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COMPLEX STRUCTURES OF SPLITTING TYPE

DANIELE ANGELLA, ANTONIO OTAL, LUIS UGARTE, AND RAQUEL VILLACAMPA

ABSTRACT. We study the six-dimensional solvmanifolds that admit complex structures
of splitting type classifying the underlying solvable Lie algebras. In particular, many
complex structures of this type exist on the Nakamura manifold X, and they allow us to
construct a countable family of compact complex non-99 manifolds Xy, k € Z, that admit
a small holomorphic deformation {(X):}tea, satisfying the 9-Lemma for any t € Ay
except for the central fibre. Moreover, a study of the existence of special Hermitian
metrics is also carried out on six-dimensional solvmanifolds with splitting-type complex
structures.

INTRODUCTION

Let g be a real Lie algebra of even dimension. A complex structure on g is an endomorphism
J: g — g satisfying J? = —Id4 and the Nijenhuis condition

(1) Nij,(X,Y) :=[JX,JY] = J[JX,Y] - J[X,JY] - [X,Y] =0, forall X,Y €g.

An important problem is to find the Lie algebras that admit such a structure. They al-
low to construct many interesting examples of compact complex manifolds whenever the
simply-connected Lie group G of g has a lattice I' of maximal rank. Indeed, by extending
J to the group G and then passing J to the quotient G/T" one obtains nilmanifolds, resp.
solvmanifolds, when G is nilpotent, resp. solvable, endowed with G-left-invariant complex
structures. In real dimension four, the solvable Lie algebras admitting a complex structure
have been classified by Ovando in [28], however no general result is known in higher di-
mension. Focused in six dimensions, Salamon [33] classifies the nilpotent Lie algebras that
admit a complex structure, finding eighteen non-isomorphic Lie algebras (see also [6]). In
[1] Andrada, Barberis and Dotti obtain the Lie algebras endowed with a complex structure
J of abelian type, i.e. J satisfies [JX,JY] = [X,Y] for all X,Y € g. More recently, Fino
and the second and third authors [11] classify the 6-dimensional unimodular solvable Lie
algebras admitting a complex structure J with non-zero closed (3,0)-form V.
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The existence of a closed nowhere vanishing (n,0)-form ¥ on a 2n-dimensional almost
complex manifold automatically implies the Nijenhuis condition (1), and such complex mani-
folds have holomorphically trivial canonical bundle. Nilmanifolds with G-left-invariant com-
plex structures are examples of this kind; in fact, by [33, Theorem 1.3], for any basis {w/}7_,
of (1,0)-forms on the underlying nilpotent Lie algebra, the (n,0)-form ¥ = w! A -+ Aw™ is
closed. However, this is no longer true for general G-left-invariant complex structures on
solvmanifolds. In [11, Proposition 2.1] it is proved that for solvmanifolds, the existence of
a G-left-invariant complex structure with holomorphically trivial canonical bundle is equiv-
alent to the existence of a non-zero closed (n,0)-form on the Lie algebra underlying the
solvmanifold. The second author finds in [27, Chapter 4] that several of the complex struc-
tures with holomorphically trivial canonical bundle on 6-dimensional solvmanifolds are also
of splitting type, i.e. they satisfy [18, Assumption 1.1] (see Definition 1.1 for details), but
that there are other complex structures that are not of splitting type.

In addition to providing an important source of examples of compact complex manifolds
with unusual and interesting properties, the complex structures of splitting type have also
interest because they constitute a natural solvable extension of complex nilmanifolds, as
they are certain semi-direct products of the latter by C™. In this sense, they allow to inves-
tigate to what extent geometric properties of nilmanifolds still survive in this larger class
of homogeneous spaces. See, e.g., the deformation limits constructed in [4]; compare also
the observation [19] that Oeljeklaus-Toma manifolds are solvmanifolds of real splitting type
endowed with a left-invariant complex structure, and as such they do not admit Vaisman
metrics. Furthermore, some complex cohomological invariants of the manifold can be ob-
tained explicitly, which allows to study several aspects of their complex [21, 18, 22, 3] and
Hermitian [19, 20, 10] geometry.

One of these invariants are the Dolbeault cohomology groups. For nilmanifolds, several
steps have been done in [7, 9, 31, 32] towards the (still open) conjecture that the Dolbeault
cohomology of a nilmanifold with G-left-invariant complex structure J can be computed in
terms of invariant forms on G, i.e. in terms of the pair (g, J). Concerned with the calculus
of the Dolbeault cohomology of solvmanifolds, Kasuya [18] provides a technique to compute
such complex invariants when the complex structure is of splitting type. The Dolbeault
cohomology groups are obtained by means of a certain finite-dimensional subalgebra of the
de Rham complex and, more recently, the first author and Kasuya develop in [3] a technique
to compute the Bott-Chern cohomology by means of another finite-dimensional subalgebra.
These techniques have allowed to study the deformation limits of compact complex 00-
manifolds [4] and of compact balanced manifolds [11].

Our objective in this paper is the complex geometry of 6-dimensional solvmanifolds en-
dowed with a (G-left-invariant) complex structure of splitting type. The paper is structured
as follows. In Section 1, we obtain the solvable Lie algebras that may support a splitting-type
complex structure. More concretely, in Theorem 1.7 we prove that if G/T is a 6-dimensional
solvmanifold endowed with a complex structure J of splitting type, then the Lie algebra g
of G is isomorphic to s for some 1 < k < 12 (see the list in Theorem 1.7 for a description
of the Lie algebras si). Since six of the Lie algebras s, have parameters in their description,
the number of non-isomorphic Lie algebras underlying the solvmanifolds with splitting-type
complex structure is not finite. In Remark 1.17 we discuss the existence of lattices.

