Journal of Functional Analysis 271 (2016) 3269-3299

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Functional Analysis

www.elsevier.com/locate/jfa

Rogers—Shephard inequality for log-concave @ CrossMatk
functions

David Alonso-Gutiérrez *, Bernardo Gonzélez Merino ",

C. Hugo Jiménez©, Rafael Villa“

& Universidad de Zaragoza, Spain

P Technische Universitit Miinchen, Germany

¢ Pontificia Universidade Catdlica do Rio de Janeiro, Brazil
4 Universidad de Sevilla, Spain

ARTICLE INFO ABSTRACT
Article history: In this paper we prove different functional inequalities ex-
Received 25 June 2015 tending the classical Rogers—Shephard inequalities for convex

Accepted 4 September 2016
Available online 12 September 2016
Communicated by G. Schechtman

bodies. The original inequalities provide an optimal relation
between the volume of a convex body and the volume of sev-
eral symmetrizations of the body, such as, its difference body.

MSC: We characterize the equality cases in all these inequalities.

primary 52A20 Our method is based on the extension of the notion of a con-

secondary 39B62, 46N10 volution body of two convex sets to any pair of log-concave
functions and the study of some geometrical properties of

Keywords: these new sets.

Rogers—Shephard inequality © 2016 Elsevier Inc. All rights reserved.

Log-concave functions
Convolution body
Geometric inequalities

* Corresponding author.
E-mail addresses: alonsod@unizar.es (D. Alonso-Gutiérrez), bg.merino@tum.de (B. Gonzalez Merino),
hugojimenez@Qmat.puc-rio.br (C.H. Jiménez), villaQus.es (R. Villa).

http://dx.doi.org/10.1016/j.jfa.2016.09.005
0022-1236/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jfa.2016.09.005
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jfa
mailto:alonsod@unizar.es
mailto:bg.merino@tum.de
mailto:hugojimenez@mat.puc-rio.br
mailto:villa@us.es
http://dx.doi.org/10.1016/j.jfa.2016.09.005
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jfa.2016.09.005&domain=pdf

3270 D. Alonso-Gutiérrez et al. / Journal of Functional Analysis 271 (2016) 3269-3299
1. Introduction
A measure p on R"™ is log-concave if for any measurable sets A, B C R" and 0 < A < 1,
pOAA+ (1= N)B) > u(A) u(B)

whenever A, B C R" and AA + (1 — A\)B are measurable, where A+ B={a+b:a €
A,b € B} is the Minkowski sum.

Log-concave measures naturally appear in Convex Geometry, since the Brunn
Minkowski inequality establishes the log-concavity of the Lebesgue measure restricted to
convex sets, and of the marginal sections of convex sets.

A function f : R™ — [0, +00) is log-concave if f(x) = e~*(*) for some convex function
u: R" — (—o00,00|]. As was shown in [16], a measure p on R™ with full-dimensional
support is log-concave if and only if it has a log-concave density with respect to the
Lebesgue measure.

The class of log-concave functions has proven to be of great importance in several areas
or mathematics. From a functional point of view it has been shown they resemble Gaus-
sian functions in many different ways. Many functional inequalities satisfied by Gaussian
functions, like Poincaré and Log-Sobolev inequalities, also hold in a more general sub-
class of log-concave functions [8,9,12]. They also appear in areas as Information Theory,
in the study of some important parameters, such as the classical entropy [14]. There are
many examples in the literature of functional inequalities with a geometric counterpart;
Prekopa—Leindler/Brunn—Minkowski [27] and Sobolev/Petty projection [34] inequalities
are two of the main examples. This has generated an increasing interest to extend several
important parameters of convex bodies to functional parameters [5,6,10,12,19,22 24] in
the class of log-concave functions.

The class of log-concave functions is often regarded as the natural extension of con-
vex bodies, taking into account that the characteristic function of a convex body is a
log-concave function and that this is the smallest closed under limits class of functions
that contains the densities of n-dimensional marginals of uniform probabilities on convex
bodies of higher dimension (we refer to the next section for precise definitions).

In this work we extend Rogers—Shephard inequality [28,29] to the class of log-concave
functions (Theorems 2.1 and 2.3), characterizing the equality cases as well. We provide
other functional versions of inequalities around Rogers—Shephard’s with their respective
characterization of equality cases. While the Brunn—Minkowski inequality is commonly
seen as the backbone of modern Convex Geometry, Rogers—Shephard inequality can be
considered as a reverse form of Brunn—Minkowski inequality that not only describes a
relation between Minkowski addition and volume, but also deals with yet another fun-
damental property in convexity: symmetry. The far reaching influence of this inequality
becomes evident as it can be found as an ingredient not only in many important works
in classical and asymptotic convex geometry [11,23,21,26] but also in many others with a
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more analytical flavor [31,7,33,25] and its extension to a functional setting as well as for
the entropy of convex measures has already been considered for instance in [17] or [15].
The paper is organized as follows: In Section 2 we provide the notation used in the rest
of the paper and some previous results and state the precise results we are going to prove.
In Section 3 we introduce the (6, t)-convolution bodies of log-concave functions and prove
the extension of Rogers—Shephard inequalities (8) and (9). In Section 4 we introduce the
more general concept of k-th (6, t)-convolution bodies and prove a Rogers—Shephard type
inequality (10) for surface area. When particularizing to k = n we obtain the previously
introduced (@, t)-convolution bodies. In Section 5 we characterize the equality cases in
these inequalities. Finally, in Section 6, we revisit another result around Rogers—Shephard
inequality [17] by giving an extended version for two different functions. Thus, we extend
inequality (7) for any two log-concave functions and characterize the equality cases. Since
this inequality will strengthen another well known Rogers—Shephard inequality (4) we
will make use of these new tools to characterize the equality cases in inequality (4).

2. Notation and previous results

The notation used in this paper is quite standard in modern convex geometry and
consistent with for example [32] and [20]. A convex body is a subset of R™ that is convex,
compact and has non-empty interior. It is said to be centrally symmetric if for any z € K
we have that also —x € K. When studying geometric properties of a convex body K it
is usually very convenient to construct another convex body from K which is centrally
symmetric. There are many ways to construct such a symmetrization. One of them is
the so called difference body of K, which is the Minkowski sum of K and —K. Let us
recall that the Minkowski sum of two convex bodies K and L is defined as

K+L={z+yeR":zecK,yelL}

={xeR": KNn(z—L)#0}

Brunn-Minkowski inequality (see, for instance, [4] for several proofs and character-
ization of the equality cases) gives the following lower bound for the volume of the
Minkowski sum of any two convex bodies K, L C R™:

K+ L|% > |K|* +|L|7.

As a consequence of Brunn—-Minkowski inequality the following relation between the
volume of the difference body K — K and the volume of K is always true

K — K| > 2"|K]|,

with equality if and only if K is symmetric. In [28] Rogers and Shephard proved a
reverse inequality. Namely, Rogers—Shephard inequality states that for any convex body
K C R", we have
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-k < (2)1xl, (1)

with equality if and only if K is a simplex. This inequality was extended to any pair of
convex bodies K, L C R™ in [29], showing that

2
o K0 oo~ DK+ 21 < (7)1 @)
zoER™ n
with equality if and only if K = —L is a simplex (see [2] for the characterization of

equality).

