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Nonuniversal relativistic kinematics
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We present a systematic derivation of the constraints that the relativity principle imposes between
coefficients of a deformed (but rotational invariant) momentum composition law, dispersion relation, and
momentum transformation laws, at first order in a power expansion of an ultraviolet energy scale. This
work generalizes previous results of universal relativistic kinematics to the case of particle-dependent
relativistic kinematics, which can have interesting phenomenological applications that we explore in the

second part of the manuscript.

DOI: 10.1103/PhysRevD.91.085036

I. INTRODUCTION

The relativity principle (RP), or the equivalence between
a class of observers (the inertial frames) related by a (ten-
parameter) set of transformations, has been at the core of all
physical theories describing nature to date. In fact, it
was the RP taken as a fundamental ingredient of classical
mechanics, together with the validity of the laws of
electrodynamics, that guided Einstein to propose special
relativity (SR). At present, the symmetry of SR, Lorentz
invariance, is a basic constituent of relativistic quantum
field theories, which account with great success for the laws
of elementary particle physics.

However, some approaches to quantum gravity have
suggested hints of Lorentz invariance violation [1], which
could lead one to think about the necessity to abandon
the RP. Fortunately, this is not necessarily the case: it is
possible to go beyond SR and still maintain a relativistic
theory. A specific realization of this idea is given by doubly
special relativity (DSR) theories [2]. DSR considers
deformed Lorentz transformations between inertial frames
which preserve the form of a modified dispersion relation
(MDR), in which a high-energy scale A (usually, the Planck
mass) appears. The presence of this energy scale requires
(by simple dimensional arguments) that the deformed
transformations act nonlinearly in momentum space.
This has another consequence: for systems of more than
one particle, the usual linear energy-momentum conserva-
tion law is not compatible with the RP (that is, with the
nonlinear Lorentz transformations), so that in order to give
relativistic conservation laws, one has to define a modified
composition law (MCL) beyond the simple addition of the
energies and momenta of the particles in the system.

The general conclusion is that in a relativistic theory
beyond SR, the RP imposes restrictions between the
deformed Lorentz transformations, the MDR, and the
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MCL. This was explicitly worked out in several
examples in Ref. [3], where a requirement necessary for
“DSR compatibility” of nonlinear composition laws on
momentum-space was identified as a “golden rule”
between the coefficients of a deformed dispersion relation
and the composition laws when working at leading order in
the scale of the deformation (the inverse of A). This relation
was seen to be a necessary but not sufficient condition in
Ref. [4], where a generalization of the examples presented
in Ref. [3] was derived. Both Refs. [3,4] assumed a
universal deformation for all particles.

Nonuniversal relativistic kinematics was considered for
the first time in Ref. [5], presenting, once more, specific
examples of compatibility between deformed Lorentz
transformations, dispersion relations, and composition
laws. The kinematics of SR is, of course, universal, but
there are several motivations to consider nonuniversality in
a generalization of SR. First, as a quantum-gravity effect,
not all systems have to be necessarily affected in the same
way by the quantum spacetime structure (in fact, one would
expect that the coefficients characterizing the deformation
were renormalized differently even if the fundamental
Lorentz violation is universal [6]). Second, it might be
relevant in the description of composite particles, such as
atoms or, in general, macroscopic bodies (and offer,
therefore, a solution to the soccer-ball or the spectator
problems which are commonly present in generalized
relativistic kinematics; see, e.g., [7]). A final motivation
would be the possible phenomenological interest of this
scenario. In the case of a nonuniversal kinematics, the
stringent limits obtained, for example, on a possible energy
dependence of the velocity of propagation of photons, or on
the difference between the velocity of propagation of
ultrarelativistic electrons and photons, would not necessarily
apply to other particles like neutrinos or the dark matter
sector, where one could have much larger departures from
SR kinematics without entering into conflict with our
limited observations in these systems.

The aim of the present work is to generalize the findings
of Ref. [5] in a similar way as Ref. [4] represented a
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systematic derivation of the results of Ref. [3] for the
universal case. The examples of nonuniversal kinematics of
Ref. [5] should then correspond to particular choices of
coefficients of the general framework presented here.

We will present the generic construction for a nonuni-
versal kinematics beyond SR in Sec. II, where we also
derive a generalization of the golden rules previously found
for the universal case and will apply them to the simple case
in which the nonuniversality is reduced to the existence of
two types of particles: this is what we call a bipartite
relativistic kinematics (BRK). As we will see, some
examples appearing previously in the literature are specific
realizations of a BRK. Section III will be devoted to
applications of a nonuniversal relativistic kinematics to
different physical processes. We will consider the case of
thresholds in two-particle decays and the ultrarelativistic
limit of two-body scattering processes and see how the
consequences of the presence of a relativity principle in a
kinematics beyond special relativity are physically distin-
guishable from a Lorentz violating scenario. A detailed
analysis will be done in the simple case of an elastic
scattering between two particles in a BRK scenario, which,
as we will see, might be phenomenologically relevant in a
context in which the modification in the kinematics only
affects (or is more relevant) to elementary particles, while
the corrections are smaller for composite objects. A
discussion and some comments will then be given
in Sec. IV.