In Section 2, we investigate the existence of Hermitian metrics, with special attention
to strong Kéhler with torsion (SKT) and balanced metrics. In particular, we obtain SKT
structures on solvmanifolds corresponding to s; and we show the existence of balanced
structures on the other Lie algebras sy, for 2 < k < 12 (see Table 6). A conjecture of Fino



COMPLEX STRUCTURES OF SPLITTING TYPE 3

and Vezzoni [13] states that in the compact non-Kéhler case it is never possible to find an
SKT metric and also a balanced one. In [14] they prove the conjecture for nilmanifolds
and in [13] for 6-dimensional solvmanifolds having holomorphically trivial canonical bundle.
As a consequence of our study in Section 2, it turns out that the conjecture also holds
for any splitting-type complex structure on a 6-dimensional solvmanifold. On the other
hand, Popovici proposes in [30] a conjecture relating the balanced and the Gauduchon cones
of @0-manifolds, and he observes that, if proved to hold, the conjecture would imply the
existence of a balanced metric on any d0-manifold. Since solvmanifolds corresponding to s;
do not satisfy the d9-Lemma, as another consequence of our study in Section 2, one has that
balanced metrics exist on any 90-solvmanifold of dimension 6 endowed with a splitting-type
complex structure (see Corollary 2.8).

Finally, Section 3 is devoted to the complex geometry of the Nakamura manifold and to the
construction of some analytic families of compact complex structures on it. The Lie algebra
underlying the Nakamura manifold is s15, and the complex-parallelizable structure given
in [26] and the abelian complex structure found in [1] are particular examples of splitting-
type complex structures. After classifying, up to equivalence, the splitting-type complex
structures on the Nakamura manifold (see Proposition 3.1), we prove in Theorem 3.3, by
an appropriate deformation of its abelian complex structure, that the property of having
holomorphically trivial canonical bundle and the property of being of splitting type are not
stable under holomorphic deformations.

Moreover, in Theorem 3.8 we construct, for each k € Z, a compact complex manifold
X, that does not satisfy the 90-Lemma, and we prove that X} admits a small holomorphic
deformation {(X%)t}ten,, A being an open disc in C around 0, such that (Xj): is a compact
complex d0-manifold for any ¢ # 0. For the proof of this result we make use of the complex
geometry on §12, since the compact complex manifolds Xy, k € Z, and all of their small
holomorphic deformations (Xj):, ¢ € Ay, are solvmanifolds corresponding to s12 endowed
with complex structures of splitting type. Furthermore, they all have holomorphically trivial
canonical bundle and admit a balanced metric.

When we consider the case k = —1, then we recover the main result in [4] because
it corresponds precisely to the complex-parallelizable structure. So our Theorem 3.8 shows
that the result extends to a countable family of complex structures. Since one of the complex
structures (concretely k = 0) is the abelian one [1], we have in particular that the abelian
complex structure can be deformed to complex structures satisfying the d9-Lemma. In other
words, the abelian complex structure on the Nakamura manifold (which does not satisfy the
00-Lemma) is the central limit of an analytic family of compact complex dd-manifolds.

1. THE LIE ALGEBRAS UNDERLYING THE SOLVMANIFOLDS WITH COMPLEX STRUCTURES
OF SPLITTING TYPE

We are concerned with solvmanifolds X = G/T endowed with a complex structure of splitting
type in the following sense:

Definition 1.1. [18, Assumption 1.1] A solvmanifold X = G/T endowed with a G-left-
invariant complex structure J is said to be of splitting type if G is a semi-direct product
G =C" x, N such that:
(1) N is a connected simply-connected 2k-dimensional nilpotent Lie group endowed with
an N -left-invariant complex structure Jy ;
(2) for any z € C™, it holds that ©(z) € Aut(N) is a holomorphic automorphism of N
with respect to Jy;
(3) ¢ induces a semi-simple action on the Lie algebra n associated to N;
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(4) G has a latticeT' (then T can be written as T' = Ten X, 'y such that Ten and T'y are
lattices of C™ and N, respectively, and, for any z € T'cn, it holds p(z) (Tn) C T'n);
(5) the inclusion A** (n®@g C)* < A%*® (N/T'x) induces the isomorphism in cohomology

HY* (A* (n@= C)*) 5 Hy* (N/Ty) .

We recall the construction of the complex structure (for further details see [18]). Let
G =C" x, N; taking z = (z1,...,2,) € C", we consider {dz1,...,dz,} the standard (1,0)-
basis of C". Consider {¢!,...,¢*} the N-invariant (1,0)-basis such that the induced action
is given by the diagonal matrix

aq
SD(Z) = ’ c. )
Qg
where «; € Hom(C™;C*) are characters of C", j = 1,...,k. Then
{dzl,...,dzn,al_lgpl,...,a,zlgok} is a G-invariant (1,0)-basis for the complex struc-

ture on G = C" x, N.

1.1. Reduced equations of splitting-type complex structures in dimension 6. If
the complex dimension of the solvmanifold is n + k& = 3, then we have the following cases:
G=C? X ,C or G = Cx N, where the nilpotent factor IV in the semi-direct product has real
dimension 4 and it is endowed with a left-invariant complex structure. There are only two
possibilities for N, namely the complex surface C? or the real 4-dimensional nilpotent Lie
group KT with Lie algebra Rt = hs ® R (we denote by h3 the real 3-dimensional Heisenberg
Lie algebra) endowed with the left-invariant complex structure defined by a basis of (1,0)-
forms {7, 0} satisfying

@) { dr =0,

do=TAT.

The nilmanifold K'T/T endowed with the complex structure (2) is the well-known Kodaira-
Thurston manifold.

For the case C x, N, either for N = C? or KT, the action ¢: C — Aut(N) will be
represented for every z3 € C by a diagonal matrix of the form

6A23+323 0
) oo = (77 oo )

where A, B,C, D € C. For the case C? X, C, the action is given for every (22, 23) € C? by

80(22323) — eAZQJrBEQJrCZngDEg,

where A, B,C, D € C.

Proposition 1.2. Let X = G/T be a 6-dimensional solvmanifold endowed with a complex
structure of splitting type, and suppose that G = C? x, C or G = C x,, C?. If g is the Lie
algebra of G, then there is a basis {w',w? w?} for (g°)* satisfying the complex structure
equations

dw' = Aw'® + Bw',

dw? = —(A+ B +¢)w? +ew?,

dw® =0,

for some A,B € C and ¢ € {0,1}. (Here, and in what follows, Wk stands for J)
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Proof. Let G = C x, N be the semi-direct product where the action ¢: C — Aut(N) is
given by the matrix (3), once fixed a (1,0)-coframe for N. We are considering the case
N = C2%. Hence, o(z3) is automatically an automorphism of C? and the complex struc-
ture on G is determined by the global G-invariant (1,0)-basis {w! = e=4*7 8%z w? =
e~ C#DZqy, w3 = dzz}. The complex structure equations in the basis {w!, w?, w3} are

dw' = Aw™® + B(,ul‘r?’7 dw? = Cw® + DwQE, dw® = 0.

