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ABSTRACT. The main goal of this note is the study of pureness and fullness
properties of compact complex manifolds under holomorphic deformations.
Firstly, we construct small deformations of pure-and-full complex manifolds
along which one of these properties is lost while the other one is preserved.
Secondly, we show that the property of being pure-and-full is not closed under
holomorphic deformations. In order to do so, we focus on the class of 6-
dimensional solvmanifolds endowed with invariant complex structures. In the
special case of nilmanifolds, we also give a classification of those invariant
complex structures that are both pure and full. In addition, relations of the
cohomological decomposition with other metric and complex properties are
studied.

1. INTRODUCTION

Let (M,J) be a compact almost-complex manifold. Denote by Z} (M), resp.
Z7 (M), the space of (real) closed 2-forms that are J-invariant, resp. J-anti-
invariant. Motivated by the Donaldson “tamed to compatible” conjecture [I1],
Li and Zhang considered in [19] the subspaces H (M) and H; (M) of the second
de Rham cohomology group H2y (M;R) given by

HY (M) := {a=[a] € Hiz(M;R) | o € 27 (M)} .

The almost-complex structure .J is said to be C*-pure if H} (M)NH; (M) = {0},
and it is called C*°-full if H} (M) + H; (M) = H23(M;R). When both properties
are satisfied, i.e. the decomposition

Hip(M;R) = Hj (M) & Hj (M)

holds, the almost-complex structure J is called C*°-pure-and-full.

It turns out [19] that the J-compatible cone is an open (possibly empty) convex
cone of the J-invariant cohomology H (M), and the J-anti-invariant cohomology
H7 (M) measures the difference between the tamed cone and the compatible cone
whenever the latter is non-empty and the almost complex structure is C°°-full.
Moreover, Draghici, Li and Zhang proved in [I2] that every compact 4-dimensional
almost-complex manifold is C*°-pure-and-full.
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In this paper we focus on the integrable case; that is, X = (M, J) is a compact
complex manifold. If the Frolicher spectral sequence of X degenerates at the first
step and there is a weight 2 formal Hodge decomposition, then X is C*°-pure-
and-full (see [5,12,M19]). Indeed, in such case the subgroups HF (M), which we
will simply denote by H*(X) in the complex setting, are nothing but the (real)
Dolbeault cohomology groups, i.e.

HY(X) = Hy'(X)NHi(M;R),  H™(X) = (Hy*(X)©Hy*(X))NHip (M;R).

Hence, compact complex surfaces and compact complex manifolds satisfying the 90-
Lemma [10] (in particular, compact Kéhler manifolds) have the C*°-pure-and-full
property, as well as any sufficiently small holomorphic deformation of a compact
00-manifold [7,27]. In contrast, the Iwasawa manifold is C*°-pure-and-full, but
there are small deformations which are not C*°-pure-and-full. Moreover, along
any deformation of the Iwasawa manifold the C*°-pure property fails if and only
if the C*°-full property does [5]. The first aim of this paper is to construct small
deformations of C*°-pure-and-full compact complex manifolds along which one of
the properties is lost while the other one is preserved.

Our second aim is to analyze the behaviour of the deformation limit X, of an
analytic family of C°°-pure-and-full compact complex manifolds X;. This is mainly
motivated by an interest in studying the deformation limits of cohomological and /or
metrical properties of compact complex manifolds (see [23] for more details). In [9]
it is proved that the strongly Gauduchon property is not closed. Furthermore, the
central limit of an analytic family of compact balanced manifolds may not have any
strongly Gauduchon metric. In [I5] (see also [4]) one can find an analytic family of
compact balanced d9-manifolds X, such that the central limit X, neither satisfies
the 00-Lemma nor admits balanced metrics. Here we show that the C>-pure-and-
full property is not deformation closed.

A Hermitian-symplectic structure on a compact complex manifold X is a taming
symplectic form (see [I7] in relation to other geometric structures in the almost-
complex setting). In complex dimension 2, if X has a Hermitian-symplectic struc-
ture, then it admits a Kéhler metric [I9,25]. Streets and Tian posed in [25] the
problem of finding compact Hermitian-symplectic manifolds not admitting Kahler
metrics. Up to now, the related results in the literature suggest that Hermitian-
symplectic structures do not exist on non-Kéahler manifolds. Thus, one might think
that any compact Hermitian-symplectic manifold should satisfy the C*°-pure-and-
full property, although this has not yet been proved. In this context, it seems
natural to ask to what extent the existence of a special non-Kéahler Hermitian met-
ric has an influence on the C*°-pure-and-full property. The third aim of this paper is
to show that the latter property is unrelated to the SKT, locally conformal K&hler,
balanced, and strongly Gauduchon properties.

The paper is structured as follows. First, let us remark that the class of compact
complex manifolds that we consider in order to prove the results mentioned above
is that of 6-dimensional solvmanifolds endowed with invariant complex structures
J. Recall that a solvmanifold (resp. nilmanifold) is a compact manifold M = T'\G
obtained as a quotient of a simply-connected solvable (resp. nilpotent) Lie group
G by a lattice I'. An invariant complex structure J on M is a complex structure
coming from a left-invariant complex structure on G. In Section [2] we prove that
in the class of 6-nilmanifolds there exist, up to isomorphism, exactly four invariant
complex structures satisfying the C*°-pure-and-full property, apart from the torus.
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DEFORMATIONS OF COMPACT COMPLEX MANIFOLDS 337

Moreover, two of them live on the nilmanifold underlying the Iwasawa manifold
and the other two on “its 3-step analogue”. Except for the Iwasawa manifold, the
other three complex structures seem to provide new examples of C*°-pure-and-full
compact complex manifolds.