II. NONUNIVERSAL RELATIVISTIC
KINEMATICS

A. General discussion

There are two ways in which the relativity principle
imposes restrictions between deformed dispersion rela-
tions, composition laws, and Lorentz boosts': by consid-
ering the invariance of the dispersion relation under a
Lorentz transformation and in relation with conservation
laws of processes, which must be covariant for different
observers (they must agree on whether the process is
kinematically allowed or not). Such conservation laws
involve the momenta of N particles (N > 2), which can
be incoming or outgoing to the process (the case of N = 2
can be considered as a “trivial” process in which the
same particle comes in and goes out of the process; in fact,
the simplest physical processes involve three particles).

'As an important algebraic simplification in the analysis
presented here, we will consider a rotational invariant deforma-
tion of special-relativistic kinematics. This is a common practice
in DSR theories and can be justified by noting that the presence of
a new energy scale in the modified dispersion relation does not
necessarily require us to deform the rotations, and the fact that
boosts, owing to their noncompact character, offer less stringent
bounds than the usual rotational invariance.
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A process defines then a system of N particles, which we
will name as the “N-particle sector” or RPy.

The notion of “particles associated with a process”
allows one to evade the “spectator problem” associated
with nonlinear composition and transformation rules in a
system of particles (see, for example, Ref. [8]) about the
influence of very distant particles: they do not participate in
the process and are, therefore, disentangled with the
system. We will assume in what follows that, as in standard
scattering theory, one can do such an abstraction.”

We start by considering a generalized relativistic kin-
ematics in the one-particle sector. The momentum of a
particle of type (a) satisfies a modified dispersion relation

a a
COp)=pR-P+A 3+ 2 p 52 =m2. (1)
A A
This is the most general expression (af and af are
dimensionless coefficients) which is a polynomial in the
components of the four-momentum (p, p;), satisfies rota-
tional invariance, and extends the special-relativistic
expression pj — p? = m?* to modifications of order 1/A.

The momentum p transforms under a boost by means of
a deformed Lorentz transformation

p—TW(p)=T(p)+ T (p). (2)

where T'(p) is the usual Lorentz boost, which we write
infinitesimally as

DA%

T(P)lo=ro+p-&  [T(P)i=pi+psin  (3)

where Z‘ is the vector parameter of the boost. The most
general expression for 7(@) ( p) turns out to be (see Ref. [4])’

o
MWMme@f%

~i

[

a

[T(“)(p)]i = %P%{fi + Kgﬁzgi + w

o pi(p 8.
(4)

where again the A¢’s are dimensionless coefficients.
When one imposes invariance of the MDR under the
generalized boosts, C@(p) = C@(T@(p)), then the

*While this may be a reasonable point of view in the case of
single processes, the case of multiprocesses is more subtle, and
there is not a common stance in the literature in relation to
spectators of a process which participate in other processes
belonging to the same multiprocess (compare, for example,
Refs. [9,10]). For our present purposes, we will consider that
a multiprocess is just as a succession of single processes.

3As it is derived in Ref. [4], the coefficients of the different
terms in Eq. (4) are obtained after one imposes the condition that
the modified boosts reproduce the Lorentz algebra, i.e., that the
commmutator of two boosts corresponds to a rotation.

085036-2



NONUNIVERSAL RELATIVISTIC KINEMATICS
following relation between the coefficients of the MDR and
the generalized boost is obtained:

af = =240 +25+225), a5 =20 +245 +34).

(5)

Let us now consider the two-particle system formed by a
particle of type (a) and a particle of type () (as mentioned
above, we denote this sector as RP,), of momenta p and g,
respectively. The general form of a composition law
compatible with rotational invariance is

_ i gl
[P ® qlo = po+ g0 +——Podo+—DP" 4.
A A

rit o rs’
P®qli=pit+a+ A Podi + A Pido + A€k 4k

(6)

where €;j;, is the Levi-Civita symbol, a totally antisym-
metric tensor, and it is implemented the condition

pP®dl,o=p. P®ql,_0=24q (7)
|
Lab Lab
- n oo ot L=
[T (P, @)y = 5~ a0(P - &) + 7 (5AG) - &,
Lab Lab

=L(a n n
[TL( b)<P"])]i = IA Q()Poﬁfi‘f'zT

Rab Rab

TR(a n n n N
[TR@D) (p, q)]; = IA Poqosi + 2T (qo€ijkp &k — Po€ijid i) + IT(PI‘CI :

The principle of relativity now establishes a relationship
between the coefficients of the MCL (89,542 ,y4 y5° y4?)
and the coefficients of the generalized boosts (A9%, A5°, A5,

nkab pRab | plab pRaby In order to get this relation, we

follow Ref. [5] and consider the covariance of the con-
servation law:

pP®q=0=T"9p,q) ®T*"(p,q)=0. (11)

*This is not a necessary condition, and one could choose
simpler transformations where there is no mixing of momenta
[which is equivalent to put all the # coefficients in Eq. (10) equal
to zero]. However, this restriction would exclude one of the most
studied examples of DSR deformations of Lorentz symmetry,
based on the x-Poincaré scenario (see Sec. Il C 2) so that we will
maintain the generality of our study by allowing the “entangled”
terms (the last ones) of Eq. (9).

°In order to obtain them, one has to impose once more the
invariance of the dispersion relation, C(*)(p) = C)/(T1-9)(p, q)),
Cc?)(g) = (T2 (p, q)), and the consistency with the Lorentz
algebra; see Ref. [4].

