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YANO’S CONJECTURE FOR 2-PUISEUX PAIRS IRREDUCIBLE
PLANE CURVE SINGULARITIES

E. ARTAL BARTOLO!, PI. CASSOU-NOGUES?, I. LUENGO?,
AND A. MELLE-HERNANDEZ3

ABSTRACT. In 1982, Tamaki Yano proposed a conjecture predicting the b-
exponents of an irreducible plane curve singularity germ which is generic in
its equisingularity class. In this article we prove the conjecture for the case in
which the irreducible germ has two Puiseux pairs and its algebraic monodromy
has distinct eigenvalues. This hypothesis on the monodromy implies that the
b-exponents coincide with the opposite of the roots of the Bernstein polynomial,

and we compute the roots of the Bernstein polynomial.

INTRODUCTION

The Bernstein polynomial of a singularity germ is a powerful analytic invariant,
but it is, in general, extremely hard to compute, even in the case of irreducible
plane curve singularities. It is well-known that the Bernstein polynomial vary
in the p-constant stratum of such germs. Since this stratum is irreducible, it is
conceivable that a generic Bernstein polynomial exists, i.e., there exists a dense
Zariski-open set in the stratum where the Bernstein polynomial remains constant.
From the computational point of view it is even harder to effectively compute
this generic polynomial. In 1982, Tamaki Yano conjectured a closed formula for
the Bernstein polynomial of an irreducible plane curve which is generic in its
equisingularity class, [22, Conjecture 2.6]. This conjecture is still open. The aim
of this paper is to provide a significant progress by proving it for a big family of
2-Puiseux-pairs singularities.

Let O be the ring of germs of holomorphic functions on (C",0), D the ring
of germs of holomorphic differential operators of finite order with coefficients in

O. Let s be an indeterminate commuting with the elements of D and set Dl[s] =
D Re (C[S] .
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Given a holomorphic germ f € O, one considers O [%, 3] f* as a free O [%, s}—
module of rank 1 with the natural D[s]-module structure. Then, there exits a
non-zero polynomial B(s) € C|s] and some differential operator P = P(z, &, s) €

D[s], holomorphic in z1,...,x, and polynomial in 8%1’ el %, which satisfy in
@) [%, s] f? the following functional equation
(1) P(s,x,D)- f(x)""" = B(s) - f(z)".

The monic generator byo(s) of the ideal of such polynomials B(s) is called the
Bernstein polynomial (or b-function or Bernstein-Sato polynomial) of f at 0. The
same result holds if we replace O by the ring of polynomials in a field K of zero
characteristic with the obvious corrections, see e.g. [9, Section 10, Theorem 3.3].

This result was first obtained for f polynomial by Bernstein in [3] and in general
by Bjork [4]. One can prove that bs(s) is divisible by s + 1, and we also consider
the reduced Bernstein polynomial by o(s) := b’; SL(IS ).

In the case where f defines an isolated singularity, one can consider the Brieskorn
lattice Hyy := Q"/df A dQ"? and its saturated Hy = >,.,(9:t)*H,. Malgrange
[15] showed that the reduced Bernstein polynomial va0(£) is the minimal poly-

nomial of the endomorphism —0d;t on the vector space F := FI()' /0y 1151(’]’, whose
dimension equals the Minor number p(f,0) of f at 0. Following Malgrange [15],
the set of b-exponents are the p roots {av, ..., a,} of the characteristic polynomial
of the endomorphism —d;t. Recall also that exp(—2in0;t) can be identified with
the (complex) algebraic monodromy of the corresponding Milnor fibre Fy of the
singularity at the origin.

Kashiwara [12] expressed these ideas using differential operators and considered
M = DIs|f*/D[s|f**!, where s defines an endomorphism of P(s)f* by multi-
plication. This morphism keeps invariant M := (s + 1)M and defines a linear
endomorphism of (" ®p M), which is naturally identified with F' and under this
identification —0,t becomes the endomorphism defined by the multiplication by s.

In [I5], Malgrange proved that the set Ry of roots of the Bernstein polynomial
is contained in Qg see also Kashiwara [12], who also restricts the set of candidate
roots. The number —ay o := max Ry is the opposite of the log canonical threshold
of the singularity and Saito [I8, Theorem 0.4] proved that

(2) Rf70 C [Oéﬁo —n, —Oéﬁo].

Now let f be an irreducible germ of plane curve. In 1982, Tamaki Yano [22] made
a conjecture concerning the b-exponents of such germs. Let (n, 51, (s, ..., 5,) be

the characteristic sequence of f, see e.g. [21, Section 3.1]. Recall that this means
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that f(z,y) = 0 has as root (say over x) a Puiseux expansion
b1 Bg
r=--+ayr +---+ay~ +...
with exactly g characteristic monomials. Denote [y := n and define recursively

n if k=0,
ged(e®=D ) if1<k<g.

e®) .

We define the following numbers for 1 < k < g:

1 k—2 B tn
— i i k
Rk; = % (/Bke(k b + Zﬁj+1 (e(j) — 6(]+1))> s Tk = o)
j=0

Note that Ry admits the following recursive formula:

n if k=0,

etk=1)

o (Rec1+ B — Bir) if1<k<yg.

Rk =

We end with the following definitions Rf, :=n, r{, :=2 and for 1 <k < g:

. Rye®

Ry = D ) = me(k)/e(k_l)J + 1.

Yano defined the following polynomial with fractional powers in ¢
I 1—¢ Ik 1t
(3) R(n,Bi,....Byit) =t + » th =)t —

k=1 1—t® %o 1 —th

and he proved that R(n, £, ..., B,;t) has non-negative coefficients.

The number of monomials in R(n, 31,...,5,;1) is equal to 1 4+ > 7 _| Ry —

7 _o R}, and one can prove that this number is the Milnor number p. The num-
bers Ry (resp. Rj},) are the multiplicities of the irreducible exceptional divisors of
the minimal embedded resolution of the singularity whose smooth part has Euler
characteristic —1 (resp. 1), see e.g. Lemma 3.6.1, Fig 3.5 and Theorem 8.5.2 in
[21]. Using A’Campo formula [I] for the Euler characteristic of the Milnor fibre
Fyof fat 0, that is 1 — pu = x(FY), one gets x(Ff) = = > 7_, R+ > 7_, R}, that
is that number equals to p.

Yano’s Conjecture ([22]). For almost all irreducible plane curve singularity germ
[ (C2,0) — (C,0) with characteristic sequence (n, 31, B, - . ., B,), the b-exponents
{on,...,a,} are given by the generating series

I

Zto‘i = R(n,B1,..., B 1).

i=1
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For almost all means for an open dense subset in the p-constant strata in a defor-
mation space.

In 1989, B. Lichtin [13] proved that for i = 1,--- | g, the number —% is a root
of the Bernstein polynomial of f with characteristic sequence (n, Sy, B, ..., 5y).
These result has been extended to the general curve case (not necessarily irre-
ducible) by F. Loeser in [I4].

