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q and r indicate the size of each reduced basis, with q, r ≪ ngp (for practical
purposes, not higher than ten), and not necessarily q = r.

With these approximations, the weak form of the parametric problem is now
defined as:∫

Γ̄

∫
Xr

· · ·
∫
X1

∫
Eq
· · ·
∫
E1

∫
Ω

U dΩ dE1 · · · dEq dX1 · · · dXr dΓ̄

=

∫
Γ̄

∫
Γt2

∆u∗ ·∆t dΓ dΓ̄ , (4.14)

where U = ∇s∆u∗ : C : ∇s∆u.
The PGD formulation of the solution ∆u can be expressed, assuming the

computation at iteration n of the procedure, as

∆unj (x; ξ1, . . . , ξq, χ1, . . . , χr, s)

=
n∑

i=1

F i
j (x) ·

q∏
K=1

GK
i
j(ξK) ·

r∏
L=1

HL
i
j(χL) · J i

j(s).

Then, the expression for obtaining the (n+ 1)-th term can be written as

∆un+1
j (x; ξ1, . . . , ξq, χ1, . . . , χr, s) = ∆unj (x; ξ1, . . . , ξq, χ1, . . . , χr, s)

+Rj(x,υ,ρ) ·
q∏

K=1

SKj(ξK) ·
r∏

L=1

TLj(χL) · Uj(s). (4.15)

Lastly, the test function can be obtained by applying the rules of variational
calculus to the expression above,

∆u∗j(x; ξ1, . . . , ξq, χ1, . . . , χr, s)

= R∗
j(x) ·

q∏
K=1

SKj(gK) ·
r∏

L=1

TLj(hL) · Uj(s)

+Rj(x) · S1
∗
j(g1) · . . . · Sqj(gq) ·

r∏
L=1

TLj(hL) · Uj(s) + . . .

+Rj(x) · S1j(g1) · . . . · Sq
∗
j(gq) ·

r∏
L=1

TLj(hL) · Uj(s)

+Rj(x) ·
q∏

K=1

SKj(gK) · T1
∗
j(h1) · . . . · Trj(hr) · Uj(s) + . . .

+Rj(x) ·
q∏

K=1

SKj(gK) · T1j(h1) · . . . · Tr
∗
j(hr) · Uj(s)
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+Rj(x) ·
q∏

K=1

SKj(gK) ·
r∏

L=1

TLj(hL) · U∗
j (s).

Once the number of parameters of the problem has been reduced to only a
few tens or less, both the development of the mathematical equations and the
computation of the vademecum are clearly much simpler than when the approach
based solely on the PGD is used. Consequently, the explicit algorithm of the
on-line stage (see Algorithm 4.2) also requires some modifications.

1 initialisation: t = 0, ut = 0, gpt = 1, hp
t = 0, Φp

t = 0, (Φm)p = 0, Sp
t = 0,

for each Gauss point p ;
2 while t has not reached the end of simulation do
3 determine ∆f from ∆t ;
4 obtain ξt by L2 projection of gt onto υ ;
5 obtain χt by L2 projection of ht onto ρ ;
6 particularise computational vademecum to obtain ∆u ;
7 ut+∆t = ut +∆u ;
8 follow lines 10–22 of Algorithm 4.1 ;
9 end

Algorithm 4.2. Explicit formulation of the POD–PGD algorithm.

4.5.3 Simplification of the model

A simplification of the damage model is described here, which will be used in the
following sections for obtaining the matrix formulation (§ 4.5.4), and developing
numerical examples (§ 4.6). It consists in considering that the function h(Φm)

that characterises the damage process, Eq. (4.4), is zero in all cases. In this
way, h(Φm) = 0 not only when ΦT ≤ Φm, but also when ΦT > Φm (check lines
13–19 of Algorithm 4.1). This greatly simplifies the expression of the elasticity
tensor C, and reduces the complexity of the computational vademecum.

This simplification is made with the sole purpose of obtaining a less complex
expression of damage, with which to check that the method proposed in this
chapter operates as expected. Therefore, although it is possible to implement
a full description of the damage model by following the POD–PGD approach
presented in the previous section, it has been decided to leave it for future
developments of the method, and use only the simplified version. Obviously,
the behaviour of the simplified model is different from that of the full model,
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Figure 4.4. L2 error norm (top) andL2 relative error norm (bottom) of the nodal displace-
ments between full and simplified damage models.

and may vary depending on the implemented application. Just to analyse how
different the two approaches are, a comparison between the full model and the
simplified model has been performed in a particular example.

In the comparison, a distributed uniform load is applied vertically to the
upper surface of a unit cube, which is fixed at its base and allows displacements
along the horizontal plane. The load is applied in increments of 1 N during 200

pseudo-time steps. The material is linear elastic, with a Young’s modulus of
E = 5 Pa, a Poisson’s ratio of ν = 0.3, and damage parameters of α = 0.4,
and β = 0.1, similar to the examples that will be described in § 4.6.1. The full
model and the simplified model have been compared with each other, and L2

error norms have been computed for the nodal displacements at each step of the
simulation (Fig. 4.4). The results show that the differences between models in
this example are appreciable, and increase as the simulation advances. It has
been checked that, in the simplified model, the values of damage D grow faster
than in the full model. However, because of its simplicity, the model in which
h(Φm) = 0 is a good starting point for developing the method.

4.5.4 Matrix formulation

The practical simplification described in the previous section, by which h =

0, is followed here. For clarity of exposition in this formulation, parameter s

governing the position of the load is also omitted.
By discarding all the integrals and variables related to the scalar field of
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damage h, the weak form of the simplified model can be obtained from Eq. (4.14)
as ∫

Γ̄

∫
Eq
· · ·
∫
E1

∫
Ω

U dΩ dE1 · · · dEq dΓ̄ =

∫
Γ̄

∫
Γt2

∆u∗ ·∆f dΓ dΓ̄ , (4.16)

with U = ∇s ∆u∗ : g C0 : ∇s ∆u.
Assuming that the POD basis of the scalar field of damage g consists of q

vectors, Eq. (4.13 left), the matrix form for the computation of a new mode of
∆u in Eq. (4.15) can be expressed, following the notation already described in
§ 2.4 [157], as

∆u(x; ξ1, . . . , ξq)

=
n∑

i=1

NT(x) F i ·
q∏

K=1

MK
T(ξK) GK

i +NT(x) R ·
q∏

K=1

MK
T(ξK) SK , (4.17)

where MK represents the vectors M1,M2, . . . ,Mq, which contain the one-di-
mensional finite element shape functions of the parameters ξ1, ξ2, . . . , ξq, respec-
tively; and GK

i represents the vectors G1
i,G2

i, . . . ,Gq
i, which contain the nodal

values of the finite element mesh of the functions G1
i(ξ1),G2

i(ξ2), . . . , Gq
i(ξq),

respectively. The latter also applies in the case of SK .
The admissible variation of ∆u, in turn, can be expressed as

∆u∗(x; ξ1, . . . , ξq) = NT(x) R∗ ·
q∏

K=1

MK
T(ξK) SK

+NT(x) R ·M1
T(ξ1) S1

∗ · . . . ·Mq
T(ξq) Sq + . . .