(Po€ijkqik — q0€ijiP k) + A
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Observe that the MCL mixes components of p and ¢ in its
terms; therefore, generalized boosts compatible with it can
depend on both momenta.* Also, the order of the momenta
in the MCL Eq. (6) is relevant so that the transformations
on p and ¢ will, in general, depend on that order. We define
then a boost on RP, as

{p.q} = {T"9(p.q). T (p.q)}. (8)

where the superindex (1,a) in TU9 indicates that it
corresponds to the transformation on the first momentum
of the ordered set { p, ¢}, which corresponds to a particle of
type (a), and we explicitly write that the transformation
depends on both momenta p and ¢. The expressions of
T0)(p, q) and T (p, q) are

709 (p.q) = T(p) + T (p) + T (p. q).
T (p.q) = T(q) + T?(q) + TR (p.q).  (9)

where T and T were defined in Egs. (3) and (4), respec-
tively, and TL(@) TR(@b) have the general expressions’

(10)

[

The condition p @ g = 0 allows one to express ¢ in
terms of p:

B, B,
QO:—P0+TP0 P

J/ab<|>7/ab
q; = —pi +1A—2popi- (12)

From Eq. (9), T (p,q) @ T??) (p,q) = 0 implies that
(note that the composition @ is the ordinary sum if one of
the addends is of order 1/A):

T(p) ® T(g) = ~[T(p) + T)(g) + T (p, q)
+ TR (., q)) (13)

However, since T starts at order 1/A, we can use the
relation between ¢ and p at zero order, that is,
g =—p+ O(A™!), so that
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T®)(q) =T (-p) =T (p),
THab) (p,q) = TH) (p, —p) = =T (p, p),  TREP)(p q) = TRP)(p, —p) = —TRP)(p, p). (14)

We end up with the following relation:

T(p) ® T(q) = TH“)(p. p) + TR (p, p) = T (p) = T®(p). (15)

The temporal and spatial parts of the left-hand side of the previous equation can be expanded according to Eq. (6) using also
Eq. (3) and the relation between ¢ and p to order 1/A [Eq. (12)] in those terms which contain 7(g) at order zero in the 1/A
expansion. Also, the right-hand side of Eq. (15) can be elaborated using Eqgs. (4) and (10), so that comparing both sides of
Eq. (15) one arrives at three independent conditions:

A A A = + ) = =(r” +78") + 2081 + 55°),

ig + /1/27 _ (nlfab + ﬂll?ab) — (yﬂllh + ygb) _ (ilb’

25+ 25+ (e + ) = = (16)
If we particularize the previous relations to the case in which both momenta are of type (a), we get

La Ra a a
it +n rit+r
a - = O (). d -

me A i+ B
2 2 2

La Ra a
ne+m p3
Mt+—=—=, 17

where we have introduced the notation n}%* = phe, yRaa = pRa paa — ga_yaa — 4 and there are analogous relations by
exchanging the labels a and b.
Combining Egs. (5) and (17), one gets the golden rules

af =—pi. G =vi+tr-F, (18)

which are the same relations as the ones obtained in Ref. [4] for the case of universal kinematics.
By replacing expressions (17) for A¢ and the equivalent ones for A? into Eq. (16), we obtain

La Ra Lb Rb a b a b a b
m+n m’+n Y . w Yi Ty w VST w PP
(l 2 1 )+( 1 2 1 )_(n%b_i_nlle b):_|:<ylb_ 12 l) +<J/2b_ 22 2>:| +2|:<ﬂ1b_ 12 l)

+<y_%;%ﬂ

(’llLa + ’lllw) (’71Lb + ’711%) __(,Lab Rab\ __ ab _ r{+ 7? ab _ 72+ 7’3 | pab _ﬂtll + ﬂil)
+ () =\’ —=5— )+ (S ——=5— P

2 2 2 2 2
La Ra Lb Rb a b
_ (m er’h ) _ (my ;’71 ) + (nkab 4 pRaby = _( N _ﬁ2+'62> (19)

. . b b b b
From the last equations, one works out two expressions for #¢° and y{” in terms of p¢, f7, v{, and y7,

ﬂ?b_ﬂ‘f;rﬂ? _o (20)
[(Y?b_ﬁﬂgr’f) N (ygb_rﬁﬂ;ﬂ})} _ < ab_ﬁ’zl_;ﬁg> —0. (1)

and an equation for nkeb + pRab,

La Ra Lb Rb a b a b a b
+ + + + +
”%ab_'_n{gab_(’?l me) _ (m® +n”) :_<yab_u> _ <yab_u> :_< ab_u). (22)

2 a 2 1 2 2 2 2

085036-4



NONUNIVERSAL RELATIVISTIC KINEMATICS

Equations (16) are not, however, the full set of relations
between the coefficients of the MCL and the generalized
boosts required by the RP. To get all of them, it is necessary
to consider a three-particle system, RP3, in which boosts act

{p.q.k} > {70 (p,q.k), T (p,q.k), T (p.q.k)},

(23)
where
T4 (p. q.k) = T(p) + T(p) + TH)(p. q)

+ TL(uc)(p7 k)7 (24)
TC)(p.q.k) = T(q) + T (g) + TR (p. )

4 TH) (g, k), (25)
T(3’C>(P, q.k) = T(k) + T(C)(k) + TR(aC)(p, k)

+ TR0 (g, k). (26)

At order 1/A, all nonlinear terms need to be quadratic in
momenta so that we see that for a system of an arbitrary
number of particles, there are no new ingredients in the
generalized Lorentz transformations from those appearing
in the two-particle system. However, the need to go to RP;
is natural, since the conservation law in RP, p @ ¢ =0
implies that only one momentum is independent. Since the
1/A terms are quadratic in momenta, one needs two
|

T(p) ®T(q) ®T(k) =

+ TR (p k) —

T (p, p) + TR (p, p) + T
+TLab(pk)+TLbc( )

TR (p. k) — (p) (k) -
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independent momenta to get all the constraints between
coefficients of the MCL and the generalized boosts.

