
dw® =0,
where A = b+ic, B = 2¢(ky +iks) and C = —2¢(ks +iky4). Notice that Jm A = ¢ # 0.
Now, we will reduce the complex equations (25) as follows:
o If A # —i, then with respect to the (1,0)-basis {n*,n?,73} given by
' = —(A+i)w' + Bw®, n?=(A+i)w?+0w nd=uw?
the complex structure equations are of the form (24).
e If A = —i, the equations (25) reduce to
JB,oyt dw' = 2iw' + Bu®, dw? = —2iw? + Cw®, dw® = 0.
Notice that the structures Ji g ¢ and J¢, p) are equivalent, since it suffices to consider
the change of basis n! = w?, n? = w', n® = —w3. Now:
- if B = C =0 then the complex equations are of the form (24) with A = —3;

- if only one of the coefficients B, C' is nonzero, for instance B, then taking %w
instead of w!, we arrive at the complex equations (22);

1

- finally, if B, C' # 0 then we can normalize both coefficients and the corresponding
complex equations are (23).

It is straightforward to check that the complex structures given in equations (22)—
(24) are non-isomorphic. ]
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Remark 3.8. Note that on gg there exists a unique complex structure J that is
abelian [2], i.e. satisfying [JX,JY] = [X,Y], which corresponds to the value A =i
in equations (24), and a unique bi-invariant complex structure [22], corresponding to
A= —iin (24).

Finally, let us consider now the Lie algebra gg. With respect to the structure
equations given in Theorem 2.8, any closed 3-form p € Z3(gg) is given by

p =ap (' — e35) 4 ay el + az !0 + qy €190 + a5 (136 — £249)
+ag(el? + 13 — e246) 4 g7 €256 4 gg(e126 4 (345) 4 g 346
Faig(e'?® + 134 4 €356 1 gy, 456,

By imposing the closedness of .J;p together with the condition tr(J ;2) < 0, one can
arrive after a long computation to an explicit description of the complex structure
Jyp, which allows us to prove that {62,64,66,J;eZ,J;e4,J;e6} are always linearly
independent. Therefore, the forms

wl=eb — iJ;eﬁ, w?=e?— iJ;eQ, wd=et - iJ;e4,
constitute a (1,0)-basis for the complex structure J,, and one can show that with
respect to this basis the complex structure equations have the form

dw' = —2wT — cw3T — cw!® — (33,

dw? = (% +cFE — % )w1I — %wﬂ + Euwdl + (% + cG)o.)13

(26) s )
+ Guw3 + %wu + (G — E)w!3,

dw3 = 6(62 + %’)wll 4 (02 + %’)w:ﬂ + w3 +cw33 _ %WIS,
where ¢ is real and E,G € C. (Explicit expression of each coefficient in terms of
ai,-..,a11 can be given, but this information will not be relevant in what follows and
so we omit it.) In the following result we prove that all the complex structures are

equivalent.

Proposition 3.9. Up to isomorphism, there is only one complex structure with closed
(3,0)-form on the Lie algebra go, whose complex equations are

_ ) 1 _ , - y y -
27) (g, J): dw'=—w3, dw?= %wm + 50.)13 — %wm, dw?’:—%wl‘o’ + %wBl.
Proof. First, notice that one can suppose that G = 0 by taking w? + Gw' instead of
w? in the equations (26). Now, let {w!, w? w3} be a (1,0)-basis satisfying (26) with
G =0, and consider the new (1,0)-basis

{o' =w!, 0? =icBw' +w? +iEBw?, % = cw® +w?}.
A direct calculation shows that this basis satisfies equations (26) with ¢ = 0 and
E = G = 0, that is, the complex equations can always be reduced to (27). In

particular, all the complex structures are equivalent. ([

In the following theorem we sum up the classification of invariant complex struc-
tures with closed (3,0)-form on solvmanifolds obtained in this section.

Theorem 3.10. Let M = T'\G be a 6-dimensional solvmanifold and denote by g the
Lie algebra of G. If J is an invariant complez structure on M with closed (3,0)-form,
then the pair (g, J) is isomorphic to one and only one of the complex structures given

in Propositions 3.3, 3.4, 3.6, 3.7 or 3.9.
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4. EXISTENCE OF SPECIAL HERMITIAN METRICS

In this section we use the classification of complex structures obtained in the previous
section to study the existence of several special Hermitian metrics. We will center
our attention on SKT, generalized Gauduchon, balanced and strongly Gauduchon
metrics.

Let (M, J,g) be a Hermitian manifold of real dimension 2n with fundamental 2-
form F(-,-) = g(J-,-). Since the metric g is determined by the form F, from now on
we will denote a Hermitian metric also by F. An SKT (strong Kdhler with torsion)
metric is a Hermitian metric satisfying 0F = 0 (for more details see e.g. [12] and
the references therein).

Recently, Fu, Wang and Wu [16] introduced and studied generalized k-th Gaudu-
chon metrics, defined by the condition OF* A F*~k=1 = 0, where 1 < k < n — 1.
Notice that any SKT metric is a 1-st Gauduchon metric.