The unimodularity of G is equivalent to the condition d(A32g* & A%3g*) = {0}, which forces

A+B+C+D =0. Clearly, if D =0, then C = —A— B. Now, if D # 0 then, up to scaling
w3, we can suppose that D is equal to 1 and so C = —A — B — 1, arriving at the desired

structure equations.

Consider next the case G = C? x,, C. In this case we have a (1,0)-coframe {n*,n* 7%}
given by {n! = e=A%2=B%2-Cxu-DZq, n?2 — dz,, 3 = dzz}. Hence, the structure equations
are

dnl _ A’I’]12 + B7712 +C7713 4 [)77137 d’l’]2 _ dn?) =0.
The unimodularity condition is equivalent to A+ B = 0 and C + D = 0. Thus, we can
consider (A,C) # (0,0), because otherwise ¢ is trivial. Now, if A # 0 (similarly for C' # 0
when A = 0) then the change of basis {w' = 7', w? = n*, w* = An* + Cn*} provides the
structure equations dw!' = w'? — w!? and dw? = dw® = 0. O

Proposition 1.3. Let X = G/T be a 6-dimensional solvmanifold endowed with a complex
structure of splitting type, and suppose that G = C x, KT. Then, there is a (1,0)-basis

{wl,w? w3} satisfying the complex structure equations
dw! = ¢ (W3 — wl?’),
dw? = W'
dw?® =0,

where € € {0,1}.

Proof. The semisimple action induced by ¢ on &t assures the existence of a basis for £t such
that the action is diagonal. So, we can take a basis of the form

P. (T) where P = <p“ pl?) € GL(2,C)
o P21 P22

and {7, o} is the preferred basis of (1,0)-forms with structure equations (2).
Denote also

1 _
Q = pl = (911 Q12> _ ( P22 p12> )
421 q22 P11p22 — pi2p21 \ P21 P11
With respect to this basis, we can assume that the action ¢ is diagonal and given by
the inverse of the matrix (3), which we will denote simply by «. So, the invariant basis we

choose is
1
1.2 3. Wl_q.p (7
{w S wohw? = d23}, where (w2> =a-P <0> .
Since
Aw® + Buw? 0
da = —a- €, where £ = ( 0 CuP+Dud)
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whence we get the structure equations (here A is intended componentwise):

1
d(“z,) = daAP- <T> +a-P~d<T)
w o o
1 0
= —a-fANa ( >+aP< )
w? TN
(At + Bw’)
N (C’w + Dw )
w A (Aw + Bw ) 0 0
_ - .P. )
(R e +Dw3>> o ((T) : (T))
Since there is no dependence on « in the first term, it is well-defined for any value of the

parameters A, B,C, D € C.
As for the second term:

T 7
0 _ 0
— P _ _ ANl P- = _ -
« < ((111041 "Wl + qiaa; 1002)) ( (qnc_h "Wl + qra0; 1w2>)

P12 (fthél_lwl + Q12042_1w2) P12 ((?11071_1001 + q_12@2_1w2)

= - - .l /\ — = T _ = _Z —
((Pzz : ((Jual Tt + qi20 IWQ)) <P22 : (Q11041 Lol + q1209 1w2)>>
1 aq - |pl2|2
= Cw
|p11P22 - 10121721|2 Qg - |P22|2 ’

|2wli

where

“1-—1_ - 12 -1 2 23
—Qq Qg PaoProw T — Qq Qg p12p22w +042 CYQ |p12| w™.

d (w1> _ <(Aw3 + ng) /\wl) n 1 o1 - [p12f? "
2] 3 3 2 P} .
w (Cw® + Dw’) Aw [p11p22 — pr2pa|” \az - [p22f?
Now, we have to take care about the dependence on z3 of the terms in the expression

above. Note that the case (A, B,C,D) = (0,0,0,0) is trivial, that is, it yields just the
product. Let us assume (A, B) # (0,0). The term

—1-—1
w=a] & |p2

So,

2 _ 2 2 _
ay - P12 . -041_1&1_1|p22|2w11 _ 5[1—1. [P12|”|pa2| 2w11
|p11p22 - p12p21\ |p11p22 - p12p21\

contains @1_1 th_at depends on z3. So either p1o = 0 or pay = 0. If poo = 0, then w =
oy tay !t pi2)|?w?? and therefore we have to assume ajay '@, b to be constant. Up to rescale
P12, We Iay assume

2
_—1 [P
10y 1042 b :p12:2
21

getting in this case the structure equations

Y ()= (s« ().
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On the other hand, if pjo = 0, then w = aj'a; |pe|?w't and we get the necessary

assumption that agafldfl is constant. Moreover, up to rescaling, we may assume

—1--1 |1022|2
e ol
11

)

which reduces the structure equations to

wh\ _ ((Aw® + ng) Awt 0
(5) d <w2) N <(Cw3 + Dw?®) A w? * o)
In case (C, D) # (0,0), we look at the term

|p22 |2

2 2 _
. -1 \p12| |p22| w22
|p11p22 - P12p21|

5 ~a51d51|p12\2w22 = & .
|p11p22 - p12p21|

Q2

and we argue in the same way as before. If pas = 0, then we are reduced to the structure
equations (4), whereas if pjo = 0, then we are reduced to the structure equations (5).

Note that, with reference, e.g., to the second case (5), the Jacobi condition yields the
equations

A+B-C =D-C =0.

Now the unimodularity condition is then equivalent to the equation A + B = 0. Finally, if
A # 0 then we can suppose that it is equal to 1 after rescaling w?. O

For the sake of clearness, we summarize Proposition 1.2 and Proposition 1.3 in the fol-
lowing statement.

Theorem 1.4. Let X = G/T be a 6-dimensional solvmanifold endowed with a complex
structure of splitting type. Then, there is a co-frame {w', w? w3} of invariant (1,0)-forms
satisfying the complex structure equations

dw' = Aw'® + Bw!3,

(6) dw2:—(A+B+5)w23+5w23,
dw3 =0
or
dw! = ¢ (W3 — wlg),
(7) dw? = W',
dw® =0,

where A, B € C and € € {0, 1}.