In the same paper [29] the authors also considered different types of symmetrization
of a convex body K and proved volume inequalities for them. In particular it was shown
that for any convex body K C R"™ containing 0, the volume of the convex hull of K and
— K verifies

|conv{K,—K}| < 2"|K] (3)

with equality if and only if K is a simplex and 0 is one of its vertices. In the same paper
the authors remarked that, with a similar proof, the latter inequality can be extended
to the following inequality for any two bodies K and L containing the origin

|K N Ljjeonv{K, ~L}| < 2"[K]|L| (4)

and they suggested that it is likely that equality is attained if and only if K = L is a
simplex and 0 is one of its vertices.

Very recently, in [2], the volume of the #-convolution bodies K +¢ L was studied,
where

K—i—eL:{xeK—l—L:|Kﬂ(:1c—L)\Zem%X\Kﬁ(z—L)\}. (5)
zeR™

As a consequence of the volume inequalities obtained for convolution bodies, inequality
(2) was recovered and the equality cases were characterized.

In [1], similar inclusion relations and volume inequalities were obtained for the
h, 8-convolution bodies of K and L, defined as

K+pgL={xe K+L: h(Kﬂ(Jc—L))2912%§h(Kﬂ(z—L))},

where h is a function satisfying some properties. As a particular case we have the k-th
f-convolution bodies of two convex bodies, defined as

K+4roL={zecK+L: W, x(KNn(x—-L)) > Gné%% Wh_r(KN(z—L))},
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where W,,_, denotes the (n — k)-th quermaflintegral of a convex body which, by Kub-
ota’s formula (cf. [32, p. 295]), can be expressed as an average of the volumes of the
k-dimensional projections of K

Wy () = 'ék | 1ot aue).
Gn,k

(Gy i denotes the set of k-dimensional linear subspaces, du is the Haar probability mea-
sure on G, and Pg(K) is the projection of K on a subspace E.) As a consequence
of these volume inequalities the following Rogers—Shephard type inequality for any two
convex bodies K, L C R", which involves the surface area of K and L, is obtained

2n |K||OL| + |L||0K]|
K+ L < , 6
| | (n)QmaxxoeRn |O(K N (xo — L))] (©)
where |0K]| is the surface area of K. Notice that when L = — K we recover inequality (1).

Let us recall that, up to a constant which depends only on the dimension n, the surface
area of a convex body K equals the quermafintegral W1 (K).

Inequality (3) was extended to the context of log-concave functions in [17], where the
author proved that for any log-concave function f, if its difference function is defined by

Af(z) =Sup{ f@)f(—=y) : z,y eR" :22=x+y},

then

/Af(x)d:c < 2"/f(:£)dx. (7)
R» R™

Taking f(z) = e "#° @) with hyo(z) = maxXye ko (2, y) the support function of the polar
set of a convex body K containing the origin, inequality (3) is recovered. This inequality
was also extended in [3].

In this paper we extend inequalities (1), (2) and (6) to log-concave functions. Before
we state our results we need to introduce some more notation.

Given f, g two log-concave functions, their convolution defined by

frgla) = / F(2)gla — 2)dz

Rn

is also a log-concave function in R™. If f(x) = xx(x) and g(z) = x1(x) are the charac-
teristic functions of two convex bodies, then f * g(z) = |K N (z — L)]|.
The Asplund product of two log-concave functions is defined by

[xg(x) = sup f(z)g(z — 2).
zER™
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If f(z) = xk(z) and g(x) = xr(x), then f % g(x) = xk+r(x). This operation is the
natural extension of the Minkowski sum of convex bodies, as it has been shown when
extending geometric inequalities to the context of general log-concave functions (see for
instance [5]).

Remark 1. Notice that if both f and g are integrable and continuous when restricted to
their supports then this supremum is a maximum since, in such case, if fx g(z) = 0,
then for any 2z € R™ we have that f(z)g(x — z) = 0 and if fxg(x) > 0, then there exists
a t > 0 such that the set

A(z) == {z €supp f N (z —supp g) : f(2)g(x — 2) > t]|fllollglloc}

is not empty. Since f and ¢ are integrable log-concave functions this set is convex and
bounded. Thus, its closure is a compact convex set. Since both f and g are continuous
when restricted to their supports and

frglx)=sup f(z)g(x —2)= sup [f(z)g(x—2)
z€ER™ z€cl(Ai(x))

the function f(z)g(xz — 2) is continuous on the compact set A;(z) and the maximum is
attained.

With this notation, we prove the following extension of inequality (2).
Theorem 2.1. Let f,g : R — R be two integrable log-concave functions with full-

dimensional support such that f and g are continuous when restricted to their supports.
Then

I 5ale [ £ro@ie < () iflelale [ Sl [oorie.

n

Furthermore, this inequality becomes an equality if and only if HJ}(IT) = 9C2) e the

- llglle
characteristic function of an n-dimensional simplex.

In case we consider g(x) = f(—x) the latter inequality can be improved to the following
extension of inequality (1):

Theorem 2.2. Let f be a log-concave function with full-dimensional support and contin-
uous when restricted to it and let f(x) = f(—x). Then

- 2n
/ fx Fla)de < (n)uﬂwR[ f(w)da. )
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Furthermore, this inequality becomes an equality if and only if W is the characteristic
function of an n-dimensional simplex.

Let us mention that the previous inequality was first obtained by Colesanti [17, The-
orem 4.3] where the author proves it in the quasi-concave case without characterizing
the equality case.

The fact that inequality (9) is an improvement of inequality (8) follows from Young’s
inequality || f * flloo < [lfll1llf o

The notion of quermafiintegrals has also been extended from convex bodies to the
setting of log-concave functions. In [18,22,30], the case of the perimeter and the mean
width is considered while, in [13], a different definition is given for all the quermaflin-
tegrals. We will work with the definition in the latter paper, where, in particular, the
quermafintegral Wy (surface area) of a log-concave function is defined by

) :/Wl({xeR" : f(z) > t})dt
0
By Crofton’s formula (cf. [32, p. 235]), this equals

o | gt

z€E

where ¢, = | ]‘3,12 |1‘ is a constant depending only on n and A, ; is the set of affine

1-dimensional subspaces of R™ and 1 is the Haar probability measure on it.

Theorem 2.3. Let f,g : R™ — R be two integrable log-concave functions with full-
dimensional support and continuous when restricted to their supports. Then

% g(x)dx 2n 9) Jan f(x)dr +Wi(f) [pn g(z)dz
/ fxg(a)d g(n)nfnoongnoo e e O o)

Furthermore, when n > 3 this inequality becomes an equality if and only if HJ}(IT =
is the characteristic function of an n-dimensional simplex.

Finally, we will prove the following extension of (7). Before stating it let us start with
the following definition:

Definition 2.1. Let f, g : R™ — R be two integrable log-concave functions. Define

fogz):= sup /f(x)gly) =/ f*g(22).

2z=x+y
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Following the proof given in [17] of inequality (7), we can show the following result.
The inequality in the result was also obtained in [3] in the more general case where
z = Ax + (1 — Ay and not just A = % However, equality cases need a more detailed
argument.

Theorem 2.4. Let f,g : R — R be two integrable log-concave functions with full-
dimensional supports and continuous when restricted to them. Then

/\/de/f@g(m)dx < 2"/f(m)dx/g(x)dx. (11)

Equality holds if and only if the following two conditions are satisfied:

(i) supp f = supp g is a translation of a cone C with vertex at 0 with simplicial section,
and

(ii) f(z) = cre={%*) on supp f and g( ) = coe =) on supp g for some ci,cy > 0 and

some a,b € R"™ such that {a,z) >0 > ( > for every x € C.