In Section Bl we study the behaviour of holomorphic deformations of C*-pure-
and-full manifolds. Let hf (M) denote the dimension of Hf(M ). In [13], Draghici,
Li and Zhang prove that for any curve of almost-complex structures J; on a 4-
dimensional compact manifold M?, the dimension h}rt (M*) is a lower-semi-
continuous function in ¢, whereas hj (M*) is upper-semi-continuous. Angella and
Tomassini show in [6] that these properties are no longer true in dimension > 6,
by means of two explicit families of curves J;. Since such families J; are not C*°-
pure for ¢ # 0, they wonder if “more fulfilling counterexamples” could be found.
In Proposition [B.I] we give a holomorphic deformation X; of a C°°-pure-and-full
compact complex manifold Xy of complex dimension 3 such that X; is C*°-pure
for every t, but ht(Xy) > h™(X;) for any ¢ # 0. Proposition provides another
family X; in complex dimension 3 satisfying h~ (Xg) < h™ (X;) for any t # 0. In the
last part of the section we revisit the small deformations of the Iwasawa manifold to
show that the dimension of HT remains constant along them (see Proposition [3.4)).
Moreover, Example contains a deformation X; of the Iwasawa manifold along
which H~ changes drastically from satisfying H*(Xo) & H ™ (Xo) = H3g to being
completely contained in the subspace H*, ie. {0} # H™(Xy) & HT(X;) G Hig
for any t # 0.

In Section @] we prove that the C°°-pure-and-full property is not closed under
holomorphic deformations. Using the study of 6-dimensional solvmanifolds with
holomorphically trivial canonical bundle [I5], we find an analytic family of compact
complex manifolds X; such that X; is C*°-pure-and-full for every t # 0, but X is
neither C>°-pure nor C*°-full (see Theorem [1]). Therefore, for compact complex
manifolds, the properties of being C°°-pure-and-full, being C*°-pure, and being C*°-
full are not closed under holomorphic deformations.

Finally, Section[Blis devoted to illustrating that the C*°-pure-and-full property is
unrelated to the SKT, locally conformal Kéhler, balanced, and strongly Gauduchon
properties (see Corollary [.2]). With respect to the Frolicher spectral sequence,
Proposition[53shows the existence of a compact complex manifold X with F;(X) &
E(X) whose Hodge numbers satisfy the symmetry h%?(X) = hZ?(X), which is
neither C*°-pure nor C*°-full. In the case of 6-dimensional nilmanifolds M, we
also give a relation between the invariant complex structures J satisfying the C>°-
pure-and-full property and the maximal values of the complex invariant A(M, J)
introduced by Angella and Tomassini in [7] (see Propositions 54 and [E5]).

2. CLASSIFICATION OF C°°-PURE-AND-FULL COMPLEX NILMANIFOLDS

Let M = I'\G be a nilmanifold of dimension 2n and J an invariant complex
structure on M. Let g be the Lie algebra of G and let g'¥ be the elements in g of
bidegree (1,0) with respect to J. By Salamon’s characterization of the integrability
condition of complex structures on nilpotent Lie algebras [24], g'* has a basis
{wk}zzl such that dw' = 0 and

dof e T(wh, ..., Y, fork=2,...,n,
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338 ADELA LATORRE AND LUIS UGARTE
where I(w?,...,wF™1) is the ideal in the exterior algebra A*(gi) generated by
{w!, ..., w*=1}. From now on, w* Aw! and w* A w! will be respectively denoted by
w* and Wt

Special attention should be drawn to Abelian structures, which are those satis-
fying the condition [Jz, Jy] = [z, y], for all 2,y € g. The reason for the interest in
these complex structures in relation to the cohomological decomposition is clear by
the following result.

Lemma 2.1. Let J be an Abelian complex structure on a 2n-dimensional nilman-
ifold M. Then, X = (M, J) is always C*-pure.

Proof. We can use a Nomizu type result for the subgroups H+(X) and H~(X) (see
[8, Theorem 5.4] and [16], Theorem 3.4]) to reduce the proof to the level of invariant
forms on M. Let a € HY(X)N H~(X), and let 8 € Z(g*) and v € Z;(g*) be
real closed invariant forms such that [8] = a = [y]. Then, there exists an element
a € /\1(9*) satisfying da = 8 — . Using the bidegree decomposition of « as
a = a1+ aio, we get

do = (Day o + 0arg) + (0o + Oarg) = B — 7,

which implies that 8 = day o + @i and v = —(day 0 + 01 p). However, when
J is Abelian the Lie algebra differential d satisfies d(A"°(g*)) € A" (g%); thus
Oay o = 0and soy = 0. We conclude that the form 5 = da is exact, i.e. a = [3] =0,
and therefore H+(X) N H~(X) = {0}. O

Remark 2.2. Lemmal[2ZT] can be extended with the same proof to the bigger class of
solvmanifolds for which the natural map ¢: H?(g) < H2g (M;R) is an isomorphism.
That is to say, any Abelian complex structure on this type of solvmanifolds is C>°-
pure.

Let us now focus on the case of 6-dimensional nilmanifolds endowed with invari-
ant complex structures. In the following result we prove that there exist precisely
four complex structures satisfying the C*°-pure-and-full property. Two of them live
on the nilmanifold underlying the Iwasawa manifold and the other two on “its 3-
step analogue”. In more detail, the structure equations of these two nilmanifolds,
which we will respectively denote by Ay and N7, are given by

N.: det =de? =de®* =0, de* = eel? de® = '3 — ¢ deb = e'* 4 23,

) 3

where € € {0,1}. Notice that Ay corresponds to hs and A7 to b5 in the notation
of [9].

Theorem 2.3. Let X = (M, J) be a 6-dimensional nilmanifold M, not a torus,
endowed with an invariant complex structure J. Then, X is C*-pure-and-full if
and only if X = (N, ZP), where €,p € {0,1}, and

I dw'' =0, dw®=ew'l, dw’=pw?+(1-pw'?

€

Proof. First recall that there exist two complex-parallelizable nilmanifolds, defined
by the equations

dw' = dw? =0, dw®=puw'?,
where p € {0,1}. One is the torus (p = 0), and the other one is the Iwasawa
manifold (p = 1). The latter precisely corresponds to Z} in the statement of the
theorem. It is well-known that these complex structures are C*>°-pure-and-full [51[16].
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DEFORMATIONS OF COMPACT COMPLEX MANIFOLDS 339

Next we use the description of the remaining invariant complex structures J
on 6-dimensional nilmanifolds obtained in [9], where they are divided into three
families:

(1) dw! =dw? =0, dw®=pw?+w +Aw2+Dw? (pe{0,1}, A € RZ and
D € C with Jm D > 0);

(IT) dw! =0, dw? = W, dw? = pw2 4+ Bw? +cw?! (p€{0,1}, B€C, ce R,
with (p, B, ¢) # (0,0,0));

(IM) dw' =0, dw?=w' + w3, dwd=ciw +iw'? Fiw?® (c€{0,1}).

