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A classical result due to Bochner classifies the orthogonal polynomials on the real line
which are common eigenfunctions of a second order linear differential operator. We
settle a natural version of the Bochner problem on the unit circle which answers a
similar question concerning orthogonal Laurent polynomials and can be formulated as
a bispectral problem involving CMV matrices. We solve this CMV bispectral problem
in great generality proving that, except the Lebesgue measure, no other one on the unit
circle yields a sequence of orthogonal Laurent polynomials which are eigenfunctions
of a linear differential operator of arbitrary order. Actually, we prove that this is the
case even if such an eigenfunction condition is imposed up to finitely many orthogonal

Laurent polynomials.

1 Introduction

The motivation for the problem we address here can be traced to work in signal pro-
cessing started by Shannon [39]. Addressing his problem required finding and exploiting
some remarkable mathematical miracles and was accomplished in a series of papers by
three workers at Bell Labs in the 1960s: David Slepian, Henry Landau, and Henry Pollak,

see[32, 33,42-46]. The most important of these miracles is the existence of a second order
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5834 F. A. Griinbaum and L. Velazquez

differential operator that commutes with Shannon's time-and-band limiting integral
operator.

In an effort to understand and extend the range of applicability of these miracles
one of us introduced the so called “bispectral problem,” see [5]. For connections of this
notion with the “time-and-band limiting problem” of Shannon, see for instance [4, 9-
12, 24]. The basic idea is that bispectral instances should lead to situations featuring
the remarkable algebraic properties exploited by D. Slepian, H. Landau, and H. Pollak.
A strict connection between these two properties has not yet been established.

These algebraic properties have important numerical/practical consequences.
For a very recent account of several computational issues, see [2, 29, 36]. For new
areas of applications involving (sometimes) vector-valued quantities on the sphere, see
[28, 37, 40, 41]. From a different numerical point of view see [7].

The study of the bispectral problem has moved in several fronts and led many
unsuspected areas of mathematics, for a sample, see [13-16, 18-23, 51].

While the initial problem of C. Shannon was formulated in a continuous-
continuous setup, the case of Fourier series (a discrete-continuous version) was handled
by Slepian in [44], and the case of the DFT (a discrete—discrete version) was discussed
in [8].

If one replaces the unit circle by the real line, these bispectral problems have a
precedent in a continuous-discrete setup in the work of Bochner [1] and previous work-
ers such as Routh [38]. They classified all families of orthogonal polynomials on the
real line that admit a common second order differential operator having all of them
as eigenfunctions. This constitutes a bispectral situation since orthogonal polynomi-
als are (formal) eigenvectors of Jacobi matrices. The first step in going beyond second
order differential operators was taken by [31]. This issue was later addressed in other
situations, such as second order g-difference equations, where the Askey-Wilson poly-
nomials were found to be the most general case. If one gets away from polynomials the
class of solutions is much larger, see [16].

With all this as background we can state the contents of the paper: the natural
extension of [44] by replacing the Lebesgue measure (the case of the Fourier series)
by an arbitrary measure on the unit circle leads to a new bispectral problem, which
we consider here. This takes us back to [50] who talked about orthogonal polynomials
with respect to arbitrary measures on the unit circle. A better approach is taken in
[3, 52] (see also [47, 48]), where one applies the Gram-Schmidt process to all the integer
powers—and not only the positive ones as in [50]—and obtains an orthonormal basis for
the corresponding L? space. We study the bispectral problem for this basis of Laurent

polynomials.
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The CMV Bispectral Problem 5835

This bispectral problem constitutes the natural analogue on the unit circle of the
Bochner problem on the real line. The role of the Jacobi matrices in the ad-conditions is
played now by its unitary counterpart, the CMV matrices [3, 47, 48, 52], which encode the
recurrence relation for the orthonormal basis of Laurent polynomials. In other words,
our aim is to find all the orthonormal Laurent polynomials (OLP) on the unit circle which
are common eigenfunctions of a linear differential operator.

We will refer to this as the CMV bispectral problem since it can be formulated
as a bispectral problem involving CMV matrices: to find all the CMV matrices whose
(formal) eigenvectors, given by the corresponding OLP, are simultaneously eigenvectors
of a linear differential operator.

The ad-conditions introduced in [5] have been the main workhorse to study dif-
ferent bispectral situations [14, 16, 18], and is the approach we are going to follow here,
see Section 2. However, the standard ad-conditions become too messy to solve the CMV
bispectral problem by applying them directly. Instead of this, we will exploit the unitar-
ity and factorization properties of CMV matrices to transform the related ad-conditions
into what we call the Hermitian ad-conditions because they come from the calculation
of a Hermitian matrix. The result is a reduction of the ad-conditions in number and com-
plexity, which allows us to solve them for second order linear differential operators, see
Section 3.

Nevertheless, going beyond second order differential operators calls for more
effective tools than solving ad-conditions by brute force. This is the aim of Sections 4
and 5, which develop the ad-integration and ad-factorization of ad-conditions. The
ad-integration refers to a reduction in the order of the difference equations involved
in the ad-conditions. The idea of solving ad-conditions by means of ad-integration was
first advanced in [14] and then fully developed in [25] for the case of Jacobi matrices.
The adaptation of this technique to CMV matrices is the objective of Section 4.

On the other hand, while the standard ad-conditions are defined in terms of the
power of the ad-operator, given by a single commutator, the more useful Hermitian ad-
conditions are not given by the power of any operator. Despite of this, Section 5 proves
that the Hermitian ad-conditions factorize into lower order ones.