For any compact Hermitian manifold (M, J, F') and for any integer 1 < k <mn — 1,
in [16] it is proved the existence of a unique constant v;(F) and a (unique up to a
constant) function v € C°°(M) such that £00(e”F¥) A F"~F~1 = 4, (F)e’F™. The
constant y,(F') is invariant under biholomorphisms and its sign is an invariant of the
conformal class of F. Thus, y(F) is > 0 (= 0, or < 0) if and only if there exists F
in the conformal class of F' such that %3513”“ AF"F=1 5 0(=0, 0or <0).

On the other hand, a Hermitian metric is called balanced if the fundamental form
F satisfies that F"~! is a closed form, and it is said to be strongly Gauduchon (sG
for short) if the (n,n — 1)-form OF"~! is 0-exact. It is obvious from the definitions
that balanced implies sG. Strongly Gauduchon metrics have been introduced recently
in [24], whereas balanced metrics were previously considered in [19].

Next we study the existence of special Hermitian metrics on 6-dimensional solvman-
ifolds (M = T'\G, J) endowed with an invariant complex structure J with holomorphi-
cally trivial canonical bundle. By Proposition 2.1 the latter condition is equivalent to
the existence of an invariant non-zero closed (3,0)-form. Notice that the symmetriza-
tion process can be applied to this situation to conclude that the existence of SKT,
balanced or sG metrics on M reduces to the level of the Lie algebra g of G (see [7, 11]
for more details). Thus, our strategy will consist in starting with the classification of
pairs (g, J) obtained in Theorem 3.10 and then find the J-Hermitian structures F' on
g that satisfy the required conditions.

Notice that given a (1,0)-basis {w!,w? w3} for the complex structure J, a generic
Hermitian structure F' on the Lie algebra g is expressed as

2

(28) 2F =i (rPw' + s2w? + 12w + uw'? — aw?! + vw? — 5w + 20" — 2%,

where the coefficients 72, s2, t> are non-zero real numbers and u, v, z € C satisfy

r2s% > |ul?, s%t2 > Ju)?, r?t2 > |2|? and r?s%t? + 2Re (iuvz) > t2|ul? +r2|v]? + s?|z|?.
Firstly we study the SKT geometry.

Theorem 4.1. Let (M = I'\G,J) be a 6-dimensional solvmanifold endowed with
an wnvariant complex structure J with holomorphically trivial canonical bundle, and
denote by g the Lie algebra of G. Then, (M,J) has an SKT metric if and only if

9= g9 or g

Proof. Let F be a J-Hermitian metric given by (28). We study first the existence of
SKT metrics on g; and g§. The equations (6) parametrize all the complex structures
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J on gy or g5, from which we get
O0F = —2ir?(Me A)?w'1% + 2u(Tm A)2w!323
— 2a(Tm A)2w?313 — 2is2(Re A)2w?32,

Thus, 00F = 0 implies e A = 0, and so necessarily A = i. In this case F' is SKT if
and only if u = 0. By Proposition 3.3 the corresponding Lie algebra is gJ.

For the Lie algebra g3, by Proposition 3.4 any J on g3 is equivalent to one complex
structure J, given by (12). The (3,3)-form dOF A F' is given by
(30) DOF A F = LHE? (4,24 4 44) 12913
Since this form is never zero, there is no SKT metric on gs.

For the Lie algebras gi (4 < k < 7), using the equations (13), which parametrize
all the complex structures J on g, we get

OOF = it?(G11Gas — |Gra|*)w!?12 — 2ir? (Re A)2w 313 — 2is%(Re A)2w?23
+ 2u(Tm A)2w'323 — 25(TJm A)2w?13,
Thus, QéF = 0 implies Re A = 0, and from the conditions (14) we have G12 = 0.
Now, 0F = 0 also implies G11G22 = 0, and from Proposition 3.6 it follows that only
g4 admits SKT structures: in fact, a generic F' given by (28) is SKT if and only if
u = 0.
For the study of SKT metrics on gg, instead of using the complex structure equa-

tions (22), (23) and (24), we use the equations (25) obtained in the proof of Proposi-
tion 3.7. A direct calculation shows that

(32) OF N F =2 (r?s*(1 + Me(A)?) + [u[*Tm(A)?) (123723

in particular, this form does not depend on the complex coefficients B, C in (25). The
form OOF A F never vanishes, so there is no SKT metric on gg.