Notice that the Abelian structures correspond to p = 0 in the families (I) and (II).
In what follows, as a matter of notation, dexpression = 1 if expression = 0, and
0 if expression # 0. We will study the C°°-pure-and-full property for each one of
these families.
Let J be in the family (I). If p = 1, then the following relation in de Rham
cohomology holds:

(W2 —w'?)] = —2[iw'] = AMi(w'? 4+ w?)] — 2Re D [i w??].

Notice that the cohomology class on the left hand side of this equality belongs to
H}r and the class on the right hand side to H;. Thus, we have that Hj NH; #0
and J is not C*°-pure. Hence, for complex structures in the family (T), we are led
to consider the case p = 0; i.e. the complex structure is Abelian. By Lemma 21
we know that any Abelian structure J is C*°-pure, so we just need to see when J
is C*°-full. Observe that the pureness of the structure implies that H}r +Hj isa
direct sum, so the fullness of J is equivalent to the sum hJJr +h7 being equal to the
second Betti number bs.

According to the classification in [9], for every Abelian complex structure in the
family (I) we can take A to be 0 or 1, and a direct computation shows that

HY = ([i(@" + ™)), dw'® = &), (B + 6303mp)[is™?],

Splw'® — W+ Mw? — )], Opli(w'® + W) + iAW +w®?)]),

Hy = ([0 + "), [i(w" = w')], dplw'® +w'], dpi(w'® - w™)]).

Taking into account that by > 8 for any of the underlying Lie algebras (see [9] and
[24]), it is clear that the complex structures with D # 0 are not C*°-full. If D =0
and A = 0, the underlying algebra is (0,0,0,0,0,12), but its second Betti number
equals 11. Thus, this complex structure is not C*°-full. However, if D = 0 and
A =1, then J satisfies h}r +h; =444 =8 = by, and J is C*°-pure-and-full (note
that J is equivalent to the complex structure ZJ in the statement of the theorem).

Let J be a complex structure in the family (II). If p = 1 and B = ¢ = 0, then
the second de Rham cohomology group is given by

Hi (M R) = (w12, (w2, (!PT, [wt4T], [i(w!S—w®)]).

This complex structure, which is precisely Z7, is clearly C>°-pure-and-full.
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340 ADELA LATORRE AND LUIS UGARTE

Let us now suppose that p = 1 and (B, c) # (0,0). Two cases can be distin-
guished:
- If Jm B # 0, then the following relation in de Rham cohomology holds:

i@" ~w?)] = Im Bl '] - (e B+ ) i(w' + ™)),

which implies that the structure is not C*°-pure;

- If JmB = 0 and ¢ # —B, then we have the same relation as above,
[i(w'? —w'?)] = —=(B + ¢) [i(w'? + w?')], so it is not C*-pure. If Jm B = 0 and
¢ = —B # 0, then the relation [w!? + w'?] = —2B [w!? — w?!] is satisfied, so again

it is not C*°-pure.

Hence, for complex structures in the family (II), it remains to study the case
p = 0; i.e. the complex structure .J is Abelian. By Lemma 2] we know that J is
C>-pure, so it suffices to see when the complex structure is C*>°-full. We proceed
as in the case of family (I), now taking into account that we can suppose B = 0 or
1 due to the choice of p = 0 (see [9] for more details). By direct calculation we get

H:]‘r :<6B [ng _ UJST], 5B[Z(w1§+w3i)}, 6}371[1.(0.)13 + w2§ + UJST ] 5B715c—1 [wli _ UJ2T} >’

H; :< [UJ12 + wii]’ [i(w12 _ wiﬁ)}’ 65[0.)13 + wl L 5c[i(w13 _ wiﬁ)] >

Since the considered complex structures satisfy h}r < 2 and the underlying algebras
have ba > 5 (see [9] and [24]), it is clear that ¢ # 0 implies non-C*-fullness.

If ¢ = 0, then we must have B = 1, and thus h}—i—h; =144=5= bs.
Consequently, this complex structure, which is precisely Z?, satisfies the C>-pure-
and-full property.

For complex structures J in the family (III), it is easy to see that

Hf = (&fiw']),  Hy = ([ +w"], i (@ -w?)]).

The absence of relations between the de Rham cohomology classes allows to
conclude that these structures are always C*°-pure. As the underlying Lie algebras
have second Betti number by > 4 (see [9] and [24]), it is clear that they are non-
Cee-full.

Finally, the Lie algebras underlying the complex structures Z? are obtained as
follows. Take the real basis {e,...,e%} given by

wh=e'+ie?, w=-22p—1)* —2ie', wP=-202p—1) (e’ +ie).
A direct calculation shows that
det=de’ =de® =0, de*=ce*Ne?, de®=elned+etne?, def=el Nette? ned,

so the underlying Lie algebra only depends on e. In fact, if € = 0, then the nilman-
ifold is the real manifold underlying the Iwasawa manifold (whose Lie algebra is
hs = (0,0,0,0,13 + 42,14 4 23)), whereas if € = 1, then the underlying Lie algebra
is h15 = (0,0,0,12,13 + 42,14 + 23). |

As we observed above, the compact complex manifold (Np,Z}) is the well-known
Iwasawa manifold. Notice that the complex structures in (Np,Z{) and (N7, Z?) are
Abelian. In the next section we construct some holomorphic deformations of the
compact complex manifolds (N, Zf) with interesting properties with respect to the
C*°-pure-and-full property.
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DEFORMATIONS OF COMPACT COMPLEX MANIFOLDS 341

3. HOLOMORPHIC DEFORMATIONS OF C°°-PURE-AND-FULL
COMPLEX NILMANIFOLDS

It is well-known that the property of being C°°-pure-and-full is not open under
holomorphic deformations, the small deformations of the Iwasawa manifold being
an example [5]. It is worth observing that in this specific case the C*°-pure and the
C=°-full properties fail simultaneously, remaining unclear how closely related their
behaviours under holomorphic deformation are. In this section we provide examples
showing that it is possible to lose C*°-fullness while preserving C*°-pureness, but also
the converse. These facts allow us to conclude that the previous properties are non-
open in an independent way. In Subsection [3.I] we revisit the small deformations
of the Iwasawa manifold to show that h* remains constant and to determine a
deformation X; along which H~ changes drastically from H*(Xo)®H ~(Xo) = H32x
to being completely contained in the subspace H™, i.e. H™(X;) C HT(X;) for any
t#0.