Yano’s conjecture holds for g = 1 as it was proved by the second named author
in [§].

In [I6, Section 4.2] M. Saito described how can vary the Bernstein polynomial
in p-constant deformations. Let {f;}ier be a p-constant analytic deformation
of an irreducible germ of an isolated curve singularity fy. Then there exists an
analytic stratification of T (by restricting 7" if necessary) such that the Bernstein
polynomial is constant on each strata. Since the p-constant strata is irreducible
and smooth, the Bernstein polynomial of its open stratum, denoted by b, gen(s),
is called the Bernstein polynomial of the generic p-constant deformation of fy(z).

In this article we are interested in the case g = 2. Yano [22] claimed the case
(4,6,2n — 3), with n > 5, but referred to a non published article. For g = 2, the
characteristic sequence (n, 31, f2) can be written as (nyng, mng, mng + q) where

ni, m,No, q € Z~q satisfying

ged(ny, m) = ged(ne, q) = 1.
In this work we solve Yano’s conjecture for the case
(4) ged(q,my) =1 or ged(q,m) = 1.

The above condition is equivalent to ask for the algebraic monodromy to have
distinct eigenvalues. In that case, the p b-exponents are all distinct and they
coincide with the opposite of roots of the reduced Bernstein polynomial (which
turns out to be of degree p).

Our goal is to compute the roots of the Bernstein polynomial for a generic
function having characteristic sequence (nyns, mns, mns +q). To do this we follow
the same method than in [§]. To prove that a rational number is a root of the
Bernstein polynomial of some function f, we prove that this number is a pole of
some integral with a transcendental residue.

For some exponents of the generating series we prove this property for families
of functions which should contain generic elements in the p-constant stratum. For
the rest of exponents, the computations are very tricky, and we apply them only
to particular functions. In order to ensure that the opposite of these exponents

are roots of the Bernstein polynomial for a generic f, we use the following result.



YANO’S CONJECTURE FOR 2-PUISEUX PAIRS 5

Proposition 1 ([20, Corollary 21]). Let f;(x) be a u-constant analytic deformation
of an isolated hypersurface singularity fo(z). If all eigenvalues of the monodromy
are pairwise different, then all roots of the reduced Bernstein-Sato polynomial b 7, ()

depend lower semi-continously upon the parameter t.

Then if « is root of the local Bernstein-Sato polynomial by, (s) for some fj, and
a+ 1 is not root of by(s) for any f with the same characteristic sequence, then by
Proposition (], « is root of the local Bernstein-Sato polynomial bs(s) for f generic
with the same characteristic sequence.

In the first section we collect some results on integrals that will be crucial in
the following. Some of the proofs are in the appendix of the paper. In the second
section we express Yano’s conjecture in our setting. In the third and fourth sections
we compute poles of integrals that we shall need later, and in the fifth part we
show how we can use these integrals to compute roots of the Bernstein polynomial
and we prove Yano’s conjecture in the sixth section.

We are very grateful to Driss Essouabry for providing us with Proposition [[.4

1. MEROMORPHIC INTEGRALS

1.1. One-variable integrals. Let f € R[t] be a real polynomial such that f(t) >
0 for all ¢ € [0,1] and let a,b € Z, a > 0, b > 1 fixed. Consider the (complex)
integral depending on a complex variable s € C

1
(L.1) ymﬂg;ilf@www%.

Using classical techniques we can see that this integral defines a holomorphic
function on a half-plane in C admitting a meromorphic continuation to the whole
complex line, having only simple poles at some rational numbers (with bounded
denominator), where the residues can be controlled.

Proposition 1.1. The function s — Yy .(s) satisfies the following properties:
(1) It is absolutely convergent for R(s) > ag := —2 (the whole C if a =0).

(2) It has a meromorphic continuation on C with simple poles, which are con-
tained in S = { "5 | k € Zs }.
(3) Res,__vir Viap(s) is algebraic over the field of coefficients of f.

Proof. For the first statement, there exists M, > 0 such that |f(¢)*| < M, for
t € [0,1]. Hence,
1 1 aR(s)+b |1
13 M
/ tas+b1fs<t>dt‘ S Ms/ ta%(s)‘i’b*ldt — MS
0 0 a

R(s)+b|, aR(s)+b




6 E. ARTAL, PI. CASSOU-NOGUES, 1. LUENGO, AND A. MELLE

For the second statement, we consider the Taylor expansion of f(¢)® at t = 0 of
order k:

k .
(fs)(z)(o) : 1M s
- ; BT + R (E),  Rex(t) = E/o (1 — w)F(f) D (ut)du.
Hence,

k NG,

Vraals) = X LI )

1=

where
1
H(s) ::/ TR R L (t)dt.
0

Note that H(s) is holomorphic for R(s) > —2#*+L "and the first terms are rational
functions. Hence, the second statement is true.
For the third one, note that

(=)W (0)

S:R_el)sik yf,a,b(s) = alk:'

a

which satisfies the conditions. O

In general, we will deal with more general integrals which a priori, are not so
well-defined. For example, let f(t),g(t) be two real analytic functions in ¢~ in
[0,T], for some N € Z-g and T > 0. Let K be the field of coefficients of the
power series of f,g at 0. Let r¢,7, be the orders of f,g at 0, respectively, and
assume that f(t) > 0 for t € (0,7]. Let a,b € Q, a > 0, b > 0 fixed. Consider
the improper integral

(1.2) Vs puanls) /f (e

Let us denote a; = a + ry and by = b+ r,. The following result is a direct

consequence of the Proposition [L1], using a simple change of variables.

Corollary 1.2. The function s — Yy 4.45(S) satisfies the following properties:
(1) It is absolutely convergent for R(s) > ag 1= —% (the whole C if ay =0).

(2) It has a meromorphic continuation on C with simple poles, which are con-
tained in S = { Nbl““ | k€ Z>

(3)  Res  YVyigan(s) is algebmzc over K.

___Nbj+k

Nay
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1.2. Two-variables integrals.

Definition 1.3. We say that a real polynomial f € R|x,y] is positive if f(z,y) > 0
for all (z,y) € [0, 1]

Let us state the two-variables counterpart of Proposition [Tl Let f € R[z,y]
positive. Let aq, a9, by, by € Z such that ay,as > 0,01,b, > 1. We denote

1 pl
dx d
(13) y(s) = yf,al,bl,az,b2(5> = / / f<x7y>sxa1s+b1yazs+b2__y.
o Jo Ty
Proposition 1.4 (Essouabri). The function Y (s) satisfies the following porperties:

_b b2

(1) It is absolutely convergent for R(s) > ap, where oy = sup ( P Rt

(2) It has a meromorphic continuation on C with poles of order at most 2
contained in S = {—blaLl”l, v € Lo } U {—I’Qa%, vy € Zzo}

In order to do not break the line of the exposition, the proof of this Proposition
is given in the [Al Note that no information is given in the above Proposition for

the residues. Let us introduce some notation.

