PROCEEDINGS OF THE

AMERICAN MATHEMATICAL SOCIETY

Volume 139, Number 7, July 2011, Pages 25652569
S 0002-9939(2010)10669-X

Article electronically published on December 7, 2010

A REMARK ON THE ISOTROPY CONSTANT OF POLYTOPES

DAVID ALONSO-GUTIERREZ

(Communicated by Marius Junge)

ABSTRACT. It is known that the isotropy constant of any symmetric polytope
with 2N vertices is bounded by Clog N. We give a different proof of this
result, which shows that the same estimate is true when the polytope is non-
symmetric with N vertices. We also make a remark on how an estimate of
the isotropy constant of a symmetric polytope with 2N facets of the order

of 4/log %, which can be easily deduced from known results, is also true for
non-symmetric polytopes with N facets.

1. INTRODUCTION AND NOTATION

A convex body K C R™ is a compact convex set with non-empty interior. A
convex body is said to be in isotropic position if it has volume 1 and satisfies the
following two conditions:

¢ [, xdx =0 (center of mass at 0),

° fK<x,9>2d$ =12 Vhe St
where Ly is a constant independent of 6, which is called the isotropy constant of
K. Here (-,-) denotes the standard scalar product in R™.

It is well known that for every convex body K C R" there exists an affine map
a+ T such that a + TK is isotropic. Furthermore, K and T'K are both isotropic if
and only if T" is an orthogonal transformation and then both K and T'K have the
same isotropy constant. Hence, we can define the isotropy constant for any convex
body as the isotropy constant of its isotropic image. This verifies that

1
nL% =  min {—2/ |ac|2dx} ;
TeGL(n) U|TK|*"» Jayrk
a €R"

so the isotropic position is the one that minimizes the quantity in the right hand
side of the equation among all the affine images of a convex body.

It is conjectured that there exists an absolute constant C' such that for every
convex body K, Lx < C. This conjecture has been verified for several classes of
convex bodies such as unconditional bodies [MP], zonoids [Ba] and others (e.g.,
[KMP]). However, the best known general upper bound is Lx < cn#, [K], which
improves the earlier estimate Lx < ent logn given by Bourgain (see [Bd]) for
symmetric convex bodies and extended by Paouris [Pa] for non-symmetric bodies.
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Since every convex body can be approximated by polytopes, the conjecture is
true if and only if it is true for any polytope in any dimension. M. Junge proved
in [Ju] that every centrally symmetric polytope with 2N vertices has its isotropy
constant bounded by Clog N, and E. Milman gave in [Mi] another proof of this
fact. Their proofs use results in the local theory of normed spaces. Our purpose is
to give here a simpler proof which is also valid for non-symmetric polytopes. We
will prove

Theorem 1.1. Let K C R™ be a polytope with N vertices. There exists an absolute
constant C' such that Lx < Clog N.

If the number of vertices is large enough, this estimate is better than Lx <

C4/ %, proved in [ABBW], which is better when the number of vertices is small.

We will also prove an estimate of the isotropy constant of polytopes involving
the number of facets instead of the number of vertices. The result is the following:

Theorem 1.2. Let K C R"™ be a polytope with N facets. Then its isotropy constant

satisfies
[ N
L < Cy/log—.
n

In the next section we will give the proofs of these results. We will use the
notation hg(-) for the support function of K, hx (u) = sup,¢ g (x,u), R(K) for its
circumradius R(K) = max{|z| : € K} and r(K) for its inradius r(K) = max{r >
0 : rBy C K}, where B7 is the n-dimensional Euclidean ball.

2. PROOF OF THE RESULTS
In this section we are going to prove the aforementioned results.

Proof of Theorem 1.1. First of all notice that if K C R"™ is isotropic, as a conse-
quence of Borell’s lemma, for any 6 € S"~! we have ||(-,0)||y, < CLk, where

lF @)y
1fl. = inf{t >0 : / (1) 4y < 9.
K
As a consequence of this, fK max;=1,.n |{z,0;)|dx < CLk(logN) for any 6,...,
On € Sl
Let K be a polytope with vertices Pi,..., Py in isotropic position. By the
definition of isotropy, for any T' € GL(n) that is symmetric and positive definite,

1 1 1
L2 = — | (Tz,z)de = — T dr < — T d
ko= g [ e = o [ (@i < o [ ma Ty a)jas
1 max;—=1....N |TP1| TPZ
= — TP, x)|dx < 23! — )|
T ), o0 [(Th z)lde T e [ @lde
< CLk log Nmax;=1, . n|TF
- tr’l

since K is isotropic.
Thus, for any such T,

Clog Nmax;—1 . n [TP] o Clog Nmaxi=y, ..N ¥l
trT o n(det T)x
Clog Nmax;—1 __ n |TP]
n|TK '