As we reminded before, Draghici, Li and Zhang prove in [I3] that for any curve of
almost-complex structures J; on a 4-dimensional compact manifold M*, h'}t (M*) is
a lower-semi-continuous function in ¢, whereas h; (M %) is an upper-semi-continuous
function in t, that is,

Ry, (M*) < hj (MY, by, (MY) 2 hy (MY,

for every t sufficiently close to tg. Angella and Tomassini prove in [6] that these
properties are no longer true in dimension > 6 by means of two explicit families of
curves J;. However, they show that their families J; are not C°°-pure for ¢t # 0 and
pose the question of finding “more fulfilling counterexamples”.

In [6, Proposition 4.3] a curve of almost-complex structures J; on S x T? is
constructed in such a way that Jy is a C°°-full complex structure, J; is an almost-
complex structure which is not C*°-pure for all ¢, and h}ro ($3xT3H=3>1=
hI(S?’ x T3) for t # 0. In the following result we provide a curve of complex
structures J; on Np, the nilmanifold underlying the Iwasawa manifold, which is
constructed as an appropriate holomorphic deformation of the C°°-pure-and-full
Abelian structure Z found in Theorem 23] This curve J; is C*°-pure for all ¢ and
still satisfies b7 (No) > b (M) for ¢ # 0.

Proposition 3.1. There exists a holomorphic family of compact complex manifolds
{X, = (M, J,) }her of complex dimension 3, where B = {t € C | |t| < 1}, such that:
(i) Xy is C*°-pure for every t € B;
(il) Xo is C*°-full, but X; is not C*-full for t € B—{0};
(iii) AT (Xo) > ht(Xy) for any t € B—{0}.

Proof. The proof is based on an appropriate deformation of the C*°-pure-and-full
complex nilmanifold (Np,ZJ) found in Theorem 23l Nevertheless, we will next
consider the more general situation (N, Z?), where € = 0 or 1; that is, the complex
structure equations are

ZS Codw!' =0, dw?®=ew', dw?=w!?

It is clear that the (0,1)-form o.)?i defines a Dolbeault cohomology class on (N, Z0).
Hence, we can choose the class [w?] € Hg’l(N'E,IS ) to perform an appropriate holo-
morphic deformation of (N,Z?). For each t € C such that |[t| < 1, define the
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342 ADELA LATORRE AND LUIS UGARTE

complex structure J¢ on N, given by the following basis {ny}3_, of (1,0)-forms:

1. 1 2. 2 3._ 3 3
N =W, N =Wt Ny = wt Htwe.

The complex structure equations for (N, J?!) are
) dgf =0, dif =entt,  di} =n” —tn}h.

Observe that the initial structure Z0 is recovered for ¢ = 0. Since the complex
structures J! are Abelian, they are C*°-pure by Lemma 211
A direct computation using (Il shows that for (N, J!) one has

(Lint ], [eng? ], 8¢ [ — 0], 80 [i (0 +0i?)]), if e =0,
Hj(Ne) = -
([i (02 +mh)]), ife=1,
Hy (No) = (L 0], La (o =) ], 0 [ + 0,2 ], 00 [d (g = ™) 1),
together with the following relation for de Rham cohomology classes:
[me? =i ] = [i (i +ni)] = 0,
and the additional condition [in;!] = 0 only for the case € = 1.
The previous description allows us to conclude that, for any ¢ # 0, the complex

structure J! is C*°-pure but not C*°-full.
Moreover, when € = 0, one has hf,(Np) =4 > 2 = b, (Np) for any t € B—{0}.
0 0

Notice that /i M)=4>2= hye (No) for ¢ # 0. O

Remark 3.2. It follows from the previous proof that there is a holomorphic de-
formation X, of the C°°-pure-and-full complex nilmanifold (N7,ZY) satisfying the
properties (i) and (ii) in Proposition Bl Nonetheless, h*(X;) remains constant
along this deformation.

In [6, Proposition 4.1] one can find a curve of complex structures J; on a 10-
dimensional nilmanifold such that Jy is C*°-pure-and-full, J; is not C*°-pure for
t #0and h; =10 <12 = hj for t # 0. In the following result we construct a
deformation in dimension 6 with a similar behaviour but also satisfying the C*>°-full
property at every fiber of it. The proof is based on an appropriate holomorphic
deformation of the C*°-pure-and-full complex nilmanifold (N7,Z]) found in Theo-
rem

Proposition 3.3. There exists a holomorphic family of compact complex manifolds
{X: = (M, Jt) }rem of complex dimension 3, where B = {t € C | |t| < 1}, such that:
(i) Xy is C°-full for every t € B;

(il) Xo is C*-pure, but X; is not C*>-pure for t € B—{0};

(iii) h~(Xo) < h(Xy) for any t € B—{0}.
Proof. Let us take Jo as the C*°-pure-and-full complex structure 71! on the nilman-
ifold A; found in Theorem 23] Now, as the form w? defines a non-zero Dolbeault
cohomology class in Hg’l(J\/'l,Ill)7 it will be used to perform the following holo-

morphic deformation of (N7,Z7). For each t € C such that |t| < 1, we define the
complex structure J, on N; by the following basis {nf}3_, of (1,0)-forms:

1. 1 2._ 2 2 3._,,3
o= w, N i=wtHtwt, np = wh.
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DEFORMATIONS OF COMPACT COMPLEX MANIFOLDS 343

The complex structure equations for (N7, J;) are

- 1 t _
dn =0, dpf = (1—t)n;", dn} = mntu— m’?tu-

With respect to the new (1,0)-basis for .J;, given by

1 1—|t)?
1 1 2 2 3 3
T =N, Tpo= , T = ,
t = t 1—¢ Un t 1—1¢ Up
we can rewrite the previous structure equations in a simpler way as
(2) drl =0, dr2 =7, drf =7+ B7)?,
where B = —@. Notice that the initial complex structure Z{ is recovered for

t =0. A direct calculation using (2)) leads to
Hj, W) = ([0 =L i+ )L (B =) n + (1B - ) + (B - 1)) ),
Hy, W) = ([ + 7] [ = mi)), (L= 88) [ 4+ 1%, (1= 65) [i (1 = 7))
Furthermore, the following cohomological relations hold:
[ + 7] = ~ReB (7} = 77Y)] - ImB[i (7% + 771)],
[i(72 = 72)] = ImB[(52 — )]~ ReB [i (r}? + 77")].
Observe that when t = 0 (i.e. B = 0), one has that [7/2+7/2] = [i (7}2—71?)] = 0.