Notation 1.5. Let f : [0,1] — R be a continous function. We will denote by

G(s) the meromorphic continuation of

! Ldt
/0 f(e)t -

Proposition 1.6. With the hypotheses of Proposition[L4, let 1y € Z>q such that

o= ——blal”l #* ——b2a2”2 for all vy € Z>, then the pole of Y(s) at «v is simple and
(1.4) Res Y(s) = ' @ (asa +b3),  hyaal(y) = VIJH(O )
. es)(s) = anx va(Y) = ).
s=a vlaq g2 20 S oz 4

The proof of this Proposition is also given in the [Al Note that, under the
hypotheses of the Proposition, the function Gy, , . admits an integral expression
which is absolutely convergent and holomorphic for (s) > — Ny — 1, with Ny such
that a > —b2+a7]\£2+1, see the proof of Proposition [L4] in page The following

result is also a straightforward consequence of the proof of Proposition L4l

Proposition 1.7. Let (11,15) € Z%, such that a = =M1 = 282 qhen the
pole at « is of order at most 2 and
1 8V1+V2 fa
li —a)t= 0,0).
81_1)1'0143)(8)(8 Oé) 1/1!1/2!a1a2 &L’”l@y”?( 7 )

We finish this section with a result that relates these integrals with the beta

function.
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Lemma 1.8. Let p € N and ¢ € Roy. Given sy, sy € C such that —a = s1+ 59 > 0
then

¢ %2

B (s1,s
5 (51, 52)

(1-5) G(yl’-i-C)a (psl) + G(1+carp)a (p52) =
where B is the beta function.

The proof appears in the [Al

2. CANDIDATE ROOTS

Since we are going to use mostly Bernstein polynomial instead of b-exponents,
it will be more convenient to work with the opposite exponents. If we study
closely the Yano’s set of candidates for the b-exponents given by the exponents
of the generating series (), we can check that for a branch with g characteristic
pairs, this set can be decomposed in a union of g subsets, each one associated to
a characteristic pair. For example, in the case ¢ = 1 and characteristic sequence
(ny1,m), with ged(ny, m) = 1, the set of opposite b-exponents is decomposed into

only one set

(21) A= {

10 < k< mny, ,
mn, m m

m-4+ny, + k m-4+ny + k m+n1+k¢z}

Note that max A = —™t™ which is the opposite of the log canonical threshold

mni
of the singularity and we have

max A — 1 < p < max A, Vpe A

agreeing with (2). Recall that the conductor of the semigroup generated by (n;, m)
is mny —m — ny.
Let us consider the case g = 2. Let us fix some notations. We work with curve
singularities with characteristic sequence (niny, mny, mns + q), where
o 1 <ny <m,ged(m,ny) =1,
e q>0,ny>1,ged(q,n2) = 1.
In order to use the integrals of 1], we will restrict to real singularities with Puiseux

expansion
mno+q

x:+a1ynﬂ1++a2y ning _'_’

where a1, ay € R* (only characteristic terms are shown, the other coefficients are
also real). The semigroup I' of these singularities is generated by ning, mns and

mmnins + q. Its conductor equals

na(mning + q) — (m+mny)ny — g+ 1.
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We are going to deal with most local irreducible curve singularities with two
Puiseux pairs, where most stands for non-multiple eigenvalues for the algebraic
monodromy. The condition on the eigenvalues is equivalent to ().

Example 2.1. Let us consider (a,b) € Z2, such that mnin; + ¢ = am + bny.
Since the conductor of the semigroup generated by nq,m equals (m — 1)(n; — 1),
we deduce that such coefficients exist with the condition a,b > 0. We can prove
that a,b > 1 using (). Then the functions

Fe(z,y) = (a" £y™)" + 2y’
define singularities of this type.

Let us express Yano’s set of opposite candidates as the union of two subsets
Ay, As. The first one looks like A:

(22) A — {a __mtntk

10 < k <mning, and ngma, ngnja ¢ Z} :
mmnineg
the last condition is equivalent to neither m nor n; are divisors of m+n;+ k. The
second one corresponds to the second Puiseux pair:
Ny
m+ ny)n k

(2.3)  Ag:= a:—( mna g+ |0 <k <neD and noor, Do ¢ 7,

ny (mning + q)

—_——

D
the last condition is equivalent to neither ny nor D are divisors of Ni. They satisfy

the following conditions:

(A1) These two subsets are disjoint under the condition ().

(A2) maxA; —min A; < 1 fori=1,2

(A3) —max A; is the log canonical threshold of those singularities.
(A4) 0 <maxA; —max Ay < 1.

These subsets are decomposed as disjoint unions A; = A L Ajp and Ay =
A1 LU Ags using the semigroups associated to the singularity. The set Ay is formed
by the elements of A; whose numerator is in the semigroup generated by (m,nq),

ie.,

e A

(2.4) Ay = {_M

mnineg

B, B2 € Z21} .

The set Ay is formed by the elements of Ay whose numerator (minus ¢) is in T

ie.,

N,
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The following lemma means that Ay, and A, are somewhat small.

Lemma 2.2. If a € Ay, i = 1,2, then max Ay — a < 1. In an equivalent way

(1) if -tk o A then k < mny —m —ny;

mning

(2) Zf—rg—kD € A21, then rg—kD < mAnL + 1.

mning

Proof. The first statement follows from the fact that (m — 1)(n; — 1) is the con-
ductor of the semigroup generated by m,n;.

For the second one, we use the conductor and I' to obtain
Ny <ngD — (m+mnq)ng + 1.

Then,
N, —1
_k<1_(m+n1)n2 <1+m+n1.
noD noD mnine O

Remark 2.3. The connection between the set Spec(f) of spectral numbers and
roots of the Bernstein polynomial has been investigated by many authors. The
spectral numbers are such that 0 < a; < ay, < ... < &, where p is the Milnor
number. We know that & = —max A; and the set Spec(f) is constant under
p-constant deformation of the germ. The main results in [I7, 1T}, 10], imply that
the set & € Spec(f), such that & < &; + 1 are roots of the Bernstein polynomial
by, (s) of every p-constant deformation {f,} of f. In fact, it can be proved that
those spectral numbers are contained in the set A;; U Ag; so a good chunk of the
candidate roots are already known to be roots of the Bernstein polynomial. In a
forthcoming paper [2] the authors will describe the set of all common roots of the
Bernstein polynomial by, (s) of any p-constant deformation {f;} of f with charac-
teristic sequence (njng, mng, mny + q) such that ged(q,n1) = 1 or ged(q, m) = 1.