These are the main tools to tackle the general CMV bispectral problem in
Section 6. We not only solve the CMV bispectral problem for linear differential oper-
ators of arbitrary order, but also assuming the corresponding eigenfunction condition
up to finitely many OLP. Furthermore, the solution to this problem follows from the
answer to a more general “bispectral” question in which a tridiagonal matrix takes the

place of the diagonal matrix of eigenvalues for the differential operator. In all these
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5836 F.A. Griinbaum and L. Velazquez

cases we find that the only solution to the CMV bispectral problem is given by the inte-
ger powers of a complex variable, which are the OLP related to the Lebesgue measure
on the unit circle.

This is in contrast with the very rich structure of the solutions to the analogous
problem on the real line. As it is pointed out in the conclusions of Section 7, this negative
result should not be viewed as the end of the story, but could help us to focus our
attention on those situations on the unit circle which could end in bispectral problems
with non-trivial solutions. Besides, the triviality of the CMV bispectral problem can be
used to test on the unit circle the not fully understood connections of bispectrality with
the miracles behind the time-and-band limiting problem and its unexpected links with

integrable systems.

2 Bispectral CMV matrices and ad-conditions

CMV matrices naturally arise in the study of orthogonality on the unit circle [3,47, 48, 52].
For each probability measure u with an infinite support lying on the unit circle T := {z €
C : |z| = 1} we can consider the sequences (x,)n=0 and (x,)n>o 0f OLP coming from the

1.22,z72,..)and (1,z7},2,2z7%,22,...), respectively.

orthonormalization in Li of 1,2,z
Both sequences are related by the substar operation in the vector space C[z,z7!] of

Laurent polynomials,
xn(2) = Xn.(2), ﬁ«(z) Zf(l/z) Vf S (C[Z,Z_l].

The probability measures on T with infinite support are parameterized by the Verblun-
sky coefficients, a sequence (¢)n>0 in the open unit disk D := {z € C : |z| < 1} which

generates the OLP via the five term recurrence relations

Xo Xo
C'x(z) =zx(2), x=|x|, Cx(z) =zx(z), x= x|, (1)
Qo Pold1 PoP1 0 0 0 0
Po  —Qolp —pp1 0 0 0 0
0 ooz —a@y P03 0203 0 0
C=1]o0 P12 —01p2  —0a03 —Q203 0 0 ’ (2)
0 0 0 P30y  —030s  P405 P45
0 0 0 P3Ps  —Q3Ps —0alls —0l4Ps
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where p, = /1 — |a,|?. Both the five-diagonal unitary matrix C and its transpose C’ are

named CMYV matrices. The identities in (1) follow from the basic ones

0, = (an Pn ), (3)
Pn  —0On

hence C = LM and C* = ML factorize as a product of a couple of 2 x 2-block diagonal

g
zx(z) = Lx(2), £=< ®2 o4 >,

1
X(2) = Mx(2), M=< ! o )

symmetric unitary matrices. Using the shift matrix

and its adjoint S', these factors can be expressed as

M=A,+B,S+S'B,,

1

E == Ae + BeS + STBEI

ap _

£0

1

ay
—a1

oy ’

= (5)

3

For every z € C\ {0}, the relations in (1) identify x(z) and x(z) as formal eigen-
vectors with eigenvalue z for the matrices C and Cf, respectively. Actually, Proposition
A.1in the Appendix implies that x(z) and x (z) span the set of such formal eigenvectors.
Therefore, the search for OLP which are also eigenfunctions of a linear differential oper-
ator can be understood as a bispectral problem, which we will call the CMV bispectral

problem. Every linear differential operator
r dk
D= D _— 6
;;ﬂmﬁ (6)

arising from the CMV bispectral problem maps C[z, z7!] on to itself because any Laurent
polynomial is a finite linear combination of OLP. Applying D given by (6) to the powers
zF we see by induction on k that the linear differential operators D: C[z,z '] — C[z,z ']

are those with Laurent polynomial coefficients Dy (z).
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The two CMV bispectral problems related to the OLP x, or x, are essentially
identical because both OLP are simultaneously eigenfunctions of a (different) linear

differential operator. This is due to the equivalence

for any linear operator L in C[z, z!], where L, is the linear operator in C[z, z™!] defined
by

L*f = (Lﬁk)* Vf € (C[le_l]-

In the case of a linear differential operator D, the substar operation yields also a linear
differential operator D, of the same order as D, a fact that follows from the general
composition law (LL), = L,L, together with the substar of a single derivative,

dy  ,d

— | =-z"—.

dz /, dz

Therefore, the relation
Dxp, = AnXn < Dixn = Xanr

shows that the CMV bispectral problem can be equivalently studied using C or C°.
For concreteness, in what follows we will use the CMV matrix C. In other words,
we will search for OLP x,, which are eigenfunctions of some linear differential operator

D of arbitrary order r > 1, that is,
Dx,, = AnX,, An €C, (7)
or equivalently

*1

Dx = AXx, A = Ay

In this case the CMV matrix C related to x,, will be called bispectral.

Actually, we will study a more general problem.

First, we will ask for the linear differential operator D in C[z,z™'] to satisfy (7)
up to finitely many OLP. This is equivalent to stating that Dx = Qx with Q diagonal up
to a finite submatrix, that is, Q = Qy @ A for some N, where Qy is the N x N principal

submatrix of 2 and A is diagonal.
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Second, we will search for solutions of more general relations than (7), namely,
Dx, € span{x,_1,Xn, Xni1}- (8)

This three-term difference-differential equation reads as Dx = Qx with Q tridiagonal.
Indeed, we will assume (8) only from some index onwards, which is equivalent to stating
that Q is tridiagonal up to a finite submatrix.

These comments are the origin of the following definition.

Definition 2.1. We say that an infinite matrix Q is almost (tri)diagonal if it is
(tri)diagonal up to a finite submatrix, that is, Q2 — Q has finitely many non-zero entries

for some infinite (tri)diagonal matrix Q. O

With this terminology, the existence of a linear differential operator Din C[z,z ']
satisfying (7) or (8) for large enough n is equivalent to stating that Dx = Qx with  almost
diagonal and almost tridiagonal, respectively.