3. (6, t)-convolution bodies of log-concave functions and Rogers—Shephard inequalities

In this section we prove the aforementioned extensions of Rogers—Shephard inequal-
ity to log-concave functions. In order to prove them we need to introduce some more
notation. Given f, g two integrable log-concave functions with full-dimensional support,
x € supp f + supp g and t € (0,1], let us recall that we denote

Ai(z) = Ai(f, 9)(x) := {z € supp f N (z —supp g) : f(2)g(z — 2) = ]| fllscllglloc}-
Since f and g are integrable log-concave functions, A;(z) is a bounded convex set.

Definition 3.1. Let f,¢g : R® — R be two integrable log-concave functions with full-
dimensional support, ¢ € (0,1], 8 € [0,1]. We define the (0, t)-convolution set of f and g
as the set

Co.t = Cou(f,9) :=={x €supp f+supp g : Ai(x) #0, |A(z)| > 6M,}
where

My = Mi(f,9) = max | A (o).

To€Esupp f+supp g

Remark. When f(z) = xx(z) and g(z) = xr(x) are the characteristic functions of two
convex bodies K and L, the sets Ai(x) = K N (z — L) for any t € (0,1] and we recover
the definition of the f-convolution bodies K +¢ L in [2].
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It is obvious from the definition that for any fixed ¢, the sets Cy + decrease on . The
following lemma implies the convexity of these sets and gives a reverse (increasing on 6)
inclusion relation when normalized by the right factor, as shows Corollary 3.2.

Lemma 3.1. Let t € (0,1], f,g : R® — R be two integrable log-concave functions with
full-dimensional support such that My = |A;(0)|, 01,02, A1, A2 € [0,1] with A1 + Ay < 1.
Then

A1Coy .t + A2Coy t C Co o,
with 1 — 6% = A1 (1— 67) + Ao(1 — 65 ).

Proof. Let z1 € Cy, ¢+, 2 € Cy, . For any zp € Ay(0), 21 € Ai(x1), 22 € Ai(z2), the
log-concavity of f and g implies

f((l — A1 — A2)z0 + A121 + Aaze)g( Ay + dexy — (1 — Ay — /\2)20 — A1z — A222)
> (f(20)9(=20)) "7 (f(z1)g(x1 — 20) M (f(22)g(22 — 22))* =t f]|oolgloo-

Thus,
Ai(A1z1 + Aawa) 2 (1= A1 — A2) Ai(0) + At Ai(21) + Ao Ai(22)
and, by Brunn—Minkowski inequality
| A (Arzy + )\21’2)\% >
(1= 21 = 2) LA O + Arde(n)|F + Aofde(a)| >
(1= A1 = M) My + MO7 My + by My =
1 1 1
(1 — )\1(1 — 91") — )\2(1 — 9§>)Mt"

Consequently, A\z1 + Aaxa € Co . O

In particular, taking 6; = 0 and A\; + A2 = 1 we obtain that these sets Cg + are convex.
Besides

Corollary 3.2. Let t € (0,1], f,g : R™ — R be two integrable log-concave functions with
full-dimensional support such that My = |A,(0)], 0 <6y <6 < 1. Then

Ceo,t C CG,t

1 = 1
1_06L 1—6n»
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Proof. Taking 6; = 63 = 6 in the previous lemma, we have that for any A1, Ay € [0, 1]
with A\{ + X2 <1

(M +2A2)Coyt = AiCoy.t + X2Coyt C Cot,

with (A1 + A2)(1 — 65 ) = 1 — @=. Thus, for any 8y < 0 < 1, taking A\ + Ay = =2

obtain the result. O
In a similar way we can prove the following:

Lemma 3.3. Let f,g : R® — R be two integrable log-concave functions with full-dimen-
sional support. Then for any t1,ts € (0,1] and any X € [0,1] we have

1 1 1
M7, =AM+ (1= A)M

-
it

Consequently, M is continuous on (0,1).

Proof. Let x1, x5 be such that My, = | Ay, (z;)] for i = 1,2. Since f and g are log-concave
we have that for any 21 € Ay, (71), 22 € Ag,(z2) and any A €, 0, 1]

fz1 4+ (1 = Nz2)g(Azr + (1 — Nz — (Az1 + (1 — X)22))
> (f(21)g(z1 — 20))M(f(22)g (w2 — 22))

> 11t flloollglloc-
Thus,
App-r(ar + (1= N)z2) 2 My, (21) + (1= A Ay, (2).
By Brunn—Minkowski inequality

" 1 1 1
Mt?t;k > “Atft;**owl + (1= XNag)|™ > AM;” + (1 =AM, .

1
Consequently, the function f(s) = M. is concave in (—o0,0] and then it is continuous

on (—o0,0). Thus, M; = f™(logt) is continuous on (0,1). O
Let us now prove inequality (8).

Proof of Theorem 2.1 (inequality). We can assume, without loss of generality, that
[lfllcc = llgllcc = 1. By definition of Cp+, we have that for any ¢ € (0,1]

Co,t = {x € suppf + suppg : Ai(z) # 0}

= {z € suppf +suppg : frg(x) >t}.
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For any ¢ € (0,1], let xo(t) € R™ be such that M; = |A;(zo)|. By Corollary 3.2 with
6o = 0 and g replaced by g(- + x¢), for any 6 € [0, 1]

(1—60%)(—20(t) + Cos) C —mo(t) + Coz.

Taking volumes and integrating in 6 € [0, 1] we obtain

1
2n 2n | A ()]
< - A g,
Cad = (%) [1cadas = (2) [ Ha,
0 R™

Consequently

2
M;|Co| < <:) /|At(x)\dx
R’?’L

and, integrating in ¢ € (0, 1]

1

1
/ M|Co|dt < (i’) / / Ay ()| dadt.
0

0 R

The integral on the right-hand side is

/1/|At(x)|d1:dt=//f(z)g(x—z)dzdx:/f(x)dx/g(x)dw.

0 ]R?L R’n R‘VL R‘IL R‘VL
On the other hand, the integral on the left-hand side is

1 f*g(x)
/Mt\Co7t|dt:// max | Ay (zo)|dtdz
xroER™
0 Rm™ 0

f*g(x)

zxr?gﬂig/ / | A (2o)|dtdx

Rn 0

- max//min{f*g(x),f(z)g(aco—z)}dzdx.

o ER™
R"L R”L
Since || f]loo = |lgllcc = 1, both quantities in the minimum are smaller than or equal to 1,
the minimum is bounded from below by the product and so, this quantity is bounded
from below by
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xoER™

max f*g(aco)/f*g(x)dx.
R’IL
Thus
I 5 gl [ Feoite < () ifllale [ fla)is [ gtorie. =
R™ R» Rn

Let us now consider the case in which g(z) = f(—x). We will denote this function f

and A¢(f)(z) := A:(f, f)(x). Notice that for any ¢ € (0,1)

A£)0) = {z € B : f(2)? 2 t]f]%}
={zeR" : f(2) 2 Vilfll }

Analogously, let us denote M (f) := M,(f, f) and Co+(f) := Co.i(f, f)-
The following lemma shows that the maximum value of | A;(f)(x)]| is attained at x = 0.

Lemma 3.4. Let f : R™ — R be an integrable log-concave function with full-dimensional
support, then for any t € (0,1),

A)(@) € 5+ AF)(0).
Consequently, My(f) = |A(/) (0)].

