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Abstract

The goal of this work consists in a quantitative analysis and constitutive modelling of ageing processes
associated to plaque formation in mice arteries. Reliable information on the characteristic evolution
of pressure-stretch curves due to the ageing effects are extracted from previous inflation test experi-
ments. Furthermore, characteristic age-dependent material parameters are identified on the basis of
a continuum-mechanics-based parameter optimisation technique.

The results indicate that the aorta-stiffness of the healthy control mice remains basically constant
irrespective of the diet-time and age. In contrast, significant differences exist within the material
response and in consequence within the material parameters between the ApoE−/− and the control
mice as well as for the different locations over the aorta which is underlined by our experimental
observations. With regard to the temporal evolution of the material parameters, we observe that the
material parameters for the ApoE−/− mice aortas exhibit a saturation-type increase with respect to
age.
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1 Introduction1

Recent experimental studies have shown that atherosclerosis significantly modifies the me-2

chanical properties of the arterial tissue (Teng et al., 2014). In this regard, a combination of3

inflammatory, biological and mechanical processes tends to remodel the arterial wall structure4

and composition (Tracqui et al., 2011). Manifold animal species are commonly used to study5

the pathogenesis and potential treatment of the lesions of atherosclerosis (Buja et al., 1983;6

Faggiotto et al., 1984; Reitman et al., 1982; Schwartz et al., 1985; Wagner, 1978). Experimental7

tests on mice over a period of several months can be carried out and results may be extrapolated8

for the benefit of middle-aged or elderly humans.9

Studying the mechanical properties during atheroma plaque development is particularly im-10

portant in order to understand the mechanisms of vascular adaptation in response to changes11

in physical stress. Several studies investigate the morphological, structural, and biochemical12

changes of the aorta as well as the relation between these changes and the mechanics of the13

aorta (Davis, 1995; Huang et al., 2006; Machii and Becker, 1997; Wells et al., 1999; Wong14

and Langille, 1996; Tsamis et al., 2013). Most of these studies, however, mainly focus on the15

proximal aorta, and none of them systematically characterise the geometrical and mechanical16

properties along the entire length of the aorta. Even though Guo and Kassab (2003) study the17

whole aorta, they exclusively focus on the standard laboratory mice (C57BL/6J mice).18

The modelling, simulation and experimental study of arteries and associated vascular diseases19

such as atherosclerosis is an area of current multidisciplinary research. In order to enable an20

individual patient-specific adaptation/modification of the medical treatment, it is necessary21

to understand the underlying mechanisms of atherosclerotic plaque evolution. In this context,22

modelling and simulation are becoming increasingly important research topics (Cilla et al.,23

2014). As in-vivo experiments are usually not feasible for the study of human arteries, both24
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modelling and simulation of ageing phenomena have become vital for the improvement of25

the reliability of medical prognoses. For the description of the purely mechanical and passive26

behaviour of arteries, several computational material models have already been developed in27

the past decades (Holzapfel et al., 2000). In this context, we consider continuum mechanics28

models and numerical approaches to validate and calibrate our constitutive models based on29

the experimental investigations. However, the temporal evolution in these vessels, commonly30

referred to as ageing, has hardly been discussed in the literature. Nevertheless, the incorporation31

of such ageing effects—in combination with the detection, description, and especially interaction32

with plaques—is of central importance for the understanding of atherosclerosis.33

The scientific goal of this work is the mechanical analysis and constitutive modelling of age-34

ing processes usually associated with plaque formation in mouse arteries. Specifically speak-35

ing, reliable information on the evolution of pressure-stretch curves due to ageing effects is36

extracted from previous experimental investigations (Cilla et al., 2015). A computational me-37

chanics framework is used to identify age-dependent material parameters on the basis of the38

experimental data. We consider an inhomogeneous boundary value problem at large defor-39

mations for an incompressible thick-walled cylindrical tube, which is assumed to be a rough40

approximation for a real artery.41

2 Materials and methods42

2.1 Mechanical tests43

Female apolipoprotein E-deficient transgenic mice (ApoE−/− mice) and common laboratory44

control mice (C57BL/6 mice) are used to obtain the pressure-diameter relation (Cilla et al.,45