3. RESIDUES OF INTEGRALS AT POLES IN A,

Definition 3.1. A polynomial f € R[z, y| is called to be of type (ning, mny, mns+
q)t if it satisfies:

(3.1) flxy) = (@™ +y™ + ha(x,9)™ + 2%y + ha(z,y)
where
(G*1) hy(z,y) = E(i,j)epnl’m a;;z'y’ € R[z,y], where

Pnl,m = {('ij) € ZQEO | mi + nlj > mnl};

(G*2) a,b > 0 such that am + bny = mning + q;
(GT3) the polynomial hy € R[z,y|, whose support is disjoint from the first term,

satisfies that the characteristic sequence of f is (ning, mny, mns + q);
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(G™) f>0in [0,1]2\ {(0,0)}.

For (81, B2 € Z>1, and f of type (ning, mng, mng + ¢) we set:

(3.2) 1(£, 31, Bo)(s //f:cy o W—“Zy

Note that f does not satisfy the conditions stated in §Iland we cannot ensure that
I(f, 1, 52)(s) is well-defined, because f(0,0) = 0. The purpose of the following
Proposition is to prove that, after a suitable change of variables, I(f, 51, 52)(s)
is expressed as a linear combination of integrals as in Proposition [L4 In order
to simplify the notation, we denote izg(:p,y) = 29" + ho(z,y). We will use the
following properties:

(G*5) The minimum degree of hy(z™,y™) is greater than mn;.

(GT6) The minimum degree of hy(z™, y™) is greater than mnns.

Proposition 3.2. Let f be of type (ning, mng, mns + q)* and p1, B2 € Z>1. The
integral 1(f, B, Ba2)(s) is absolutely convergent for R(s) > —ZtB2mi gng gy

mning

; _ _ BimtPanitv
have simple poles only for s = — eV € L.

Proof. In this proof we are going to transform I(f, 31, 52)(s) in a sum of integrals
of type Y(s), for which we may apply Proposition [[L4l For the first step, we apply

the change of variables
x=ual", y=uy.
Let us denote
flan ) = flaf i) = @™+ y™ + (@ y))"™ + ha(af, y1).

We obtain (after renaming back the coordinates to z,y):

dx d
I(f, B, B2)(s mnl// fxys mBi n152 ;7 yy

Let us decompose the square [0, 1]? into two triangles
Dy = {(z,y) € [0,1]* |z >y}, Do:={(z,y) € [0,1]* |z < y}.
We express

(3.3) I(f, B, B2)(s) = mny (L1 (f, Br, B2)(s) + LI2(f, B, B2)(5))

where each integral [; has as integration domain D;:

L(f, Br, B2)(s / (/ flz,y)° nlﬁz_) mﬁldﬂf
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and

nar. ) = [ ([ gy as Sy

Y
Let us study first I1(f, 81, 52)(s). We consider the change of variables
r = T, Y =aT1Y1-

There is a polynomial f;(z1,y;) determined by f(xl,xlyl) = """ fi(z1,91).
Renaming the variables,

f1($7y) = (]' +ymn1 +$h11(x7y))n2 ‘|‘l’il21(l‘,y), hllaiLQl € R[$7y]

The integral becomes

1 1
(3.4) [l(f, 51’ 52)<3) — A /(; f1<SL’, y>s xmﬁ1+n152+mnmgsyn152

We study now Is(f, f1, 82)(s) with the change of variables

i dy
r oy

r=T1Y1, Y=Y

As above, there is a polynomial fo(x1,y1) such that f(ziy1, y1) =y folay, y1).

Renaming the variables,
f2(377 y) = ('rmnl +1+ thQ(xv y))n2 + yi@?(ajv y)7 h127 iz'22 € R[l’,y]

The integral becomes
do dy

1 1
(35) 12<f,51,62><s>=/0 / fal,y) amPrymormime =5 25,

The key point is that the functions fi(x,y) and fo(z,y) are positive, i.e., they do
not vanish at (0,0) and we can apply Proposition [L4l Therefore I1(f, 51, 52)(s)
and Iy(f, 1, B2)(s) are absolutely convergent for R(s) > —%, have mero-
morphic continuation to the whole plane C with possible simple poles at a =

_mbitmBatr with 1y € ZLi>. -

mning

We study the possible poles a € Ay, defined in (2.2]).

3.1. Residues at poles in Aj;.
In this subsection, let o € Ayy, i.e. there exist 3, B2 € Z>; for which

_77151 + 113
mmnineg

(3.6) a=

see (2.4).

Proposition 3.3. Let f be of type (ning, mng, mny + q)*. Then, the integral
I(f,B1,52)(s) has a pole for s = a and its residue is —— B (ﬁ &)

mning n’m )"
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Proof. With the notation in the proof of Proposition B2, one has
ff‘(O,y) — (1 + ymnl)rmoz’ fza(ZL',O) — (xmru + 1)71204'

The residues of the integrals I, I are computed using Proposition [LGl For [, we
have (a1, b1) = (mning, mBy + ny52) and (ag, by) = (0,n25:):

1
Res I, (f, B, B2)(s) = — Gro(0,)(n102)-
With the same ideas,
1
1}:65 L(f, B, B2)(s) = — Grg(.0)(mpr).

Recall that I = mni(I; + I5). We apply Lemma where ¢ = 1, p = mn,,

a = nga, S| = % and s, = %, and we obtain
1
R‘eS[(f7617/82)(S): B<@7@) .
s=a mnine ny m

t

Remark 3.4. Let o € Aqq. Since Ay;; C Ay, the rational number —nyor is not an
integer by (2:2). From the definition of « in ([3.0]), it is clear that if % € Z, then
mnea € 7 also in contradiction with (22). Hence % B2 are not integers. Then,

1’m

ni

using a Theorem of Schneider in [19], we know that B (ﬂ, %) is transcendental.

3.2. Residues at poles in Ajs.
In the above subsection, we have succeeded to compute the exact residue because
in the application of Proposition [LO no derivation was needed. For elements in

Ajs the situation is much more complicated and we will restrict our computation

to some particular examples. Let us fix a = —%ﬁk € Ajp. We can express
1n2
(3.7) mig + nijo = mny + k for some (ig, jo) € ZQEO,

since mn; is greater than the conductor of the semigroup generated by m,n;. Let
Fralw,y) = (@™ +y™ + tay") + 2%y’ t € Ray,
with a and b as in ().

Proposition 3.5. The function I(fi,1,1)(s) has a pole for s = —a and its

residue is a polynomial of degree 1 in t whose coefficient of t equals

0] B 1+Z0 1+]0
NoNym nom '
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Proof. From LemmaP2.2 1 < k < mny;—m—mn;. The computation of the residue of
L (f,1,1)(s) is quite involved for a general polynomial and this is why we restrict
our attention to f,;. In the notation of Proposition B.2] we have

f+t(x, y) = (™ 4y gglomygdonayne g gamy bns
Then
Fi(w,y) = (L y™™ tahy?om )" 4 aty™, fol,y) = (2" + 1+t y")"™ + 2"y,

By Proposition [LG, we have:

1 8kfa
Gh‘k,a,x (n1)7 hk,o&,x(y) = al_; (07 y)

(3.8) 13:6511(]0—1—%1’1)(5) =

mninek!
It is well-known that

i C - J"fi

= terms involving 2™ and
ok L Oak * & h ox"

In the sequel ... will mean in this proof independent of the variable t. 1t is easy to

with r < k.