All these cases are covered by the relation
Dx = Qx, Q banded, (9)

a general situation characterized by “ad-conditions” (see [5]) involving the CMV matrix
C related to x. Such CMV ad-conditions, made explicit in Theorem 2.2 below, are given
in terms of a linear operator (ad C) in the vector space of band matrices, defined by the

commutator
(adO)Q=I[C,Q2]=C2 - QC.

By induction, its powers can be seen to have the explicit form
- n
adO)"Q =) (-1 k( )c"-kszck. (10)
(adC) ;( 4

This operator is essential in the following result, key for this paper, which is a transla-
tion of the general ideas in [5] to the case of CMV matrices. It characterizes the relation
(9) in terms of CMV ad-conditions. Proposition A.1 in the Appendix will be crucial for
the proof.

In what follows, I stands for the infinite identity matrix.
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Theorem 2.2. Given a sequence x, of OLP on the unit circle with CMV matrix C, the

following conditions are equivalent for any band matrix Q:

(i) Thereisalinear differential operator D of order at most r such that Dx = Qx.
(i) (adC)'Q =0. O

Proof. Condition (i) reads as Qx(z) € span{x(z),x'(z),...,x"7(2)}, z € C\ {0}. In view
of Proposition A.1 in the Appendix, this is equivalent to Qx(z) € ker(C — zI)"*!, that is,
(C — z)"'Qx(z) = 0. Using the expansion

n

(C —z)" = Z(—1)k(2)zk crk, (11)

k=0
together with (1) and (10), we find that

r+1
C—-zD'Qx(z) =0 & Z(—l)k(rz 1)(3”1"{2 Ckx(z) =0

k=0

& (ad0) M Qx(z) = 0.
Due to the linear independence of the OLP, the last condition is equivalent to (ii). [ ]

The fact that the ad-conditions involve no information about the explicit form
of the operator D, apart from its order, makes the previous characterization particularly
useful for discovering bispectral situations.

The linear differential operator D involved in Theorem 2.2 has the freedom of a
constant factor and an additive constant, which corresponds to the freedom of the band
matrix Q in a numerical factor and the addition of a multiple of the identity. Among the
solutions 2 of the ad-conditions we must discard the multiples of the identity as trivial
solutions corresponding to differential operators of order zero. In what follows, we will
use the expression “linear differential operators” to refer only to those of order greater
than zero, that is, with the form (6) and D,(z) # 0 forr > 1.

The operator (adC) has a symmetry, inherited from the unitarity of the CMV

matrix C, which will be further exploited in the next section.
Proposition 2.3. For any CMV matrix C and any band matrix €,

(@d0O)"Q" =C"((adCO)"Q)" C". g
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The CMV Bispectral Problem 5841

Proof. Forn =1,

C((adO)Q)'C=CCR—-QC)'C=CQ" - Q'C = (adO)Q".

Assuming the identity for an index n,

C"((@adO)™'Q)' ¢! = C(ad C)*(((ad C))") C

[ |
= (ad0)"(C((ad0))'C) = (adO)"™ Q".
As a consequence of the previous result,
(adC)"ReQ =0, ReQ=1(Q+Q"),
@d0)"Q=0 & (ad0)"Q'=0 & (12)

(adO"ImQ =0, ImQ = 1(Q-Q".

This means that the solutions of the CMV ad-conditions can be chosen Hermitian without
loss, since any solution Q2 splits into Hermitian ones, Re 2, and Im Q. Therefore, in the
CMV bispectral problem we can assume that the eigenvalues of the linear differential
operator are real.

In view of Theorem 2.2 and the previous comments, the CMV bispectral problem
can be reduced to the search for CMV matrices C with non-trivial real diagonal solutions
A of the CMV ad-conditions (adC)"A = 0 for some n > 2.

3 The Hermitian ad-conditions

The CMV ad-conditions (adC)"A = 0 are too difficult to solve the problem directly in
this way, but they can be rewritten in a more manageable form.

The matrix (ad C)"A is (4n + 1)-diagonal for any diagonal A, thus (adC)"A =0
gives 4n + 1 difference equations, one for each diagonal. These difference equations
are not all independent, so it should be possible to reorganize these ad-conditions in a
smarter way. For this purpose we will introduce a narrower CMV ad-operator (ad, C)
which preserves hermiticity and such that (ad C)"A = 0iff (ad,, C) A = 0. This will reduce
the number of difference equations. The key result is Proposition 2.3 which shows that,
when A is real, (adC)"A = C*((adC)"A)' C*. Hence, we can get an Hermitian matrix by
multiplying (adC)"A on the left and the right by “half” of the matrix factors in (C")".
This suggests the following definition.
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Definition 3.1. For any CMV matrix C = LM and any band matrix Q we define

CH™((adC)"Q)(CH™, = 2m,
(ad, C)Q2 = CH™((@dO)")(Ch) n=2m .
LTCH™((adO)")(CH™ M, n=2m+1.

Due to the unitarity of £ and M,
(@ad0)"2=0 & (ad,C)2=0. (13)

Therefore, Theorem 2.2 can be restated in the following way: given a sequence of OLP x,,
on the unit circle with CMV matrix C, for any band matrix 2 the Hermitian ad-conditions
(ad,,.; C)Q = 0 characterize the existence of a linear differential operator D of order at
most r such that Dx = Qx.

Also, Proposition 2.3 implies that
(ad, 0)Q" = ((ad, O)Q)", (14)

so that (ad, C)Q is Hermitian whenever Q' = , a requirement that we can assume
without loss.