Finally, for the Lie algebra go, from the complex equations (27) in Proposition 3.9
it follows

(33) 85}7 A F = (|v|2 4+ %) w123IQ3 7& 07

(29)

(31)

so the Lie algebra gg does not admit SKT metrics. (I

Remark 4.2. In the previous theorem we have proved that any complex structure
with non-zero closed (3,0)-form on g3 or g4 admits SKT metrics. Moreover, a generic
metric F' given by (28) satisfies the SKT condition with respect to the complex equa-
tions (9) for (g9,J), or (18) for (g4, J+), if and only if u = 0, so in both cases the
SKT metrics are given by

2F =i (r2w!! + s2w%2 + 120%%) + 0w® — 532 + 2B — 3L
where the coefficients 72, s2, t> are non-zero real numbers and v, z € C satisfy
r?st? > r2|v]? + s%|z|%

Whereas it is known that the Lie algebra g9 admits SKT metrics (actually it
admits Calabi-Yau metrics, for instance any F = % (r?w!'! + s?w?? 4 t?w33) is Kihler),
however a solvmanifold based on g4 provides, as far as we know, a new example of
6-dimensional compact SKT manifold.

We recall that a complex structure J on a symplectic manifold (M,w) is said to
be tamed by the symplectic form w if w(X,JX) > 0 for any non-zero vector field
X on M. The pair (w,J) is also called a Hermitian-symplectic structure in [30]. By
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[10, Proposition 2.1] the existence of a Hermitian-symplectic structure on a complex
manifold (M, J) is equivalent to the existence of a J-compatible SKT metric g whose
fundamental form F satisfies 9F = 93 for some O-closed (2,0)-form 3. As a con-
sequence of Theorem 4.1 we have that a 6-dimensional solvmanifold (M = T'\G, J)
with J invariant and holomorphically trivial canonical bundle, has a symplectic form
w taming J if and only if g = g3 and (J,w) is a Kéhler structure. By [10] if (T\G, J)
admits a non-invariant symplectic form taming .J, then there exists an invariant one.
So we can immediately exclude the solvmanifolds T\G with g = g4 since g4 does
not admit any symplectic form. For the solvmanifolds T'\G with g = g9 by a direct
computation we have that dF = 93, for some 0-closed (2,0)-form 3, if and only if
dF =0.

In the following result we study the existence of 1-st Gauduchon metrics.

Theorem 4.3. Let (M =T\G,J) be a 6-dimensional solvmanifold endowed with an
invariant complex structure J with holomorphically trivial canonical bundle, and let
F be an invariant J-Hermitian metric on M. If g denotes the Lie algebra of G, then
we have:

(i) If g = g1,05(a > 0),93,05,97,0s or go, then v1 > 0 for any (J, F).
(ii) Ifg = ¢y or g4, then y1 > 0 for any (J, F); moreover, an invariant Hermitian
metric is 1-st Gauduchon if and only if it is SKT.
(iii) If g = g then there exist invariant Hermitian metrics such that v >0, =0
or < 0; in particular, there are invariant 1-st Gauduchon metrics which are
not SKT.

Proof. Let F be an invariant J-Hermitian metric given by (28). Then, F?* =
—3 det(F) w123, where

irt u oz
det(F)=|-u is®> v
-z —v it

then $00F A F = g 9, which implies that

7 (F)>0,=00r <0 ifandonlyif p>0,=0or<0.
In what follows we will compute p for any triple (g, J, F'), and study its possible signs.
For the Lie algebras g; and g%, from (29) it follows
OOF NF =2 (r?s?(Re A)? + uf?(Jm A)?) w!23123,

Therefore, v1(F) > 0 for any F. Moreover, v1(F) > 0 if and only if e A = 0 and
u = 0, which corresponds precisely to SKT metric on gJ.
From (30), (32) and (33) it follows that v; > 0 for any (J, F') on g3, gs and go.
For the Lie algebras g (4 < k < 7), using (31) we get

200F NF = [4r25%(Re A)? + 4Jul?(Jm A)? — t4(G11Gan — |G12]?)] w1312,

Let us consider first g4. By (18) we can take A =i, G;; = +1 and G153 = G2z =0,
50 200F A F = 4|u|?w!'?3123, This implies that 1 > 0, and it is equal to zero if and
only if the structure is SKT. This completes the proof of (i).
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For the Lie algebra gs, by (19) we have that A = G132 = 1 and G117 = G22 = 0, so
200F N F = (4r%s% + tH)w'?3123 and ~; > 0.

Similarly, using (21), for g; we can take A =i, G12 = 0 and (G11,Ga2) = (—1,1)
or (1,—1). Therefore, 200F ANF = (#* 4 4|u|?)w'?3!2% and thus v; > 0. This completes
the proof of (ii).

Finally, to prove (iii), by (20) we consider A = i, G12 = 0 and G1; = Goo = 1.
Since 200F A F = (4]ul? — t")w!?3123 we conclude that on gg there exist Hermitian
metrics such that v; > 0, = 0 or < 0, depending on the sign of 4|u|? — t*. (]

Remark 4.4. Notice that the symmetrization process cannot be applied to the 1-st
Gauduchon condition on the solvmanifold M = I'\G in order to reduce the problem
to the Lie algebra level, so the previous theorem studies only the existence of invariant
1-st Gauduchon metrics.