(3.9)

obtain the coefficient of ¢ (e.g., derivating with respect to t and replacing ¢ by 0):

87’f1(0 ) if r <k,
Y) = ,
o’ thly™o(1 4 ymmym=t 4 ifr = k.
Thus

8kf1a | n17J0 nim\naa—1

o (0y) = thlay™ (1 +y™™) +.
The same arguments yield

1 akfa
Res I. L1)(s) = ——G R =2 (2,0
s:es Z(f—l—ta ’ )(S) mnank! hk,a,y (nl)v k, 7y(l‘) 8’yk (ZL‘ )

and .

o f& :

f]f (z,0) = tklax™o (z™™ 4 )"t .

Ay

Hence
o 4
13265 Li(f+,1,1)(s) = tWG(Hy"lmr"W*l(”l(]O +1)+...
and
Q@ :
E{:es [2(f+t7 17 1)(8) — tmnan G($n1m+1)—n2a—l<m(’lo + 1)) 4+ ...

If we apply Lemma[[8to a = —nsa—1, s1 = “;Il, Sog = jon”:l, p = nym, we obtain

1+ 1+
Res I(fir,1,1)(s) = t—— B( T +90)+
s=a Ton1m st m
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Remark 3.6. Since o € Ay C Ay, by [2.2)), it is clear that —nsa — 1 ¢ Z, and this
number is the sum of the arguments of B. If M € 7Z, then ny divides m + k and
this is forbidden by (Z2)). Hence ’°+1 ot ¢ 7. Smce these three rational numbers

1+m 1+jo
m

are non-integers, we deduce from |1 [-] that B ( is transcendental.

4. RESIDUES OF INTEGRALS AT POLES IN A,

Definition 4.1. A polynomial f € R[z,y| is said of type (ning, mng, mns + q)~
if it satisfies:

(4.1) fla,y) = g(@,y)"™ + 2"y’ + ha(z,y)

where g(x,y) :=a™ —y"™ + hy(x,y)
(H1) hy(z,y)is as in[([GT1)]
(H2) a,b > 0 such that am + bn; = mning + q.
(H3) There exists ay, ..., a; € R such that for

1 k41

Y(zm):= (:c% +a1x% ot aka:7> 1

we have ord, g(z, Y (zw)) > mU02E and Y (zm) > 0if 0 < 2 < 1. Let

mnz2
av(zy) =[] <y - Y(W@) € Rz, y].
=1
(H4) The polynomial hy € R|x, y], whose support is disjoint from the first terms,
satisfies that the characteristic sequence of f is (ning, mng, mny + q).
(H5) Let Dy := {(z,y) € R | 0 < 2 < 1,0 <y < Y(zw)}. Then f > 0 on
Dy \ {(0,0)}.

For 81,82 € Z>1, B3 € Zs>o and f of type (ning, mng, mny + q)~ (with ¢,V as
above) we set:
e dx dy
42 IS = [ Hew)r ety ey
Dy Yy
Proposition 4.2. Let f € Rlz,y| be a polynomial of type (ning, mng, mns +q)~,
P1,Bo € Z>y and B3 € Z>o. Then the integral Z(f, 1, Pa, B3)(s) is convergent for
R(s) > —LmdBomtbsmns o i its set of poles is contained in the set

mning
P1 U U P2,i,j

1€ZL>1,J€L>0

where

P, = _m61+n1ﬁ2+mn153+1/
b mnine

Vv E ZZO}
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Ve Zzo}

The poles have at most order two. The poles may have order two at the values

and

P, .= _n2<Mﬁ1+n152—|—mn1ﬁ3 "‘])"‘Q(ﬁg.-l-l)—i—y
o na(mning + q)

contained in Py and Py ; ; for some 1, j.

Proof. We proceed as in the proof of Proposition We start with the change:
x =", y = y;"'. Note that after this change, the integration domain is exactly

Dy = {(z,y) e R*0<2<1,0 <y <Y(n)},

where Y (z) = Y(a:)n_ll =z +ayx?+ -+ apz*t. We rename the coordinates and
we obtain,
dx dy
Z(f, By, Ba, Bs)(s) = mm/ flamy™) a Py gy (2, )™
D, ry
where go(z,y) = g(a™,y™) and ord go(x, Yi(x)) > W“TZQ”LQ and goy(x,y) is de-
fined in the same way and satisfies goy(x,Y:i(z)) = 0.
The following change is * = x1, ¥y = z171. Let g(x,y) be defined such that
go(z1, x1y1) = 7' g(21,y1). Let Yao(z) = M, note that ord g(z,y) > -L. In the

same way, we define f(z,y) such that f(z7, 2™ y™) = 2™2 f(z,41). Tt is easily
seen that
Gz, y)=1—y"" +a " " hy (2" 2 y™), fwy)=3(e,y)"™ + 2ty + ha(w, y + 1),
where the Newton polygon of hy(z, ) is above the one of y™ 4 27 (from the con-
dition of f having the chosen characteristic sequence). We define gg y (21, 2191) 1=
1" gy (z,y) in the same way and gy (z, Ya(z)) = 0.
Let
Dy ={(z,y) e R0 <z <1,0 <y < Ya(z)}.
With the renaming of coordinates, we have
dx d
(43) T B)(5) = s [ [ Flapeaimmmey gy (a,
Do
where M := mp1 + nqfB2 + mn,Ss.
Note that f is strictly positive on Dy \ {z = 0} and f(0,y) = 1 — y™. Then
f > 0on Dy\ {(0,1)}. This is why we perform the change of variables z =
x1,y = (1 — y1)Ys(z1). From the above properties if §(z,y) = g(z, (1 — y)Ya(z)),
its Newton polygon is more horizontal than the one of y"? + x? and the coefficient
of y equals mn,. In particular, if f(z,y) = f(x, (1 —y)Ya(z)), then

f(z,y) = (mnyy)™ + 29 + h(z,y)
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where the Newton polygon of iz(x, y) is above the one of the first two monomials.
Since gy (z, Ya(z)) = 0 then

g( (1 y)Y2( )) = yQY(xvy)v QY<O70) = —Nni.
(,

Let us define gy (z,y) by

Y=gy (2,y) = Gy (z, (1 = 9)Ya(2)® (1 = y)Yal@)™ =7, Gy (z,y) = Y byaly™

This change of variables transforms the integration domain D, into the square
[0,1]%. Then,

dr d
(44) (f 617ﬁ27ﬁ3 mn1/ f T y s M+mn1nzsy63+1g (.T,y) ? ?y’

where gy (z,y) € R[z, y].
We break this integral as

(4-5) (f 51752753 =mmn Z bz]ng , b1,0=17
i>1,7>0
where
// f T y s M+J+mn1n28yﬁ3+zdx dy
r 'y