Remark 1.5. We note that for a complex structure in (6), the canonical bundle is holomor-
phically trivial if and only if B = —e. Indeed, by [11, Proposition 2.1], since the complex
structure is left-invariant, a nowhere vanishing holomorphic (3, 0)-form on X = G/T" is nec-
essarily invariant, but a direct calculation shows that dw!?? = (B + ¢)w!'?33. Similarly, for a
complex structure in (7), one has that dw'?3 = —e w!?33, so the canonical bundle is holomor-
phically trivial if and only if ¢ = 0. We show below which are the Lie algebras underlying
such solvmanifolds.
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1.2. Six-dimensional solvable Lie algebras with complex structures of splitting
type. In this section we determine the 6-dimensional real Lie algebras underlying the re-
duced equations of splitting-type complex structures obtained in the previous section. For
simplicity, we introduce the following definition.

Definition 1.6. We will say that g admits a complex structure of splitting type if g is a real
Lie algebra underlying the complex equations (6) or (7) in Theorem 1.4.

Recall that those Lie algebras underlying the complex equations (7) correspond to Lie
groups of the form C x, KT, whereas the Lie algebras underlying (6) correspond to C? x, C
or C x,, C2.

The main result in this section is the following theorem.

Theorem 1.7. Let g be a unimodular (non-nilpotent) solvable Lie algebra of dimension 6.
Then, g admits a complez structure of splitting type if and only if it is isomorphic to one in
the following list:

_ (23 .34 24
51—(6 , €77, —€ 707070)7

— 13 12 46 45
53_(07_6 , € a07_€ , € );
— (15 25 35 45
54_(6 , €7, —€e", e aO’O);
s5¢ = (e1?,e?® —e® + et —ae®® —e*,0,0), a>0,

52’ :(04615+625,f€15+a625,f04635+ﬂ645,7ﬂ635f05645,0,0),
a>0, 0<pB<1,

59 = (e, —el® et —ae??,0,0), 0<a<l,
5¢ = (ael® +e¥ —el® + ae? —ae® + e —e¥ —ae?®,0,0), a>0,

59 = (76167 — 26 36 _ o5 35 4 646,070)7

59 = (e16 —e?® el 426, —e36 — et e —e19,0,0), ac(0,1),
15 = (16 — €25, (15 | 026 36 4 (A5 _ (35 _ 46 (),
Here we follow the notation in [33]. For example, by writing (e??,e3*, —e24,0,0,0) we

mean that there exists a basis {e!,...,e5} of the dual of the Lie algebra satisfying de! =
e2ned, de? = e3 Net, de? = —e? Aet, and de* = de® = de® = 0.

Remark 1.8. For detailed explanations on the values of the parameters in the list above,
see Appendix A.
Let us start by determining the Lie algebras underlying the equations (7).

Proposition 1.9. The Lie algebras g that admit a complex structure of splitting type cor-
responding to C x, KT are (0,0,0,0,0,e'2) if g is nilpotent, and s, if g is solvable but
non-nilpotent.
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Proof. Tt is clear that one obtains (0,0,0,0,0,e'?) if e = 0 in (7). For ¢ = 1, if we consider
the basis {e!,..., €5} given by w! = e® —ie?, w? =2(e® —ie!) and w® = (e —ie?), then
it is immediate to see that the real Lie algebra is 5. ]

We divide the study of equations (6) according to the vanishing of coefficient . As a
result we present several tables (see Tables 1, 2, 3, 4 and 5). There, the real basis {e!, ..., e®}
is the one that corresponds to the real structure equations in Theorem 1.7.

Proposition 1.10. The Lie algebras underlying equations (6) with € = 0 are s9, Sg, 5%5,
5‘111, $512.

Proof. Suppose first that B = —A in (6), so we can suppose that A # 0. Moreover,
taking {w! = w!, W? = w? W = Aw®} we can suppose that A = —B = 1. If we set
wh=ed+ie?, w? =e* +ie®, wd =eb + %el, then we obtain the structure equations of ss.

On the other hand, if B # —A, observe that we can normalize the coefficient in w?? just
by taking a new basis {w'! = w!, w? = w?, W3 = —(A+ B)w?}.

If we denote w'' = o' +ia?, w? = o® +ia*, W3 = a® +ia®, then the real structure
equations become da® = da® = 0 and

dot = —a'®—2ImBa? + (1+2%Re B) a5,
do? = 2JmBa'® — (14 2%ReB) o' — a2,
do® = a3 _ 46
da* = a3+ o,
It is straightforward to see that if B = f%, the Lie algebra is isomorphic to sg (take
el =a' i=1,2,3,4,¢e> =ab b = aP). If we consider the real basis e! = a?, €2 = a?, 3 =
al, et =a?, e® = ab, e® = aP, then the Lie algebra is isomorphic to s15 if B = 0 and 5?{,

for o/ = —1-2B, if B € R\ {—1,0}. Notice that ' € R\ {—1,0} and hence the Lie algebra

5%{ is isomorphic to the Lie algebra s¢; for some a € (0, 1), as it appears in Theorem 1.7 (see

Appendix A for details). If B = —1, taking e! = —a3, €2 = —a?, e = a?, et = al, e® =

a8, e® = a® we obtain the Lie algebra s15. Finally, if Jm B # 0, then with respect to the

real basis el = a3, e2 =a?, 3 =al, et =a?, e’ =’ — %oﬁ, e = af, we obtain
a,B _ o9~ _ 142ReB
s1g where a =2Jm B # 0 and = 555 O

In Table 1 we summarize the results obtained in the previous proposition.
From now on, we focus on the equations (6) with ¢ = 1. Let us consider the basis of real
1-forms {a?,...,a®} given by

(8) wh=a' +ia?, w?=a+iat, wP=a’+ial.
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A, BeC Real basis {e!,..., e} Lie algebra
A=_B+£0 wl = e 4ie?, w? = et +ie?,
- 3_ 6 1 il 52
w’ =e’+ e
B 1 wl =¢* +i63, w?=—¢l — 7;627
== . 512
w3 = eb + e’
1 wh =e! +ie?, w? =e3 +iet,
B=-3 3_ 6 .5 59
BeR w” =e +1€e
A=-1-B B0 wl =e3 +iet, w? = el +ie?,
= . . . 512
w3 =eb +ied
. . ’
B#-1-10 wt = e3 +iet, w? = et +ie?, 5%
LTy .
2 w3 = eb + e’ o =-1-2B
JmB#0 wl =e3 +iet, w? = el 4 ie?, 5‘1’(’][3
5 .
w3 = (54 H2RB 6) 4 ieb | o =20mB, f=12RE

TABLE 1. Lie algebras underlying equations (6) with e = 0 (Proposition 1.10).