The composition of the three momenta p, ¢, and k, of
type (a), (b), and (c), respectively, is completely deter-
mined by the coefficients of the composition of two
momenta, since the sum p @ g @ k has to reduce to the
composition of two momenta when the other one is equal to
zero. We have then

ab ac

p p
[P@qewdo:P0+6Io+k0+fl70610+xlpoko
/bc /3121 oL gc_’ o /}lzn‘_' R
A%ko AP atTP k+Aq k,
(27)

ab bc

y v
=pitq;tki+podit /1\ pok; +11- Aok

},2 ac b
+ AP:CIO‘F Aptk0+ AQlkO

(P ® gDk,

ab ac bc

14
+ /’; €z]leQl+ A eljlpjkl+ A €1]l‘11kl
(28)
Proceeding as in RP,, T4 (p, g, k) @ T (p, q, k) @

T<3'C>(p, g, k) = 0, for momenta p, g, k verifying p & g ®
k = 0 implies that

(k, k) 4 TR®<) (k, k)
(PJ‘) + TR (p, k)
7O (p + k). (29)

Expanding both sides of this equality, and after some algebra, one arrives at a set of 11 equations: the three relations

obtained in the context of RP,, Eq. (16), for every pair of particles (ab), (ac), or

) = (rs"

Lab Rab) + (n%bc Rbc) ( Lac Rac

(ny® —m " nye —m

(75 — n&P) + (e —nfPe) -

In summary, Egs. (20) and (21) for every pair of particle
types are the consistency conditions for the parameters
appearing in the composition laws between particles of
different types, % and y“*, and Eqs. (22), (30), and (31)
are the conditions for the parameters 7%, n%, nk, n% appear-
ing in the transformation laws.

Besides this, Eq. (17) together with Egs. (30) and (31)
particularized for the specific case in which all three
particles are of the same type, allow one to write the
coefficients of the MCL in terms of the parameters of the
generalized Lorentz boosts in the sector of particles of a
single type,

(bc), plus two new conditions,

—7{0) 4 (r5¢ = 1h%) = (5 — v4©), (30)

N5 —n5e) = 5"+ 18 - s (31)

[
Bl =205+ +22),  B=-2 -1
74 = 25 + 24 + 22 — ke,
4= 29 + 24 + 228 =,

_171 s

vi=n5t—nfe. (32)

Alternatively, there exists a biparametric family of imple-
mentations of Lorentz transformations in RP; (all of them
equivalent) that guarantees a compatibility with a given
MCL and the RP. This, of course, reproduces the situation
present in the universal kinematics of Ref. [4].

In the next subsection, we will consider the simplest example
of nonuniversality containing particles of only two types.
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B. A particular case: Bipartite relativistic kinematics

Let us rewrite the conditions that the relativistic principle
imposes for the parameters of the MCL and the modified
transformation laws in the case of only two types of
particles (BRK), types (a) and (b).

The MCL of momenta of type (a) [or of type (b)] is
given by the coefficients #¢ and y¢ (or 2 and y?). For the
composition of a momentum of type (a) and another of
type (b), we will need the coefficients B° and y¢?;
however, while y¢* and y4° are free parameters, $” and

‘z’b are completely determined by [see Egs. (20) and (21)]

B+ B

AP === (33)

ab:ﬂg+ﬁg+ czb_yll/l‘i»y[l7 + czb_},12l<|>y}27
2 2 71 2 72 2 .

(34)

For the parameters of the transformation law of a system
of particles of different type, -2, yRab, yiab pRab we have

the following conditions [see Eqgs. (22), (30), and (31)]:

La Lb
Rap _ M~ M

Ra Rb a b

“ me+n aw PSP
nhab 4 : +121_<2b_222)’
(35)
(7" = nfe) + ™ = uf*) = (r8" = ri®) + (5 = i),
(36)

(n5 = n5P) + (5" = n5") = y§* + 4% (37)

Equations (36) and (37) were obtained from Egs. (30)
and (31) by taking a = ¢ and making use of Eq. (32). Note
that if one takes @ = b in Egs. (36) and (37), then one just
reproduces relations already contained in Eq. (32).

Equation (33) tells us that 5 = B¢, but this is not
necessarily the case for the rest of the coefficients. We get
for 5 and (k> + yRb@) similar equations to Egs. (34) and
(35), while Egs. (36) and (37) are symmetric under the
exchange of the a and b labels. On the other hand, the y?*’s
are free parameters, as it was the case for the y¢%’s.

A particularly simple choice of BRK is one in which the
relation (33) is extended for all the remaining coefficients
of the generalized kinematics; in particular, this makes the
(ba) coefficients equal to the (ab) ones. It is notable that all
the conditions we got are compatible with this choice. In
this case, one would only need to specify the generalized
kinematics for both sectors separately, and then this would
determine the kinematics when particles of both types are
present. As we will see in the next section, the examples
discussed in Ref. [5] correspond to this specific choice.

PHYSICAL REVIEW D 91, 085036 (2015)

C. Previous examples of nonuniversal kinematics

As we mentioned in the Introduction, Ref. [5] was the
first to introduce a nonuniversal kinematics in the presence
of a relativity principle. It did so by exploring some specific
examples, but it missed a systematic derivation of the
relations between coefficients of the modified dispersion
relations and the different composition laws as the one
presented here. We will now show that the examples
presented there are indeed particular cases of our general
discussion (in fact, all of them contain only two sectors of
particles and are, therefore, examples of what we have
called bipartite relativistic kinematics in the previous
subsection).