Otherwise, one can conclude that J; with ¢t # 0 (i.e. B # 0) is not C*-pure,
although it is C°°-full because the second Betti number of the nilmanifold A; equals

5.
Finally, counting dimensions we arrive at h; (N1) =2 < 4 = hj (N;) for any
t # 0. Notice that h}’t (N1) = 3 remains constant. O

3.1. Small deformations of the Iwasawa manifold revisited. In this section
we focus on the small deformations of the Iwasawa manifold (Ng,Z}), following
the approach in [B] (see also [IL2]). Let us recall that Nakamura studied in [21]
the small deformations of the Iwasawa manifold, dividing them into three different
classes according to their Hodge diamond. Each class was characterized as follows:

Class (’L) t11 = tlg = t21 = t22 = O,
Class (ZZ) D(t) =0 and (tlla t12, t21, t22) 7é (0, 0, O, 0),
Class (iii): D(t) # 0,
where t11, t12, t21, too are parameters in the deformation space
B = {t = (t11,t12, to1, Loz, t31, 32) € C° | [t] <&}

for a sufﬁciently small £ > 0, and D(t) = t11t29 — t12t21.

In [5], Angella and Tomassini proved that only class (i) is C*°-pure-and-full, and,
as a consequence, they conclude that At = h™ = 4 for both the Iwasawa manifold
and any small deformation in the class (i). The remaining classes () and (7i4) are
proved to be neither C*°-pure nor C*°-full, although the dimensions h™ and h~ are
not determined. The following result shows that AT remains constant and equal to
4 for any small deformation of the Iwasawa manifold.

Proposition 3.4. For any sufficiently small deformation Xy of the Iwasawa man-
ifold one has h™(X) = 4.
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Proof. The result is known for Xt in the class (¢). For the classes (i7) and (#i¢), one
can proceed as in the proof of [5, Theorem 3.1] and write the complex structure
equations of X as

dpg = dpi =0,
@ { 46 = 712 68 + 11 68+ 013 68+ 731 68+ 733 5
where the coefficients 019,017,013, 021,095 € C depend only on t and are given by
o12 = =7 = alta|® + £ (011 523) »
o11 = ay (tar + 1 D(t)) ,
(4) o1z = @ (to2 + (tizti1 +taati2) 011)

091 = —avy (tin — t22D(t)),
093 = —ay (ti2 +112D(t)),
with a and v satisfying
1
1— |toa]? — to1 t12’

o =

1
L — [t [? = tiatar — a ([t [Ptartia + [taa|*t12t21 4+ 2Re(t11tantiator))
Observe that some of the coefficients have been rewritten in a different way with
respect to [5], which will be more suitable for our purpose.
In order to compute the dimension of HT(Xy), we first determine the space of
invariant closed (1, 1)-forms on X. It is clear that the (1, 1)-forms @}T, 12, ©2! and
apfé are closed. To see whether there exist any other closed (1, 1)-forms, consider

')/:

d=apl +beP +epl vedl + f o

where a, b, c,e, f € C. The condition d® = 0 leads to f = 0 and to the system of
equations:

ad13 —bag+coe =0,

a0y —boyr +eoi =0,

ac12+coz —eoq; =0,

bG12 + co95 —eoo7 = 0.
Due to the fact that o5 is non-zero for any sufficiently small t, one has

baﬁ —aoq3 65'21 — a0
c=———"= and e= ——==,

012 012
but also

( o122 — |o13]? + 017093 013011 — 011021 > ( a ) - ( 0 >
021095 — 023013 |o12]? — 021 ]? + 093511 b 0

Since the determinant of the previous matrix never vanishes for any sufficiently
small t, we conclude that a = b = 0 and thus ® = 0. Therefore, the space of
invariant closed (1, 1)-forms on Xy is generated by ¢i¥, for i, k = 1,2. Furthermore,
any such form is never d-exact because the coefficient 012 does not vanish for
sufficiently small t. Then, we have

H (X)) = ([i o], [1 03], [o8® — 03], [i (0t + i),
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for any sufficiently small deformation X} in the classes (i) and (). This concludes
the proof. O

The following example shows how drastically the subspace H~ may change along
a deformation.

Example 3.5. There exists a small deformation X¢ of the Iwasawa manifold sat-
isfying h™(Xt) = 1 and H™(Xt) € HT(Xy) for every t # 0. It can be directly
seen from (@) and (@) that h~(X;) > 1 for any small deformation X of the Iwa-
sawa manifold. We next show a particular deformation with A~ (X¢) = 1 such that
H~(X) C HY(Xy). Let us consider the small deformation given by t15 = t; = 0
and t1; = tog = ¢, with |t| < e. Observe that it belongs to class (iii). The structure
equations are given by (B), and to find their coefficients, it suffices to replace our
specific values of ¢11,t12,t21 and tos in ():

1+ [t? t
= = — T = O 5 = — T = = — d 5 — O'
012 1— |t‘2’ 011 y 012 1— |t|25 021 1— |t|27 an 023 )

that is, the complex structure equations of X are

L+t t 12 t o1
1—|t|2 Pt +1—|t‘2 Pt 1—|t‘2 Pt

3
t

For t # 0, a direct computation shows that only '2 + gpﬁ and i(p'? — goﬁ) define
a cohomology class in H~ (X¢). However, the equality

1—[t?