Proof. Since f is log-concave, for any = € supp f — supp f

A(f)() = { err ;[ LB I \/E}

I fllo [[flloc  —
n  flz—3m) }
c{eem: Mgz 2 v
:%x—i—At(f)(O). 0

The following lemma shows a relation between the (6, t)-convolution bodies of f and
f and the #-convolution bodies of A;(f)(0) and —A,(f)(0).

Lemma 3.5. Let f : R™ — R be an integrable log-concave function with full-dimensional
support. Then, for any 0 € [0,1] and any t € (0, 1]

Ai(£)(0) +o (=A:(£)(0)) € Co,e(f) € Arz(f)(0) T (=Aw(£)(0)).
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Proof. Notice that

At(f)(x):{zeR” . J) fz—2) Zt}

e 1=
) f<zx>} }
Q{ZER ' {nfnoo’ M= S 21

= Ap2(f)(0) N (z + A (£)(0)),
which proves the right-hand side inequality. On the other hand, we trivially have

A(f)(w) = {zeR" WIORCit) >t}

Nfllse Nl =
2 {zemomin {2 Vi)

= A ()(0) N (z + A:(£)(0)),
which proves the left-hand side inequality. O
Using these relations we are now able to prove inequality (9).

Proof of Theorem 2.2 (inequality). From the right-hand side inequality in Lemma 3.5
we have that for any ¢ € (0,1]

Cot(f) € A (£)(0) — As=(£)(0).

Thus, taking volumes and using Rogers—Shephard inequality (1) we have

ot < (24 ()0

Integrating ¢ € (0, 1] we obtain the result. O

4. k-th (0, t)-convolution bodies of log-concave functions and Rogers—Shephard
inequality

In this section we will prove inequality (10). To this end, we consider the following
sets.

Definition 4.1. Let f,g : R® — R be two integrable log-concave functions with full-
dimensional support, ¢t € (0,1], 6 € [0, 1]. We define the k-th (0, t)-convolution set of f
and g

Ch,=Ch(f,g9):={x csupp f+supp g : Ay(x) # 0, Wo_i(A(2)) > OM_is}
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where

Mnfk,t = Mnfk,t(fv g) = max ank(At(xO»

To€Esupp f+supp g

Remark. When f(z) = xx(z) and g(z) = xr(x) are the characteristic functions of two
convex bodies, the sets A;(z) = KN(z—L) for any t € (0, 1] and we recover the definition
of the k-th #-convolution bodies K + ¢ L in [1].

When k = n these are the convex bodies Cy; introduced in the previous section and,
with identical proofs, using the Brunn—Minkowski inequality for quermafintegrals (see
[32], Theorem 6.4.3) we have

Lemma 4.1. Lett € (0,1], f, g : R™ — R be two integrable log-concave integrable functions
with full-dimensional support such that My,_y, = Wy_k(A(0)), 01,602, A1, A2 € [0, 1] with
A+ A2 < 1. Then
Alcgl,t + )\2C1]9€2,t g Cg,t?
with 1 — 0% = A (1 — 07 ) + Ao(1 — 65 ).
Consequently,

Corollary 4.2. Let t € (0,1], f,g : R™ = R be two integrable log-concave functions with
full-dimensional support such that My,_x ¢ = W, _r(A(0)), 0 <6y <60 < 1. Then

ck ck
fot  ~ Ot

1—gf  1-0%

Lemma 4.3. Let f,g : R® — R be two integrable log-concave functions with full-dimen-
sional support. Then for any t1,t2 € (0,1] and any X € [0,1] we have

1 1 1
Mrik,t%t;—* Z /\M;*k,h + (1 - )\)Msfk,tj

Consequently, M, _y . is continuous on (0,1).

Using the (n — 1)-th (6, t)-convolution bodies of f and g, we are now able to prove
inequality (10).

Proof of Theorem 2.3 (inequality). We can assume, without loss of generality that
I llcc = llglloc = 1. Proceeding as in the proof of Theorem 2.1 we have that

1 1
/ My pd|CE |t < (”Zk) / / Wi (As(2))dzdt.
0

0 R»
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IfTk=n-1

n,1|dt=%(2:> /1 / Wi (Ar()dadt.

0 Re

Since W1(A) = ¢ [gu_s |Pyr Aldo(8), where ¢, is a constant depending only on n, the
integral on the right hand side equals

1
Cn// / /X{maxsek f(z+s49)g(9c—z—s&9)2t}(Z)dZdo—(e)dxdt
0 R §n—1¢9L

=c, / //I?gﬂéc f(z+s0)g(z — z — sb)dzdzdo(0)

Sn—1g9L Rn

=c, / ///I?ean%{ f(z+s0)g(w — z+ (r — s)0)drdwdzdo(6)
Sgn—-1¢9L gl R

/ / / max f(z + s6)g(w + (r — s)0)drdwdzdo (6).

Sn—1gl gl R

Let f.(s) = f(z+s0) and gy, (s) = g(w+ s6) for fixed § € S"~1, 2, w € §+. This quantity

S [f]

Sn—19L gLl 0

{r eR: max f2(8)gw(r —s) > t}‘ dtdwdzdo ().

Since the set in the integrand is contained in the set

[r e R maxmin 26l ~ )1} 2 1]

={reR:{s: f2(9)llgullc 2t N (r—{s: gu(s)lf:llc = t}) # 0}
= {s s f2()llguwlloc = 1} + {5 : gu(s)llf2ll0 = 1},

and the 1-dimensional volume of the sum of segments is the sum of the volumes of the
segments, the previous integral is bounded from above by

[1f2llo0 l|gw Il oo

< €n / {5+ £2(8) 19wl > t}| dtdwdzdo(0)
Sn—19L gL
1£=lloc 9w 1o
en / // / {5 : gu(8) || f:lloe = t}] dtdwdzdo(0)

Sn—1g9Ll gL 0
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—er [ [ [lgul lf]”OQI{s:fz(S)Zt}ldtdwdzda(ﬂ)
vou [ ][50 Ig]lmus:gw<s>2t}|dtdwdzda<e>
- / // low / . () dsduwd=do(0)
S/// 17l / g ()dtduwdzdo (0)
Sn/l elﬂgmm / (@) dadwdo (6)
‘e :/:/foo [ sta)dadzdo o

/gleagg )dpin 1 (E /f

/ mma £(2)dpo1(E) [ g(e)da

zeE
Rn

by Crofton’s formula (cf. [32, p. 235]).
On the other hand, the integral in the left hand side is

fxg(w)
/M1 t|Coy Ydt = / / Inax W1 (Ag(zo))dtdz
0
fxg()
> max / / Wh (Au(z0))dtda
zoER™
R™ 0
fxg(w)
= Cn max / X{max.cp f(:)g(zo—2)2t} (E)dpn,1 (E) dtdz

1

= ¢, max / / mlrl{f*g ), max £(=)g (a:oz)}duml(E)dx

zoER?
R™ Ap 1

/f*g(x)dac max / max f(2)g(xo — 2)dun1(E),

zoER™ zeE
]R'IL

using Crofton’s formula. O
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5. Equality cases in functional Rogers—Shephard inequalities

In this section we will characterize the equality cases in Theorems 2.1, 2.2 and 2.3.
Since the characterization of the equality cases in Theorems 2.1 and 2.3 follow the same
lines we will write them together later and we will start with Theorem 2.2.