1. The simplest case with commutative
composition of momenta

The first example presented in Ref. [5] contains two

sectors of particles: momenta of the first kind (a) satisfy

m* = p§ — p3 +2¢pop;, (38)

where the deformation scale ¢ plays the role of 1/A, and
the composition laws are

(p®, p'); = pj+ P+ Cpor+ €pop;, (39)
(P ®¢ P')o = Po+ Po»

while momenta of the second kind (b) (denoted by k)
satisfy the dispersion relation and composition laws of
special relativity. This is a very simple case for which one
sector is trivial and the other has a commutative compo-
sition of momenta. Then (through a “trial and error
exercise”) it is presented a possible “mixing composition
law” that is consistent with the relativity principle:

4 4
(p®k); =p;+k; +§p0kj+§k0pj7 (40)

(P ® k)y = po + ko.

In our notation, therefore,

(41)

= =p=p=r=vi=r5=0 (42)

1
pr=p=0 ait=r=5 =0 (&)
It is then immediate to check that both particle sectors
satisfy individually the golden rules Eq. (18). Equation (33)
is trivially satisfied since the composition of energies inside
and between both sectors is that of SR, and Eq. (34) is also
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satisfied with the particular choice y{” = (y¢ + y%)/2 and
52 = (v4 + v5)/2. We note also that Ref. [5] did not make
any distinction between the composition (p @ k); and
(k@ p);; that is, it implicitly assumed that yib = yha
(which, as we remarked above, is an arbitrary choice).

Reference [5] also gives appropriate transformation laws
for this example. For the first type (“p type”) of particles,
the generators of boosts act as [considering the simpler
(1 4+ 1)-dimensional case]

[N} Po] = P1 = €Pop1,
p]> Po 1 2 1 2 (44)
[N[p],lh] = po+¢p;+Cpy,
while for the second type (“k type”) of particles, boosts act
trivially,

[N ko] = ki, [N kil = ko- (45)

In our language [see Eqgs. (3) and (4)],

) =1,

B =1=2=0 (46)
1=hH=45=Y
Since the nontrivial composition of momenta of p particles
is commutative, Ref. [5] shows that the conservation law
p @, p' =0 has covariance ensured by the total-boost
action

Nipg,p = Nip) + Nip, (47)

which means that k¢ =pf¢ =yl = yR¢ = 0. Indeed,
Eqgs. (32) are satisfied for the particle sector (a).

Finally, the previous work finds that also the “mixed”
composition law p @ k is compatible with a standard total-
boost action

Npgn = Nip) + Ny (48)
so that all the coefficients /"%
Egs. (35)—(37) are also satisfied.

Reference [5] also checked that the “trivalent processes”
(following its language), which involve the composition of
three momenta are covariant (the conservation laws are
consistent with the RP). In fact, according to our analysis,

this is automatic once relations Eq. (18), (33), and (34) are
satisfied.

are zero, and we see that

2. A (x-Poincaré-inspired) more general scenario

A less simple example is one in which none of the two
sectors obey the standard kinematics of SR, and the com-
position of momenta is not commutative. Reference [5]
examines this situation in a k-Poincaré-inspired scenario, in

PHYSICAL REVIEW D 91, 085036 (2015)

which both types of particles are governed by a x-Poincaré-
inspired DSR deformation of Lorentz symmetry but with
different deformation scales # and A°:

2:

m* = pg — p; +£pop3, W = ko — ki + akoks, (49)

(P @ P)o=protpy (k@& K)g=ko+ky (50)

(p®, P');=p;+p;+Zpop}
(k @, K); = kj + K, + 2ok (51)

This “x-Poincaré scenario” is of interest from the point of
view of DSR and also in recent studies in the context of
“relative-locality momentum spaces” [11,12].

Translating the scenario into our notation convention and
introducing a new constant p such that £ = 1/A, A =p/A
(that is, by definition, p = 1/¢), we have that in this case,

ag:}/‘ll:l’ aé’:}/l]’:p7

(52)

One can check that Eq. (18) is satisfied for both particle
sectors.

Reference [5] shows that a consistent way to compose
momenta of different types of particles is

4+
kK, =p:+k +—"pok;,
(pe9 )./ p]+ j+ 2 Po j (53)
(P ® k)g = po + ko.
This corresponds to
a a a 1+p a a
pib = pab =0, P b=y =0
2
(54)

so that once again ¥’ = (y¢+y%)/2, and, indeed,
Egs. (33) and (34) are satisfied.

Reference [5] also gives consistent relativistic laws of
action of boosts:

®As a matter of fact, Ref. [5] analyzes also a simpler example in
which only one of the particle types has this k-Poincaré-inspired
DSR deformation of Lorentz symmetry, while the other follows
SR. In this scenario, it explores a situation which is not included
in the present study: the case in which p @ k is not k when
p — 0. This violates our Eq. (7), and, as Ref. [5] explains, it is a
feature that may be “plausible but surprising.” Our general
analysis excluded this situation for simplicity, but, in any case,
as Ref. [5] also notes, this feature is not a general aspect of mixing
composition laws that can be adopted in this particular example,
and, in fact, one can adopt others inside the general framework
considered here.
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4
INpj» P1] = po + 2§ +§P%,
A
[N[k]’kl]:k()‘i‘fk%*'ik% (55)

[N(p)» Po] = P1>

[Ny ko] = ki.
in the one-particle sectors and

Nip@.p) = Nip) + Nip) + €PNy,
N[k@ikl] - N[k] + N[k/] + /Ik()N[kl] N

£+
Nipey = Njp) + Ny + PoN |y (56)

in the two-particle sectors. This corresponds to

24 =2 =0, A4 =1, 5 =p,
1 P
== 2= -5
(57)
nlra — ’,]éb — l,IIZQa — 1,]12% — nlrab — néab — ’7§ab — 0’
I+p
me=1 n’=p.  pf=—= (58)

2

[it is assumed again that the coefficients (ba) are equal to
the (ab)], and one can check that this choice indeed
satisfies Eqgs. (32) and (35)—(37).

