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Experimental evidence demonstrating that anomalous localization of waves can be induced in a
controllable manner is reported. A microwave waveguide with dielectric slabs randomly placed is used to
confirm the presence of anomalous localization. If the random spacing between slabs follows a distribution
with a power-law tail (Lévy-type distribution), unconventional properties in the microwave-transmission
fluctuations take place revealing the presence of anomalous localization. We study both theoretically and
experimentally the complete distribution of the transmission through random waveguides characterized by
α ¼ 1=2 (“Lévy waveguides”) and α ¼ 3=4, α being the exponent of the power-law tail of the Lévy-type
distribution. As we show, the transmission distributions are determined by only two parameters, both of
them experimentally accessible. Effects of anomalous localization on the transmission are compared with
those from the standard Anderson localization.
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Wave localization in random media occurs as a consequence of coherent destructive interference in multiple
scattering and plays a central role in the description of
transport of quantum and classical waves. The physical
mechanism behind localization, introduced by Anderson
in quantum electron transport [1], is so general that the
study of localization has not been restricted to electrons
but light, sound waves, microwaves, and ultracold atoms
have been considered in theoretical and experimental
investigations [2,3].
The exponential spatial decay of the wave envelope,
named Anderson localization, is the most studied type of
localization and its effects can be recognized by means
of transport quantities, such as the transmission. Hence,
several properties of the transmission through disordered
structures, like random waveguides and disordered photonic structures, have been experimentally studied in the
presence of Anderson localization [4–9]. Electron-electron
interactions or correlated disorder potentials, however,
affect the observation of Anderson localization. Actually,
it is known that correlated disorder leads to anomalous
localization; i.e., correlations may enhance or reduce the
wave localization, in relation to the Anderson localization.
Extensive literature on the problem of localization with
correlated disorder already exists [10].
Therefore, it is widely known that the presence of
(uncorrelated) disorder leads to Anderson localization of
waves in one-dimensional systems. It is less known,
however, that waves can be localized in a weaker and
different way than in the standard Anderson localization,
even in the absence of correlations in the potentials.
0031-9007=14=113(23)=233901(5)

For instance, concerning the problem of quantum electronic
transport, within a single electron picture, numerical
simulations have shown a power-law decay of the conductance versus the system length in disordered 1D wires at
the band center [11–13], which is in contrast to the faster
exponential decay predicted for quantum wires in the
presence of Anderson localization. Also, new advances
in fabrication of photonic structures have allowed the
experimental observation of anomalous localization in
disordered glasses [14].
From a practical point of view, the degree of disorder
might be manipulated to engineer the properties of materials [15,16]. In this sense, disordered optical fibers have
been recently fabricated to transport high-quality images,
taking advantage of light localization [15]. Therefore,
controlling effects of disorder, such as localization, is of
practical importance.
Motivated by a recent proposal [17] to induce anomalous
localization of electron wave functions by considering
Lévy-type disorder (defined below) in 1D quantum wires,
this Letter demonstrates that anomalous localization of
electromagnetic waves can be induced in a controllable
manner in 1D waveguides. The presence of anomalous
localization leads to unconventional properties of the
transmission, as we show below.
The experiments are performed in the microwave regime
using an array of dielectric slabs whose nearest-neighbor
separation d follows a probability density function with a
power-law tail. As described below, the observed averages
of the microwave transmission depend on the exponent α of
the power-law tail through the relationships hTi ∝ L−α and
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h− ln Ti ∝ Lα , L being the length of the waveguide. Thus,
α can be used to characterize the strength of the anomalous
localization. The complete transmission distribution is
experimentally obtained from different disorder realizations for the cases α ¼ 1=2 and 3=4, at two different
microwave frequencies. Transmission distributions in the
presence of Anderson localization are also experimentally
obtained for the sake of comparison.
Theoretical model.—We briefly introduce the main ideas
and results of the model in Ref. [17]. First, we assume that
waves can travel coherently through a disordered waveguide, where the source of disorder is introduced by placing
scatterers randomly, and independently, separated, as we
show schematically in Fig. 1. We also assume that waves
propagate in one dimension [18]. The special feature of the
system we are considering is that the probability density
of spacing ρðdÞ between scatterers has a power-law tail;
i.e., for large d, ρðdÞ ∼ c=d1þα , where c is a constant and
0 < α < 1 [22]. We notice that because of the power-law
tail, the first and second moments of ρðdÞ diverge. Those
heavy-tailed probability densities, named α-stable distributions (also referred to as Lévy-type distributions),
have been objects of mathematical interest for a long
time [23–25].
Assuming a spacing probability density with a heavy tail
like ρðdÞ, the probability density QL ðnÞ of the number of
scatterers n in a system of fixed length L is given by [17]
2L
QL ðnÞ ¼
ð2nÞ−ð1þαÞ=α qα;c ½L=ð2nÞ1=α ;
α