+NT(x) R ·M1
T(ξ1) S1 · . . . ·Mq

T(ξq) Sq
∗. (4.18)

The fixed-point iteration implies the computation of R,S1,S2, . . . ,Sq when,
for each of the variables, the remaining ones are known. This computation is
described below. In the case of the variables SK , with K = 1, 2, . . . , a, . . . , q,
the development of the expression for an arbitrary Sa is provided.

4.5.4.1 Computation of R when the rest of the variables are known

If R is searched when S1,S2, . . . ,Sq are known, then S1
∗ = S2

∗ = . . . = Sq
∗ = 0

and Eq. (4.18) can be expressed as

∆u∗(x; ξ1, . . . , ξq) = NT(x) R∗ ·
q∏

K=1

MK
T(ξK) SK . (4.19)
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By incorporating Eqs. (4.13 left), (4.17), and (4.19) into the left-hand side of
Eq. (4.16), U results in

U = ∇s

R∗T N (x) ·
q∏

K=1

SK
T MK(ξK)

 ·

C0 ·
q∑

i=1

ξi · υi


·∇s

 n∑
i=1

NT(x) F i ·
q∏

K=1

MK
T(ξK) GK

i +NT(x) R ·
q∏

K=1

MK
T(ξK) SK

 ;

and the right-hand side of Eq. (4.16), after substituting ∆u∗ by Eq. (4.19), can
be expressed as∫

Γ̄

∫
Γt2

R∗T N (x) ·
q∏

K=1

SK
T MK(ξK)

 ·∆f dΓ dΓ̄ .

Finally, after applying variable separation, rearranging the terms, and calcu-
lating the integrals, Eq. (4.16) can be written as

n∑
i=1

(
R∗T K1 F i

)
·
(
S1

T Mξ1 G1
i
)
· . . . ·

(
Sq

T MGq Gq
i
)
+ . . .

+
n∑

i=1

(
R∗T Kq F

i
)
·
(
S1

T MG1 G1
i
)
· . . . ·

(
Sq

TMξq Gq
i
)

+
(
R∗T K1 R

)
·
(
S1

T Mξ1 S1

)
· . . . ·

(
Sq

T MGq Sq

)
+ . . .

+
(
R∗T Kq R

)
·
(
S1

T MG1 S1

)
· . . . ·

(
Sq

T Mξq Sq

)
= R∗T ∆f · S1

T mG1 · . . . · Sq
T mGq, (4.20)

where the matrices KK , with K = 1, 2, . . . , q, represent the integrals

KK =

∫
Ω

υK BT CB dΩ, (4.21)

with B being the shape function derivative matrix, and υK being the K-th vector
of the reduced-order basis, see Eq. (4.13 left). The matrices MGL, with L =

1, 2, . . . , q, represent the mass matrices of the one-dimensional discretisations of
the parameters ξL. For each term in Eq. (4.20), the matrix MGL does not exist
when L = K. Instead, matrices MξK are present, which have the form

MξK =

∫
EK

ξK MK MK
T dEK .

Lastly, mGK(ξK) are vectors containing the values of the finite element shape
functions,

∫
EK MK dEK . Given these data, an expression of R can be obtained

from Eq. (4.20).
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4.5.4.2 Computation of an arbitrary Sa when the rest of the
variables are known

Similarly, if an arbitrary Sa is searched when the rest of the variables are known,
then R∗ = S1

∗ = . . . = Sa−1
∗ = Sa+1

∗ = . . . = Sq
∗ = 0, and Eq. (4.18) can be

expressed as

∆u∗(x; ξ1, . . . , ξq)

= NT(x) R ·M1
T(ξ1) S1 · . . . ·Ma

T(ξa) Sa
∗ · . . . ·Mq

T(ξq) Sq. (4.22)

By incorporating Eqs. (4.13 left), (4.17), and (4.22) into Eq. (4.16), and operat-
ing as in the previous section, the resulting equation is

n∑
i=1

(
RT K1 F i

)
·
(
S1

T Mξ1 G1
i
)
· . . . ·

(
Sa

∗T
MGa Ga

i
)
· . . .

·
(
SK

T MGq Gq
i
)
+ . . .+

n∑
i=1

(
RT Kq F

i
)
·
(
S1

T MG1G1
i
)
· . . .

·
(
Sa

∗T
MGa Ga

i
)
· . . . ·

(
Sq

T Mξq Gq
i
)
+
(
RT K1 R

)
·
(
S1

T Mξ1 S1

)
· . . . ·

(
Sa

∗T
MGa Sa

)
· . . . ·

(
Sq

T MGq Sq

)
+ . . .

+
(
RT Kq R

)
·
(
S1

T MG1 S1

)
· . . . ·

(
Sa

∗T
MGa Sa

)
· . . .

·
(
Sq

T Mξq Sq

)
= RT ∆f · S1

T MS · . . . · Sa
T Ma · . . . · SK

T MS,

from which an expression of Sa can be found.

4.6 Numerical examples
To illustrate better how the proposed method behaves, some examples have been
studied. In particular, § 4.6.1 analyses some basic problems using a unit cube
to test the validity of the approach, and § 4.6.2 shows how the method can be
applied to simulate the surgical removal of adipose tissue from the gallbladder.
All the examples have been implemented using the POD-PGD approach and the
simplified model of damage described in §§ 4.5.2 and 4.5.3.