To characterize the equality in Theorem 2.2 we need the following characterization of
the characteristic function of a simplex:

Lemma 5.1. Let f : R™ — R be an integrable log-concave function with full-dimensional
support such that f is continuous when restricted to it and verifies ||flloc = 1. Then
f(@) = xk (z) with K an n-dimensional simplex if and only if for every t € (0,1)

(i) A(f)(0) is an n-dimensional simplex, and

(ii) A1(f)(0) contains a facet of A,(f)(0).

Proof. If f is the characteristic function of a simplex then (i) and (ii) are trivially verified,
since A (f)(z) = KN (x + K). Assume that f is a log-concave function with || f|lc = 1,
then f(x) = e"®) with V' : R® — [~00, 0] a concave function. Since

Ai(f)(0) ={z €R" : f(2) 2 Vt} ={z €R" : V(2) 2 log(V1)}
we have that for every s € (—o0, 0], if Bs denotes the set
Bs;={z€R" : V(2) > s},
then

(i) Bs is an n-dimensional simplex
(ii) By contains a facet of Bs.

Let to < 1 and s = log /%, < 0. Since V is concave, the set
G={(z,y) eR"™ : V(z) 2 y}

is convex. Thus, G contains C' = conv{By x {0}, Bs, x {so}}. Consequently, for every
s € [s0,0) we have that

{zeR" : (z,5) € C} C By C By,.

Since By contains a facet F' of By, we have that for every s € [sy,0), F' x {s} is
contained in C' and consequently F' is a facet of By for every s € [sg, 0).

Let P, be the vertex of B, that is not contained in F' and let Pj,..., P, be the
vertices of Bs, that are contained in F. For any choice of i1,...,i,—1 € {1,...,n} we
have that
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conv{P;, x {0},..., P, _, x{0},Ps, x {so}} CC

and consequently, if s € (sp,0) we can write s = (1 — (n — 1)A)sg for some A, and the
point

((1 - (n - 1)>‘)Pso + )\Pil +oeeet Af)infl) X {S}

belongs to C and consequently to Bs. Since the point (1—(n—1)\)Ps,+AP;, +- - -+ AP,
P

In—1

n—1

belongs to the relative interior of the facet of By, spanned by P, P; we have

50y Pivy e
that the facet F' spanned by Pi,..., P, must be a facet of the simplex By, the vertex
P; not contained in F' must belong to By, and, at the same time By must contain some
points lying in the relative interior of the other facets of By,. Thus, Ps must be equal to
P, and for every s € (—o0,0) the simplex Bs must be the same.

Thus, for every t € (0,1) the simplex A;(f)(0) is the same simplex and f is the

characteristic function of a simplex. O
Now we are able to prove the characterization of the equality cases in (9).

Proof of Theorem 2.2 (equality). We can assume, without loss of generality, that
[fllc = 1. It is clear that if f is a characteristic function of a simplex then the in-
equality becomes Rogers—Shephard inequality (1) for a simplex, which is an equality.

Let us show that equality in (9) implies that f is the characteristic function of a
simplex. We recall that equality holds in (9) if and only if equality holds in

/ (Coulf)ldt < / A= ()(0) — An(£)(0 (2”) / A ()0

Since f is continuous when restricted to its support, A;(f)(0) is a convex body for every
t € (0,1) and the functions |Co ((f)], [Aw(f)(0) +o (—A2(f)(0))] and |A=2(f)(0)| are
continuous on ¢t € (0,1] and so, equality in (a) and (b) implies that for every ¢t € (0, 1]
there is equality in

o] < 1A= (D0 = Ax(NO] < (2] l4a ().

First of all notice that, from the characterization of the equality cases in Rogers—
Shephard inequality (1) we have equality in the right hand side inequality if and only if
for every t € (0,1) A;2(f)(0) is a simplex. We will see that .4;(f)(0) contains a facet of
A2(£)(0) for every t € (0,1).

Let us assume that there exists ¢ € (0, 1), and P, @ vertices of the simplex A (f)(0)
such that P, Q ¢ A;(f)(0). We are going to see that in such case the set Cp ¢(f) is strictly
contained in A2 (f)(0) — A2 (f)(0) and, since f is continuous, these sets do not have the
same volume.
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Since P and @ are vertices of A2(f)(0) we have that f(P) = f(Q) = t. Let us take
e > 0 such that (t +¢)? <t —e. A;(f)(0) does not contain P. Thus there exists a
hyperplane Hp separating them, parallel to the opposite facet to P of As:2(f)(0). Notice
that Hp intersects Az (f)(0) and we can take Hp such that ¢ < f(z) <t + ¢ for every
z € Ap(f)(0) in the same side of Hp as P. Analogously, we take a hyperplane Hg
separating @ from A;(f)(0) parallel to the opposite facet of @ of A;2(f)(0) and such
that ¢t < f(z) <t +e¢ for every z € A;2(f)(0) in the same side of Hg as Q.

Thus, we can take = A(P — @) for some 0 < A < 1 such that A;2(f)(0) N (z +

A (£)(0)) # 0 and for every = € A (£)(0) N (@ + A (£)(0))

e t< fz)<t+e
e t< flz—x)<t+e

Notice that since A= (f)(0) N (z 4+ Ap=(f)(0)) # 0, © € Ap(f)(0) — Ap2(f)(0). On
the other hand for every z € A2 (f)(0) N (z + Az2(f)(0)) we have that f(z)f(z — x) S
(t4+e)? <t—e < tand for every z ¢ Ap(f)(0) N (z + A2(£)(0)), f(2)f(z —z) <
Thus, A;(f)(xz) = 0 and = ¢ Co+(f). Consequently, x € (A2 (f)(0) — A2 (f)(0)\Co.t(f )
and [Co,¢(f)| < [Aw(f)(0) — Ap(£)(0)].

Thus, if there is equality in (9) A;(f)(0) contains a facet of every simplex A¢(f)(0)
and by the previous lemma f is the characteristic function of a simplex. O

We now show the characterization of the equality case in (8).

Proof of Theorem 2.1 (equality). Without loss of generality we assume that ||f||ec =
lglloe = 1.

Then, equality holds in (8) if and only if it holds equality on each inequality all along
the proof of (8). In particular, we have that for almost every ¢ € [0, 1]

My|Co.| = (?) /IAt(x)|dx.

R™

Notice that by Lemma 3.3 the function M; is continuous on (0, 1), the function |Co | is
continuous on (0, 1] since it is the volume of the level sets of the log-concave function
[ * g, and the function [,
dominated convergence theorem, since for every to € (0,1] and any z € R™, |As(z)| is

A (z)|dx is also continuous on (0, 1] as a consequence of the

continuous on tg and, in a neighborhood of tg, (tg — ¢,tg + ) we have,
[At()] < [Atg—e(@)].

Thus, we have

micorl = (21 [1a@as

Rn
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for every t € (0,1) and, consequently, for almost every 6 € [0, 1]

Es

(1 — 9")(—1‘0(f) + COJ,) = —l‘o(t) + C@)t.

As a consequence of Corollary 3.2 we have equality in the last equality not only for almost
every 6 € [0, 1] but for every 6 € [0, 1). Consequently, if xo(t) is such that M; = | A (o)
we have that

(i) for every 0t € (0,1), (1 — 6% )(—20(t) + Co) = —z0(t) + Co.r,

(i)
fxg(z) frg(z)
max [ [ lAeoldtds = [ [ max 14 ao(e) e,
R O R" 0

(iii) for every x,z € R",
min{ f x g(x), f(2)g(xo(t) — 2)} = f *g(x) f(2)g(wo(t) — 2).