ð1Þ

where the probability density function qα;c is a Lévy-type
distribution characterized by a power-law tail with exponent α, like ρðdÞ for large values of d. Having the
probability density QL ðnÞ, we can calculate the distribution
of the transmission of our “anomalous waveguides” by
using the following result from the standard scaling
approach to localization [26–29]: For n average number
of scatterers, the transmission probability density ps ðTÞ in
1D is given by

FIG. 1 (color online). Schematic of a random waveguide with
scatterers (dielectric slabs) randomly placed according to a Lévytype distribution (left). Experimental setup employing an X-band
waveguide (top plate open to allow inner vision). Dielectric slabs
act as scattering elements of the transmitted signal (right).
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where y0 ¼ arcoshð2=T − 1Þ and s ¼ an, a being a constant. The parameter s can also be identified as the length of
the system in units of the mean free path. Thus, combining
Eqs. (1) and (2), we obtain the transmission distribution
PðTÞ for random waveguides of length L, whose probability density ofRspacing between scatterers has a power-law
tail: PðTÞ ¼ 0∞ ps ðTÞQL ðnÞdn. Substituting QL ðnÞ,
Eq. (1), in the previous integral expression for PðTÞ and
using the scaling properties of Lévy-type distributions, we
finally write PðTÞ as
Z
PðTÞ ¼

0

∞

psðα;ξ;zÞ ðTÞqα;1 ðzÞdz;

ð3Þ

where we have defined the variables z ¼ L=ð2nÞ1=α
α
and sðα;
R ∞ ξ;−αzÞ ¼ ξ=ð2z I α Þ, with ξ ¼ h− ln Ti and I α ¼
ð1=2Þ 0 z qα;1 ðzÞdz. We remark that the distribution
PðTÞ [Eq. (3)] only depends on two parameters: α and
ξ, which means that all other details of the disorder
configuration are irrelevant.
From the transmission distribution, Eq. (3), one can
obtain the previously mentioned power-law behavior of the
ensemble average of the transmission,
hTi ∝ L−α ;

ð4Þ

and the average of the logarithm of the transmission,
h− ln Ti ∝ Lα ;