Ly

1
n
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Now take T such that a + T K is in Lowner’s position; i.e., the Euclidean ball
is the minimum volume ellipsoid containing a + TK. Then for any P;, |TP;| <
la + TP;| + |a|] < 2, since a and a + TP; are the centroid and a vertex of a + TK,
respectively, and consequently they are contained in the Euclidean ball. If K is a

symmetric polytope, then it is known that a = 0, r(TK) > ﬁ and consequently

ITK w > % and we obtain the desired estimate Ly < C'log N. However, if K is
not symmetric, it is not true that r(a + TK) > ﬁ (the correct estimate in this
case is r(a+TK) > 1).

Nevertheless, as a consequence of a result proved in [D], it is still true that
ITK|» = |a+TK|w > = and consequently Ly < C'log N also in the non-symmetric
case. Indeed, we start by recalling the following well known result, which gives
a characterization of convex bodies K in Lowner’s or John’s position (with the
Euclidean ball as the maximum volume ellipsoid contained in K).

Theorem 2.1 ([J]). Let K C R™ be a conver body. K is in Lowner’s position
(resp. John’s position) if and only if K C BY (resp. By C K ) and there exist some
vectors {u;}7, € OK N S™~ ! and some positive numbers {c;} satisfying

° Zyil CiU; = 07

o [, = Z:r;l Cil; @ u;,

where u @ u denotes the rank 1 operator which maps x to (x,u)u.

A system {(u;, \;)}7, of vectors u; € R™ and positive weights A; such that
it A = 11is called isotropic if it satisfies the following two conditions:

L4 Z:il Ay = 07
2
© > At Qu; = L?|conv{u; } |7 I,.

With this definition it is clear that if K is in Lowner’s position and {u;}",
and {c;}/*, are the vectors and numbers defined in Theorem 271], then the system
{(us, %)} is isotropic with L2|conv{u;}™, | % = 1 (Notice that, taking traces in
the decomposition of the identity, necessarily Y ." | ¢; = n.) In [DI, it is proved for
any isotropic system of vectors L < C'y/n.

Using this estimate we deduce that whenever K is in Lowner’s position and the
¢;’s and u;’s are defined as before,

1
— = L?|conv{w; }7*,|* < Cn|K|*

n
and consequently |K > L O

c
n
Now we will prove the result concerning the number of facets of the polytope.

Proof of Theorem 1.2. Since

. 1
nL3 = min {42 |z|?dx b |
142
TeGL(n) (|TK|* % JarTk
a €R"
we can assume that K is in John’s position and hence

1 1
nL? <——/ z|?dz.
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In [BaP] it is proved that there exists an absolute constant ¢ such that if
{u;}¥.; C R"™ are vectors of length at most 1, then
c

1/1+log%

{z €R™ : [(z,u)| <1,i=1,... N} >

Thus

1 C

\/1—|—log%

and combining this with the fact that any symmetric convex body in John’s position
has its outer radius bounded from above by /n, we obtain the desired estimate.

However, in the case that K is in John’s position but is not symmetric, it is not
true that the outer radius of K is bounded by 1/n. The right estimate in this case
is R(K) < n. Instead of assuming that K is in John’s position, we assume that
the center of mass of K is at the origin and K N (—K) is in John’s position. Then
there exist some vectors {u;}; € (K N(—K))NS"! and some positive numbers
{e;}, such that I, Eiﬂ Cil; ® Us.

Slnce we have a decomposition of the identity independently from the fact that we
take the vector u; or its opposite, we can assume that all the vectors u; € OKNS™ 1.

Hence hg(u;) = 1 and using the estimate ﬁ Jre (@, u)da < % whenever
the center of mass of K is at 0, which is proved in [KLS} we obtain
1
nL? < / |z|?dx < / x,u)>
K \K|n IKI |Kn( K)|= IKI
nhg(u;)>  cn?log &
< clog — i = ™ < cnlog —.
< clog ;c 2 ) _cnogn
Consequently
[ N
n
O

Remark 2.2. It seems natural to try to deduce this estimate assuming that K is
in John’s position also in the non-symmetric case. When one tries to do it, the
problem arises of estimating how far from the origin is the centroid of the convex
body. If it were true that the center of mass of a convex body in John’s position is
closer to the origin than ¢y/n, then, using the results in [FPS], we could deduce the
same estimate for non-symmetric polytopes by considering them in John’s position.
Unfortunately, an estimate of such type is not known.
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