Hence, in terms of this basis the real structure equations become da® = da® = 0 and
dat = (ReAd+ReB)al® - (ImA—-ImB)all
—(Im A+ ImB)a?® — (Re A — Re B) 5,
do? = (JmA+ImB)al®+ (Red — Re B) al®
+(Me A+ Re B)a?® — (Jm A — Jm B) o6,
do® = —(ReA+ReB)a + (JmA—TImB) a3
+(ImA - JmB)a*® + (2 + Re A + Re B) oS,
da* = —(JmA—-TJmB)a® — (2+Re A+ ReB) s
—(Re A+ Re B) a®® + (Im A — Im B) 6.

We need to consider different cases in order to identify all the possible real Lie algebras
underlying these equations. Concretely, we focus our attention at the expression Jm A—Jm B
in (9) distinguishing three cases, namely: JmA=JmB =0, JmA=TJm B # 0, or Jm A #
Jm B.

1.2.1. Casee =1, ITmA=TJmB =0.

Lemma 1.11. The Lie algebras underlying equations (6) with e =1 and A, B € R are so,
54, 5?7 59, 5?17 512.

Proof. Imposing condition Jm A = Jm B = 0 in (9), the equations simplify as
dat = (A+B)a'® — (A-B)a?*s, da®=—(A+B)a*® + (2+ A+ B)a?f,
da? =(A—B)a' + (A+ B)a?®, da*=—-(2+ A+ B)a*S — (A+ B)a®.

Now, it suffices to consider different cases depending on the vanishing of the coefficients
in the previous structure equations. Concretely, we divide our analysis in the subcases
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A=-B, A= B # 0 and A # £B. The results appear in Table 2. Notice that in the case
of the Lie algebra s¢', if o/ = |A| > 1 then it is isomorphic to s¢ with o = 1/a/, so that
0 < o < 1 according to Theorem 1.7. Similarly, s, is isomorphic to the Lie algebra s¢; for
some « € (0,1), as it appears in Theorem 1.7.

For each case in Table 2, we need to apply a change of real basis between the initial one
{al,...,a%} and the final one {e!, ..., e%}. These changes are given simply by equalling the
expression of w'’s given in (8) and their corresponding expressions given in Table 2.

O

A BeR Real basis {e!, ..., e%} Lie algebra
A—0 wh =et +ied, w? =e3 +ie?,
= . S92
3 _ _ .6 __ 1,1
w® = —e 5€
A=-B 1_ A 3, .4 o
A£0 W= —rg7€ +1e”, _ 57
W2:€1+i€2, w3:66+%€5 Oé/:‘A|
A 1 wl =el +ie?, w? =e3 +ie?,
= — 54
3 1,5, ;.6
w = —35e’ +1e
A=B 2
1_ 1, .2 ,2_ 3 ;4
A£0, -1 w=e +1e°, w° =e’ +1e”, 5
’ W= L 6 i 5
— 24 2(A+1)
wl = el +ie?, w? =e* +ie3,
A=-1 . 512
W3 = L6 i 5
— B-1 B+1
B 1 wl = el +ie?, w? = e + ie?,
- W3 = L 6 i 5 512
A4+B — A1 A+l
+ ; -
AL B 9 w1:63+ze4, w2261+ze2,
TE=- W3 = Ll i g5 59
-2 2(A+1)
. . !
A+ B# -2 | wl=e! +ie? w? =e3 +iet, 5%
_ 3__1 6 i 5 /_ 2+A+B
A, B# -1 w'=-pmge taipe o = S0

TABLE 2. Lie algebras underlying equations (6) with ¢ = 1 and Jm A =
Jm B =0 (Lemma 1.11).

1.2.2. Casee =1, ImA=TmB # 0.

Lemma 1.12. The Lie algebras underlying equations (6) withe =1 and ImA=Tm B #0
are 53, 5 8
3 55; 59, 510 .
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Proof. Taking Jm A = Jm B # 0, the equations (9) transform into

dat = (ReA+ReB)al® —2TmAa? — (Re A — Re B) a9,
do? = 2TJmAa’® + (Re A —ReB) al® + (Re A + Re B) a??,
da® = —(ReA+ReB)a® + (2+Re A+ Re B) ',
da* = —(2+ReA+ReB)a — (Re A+ Re B) .

We consider the following cases according to the vanishing of some coeflicients in the equa-
tions above, namely JRe A = —Re B, Re A = Re B # 0 and Re A # +%Re B, obtaining the
results that appear in Table 3. The changes of basis between {a'}$_; and {e‘}{_; follow

directly from Table 3, taking into account (8). O
JmA=ImB#0 | Real basis {e!,...,e%} Lie algebra
wh=e? —ie?, w? =ed+ief,
ReAd=-NeB w3:231nA(elfiReAe4)+%e4 93
w' = —Fnde’ +iet, 5¢
ReAd=NReB=-1 w2261+i62, w3=%€5+i66 a:|ij‘
wh=e3 +iet, w?=el +ie?, 5950
ReA=ReB#0,—-1| ;5 1 5 i 6 Jm A
W' = —55a € ~ amearn ¢ o=
Re A #£ +Re B wt =e2 +iet, w?=el +ie?,
DﬁeA—Q—%eB:—Q WSZ—%€6+WM(€5+ij66) 59
wl = el +ie?, 5‘11(’]6
Re A # +Re B 9 3, .4 2Jm A(2+Re A+Re B)
w® = e’ +1e*, a = %e2A:i7ieQB
Re A+ ReB # -2 3 1 5 1 6_;_ 2ImA 5 Re A+Re B
W' = oAy B T 35mA¢ ! RetA-sie?B © B="5ma

TaBLE 3. Lie algebras underlying equations (6) with ¢ = 1 and Jm A =
Jm B # 0 (Lemma 1.12).

1.2.3. Case ¢ = 1, Jm A # JmB. Starting from (9), let us consider the new basis
{BY,..., 35} given by
Bi=a'i=1,2,3,4, B°=(OmA—-ImB)a’, %= (JmA-ImB)a".