ð5Þ

for 0 < α < 1. We point out that Eqs. (4) and (5) are in
contrast to the known results in the Anderson localization
problem: hTi decays exponentially with L and h− ln Ti ∝ L.
Therefore, the above nonlinear dependencies of hTi and
h− ln Ti on L reveal the presence of anomalous
localization.
In summary, according to the above described model,
we can induce anomalous localization in a waveguide by
randomly placing scatterers whose separations follow a
probability density with a power-law tail. Indeed, the
exponent α of the power-law tail determines the strength
of the anomalous localization. If additionally the information of the value of the ensemble average h− ln Ti is known,
we can obtain the complete distribution of the transmission
from Eq. (3).
Numerical simulations were performed firstly in order to
design the random waveguides and give additional support
to the experimental results. The transmission through the
waveguide is calculated by using a transfer matrix method
[30]. We consider two cases for the probability density of
spacing ρðdÞ between slabs: α ¼ 1=2 and 3=4. In particular,
for α ¼ 1=2, we use the so-called Lévy distribution given
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pﬃﬃﬃﬃﬃﬃ
by ρðdÞ ¼ q1=2;1 ðdÞ ¼ ð1= 2π Þd−3=2 exp ð−1=2dÞ. For
α ¼ 3=4, there is no analytical expression for q3=4;1 ðdÞ,
but it can be numerically computed [25].
Thus, we generate numerically an ensemble of random
waveguides and obtain the averages hTi and h− ln Ti over
40 000 disorder realizations at different values of the length
L of the waveguides at 8.5 GHz. The symbols in Figs. 2(a)
and 2(b) (main panels) show the power-law behavior of hTi
with L for random waveguides with spacing densities
characterized by α ¼ 1=2 and α ¼ 3=4, respectively. As
predicted by the model, Eq. (4), for α ¼ 1=2, we found that
hTi depends on L as L−1=2 [solid line in Fig. 2(a)], while for
α ¼ 3=4, hTi behaves as L−3=4 [solid line in Fig. 2(b)].
Similarly, the insets in Fig. 2 show the numerical results
(symbols) for the ensemble average h− ln Ti. In this case,
the solid lines show that h− ln Ti ∝ L1=2 [Fig. 2(a)] while
h− ln Ti ∝ L3=4 [Fig. 2(b)] for α ¼ 1=2 and α ¼ 3=4,
respectively, which is in agreement with our previous
result given by Eq. (5).
With the above numerical support, we proceed with the
experimental analysis of the transmission distribution.
Experimental results and discussions.—We consider a
2-m-long aluminum waveguide with randomly (and independently) placed dielectric slabs, as we show in Fig. 1.
According to the previous model, the spacing between
slabs is obtained by sampling from a Lévy-type distribution
with parameter α. As in the above numerical simulations,
we consider two values: α ¼ 1=2 and 3=4. The case
α ¼ 1=2 corresponds to the so-called Lévy distribution,
so we name those random waveguides “Lévy waveguides.”
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Note that α is employed here to control experimentally the
strength of the anomalous localization.
A standard microwave X-band transition (coaxial to
waveguide, see Fig. 1) feeds the random waveguide and,
on the opposite side, a second transition captures the
transmitted signal. This makes it possible to obtain transmission and reflection coefficients from a vector network
analyzer. We consider two excitation frequencies, 8.5 and
11.5 GHz. In both cases, we are in the frequency band
where only the fundamental TE10 mode propagates through
the waveguide. To obtain the transmission statistics, we
construct an ensemble of random waveguides of different
disorder realizations and collect the transmission data
across the ensemble. Experimentally, however, it is a
time-consuming task to perform a large number of different
random configurations of the dielectric slabs. Therefore, in
order to increase the size of the data collection, we consider
transmission measurements in small frequency windows
around 8.5 and 11.5 GHz. The size of these frequency
windows (0.4 GHz, in both cases) is small enough that we
can assume that the statistical properties of the transmission
do not change within that frequency interval [31]. Thus,
we have performed 135 different disorder configurations.
For each disorder realization we have measured the transmission at five frequency points around the two nominal
frequencies (8.5 and 11.5 GHz). These data form a
collection of 675 measurements at each nominal frequency.
First, we consider the case of Lévy waveguides
(α ¼ 1=2). In Figs. 3(a) and 3(b) we show the experimental

6 α=1/2
4

0

(b)

week ending
5 DECEMBER 2014

100
150
L (cm)

150
L (cm)

200

250

FIG. 2. Numerical simulation results (symbols) for the ensemble averages hTi (main panel) and h− ln Ti (insets) as a function
of the length L of the waveguides. Fits (solid lines) to the
numerical data are obtained according to Eqs. (4) and (5). In
agreement with the theoretical model, (a) hTi ∝ L−1=2 and
h− ln Ti ∝ L1=2 for Lévy waveguides, while (b) hTi ∝ L−3=4
and h− ln Ti ∝ L3=4 for α ¼ 3=4.