14 |t)?
implies that h~(X¢) = 1. Moreover, the space H ™ (X}) is contained in Ht(Xy) for
t # 0 because the following relations are satisfied:

13 2%Ret 5 1
[o8? + 7] = TP lpe? — '] € HT(Xy),
2Jmt

1+ Jt]?

(Tmt) (@i + o) + (Ret)i(pf? — o) = d(itp} — itod)

[pi2 — 2] € HY(Xy).

4. THE C°°-PURE-AND-FULL PROPERTY IS NOT CLOSED
UNDER HOLOMORPHIC DEFORMATIONS

Following [23], Definition 1.12], let B be an open disc around the origin in C. A
property is said to be closed under holomorphic deformations if, for every holomor-
phic family of compact complex manifolds (X;)¢cs, whenever X; has the property
for all ¢ € B—{0}, then the property also holds in the central limit Xy. Our goal
in this section is to prove that the C*°-pure-and-full property is not closed under
holomorphic deformations.

We will use the results about 6-dimensional solvmanifolds with holomorphically
trivial canonical bundle obtained in [15]. Concretely, let G be the 6-dimensional
simply-connected solvable Lie group whose Lie algebra g is defined by the following
structure equations:

{ de' = e'6 — 2, de? = —e36 4 15, de® =0,

de? = el'® + 26, det = —e3% — ¢4 deS = 0.
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Let us consider the left-invariant almost complex structure J on the Lie group G

given by
Jet =2 —eb, Je?=—et — e, Jed =et, Jet = —€®, Jeb = —eb, Jeb =¢l.
The forms

wlzl(el—i(62—€5)), w?=ed —iet, wgz—%(e5+i66)

have bidegree (1,0) with respect to J, and they satisfy

(5) dw' = 2iw'" + W, dw? = —2i W, dw® = 0.

Hence, J is integrable and it defines a left-invariant complex structure on G.

The Lie algebra g is precisely the real Lie algebra underlying the Nakamura
manifold, and the Lie group G admits lattices I' [421]. Hence, J defines a complex
structure on any compact quotient solvmanifold I'\G.

Based on a result in [I5], in the following theorem we show that there is a lattice
and a holomorphic deformation of the complex structure J showing that being
C°-pure-and-full is not a closed property.

Theorem 4.1. There exists a holomorphic family of compact complex manifolds
(Xt)teB, where B = {t € C | |t| < 1}, such that Xy is C*°-pure-and-full for every
t € B—{0}, but Xy is neither C*°-pure nor C*-full.

Proof. Let T'\G be any compact solvmanifold endowed with the complex structure
J defined above. By the equations (f]), the conjugate of the (1,0)-form w?® defines
a Dolbeault cohomology class, i.e. [w3] € Hg’l(l’\G7 J). Hence, for any t € B =
{t € C| |¢| < 1}, we define the complex structure J; on I'\G given by the following
basis {nF}3_, of (1,0)-forms:

1., 1 2. 2 3._ 3 3
N =W, =W, Ny = wt Htw.

The complex structure equations for (I'\G, J;) are

dn = 1,2|§5|2 ne - 1,2T§|2 ne + 1—1\t|2 e,
(6) dntQ = - 1,2‘1‘2 nt23 + 1,2@2 77337
dn} = 0.

In [I5] Theorem 5.2] it is shown that every complex structure J; with ¢ # 0 is
equivalent to a complex structure obtained in [4] as a certain deformation of the
Nakamura manifold. In [4, Proposition 4.1] it is proved that there is a lattice I" in
G such that the corresponding solvmanifold M = I'\G endowed with the complex
structure J; satisfies the 90-Lemma for any ¢ # 0. Let us consider the holomorphic
family of compact complex manifolds X; = (M, J;), t € B. For every t € B—{0}, it
is clear that the manifold X; is C*°-pure-and-full, as any compact complex manifold
satisfying the 00-Lemma is.

Next we see that the central limit Xy = (M, Jy) of the holomorphic family
(X1)iep is neither C*°-pure nor C*°-full. Since nf = w*, the complex structure
equations (@) for t = 0 are precisely (E). The (real) form i w33 is a closed Jo-invariant
2-form, and the form w'? 4+ w'? is a real closed 2-form which is Jy-anti-invariant.
Therefore, they define cohomology classes

(7) [iw] € HY (M), W +w') € H (M).
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Moreover, these classes are non-zero in HgR(M ;R). To see this, we can apply
the well-known symmetrization process, which consists of the map ~: QF(M) —
A"(g*) sending any form a € QF(M) to an element & € A"(g*) obtained by
integration on the solvmanifold M = I'\G with respect to a volume element induced
by a bi-invariant one on the Lie group G . We will next use that symmetrization
commutes with d and, since the complex structure Jj is invariant, it also preserves
the bigraduation induced by Jy on the complex forms. Thus, since the invariant
forms i w3 and w'3 + w3 do not belong to the space d(A'(g*)), we conclude that
their cohomology classes in () are non-zero.
However, from (&) we see that

- _ 1 _
i — (WP W) = 2d(io.)l—io.)l).
Hence,
0 # [iw®] = W' +w'® € H} (M)n H; (M),
and X is not C*>°-pure.
Now we prove that Xo is not, Coo—full From the equations (B we have that the

real 2-form 2 w2+ w23 — —2iw'? is closed and it defines a de Rham cohomology
class

[2iw'? + w? — w3? — 2iw'?] € H3iz(M;R).
Suppose that the equality H3z(M;R) = HjO(M) + Hj (M) holds. Then, there
exist a € HJ (M) and b € H (M) such that [2iw'? +w?® —w3? —2iw? =a+b.
Equivalently, there are a € ZI)(M), B e Z; (M), and v € Q' (M) such that
(8) 2 w'? + w? — W3 —22wi§:a—|—ﬁ+d’y,

where Zjo, resp. Z; , is the space of real closed 2-forms that are Jy-invariant, resp.
Jo-anti-invariant.
Applying the symmetrization process to (8), we get
2 w2 4+ w2 — 3 —22wi§:d+3+d7y,
for some & € Z+( %), B € 25 (g"), and 7 € A'(g*). However, this is not possible
because a direct Calculatlon from @) yields

ero(g*)—&-Z;O(g*)—&-d (/\1(9*)) _ (iw?"s’, wlg—&—wié, i(w13—wig)7 “}23_’_“)537 i(w23—wég)>.