2015). We analyse the progressive evolution of atherosclerotic lesions at three different locations46

of the aorta of (i) ApoE−/− mice put on a hyper-lipidic Western diet and (ii) C57BL/6 control47
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mice put on a normal chow diet. Different sets of five ApoE−/− and control mice are sacrificed48

after 10, 20, 30 and 40 weeks.49

Inflation tests are performed as described in Cilla et al. (2015). The aorta is preconditioned50

within three cycles from 0 [mmHg] − 200 [mmHg]. Thereafter, the perfusion pressure pi is51

increased in steps of 25 [mmHg] from pi = 0 [mmHg]− 250 [mmHg], (Guo and Kassab, 2003),52

while the outer diameter do along the trunk of the aorta at each pressure step is recorded. The53

blood vessel is subdivided into a series of short regions of approximately 3 [mm]−4 [mm] length54

per segment, and the external diameter and circumferential stretch are both measured point-55

wise. The outer circumferential stretch is evaluated as the ratio of the current and referential56

outer diameters do and Do, i.e. λθo =
do
Do

, details on Cilla et al. (2015).57

An average pressure-circumferential-stress-relation for each of the segments is measured. Three58

different zones of the aorta are studied separately, i.e. the upper thoracic aorta, the lower59

thoracic aorta and the abdominal aorta. The upper thoracic zone is considered to reach from60

the aortic arch to the ninth thoracic vertebra, the lower thoracic up to the superior61

mesenteric branch and the abdominal part from there to the iliac bifurcation. They62

are not identical to ascending and descending thoracic aorta. The objective was to divide the63

aorta in regions of similar lengths. This description of the upper and lower thoracic aorta is64

included in the new version of the manuscript.65

2.2 Computational framework66

We propose a computational mechanics framework to identify age-dependent material param-67

eters of the data obtained by the experimental tets.68
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2.2.1 Kinematics69

Position vectors of particles in an undeformed reference configuration B0 are denoted by X70

and position vectors in the deformed current configuration Bt at time t by x = ϕ(X, t). The71

kinematics of a thick-walled tube can conveniently be described by cylindrical polar coordinates.72

These coordinates are introduced as R, Θ and Z with respect to a chosen reference configuration73

B0 as well as r, θ and z with respect to the current configuration Bt. An orthonormal referential74

and spatial frame, respectively, can be defined in terms of these coordinates as75

ER(Θ) = cos(Θ) e1 + sin(Θ) e2 , er(θ) = cos(θ) e1 + sin(θ) e2 , (1)

EΘ(Θ) = − sin(Θ) e1 + cos(Θ) e2 , eθ(θ) = − sin(θ) e1 + cos(θ) e2 , (2)

EZ = e3 , ez = e3 . (3)

wherein {e1, e2, e3} is a Cartesian frame fixed in space. The geometry of the tube considered76

is visualised in Figure 1 and its material and spatial settings are specified by77

[Fig. 1 about here.]78

Ri ≤ R ≤ Ro , ri ≤ r ≤ ro , (4)

0 ≤ Θ ≤ 2 π , 0 ≤ θ ≤ 2 π , (5)

0 ≤ Z ≤ L , 0 ≤ z ≤ l , (6)

where Ri, Ro and L represent the inner and outer radii and the length of the tube in a (unde-79

formed) reference configuration B0, while ri, ro and l represent the corresponding quantities in80

the (deformed) current configuration Bt; see Figure 1. The deformation modes of inflation and81

extension of an incompressible tube can be represented by the spatial position vector82
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x = ϕ(X, t) = r er(θ) + z ez (7)

specified by means of83

r =

√
R2 −R2

i

λz

+ r2i , θ = Θ , z = λz Z , (8)

where λz represents the axial stretch.84

Representative deformation measures can be introduced with respect to the coordinates R,85

Θ, Z and r, θ, z. In particular, equation (7) is used together with ∇X [•] = ∂R [•] ⊗ ER +86

R−1 ∂Θ [•]⊗EΘ +∂Z [•]⊗EZ to introduce the deformation gradient F = ∇X ϕ. For the present87

scenario, the deformation gradient reduces to88

F = λr er ⊗ER + λθ eθ ⊗EΘ + λz ez ⊗EZ , (9)

where the radial and circumferential stretch are each introduced as89

λr =
R

r λz
and λθ = [λrλz]