In summary, previous examples of nonuniversal kin-
ematics are particular (and rather simple) choices of the
generic coefficients presented here, and the long calcula-
tions to show their consistency with a relativistic theory,
together with the extraction of the appropriate action of
boosts become a trivial check of the consistency formulas
presented in this work.

III. PHYSICAL PROCESSES

In the rest of the paper we will apply the obtained
conditions that the RP imposes in nonuniversal kinematics
to specific physical situations, such as the generation of
thresholds in particle decays and the ultrarelativistic limit of
scattering processes with two-body final states. We will see
that the presence of a RP has consequences for the modified
kinematics in both cases which are qualitatively different
from those in the Lorentz violation case. We will then
consider a simple but interesting physical process: the
elastic scattering of two particles in a BRK scenario in
which one of the particles obeys SR kinematics, while the
other has a modified kinematics. A particular example of
this process was considered in Ref. [5] in relation to a
possible solution of the soccer-ball problem. We will
reexamine the conclusions and conjectures presented there
in light of the general results of the present work.

PHYSICAL REVIEW D 91, 085036 (2015)
A. Thresholds in two-body particle decays

The simplest physical process one can study is the decay
of a particle A into two other particles C and D,
A — C+ D. In general, a modified kinematics may pro-
duce thresholds so that a decay which is kinematically
allowed (forbidden) in SR can become forbidden (allowed)
at a certain energy. This is not surprising, since the balance
between energy and momentum changes when there are
modified dispersion relations and/or conservation laws.
However, if the new kinematics is consistent with a
relativity principle, then it cannot produce thresholds in
a particle decay, since two observers could disagree on
whether the energy of the decaying particle is above or
below the threshold, giving different physical predictions.
This should be explicitly seen when the modified kinemat-
ics satisfies the consistency equations derived in this work.
We will now show that this is indeed the case.

Let us consider the kinematics of the decay A — C + D,
where A is a particle of type (a) with four-momentum k, C
is a particle of type (c) with four-momentum p, and D is a
particle of type (d) with momentum ¢. The conservation
law of this’ process is

kop®q=0, (59)

where k is the antipode of k, that is, the four-vector that
satisfies k bk=kD k = 0. This modified kinematics
was studied in general in Ref. [13]. Using the conservation
law to express the four-momentum k as a function of p, ¢
and the dispersion relations of C and D to express the zero
component of the four-momentum p, g as a function of the
modulus of the corresponding p and g vectors, one gets a
relation between these vectors as a consequence of the
dispersion relation of particle A. This equation was derived
in Ref. [13], giving

2E,E,~ 25 G-+ md = 0y (60)

where O5 contains all the terms which are proportional to
1/A coming from the modified kinematics, m,, m,, and m,
are, respectively, the masses of particles A, C, and D
appearing in their respective modified dispersion relations
[the variable m appearing in Eq. (1)], and we have defined

the variables
E,=\/p*+m2, E,=\/¢*+mJ  (61)

Equation (15) of Ref. [13] contains the expression of O3
that we reproduce here,

In fact, it turns out that this is only one of the 12 different
conservation laws that are possible for this process. They
correspond to different reordering of momenta and the use of
antipodes for the incoming or outgoing particles. For a complete
discussion on this issue, see Ref. [13].
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E,+E RN

0y = =1L (0 + ) + (o + o) + (& -+ a8)(E, + E, + 208 + B3 =71 = 14)(E, + EE,
Em?
2P Y = = Ay EE, =28+ 55— =50 Ey Y + O (1), (62
|
where in the last term E stands for E, or E,, and m? E}
p P Lt 2 o~ (2 AV1/3

represents a squared mass or a combination of squared A" = En~ (m°A)7. (69)

masses so that this term represents, in fact, a sum of terms
which are subdominant with respect to those which are
explicitly written in the previous expression in the ultra-
relativistic limit £2 3> m2, E2 > m2. On the other hand,
¢, &4 are the coefficients in the MDR of , the antipode of

the momentum of the decaying particle. It can be easily
shown [see Egs. (16)—(18) of Ref. [13]] that

o =—af =201, & =-05-2(p5-ri—r3). (63)

It is convenient to rewrite the expression of O3 in the
form

E,+E X
0; = %[éac(];p + Eq)Ep
E 2
+ 8By + EE, - €E,E) + O ) (64
with

£ = (B + I = i = 7) + (& + &) + (o + ),
(65)

g =2(B1 + B3 = v =3 + (@] + @) + (of + af),
(66)

&= 2B + B! =i = 73") + (f + a5) + (o + o).
(67)

The modifications in the kinematics are important when
the right-hand side of Eq. (60) is of the order of the left-
hand side of that equation, that is, when O3 ~ m?. Tt is then
immediate to note that subdominant terms are not useful to
predict an energy threshold since this would mean