On the other hand, it is worthy to remark that on the solvmanifold M = I'\G with
Lie algebra g = gg there exist invariant 1-st Gauduchon metrics, although M does
not admit any SKT metric. In fact, with respect to the complex equations (20), any
invariant Hermitian metric F' given by (28) with |u| = % is 1-st Gauduchon, however
there is no SKT metric by Theorem 4.1. This is in deep contrast with the nilpotent
case, because any invariant 1-st Gauduchon metric on a 6-nilmanifold is necessarily
SKT (see [13, Proposition 3.3]).

In the following result we study the existence of balanced Hermitian metrics. In
particular, new examples of balanced solvmanifolds are found.

Theorem 4.5. Let (M = I'\G,J) be a 6-dimensional solvmanifold endowed with
an invariant complex structure J with holomorphically trivial canonical bundle, and
denote by g the Lie algebra of G. If (M,J) has a balanced metric then g = g1, g3,
93, 95, g7 OT @8-

Moreover, in such cases, any J admits balanced metrics except for the complex
structures which are isomorphic to (22) or (23) on gs.

Proof. Since a J-Hermitian metric F given by (28) is balanced if and only if 0F? = 0,
next we compute the (3,2)-form dF? for each Lie algebra g.

For the existence of balanced metrics on gy and gg, from the complex structure
equations (6) it follows

(34) 20F? = (irz + ) Aw'®13 4 (is?v — uz) Aw!?323,
Since A is non-zero, this form vanishes if and only if is?v —uz = 0 and ir?z + @v = 0.
Now, 7252 — |u|? > 0 implies that these conditions are equivalent to v = z = 0.
For the Lie algebra g3, a direct calculation using the complex equations (12) shows
) 20F? = —L (12 Reu+ Im (0z) — a(it?u + v2)) w!?12
35

+2x <32 Re z — Im (wv) + ”227;“”) w2313,

Thus, the form F? is closed if and only if
it*u + vz = (t*Reu + Im (v2)) /2,
is?z — uv = —4z(s*Re 2z — Tm (uv)).

Notice that since z is real, we have that both it?u + vz and is?z — uv are also real
numbers. But this implies that ?9Re u+JIm (v2) = 0 and s?Re z—TIm (uv) = 0, and so
the system above is homogeneous. Finally, since s2t? — |[v|? > 0 necessarily u = z = 0.



23

For the Lie algebras g (4 < k < 7), from equations (13) we have
20F? = [(32t2 —v®)G1 + (r*? — |2]?)Gaa
(36) +(vz — it?u) Gz + (vz + it?u) Gz | w'?12
+ (ir?v 4 02) Aw' 13 4 (is22 — uww) Aw!?3,

Since A is non-zero and r%s? — |u|? > 0, the coefficients of w313 and w vanish if
and only if v = z = 0. The latter conditions reduce the expression of the form to

20F?% = t? (82 G + r? Gog —iu G + iuélg) w123ﬁ.

12323

Now, we can use the complex classification given in Proposition 3.6 to conclude that
the only possibilities to get a closed form F? are, either G12 = 0 and (G11,Ga2) =
(1,-1),(=1,1), or G11 = Gaoa2 = 0 and G12 = 1. The first case corresponds to g7
and the coefficients 72 and s? in the metric must be equal, whereas the second case
corresponds to g5 with metric coefficient u € R.

For the study of balanced Hermitian metrics on gs, by the complex equations (25),
a direct calculation shows that

20F? = — [(ir*v +uz)(A — i) + (r?s* — |ul*)C] W12313
+ [(wv —is?2)(A — i) + (r?s? — |u|?)B] 12323

Since 7252 — |u|? # 0, the structure (J, F) is balanced if and only if

(37)

B = _Ti522+m’1 (A + 7;)’ C = irlo—uz (A+ Z)

25‘27‘,“'2 ,,,2527‘,“'2

It follows from Proposition 3.7 that the complex structures (22) and (23) do not admit
balanced metrics, because A = —i but B is not zero. However, any complex structure
in the family (24) has balanced Hermitian metrics because B = C' = 0. In fact, if
A # —i then the metric (28) is balanced if and only if v = 2 = 0, and for A = —i (i.e.
the complex structure is bi-invariant) any metric is balanced.

In the case of the Lie algebra gg, from the complex equations (27) it follows

40F? = (z v — $?z) w'B? — (Z vZ+ 20 —uv +1 822’) w2313

(38) .
+2(|U|2 _ r252)w12323,

which implies that the component of 0F? in w!?323 is nonzero, so there are not
balanced Hermitian metrics.

Finally, notice that for the Lie algebras g1, g5, g3, g5 and g7 we have proved above
that any complex structure J admits balanced Hermitian metrics. However, for the
Lie algebras gg, a complex structure J admits balanced metric if and only if it is

isomorphic to one in the family (24). O

Next we prove that the non-sufficient necessary condition for the existence of bal-
anced metrics found in Theorem 4.5 is necessary and sufficient for the existence of sG
metrics.