FIG. 3. Experimental distributions Pðln TÞ (histograms with
finite-sample error bars) for Lévy waveguides (α ¼ 1=2) at two
different nominal frequencies. The solid lines in (a) and (b) are
obtained from Eq. (3) with h− ln Ti ¼ 5.1 and 4.9, respectively.
Note that the distributions are not normalized to unity: the
integral over T gives the size of the sample (675). We can
observe that the trend of the experimental distributions is well
described by the theoretical model.
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transmission distributions (histograms) at the nominal
frequencies 8.5 and 11.5 GHz, respectively. Notice that
since transmission through the waveguides is small, the
distribution of the logarithm of the transmission Pðln TÞ,
instead of PðTÞ, is more meaningful in order to appreciate
the details of the distributions. From the transmission data
collection, we found that h− ln Ti ¼ 5.1 at 8.5 GHz, while
h− ln Ti ¼ 4.9 at 11.5 GHz. As mentioned previously,
with the information of h− ln Ti and α, we can obtain
the theoretical distributions from Eq. (3) or Pðln TÞ after the
change of variable T → ln T. As we can observe from
Fig. 3, both sets of experimental data are well described by
the model (solid lines). The largest differences between
theoretical and experimental distributions are seen near the
origin, i.e., at ln T ≈ 0. Our numerical simulations indicate
that those discrepancies are due to absorption losses
limiting the maximum transmission [32]. Notice that the
distributions show a small gap near the origin: this is due
to absorption, which prevents perfect transmission T ¼ 1,
or ln T ¼ 0. We remark, however, that there are no free
parameters in our theoretical approach.
Now, we change the properties of the disorder by varying
the parameter α of the spacing distribution of the dielectric
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FIG. 4 (color online). Experimental distributions Pðln TÞ (thick
black solid line histograms with finite-sample error bars) for
waveguides with random separations of slabs following a density
probability with α ¼ 3=4, at two different nominal frequencies.
The thick black solid curves show the results from Eq. (3). Note
that the distributions are not normalized to unity, as in Fig. 3. A
good agreement is seen between experiment and theory. Histograms in thin blue (gray) solid line are experimental results for
random waveguides in the presence of standard Anderson
localization, while the curves [thin blue (gray) solid lines]
correspond to the expected log-normal distributions. Strong
differences between the distributions of ln T for anomalous
and Anderson localizations are seen.
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slabs to α ¼ 3=4; i.e., we construct an ensemble of waveguides with a spacing distribution that follows the Lévytype distribution ρðdÞ ¼ q3=4;1 ðdÞ. As in the previous case
of α ¼ 1=2, we follow the same data collection procedure
at the nominal frequencies 8.5 and 11.5 GHz. In Fig. 4 we
show the experimental transmission distribution Pðln TÞ
(thick black solid line histograms). The experimental
average values are h− ln Ti ¼ 10.6 and h− ln Ti ¼ 11.8
at the nominal frequencies 8.5 and 11.5 GHz, respectively.
The black solid curves in Figs. 4(a) and 4(b) are obtained
from Eq. (3) with α ¼ 3=4 and using the corresponding
experimental values of h− ln Ti. Once again, the model
gives a good description of the experimental results.
It is interesting to compare the effects of anomalous and
Anderson localizations on the transmission. We thus have
constructed an ensemble of random waveguides with
disorder that leads to Anderson localization. In particular,
we have considered a spacing distribution of slabs that
follows a Gaussian distribution. The parameters of the
Gaussian distribution are chosen in such a way that the
average values h− ln Ti are approximately the same as
those obtained in the previous case of α ¼ 3=4. The
experimental results (thin gray solid line histograms) are
shown in Fig. 4. The thin line curves correspond to the
known log-normal distribution expected for 1D systems in
the presence of Anderson localization. Strong differences
are clearly seen between anomalous and Anderson localization. In particular, we can observe much longer tails in
the transmission distribution when anomalous localization
is present.
Summary and conclusions.—We have experimentally
demonstrated that anomalous localization of waves can
be induced and controlled in 1D disordered structures. In a
microwave waveguide, anomalous localization is produced
by the random spacing between dielectric slabs which
follow a probability density function with a power-law tail
with exponent α, named Lévy-type distribution. Signatures
of anomalous localization are recognized by analyzing the
random fluctuations of the microwave transmission; thus,
we have shown that the average transmission hTi decays
with the length L of the waveguides as L−α , while
h− ln Ti ∝ Lα . In contrast, a stronger wave localization
is present in the standard Anderson localization problem
that leads to hTi ∝ exp ð−L=λÞ, λ being the localization
length, and h− ln Ti ∝ L. We point out that anomalous
localization has been experimentally observed in single
mode waveguides. For instance, in Ref. [33] an enhancement of localization has been produced by random potentials; however, such anomalous localization is due to an
ad hoc correlated arrangement of scatterers. In our experimental setup, the scatterers are randomly and independently placed inside the waveguide.
Transmission measurements were performed at different
microwave frequencies and configurations of the disorder
to obtain the complete transmission distribution. The
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experimental results have been well described by our model
with the knowledge of two quantities only, the average
h− ln Ti and the exponent α; i.e., all other details of the
disorder configuration are irrelevant for a full statistical
description of the transmission. We also note the striking
differences between the standard log-normal distribution
of the transmission, expected for the case of Anderson
localization, and the transmission distributions of our
“anomalous microwave waveguides.”
The understanding of the phenomenon of localization is
of fundamental and practical importance. Additionally,
because of the universality of this phenomenon in wave
transport in random media, we believe that our work is of
relevance to other research areas, such as quantum electronic transport and photonics. Also, the results presented
here may be applied to transverse localization [34–36].
Moreover, the control of anomalous localization, as shown
here, might open new possibilities of taking advantage of
the presence of disorder, in the spirit of very recent
experimental efforts to manipulate optical properties of
random structures [15,16].
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