Notice that taking 6 tending to 1 in (i) we have that for every ¢ € (0,1) the maximum
of |A¢(x)| is only attained at z((t). Besides, by the continuity of My, the continuity of
| As(x0)] in ¢ and in xg, (ii) holds if and only if z(t) is the same for every ¢ € (0,1), and
thus we may suppose without loss of generality that zo(¢) = 0. Thus

(i) for every 6,t € (0,1), (1 — 07)Cos = Co.s,
(ii) for every t € (0,1), maxy,ern [Ai(xo)] = [A:(0)],
(iii) for every x,z € R"™, min{f x g(z), f(2)g(—2)} = f x g(x) f(2)g(—=2).

First of all notice that if g(z) = xx () is the characteristic function of a convex body,
then

Ai(2) = A (£)(0) N (2 — K)
and
Cot = Ap2(f)(0) +¢ K,

where A;2(f)(0) +¢ K denotes the §-convolution of convex bodies defined in (5). Thus,
since the (6, t)-convolution bodies of the functions are the 6-convolution bodies of some
convex bodies we have equality in (i) if and only if for every t € (0,1) A2 (f)(0) = —K
is a simplex and, consequently f(z) = g(—=x) is the characteristic function of a simplex.

We will prove that in the equality case necessarily one of the functions is the charac-
teristic function of a convex body.
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Condition (iii) occurs if and only if f % g(x) or f(z)g(—z) equals 0 or 1, for every
z,z € R™. First, assume that f*g(z) =1 for every = € supp f +supp g. Then for every
€ supp f +supp g, A1(f)(0) N (z — Ai(9)(0)) # 0 and so

Ai1(f£)(0) + .A1(g)(0) = supp f + supp g.

Consequently f and g are characteristic functions.

Let us now assume that there exists « € supp f 4+ supp ¢ such that fxg(z) < 1. Then
for every z € R", f(2)g(—z) equals 0,1 and then, for every ¢t € (0,1], A:(0) = A;1(0).
In such case the function M; is constant in (0, 1]. In particular it is also continuous on
t =1 and then (i) also holds for ¢t = 1.

Notice that if |.A;1(0)] = |A:(0)] = 0, then for every ¢ € (0,1) we have that for every
6 e (0,1)

Cor = {x € suppf + suppg : Ai(x) # 0},

contradicting (i). Thus, if we have equality in (8), |A1(0)| > 0.

Now, if (i) holds, we fix t € (0,1] and take = € supp(f) + supp(g). If x ¢ Cy, then
Ay(z) = 0. If © € Cy then there exists 0, € [0,1] such that z € 9Cy, ; and = (1 — Gj)y
for some y € 9Cy ;. Thus, we have equality in

03 | A (0)] 7 = |Ai(z)|7 = [A:(05 0+ (1 — 0z )y)|

> 03 |A0)7 + (1 - 05| Au(y) |7 > 0F |4,(0)],

and, by the equality cases in Brunn—Minkowski inequality, A:(z) is homothetic to A¢(0).
Thus, for every x € R™ and ¢ € (0, 1], A:(z) is either empty or a homothetic copy of
A;(0). Moreover, if we particularize in ¢ = 1, we have that

A(@) = {z: f(2)gla—2) =1} = {z: f(z) = 1} N (2 + {2 : g(—2) = 1}) and
AL(0) = {2 f(2)g(~2) = 1} = {z: f(z) = L} N {2 : g(—2) = 1}

and for any 6 € [0, 1] then Cg is the §-convolution of the convex bodies

Coa = Ai(£)(0) +0 Ai(9)(0).

Thus, by Proposition 2.10 in [2], the convex bodies A;(f)(0) and —.A4;(g)(0) are the
same simplex A; (0).

Let us now assume that none of the functions f, g is a characteristic function, and we
will find a contradiction.

Since f and g are not characteristic functions there exist 0 < t1,t2 < 1 and z1, 25 € R"
such that t1 < f(21) < 1 and t3 < g(—22) < 1. Let us denote by Fy a facet of A;(0),
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with outer normal vector u; and contained in the hyperplane {x € R™ : (x,u1) = ¢1},
such that A;(0) C {z € R™ : (x,u1) < ¢1} and (z1,u1) > ¢1. Analogously, let F» be a
facet of A;1(0), with outer normal vector us and contained in the hyperplane {z € R" :
(z,u2) = ca}, such that A;(0) C {z € R™ : (z,us) < ca} and (z1,u3) > ca.

Observe that the log-concavity of f and g imply that conv{z, A1(0)} C Awz(f)(0)
and conv{zz, A1(0)} C A;2(9)(0).

If F1 = FQ, then

(conv{z1,.A1(0)} N conv{za, A1(0)})\A1(0) # 0.

Let zp be a point in this intersection. Then zy € Ay,+,(0) since

tity < f(Zo)g(—Z()) < 1.

However, this is not possible, since Ay, ¢, (0) = A;1(0).

If Fy # F5, let x be a vector with a small enough norm and parallel to the only edge
contained in all n—1 facets F3, ..., F, 11 of A;(0) different from F; and F» and pointing
from F» to Fy such that z; ¢ x4+ A1(0) and A1 (0) N (z + F») # 0,

(conv{z1, A1 (0)}\{z1, A1 (0)}) N (z + F1) # 0,

and

A1(0) N (2 + conv{zg, A1 (0)}\{z2, A1 (0)}) # 0.

Observe that for any point z in the first intersection, it holds t1t2 < t1 < f(2)g(z — 2),
whereas if 2’ is on the second, then t;ts < to < f(2')g(x — 2’) and, since x points from
F5 to Fy, 2’ does not belong to = + A;(0).

Besides, for any other facet F; N (z + F;) # () and for any point z” in F; N (x + F;) we
have f(z")g(x—2z"") = 1. These three types of points belong to the set A, (z), which we
have proved that is a homothetic copy of the simplex Ay, +,(0) = A;(0). Then, since for
every facet F; there exist points in (z + F;) N A, () we have that x+ . A;1(0) C A¢, 1, ()
and since the points 2’ € Ay, (2)\(z + A1(0)) the inclusion is strict. Thus

[ At (0)] = [AL(0)] = [ + AL (0)] < [Aiy, (2))];
contradicting (ii).
Thus, f or g must be a characteristic function and, consequently, f(x) = g(—=) is the
characteristic function of a simplex. O

The proof of the equality cases in (10) follows the same lines.