Theorem 4.6. Let (M = T'\G,J) be a 6-dimensional solvmanifold endowed with
an invariant complex structure J with holomorphically trivial canonical bundle, and
denote by g the Lie algebra of G. Then, (M, J) has an sG metric if and only if g = g1,

95, 93, 05, 97 OT gs.
Moreover, if g = g1, 95, 93 or gs, then any invariant Hermitian metric is sG.
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Proof. Since balanced implies sG, by Theorem 4.5 we know that if g = g1, g5, g3, 95,
g7 or gg, then there exist sG metrics. Moreover, any J on the Lie algebras g1, g5, g3,
g5 and g7 admits sG metrics. We prove next that there are not sG metrics on gy, g¢
and go. N B

From (13) we have 9(A®!) = (w!?313 ,12323) " and by (36) the (3,2)-form OF?
is a combination of w!?312, w2313 and w!?323. Hence, the existence of sG metric is
equivalent to the vanishing of the coefficient of w'?312 in 9F2. By (18), the Lie algebra
g4 corresponds to A =i, G11 = £1 and G12 = Ga2 = 0, so the coefficient of w!2312
is equal to £(s%t? — |v|?), which is never zero. On the other hand, by (20) the Lie
algebra gg corresponds to A =i, G11 = G2z = 1 and G2 = 0, and the coefficient of
w212 s (8212 — |v|?) + (r%t? — |2|?), which is strictly positive. In conclusion, there
do not exist sG metrics for g4 or gg.

For the Lie algebra gg, equations (27) imply

5&)1231 =0, 1232 (2/2) 12312 5&]1233 (1/2) 12313

therefore A3 = (w!2312 (,)12313) " By (38) we have that the component of 9F? in
w2323 is nonzero, so OF? ¢ OA*! and F is never sG. Thus, there do not exist sG
metrics for gg.

To finish the proof it remains to see that any pair (J, F') on g1, g5, g3 and gs is sG.
By Proposition 3.3 and (34) a direct calculation implies 9F? € 9(A*1), so any (J, F)
on g; or g% is sG. For g3 (resp. gg) we also have 0F? € 9(A>!) for any Hermitian
structure (J, F') by Proposition 3.4 and (35) (resp. Proposition 3.7 and (37)). O

5. HOLOMORPHIC DEFORMATIONS

In this section we study some properties related to the existence of balanced metrics
under deformation of the complex structure. In what follows, (M, J,)aea, A being an
open disc around the origin in C, will denote a holomorphic family of compact complex
manifolds. We briefly recall that a property is said to be open under holomorphic
deformations if when it holds for a given compact complex manifold (M, Jy), then
(M, J,) also has that property for all a € A sufficiently close to 0. On the other
hand, a property is said to be closed under holomorphic deformations if whenever
(M, J,) has that property for all a € A\ {0} then the property also holds for the
central limit (M, Jy).

Concerning the property of existence of balanced Hermitian metrics, Alessandrini
and Bassanelli proved in [1] (see also [11]) that it is not deformation open. In contrast
to the balanced case, the sG property is open under holomorphic deformations [25].
However, in [7] it is shown that the sG property and the balanced property of compact
complex manifolds are not closed under holomorphic deformations. More concretely,
there exists a holomorphic family of compact complex manifolds (M, J,)qeca such
that (M, J,) has balanced metric for any a # 0 but the central limit (M, Jy) does not
admit any sG metric, which provides a counterexample to the Popovici and Demailly
closedness conjectures formulated in [25].

On the other hand, recall that a compact complex manifold M is said to satisfy
the 90-lemma, if for any d-closed form « of pure type on M, the following exactness
properties are equivalent:

a is d-exact <= « is f-exact < «a is J-exact <= « is dd-exact.
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Under this strong condition, the existence of sG metric in the central limit is guaran-
teed:

Proposition 5.1. [26, Proposition 4.1] If the 39-lemma holds on (M, J,) for every
a € A\ {0}, then (M, Jo) has an sG metric.

An interesting problem is if the conclusion in the above proposition holds under
weaker conditions than the d0-lemma. In [18, Corollary 4.5] it is proved that the
vanishing of some complex invariants, which are closely related to the 90-lemma, is
not sufficient to ensure the existence of an sG metric in the central limit.

Another problem related to Proposition 5.1 is if the central limit admits a Hermit-
ian metric, stronger than sG, under the d9-lemma condition. Our aim in this section
is to construct a holomorphic family of compact complex manifolds (M, J;)aeca such
that (M, J,) satisfies the d0-lemma and admits balanced metric for any a # 0, but
the central limit neither satisfies the 90-lemma nor admits balanced metric. As far as
we know, this is the first known complex deformation with this behaviour. The con-
struction is based on the balanced Hermitian geometry of gg studied in Theorem 4.5,
which is the Lie algebra underlying Nakamura manifold.

Concerning the 90-lemma property, it is known that it is an open property (see for
instance [4] for a proof of this fact), and recently Angella and Kasuya have proved in
[3] that the 0-lemma is not a closed property under holomorphic deformations. The
construction in [3] consists in a suitable deformation (M, I;) of the holomorphically
parallelizable Nakamura manifold (M, I) (notice that (M, Iy) has balanced metrics).
We will use their result on the 99-lemma for (M, I;), t # 0, as a key ingredient in the
proof of the following result.