4.6.1 Unit cube

A series of simple test examples have been developed to show the applicability
of the method. The model common to these simple test examples is a unit cube
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Figure 4.5. Damage evolution of a unit cube loaded at a node. From left to right and from
top to bottom, initial configuration, and pseudo-time steps 2, 4, 6, 8, and 10 are depicted.
Colours show the values of the interpolated variable of damage D.

consisting of a single regular eight-node hexahedral element. The cube is fixed at
its base, and different loads are applied on its upper part. § 4.6.1.1 describes the
damage evolution of a cube to which one of its upper corners is pulled upwards,
while § 4.6.1.2 describes the damage evolution a cube undergoing an ideal pure
shear deformation.

4.6.1.1 Load at a node

A traction load is applied vertically to a single node of the upper part of the
unit cube. One of the nodes of the base is fully fixed, whereas the remaining
nodes of the base allow displacements along the plane Z. The magnitude of the
applied load is constant over time, so each pseudo-time step ∆t is associated to
the same increment of force, which has a value of ∆f = 0.05 N in this example.
The considered material is linear elastic, with a Young’s modulus of E = 5 Pa,
and a Poisson’s ratio of ν = 0.3; and the parameters of damage are α = β = 0.4,
which are chosen so that the model can reach quickly an intermediate level of
damage.

To obtain the POD reduced basis, a standard FEM model incorporating dam-
age is taken as a reference model. The previously described load, boundary
conditions, and material and damage parameters are applied. This reference
model is simulated for 10 pseudo-time steps and, at each step, the scalar field
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Figure4.6. L2 error norm (top) andL2 relative error norm (bottom)of theunit cube loaded
at a node for each of the 10 computed pseudo-time steps.

of damage g is recorded at the Gauss integration points of the element. Eight
Gauss points (two per dimension, 23) are considered, thus obtaining ten differ-
ent sets (one per step) of eight values of the damage field. Then, these ten sets
are used as snapshots with which to compute a POD basis. Since each of the
ten vectors of the resulting basis has an associated value of explained variance,
the selected vectors to form the reduced basis υ are those that accounts for a
greater proportion of explained variance. The number of selected vectors should
not be high either, so a balance must be maintained between both factors, which
depend on each situation. In this example, the selected POD reduced basis υ

consists of three vectors, which explain nearly the 100% of the total variance of
the provided snapshots.

Once the POD reduced basis υ is known, a PGD computational vademecum
can be obtained. To this end, it is necessary to determine the discretisation of
coefficients ξK (with K = 1, 2, 3), represented by matrices GK in § 4.5.4. Since
the solution of this example is already known (it is the previously computed
reference model), the limits between which the coefficients ξK vary can be easily
approximated by projecting the damage values of the reference model into the
POD reduced basis. By doing this, the discretisation in this example can be
defined by the following interval limits and number of uniformly distributed
mesh nodes: ξ1 ∈ [−3,−2] using 4 000 nodes; ξ2 ∈ [−0.3, 0.3] using 2 400 nodes;
and ξ3 ∈ [−0.1, 0.3] using 1 600 nodes. With this discretisation of coefficients
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ξK , PGD required 28 modes before reaching convergence.
The computed vademecum can be incorporated into the explicit incremental

POD–PGD algorithm (Algorithm 4.2). Again, ten pseudo-time steps are com-
puted in real-time, six of which are shown in Fig. 4.5. In analysing the sequence,
it can be observed that damage concentrates around the corner that is pulled
upwards, and it intensifies as the magnitude of the load increases. L2 error
norms have been computed for each step (see Fig. 4.6), which allow to compare
the differences between the results obtained by the POD–PGD algorithm and
the reference solution.

4.6.1.2 Pure shear

In this example, traction loads of the same value are applied horizontally to the
upper four nodes of a unit cube to achieve pure shear deformation. The four
nodes of the base are fully fixed and, unlike the previous example, the force
increment vary over time in terms of Fig. 4.7. In total, 200 pseudo-time steps
are simulated with the following values of force increment: ∆f = 0.004 from
steps 1 to 25, ∆f = −0.004 from steps 26 to 50, ∆f = 0.008 from steps 51
to 75, ∆f = −0.008 from steps 76 to 100, ∆f = 0.012 from steps 101 to 125,
∆f = −0.012 from steps 126 to 150, ∆f = 0.016 from steps 151 to 175, and
∆f = −0.016 from steps 176 to 200. This allows the cube to return to the
original configuration each 50 steps (conserving the gained damage, though),
and to reach higher values of the total applied load f at each cycle.

steps
20 40 60 80 100 120 140 160 180 200

lo
ad

-0.1

0

0.1

0.2

0.3

0.4

0.5

Figure 4.7. Total load f applied at each simulation step to a unit cube undergoing pure
shear deformation.

The constitutive material is linear elastic with Young’s modulus E = 5 Pa
and Poisson’s ratio ν = 0.3; and the damage parameters are α = 0.4, and
β = 0.1, which are selected so that the model can reach quickly a high level of
damage. The POD reduced basis υ is obtained following the strategy described
in the previous example, by which a standard FEM model is used as a reference.
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Figure 4.8. Damage evolution of a unit cube undergoing pure shear deformation. Initial
configuration and steps 20, 70, 120, 170, and 175 are shown (from left to right, and from
top to bottom), which correspond to values of total applied force f of 0, 0.08, 0.16, 0.24,
0.32, and 0.4 N, respectively.

The chosen POD reduced basis consists of one vector which explains nearly
the 100% of the total variance of the 200 provided snapshots. With regard to
the coefficient ξ1, it is uniformly discretised in the interval [−3, 0] with 12 000

nodes. In this case, PGD only required 2 modes to reach convergence.
The incorporation of the computational vademecum to Algorithm 4.2 allows

the real-time computation of the 200 pseudo-time step, six of which are shown
in Fig. 4.8. In this example, the damage is uniformly distributed throughout the
volume of the model, and intensifies as the magnitude of the load increases. For
each simulation step, the tensors of strain ε and stress σ have been computed.
The stress–strain curve of the model is plotted in Fig. 4.9. Lastly, L2 error norms
have been computed for each step (see Fig. 4.10), which allow to determine
how the results obtained by the POD–PGD algorithm differ from the reference
solution.