Proof of Theorem 2.3 (equality). Without loss of generality we assume that ||f||cc =
llglloo = 1.
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Then, equality holds in (10) if and only if it holds equality on each inequality all along
the proof of (10). More particularly, if zo(t) is such that My, = Wi(Ai(xo)) we have
that

(i) for every 6,t € (0,1), (1 — 7= )(~wo(t) + Ciy ") = —o(t) + Ch7
(i)

frg(x) fxg(z)
max / / Wi (Ag (o) )dtde = / / mas W' (Ao (1)) dtda,
zoER™ xoER™
Rm™ 0 R 0

(iii) for every x € R™, E € A, 1,
min{f * g(x), max f(2)g(xo(t) — 2)} = f» g(x) max f(z)g(xo(t) — 2),
zeE zeE
(iv) for every § € S"~! and for every z,w € 0+, r,s € R,

I?eall%( f2(8)guw(r —s) = I?&?mln{ﬂ(s)”gw”agw(r = 8)[[fzlloo }-

Taking 6 tending to 1 in (i) we have that for every ¢ € (0, 1] the maximum of W7 (A;(x))
is only attained at xo(t). Besides, (ii) holds if and only if xq(t) is the same for every ¢,
and thus we may suppose without loss of generality that zo(t) = 0. Thus

(i) for every 0, € (0,1), (1 —7=1)Co7" =Cp7 ",
(i) for every t € (0, 1], max,,ecrn W1(Ai(zo)) = W1(A:(0)),
(iii) for every x € R™, E € A, 1,

min{f x g(z), max f(2)g(=2)} = f » g(z) max f(z)g(~2),
(iv) for every § € S"~! and for every z,w € 0+, r,s € R,

e f-(s)gu (r — 5) = max min{ £+ ()l | g — 5) - .

As in the previous case, we have that if g(x) = xx(z) is the characteristic function
of a convex body, then the (n — 1)-th (6, ¢)-convolution bodies of the functions are the
(n — 1)-th #-convolution bodies of some convex bodies and, as it was proved in [1], if
n > 3 we have equality in (i) if and only if for every ¢ € (0,1) Ap(f)(0) = —K is a
simplex and, consequently f(z) = g(—=x) is the characteristic function of a simplex.

We will prove that in the equality case necessarily one of the functions is the charac-
teristic function of a convex body.

Condition (iii) occurs if and only if f % g(x) or max,cg f(2)g(—z) equals 0 or 1, for
every x € R", E € A, 1. As we have seen in the previous case, if f x g(xz) =1 for every
x € supp f + supp g then f and g are characteristic functions.
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Let us now assume that there exists « € supp f+supp ¢ such that fxg(z) < 1. Then
for every E € A, 1 max,cp f(2)g(—2) equals 0 or 1. Consequently, for every ¢t € (0, 1]
A:(0) = A1(0) because otherwise there exists some ¢t € (0,1) and some z € R™ such
that ¢ < f(z)g(—z) < 1 and since z ¢ A;(0) there exist 1-dimensional affine subspaces
passing through z and not intersecting A;(0) and for all such subspaces we would have
t <max.eg f(2)g(—z) < 1. Like before, in such case (i) also holds for ¢ = 1.

Notice that if W;(A1(0)) = W1(A:(0)) = 0, then for every ¢ € (0,1) we have that for
every 6 € (0,1)

Cor = {x € suppf + suppg : Ai(x) # 0},

contradicting (i). Thus, if we have equality in (8), W7(A1(0)) > 0.

Now, if (i) holds, we fix t € (0,1] and take = € supp(f) + supp(g). If x ¢ Co, then
A(z) = 0. If € Cy then there exists 8, € [0,1] such that z € 9Cp, ¢ and x = (1 — Oj)y
for some y € 9Cy ;. Thus, we have equality in

0F W1 (AL (0) 7T = Wi (Ay(2) 71 = Wi (A0 0 + (1 — 05 )y)) 7
> 03 Wi (A(0) 7 + (1 — 02 )W (Ay(y) 7

1

> 07 Wi (A(0))7T,

and, by the equality cases in Brunn—-Minkowski inequality for quermafintegrals, if n > 3
then Ay (z) is homothetic to A;(0). Thus, for every z € R™ and ¢ € (0,1], As(z) is either
empty or a homothetic copy of A:(0). Particularizing at ¢ = 1, we have that for any
6 €[0,1] C;‘El is the (n — 1)-th #-convolution of the convex bodies

Cg,fl = A1 (f)(0) +n-1,0 A1(9)(0).

Thus, if (i) holds then by the characterization of the equality cases in [1] A;(f)(0)
and —A;(g)(0) are the same simplex A;(0).

Now, if we assume that neither of the functions f, g is a characteristic function, with
the same proof as before we find a contradiction. Thus, f or g must be a characteristic
function and, consequently, f(x) = g(—x) is the characteristic function of a simplex. O

6. Colesanti’s inequality for two functions

In this section we show that Colesanti’s functional version of Rogers—Shephard in-
equality (7) can be extended to the case in which we consider any pair of functions and
not necessarily g(z) = f(z). Let us recall that similar results were obtained in [3].

Proof of Theorem 2.4. For any z € R™ such that f @ g(z) > 0 let z,,y, € R™ be such
that f@g(z) = v/ f(2.)g(y.) with 2z = 2, +y.. Notice that . and y, exist by Remark 1,
since f @ g(z) = \/f * g(2z). Using the log-concavity of f and g,
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f()g(z —x) > \/f(xz)g(yz)\/f(Qx —x)g(z, — 27) (12)

for every z € R™. Integrating in x € R™

frg(z) >V f(x. /\/f x—x,)9(2x —x,)dx

Rn

= —f @ g / \/ d.’I;
Integrating in z € R™ we finally obtain

[ 1wy [ g@ir= 5 [ e dz/\/idx
Rn R

Rn

as wanted.
Let us now characterize the equality cases. If (i) and (ii) are satisfied, then there exists
p € R™ such that

supp f=supp g=p+C
and for every z € supp f + supp g we have that
supp fN(z—suppg)=p+C)N(z+p+C)=p+CnN(z+C)
and since C' has a simplicial section, this equals
supp fN(z —supp g) =p' +C

for some p’ € R™. We will show that p’ = & 4 %= for x. such that f @ g(z) =
V f(x.)g9(2z — z,). Notice that, as before, such x, exists, because of the continuity
properties of f and g on their supports. In such case we would have that for every

z € supp f +supp g

—_

X _
supp f N (z —supp g) = 72 + 5 (supp f Nsupp g)

and then for every z € supp f + supp g and every = € supp f N (z — supp g)

e 2x —x, € supp f, and
e X, —2x €supp g.

Then, inequality (12) holds with equality for the functions f(x) = cie=$*®) 2 € supp f
and g(z) = cpe= %) 2 € supp g for every z,z € R™.
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Lz

In order to show that for every z € supp f +supp g we have p’ = § + %=, notice that

2(supp f+supp g) =2C —2C =C —C =supp f +supp g
and so, 2z € supp f + supp g and for every = € supp f N (2z — supp g)
VF@)g(2z —z) = Varcge (@3l em b g)
= Jercze (P e (ab:5)
and so,

me— b,z)e— min{{a—b,%):xz€supp fN(2z—supp g)}

f@g(2)

(
@€*<bvz> e min{(afb,@::EGngCﬂ(erC)}.

Since (CNz+C)=—p+supp fN(z—supp g) = —p+p' + C we have that

min (a—b,Z)y= min (a—b,T)
zeL+(CNz+C) ze—L+4p'+C
and since (a—b,z) > 0 for every z € C, the minimum is attained when z = % = £ +p'.

Thus p' = & + %

Let us now prove that (i) and (ii) are necessary conditions for equality in (11) to hold.
We can assume, without loss of generality, that f(zo) = || fllcc = [|9]lcc = 9(¥0) =1 and
let us write f(z) = e~*®) and g(z) = e~*(*) for some convex functions u, v. Notice that,
since || f]loo = [|9]loc = 1, u and v take values in [0, +0oc].