−1 =
r

R
. (10)

λr, λθ and λz take the interpretation as principal stretches in radial, circumferential and axial90

direction.91

2.2.2 Constitutive model92

We apply an orthotropic model with two families of fibres as introduced by Holzapfel et al.93

(2000). The strain energy function of this model is assumed to additively decompose into an94

isotropic part Ψiso, representing the contribution of the non-collagenous ground material, and95

into an anisotropic part Ψani, representing the contributions of the different families of collagen96

fibres, i.e.97
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Ψ (F ,a0 i) = Ψiso(F ) + Ψani(F ,a0 i) . (11)

Moreover, a0 i denotes a set of i = 1, . . . , N referential unit-vectors characterising the mean98

orientations of the fibre families. The isotropic part of the strain energy is specified by a common99

neo-Hookean format100

Ψiso(F ) =
c

2
[ I1 − 3 ] , (12)

with I1 = F : F = λ2
θ + λ2

z + λ−2
θ λ−2

z for the incompressible case, i.e. J = det(F )
.
= 1. The101

anisotropic part adopted takes the following exponential form102

Ψani(F ,a0 i) =
k1
2 k2

N∑
i=1

[
exp

(
k2 〈Ei〉2

)
− 1

]
, (13)

wherein it is assumed that the fibres are mechanically equivalent. The notation 〈•〉 = [ |•|+• ]/2103

reflects the Macaulay brackets. These allow the activation of the fibre contributions in the104

tension regime only. A referential strain measure Ei is introduced as105

Ei = a0 i · F t · F · a0 i − 1 = I4 i − 1 . (14)

The number of mechanically equivalent fibre families is restricted to N = 2 and, moreover,106

their initial orientations are assumed as107

a0 1,2 = sin(β)EZ ± cos(β)EΘ , (15)

so that the invariant introduced in equation (14) can be expressed as108

I4 i = a0 i · F t · F · a0 i = sin2(β) λ2
z + cos2(β) λ2

θ . (16)
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With these relations at hand, the Cauchy stress tensor σ = J−1 ∂FΨ · F t can be specified,109

namely110

σ = cF · F t + 4 k1E exp
(
k2 〈E〉2

)
[a1 ⊗ a1 + a2 ⊗ a2 ], (17)

with a1,2 = F · a0 1,2, and spectral form111

σrr = c λ−2
θ λ−2

z , (18)

σθθ = c λ2
θ + 4 cos2(β) k1 λ

2
θ E exp

(
k2 〈E〉2

)
, (19)

σzz = c λ2
z + 4 sin2(β) k1 λ

2
z E exp

(
k2 〈E〉2

)
. (20)

2.2.3 Equilibrium conditions112

Neglecting body forces, the underlying local equilibrium conditions in terms of spatial argu-113

ments take the representation as114

0 = ∇x · σ in Bt , (21)

t = σ · n on ∂Bt , (22)

t = − pin on ∂Bti . (23)

By analogy with the derivations reviewed above and with n = ± er, the Euler-Lagrange equa-115

tions can be summarised as116
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0 =

[
∂σrr

∂r
+

σrr − σθθ

r

]
er +

1

r

∂σθθ

∂θ
eθ +

∂σzz

∂z
ez in Bt , (24)

t = σrr er on ∂Bto , (25)

t = pi er on ∂Bti . (26)

Due to geometrical and constitutive symmetry, the only non-trivial component of (24) is117

∂σrr

∂r
+

σrr − σθθ

r
= 0 , (27)

see, for example, Ogden (1997). From this equation and from boundary condition σrr|r=ro = 0118

on the outer surface of the tube, the radial Cauchy stress σrr may be calculated as119

σrr(ξ) =
∫ ro

ξ
[σrr − σθθ]

dξ

ξ
. (28)

The internal pressure pi = −σrr|r=ri is then obtained in the form120

pi =
∫ ro

ri
[σθθ − σrr]

dr

r
. (29)