4.6.2 Removal of fatty tissue from gallbladder

In laparoscopic surgery, procedures based on tearing and ripping soft tissues
are much more common than those involving cutting. Thus, to achieve realistic
laparoscopic simulations, it is of utmost importance to be able to reproduce all
the tearing processes that can take place. For instance, in laparoscopic chole-
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Figure 4.9. Stress–strain curve.

cystectomy (i. e. the removal of the gallbladder), prior to performing the single
cut that separates the gallbladder from the cystic duct, the anatomical region
known as Calot’s (or hepatobiliary) triangle must be dissected to unveil the cys-
tic duct and the cystic artery. During this process, the adipose tissue needs to
be removed to obtain a view of the underlying structures [181]. This removal is
made simply by tearing the adipose tissue with the help of laparoscopic instru-
ments equipped with either scraping tools or hook-shaped electrocautery tips.
In this section, an example of the removal of the fat adjoining the gallbladder
by tearing the tissue is considered. This example uses the POD-PGD approach
and the simplified model of damage implemented in the previous sections.

A model of the Calot’s triangle region is considered that includes the common
hepatic duct, the cystic duct, and the right hepatic duct, along with the gallblad-
der, see Fig.4.11. In white, some adipose tissue has been added to the anatomic
model. The gallbladder is meshed using trilinear hexahedral elements, and con-
sists of 31 128 elements (28 232 for the bladder, 2 896 for the fat) and 37 010
nodes. Two views of the mesh are depicted in Fig. 4.12. A large part of the
nodes on the surface of both the rear part of the gallbladder and its ducts are
fully fixed, thus emulating the contact of these areas with the liver and other
surrounding connective tissues.

The constitutive material is linear elastic, although the consideration of hy-
perelastic models do not induce any additional difficulty and have been previ-
ously studied in [89, 90]). Unlike the previous examples, two different material
properties are considered, one for the gallbladder and another for the fat. Exper-
imental studies [182–184] suggest that the material properties of the gallbladder
can be selected with values EG = 1.15 kPa and νG = 0.48, whereas the fat can
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Figure 4.10. L2 error norm (top) and L2 relative error norm (bottom) of the unit cube
undergoing pure shear deformation for each of the 200 computed pseudo-time steps.

be characterised with EF = 0.5 MPa and νF = 0.495. The fact that the model
is constituted with two different materials implies to modify the computation of
the stiffness matrix KK in Eq. (4.21), which has to be obtained now as a sum
of its parts,

KK =

∫
ΩG

BT CGB dΩG, +
∫
ΩF

υK BT CFB dΩF ,

where ΩG represents the domain of the gallbladder, ΩF represents the domain
of the fat, and CG and CF are the elasticity tensors of the gallbladder and the
fat, respectively. Damage, then, is only considered in the fat but not in the
gallbladder. Considered values of damage parameters are α = 1, and β = 0.

The POD reduced basis of the damage in the fat is obtained following the
strategy described in the previous examples, by taking an identical FEM model
as a reference. To test the proper performance of the method in this early
stage, traction is applied only on one node; later developments of the method
will consider a broader set of nodes on the surface. 15 pseudo-time steps are
simulated with constant ∆f = 1/3 N. From the obtained POD solution, a
reduced basis consisting of three vectors is selected, which accounts for nearly
the 100% of the explained variance. Coefficients ξi are discretised with the
following interval limits, and number of uniformly distributed mesh nodes: ξ1 ∈
[−152.1,−145.2] using 6 900 nodes; ξ2 ∈ [−6.3, 5.8] using 4 840 nodes; and ξ3 ∈
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Figure 4.11. Model of the Calot’s triangle region.

[−0.3, 0.4] using 2 800 nodes. With these data, an accurate PGD solution is
achieved with 17 modes.

The PGD computational vademecum is then incorporated into the incre-
mental algorithm, and the fifteen pseudo-time steps can be now computed in
real-time. The sequence, depicted in Fig. 4.13, simulates the interactive tear-
ing of the adipose tissue by means of a laparoscopic instrument (not pictured),
which grasps and pulls the tissue outwards. The values of damage in the affected
area increase with the total applied load, and levels of damage exceeding certain
threshold indicate the full rupture of the tissue.

As a measure of the low error that the POD-PGD approach produces, the
tearing sequence computed using this method is visually identical to the one
computed with the FEM approach, for both the attained deformations and the
damage values.

For visualisation purposes, elements whose Gauss points have reached a pre-
scribed damage threshold, say 0.8, are removed from the rendering process. In-
deed, grasping is considered lost and therefore elastic recovery is perceived from
the perspective of the user, see Fig. 4.14. To increase realism, the damaged
surface is rendered using artificial roughness textures, to indicate the user that
the tissue is broken.
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Figure 4.12. Geometry of the finite element model of the gallbladder (in green) and its
adipose tissue (in yellow).

4.6.3 Timings

The results presented in this section have been obtained using a 64-bit laptop,
running Matlab 2014b with an i5 processor running at 2.50 GHz, and 4 Gb
RAM memory. In spite of the use of non-optimised Matlab code prototypes,
computation times in the example of the gallbladder were always under 1 ms,
which is enough for visual as well as haptic real-time requirements.

The final version of the simulator, implemented using the OpenHaptics Toolkit
by GeoMagic, also provided results below the millisecond threshold. The force
perceived by the user is always smooth, with no appreciable jumps in the pe-
ripheral.

4.6.4 Conclusions

In this chapter, a method for the real-time simulation of the tearing of soft
tissues, based on the continuum damage mechanics theory, is presented. As
a first approach to solving the model, an explicit incremental finite element
algorithm is introduced. However, it requires the computation of the inverse of a
large stiffness matrix at each step, which makes its implementation incompatible
with the real-time execution.

To address this problem, the use of PGD computational vademecums is pro-
posed, since the allow to obtain quick direct solutions with a low computational
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Figure 4.13. Damage sequence of the removal of fatty tissue from gallbladder.

cost. Nevertheless, the parametrisation of the damage field for this kind of prob-
lems may be huge, and a reduced order model technique is required to minimise
the number of parameters of the vademecum. To this end, a reduced basis of
the damage field is computed using POD, thus compacting the vademecum to a
great extent.