In conclusion, [2iw'? 4+ w? — w32 — 2iw'?] ¢ Hj (M) + Hj (M), and thus X, is
not C°°-full. g

As a consequence of Theorem 1] we have:

Corollary 4.2. For compact complexr manifolds, the following properties:

(i) “being C*°-pure”,
(il) “being C*°-full”,
(iii) “being C™-pure-and-full”,

are not closed under holomorphic deformations.
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5. RELATION OF THE C°°-PURE-AND-FULL PROPERTY
WITH OTHER COMPLEX INVARIANTS AND METRIC PROPERTIES

In this section we use the classification of complex nilmanifolds satisfying the
C°°-pure-and-full property obtained in Section [2] to illustrate that this property is
unrelated to other metric properties. We will finish showing a possible relation to
other complex invariants of the manifold.

Recall that Enrietti, Fino, and Vezzoni proved in [I4] that an invariant complex
structure J on a nilmanifold M is tamed by a symplectic form if and only if (M, J)
is a complex torus. Any Hermitian-symplectic structure is in particular SKT, i.e.
the fundamental form F satisfies 90F = 0; and if an SKT metric exists on (M, .J),
then the nilmanifold is at most 2-step.

Another well-known and interesting class of Hermitian metrics is the one consti-
tuted by the locally conformal Kdhler metrics, defined by the condition dF = A F,
where 6 is the (closed) Lee form. If 6 is in addition a nowhere vanishing parallel
form, then F' is called a Vaisman metric.

Two important classes of metrics defined by a condition on the (2n — 2)-form
F"~1 being n the complex dimension of the manifold, are given by the balanced
metrics [20] and the strongly Gauduchon metrics [22]. Recall that a Hermitian
metric is called balanced if the fundamental form F satisfies that F™~1 is closed,
and it is said to be strongly Gauduchon if 9F™~! is -exact. Obviously, any balanced
metric is strongly Gauduchon. Our first question in this section is whether the C>°-
pure-and-full property implies the existence of some special Hermitian metric on
the manifold.

Proposition 5.1. The compact complex nilmanifolds (N1,Z7), p € {0,1}, satisfy
the C* -pure-and-full property, but they do not admit any SKT, locally conformal
Kadbhler, or strongly Gauduchon metrics.

Proof. By Theorem we know that the complex structures Z7 are C*°-pure-and-
full for p = 0,1. The non-existence of SKT, locally conformal Kéhler or strongly
Gauduchon metrics can be derived from classification results in [9,141[26]. Never-
theless, for the sake of completeness we provide here a more direct and unified proof.
First notice that by symmetrization one can reduce the problem to simply studying
invariant Hermitian metrics. Consider the complex equations in Theorem 2.3 for
€ = 1, and let F be the fundamental 2-form of a generic invariant Hermitian metric,
ie.

2F =i (rPw' + 2w + 20 +uw'? — 1w + v — 5w*? + 20" — 20
A direct calculation gives
(9) 20F = —(is®+pz—(1—p)2) W' — ppw' 2 +ipt? WP + 5w —i(1—p)t? >,

which is never zero by the positive definiteness of the metric. Any (real) closed
1-form 6 is given by 0 = aw! + aw! + b(w? + w?), where a € C and b € R.
Since the coefficients of the 3-form 20 A F in w!'33 and w?3? are equal to iat? and
ibt?, respectively, it follows from (@) and the positive definiteness of the metric
that the condition OF = %0 A F is satisfied if and only if a = b = 0. However,
this contradicts OF # 0, so the manifold (N7,Z7) has no locally conformal Kahler
metrics for p =0, 1.
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The nonexistence of SKT metrics follows directly from
200F = —it*>(p> + (1 — p)?) w'?2 £ 0.
Finally, it is straightforward to see that
40F N F = (1 — p)(it?u + 02) w' 12 — (22 — |v]?) w2313

and O(A*") = (pw!'2312). Therefore, F?2 cannot be d-exact, and we conclude that
the manifold (N7,Z7) is not strongly Gauduchon for p = 0, 1. O

Corollary 5.2. For compact complex manifolds, the C*>-pure-and-full property is
unrelated to the existence of SKT, locally conformal Kdhler, Vaisman, balanced or
strongly Gauduchon metrics.

Proof. In view of Theorem 2.3l and Proposition [5.1] it suffices to show the existence
of SKT, Vaisman (hence locally conformal Kéhler) and balanced (hence strongly
Gauduchon) nilmanifolds that do not satisfy the C*°-pure-and-full property, that
is, that are not isomorphic to (N¢,ZP), €,p € {0,1}. Again, the existence of such
nilmanifolds can be derived from the classification results in [9.[14.26], but for the
sake of completeness, we here provide an explicit example of each type.

First, let us consider the nilmanifold Ny endowed with the invariant complex
structure defined by

dw! = dw? =0, dw?® =w? +w!t + %wm,
i.e. defined by the complex equations (I) for p =1, A\ =0 and D = % It is clear
that the Hermitian metric F' = %(wn + w? + w33) satisfies the SKT condition, so
we get a compact complex manifold that is SKT but not C*°-pure-and-full.
Now, let us consider the nilmanifold M whose underlying Lie algebra is b3 in
the notation of [9], endowed with the invariant complex structure defined by the
equations (I) for p = A =0 and D = 1, that is,

dw! = dw? =0, dw® = W w2,

The Hermitian metric F' = & (w' +w?? + w?) is a locally conformal Kéhler metric
whose Lee form 6 = w3 + w? is parallel. Hence, one has an example of a compact
Vaisman manifold which does not satisfy the C*°-pure-and-full property.