Theorem 5.2. There exists a solvmanifold M with a holomorphic family of complex
structures J,, a € A = {a € C | |a| < 1}, such that (M, J,) satisfies the 3d-lemma
and admits balanced metric for any a # 0, but the central limit (M, Jy) neither satisfies
the 00-lemma nor admits balanced metrics.

Proof. Let J be the complex structure on the Lie algebra gg defined by (22) in Propo-
sition 3.7. By Theorem 4.5, any complex solvmanifold (M, J) with underlying Lie
algebra gg and complex structure J does not admit balanced metrics. Next we will de-
form J to an analytic family J, defined for any a in the open unit disc A in C centered
at 0, so that J is the central limit of the holomorphic deformation, i.e. Jy = J.

For each a € C such that |a| < 1, we consider the complex structure J, on M
defined by the (1,0)-basis

ol =w!, @2 =w? O =uw’+aw’

It is easy to check that the complex structure equations are

ddl = 2t P13 _ _2ia 13 4 1 @33’

1—|a|2' 1—|a|42 ' 1-af?
(39) dP? = — % + 20 0%,
d®® = 0.

Using these equations, the (2,3)-form OF? for a generic metric (28) with respect to
the basis {®!, ®2, ®3} reads as
0 HF? — [2ia(ir2@ - uE)] P {Qia(is% + )

2.2 2 23123
— P .
1—|CL|2 1_|a|2 +(T5 |U| )
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Suppose that a # 0 with |a| < 1. If u = v = 0 then the balanced condition reduces
to solve
2az 9 .
W =7, with r

Thus, taking 2z = (1 — |a|?)7?/(2a), the condition r%t? > |z|? is satisfied for any ¢ such
that 2 > U=lel)*r®

4lal?
Therefore, we have proved that for any J,, a € A — {0}, the structures
1—lal*)r? .15 (1—la]?*)r?

@13 _
2a 2a

2> |z

(40) 2F — (r2q)1i + S2¢2§ +t2<I>33) + ( <I>3i7

with r, s # 0 and 2 > %, are balanced.

Notice that the previous argument is valid for the quotient M of any lattice in
the simply-connected Lie group G associated to g = gg. However, to ensure the 90-
lemma for the complex structures J, with a # 0 we need to consider the lattice I’
considered in [3]. In fact, in [3] the authors consider the holomorphically parallelizable
Nakamura manifold X = (I'\G, Iy), whose complex structure Iy corresponds to the
complex structure J_; in our family (24) in Proposition 3.7, and they consider a small
deformation I; given by

ti ®dz3 € HYY(X; T"°X),
823

where 23 is a complex coordinate such that w3 = dz3. By [3, Proposition 4.1] (see
also Tables 7 and 8 in [3]) one has that X; = (I'\Gs, I;) satisfies the d0-lemma for
any t # 0. Since Iy = J_;, in terms of complex structure equations (24) for A = —i
the deformation I; is defined by the (1,0)-basis

T =0l T?2=0w?% T3=wd—tuw?

)

and the structure equations for I; are

d'rlz 21 'r13_~_ 24t Tlg,

1-[t]? 1-[t]?
2 _ 2i 23 2it 23
(41) dr= = —ﬁT - ﬁ'r ,

dY3 = 0.

On the other hand, it is easy to see that for any a # 0 the equations (39) express
with respect to the (1,0)-basis {0 = &' 4+ £ &3, 0% = 2,03 = §3} as

dOl = _2¢_Ql3 _ _2ia @137

T=af? T=[a7 7
(42) de? = *1_2|Za|2 0% + 1_2TZ‘2 @23,
de? =0.

Now, from (41) and (42) we conclude that for a # 0 the complex structure J, is
precisely the complex structure I; with ¢t = —a. Therefore, for any a # 0 the compact
complex manifold (M, J,) = (I'\G, J,) satisfies the 9d-lemma because X;—_, does
by [3, Proposition 4.1].

To finish the proof, it remains to see that the central limit Jy does not satisfy the
00-lemma. By the symmetrization process, it suffices to prove that it is not satisfied
at the Lie algebra level (gs, Jo). But this is clear from the equations (22), because
the form w?3 is d-closed, O-closed and d-exact, however it is not 09-exact. ([
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Remark 5.3. For any a € A — {0}, the equations (42) imply that the (3,0)-form
©'23 is closed, so the complex structure J, must be equivalent to a complex structure
Ja in (24). In fact, taking w! = O! w? = 62 and w3 = ﬁ@i)’, the complex
equations (42) express in terms of the (1,0)-basis {w!, w? w3} by
do' = —(A =)W' — (A+)w',  dw? = (A —)wP + (A +i)w?, du® =0,

with A = |a|2%1(1 +|al? — 2a). Notice that this correspondence, together with Theo-
rem 4.5, assures the existence of balanced metric for all a € A — {0}, however in the
proof of Theorem 5.2 we have provided in (40) an explicit family of balanced metrics.
Of course, the central limit of any metric (40) does not exist, since Jy does not admit
any balanced metric by Theorem 4.5.