This POD-PGD method is tried in both simple and complex examples with
excellent results. A surgical application focused on the simulation of the tearing
of adipose tissue is implemented. The reduced computing times achieved by the
implemented algorithm allow a real-time performance compatible with haptic
environments, and the levels of error presented by the method are low when
compared with reference FEM models. The method achieves a high degree of
realism in the simulation of tearing of soft tissues. In sharp contrast to existing
approaches, it does not require any update in the model mesh, and no element
is modified or removed.
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Figure 4.14. Images of the implemented simulator. Top: full view of the simulator, con-
sisting of a laptop and a haptic interface that controls the virtual laparoscopic instrument.
Middle: screenshot showing the process of tearing of the adipose tissue. Bottom: close-
up of the damage caused to the tissue.
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Chapter 5

Conclusions

5.1 Concluding remarks

In this thesis, two novel strategies have been developed for the real-time sim-
ulation of two interactions that are common in the operating theatre: surgi-
cal cutting, and tearing of soft tissues. These strategies are based on the use
of model reduction techniques, mainly the Proper Generalised Decomposition
(PGD), which has been extensively used in its form of computational vademe-
cum, i. e. a general solution of a parametric high-dimensional problem that can
be evaluated at very fast feedback rates.

Simulators have proved to be very beneficial for the training of surgical skills
and their transfer to the clinical setting. Classic surgical simulators, such as
live animals or human cadavers, provide a realistic working environment. How-
ever, they present a series of disadvantages (e. g. high costs, complex mainte-
nance, access to special facilities, or cultural issues, to mention a few) that make
computer-based surgical simulators an appealing alternative that have attracted
great interest during the recent years.

Yet, computer-based surgical simulation is considered to be in an initial phase.
During the early years of its development, simulators failed to meet a minimal
level of realism because of both the limited computing power and the lack of
algorithms based on physics. By contrast, over the last decade, several numer-
ical methods based on computational continuum mechanics have allowed the
real-time simulation of deformations using simple constitutive materials for the
organs. Nevertheless, other surgical invasive interactions, such as the cutting
and tearing of soft tissues, had not been adequately addressed.

The computational vademecums provided by the PGD have shown, on their
own, to be a very efficient tool for simulating the deformations of linear and
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non-linear constitutive materials, but have not been used so far to simulate
other surgical interactions. In this thesis, PGD appears in combination with
other numerical methods and model order reduction techniques to achieve the
real-time simulation of cut and tearing of soft tissues.

First, an approach for the simulation of surgical cutting of soft tissues is stud-
ied. It is valid for haptic environments, which require 500–1000 Hz of feedback
response, and combines PGD computational vademecums and XFEM techniques
in a continuous–discontinuous multi-scale framework. The realistic real-time
simulation of surgical cuts is a major source of difficulties, since it demands
the modification of the geometry and the topology of both the domain and its
associated mesh without penalising the computation time.

The key idea to achieve this objective consists in pre-computing, at an off-line
stage, the vademecum of an organ for every possible location of an applied load
(i. e. the continuous solution). In addition, all the displacements generated by
cutting each node of the accessible surface of the model, for any possible orien-
tation of those cuts, are also computed off-line using XFEM techniques (i. e. the
discontinuous solutions). Then, at the interactive on-line stage, the continuous
solution is used as a reduced basis, which is enriched by the required discontinu-
ous solutions, to obtain the solution of the cut model. From a practical point of
view, the on-line stage only involves the computation of a simple matrix system
of equations that can be solved very fast. The manner in which the discontin-
uous solutions have to be combined together to simulate long cuts (those that
implies two or more nodes), is provided by the so-called cracking node method.

An application for the simulation of corneal surgery (radial keratotomy) is
developed and analysed. The cornea is modelled as linear elastic and has been
subjected to different patterns of radial incisions. Two different ways of ap-
proaching the solution (the PRB and the SRB formulations) are provided, both
depending on whether the computational vademecum is particularised for a load
position or not before its projection. Reported errors were low, and computation
times were within the specified limits for haptic devices.

Second, the real-time simulation of tearing of soft tissues is also developed.
This is achieved by computing the PGD vademecum of a parametric equation
based on the theory of continuum damage mechanics. In order to simplify the
computation of the damage fields, and to reduce the number of parameters, POD
model order reduction techniques are incorporated into the vademecum. The
fundamental aspect of this approach consists in implementing the vademecum
within the framework of an incremental explicit formulation, as a sort of time
integrator, i. e. a feedback system that routes back the last computed outputs
as initial conditions with which to compute the new inputs.
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This method is applied for simulating, in real-time, the removal of visceral
adipose tissue from the walls of the gallbladder. Both fat and gallbladder are
modelled as linear elastic, although considering different material parameters for
each of them. Excellent results are obtained meeting all expectations: haptic
real-time execution is achieved, low levels of error are generated, and a realistic
immersive feeling is perceived.

In short, the use of strategies based on PGD computational vademecums,
in combination with other supporting techniques, has proven to be an appeal-
ing methodology to address the real-time simulation of surgical interactions,
and paves the way towards the development of future generations of simula-
tors, whose complexity will be focused on physiological, micro-anatomical and
biochemical aspects.

5.2 Thesis contributions

The work that has been carried out in the context of this thesis has provided two
main contributions in the fields of computational biomechanics and numerical
simulation.

On the one hand, it has been proven that PGD computational vademecums
can be efficiently used as reduced order bases à la POD. The combination of
these reduced bases with XFEM techniques allows the real-time simulation of
the process of cutting. On the other hand, it has also been proven that com-
putational vademecums can be conveniently coupled with POD techniques to
reduce multi-parametric systems of great dimensions, such as those obtained
by the equations of continuum damage mechanics. These vademecums can be
implemented, in the context of an explicit incremental formulation, to simulate
the tearing of soft tissues in real-time.

However, other research works (not necessarily related to the real-time simu-
lation of surgery) have been carried out during the doctoral period of the author
to prove the suitability of PGD in certain fields of applied mathematics and
engineering. These works encompass the solution of problems with high-order
differential operators [185], the development of applications for augmented learn-
ing [186], and the detection of contact between deformable solids [187].
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5.3 Future work
The design of full second-generation computer-based surgical simulators is a task
that can be as unbounded as the living organs they simulate. This thesis has
shown that the simulation of the most common invasive surgical interactions
can be achieved using PGD. However, there are matters that remain open for
further research.

For instance, with regard to cutting, the extreme cases in which cutting
leads to dissection have not been studied. Such a study did not need to be
carried out in the example of the corneal surgery, since the developed simu-
lator is intended for training surgeons in the particular intervention of radial
keratotomy, where no dissection is possible. Nevertheless, these kind of studies
may be interesting to make the method exportable to other organs or surgical
procedures.