From the definition of (ad, C)Q2 we obtain directly the recursion

M((ad, O)QM' — LT ((ad,,CO)Q)L, evenn,
L((ad, 0L — M ((ad, CO)Q)M, oddn, (15)

(adn41 O)2 =

(adoO)Q2 = Q,

which allows us to find easily the explicit form of (ad,, C)2 for small values of n,
(ad; 0)Q = MM’ — L'ac,
(ad20)Q = LMOQM' LT — 20+ MTLTQLM,
(ad3 O)Q = MLMOM LY MT —3MoM" +327QL - LT M LT LML,
(@ads O)Q = LMLMOQM ' LIM LT —4aLMQMT LT +6Q —aMTLTQLM + MY LT M LTQLMLM.

For an arbitrary value of n, using the expansion (10) we obtain
(ad, 0)Q = (- MLM)QMT LM ) 4 (—1y (ML e(eme )
+ narrower band matrices.

Therefore, when A is real diagonal, bearing in mind that MAM" and £L'AL are
tridiagonal, we find that (ad, C)A is a (4n — 1)-diagonal Hermitian matrix, so the ad-

conditions (ad, C)A = 0 only lead to 2n difference equations, corresponding to the main
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and upper diagonals. We can write explicitly the equations of (ad,, C)A = O for the first
values of n. We will order the equations running from the top upper diagonal (2nth
diagonal) to the main one (first diagonal), using the previous equations to simplify the
new ones and omitting them when they yield no independent equation. Proceeding in

this way we obtain the following results for n = 2, 3:

(ad3 C)A =0

Sixth diagonal (Ak+1 — A =0, k=2

(ad2 C)A =0 Fifth diagonal (A2 —Apa; =0
Fourth diagonal (Agy1 —Ap)ag =0, k=>1 Fourth diagonal (A3 — Aol = (A1 — Ag)ag(apay — o)
Third diagonal (A1 —X0)ag =0 (Ak42 —Ak—1Dag =0, k=2
Second diagonal | (k2 —Ag)eg =0 Third diagonal (A2 —20)eg =0, (A1 —2g)ap =0
(Ag42 —Ag—1Dag =0, k=1 Second diagonal | (A3 —Ag)ag =0, (g —2g)a; =0

First diagonal

Ay —2h+ A1 =0
A3 —2h1 +io =0

k>0

(Ak43 —Ag—2)og =0, k=2

First diagonal

A3 =3k +3h —Ag =0

Meta — 202 + Ak =0, Ja—3hy+3%—A1 =0

A5 —3h3+3Ah —Ag =0

Mc+6 —3Mk+a +30ks2 — Mg =0, k=0

We can reorganize the above equations in a more natural way. In the following tables the
equations with the same shape are grouped in the same column, except for the equations

in asterisk (¥) at the top of some columns, which are slightly different.

(ada C)A =0

Eq;

Eqz

RR

(A1 —Xo)ag =0
(A2 —Ap)a; =0
(A3 —rz)az =0
(ke —23)a3 =0

(A2 = *o)ag = 0%
(A3 — Aoy =0
(ke — Aoz =0
(ks —22)az =0

Ap —2i0 + A1 =0
Ag —2A1 + g = 0*
ha—2ig+4g =0
A5 —2i3+A; =0

(adz3 C)A =0
Eq Eq2 Eqs RR
(M1 —20)ag =0 | (A2 —Ag)og = 0" | (A3 —Ap)ag =0 | A3 —3A; +3ko — Az =0*
(g —ADa1 =0 | (A3—rg)e1 =0 | (g —ro)ay =0° | rg—3hp+38kg—Ay =0*
(A3 —A2)az =0 (kg —A1)az =0 (A5 — Ag)az =0 As —3i3 4+ 3k — Ao =0*
(4 —2r3)a3 =0 | (A5 —iz)az =0 (kg — A1)z = O A6 — 3k +3h2 —2g =0
(b5 —a)aa =0 | (g—A3)aa=0 | (A7 —Az)aa=0 | A7 —3i5+3kg—A; =0

Let us use the previous results to find, for instance, the CMV matrices C with
non-trivial real diagonal solutions A for (ad, C) A = 0. All but the first two entries in the
column RR of the corresponding table yield the recurrence relation

Akra — 2Ap2 + 2 =0, k>0,
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5844 F. A. Griinbaum and L. Velazquez

whose general solution is
M= ao+atk+ (-1)*(o +bik),  a;b; eR.
Imposing the remaining two conditions of RR,
Aa—2ho+A =0,  Az—2k +Ao=0,
yields a; = 0 and b, = 2b,, that is,
A = @o +bo(=1)*(1 + 2k). (16)

Then, if ; # 0 for some index j, the equation (Aj;; — A;)a; = 0 of the column Eq,; implies
that

0= Ajy — Aj = 4bo(— 1Y (1 +),

so that by = 0 and A is a multiple of the identity.

Therefore, the only non-trivial solutions may appear when «; = 0 for all k. In
this case the equations of the columns Eq; and Eq, are automatically satisfied and the
general solution of (ad, C)A = 0 is given by (16), that is,

(—DF(1+2k) -1

Ak = Ao+ (Ao — A1) 2 / Ao, A1 € R,

In other words,

A = -2 (17)

up to numerical factors and addition of multiples of the identity. This solution

corresponds to the OLP

Xom-1(2) =z, Xom(2) = 2™,
associated with the Lebesgue measure on the unit circle, which satisfy Dx = Ax for the

first order linear differential operator
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The CMV Bispectral Problem 5845

Using the results of the table for (ad;C)A = 0 we find that a similar analysis
works for these ad-conditions. Concerning the column RR, the first three equations

impose on the general solution of the remaining equations
Akt — 3Akpa + Ak — A =0, k>0,
given by
M= ao + ark + axk® + (—=1)*(bo + b1k + b:k?),  a;,b; € R,

the constraints a, = ay, by = 2by, and b, = 0. If «; # 0 for some j, using Eq; and Eq, we
find again that A is a multiple of the identity. This leaves as the only non-trivial solution
that one related to the Lebesgue measure as in the previous case.