E 2
S0 m? = Eg o~ A, (68)

but all of our formalism is valid as long as E < A.
Therefore, in case there was a threshold, it should come
from the dominant terms, which are cubic in energies, so
that

However, when the golden rules (18) are combined with
Eq. (63), one finds that
af =ai ==, aG=a=yi+r;-p (70)
so that the antipode of a momentum satisfies the same
MDR as the momentum as a consequence of the RP, and
the three coefficients £%¢, £2¢, £¢ are zero as a consequence
of the relations (18), (20), and (21) for the parameters of the
MCL implied by the RP. Then, all the dominant terms in
Eq. (64) disappear in the case of a modified kinematics
compatible with the RP.
As a conclusion, our formalism correctly predicts the
absence of thresholds in particle decays when a relativity
principle is present. For an analysis in the case of a

kinematics without such a restriction, the reader is referred
to Ref. [13].

B. Ultrarelativisic limit of two-body final state
scattering processes

Another common physical process is 2 — 2 scattering,
the collision of a particle A [of type (a)] with four-
momentum k with a particle B [of type (b)] with
four-momentum [, giving a particle C [of type (c¢)] with
four-momentum p together with a particle D [of type
(d)] with four-momentum ¢, that is, the process
A+B - C+D.

In this case, the conservation law is®

kelop®q=0, (71)

where k (1) is the antipode of the four-momentum k (/).
Proceeding as in the case of the decay, one can use the
previous conservation law to express the four-momentum k

in terms of the momenta 7 p, and Z] (the zero component of
[, p, g is written as a function of the corresponding vector
by making use of the dispersion relation of each particle),
and then the dispersion relation of particle A leads to an

equation for the three momenta 7 p, and é The result can
be expressed in the form

Once again (see the previous footnote), this is only one of 48
possible conservation laws for this process.
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2(Equ - ]3 : é) - 2(E1Ep =1 i)) - Z(ElEq -1 5)
+ m3 + m?+ m3 —mk = 0y, (72)

where again the m,’s are the masses that appear in the
dispersion relation of the particles, E; = I+ mi s
added to the definitions given in Eq. (61), and all the
corrections to the kinematics of this process in SR are
contained in Oy4, which is proportional to 1/A (at the order
we are working throughout this work). After a long
calculation, the result for O, is

(E + FE _El) e
04:%[5 (Ep+Eq_El)Ep

+ é:ad(Ep + Eq - El)Eq - éab(Ep + Eq - EI)EI

Em?
— deEqu +§bcElEp +§delEq] + O(T)’

(73)

where, together with £, % g4 defined in Eq. (67),
one has

£ = 2B + B3 — i — ") + (af + &) + (af + &5),
(

As a consistency check, one can note that Eq. (64) can be
obtained from Eq. (73) by taking E;, = 0.

Once again, we see that all terms which are dominant in
the ultrarelativistic limit in Eq. (73) (which are, of course,
of order E*/A) contain combinations of parameters that are
zero in the case of a kinematics compatible with a relativity
principle. This confirms the suppression observed in
(universal) DSR theories with respect to kinematic conse-
quences of a Lorentz violation [14] and extends it to the
nonuniversal case.

We also note that the expression Eq. (73), here obtained
for the first time, can be very useful in future
|

PHYSICAL REVIEW D 91, 085036 (2015)

phenomenological studies in the case of Lorentz violation
(without a relativity between observers).

C. Example of a process with a bipartite
relativistic kinematics

Beyond the vanishing of the dominant terms in the
ultrarelativistic limit as shown in the previous subsections,
the study of the implications of a nonuniversal departure
from SR kinematics compatible with the RP requires a
case-by-case analysis of the correction to the corresponding
kinematic equation. We will restrict ourselves to the simple
example of the elastic scattering A(k) + B(l) - A(p) +
B(g) in which B is a particle of type b, which satisfies the
SR kinematics

O ) ()

and A is a particle of type a, with a kinematics with
parameters «;, f3;, y; in the modified dispersion relation and
composition laws. We will also consider the simplest
choice compatible with the RP for the parameters in the
modified composition law between momenta of particles of
the types a and b,

_bi
27

ab ba Vi
W = 2t = 78
yl yl 2 ( )

peb = pa

1 1
Since there is a relativity principle, we can analyze the

process in the system of reference in which particle B is at

rest, [, = (M, 6) Then, Eq. (72) reduces to
2(E,E,—p-q)—2M(E, + E,) +2M* = 04, (79)

and O, can be computed taking into account the con-
servation law (71), together with the modified composition
laws and dispersion relations of particles A and B. A long
calculation gives the result

) B 2 S
04=——1{Mp~(p+Q)+—A1qu-(p+Q)
Y2 > > > 71+72 5 o
+BEp-(+ )+ M- E,~E)p 4.

(80)

Equation (79) can then be rewritten in the following form:

. Vo=Vl wre o oo ¥ I
—2M(E, = M) =2p - §+2E,(E, = M) === Mp - (p+§) + 5 (E, = M)p - (P + )
14 D e S Y1t+7 N
+ R Ed (P +3) — T (B =M+ E)p g (81)

085036-10



NONUNIVERSAL RELATIVISTIC KINEMATICS

Reference [5] considered this example of elastic scatter-
ing in connection with the soccer-ball problem, or the fact
that a modified kinematics at a microscopic level should not
translate into large corrections for macroscopic physics,
which we certainly do not observe. The idea of Ref. [5] was
that nonuniversality can implement a distinction between
the kinematics of microscopic and macroscopic objects, so
that macroscopic objects obey the kinematics of SR, while
microscopic particles may have a modified kinematics.
According to Ref. [5], this would solve the soccer-ball
problem if in the scattering of a microscopic particle with a
macroscopic object there were not any pathological cor-
rections of the form M /A, which would be huge if M were,
for example, a soccer ball.