Concerning tearing, the implemented method has been developed using a
simplified model of damage, which has been very useful to verify its correct
operation. Now that this verification has been positively conducted, a complete
implementation of the damage model (which includes the damage field h into the
parametrisation of the computational vademecum) should be obtained. Aside
from this, a more detailed treatment of the resection process would also be
interesting to analyse.

In general, future full developments of these simulators may demand the im-
plementation of several interactions simultaneously; for example, cutting, tear-
ing, and suturing tissues in the same session, and not as separate actions as they
are at present. It may be convenient to devise some kind of strategy to handle
these demands.

As a final remark, although the evolution of computer-based surgical simula-
tors was established by Satava, twenty years ago, as a sequence of five generations
(see § 1.1.3.2), this prediction may not be fulfilled if clinical practice demands
other needs. For example, it seems much more relevant that surgeons train and
plan surgical procedures using real patient avatars (i. e. computational patient-
specific models of organs) [25], rather than using extremely detailed but generic
fifth-generation models.

5.4 Publications
As a result of the research conducted throughout the doctoral period, several
articles have been published in journals, and in proceedings of national and inter-
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national conferences, as well as posters and book chapters. These publications
are detailed below.

5.4.1 Journal publications

1. Quesada, C., González, D., Alfaro, I., Cueto, E., & Chinesta, F. (2016).
Computational vademecums for real‐time simulation of surgical cutting in
haptic environments. International Journal for Numerical Methods in En-
gineering.

2. Quesada, C., González, D., Alfaro, I., Cueto, E., Huerta, A., & Chinesta, F.
(2015). Real-time simulation techniques for augmented learning in science
and engineering. The Visual Computer, 1–15.

3. Quesada, C., Xu, G., González, D., Alfaro, I., Leygue, A., Visonneau,
M., … & Chinesta, F. (2015). Un método de descomposición propia genera-
lizada para operadores diferenciales de alto orden. Revista Internacional de
Métodos Numéricos para Cálculo y Diseño en Ingeniería, 31(3), 188–197.

4. González, D., Alfaro, I., Quesada, C., Cueto, E., & Chinesta, F. (2015).
Computational vademecums for the real-time simulation of haptic collision
between nonlinear solids. Computer Methods in Applied Mechanics and
Engineering, 283, 210-223.

A fifth article about the tearing of soft tissues described in chapter 4 (Quesada,
C., Alfaro, I., González, D., & Chinesta, F., Cueto, E. Haptic simulation of
tissue tearing during surgery) is pending publication.

5.4.2 Conference papers

5. Carlos Quesada, Iciar Alfaro, David Gonzalez, Elias Cueto, & Francisco
Chinesta (2016). Model order reduction of initial value problems. In 12th
World Congresses on Computational Mechanics (WCCM XII). Seoul, South
Korea

6. Carlos Quesada, David González, Icíar Alfaro, Elías Cueto, & Francisco
Chinesta (2015). Real-time simulation of surgical cutting in haptic en-
vironments using computational vademecums. In Congress on Numerical
Methods in Engineering (CMN 2015). Lisbon, Portugal.
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7. Carlos Quesada, David González, Icíar Alfaro, Elías Cueto, & Francisco
Chinesta (2015). Real-time simulation of surgical cutting in haptic environ-
ments using computational vademecums. In 2nd Joint Thematic Workshop
CSMA-SEMNI. Biarritz, France.

8. Carlos Quesada, Icíar Alfaro, David González, Elías Cueto, & Francisco
Chinesta (2015). Real-time simulation of surgical cutting in haptic envi-
ronments using computational vademecums. In IV Jornada de Jóvenes
Investigadores I3A. Zaragoza, Spain.

9. C. Quesada, D. González, I. Alfaro, E. Cueto, & F. Chinesta (2014). Sim-
ulación del corte quirúrgico en tiempo real mediante PGD. In XXXII Con-
greso Anual de la Sociedad Española de Ingeniería Biomédica (CASEIB
2014). Barcelona, Spain.

10. C. Quesada, D. González, I. Alfaro, E. Cueto, & F. Chinesta (2014). Real-
time simulation of surgical cutting using PGD. In 11th World Congress on
Computational Mechanics (WCCM XI). Barcelona, Spain

11. C. Quesada, I. Alfaro, D. González, & E. Cueto (2013). A new generation
of real-time simulation techniques. In II Jornada de Jóvenes Investigadores
I3A. Zaragoza, Spain.

5.4.3 Poster communications

12. C. Quesada, D. González, I. Alfaro, & E. Cueto (2013). PGD approxima-
tions for high-order problems. In 2nd International Workshop on Reduced
Basis, POD and PGD Model Reduction Techniques. Blois, France.

5.4.4 Book chapters

13. Gonzalez, D., Alfaro, I., Quesada, C., Cueto, E., & Chinesta, F. (2015).
Vademecums for Real-Time Computational Surgery. In Computational
Biomechanics for Medicine (pp. 3-12). Springer International Publishing.

14. Quesada, C., Alfaro, I., González, D., Cueto, E., & Chinesta, F. (2014,
October). PGD-Based Model Reduction for Surgery Simulation: Solid Dy-
namics and Contact Detection. In International Symposium on Biomedical
Simulation (pp. 193–202). Springer International Publishing.
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Appendix A

Conclusiones

A.1 Observaciones finales
En esta tesis, se han desarrollado dos estrategias novedosas para la simulación
en tiempo real de dos interacciones muy comunes en la sala de operaciones,
como son el corte y el rasgado (o desgarro) de tejidos blandos. Estas estrategias
se basan en el uso de técnicas de reducción de modelos, principalmente la Des-
composición Propia Generalizada (PGD), que se ha utilizado ampliamente en su
forma de vademécum computacional, esto es, una solución general a un problema
paramétrico de altas dimensiones que se puede evaluar a gran velocidad.

Los simuladores han demostrado ser muy beneficiosos tanto para el apren-
dizaje y desarrollo de habilidades quirúrgicas como para su transferencia a la
práctica clínica. Los simuladores quirúrgicos tradicionales, como animales vivos
o cadáveres humanos, proporcionan un ambiente de trabajo realista. Sin em-
bargo, las desventajas que presentan (altos costes, mantenimiento complejo,
acceso a instalaciones especiales, cuestiones ético-culturales, etc.) convierten a
los simuladores quirúrgicos por ordenador en una alternativa atractiva, la cual
ha suscitado un gran interés en los últimos años.