In terms of this basis, the structure equations (9) are

apt = A (B0 - ARG 67) - 7 A (AR 0 4 SeATRg 0°).
oy | A R ) e (AR O A ).

ag = B (B0 - BAERE ) + 54 (67 + R )

apt = A (B AR 60) + 8 A (80 - ARG ).
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We define the 1-forms
2+ReA+ReB _D%A—H)%B
JmA—-TmB JmA—-JmB

The linear dependence of v° and v® will play a key role in our study of the underlying Lie
algebras. Let us define

1/5 _ 55 + 667 1/6 _ ﬂG ﬁ5~

A=A(A,B) = (JmA—TmB)?+ (24 ReA+ ReB)(Re A + Re B)
= |A? 4+ |B]* + 2(Re A + Re B + Re ARe B — Im ATJm B).

It is straightforward to check that ® and 1% are linearly independent if and only if A # 0.
In the following lemmata we study the cases A =0 and A # 0.

Lemma 1.13. The Lie algebras underlying equations (6) with e = 1, Jm A # Jm B and
A(A,B) =0 are s2, ﬁg"ﬂ, 59, 550
Proof. Notice first that the condition A = 0 implies that e A + Re B # 0, —2. Since °
and 1% are linearly dependent, we have that
5 — 05 where 0 — 2+ReA+ReB  TmA-TmB
-  OmA-ImB  ReAd+ReB
6

Let us consider the new basis {7!,...,7%} given by 4/ = 8%, 1 < i < 5, and 7% = 15 =
8% + %55. With respect to this basis, the structure equations (10) are

£0.

1 _ 16 4 2 |BI>—|A? 5 Re A—Re B\ 6
dys = =7 HTA {((ij—ﬁmB)Z)'yo_ (Jn:A—JniB)’y}’
2 _ 2% _ 1 |BI>—|A? 5 Re A—Re B\ 6
(11) dy> = T =7 A K(ijfij)z) 7 (3\1:1473:13) v ] )
d,y?) — 736 —|—9’)/46,
dyt = 446 36,

In order to determine the Lie algebras underlying the equations (11), we distinguish the
cases when |A| = | B| or |A| # |B| (see Table 4 for details). Notice that the Lie algebras s2,
53/’5 " and 5§“/ in Table 4 are isomorphic to the Lie algebras s¢, 5?’5 and sg§ with the values
of the parameters a and 3 that appear in Theorem 1.7.

Observe that the relation between the bases {7y'}¢_; and {e’}Y_; can be deduced from

the following diagram:
Table 4

o B y e.
O

Lemma 1.14. The Lie algebras underlying equations (6) with e = 1, Jm A # Jm B and

A(A, B) # 0 are sg, 555, 59, 81.

Proof. Since A # 0, the 1-forms v® and v/® are linearly independent. Hence, we consider the

basis {v!,..., 5} given by

2+ReA+ReB
JmA—-JmB

ReA+ReB

i_pgi i—1934 5 _ g5 6 6 _ g6 _ 5
v /B’Z b B b v /8+ ﬁ7 v /8 ijiij/B
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JmA#ImB, A(A,B)=0 Real basis {e,...,¢e5} Lie algebra
. . ’
wl =el +ie?, w? = e +iel, 58
B=A
3_ 1 6 (.5, OmA _6 f_ _14%eA
W= 3ma {6 Z<€ +1+9%Ae)] @ =""TmA
. . ’
B=-1 wl =el +ie?, w? =€t +icd, 58
3_ 1 6_ _ i 5. .6 /_ JmA
JmA#0 w? = 5o’ — oale’ +e°) O = Timea
_ - - 7
Al = [B| A=-1 wl=el +ie?, w?=e +ict, 58
B+#A ,
3 _ _—1 6 @ 5__ 6 / _ _JmB
JmB#0 w' = 505"+ g (e’ —€) O = TI%eB
Re A # Re B wl =el +ie?, w? =e3+ief, 507
_ 3 _ 1 6 _ s 1 5 /) _ JmA-JmB
ReA,ReB# —1 | w’ = 505 — iswa—se B¢ O = ReA-]e B
3 | MeAtMeB 6 ) _ —(24Re A4Re B)
(Om A)(Jm B) # 0 HGmA—m B € f'= —scasen
wl=el +ie?, w? =e3 +ie?, .0
Re A—Re B Jm A—Jm B 10
3 _ e A—Re 5 mA—Jm 6
|4l # |B| W= TappE © T aE-iBE ¢
_ ;IJmA4+Tm B 5 ‘Re A+Re B 6 __ 24+Re A+Re B
Tap=iBrE € tt7ap—iBr € Q=T A—omB

TABLE 4. Lie algebras underlying equations (6) with e =1, Jm A # Jm B
and A(4, B) =0 (Lemma 1.13).

The structure equations (10) transform into

dl/1 — —V16 _ Jm Azij (X 1/25 _ YI/26) ,
dv? = —p2 4 ijZBmB (X 15 _ YV16) :
A = 136485
At = 1% 6,
where
B |AI? — | B|? Y_2§mA(1+9%eB)+ij(1+iﬁeA)
 JmA—-JmB’ o JmA—JmB ’

Now, the study is divided according to the vanishing of coefficients X and Y (see Table 5
for details). For the sake of clarity, we see what happens when X =Y = 0: let us define
p = m% and ¢ = %, and consider the following system of equations in
variables p and ¢:

X =p(IJmA—TmB)+q(Re A+ ReB),
Y=p2+ReA+ReB) —q(IJmA—TmB).