In a particular choice of modified relativistic kinematics,
Ref. [5] showed indeed the absence of such pathological
terms and conjectured about the possibility that this was a
generic result. To see whether it holds in our more general
framework, let us take M sufficiently large in Eq. (81) so
that we can take E, < M, (Eq — M) < M in the terms
which are proportional to 1/A; then the equation of the
process is

—-2M(E,—M)—-2p-q+2E,(E,— M)
~ B2 TMp- (5 +9). (82)
Therefore, the correction owing to the modification in the
kinematics of the microscopic particle is of order (M/A),
where M is the mass of the macroscopic object, instead of
the naive correction of order (E,/A), and against the
suggestions of Ref. [5].

One can trace out which is the difference between the
previous work and ours. In Ref. [5], it is used a particular
conservation law, which is not equivalent to (71) but to the
conservation law

kep®i®q=0. (83)

This, in fact, corresponds to a different channel of the
process (we are using here the terminology of Ref. [13]),
that is, another possible conservation law (see footnote 7),
which has the peculiarity that the momenta corresponding
to the same kind of particle are adjoining. It turns out that
this fact makes the pathological term absent. Indeed, one
can compute the equation of the process for this conserva-
tion law, which takes the form

—2M(E, — M) =2p -4+ 2E,(E, — M)

Y1y oy V2,2 = 7 -
= N E RBP4 (B = M)

Y .-

—Xl(Eq—M)p-q, (84)

and indeed in this case the correction of order (M/A)
is gone.

PHYSICAL REVIEW D 91, 085036 (2015)

If one interprets the presence of a pathological term of
order (M/A) as an inconsistency of the nonuniversal
kinematics with the well-known macroscopic physics (as
Ref. [5] did), then this result indicates that not all the
different channels (the nonequivalent conservation laws
corresponding to a different order of the momenta) are
equally possible. This reasoning would lead us to consider
only those conservation laws in which the momenta
corresponding to particles of the same type are composed
together and reject all the other possible combinations. This
is rather noticeable: formal considerations would allow us
to obtain some dynamical conclusions, even without any
dynamical framework at our disposal.

However, we should be cautious and regard this as an
open problem. It is not clear whether one can treat an elastic
scattering between a microscopic particle and a macro-
scopic object in the same way as a scattering between
microscopic particles, and, in fact, this problem is related to
how the kinematics of composed systems depends on the
kinematics of the components in a framework beyond
special relativity, which is another way of stating the
soccer-ball problem. A complete resolution of these issues
might have as a bonus the possibility to amplify and observe
certain effects of the modified kinematics in macroscopic
systems (for other attempts to observe quantum-gravity
effects in macroscopic systems, see, e.g., [15,16]).

IV. CONCLUSIONS

In a kinematics beyond special relativity, the RP imposes
consistency conditions between the modified dispersion
relation, the modified composition law, and the generalized
Lorentz boosts. We have extended a previous work show-
ing these conditions for a universal kinematics to the case
of a nonuniversal kinematics. The conditions presented
here are a powerful tool in the exploration of nonuniversal
kinematics consistent with a RP, since long calculations to
show this consistency and to get the appropriate actions of
boosts, such that those presented in Ref. [5], become a
trivial check of the consistency formulas presented here.

We have shown that the common lore stating that the
presence of a RP suppresses the consequences of a
modified kinematics with respect to the case of Lorentz
violation is a valid conclusion also in the nonuniversal case,
by seeing explicitly that the dominant terms in the modified
part of the equation that describes the kinematics of a2 — 2
process are zero in the relativistic case. This argument can
be easily extended to more general processes.

Nonuniversal kinematics consistent with a RP could be
of great, even fundamental, importance if special relativity
were to be modified by quantum-gravity effects in such a
way that there is no preferred reference system, as it
happened with the transition of Galilean to special-
relativistic kinematics. There is no reason why these effects
should be universal, and, in fact, nonuniversality could be
the key to solve the soccer-ball problem, or, more generally,
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how kinematic corrections to elementary particles translate
to composed systems.

We have considered the simplest type of nonuniversality,
that of a bipartite relativistic kinematics, and we have seen
how previous examples of nonuniversality in the literature
are, in fact, specific examples of it.

We have analyzed the particular case of an elastic
scattering between two particles which obey, respectively,
the kinematics of SR and a modified kinematics and
have shown that it could be relevant in the resolution of
the soccer-ball problem and the possibility to amplify
effects of the modified kinematics by using macroscopic
systems.

In a different line of thought, and forgetting for the
moment about quantum-gravity effects, a possible appli-
cation of a bipartite relativistic kinematics could be a
situation where the known particles obey the kinematics
of special relativity, but there is an unknown, not yet

PHYSICAL REVIEW D 91, 085036 (2015)

discovered, dark sector, whose kinematics is different from
that of special relativity. If these were the case, experiments
trying to detect this sector (dark matter experiments, axion,
or WISPs searches) could miss some fundamental clue.
Though we acknowledge that this is a very speculative
scenario, it could be an interesting line of research for
future work.
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