As a consequence we have the following version of Bochner theorem for OLP on

the unit circle.

Theorem 3.2. The only OLP on the unit circle which are eigenfunctions of a linear
differential operator of order not greater than two are those orthonormal with respect

to the Lebesgue measure. O

We have seen that the simplicity of the Hermitian ad-conditions is enough to
deal with the CMYV bispectral problem for linear differential operators of lower degree
just by brute force. However, to go beyond this we need to further develop the machinery
of the CMV ad-conditions.

4 The CMV ad-conditions: ad-integration

The CMV ad-conditions involve commutators with a CMV matrix. Hence, the study of
the centralizer of a CMV matrix can help us to find a short-cut to the solution of such

ad-conditions.

Definition 4.1. We denote by Z(C) the centralizer of the CMV matrix C in the

multiplicative group of infinite band matrices, that is,
Z(C) := {2 band matrix : [C, Q] = 0}.
We can write Z(C) = U9 Z,(C), where

Z,(C) :={Q (2n + 1)-diagonal matrix : [C, 2] = 0}. O
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The centralizer of a CMV matrix among banded matrices can be explicitly deter-
mined. Concerning the result below, keep in mind that, due to the unitarity of a CMV

matrix C, its inverse C~! = C' is also banded.

Proposition 4.2. For any CMV matrix C,

Z(0) ={f(©C): f € Clz,z ']},
Zom(C) = Zam1(C) ={f(C) : f e span{l,z ', z,z7%,2%, ...,z ™, z™})}.

O

Proof. If x, are the OLP related to C we know from Proposition A.1 that, for every
z € C\ {0}, x(z) spans the set of formal eigenvectors of C with eigenvalue z. Thus, due

to the linear independence of the OLP, given a band matrix €,
[C,2]1=0 & [C,Qx(2) =0 & (C—z)Qx(z) =0 & Qx(z) =f(2)x(2),
for some function f: C — C. From the last equality,

f@) =F@x0(2) =) Qi xx(2),
k

hence f € C[z,z7!] because Q is banded.
Also, if Q is (2n + 1)-diagonal,

1 -2 52

span{l,z ",z,z7%,z%,...,z7 ™, z™}, n=2m,

f € span{xk};_, = 1

span{l,z7!,z,z7%,2%,...,z",z"z ™!}, n=2m+1,

so that, for some a; € C, we have that Q = Zj";m a;C’ if Q is (4m + 1)-diagonal, while
Q=" ,_,aC when Qis (4m + 3)-diagonal. However, since ¢/ and C7 = (C') are
both strictly (4j + 1)-diagonal, a_,,_; = 0 in the last case because otherwise Q would be
(2n + 3)-diagonal but not (2n + 1)-diagonal.

This proves that
Z(C) C{f(C):f €Clz,z ']},
Zom(C), Zam1(C) C{F(C) : f e span{l,z ™', z,z7%, 2%, ...,z z"}}.

The reverse inclusions are obvious. [ |

The above result permits the integration of the CMV ad-conditions: if C is a CMV

matrix, for any band matrix €,

@d0)"'Q =0 & (@d0O)"Q=f(C), feClz,z"].
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In the case of @ diagonal we can say much more. Indeed, we will state the result for

tridiagonal because it needs no more effort due to the equality Z,,,(C) = Z2/,11(C).
Proposition 4.3. If C is a CMV matrix and 2 is a tridiagonal matrix, then
(@adl)""'Q =0 & (ad0)"Q =al" & (ad,0)Q =al, acC. O

Proof. Let Q be tridiagonal. Then, (adC)"Q2 is (4n + 3)-diagonal and

@d0)"™"'Q =0 ¢ (@ad0)"Q € 22,11(C) & (@d0)"Q= ) a,¢, a; €C.

j=—n

If Q is Hermitian, Proposition 2.3 states that (ad C)"Q = C*((ad C)"2)'C", hence

r r r 3r
el =c Y acT|c =) ac"i =) a,,C.
j=r

j=-r j=-r Jj=-r

On the other hand, the set {(/};c; is linearly independent: if )~ b;C’ = 0, b; € C, then
0 =) ,bjCx(z) = (3;bjz))x(2), thus }_; b;z/ = 0 and b; = 0 for all j. From these results
we conclude that a; = 0 for j # r and a, € R, which proves the proposition for a
Hermitian .

The result for a non-Hermitian 2 follows from (12). [ |

Similar ad-integration techniques to those in Proposition 4.3 have been consid-
ered previously in [25] for Jacobi bispectral problems.

As an illustration of the ad-integration techniques, we will use them to present a
simplified resolution of the ad-conditions (ad C)2A = 0 for a diagonal matrix A. Accord-
ing to Proposition 4.3, this is equivalent to solve (ad; C)A « I. Using the notation A,

k > 0, for the diagonal coefficients of A, a simple calculation yields

by —ag
—ay -by @
ay by —ay
(adl C)A = —ay —b3 a3 ’
a3z by —ay
Ao — A1) o2, k=0,
ar = (A — Akg1) PrQ, by = (o =200

(A1 — M) PPy + (e — A pg, k> 1
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5848 F. A. Griinbaum and L. Velazquez

Therefore,

ax =0, (A — A1) =0,
=4

byt = —by, (A — )\k+1):0]§ = (—D*k+1)(ho — *1)p5.

(ad, OA I &

If a; # Ofor somej, the aboverelations imply that Ay = Axy; forall k, thatis, A o< I. On the
other hand, when o, = 0 for all k the condition a; = 0 is automatically satisfied, while
by = —by determines A as in (17) up to numerical factors and addition of multiples of
the identity.