Observe that the determinant associated to the system is —A. Since A £ 0, if X =Y =0,

the system has trivial solution and therefore B = A and, in particular, A = 4(|A* +
MRe A) # 0.
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Finally, the relation between the bases {v'}%_; and {e'}%_; can be deduced from

Table 5
T
Q@ 8 v e.
O
JmA#ImB, A(A,B)#0 Real basis {e!, ..., e%} Lie algebra
wl =el +ie?, w? =ed +ie?,
Y =0 w? = 2(\[\2119?2 oy (€% + et ) Sg
- i2(\A?211194%A) (% e —¢%)
|Al = |B]| wl=ed+iet, w?=el —ie?,
Y £0 W3 — Im AgﬁmB (66 _ zgfzigﬁeBB 5) 5%0

: —Y(Om A-Jm B
+z(ij75m B) &5 4 ReA+ReB 6 a = %
A JmA-Jm B

wl =ed +iet, w?=el —ie?,
3 _ JmA—JmB 5 _ 24+Re A+ReB _6
A=%(A2—|B]?) | W = A (6 JmA-—omB © ) 512
(ImA-—JmB) [ Re A+Re B _5 6
+ A <3m AsompB € TC
Y=0 - -
wl =ed +iet, w?=el —ie?,
3 _ dmA-ImB (5 _ 24ReA+ReB 6 5%
Al |B] A £ +(AP — |BP) | w° = 2AZIE (o - 2iReAiDteB 0)
) _ —X(OmA-Jm B)
+ i(OmA—TmB) (Re A4Re B 5 4 ¢b o = ——x——+
A Jm A—Jm B
wt =el —ie?, w?=ed+ie?,
3 X(24%e A+Re B)—Y (Im A—Tm B) 5 5997
w" = XA €
Y
70 | 2EReALREB 6 i 6 a=%
Y (Jm A—Jm B) Y
_ A
_§ XOmA-In B}V (Re AL B) 5 B = vomamE)
Y X

TABLE 5. Lie algebras underlying equations (6) with e =1, JIm A # Jm B
and A(A, B) # 0 (Lemma 1.14).

The previous lemmata provide the following

Proposition 1.15. The unimodular solvable 6-dimensional Lie algebras underlying equa-
tions (6) with e =1 are 53, 53, 54, 52, 52’3, 5%, 59, 59, 5?6[5; 5%, 512

As a consequence of the previous propositions, we prove the main result of this section:

Proof of Theorem 1.7. The “only if” part of the theorem follows from Propositions 1.9, 1.10
and 1.15.

For the proof of the “if” part, we must show that all the Lie algebras in the list admit a
splitting-type complex structure. This is clear for the Lie algebras s1, s2, 53, 54, §9 and §12
from Proposition 1.9 and Tables 1, 2 and 3. The remaining Lie algebras in the list depend
on parameters, so we will show next particular appropriate values of A and B that define a
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complex structure of splitting type on each one of the Lie algebras s¢, sg"ﬂ , 59, 69, sféﬁ and
5§ in the list.

For the Lie algebra sg, a > 0, we consider A and B given by A = B = -1+ ia.
These values of the parameters A and B lie in Table 3, since Jm A = TJmB = a # 0 and
Re A = Re B = —1. Hence, the (1,0)-forms w' = Sﬁfﬂ e +iet = —e3+iet, w? = el +ie?,
w® = 1¢e% +ief define a splitting-type complex structure on s¢ according to Table 3.

For the other Lie algebras the argument is similar. We show below particular appropriate
values of A, B and the table where the corresponding basis of (1,0)-forms is given:

—Forsg’ﬁ, a > 0with a # 1, 0 < 8 < 1, it suffices to take A = %—i—zal(%f;) and
B = zal(i‘i‘;) in Table 4;

- For 5é’ﬁ, 0< B <1, wecan take A = 11:52 +11+52 and B = —i1p +illj[§32 in Table 4;
-Fors?, 0 <a <1, WetakeA:—B—amTable

- For s¢, v > 0, we take A = 15 (1 — a® 4 2ir) and B = —1 in Table 4;

-Forslé ,a;éO,BER,WecantakeA:—l—BWithB:%(aﬁ—l—i—iﬁ) in Table 1;

- Finally, for the Lie algebra ¢, a € (0,1), we take A = —1 — B with B = —1(1 + ) in
Table 1. m|

Remark 1.16. In view of Remark 1.5, a 6-dimensional unimodular (non-nilpotent) solvable
Lie algebra admits a complex structure of splitting type with a non-zero closed (3, 0)-form if
and only if B = —¢ in the structure equations (6). Looking at the tables above, it is easy to
check that this condition is satisfied if and only if the Lie algebra is isomorphic to s4, 5%, 53
or 512, which is in accord with [11, Theorem 2.8] (notice that these Lie algebras correspond,
respectively, to the Lie algebras labeled as gi, g3 and gg in [11]).

On the other hand, the Lie algebras obtained in Theorem 1.7 appear with different nota-
tions in previous papers. Next, we make explicit the correspondence with [5, 35]:

_ 0 2 _ 0 3 _ 0 0 _ o —1,-11
51—949@R 52—935@R 53 =0935D P35, 54 = 057 ® R,
_ a,—a,f _ 0,0, o a,—a,l
55—9513 “OR, 56 =0517 @ ©OR, s7=g517 @R s§ =0517  DOR,
1,0,—-1 1,a,8,—8 0,0,— 1,-1
59 = N6,13 ) 510 = Ng 15 ;o 8T = N6718 y  S12 = N6,18 .

It turns out that the only Lie algebra that is completely solvable is s,.

Remark 1.17. As regards solvmanifolds of splitting type, we notice that the condition
(5) in Definition 1.1 is satisfied by the Kodaira-Thurston manifold; see [7, 9, 31, 32] for
general results on the Dolbeault cohomology of nilmanifolds. Therefore, we need to study
the existence of lattices in the connected and simply-connected solvable Lie groups Gy
corresponding to the Lie algebras sj in Theorem 1.7. The Lie groups G1, G2 and G35 admit
lattices (see [5, Table 8]). Also G4 admits lattices by [11, 27]. Moreover, by [8, page 13] we
have:

) Gg’ﬁ admits lattices if and only if § = % € Q and « satisfies exp(2ra=1lry) +

_ -1 . . L 2nr : .
exp(—2ma~'rg) € Z, that is, « is the form a, := —log(%(nijm)) with n € N;

o (% admits lattices if and only if a € Q;
e (¢ admits lattices if and only if exp(2ra™!) 4+ exp(—27pa~!) € Z, that is, for any

R 27 :
« of the form a,, := e (L (V1)) with n € N.

In Proposition 1.18 below we show the existence of lattices for a countable family of G¢.
Note that the results on the existence of lattices are consistent with [36, Proposition 8.7,
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where it is shown that only countably many non-isomorphic simply-connected solvable Lie
groups admit a lattice. Therefore, one cannot expect a lattice to exist on G, G 8 , G% or
G¢ for every value of a, 3, and so, in this sense, our proposition below completes the cases
when the Lie algebra is decomposable.