Sin embargo, la simulación quirúrgica por ordenador todavía se encuentra en
una fase inicial. Durante los primeros años de su desarrollo, los simuladores no
cumplían con el nivel mínimo de realismo por dos razones fundamentales: la
potencia de cálculo era muy limitada y faltaban por desarrollar algoritmos con
cierta base física. Por el contrario, durante la última década, el desarrollo de
métodos numéricos basados en mecánica computacional ha permitido la sim-
ulación en tiempo real de deformaciones utilizando leyes constitutivas simples
para modelar los órganos. Asimismo, otras interacciones quirúrgicas invasivas,
tales como el corte y el rasgado de tejidos blandos, no se habían tratado ade-
cuadamente.
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Los vademécums computacionales proporcionados por la PGD han demos-
trado ser, por sí mismos, una herramienta muy eficiente para la simulación
de deformaciones de materiales constitutivos lineales y no lineales, pero no se
habían utilizado hasta ahora para simular otras interacciones quirúrgicas. En
esta tesis, PGD aparece en combinación con otros métodos numéricos y técnicas
de reducción de modelos para conseguir la simulación en tiempo real del corte
y el rasgado de tejidos blandos.

En primer lugar, se estudia un método para la simulación del corte quirúr-
gico de tejidos blandos. Es válido para entornos hápticos, los cuales requieren
tiempos de respuesta de 500–1 000 Hz, y combina vademécums computacionales
obtenidos con PGD con técnicas XFEM en un marco de trabajo multiescala. La
simulación realista en tiempo real del corte quirúrgico es una fuente importante
de dificultades, ya que exige modificar la geometría y la topología del dominio
y de su malla asociada sin penalizar el tiempo de cálculo.

La idea clave para lograr este objetivo consiste en precalcular, en una etapa
off-line, el vademécum de un órgano para cada posible localización de una carga
aplicada (obteniéndose así una solución continua). Además, todos los desplaza-
mientos generados por el corte de cada nodo de la superficie accesible del mode-
lo, para cualquier posible orientación de los cortes, también se calculan off-line
utilizando técnicas XFEM (obteniéndose así un conjunto de soluciones discon-
tinuas). A continuación, en la etapa interactiva on-line, la solución continua se
utiliza como una base reducida, que se enriquece con las soluciones discontin-
uas necesarias, para obtener la solución del modelo cortado. Desde un punto
de vista práctico, la fase on-line sólo implica el cálculo de un sistema de ecua-
ciones matricial sencillo que se puede resolver muy rápido. La manera en que
las soluciones discontinuas se combinan para simular cortes largos (aquellos que
implican dos o más nodos), viene dada por el denominado cracking node method.

Se ha desarrollado y analizado una aplicación para la simulación de cirugía
corneal (en particular, la intervención conocida como queratotomía radial). La
córnea se ha modelado como un material elástico lineal y se ha sometido a dife-
rentes patrones de incisiones radiales. Se proporcionan dos enfoques diferentes
para abordar la solución (las formulaciones PRB y SRB), en función de si el
vademécum computacional se particulariza para una posición de carga antes de
su proyección o no. Los errores obtenidos han sido bajos y los tiempos de cálculo
se encontraban dentro de los límites especificados para dispositivos hápticos.

En segundo lugar, también se ha desarrollado la simulación en tiempo real
del rasgado de tejidos blandos. Esto se consigue mediante el cálculo de un
vademécum obtenido con PGD para una ecuación paramétrica basada en la
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teoría de mecánica de daño continuo. Para simplificar el cálculo de los campos
de daño, y con el fin de reducir el número de parámetros, se han incorporado
al vademécum técnicas POD de reducción de modelos. El aspecto fundamental
de este enfoque consiste en la aplicación del vademécum en el marco de una
formulación explícita incremental como si de una especie de integrador temporal
se tratase. Es decir, como un sistema realimentado en el que las salidas son las
condiciones iniciales con las que se calculan las nuevas entradas.

Este método se aplica para simular, en tiempo real, la extirpación de tejido
adiposo visceral de las paredes de la vesícula biliar. Tanto la grasa como la
vesícula biliar se han modelado como un material elástico lineal, aunque teniendo
en cuenta diferentes parámetros de los materiales para cada uno de ellos. Se han
obtenido excelentes resultados que cumplen con todas las expectativas: se ha
conseguido la ejecución háptica en tiempo real, se han generado bajos niveles de
error y las sensaciones percibidas son realistas.

En resumen, el uso de estrategias basadas en vademécums computacionales
basados en PGD, en combinación con otras técnicas de apoyo, ha demostrado
ser un método atractivo para hacer frente a la simulación en tiempo real de
interacciones quirúrgicas, y allana el camino hacia el desarrollo de futuras gen-
eraciones de simuladores, cuya complejidad se centrará en aspectos fisiológicos,
microanatómicos y bioquímicos.

A.2 Contribuciones de la tesis
El trabajo que se ha llevado a cabo en el contexto de esta tesis ha proporcionado
dos contribuciones principales en los campos de la biomecánica computacional
y la simulación numérica.

Por un lado, se ha demostrado que los vademecums computacionales basados
en PGD se pueden utilizar eficientemente como bases de orden reducido «a la
POD». La combinación de estas bases reducidas con técnicas XFEM permite la
simulación en tiempo real del proceso de corte. Por otra parte, también se ha
demostrado que los vademécums computacionales se pueden acoplar convenien-
temente con técnicas POD para reducir sistemas multiparamétricos de grandes
dimensiones, como los obtenidos por las ecuaciones de la mecánica de daño
continuo. Estos vademécums se pueden implementar, en el contexto de una
formulación incremental explícita, para simular el rasgado de tejidos blandos en
tiempo real.

Sin embargo, también se han llevado a cabo, durante el período de doctorado
del autor, otros trabajos de investigación (no necesariamente relacionados con
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la simulación quirúrgica en tiempo real) para probar la idoneidad de PGD en
ciertos campos de matemática aplicada e ingeniería. Estos trabajos abarcan
la solución de problemas con operadores diferenciales de alto orden [185], el
desarrollo de aplicaciones para el aprendizaje aumentado [186], y la detección
de contacto entre sólidos deformables [187].

A.3 Trabajo futuro

El diseño de simuladores quirúrgicos completos de segunda generación es una
tarea muy ambiciosa que puede ser tan ilimitada como los órganos vivos que se
simulan. Esta tesis ha demostrado que PGD permite conseguir la simulación
de las interacciones quirúrgicas invasivas más comunes. Sin embargo, todavía
queda trabajo abierto para futuras investigaciones.