2.2.4 Material parameter identification121

The objective is to determine the characteristic evolution of material parameters in time on122

the basis of the experimental measurements. Several assumptions and approximations are in-123

cluded into the model. First, we idealise the aortic geometry by adopting a thick-walled tube124

and a single layer. Secondly, we replicate the experimental setting by imposing boundary con-125

ditions and kinematic constraints: fully incompressible, uniform internal pressure at the inner126

diameter, stress-free at the outer diameter of the tube (the outer circumferential stretch λθo127

is one for zero pressure for all experimental pressure-stretch-curves), constant axial residual128
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stretch, and circumferential residual stretch neglected. Thirdly, we adopt the following consti-129

tutive assumptions: hyperelastic (inelastic effects neglected), anisotropic (transversely isotropic130

or orthotropic), two mechanically equivalent families of fibres, fibres oriented in tangential plane131

of the tube, non-zero mechanical response of the fibres in tension-regime only, fibre dispersion132

neglected, and homogeneous material properties.133

[Table 1 about here.]134

In order to investigate the age-dependent evolution of the material parameters in detail, we135

first fit the material parameters associated with the constitutive model to the pressure-outer-136

circumferential-stretch curves recorded during the experiments (pi-λθo-curves).137

For the computational fitting process, we apply a pressure-driven parameter identification pro-138

cedure where, by analogy to the experimental approach, the internal pressure pexpi is applied139

to the tube, see Table 2 for algorithmic details. The equilibrium condition (24) is not fulfilled140

a priori and therefore requires an additional iterative solution procedure. We apply a com-141

mon Newton-Raphson iteration scheme to iteratively satisfy the equilibrium condition of the142

underlying boundary value problem as summarised in Table 2. This enables us to compute143

an objective function f formulated in terms of the stretch-difference λθo − λexp
θo . The objective144

function is then minimised with respect to the material parameters ν, see Table 3. Generally,145

such minimisation problems may conveniently be solved by typical optimisation techniques. In146

this study, the Matlab optimisation-algorithm fmincon is used which is based on a sequential147

quadratic programming (SQP) method. We end up with a set of material parameters νmin
148

providing optimal data fitting capabilities for the particular experimental curve of interest.149

[Table 2 about here.]150

[Table 3 about here.]151
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The material parameter identification procedure is based on a sequential optimisation of three152

material parameters c, k1 and k2 as described in Sáez et al. (2014). In a first step, parameter153

c is identified with k1 = const and k2 = const using the first two experimental data points,154

in a second step k1 and k2 are identified with c = const using all experimental data points.155

This non-standard sequential optimisation technique was applied, as it may occur that a single156

optimisation including every experimental data point for all of the three material parameters157

results in unphysical material parameters, e.g. such that c < 0, or in c = lb for a constrained158

optimisation including a lower bound lb.159

[Table 4 about here.]160

Finally, we end up with a set of material parameters νmin providing optimal data fitting ca-161

pabilities for the particular experimental curve of interest. The identified material parameters162

are then plotted over time/age in order to obtain an impression as to which parameter might163

be less/more affected due to the ageing effects.164

3 Results165

3.1 Mechanical properties166

In order to illustrate the stiffening behaviour with respect to age, (Figure 2) shows the ex-167

perimentally obtained circumferential stretch over different stages of ageing at three chosen168

pressure levels, i.e. pi = {50, 150, 250} [mmHg].169

We observed that the circumferential stretch λθo decreases with age (stiffening) for the diseased170

ApoE−/− mice but stays relatively constant for the healthy control mice.171

[Fig. 2 about here.]172
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As pointed out by Cilla et al. (2015), the ApoE−/− mice aorta stiffness increases dramatically173

with an increasing diet period. This holds for all the aortic zones studied. In contrast, the aorta174

stiffness of the control mice remains relatively constant for an increasing diet period. Comparing175

the ApoE−/− and control results, the ApoE−/− pressure-stretch curves after 10 [weeks] for the176

upper aorta and after 10 and 20 [weeks] for the lower and abdominal aorta are similar to the177

control curves for all ages.178

3.2 Material parameter identification179

The material parameters, i.e. c, k1 and k2, which characterise the mechanical response of the180

artery are expected to evolve in time due to the ageing process. The fitting results of the181

material parameter identification procedure are depicted in Figure 3. The results in Figure 3182

show excellent fitting capabilities.183

[Fig. 3 about here.]184

[Table 5 about here.]185

The identified material parameters are summarised in Table 5 and their temporal evolution is186