5 The Hermitian ad-conditions: ad-factorization

Another useful tool to deal with the CMV bispectral problem is the ad-factorization of
the Hermitian ad-operator. The original ad-operator (adC)” is by definition a power of
the simple ad-operator (ad C), but this is no longer true for the Hermitian ad-operator
(ad,, C). To understand the ad-factorization of (ad, C) let us exploit again the possibility
of approaching the CMV bispectral problem using two kinds of OLP, x,, and y,,.

Section 2 shows that the previous results about the bispectral problem for x,

can be translated to the bispectral problem for y, just by performing the following

transformations:
Xn —> Xn
cC —
L — M
M — L

For instance, the bispectral problem Dy = A x can be solved by using the ad-conditions
(adCH)™A = 0. These ad-conditions are equivalent to the Hermitian ones (ad, C®)A = 0,
where the definition and properties of (ad, C*) can be obtained from those of (ad, C) by
simply making the exchanges C < C* and £ < M.

A number of properties relate the ad-operators (ad,, C) and (ad,, C*), among them
the ad-factorization that we are interested in. The following proposition summarizes

these properties.

Proposition 5.1. Given a CMV matrix C, the following relations hold for any band

matrix Q:

(i) ((ad, O = (—D"(ad, CHQ".
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L((ad,CHQ)M, evenn,
M((ad,,CHRQ)L, oddn.

(i) (ad,C)(LQM) =

C, evenk,
(iii) (ad,C) = (ad, x C(k))((adx C)2), C(k):= U
Ct, oddk.

Proof. Property (i) follows from Definition 3.1 of (ad,, C)Q2 and the corresponding one
for (ad,, C*)Q2, together with the relation ((ad C)"Q)* = (—1)"(ad C)"Q¢, obtained iterating
((adO)Q)t = —(ad CH Q.

Analogously, the iteration of (ad C)(LQM) = L((ad C*)2)M gives rise to the iden-
tity (ad C)"(LQM) = L((ad CH)"Q) M. Introducing in this equality Definition 3.1 and its

counterpart for (ad,, C*)2, when n = 2m + 1 leads to

(ad, C)(LQM) = LT (CH™LECH" M((ad, CHQ)LECH™ MCH" M
= M((ad, CHQ)L.
Here we have used that £(CH)™ = C™L and (C)"M = MC™ due to the factorizations
C = LM and C' = ML. This proves Property (ii) for odd n. The proof for even n is
similar.
Property (iii) is a direct consequence of Property (ii). There are four cases to
discuss depending on the parity of n and k. We will show the proof for one of the cases,

the others having a very similar proof. Consider an even n = 2m and an odd k = 2j + 1.
Then,n —k=2(m —j— 1)+ 1is odd and

(ad )" = C™((ad,, C))C™, (ad CO)*Q = CL((adx O)Q M,
(@adC)" *Q = ™7 L((adn_k C)QQQMC™ L,

Using these relations and the factorization (ad C)"Q = (ad )" *((ad C)*2) we get

(ad,,O)Q = C ™ ((ad O)" ¥ (' L((ady C)QQME)HC™
=0 ((ad O)" F(L((ady C)Q)M))C ™
= C*I.C((adn,k O)(L((adx O)QQM))MCE.

Finally, Property (ii) gives
(ad,,0)Q =C ' LM ((ad,— CH((adx O)Q)LMC ™! = (ad,_x CH)((ad; C)R). [
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Proposition 5.1 (iii) is the ad-factorization of (ad,C). A special case is the

recursive algorithm (15) for (ad,, C)2 since it can be written as
(ady41 0)Q = (ad; C(n))((ad, O)<).
The opposite special case,
(ady1 O)Q = (ad, C"((ad, 0)RQ), (18)

will be particularly useful in dealing with the CMV bispectral problem for linear

differential operators of arbitrary order.

6 The general CMV bispectral problem

We have proved that the CMV bispectral problem for linear differential operators of
order not greater than two is trivial, that is, the only bispectral CMV matrix is that one
with null Verblunsky coefficients. The purpose of the present section is to generalize

this result as much as possible by weakening the assumptions in different ways:

(A) Admitting linear differential operators of arbitrary order.

(B) Requiring the eigenfunction condition with respect to the linear differential
operator up to finitely many OLP.

(C) Substituting the eigenfunction condition by the more general three-term

difference-differential relation (8).

Remember that assuming (B) for a linear differential operator D in C[z,z™'] can be
restated by saying that Dx = Qx with Q almost diagonal (or almost tridiagonal if com-
bined with (C)), that is, 2 = Qy & A for some N, with Qy the N x N principal submatrix
of Q and A diagonal.

A first step in the direction pointed out in (B) is given by the following

proposition.
Proposition 6.1. If C is a CMV matrix, then
Q almost diagonal, (ad; C)Q2 diagonal =  diagonal. d

Proof. Obviously, @ is (almost) diagonal iff Re @ and Im Q are simultaneously (almost)
diagonal. Also, from (14), Re ((ad; C)2) = (ad; C)Re 2 and Im ((ad; C)2) = (ad; C)Im 2.
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Therefore, by taking real and imaginary parts, it suffices to prove the proposition for an
Hermitian .

By induction on N, it is enough to see that Q = Qy & A with A diagonal implies
that Qy = Qu_1 @ Ay_; with Ay_; € R. If we write

Qy = (inl uNl) ' uy_; € CV7, iv-1 € R,
Uy_y  An-a
all that we must prove is that uy_; = 0 whenever (ad; C)Q2 is diagonal.
Suppose that @ = Qy ® A for an even N, the proof for odd N follows similar
arguments. Then, denoting in general by the subscript N the N x N principal submatrix
and by the superscript (IV) the submatrix obtained deleting the first N rows and columns,

we have the splitting
A=L'QL=Ay® AV, Ay = Ly Ly,
B:= MQM' = By ® BNtY, By = MN+IQN+1M}\[+1I

because Ly and My, ; are direct sums of complete blocks ©y. Since Qy;; = Qu ® Ay with
Ay € R and

M 1€ :
My =My 1 @Oy = NT Pr-1En , exn=|:|eC",
PN-1€y —ON-_1 0

1

we find that

By vy —

By, = N ’ vy = pn-1(MyQy — Axay_1ly)ey.