Finally, let us consider the nilmanifold Ny endowed with the invariant complex

structure defined by

i.e. defined by the complex equations (I) for p = 1, A = 0 and D = —%. The

Hermitian metric F' = 4iw' + %(w22 + w?3) satisfies the balanced condition, so
we get a compact balanced manifold that does not satisfy the C°°-pure-and-full
property. O

Another interesting aspect is the existence of some relation between the be-
haviour of the Frolicher spectral sequence {E, },>1 and the C*°-pure-and-fullness of
compact complex manifolds. It is well-known that if the Frolicher spectral sequence
of X degenerates at the first step and there is a weight 2 formal Hodge decomposi-
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tion, then X is C*°-pure-and-full (see [5,[12,[19]). Note that by [9, Theorem 4.1] we
have that Ey (N, ZP) % Eo(N.,IP) = Eo (N, ZP) for €,p € {0,1}. Furthermore:

Proposition 5.3. For compact complex manifolds, the C*°-pure-and-full property
and the degeneration at E1 of the Frilicher spectral sequence are unrelated. More-
over, there exists a compact complex manifold X with E1(X) & E.(X) whose
Hodge numbers satisfy the symmetry h%(X) = hEP(X) for every p,q € N, which
is neither C*-pure nor C*-full.

Proof. Let us consider the complex nilmanifold X defined by the complex structure
equations in the family (T) for p=A=1and D =0, i.e.

dw! = dw? =0, dw® =w!?+ W'l + w2,
By [9, Proposition 4.3], X has Frolicher spectral sequence degenerating at F7, and
its Hodge numbers satisfy hZ?(X) = h3”(X) for every p,q € N. However, X is
not C>®-pure because [i(w'? — w!?)] = —2[iw'!] — [i(w'? + w?")] is a non-zero de
Rham cohomology class that belongs to H™(X) N H~(X). On the other hand, one
can check that the cohomology class [w?® + w?B — w2 4 wég] is a non-zero class in
H?2.(X;R) which does not belong to H*(X) + H™(X). O

It seems to be unknown whether there is some general relation between the C*°-
pure-and-full property and the degeneration of the Frolicher sequence at some step
greater than 1. As we noticed above, the Frolicher sequence of the C*>°-pure-and-full
complex nilmanifolds (N, Z?), €, p € {0, 1}, satisfies £y % F3 = E,. Note that this
can indeed be seen as a restriction, because there also exist complex nilmanifolds
whose Frolicher sequence has Fy non-isomorphic to Eo, (see [9]). The following
natural question arises:

Question 1. Does the C*°-pure-and-full property of compact complex manifolds
imply the degeneration of the Frolicher spectral sequence at the second step?

New complex invariants defined in terms of the Bott-Chern cohomology have
been introduced by Angella and Tomassini in [7], which allows us to provide a
characterization to the 99-Lemma condition. If n is the complex dimension of X =
(M, J), let AMM,J) =3\ (BBE(M, J) + h”" (M, J)) — 2by (M), where
R &(M, J) denotes the dimension of the Bott-Chern cohomology group H& (M, J)
and by(M) the k-th Betti number of M. The complex invariants AF(M,.J) are
non-negative, and A¥(M,.J) = 0 for all 0 < k < 2n if and only if (M, J) satisfies
the 90-Lemma [7]. If we denote A(M,J) = ii1 AF(M,J), one has that com-
pact complex manifolds (M, J) satisfying the 9-Lemma are characterized as those
compact complex manifolds for which A(M, J) = 0.

Since every compact 4-dimensional almost-complex manifold is C*°-pure-and-full
[12], we will now focus on the higher dimensional cases, i.e. real dimension greater
than or equal to 6. As the d9-Lemma (equivalently, the vanishing of the complex
invariant A) implies C*°-pure-and-fullness, one might expect to obtain low values of
A for those compact complex manifolds satisfying the C*°-pure-and-full property.
Surprisingly, the propositions below suggest a possible relation between the C°°-
pure-and-full property and the complex structures for which A attains a maximal
value (at least for nilmanifolds).

Let M be a nilmanifold of real dimension 6 admitting invariant complex struc-
tures J, and suppose that the Lie algebra underlying M is not isomorphic to b7,
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in the notation of [9]. Let X be the set of all these pairs (M, J). The reason to
exclude b7 is that the invariant A is not known for any maximal lattice in the Lie
group of b7 (for more details see [3[I8] and the references therein).

Proposition 5.4. Let M be a 6-dimensional nilmanifold endowed with an invariant
complex structure J such that the underlying Lie algebra of M is not isomorphic
to h7. Let X be the set of all these pairs (M,J). If (M,J) € X is a pair such that
A(M,J) > A(M,J) for any (M,J) € X, then (M,.J) is C*®-pure-and-full.

Proof. From [3, Table 2] and [I8, Appendix 6] the invariant A(M, J) can be com-
puted for any pair (M, J). It turns out that the maximal value of A(M,J) when
(M, J) runs the space of all 6-nilmanifolds M endowed with invariant complex
structures .J is equal to 34. Furthermore, (M, J) satisfies that A(M, J) = 34 if and
only if M is precisely the nilmanifold A and J is isomorphic either to the com-
plex structure Z{ or to the complex structure Z{ given in Theorem Therefore,
(M, .J) is C>-pure-and-full. O

Recall that the minimal value of A(M,J) when (M, J) runs the space of all
nilmanifolds M endowed with invariant complex structures .J is equal to 0, and it
is attained at the complex tori, which are the only d0-nilmanifolds.

Proposition 5.5. Let M be a nilmanifold, not a torus, of real dimension 6 admit-
ting an invariant complex structure J such that (M, j) is C*°-pure-and-full. Then,
A(M,J) attains a mazimal value at (M, j) when J runs the space of all the invari-
ant complex structures on the nilmanifold M.

Proof. By Theorem 23] it suffices to look at the spaces of all invariant complex
structures on the nilmanifolds Ny and N;. For M = N it is clear that A at-
tains a maximal value at the complex structures Z{ and Z}, as a consequence of
Proposition (.41

Let J be any invariant complex structure on M = Ny. From [3, Table 2] and
[18, Appendix 6] we have that A(Np, J) attains its maximal value when J runs the
space of all the invariant complex structures on Ny (which is equal to 24) if and
only if J is isomorphic to Z{ or Z}. ([

These results seem to suggest the existence of some possible relationship between
the C*°-pure-and-full property and those pairs (M, J) where the complex invariant
A(M, J) attains maximal values.

Question 2. Do Propositions (.4l and B8l hold in higher dimensions? Do they hold
for a more general class of compact complex manifolds?
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