Each of these integrals looks like the ones in Proposition and we apply the
same procedure where (n;,m) is replaced by (g,ns). Hence, we get J;;(s) =
Jija(s) + Jijo(s). Replacing 1 by M + j + mninys and By by B3 + 4 in the
statement of Proposition [3.2] we obtain

dx d
(4'6) 2]1 —nzq// F1 x y S 5”2D+Buy Ba+i) 27 y
x ?/
where B; j = no(M + j) + q(f3 + i) and D = mnyny + ¢ as in (23), and
1,01
da: d
(47) Jz]2< —ngq// F2 x y)s nz(Meraner])ysngDJrB . yy

where Fy, I, are strictly positive in the square. The poles of J; ;1(s) are simple

and given by

 na(mBy B+ mm B+ j) +q(Bs +4) + v
o= , Ve Z>0.
ns(mning + q) 2

The poles of J; j2(s) are the above ones and

mBr+nifo+mnifs+j+v
o= — ) S Z>0;
mnineg -

they may be double if one element is of both types (for fixed i, j, 51, 52, f3). O
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4.1. Residues at poles in A,;.
Let a € Ay. Because of the definition ([23) of Ay and the structure of the
semigroup I', there exist 31, B2 € Z>; and 5 € Z>( such that

~ na(Bim + Bana) + Bs(mning +q) +¢
na(mning + q) ’

(4.8) a =
Proposition 4.3. For any [ of type (niny, mng, mny + q)~, « is a pole of the
integral Z(f, 1, B, B3)(s) with residue
1 1 1
B <53+ o Bs + )

na(mning + q) ny Ny

Proof. We keep the notations of Proposition [4.2] If ¢ > 1 or 7 > 0 then
1%788 JZ‘JJ(S) = 1%788 Ji,j,Q(s) = O,

since the starting point of the poles is shifted by 1 to the left and « is in the
semiplane of holomorphy.

We compute the residues for Ji o1(s) and Jj g 2(s) using Proposition [L6l Using
([@4), we have v; = 0, a; = na(mning+q), by = na(Bim+Gaeng )+ Ps(namini +q)+q,
as =0, by = q(f3 + 1); hence

Res Ji0,1(s) = G ((mn)r2yraa+1)2 (4(B3 + 1))

mnine + q
We apply the same computations (the roles of z and y exchange), where now
az = mmn3, by = no(Bim + Bony + Bzmyng). Hence,

q

7G mnq )2 +xn2d)* )
mngng +q (M) Een) (na(mpBy + n1 By +mny B3 + mninoar))

R_GS J1,0,2(8) =

Let us apply Lemma (z,y are exchanged). We have a = «, sy =

mfB1+nifo+mny Bz+mninaa

5] = . , p = neq and ¢ = (mny)™. The condition is fullfilled:
B3+ 1 mBr+n1 By + mny B3 na(Bim+Pani ) +Bs(ngmini +q) +q
So+S1= I —mny
o q qg(mning + q)
_ Bl mbitmb <1_ mniny ) _omm
Mo q mning + ¢ mning +¢q
B+l mbitmby _ mm
ns mning +q  mngns +q '
Hence,

1
E{:es(JLOJ(S) + J102(s)) = (mny) P+ g (mnynsy + q)B ( ny 2

and the result follows from (L.1). O

B3+ 1 53—0—1)
-2
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Remark 4.4. Tt is obvious that —a ¢ Z. Assume that Bfl—;rl € Z. From (43
.. B3+1 . .

and (23), we get a contradiction, hence == ¢ Z. On the other side, if —a —

Bstl ¢ 7. we obtain that noa € Z which is in contradiction with (23). Hence,

n2

B (M —a — M) is transcendental.

ng nz

4.2. Residues at poles in As,.

As in §3.2] we perform now a partial computation of the residue for o € Ao,

~na(m+ni) +q+k
no(mning +q)

From the definition of Ay and the properties of the semigroup I', we can find

non-negative integers a’, b', ¢ are such that
(@'m + Uni)ny + L(mning + q) = (mning + q)ne + k
Let
foilayy) = (2™ = ™)™ +aty + @™ —y™) eyt e Roo.

Proposition 4.5. The function I(f_,1,1,0)(s) has a pole for s = —a and its

residue is a polynomial of degree 1 in t whose coefficient of t equals

(mn) =5 041 (41
ng

a(mm B ( a1l ) |

na(mning + q) no ny

Proof. The poles we are interested in for J; ; 1, J; j 2 start, for each i, j, at

Cma(m A+ ) +qi
na(mning +q)
For (i, j) such that nyj + gi < k the integrals J; 1, J; j» may have poles at a. We
follow the strategy of the proof of Proposition B.5l The residues are computed
using a derivative of order k — (nyj + qi) (the steps from the first pole). It is not
hard to see that if j # 0 or 7 # 1, then the residues are independent of t.
Let us study the behavior of J;o1(s) and Jyga(s). As in the proof of Proposi-
tion 3.5 we have

ak}?la | L, gl 1 a—1
gk (0:9) = aklt(mm )y B (0,y) +
and
_ q _
13285 Jl,OJ(f)(S) - (mn1n2 + q)k!G(a(k’O)(Fl)a(O,')) (Q) -

4
aqg(mn
) G (mnyyrayraas) (q(€+ 1)) + ...

mning + q
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With the same arguments,

8kF2a L, .(na—0)q+k a—1
oy (x,0) = ak!t(mn,) 'z (Fo)* (x,0) + ...
and
q
Res Jo2()s) = G g G (o0 e ) (M2 (mmmmza + m +m)) =
¢
aqg(mn
t#}i_)qG((mnl)n2+$ngq)(ng(mnanOé +ny + m) -+ (n2 - f)q + k) +
112
Let us denote
mninao +ny +m 14 k (+1
51 = L2 ! __+—+1a S2 = y P = (ny, C:(mnl)n2
q ng  qn2 no
Since 1 + s = —a + 1, applying Lemma [[L8 we have
Tt (041 (41
2 g
Rele(s):a(mnl) - B( i ,—a+1-— il )
s=a N9 (mnlng + Q) o N2 ]

Remark 4.6. Note again that B (”—1 —a+1-— Z:—;) is transcendental.

5. RELATION OF INTEGRALS WITH BERNSTEIN POLYNOMIAL

We are using ideas from [5l [6, [7]. Let us fix notations that may cover all the
cases. We fix f.¢,Y, gy, Dy with the following properties:

(B1) The characteristic sequence of f € R[z,y] is (ning, mng, mng + q).

(B2) The characteristic sequence of g € R[z,y] is (n1,m) and it has maximal
contact with f among all the singularities with the same characteristic
sequence.