VN k

Therefore,
By—Ay| vy O
(ad;0)Q=B—-A= VI{, ,

BN _ A
0

where O stands for the null matrix of the appropriate size. Hence, (ad; C)2 diagonal
implies vy = 0. Bearing in mind that My = My _; @ ay_; and My_; is unitary we

conclude that

Mpy_1Un_1

v =0 = Ayay_iey = MyQuey = _
AN—10N—1

) = uN_1:0. |
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Combining the previous proposition and the results of the calculations at the

end of Section 4 we get the following result.
Corollary 6.2. IfCisa CMV matrix whose Verblunsky coefficients are not all null, then
Q almost diagonal, (ad; 0)Q xI = Q « 1. O

We have seen that an almost diagonal matrix satisfying certain ad-conditions
must be actually diagonal. A similar result states that, under some ad-conditions, an

almost tridiagonal matrix becomes almost diagonal.
Proposition 6.3. If C is a CMV matrix, for any n € N,
Q almost tridiagonal, (ad,C)Q2 =0 = € almost diagonal. O

Proof. Supposing withoutloss that 2 is Hermitian, the fact that Q is almost tridiagonal
means that Q = Q+Q, where Q has finitely many non-null coefficients and Qis Hermitian
tridiagonal. We can express

%o *o
*o A1 oA

S = = A+ AS+S'AT, i €C, T eR,

3 kg g

in terms of the shift matrix S given in (4) and the two diagonal matrices

) 'XO
Al ~ Xl
A= ( *2 ) , A= i,

We must prove that Q is almost diagonal, that is, Ay = 0 for big enough k,
whenever (ad, C)Q = 0. These ad-conditions imply that (ad, C)§ = —(ad, C)§ has only
finitely many non-null coefficients. The conclusions of the proposition will follow from
the analysis of the top upper diagonal of (ad, C)S2, whose coefficients must vanish up to
finitely many ones.

To obtain the top upper diagonal in question it is useful to rewrite also £ and
M using the shift matrix, as in (5). The top upper diagonal of (ad, C)S is the term cor-
responding to the highest power of the shift. In the case of even n = 2m such a term

comes exclusively from the summands C’”§~2(CT)’" + (C’)’”EZCm and is given by

(BeSBoS)™ AS(BoSB.S)™ + (BoSBeS)™ AS(B.SB,S)™. (19)
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Using the identity (A.1) to permute any diagonal matrix with the powers of the shift, (19)

reads as A(n)S?* where

— D) R RrRE) (n—2) R(n—1) A (n) RMN+1) RM+2) RM+3) R(N+4) (2n—1) R(2n)
A(m) = B,BPBYBY ... BI-2Bn=D A (W Bt gt gintd) gintd) . pn-1 Bt
(1) 12(2) 12(3) (n—2) p(n—1) A (n) R(M+1) RMN+2) RMN+3) R(n+4) (2n-1) 1(2n)
+ BB BPBY) ... BI-DBID AW BRI B2 gt pintd) | pen-1 R

s
0
(n) n) __
5" ' 8 = PrPki1 " Pkin-1MernPkint1Pkins2 " ** Pkr2n-

Since A(n) must have finitely many non-null coefficients, we conclude that A, = 0 for

big enough k in the case of even n. A similar proof works for odd n. |

Propositions 6.1 and 6.3, as well as Corollary 6.2, remain true when substituting
C by Ct, whose effect is simply exchanging £ <> M. This can be used to obtain our main

result.

Theorem 6.4. If C is a CMV matrix whose Verblunsky coefficients are not all null, for

anyn € N,
Q almost tridiagonal, (ad,0)Q =0 = Q «I. O

Proof. Suppose Q almost tridiagonal satisfying (ad, C)2 = 0. From Proposition 6.3 we
know that Q must be almost diagonal. Hence, (1) := (ad; C)Q2 is almost tridiagonal and,
according to the ad-factorization property (18), (ad,_, C")(1) = (ad,,C)Q = 0. Then, the
result analogous to Proposition 6.3 for C* implies that €2(1) is almost diagonal. Hence,
Q(2) := (ad; C")Q(1) is almost tridiagonal and satisfies (ad,_,C)2(2) = (ad,,_; CH Q1) =
0 due to the analogue of the ad-factorization (18) for C’. Thus, Proposition 6.3 implies
that ©(2) is almost diagonal. Proceeding by induction we finally find almost diagonal
matrices Q(0) = 2, Q(1),2(2),...,2(n — 1) such that

C, evenk,

C', oddk.

(adp—x C(k))S2(k) =0, Qk+1) = (ad; C(k) Q2(k),  Ck) =

In particular, Q(n — 1) is almost diagonal and (ad,C(n — 1))Q(n — 1) = 0. From
Corollary 6.2 we find that Q(n — 1) « I. Hence, (ad;C(n — 2)) Q(n — 2) « I, so that
Q(n —2) « I, again by Corollary 6.2. Proceeding in this way we obtain by induction that
Q=Q(0) 1. ]
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The hypothesis of the previous theorem are equivalent to the existence of a
linear differential operator D such that Dx = Qx for an almost tridiagonal matrix
Q, where x, are the OLP related to C. This means that D preserves C[z,z"!] and
Dx, € span{x,_i,X,,Xn;1} for all but finitely many indices n. Therefore, bearing in
mind the equivalence (13), Theorem 6.4 has the following translation in terms of linear

differential operators and OLP on the unit circle.
Theorem 6.5. The only OLP x,, on the unit circle satisfying
Dx,, € span{X,_1,Xn, Xn+1}, vn > ny, no €N,

for a linear differential operator D: C[z,z™'] — C[z,z™!] of arbitrary order, are those

orthonormal with respect to the Lebesgue measure. O

As a particular case of this theorem we get the triviality of the general CMV

bispectral problem.