Remark 5.4. We can construct another deformation with central limit the complex
structure J' given by (23), and it turns out that the deformation has the same be-
haviour as for the deformation of the complex structure J given by (22) constructed
in Theorem 5.2. Therefore, the complex structures J and J’ given by (22) and (23),
respectively, are the central limits of complex structures that satisfy the 90-lemma.
Notice that this is consistent with Proposition 5.1 because by our Theorem 4.6 both
complex structures admit sG metric.

6. APPENDIX

In this appendix we include the classification of (non nilpotent) solvable Lie algebras
which are unimodular and have b3 at least 2. Table 1 contains the decomposable case,
whereas Table 2 refers to the indecomposable case.

For Table 1 we use mainly the list of low dimensional Lie algebras of [14]. The
3@ 3 case is the product of two 3-dimensional unimodular (non nilpotent) solvable Lie
algebras (notice that in this case bz is always > 2 by (5)). The 4®2 case is the product
by R? of a 4-dimensional unimodular (non nilpotent) solvable Lie algebra b satisfying
b1(h)+2b2(h)+bs(h) > 2. Finally, the 5@ 1 case is the product by R of a 5-dimensional
unimodular (non nilpotent) solvable Lie algebra h with bo(h) + bs(h) > 2.

In Table 2, the first two Lie algebras labeled as Ng7,1781,71 and Ng . 21(’)71 comes from
the classification in [31], and they are the only unimodular solvable Lie algebras with
bz > 2 and nilradical of dimension 4. The other Lie algebras in Table 2 are taken
from [15]. In Table 2 we also include the column “A(p) > 0” in which the symbol v/
means that any closed 3-form p on the Lie algebra satisfies A(p) > 0, in particular, p
does not give rise to an almost complex structure (a similar study was done in [14]
for any decomposable Lie algebra).



28

Lie algebra g

structure equations

closed (3,0)-form ¥

e(2) ®e(2) (0, —e™,e™,0, —e™0 &™) —
e(2) de(1,1) (0, —e'3,e'?,0, —e*®, —e*%) (elfie‘l)/\(eQ722'(62766))/\(e3+i(§+e5))
¢(2) ® b3 (0, —e™,e™2,0,0,e™) -
¢(2) OR? (0, —e™,¢™,0,0,0) —
e(1, D) @e(1,1) | (0,—e™, —€',0, —€™0, —e®) -
e(1,1) @ bs (0,—e™,—e™2,0,0,e™) -
¢(1,1) o R? (0, —e™, —'2,0,0,0) —
AZ% @ RQ (—2614, 624 + 634, e347 07 0,0) —
AT e R | (' ae”™, —(1+ )e™,0,0,0) -
“-1<a<—3

AZ,’;% o R? (ae™, —2e* +e*, - —2€%,0,0,0) —
a>0

Ass OR? (e*,e?* —¢51,0,0,0) —
A4710 EBRQ (623,634,7624,0,0,0) —
R I ) (eF —ie") A (2 —ie®) A (€° — ied)
A;}’ﬁ’_ﬁ@R (615,—625,,3635,—6645,0,0) —
0<pB<1

A R (€%5,0,€%, —%,0,0) -
A;éy—l @R (615+6257625,7635,7645,070) —
A;jé&“/ &R (6157_62577645’_,\/6357070) —
v>0

Al ®R (€®,0,e™,—e%,0,0) —
A;%S@R (615+625,625,—e35—}—645,—6457070) —
Ag:(1)7’7®R (625,7615,’}/645,*"/635,0,0) —
0<y<l1

A?;l;a,l @ R
a>1

1 2 1 2
(ae'® 4 e?°, —e'® + ae®,
5
—ae® 1 ¥, P qe®,0,0)

AT L &R (@ 15, e 1 P, eP, —¢%,0,0) —
A;j’gQ PR (—e' + €235, —2e3° 2¢%° )0, 0) -
AV OR (e'® +¢?3,¢%,0,—2¢%,0,0) —
Ag,QO dR (e +eP,e%,—-%0,0,0) —
AT DR (e £, —e%,¢%°)0,0,0) —
A LTEOR (€™, e, 1T —¢%,0,0,0) —
Ag’gg DR (—2e'*,e** + &35, —e +¢34,0,0,0) —

Table 1. Decomposable unimodular (non-nilpotent) solvable

Lie algebras with b3 > 2.