illustrated in Figure 4. With regard to the temporal evolution of the material parameters, we187

expected the material parameters for the control mice to remain almost constant for a specific188

location of the aorta. However, the parameters strongly deviate from each other with respect to189

time, see parameter k2 in Figure 4. We also expected the material parameters for the ApoE−/−
190

mice aortas to exhibit a characteristic increase or decrease in time for one single location. And191

we indeed observe that, e.g. parameter c first increases linearly within t = 10 − 30 [weeks]192

and saturates for t = 30− 40 [weeks]. A similar behaviour holds for parameter k1, whereas k2,193

remains almost constant within t = 10− 30 [weeks] and then increases for t = 30− 40 [weeks],194

see Figure 4.195

12



[Fig. 4 about here.]196

4 Discussion197

A computational mechanics framework is used to identify age-dependent material parameters198

on the basis of the experimental data. We consider an inhomogeneous boundary value problem199

that allows for large deformations, i.e. an incompressible thick-walled cylindrical tube, which is200

assumed to approximate a real artery. The basic deformation modes considered are represented201

by combined inflation and axial extension. We make use of an orthotropic constitutive model202

with two families of fibres and solve the underlying equilibrium conditions iteratively. We com-203

pute an objective function, represented by the difference between simulated and experimental204

data, which is minimised with respect to the material parameters. As a main goal, we aim at205

determining the characteristic age-dependent evolution of the material parameters over time.206

Generally, the results show excellent fitting capabilities. Similar results have previously been207

obtained by (Cheng et al., 2013). They used a fibre-based constitutive model to fit the me-208

chanical properties from the aorta during postnatal development of wild-type mice and elastin209

haploinsufficient (Eln+/-) mice. Their results showed that a similar fibre-based constitutive210

model was capable of distinguishing elastin content during development.211

We observe significant deviations of the material parameters between the ApoE−/− and the212

control mice as well as for the different locations over the aorta (upper, lower, abdominal)213

which clearly underline our observations from the experiments. With regard to the temporal214

evolution of the material parameters, we identify the material parameters for the control mice215

aortas for one single location to remain almost constant. However, it becomes apparent that216

the parameters quite strongly deviate from each other with respect to position mainly k2. We217

reporte the material parameters for the ApoE−/− mice aortas for one single location to exhibit218

a characteristic increase/decrease in time. We indeed observe that parameter c first increase219
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linearly and saturate for t = 30− 40 [weeks]. c parameter is the principle determinant of220

stiffness in the small stretch region (pressure below physiological level), where the221

crimped collagen molecules are primarily weaving. However, if there is a rupture222

of the elastin, there is no the transition region between the elastin-dominated and223

the collagen-dominated parts of the stress-strain response, thus indicating earlier224

collagen recruitment. For that reason, there is an increasing of the slope of the225

stress-strain curve, so there is an increasing of the c parameter. This effect is due226

to fragmentation of the elastin due to atherosclerosis and not due to ageing where227

the content of elastin remains unaltered with age; however, its concentration is de-228

creased (Tsamis et al., 2013). A similar behaviour can be identified for parameter229

k1, this parameter is the principle determinant of collagen stiffness in the small230

stretch region of the stress-strain response, where the collagen molecules are pri-231

marily straightened and the tissue is resilient. Whereas k2 remained almost constant232

within t = 10 − 30 [weeks] and then increased for t = 30 − 40 [weeks]. The main reason for233

this fact could be that forty weeks may not suffice in order to study representative age-related234

changes in elastic behavior for control groups, and that forty weeks is the start point of the235

ageing process. However, additional studies are needed to understand and check this hypothesis.236