(B3) The polynomial Y (z7) € Rlzw] (where one of its ni-roots is still in Rlzw])
satisfies one of the following conditions:

o ord,(g(z,Y (zm))) > W:;Lizzﬂ and it is monotonically increasing in
Rso.
o Y =1.

(B4) gy is as in in §

(B5) Dy == {(z,9) eR? | 0<2<1,0<y <Y(xm)}.

(B6) f(x,y) >0 V(z,y) € Dy \ {(0,0)}.

Let B1, 82 € Z>1 and 35 € Z>(. Let us consider the integral

d d
(5.1) Z(f, B, B2, B3)(s /D f(z,y)° 61?/ gy (z, ?/) . y

Ty
These integrals cover those studied in Sections Bl and ll For those of §3] we take
Y =1 and 3 = 0 (hence gy is not longer used). If we need to distinguish them,
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we will denote by Z, those coming from §3]and by Z_ those coming from §4 For
7, we may drop the argument [s.

Let us recall the definition of Bernstein-Sato polynomial bf(s), see the Intro-
duction. It is the lowest-degree non-zero polynomial satisfying the existence of an

s-differential operator

N . .
. o o
D= ZDjsjv Dj = Z aj,il,i2<x7y> € C[SL’ y]

i1+ia<M oxrit 8 s Qj.i1,io
such that
(5.2) D. 5t = by(s)f°.

Moreover, see e.g. [9], if f € K[z,y], K C R, the polynomials a;;, ;, have coeffi-
cients over K. Applying (B.2]), we have
(5.3)

I(f,ﬁl,ﬁz,ﬁgxs):#)m 7= / [ DI ) a0 (o 0) pdrdy

b(s Ty
Following the definition of D, 7 is a linear combination (with coefficients in K[s])

of integrals

all+l2f8+1 .T y B L
l1,22<617ﬁ27ﬁ3 // B2 By ) 1y52 lgy(x,y)53dxdy,
Dy

with 57 > ;.

Using ([8.9), we could express these integrals using derivatives of f and powers of
the type f**1=™ (for some non-negative integer m). But, following the ideas in [6],
we will use integration by parts in order to do not decrease the exponent s + 1.

Let us define X (1) the inverse of the function Y (2 ), when Y is not constant;
we set X = 0 if Y is constant. Note that X (yn_ll) is an analytic function in yn_ll
with coefficients in K. The integration by parts with respect to = (if i; > 0) yields

Iil,zé(ﬁia Béa 63)(8) =U-W

where
Y (1) 8i1+i271fs+1 (.T y) , , dy
U:/ |: 2h! gy (€, Y o yﬁQ—,
Oz —10y™ o) x@T) Y
Hirtia— 1fs+1 8@6171(95/@ y))53) . dy
W= ’ Boda—=.
/ / Do iogn (z,9) o yrde

A similar formula is obtained with respect to y.
Using again ([3.9]), we can see that U is a linear combination with coefficients in K
of integrals as in Corollary [[.2] (where the exponents may decrease). The term W is

again a linear combination with coefficients in K of integrals Z;, _1 ;, (8, 85, B5)(s).
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Since the index i; decreases (and the same happens with i, integrating with respect

to y) we can summarize these arguments in the following Proposition.

Proposition 5.1. Let f € K[z, y| be a polynomial whose local complex singularity
at the origin has two Puiseux pairs and such that K is an algebraic extension of Q.
If By, B2 > 1, and B3 > 0 then Z;, 4, (51, B2, B3)(s) is a linear combination over K[s]
of:
(1) meromorphic functions having only simple poles whose residues are alge-
braic over K;

(2) and integrals Z(f, 5, 55, B5)(s+1) for some triples (81, 55, B) with B. > 5;
for1 <4< 3.

Corollary 5.2. Let [ € K|z, y] be a polynomial whose local complex singularity at
the origin has two Puiseux pairs and such that K is an algebraic extension of Q.
Then the integral Z(f, b1, B2, 03)(s) is the product of by(s)™! and a linear combi-
nation over K[s| of meromorphic functions whose residues are algebraic over K

and integrals Z(f, By, 05, B5)(s + 1).

These results allow to detect roots of Bernstein polynomials in some cases.

Theorem 5.3. Let [ € Klz,y| be a polynomial whose local complex singular-
ity at the origin has two Puiseux pairs and its algebraic monodromy has distinct
eigenvalues and such that K is an algebraic extension of Q. Let a be a pole of
Z(f, p1, B2, P3)(s) with transcendental residue, and such that o + 1 is not a pole
of Z(f, 1, B5, B5)(s) for any (By, 55, B5). Then « is a root of the Bernstein-Sato

polynomial bs(s) of f.

Proof. Let us consider the equality (B.3]). On the left-hand side of the integral, « is
a pole with transcendental residue. Let us study the situation on the right-hand
side. It can be either a pole of J or a root of bs(s) (only simple roots!). Note
that by Corollary 0.2 if « is a pole of J then its residue must be algebraic. Then,
a must be a root of bs(s). O

6. YANO’S CONJECTURE FOR TWO-PUISEUX-PAIR SINGULARITIES

Let (nins, mny, mny + q) be a characteristic sequence such that ged(q,m) =
ged(g,my) = 1, i.e., the monodromy has distinct eigenvalues. The Bernstein-Sato
polynomial of a germ f with this characteristic sequence, depends on f, but there
is a generic Bernstein polynomial b, gen(s): for any versal deformation of such an f,
there exists a Zariski dense open set U on which the Bernstein-Sato polynomial of

any germ in U equals by, gen ().
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Recall that the hypothesis on the eigenvalues of the monodromy implies that the
set of b-exponents consists in a set of p distinct values, which are opposite to the
roots of the Bernstein polynomial, being p the Milnor number of any irreducible
germ with (nyng, mny, mny + q) as characteristic sequence. Hence, in order to
prove that Yano’s Conjecture holds for those characteristic sequences, we need to

prove that the set of roots of the Bernstein polynomial b, gen(s) is A1 U As.

Theorem 6.1. Let f(x,y) € C{x,y} be an irreducible germ of plane curve which
has two Puiseux pairs and its algebraic monodromy has distinct eigenvalues. Then
Yano’s Conjecture holds for generic polynomials having as characteristic sequence
(ning, mny, mny + q) such that ged(q,m) = ged(q,nq1) = 1, that is the set of
opposite b-exponents is A1 U A,.

Proof. Let us fix an element o € A; U As.

Let us start with o« € A;. Note that a+1 > _WTn—TZQ’ which is the greater abscissa
of convergence of Z(f, ], 55)(s) for all 1, 35. As a consequence, « satisfies the
second hypothesis of Theorem for any f of type (ning, mng, mngy +q)".