Lie algebra g structure equations closed (3,0)-form ¥ Ap) >
Ngﬂ’l_sl’_l (16 — €2 15 4 26 36 4 45 (ef +ie2) A (3 +iet) A (e® — ieb) —

—e35 —¢46.0,0)
Nﬁ—%é—l (—e36, _e25 _ 26 _¢36 o35 0 () — _
A;}éb’_2b+1 ((b— 1)el6 1 23, 26 ped6 16 _ _
b¢ {-1,0,%,1,2} (1 — 2b)ed8,0)
Ag,’l_sza’h_l (Cael® 1 62, 620, —2q¢50, A0, — %
a¢{-1,0% 1 (2a — 1)e%,0)
AZ,’{;”_I (€2, ae?8, —ae30, ¢46, 36 () — v
a>0,a#1
Ag:f’;, (a,b,¢) € {(0,—1,1), | ((a+Db)e'® + €23 ae?6 be36, 16, - -
(=1,1,-1),(=1,-1,3), ce59,0)
(-1,2,-3)}

T 2
,—3€,

Ag’hg (_%616 Fe23 4 56 26 %e:’,e7 _ _

46 _%656’ 0)
Agjs (€23, 626, 36 26 | 46 36 _ 56 () — _
Ag;?% (_%616+623’_%626’07836’e5670) _ _
Ag:i)g ((a + 1)616 + €23, qe26, 36 36 4 46, _ v
(avb) € {(7%772)’(7271)} be5670)
AZ;i’g ((a+ 1)el® 1 23 qe?6, 36 (36 | (46 — _
(a,b) € {(=1,-1),(-3,3)} | be®5,0)
Ag,g17 (a,b) € {(0, 1), (2ae'® 1 €23, qe26, 26 | qe36, 6, _ _
(=1,3), (=%, 1)} be™,0)
Ag:35 ((b+ 1)616 + €23, 626 pe36 ged) _ v
(a,b) € {(0,—1), (=3, —2)} | *6 +ae®,0)
Agégo (€16 + 23,626 0, —%0, 16 _ 56 () — _
Agée (e 1+ €5, ¢%6, _¢36 0, 16 1) — _
Ag:g,z—b (623, —636, 6267 be467 _be567 0) _ v
b>0
Ag:glf (€33 1 ee50, —e36 26 0, 46, () _ v
ec {0,1}
Ag:g;, a>0, ((a +b)et6 + €23, ae?6 he36, — v
(b,c) € {(—2a,a),(—a,0)} cet6 — 56 46 | 56 ()
Ag,gG (23,0, 26, —¢56_¢16 () — _
Ag:g%c (€23, &35 e%6 _cet6, o6l () _ v
c>0,c#1
Ag:g'; (€23, —e36,e26, —56 16 () (e +ieB) A (e? —ie3) A (et + ie®) -
AQSy . (a,b) € {(—1,-1), (b4 1)el6 + %5 €15 4+ (b + 2)e26, - -
—5,-3),(5,-3),(2,-2)} | ae®,beb,€56,0)

Table 2. Indecomposable unimodular (non-nilpotent) solvable
Lie algebras with b3 > 2.
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Lie algebra g structure equations closed (3,0)-form ¥ Alp) >0

Ae_,zln (75,615 1 26, —¢36 1 46 16 56 ) _ _

AZ;§4 (616 F 635’ be26 645’ 1- a)6367 _ _

(a,b) € {(0,—1), | (b—a)e*8,ae>8,0)

(=1,-3),(2,0)}

A6_,63 (€10 1+ €35, %0 1 &5 1 16 36 46 (. () — —

Ag’go (—e26 + €35, 610 1 ¢35, 16 36 () () — —

Ag% (—el0 + e25 %5 21 1 ¢36 16 _¢56 () _ _

Ag.78 (—el® + 6257645 24136 | o6 A6 _ —
—656,0)

Bgyg (€75, €15 1 30, 11 — 26 56 46 () — _

Bé4 (645,615+e367614 76264,»656,7656,646,0) (61 77j§)/\(e2+ie3)/\(e47ie5) _

Ag’é’gb (624 +635’626’b6367_6467_1765670) _ _

0<b<1

Ag’é’; (€24 4 €35, ¢26 36 16 _¢56 () (el —i%)/\(eZ —ie3) A (et — ied) _

Ag,és (€214 35,26 26 1 36 46 _ 56, _ _
—656,0)

Ag,é,sb (€24 4 35,26 — be36 he26 4 36 46 — pe6 _ —

b>0 bet6 — €56 0)

Ag,g,; (€24 + 35, 36 26 _¢56 16 ) (e! +i§) A (€2 +iet) A (€8 + ieD) _

A%;;}’ (624 +e35,b626, _6567 _be46763670) _ _

beR

Ag 9i01 (21435 46 1656 0, 730, 0) _ _

Ag:ég (€211 35, €50, 6 — 56 (26 1 36 (26 () — —

Bg g a #0 (e?X 4 €35, %0, 0P8, —e28, —ae30)0) — —

—-1l<a<l1

Bé,G (624+635,6467656,7626,7636,0) (61 77,’%)/\(62«%1'64)/\(63 71’65) _

Ag, 34 (€75 1 &31, 26 1 35 936 2616 56 () — _

Table 2 (continued). Indecomposable unimodular (non-nilpotent) solvable
Lie algebras with b3 > 2.
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