Por ejemplo, con respecto al corte, los casos extremos en los que éste lleva
a la disección completa del tejido no se han estudiado. Tal estudio no ha sido
necesario en el ejemplo de la cirugía corneal, ya que el simulador desarrollado
está destinado a entrenar a cirujanos en la intervención particular de la querato-
tomía radial, donde la disección no es posible. Sin embargo, este tipo de estudios
puede ser interesante para que el método sea exportable a otros órganos o pro-
cedimientos quirúrgicos.

En cuanto al rasgado, el método implementado se ha desarrollado utilizando
un modelo simplificado de daño, que ha sido muy útil para verificar su correcto
funcionamiento. Una vez que la verificación es positiva, se debe obtener una
implementación completa del modelo de daño que incluya el campo de daño h

en la parametrización del vademécum computacional. Además, también sería
interesante analizar con más detalle el proceso de resección.

En general, futuros desarrollos completos de este tipo de simuladores pueden
requerir la implementación de varias interacciones al mismo tiempo; por ejem-
plo, cortar, rasgar y suturar tejidos en una misma sesión, y no como acciones
separadas, que es como se hace en la actualidad. Podría ser conveniente idear
algún tipo de estrategia para gestionar estos casos.

Como última observación, aunque la evolución de los simuladores quirúrgicos
por ordenador fue establecida por Satava hace veinte años como una secuencia de
cinco generaciones (véase § 1.1.3.2), esta predicción puede no llegar a cumplirse
si la práctica clínica tiene otras necesidades. Por ejemplo, parece mucho más
relevante que los cirujanos entrenen y planifiquen los procedimientos quirúrgicos
usando avatares reales del paciente (esto es, modelos de órganos por ordenador
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específicos para cada paciente) [25], en lugar de utilizar un modelo de quinta
generación extremadamente detallado pero genérico.

A.4 Publicaciones

Como resultado de la investigación realizada a lo largo del período doctoral, se
han publicado varios artículos y capítulos de libros, y se han realizado varias
contribuciones en congresos nacionales e internacionales, tanto orales como en
formato póster. Todas ellas se detallan a continuación.

A.4.1 Revistas

1. Quesada, C., González, D., Alfaro, I., Cueto, E., & Chinesta, F. (2016).
Computational vademecums for real?time simulation of surgical cutting in
haptic environments. International Journal for Numerical Methods in En-
gineering.

2. Quesada, C., González, D., Alfaro, I., Cueto, E., Huerta, A., & Chinesta, F.
(2015). Real-time simulation techniques for augmented learning in science
and engineering. The Visual Computer, 1–15.

3. Quesada, C., Xu, G., González, D., Alfaro, I., Leygue, A., Visonneau,
M., … & Chinesta, F. (2015). Un método de descomposición propia genera-
lizada para operadores diferenciales de alto orden. Revista Internacional de
Métodos Numéricos para Cálculo y Diseño en Ingeniería, 31(3), 188–197.

4. González, D., Alfaro, I., Quesada, C., Cueto, E., & Chinesta, F. (2015).
Computational vademecums for the real-time simulation of haptic collision
between nonlinear solids. Computer Methods in Applied Mechanics and
Engineering, 283, 210-223.

Está pendiente de publicación un quinto artículo sobre el rasgado de tejidos
blandos descrito en el capítulo 4 de esta tesis (Quesada, C., Alfaro, I., González,
D., & Chinesta, F., Cueto, E. Haptic simulation of tissue tearing during surgery).

A.4.2 Congresos

5. Carlos Quesada, Iciar Alfaro, David Gonzalez, Elias Cueto, & Francisco
Chinesta (2016). Model order reduction of initial value problems. In 12th
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World Congresses on Computational Mechanics (WCCM XII). Seoul, South
Korea

6. Carlos Quesada, David González, Icíar Alfaro, Elías Cueto, & Francisco
Chinesta (2015). Real-time simulation of surgical cutting in haptic en-
vironments using computational vademecums. In Congress on Numerical
Methods in Engineering (CMN 2015). Lisbon, Portugal.

7. Carlos Quesada, David González, Icíar Alfaro, Elías Cueto, & Francisco
Chinesta (2015). Real-time simulation of surgical cutting in haptic environ-
ments using computational vademecums. In 2nd Joint Thematic Workshop
CSMA-SEMNI. Biarritz, France.

8. Carlos Quesada, Icíar Alfaro, David González, Elías Cueto, & Francisco
Chinesta (2015). Real-time simulation of surgical cutting in haptic envi-
ronments using computational vademecums. In IV Jornada de Jóvenes
Investigadores I3A. Zaragoza, Spain.

9. C. Quesada, D. González, I. Alfaro, E. Cueto, & F. Chinesta (2014). Sim-
ulación del corte quirúrgico en tiempo real mediante PGD. In XXXII Con-
greso Anual de la Sociedad Española de Ingeniería Biomédica (CASEIB
2014). Barcelona, Spain.

10. C. Quesada, D. González, I. Alfaro, E. Cueto, & F. Chinesta (2014). Real-
time simulation of surgical cutting using PGD. In 11th World Congress on
Computational Mechanics (WCCM XI). Barcelona, Spain

11. C. Quesada, I. Alfaro, D. González, & E. Cueto (2013). A new generation
of real-time simulation techniques. In II Jornada de Jóvenes Investigadores
I3A. Zaragoza, Spain.

A.4.3 Comunicaciones póster

12. C. Quesada, D. González, I. Alfaro, & E. Cueto (2013). PGD approxima-
tions for high-order problems. In 2nd International Workshop on Reduced
Basis, POD and PGD Model Reduction Techniques. Blois, France.

A.4.4 Capítulos de libros

13. Gonzalez, D., Alfaro, I., Quesada, C., Cueto, E., & Chinesta, F. (2015).
Vademecums for Real-Time Computational Surgery. In Computational
Biomechanics for Medicine (pp. 3-12). Springer International Publishing.
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14. Quesada, C., Alfaro, I., González, D., Cueto, E., & Chinesta, F. (2014,
October). PGD-Based Model Reduction for Surgery Simulation: Solid Dy-
namics and Contact Detection. In International Symposium on Biomedical
Simulation (pp. 193–202). Springer International Publishing.
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