Corollary 6.6. The only OLP on the unit circle which, up to finitely many ones, are
eigenfunctions of a linear differential operator D: C[z,z7'] — C|z, z™!] of arbitrary order,

are those orthonormal with respect to the Lebesgue measure. O

7 Conclusions and outlook

We have shown that the CMV bispectral problem on the unit circle—at least in its tra-
ditional formulation, or even in some generalizations—admits only the trivial solution.
The question is: does this result close the topic? Ourintention, based in other experiences
involving the bispectral problem and its connections with the problem of C. Shannon,
is to keep looking in different directions in the context of the unit circle. Some hope
is offered, for instance by results in [17, 26, 49, 53], where one sees how getting away
from polynomials leads to interesting situations. These references also show that con-
sidering not necessarily positive definite measures can be fruitful. The richness of the
matrix valued Bochner problem in the case of the real line (whose full solution is still
unknown, as a small sample see [6, 19, 22, 23]), compared to the scalar case, suggests
that the triviality of the CMV bispectral problem may disappear if one admits matrix
valued measures. A different path in this direction could arise from the use of more
exotic kind of orthogonality on the unit circle, such as the one related to Sobolev inner

products. All of this remains as a challenge.
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It is important to point out that the Bochner-Krall problem—see [25] for a very
nice presentation—is intimately connected with the study of the Toda lattice and its
Virasoro symmetries. In connection with CMV matrices very relevant references are
[27, 30, 34, 35], where the Ablowitz-Ladik hierarchy is seen to be the integrable system
that plays the role that the Toda lattice played for Jacobi matrices.
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Appendix

In this appendix we prove the following technical result, crucial for Theorem 2.2.

Proposition A.1. Let x,, and x, be the OLP related to the CMV matrices C and C?, respec-
tively. Then, a basis of ker(C — zI)" is given by {x(2),x'(2),...,x" V(2)} and a basis of

ker(C! — zI)" is given by {x (2), x'(2),..., x™ V(2)} for every z € C \ {0}. d

Proof. We will prove the result for C and x,, the proof for C* and yx, begin similar.

From (1) we find that (C — zI)x®(z) = kx*Y(z) by induction on k. This
leads to (C — z)*x%® = k!x(z) and (C — zD)*"''x®(z) = 0, which implies that
span{x(z),x'(z),...,x" V(z)} c ker(C — zI)". Besides, {x(2),x'(2),...,x" V(z)} is lin-
early independent for every z # 0 because applying (C — zI)"! to the equation
Co(2)x(2) + ¢, (2)x'(2) + -+ + Cr_1 (2)x™V(2) = 0 yields (n — 1)!¢,_;(2z) = 0, so an induc-
tion gives ci(z) = O for all k. Hence, to prove that {x(z),x'(2),...,x™ Y (2)} is a basis of
ker(C — zI)™ we only need to show that dim ker(C — zI)" = n.

To determine dim ker(C — zI)" note that, due to the unitarity of £ and M, mul-
tiplying (C — zI)" on the left by £' or M" does not change its kernel. In particular,
ker(C — zI)™ = ker[K(n)(C — zI)"], where

K@2m) = CH™, K@2m+1)=c'chH™.
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The advantage of K(n)(C — zI)" over (C — zI)" is its narrower band structure, which is

shown by inserting the expansion (11), so that

i ( 2m o
_ 2m __ _1\m—J m—jj
K2m)(C —z)™" = E (-1 ( _J,)z C

j=—m
- (—1>m<2m>zm+ i<—1>’“( " >(Z'njcj+z'"”<0*>f)
m P m—j '

K@m+1)(C—zD™ = Y ()" <2m i .1>sz/\/1€1
m-—J

j=—m-1

i (2 1 . . . .

— Z(_l)m—]( m + ' > (Zm—]MC] _ Zm+]+1[,T(CT)J) .
- m —j
Jj=0

The above expressions prove that K(n)(C — zI)" is (2n + 1)-diagonal. Besides, the coeffi-

cients of its top upper diagonal are non-null for z # 0. To check this last statement note

that this top upper diagonal comes exclusively from the terms

cm+zhehHm, n=2m,

MC™ -zt ehH™, n=2m+1,

and corresponds to the power S™ when expanding in powers of the shift S given in (4).

Using (5) we find that such upper diagonal is

(BeSBoS)™ + 2" (B,SB.S)™, n =2m,

B,S(B.SB,S)™ — 2" B.S(B,SB.S)™, n=2m+1.
We can permute any diagonal matrix A with the powers of the shift S via the identity
SkA = APSF, (A.1)

where A® is obtained by deleting the first k rows and columns of A. Therefore, the top

upper diagonal in question reads as I'(n)S™ with

BeBél) . Bé”_z)Bé"_l) + ZnBOBél) .. B(()”_Z)Bén_l), n=2m,
BOBél) - Bén—Z)B‘()n—l) _ ZnBeBél) - B(()n—Z)Bén—l), n=2m+1.

I'n) =
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More explicitly,

e

n PkPk+1 " * Pk+n—1 k,n same parity,
'n)= y , y]é") =

(=D™Z" pxPxs1 - - Pran—1, k,n different parity,

which clearly has non-null diagonal coefficients for z # 0.

The fact that K(n)(C—=zI)" is (2n+1)-diagonal with non-null coefficients in the top
upper diagonal implies that dim ker[K (n)(C—zI)"] = n.In other words, dim ker(C—zI)" =
n, which ends the proof of the proposition. |
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