Similar results were found on humans by Astrand et al. (2011).237

To the best of the author’s knowledge, not many studies containing all these characteristics238

appear to be available in the literature. Only Agianniotis and Stergiopulos (2012b) have so far239

compared the mechanical properties of young 10-12 week-old ApoE−/− mice without fat diet240

with C57BL/6J wild-type mice by extension-inflation mechanical tests. In their work, particular241

emphasis was placed on the computation of the Hudetz incremental elastic modulus. Previous242

studies suggest that 10% of collagen fibres are engaged at physiological pressure (Greenwald243

et al., 1997), whereas at higher pressures, the blood vessel becomes progressively less distensible244

as collagen fibres are recruited to support passive wall tension and to restrict aortic distension.245
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The pulse wave velocity increasement on ApoE−/− matches to the fragmentation of the elastic246

laminae in the arterial wall.247

It should be pointed out that the study presented here contains some assumptions and limita-248

tions. First, the application of an inhomogeneous incompressible thick-walled cylindrical tube249

which should represent a real artery is a significant idealisation and simplification. For future250

studies, a non-cylindrical multi-layered problem setting should at least be considered. However,251

the number of fitting parameters will increase, and to gain a realistic interpretation of their252

physical sense some layer-specific information will be required. The assumption of circumfer-253

ential uniformity seems to be different between ApoE−/− mice, which have numerous plaques254

concentrated around branches, and control mice, where the wall is much more uniform. The255

plaques and geometry can influence the mechanical behaviour of the vessel and therefore distort256

results due to the heterogeneous and inconsistent nature of their development. However, Trac-257

qui et al. (2011) measured the stiffness of the mice plaque and obtained much lower values with258

respect to the vessel wall, so its effect on mechanical properties could be lower than expected.259

In addition, material parameters can also be introduced as functions in time. To keep the fit-260

ting problem as simple as possible in order to avoid coupled mechanical effects, we did not261

consider residual stretches. Although some investigations have previously been carried out to262

study the aperture angle, these data cannot be uniquely related to the increase of residual263

stresses. Moreover, circumferential residual stretches essentially require the acquisition of re-264

lated experimental data which, in turn, is a non-trivial task and therefore not achievable at265

this stage. In addition since these inflation tests are performed in situ, the measurement of266

longitudinal forces, and thus the longitudinal stiffness cannot be assessed.267

In spite of these limitations, the obtained results are promising and demonstrate substantial268

changes in the mechanical properties of ApoE−/− mice aortas when compared to the results269

obtained from the control mice group. These findings are important for a better understanding270
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of the cardiovascular system of mice and could serve as a reference for future investigations of271

mechanical properties of blood vessels suffering atherosclerotic diseases.272
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Table 1
Setting of material, structural, geometrical and loading parameters used throughout all the following
computations. The fibre angle β is based on data from Ohayon et al. (2012), the geometry is based on
data from Cilla et al. (2015) and it has been obtained from histological analysis performed after the
mechanical tests.

Type Symbol Description Value Unit

Material c elastic constant to be identified [kPa]

k1 elastic constant to be identified [kPa]

k2 elastic constant to be identified [–]

Structural β fibre angle 48.47 [deg]

Geometrical Ri inner referential radius 0.38197 [mm]

H referential wall thickness thoracic aorta 10 [weeks] 0.1 [mm]

H referential wall thickness abdominal aorta 10 [weeks] 0.08 [mm]

Loading λz axial stretch 1.0 [–]
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Table 2
Algorithmic box for the material parameter identification procedure.

(1) set up structural and geometrical parameters from Table 1 and collect these in pseudo-
vector κ = [β, Ri, H, λz]

(2) perform initial guess ν = ν0 =
[
c0, k01 , k

0
2

]
for the material parameters to be identified

(3) set objective function to f(ν) = 0

(4) identify material parameters as argument of minimum of objective function f

νmin = arg min
ν

f
(
ν;ν0,κ

)
,

wherein f(ν) is determined by the algorithm for the pressure-driven case and the min-
imisation can be performed by, e.g., the Matlab fmincon-optimisation-function

21



Table 3
Algorithmic box for the pressure-driven deformation process were h = 1.0e−8, tol = 1.0e−8 and
w = 1.0. All quantities are associated with tn+1.

(1) given: internal pressure pexpi at time tn+1

(2) perform initial guess λθo = λ0
θo

for the outer circumferential stretch

(3) perform local Newton-Raphson iteration scheme

(a) compute residual

r(λθo) = pexpi − pi(λθo)

wherein pi(λθo) is determined by the algorithm described below

(b) compute linearisation of residual by means of forward difference scheme

dr = [r(λθo + h)− r(λθo)] /h with h � 1

(c) Compute increment

Δλθo = dr/r

(d) compute update

λθo

	→λθo −Δλθo

(e) check tolerance with tol � 1

if |r| < tol go to 4.

else go to 3. (a)

(4) compute objective function

f(ν) 	→f(ν) +w
[
λθo − λexp

θo

]2
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Table 4
Algorithmic box for the determination of the internal pressure Waffenschmidt and Menzel (2014);
Waffenschmidt (2014).