Equality in (11) happens if and only if for every z € supp f + supp g and every
x € supp f N (z—supp g) we have equality in (12). Thus, for every z € supp f + supp g
the support of both functions as functions of x € R™ must be the same and so

Tz, 1
supp f N (z —supp g) = 5t i(sur)p f N (=supp g)),

where z, is such that f @ g(z) = /f(2.)g9(2z — x.). Notice that in particular this

implies that supp f N (—supp g) is full-dimensional, since we are assuming that supp f
and supp g are full-dimensional and then there exists some z € supp f+supp g such that
supp fN(z—supp g) is full-dimensional and then (supp fN(—supp g)) is full-dimensional.

Besides, for every z € supp f+supp g we have equality in (12) for every = € supp fN
(z —supp ¢) if and only if

u (%(23: — )+ %) =

v (%(wz —2z) 4 %)

(w(2x — x,) + u(z,))

N|— N

(v(z> = 22) + 0(y2))
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for every & € supp f N (z — supp g), where x,,y, € R"™ are such that f @ g(z) =
Vf(22)g(y.). In particular, for zg = 2210 we have that f @ g(z0) = \/f(0)g(yo) and
S0

1 1
u <§(2x — ) + %) = §u(2x — )

1 1
v (§(x0 —2z) 4 %0) = §U(x0 — 2z).

Consequently, for every 2’ =x —zg and ¢/ = 20 — % _
) 2 2

1

u(zo+2') = Eu(xo + 22")
A 1 A

v(yo+y) = §v(yo+2y)-

Thus, supp fN(z0—supp g) = 3+ %(supp fN(—supp g)) is a closed convex cone zg+C
(with C' a cone with vertex at 0) and so

supp f N (—supp g) = 2o +C

and for every z € supp f 4 supp ¢

supp [ N (2 —supp g) = %+%+C-

Furthermore, supp g N (2o — supp f) = zo — supp f N (20 — supp g) = z0 — o — C
is a closed convex cone yg + C’. This implies that C’ = —C. Besides, if the vertex of
the cone is unique, zg — x¢9 = yo and then yy = —xg which implies zg = 0. If the vertex
is not unique then, since both zy — zy and yy are vertices of the cone yo — C, also
Yo+ 2(z0 — o —Yo) = Yo — 220 = —xp and so yp — C = —xg— C and —zo+ C = yo + C.

On the other hand, for any z € supp f + supp ¢ if « € supp f N (z — supp g), then

2¢ —x, € xg + C.

If equality holds in (12) then w is affine in any segment that connects z¢ + C with a
point x, and v is affine in any segment that connects —zg — C' and some ..

Let us now take z € zg + supp g. Then —xy + z € supp g and, since zy € supp f we
have that —zo+2z € (z —supp f)Nsupp g = z—supp fN(z—supp g) =z — %5 — L - C
and so % € 9 — (' and

z, €x9—C.

Consequently x, = zy. Otherwise, consider the ray from x, that passes through x(. Since
x, € xg— C any point p in this ray such that the segment [z, p] contains xg is contained
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in o + C and since v > 0 is affine in the segment [z,,p] and u(z¢) = 0 then u = 0 for
any such p, contradicting the integrability of f.

Thus, for any z € zy + supp g we have that z, = xg and y, = 2z — zy. Notice that
then for every z € g + supp g we have that

Tz Zo
—+ —+C= C
5t TC=10+

supp f N (z —supp g) =
as x, = xg. Consequently, supp f = supp f N (—supp g) since for every y € supp f,
as C is a full-dimensional cone, we can take w € C such that y € —w + (x9 + C).
Thus, if we take z = —w € —C = 2y — (xg + C) C ¢ + supp g, we have that y €
z+ (xg+ C) C z—supp g and so y € supp f N (z — supp g) = supp f N (—supp g).
Consequently supp f =29+ C C —supp g.

Analogously, take z € —xg + supp f. Since —zg € supp g, we have that x¢ + z €
supp f N (z —supp g) = % + % + C and, consequently % € —%2 4 C. Thus y. €
—x9 + C = yo + C. Consequently y, = yo. Otherwise, consider the ray from y, that
passes through yo. Since y, € yo+ C any point p in this ray such that the segment [y, p]
contains yg is contained in yg — C and since v > 0 is affine in the segment [y.,p] and
v(xg) = 0 then v = 0 for any such p, contradicting the integrability of g.

Thus, for any z € —xg + supp f we have that z, = 2z — yg and y, = y. Notice that
then for every z € —zy + supp f we have that

+ S+ 0=2- D+ 2+ C=2+a0+C,

supp f N (z —supp g) = %
since zo+C = —yo+C. Consequently, —supp g = supp fN(—supp g) since for every y €
—supp g, as C'is a full-dimensional cone, we can take w € C such that y € —w+ (zo+C).
Thus, if we take z = w € C' = —x¢+supp g we have that y+2 € supp fN(z—supp g) =
z+xz9+ C and soy € zg+ C =supp f.

Consequently —supp g C supp f and so —supp g = supp f = zo + C.

Now let us see that v is affine on —xy — C. Let us take z,y € —zg — C and consider
z =%+ % € —C = x9 + supp g. Then, for this z, y. = y and since x € —2¢ — C,
v is affine in the segment that connects x and y. Consequently, v is affine on —zg — C'

%) on —zg — C. Thus, C' does not contain any straight line [ since

and so g(z) = cpe
otherwise, as v is affine and positive, it must be constant on the line [ and so C has only
one vertex and xg = —yo and (b, z) < 0 for every z € C\{0}.

Analogously, u is also affine on xg 4+ C' since for any x,y € xg + C, if we take z =
5 — %5 € C = —xo +supp f we have that for this 2, . = 2 — 20 — yo = = and so, u
is affine on xo + C and f(z) = c1e{*®) on z¢ + C. Since ||f|l = f(x0) we have that
(a,z) > 0 for every x € C.

Finally, considering the section of C' by a hyperplane, since the intersection of this

section with any of its translates is homothetic to itself, the section must be a simplex. O
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Remark. Theorem 2.4 becomes inequality (7) if g(z) = f(x) because f & g(z) = Af(2).
Moreover, it also recovers (4) when we particularize f(z) = e <@ g(z) = e~he(=2)
where hg and hy are the support functions of two convex bodies K and L that contain

the origin. Then f @ g(z) = e "xn2(®) and \/f(z)g(z) = g EpL(®

, and since

/efhK(z)dx = nl|K°|,

Rn

then (11) becomes

[(K N L) < 2"[K°[|L°.

(552

From the characterization of the equality cases in (11), this only converges to equality

when we consider sequences of sets (K, ), and (—L2), converging to simplices with 0 in
one of the vertices and the same outer normal vectors at the facets that pass through
the origin.

Taking into account that (K N L)° = conv{K°, L°} and £5£ C conv{K, —L}, if we
change the role of K° and L° by K and —L for simplicity, then

Ko — L° o
|K N L||lconv{K,—L}| < ‘(—) |conv{K,—L}| <2"|K]||L|,

2

showing the assertion and slightly strengthening (4). In order to have equality in (4)
we must have K and L be simplices with 0 in one of the vertices and the same outer
normal vectors at the facets that pass through the origin and % = conv{ K, L}. Thus
K = L is a simplex. Otherwise there exists a direction § € S"~! such that hx () < hr(0)
(or hr(0) < hg(6)). Thus, hcer (0) < hp(0) < heonvirk,ry(0) (or h%(ﬁ) < hg(8) <
heonvik,r}y(0))-
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