Assume that o € Ayy. Let us pick-up f of type (ning, mng, mny + ¢)* and
let V be the set of such polynomials. We have proved in Proposition that
there exist (8,82 € Zs; such that Z(f, (1, 52)(s) has a simple pole for s = «
and its residue equals (up to a rational number) B <%, %), and neither %, %
nor its sum (which equals —ny«) are integers. As a consequence, this residue is
a transcendental number, see Remark B4l Then, if we choose f with algebraic
coefficients, all the hypotheses of Theorem are fulfilled and « is a root of the
Bernstein polynomial of f.

Since V determines a non-empty open set in the real part of a versal deforma-
tion, there is a non-empty real open set V; of real polynomials whose Bernstein
polynomial is b, 4en(s). Since polynomials with algebraic coefficients are dense, we
conclude that a is a root of by gen(s), Vor € Ayy.

Now let us assume o € Aj5. By Proposition B3], we know that there is an f,,
of type (ning, mny, mns + q)* (and algebraic coefficients) such that Z(f14, 1,1)(s)
has a simple pole for s = a with a transcendental residue. As above, Theo-
rem [0.3 ensures that « is a root of the Bernstein polynomial of this particular f.;.
Recall, from Lemma 22 that Vo € Ao, o + 1 > — 22 ip particular o + 1 can-

ninam’
not be a root of the Bernstein polynomial for any f with characteristic sequence

(ning, mny, mny + q). We are in the hypothesis of Proposition [I} The lower semi-
continuity implies that either o or o + 1 are roots of b, gen(s), hence, a is a root

of bu,gen(s)a Ya € A12-
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Once the statement is done for the set A; we can use the same kind of arguments
for the set As. If & € Ay, by 23)), a+1 > % which is the maximum pole
that can be congruent with a mod Z. This ensures the fulfillment of the second
hypothesis of Theorem for any f of type (ning, mns, mns + q)~. The rest
of the arguments follow the same ideas as above using instead Propositions

and O

APPENDIX A. TECHNICAL PROOFS

Proof of Proposition[L4l. The proof follows the same ideas as in Proposition [L.1]

Let us consider first the Taylor expansion of f® with respect to x:

Ny amfs 1 1 Nl N N1+1fs
flay) =Y — 1 G - (0,y)z" + N—l,/ a1 — ) et (i, y)dty.
v1=0 ©J0

We apply to each function above its Taylor expansion with respect to y:

N1 Na 1 81/1+l/2f3 v
Z Z 1/1']/2| aleayVQ (0,0)3: y -

v1=0rv9=
8V1+N2+1fs
N2+1 A AT W di

Z V1'N2 / ) axmayNngl( ) 2y) o+
o 1 Ni+vo+1 £s
0 1+v2+ f
N1+1 o A

Z N1!1/2!/ Tl-th) laleﬂa?/VQ (tiz, 0)dt,+

1 Y N N N N, ONUENat2 fs
_ 1 2 _ 1 - o Y
N1!N2!/0 /0 gLy Nt L () YN — ) aleﬂayMH(tlx,@y)dtldtz,

Consider the following notation:

1 N aN1+l/2+lfs
/0(1—151) s (1 0

w]lvl,l/g (.T, 8) =

5 1 1 Ny alll-‘,-Ng-i-lfS
wuth(yv ) ':V11N2' / (1 - t2) W(O7t2y)dt2

N aN1+NQ+2fS
— 1 — —
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These functions are holomorphic for s € C. Hence, one can write

N No
1 gntrgfs 1
5) = 0,0 +
Y(s) I;)I;) vyl 8x”18y”2< )(a18 + by + 11)(azs + by + 1s)
> [
———— [yt N2 (y, s)dy+
ais +b; +v / v1,Av2
(A1) 2
Na 1 1
— = gpumsthdNyl x, s)dx+
I;]aQS—l—ijLyQ/O LACD)

1 1
/ / xa1s+b1+N1ya28+b2+N23N17N2 (l‘, Y, s)dxdy.
0 0

Let us denote

1
SOclll,bl,lfz(s) ::/0 xals+b1+Nl¢]1V1,u2(fL', S)de‘
1
P ponn (8) = / YRyl (g, s)dy
0

1 1
L a15+b1+N1, a2s+ba+ N
Ral,bl,a2,b2(3) '_/ / T T A 25N1,N2(xay73)d$dy-
0 0

25

The integral function cp;hblm is absolutely convergent and holomorphic for $(s) >

b +N1+1

ai

_ bo+No+1
as :

, while 2, is holomorphic for R(s) >

The function R, b, .00, 1S absolutely convergent and holomorphic for R(s) >

max{— 8N EL - bt Na k1Y The result follows.
al ) ag

4

Proof of Proposition[LGl. The hypothesis ensures that the pole is simple. Choose
N; > vy and N, such that a > —2+2+l - We use the functions and equalities

az

introduced in the proof of Proposition [L4l The residue is obtained by evaluating

wsHhin y(s) at o Using ([AT]), we have

= 1 gt fo L1 ttains 2
. aza+ba+Na
ZO (a2a + by + V2)aw1!y2! D1 Dy (0,0) + 0 /0 Y @Z)thQ(y,a)dy
Then,
No
1 oritrz fo 1
R = 0,0) + —? .
s:eo? y<8) ZO (aga —+ bg —+ I/Q)CL1V1!I/2! 8$‘V18’yy2 ( ’ ) * aq (pyl’NQ (Oé)
Vo=

Consider the integral

1
d
/ a0 (f)(0, y)y* L
0 )
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The Taylor formula yields

A0 (£)(0,y) = 6{;’;{:& 0,y) =

Na

1 81/1+l/2 «
S o
12

1 ! Not1 N (Na+1
- 1—¢ 2/ pa(N2+1) 0.t dt —
= y2! axlflayl/Q | /(; Y ( 2) (f ) ( ) 2?/) 2

No!

No

Z _8V1+u2fa (() O)yy2 +u 'yNg-i-lw (y )
¢ vyl Oz Qy»> ! viN2 37

Vo=
We integrate that function (multiplied by 3°~!) to get

N2

1 6V1+V2fa 1 1
0,0 — s+N2 d
I/QZIO (1/2 + 8)1/2! aIL'VlayVQ ( ) ) + a /0 wyLNQ (y, ) Y

and the equality holds. O
Proof of Lemma[L8. Let Gy := G(ypyc)(ps1),

! dy 2 [ d
Gl :/<yp+c> p81_y__/ +1 31_y:C / <y_'_1>04y31_y.
Yy Y P Jo Y
Let Gy := G(1+ca;p ( )

1 1
dr 1 d
:/(1+cxp)a:cp52—x:—/(1—|—cx)o‘x32—x:
0 rPJo Z
1 [ d R B d
—/ (x+c)a:psl—xzc /(x+1)ax51—x.
P J1 z p c—1 x

c %2 [ dr ¢ %2
G1+G2: / (.T+1)al'sl—: B(Sl,Sg).
P Jo p

Thus:
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