(1) given: material parameters ν = [c, k1, k2], structural and geometrical parameters κ =
[β, Ri, H, λz], see Table 1,

deformation in terms of the outer circumferential stretch λθo at time tn+1

(2) calculate referential outer radius

Ro = Ri +H

(3) calculate current radii

ro = λθo Ro

ri =
√

r2o −
[
R2

o −R2
i

]
/λz

(4) apply m = 3-point Gaussian quadrature rule with quadrature points
ξj =

{−√
3/5 0

√
3/5

}
and weights wj =

{
5/9 8/9 5/9

}
:

loop over number of quadrature points j = 1, . . . ,m

(a) calculate current radius

rj = [[ri + ro] + ξj [ro − ri]] /2

(b) calculate referential radius

Rj =

√
λz

[
r2j − r2i

]
+R2

i

(c) calculate circumferential stretch

λθj = rj/Rj

(d) calculate radial and circumferential stresses

σrrj = c λ−2
θj λ−2

z

σθθj = c λ2
θj + 4cos2

(
β
)
k1 λ

2
θj E exp

(
k2 〈E〉2

)
with E = λ2

z sin(β)
2 + λ2

θj cos(β)
2 − 1 by means of equations (18, 19)

calculate internal pressure

pi ≈ [ro − ri] /2
m∑
j=1

[σθθj − σrrj] wj/rj
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Table 5
Identified material parameters by means of the pressure-driven material parameter identification pro-
cedure.

diseased ApoE−/− mice healthy control mice

[weeks] 10 20 30 40 10 20 30 40

Upper aorta c [kPa] 13.92 54.83 85.38 89.74 32.09 35.80 39.87 18.29

k1 [kPa] 116.70 155.08 167.36 160.41 128.96 125.49 142.81 113.99

k2 [−] 1.20 1.33 1.21 2.69 1.00 1.19 1.14 1.57

Lower aorta c [kPa] 32.51 49.31 116.15 142.56 40.50 22.36 40.69 33.81

k1 [kPa] 123.90 142.81 171.43 158.89 136.79 118.49 150.56 131.24

k2 [−] 1.06 1.19 1.42 2.71 0.95 1.57 0.90 1.37

Abdominal aorta c [kPa] 34.38 67.61 108.09 105.12 48.10 29.62 62.78 49.29

k1 [kPa] 122.75 144.24 173.31 180.15 132.20 112.06 150.12 147.65

k2 [−] 1.99 1.89 1.89 3.81 2.11 2.52 2.18 2.33
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Fig. 1. Deformation modes of a thick-walled cylindrical tube: inflation (internal pressure pi) and axial
extension (axial stretch λz = l/L); arterial wall reinforced by two families of fibres with fibre angle
β defined in (a) a stress-free reference configuration B0 defined with respect to the circumferential
direction; (b) residually stressed and loaded current configuration Bt.
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Fig. 2. Experimentally obtained circumferential stretch with respect to different stages of ageing at
three chosen pressure levels, i.e. pi = {50, 150, 250} [mmHg]. The left column corresponds to the
diseased ApoE−/− mice, the right column corresponds to the healthy control mice. The three different
rows top, middle, bottom are associated with different locations over the length of the considered
arterial specimen (Cilla et al., 2015).
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Fig. 3. Fitted experimental data based on the material parameter identification procedure. The dis-
crete points represent the original experimental data from (Cilla et al., 2015), the lines the associated
(simulated) fitting. The material parameter identification procedure is based on a sequential optimisa-
tion of three material parameters c, k1 and k2: in a first step parameter c is identified with k1 = const
and k2 = const using the first two experimental data points, in a second step k1 and k2 are identified
with c = const using all experimental data points.
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Fig. 4. Material parameter evolution for the stress-driven (pressure-driven) parameter identification
procedure plotted over time, associated values given in Table 5. The left column corresponds to the
diseased ApoE−/− mice, the right column corresponds to the healthy control mice.
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