The indecomposable case is more difficult to treat, but in Section 3 we will provide explicit
lattices on the Lie group associated to s12 (which is the Lie algebra underlying the Nakamura
manifold [26], see also [37]) with interesting properties with respect to the 99-Lemma.

Proposition 1.18. There is a countable family {cas ,} C Rt such that the connected and
simply-connected Lie group Ggs’" admits a lattice.

Proof. The Lie algebra of G§, o > 0, can be written as s§ = gé:l_;’a @ R with 9;1_31’“ =
R Xad,, R*. Since the simply-connected Lie group H, corresponding to gé:;;’a is almost-
nilpotent [5], it admits a lattice if and only if there exists 7 # 0 such that the matrix
exp(7 ade, ) belongs to the conjugation class of an integer matrix. We have (see [5, p. 41])

that exp(tad,, ) is given by

et 0 0 0

0 et 0 0

0 e‘cosat —elsinat

0 0 efsinat e‘cosat

(12) exp(tade,) =

Let 7 # 0 be such that sinar = 0, that is, 7 = 2 with 0 # s € Z. In this case the
matrix (12) is diagonal and its characteristic polynomial is

(13) p(A) = (N> = (77 + (=1)°e")A + (-1)%)

Now, if exp(7 ade,) lies in the conjugation class of an integer matrix, then p(A) € Z[\], that
is, e77 + (—1)%e™ = n, for some n € Z. Solving this equation, we get

/2_4_15
Tsmz—log<n+ n2 ( )>, 5T , forn > 3.

Qg n = — >
log (n+ n 274(71)- )

e Z[)], which is also

2

Substituting these values in (13), we get p(A) = (A% —nA + (=1)%)
the characteristic polynomial of the integer matrix

0 (=1*' 0 0
1 0
B, = " € Aut(4,Z).
0 0 0 (=1
0 0 1 n

In addition, it turns out that Q exp(7s , ad.;) @' = By, where

0 B 0 B
10 1 0 1 _1 B s
Q* ﬂ+ 0 ﬁ, 0 ’ ﬂ:ﬁ:*2< n:l:\/n 4( 1))7

10 1 0
concluding the proof. O



COMPLEX STRUCTURES OF SPLITTING TYPE 18

2. HERMITIAN GEOMETRY OF SPLITTING-TYPE COMPLEX STRUCTURES

In this section we study the existence of special Hermitian metrics on solvmanifolds endowed
with a complex structure of splitting type. From now on, F' denotes the fundamental (1, 1)-
form associated to a Hermitian metric g, and n is the complex dimension of the complex
manifold.

It is well-known that the Kdhler condition “dF = 0” can be weakened in the “geometry
with torsion” direction, and the main classes of Hermitian structures that arise are:

e Hermitian-symplectic (or holomorphic-tamed), that is, F' is the (1,1)-component of
a d-closed 2-form;

e SKT (strong Kdhler with torsion or pluri-closed), that is, 00F = 0;

e k-Gauduchon [15], that is, 90F* A F*~*=1 =0, where k =1,...,n — 2.

The following implications are clear from the definitions:
Kahler = Hermitian-symplectic = SKT = 1-Gauduchon.

So far, no example of compact complex non-Kéahler manifold admitting Hermitian-symplectic
structure is known, see [23, page 678], [34, Question 1.7].

Other interesting and well-known classes of Hermitian metrics on compact complex man-
ifolds are:

e balanced (in the sense of Michelsohn [25]), that is, dF"~! = 0;

e strongly Gauduchon [29], that is, F™~! is the (n — 1,n — 1)-component of a d-closed
(2n — 2)-form; equivalently, the (n,n — 1)-form dF™ ! is d-exact;

e Gauduchon [16], that is, J0F"~! = 0.

It is clear that
Kahler = balanced = strongly Gauduchon = Gauduchon.

We recall also that any conformal class of Hermitian structures admits a Gauduchon repre-
sentative by the foundational theorem by Gauduchon [16, Théoréme 1]. A recent conjecture
of Fino and Vezzoni [13] states that in the compact non-Kéhler case it is never possible to
find an SKT metric and also a balanced one, and they prove the conjecture for nilmanifolds
[14] and for 6-dimensional solvmanifolds having holomorphically trivial canonical bundle
[13]. On the other hand, Popovici [30] proposes, for dd-manifolds, a conjecture relating
their balanced and Gauduchon cones, and he observes that, if proved to hold, the conjec-
ture would imply the existence of a balanced structure on any d0-manifold. Recall that a
00-manifold is a compact complex manifold X satisfying the d9-Lemma, that is, if for any
d-closed form ~ of pure type on X, the following exactness properties are equivalent:

7 is d-exact <= v is J-exact <= 7 is J-exact <= ~ is J0-exact.
We have the following general result.

Proposition 2.1. Let X = G/T be a solvmanifold endowed with a complex structure of
splitting type, i.e., G = C x, N, where N is nilpotent. Then, X admits a balanced (re-
spectively, strongly Gauduchon) Hermitian structure if and only if N admits an invariant
balanced (respectively, strongly Gauduchon) Hermitian structure.

Proof. First of all, by the well-known symmetrization process, X admits a balanced (respec-
tively, strongly Gauduchon) Hermitian structure if and only if the Lie group G admits an
invariant balanced (respectively, strongly Gauduchon) Hermitian structure. Let n be the
complex dimension of X, and denote by {w"} a co-frame of (1,0)-forms for the factor C in
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G. First, notice that, if we have an invariant Hermitian structure Fg on G, (respectively,
an invariant Hermitian structure Fy on N) then we can construct an invariant Hermitian
structure Fiy on N (respectively, an invariant Hermitian structure Fg on G) such that

FAt = FRit 4 Fr2 anw™,

with abuse of notations. Indeed, as a vector space, the Lie algebra g of G splits as g = n®R?,
where n is the Lie algebra of N. Invariant structures on G (respectively, on N) are identified
with linear structures on g (respectively, on n). If we start from a Hermitian structure Fy

on N, then we can take F¢g := ”’{/Fﬁfl + FJ’\TQ A w™, which is a Hermitian structure on
G. On the other hand, if we start from a Hermitian structure Fg on G, then it induces a
Hermitian structure Fy on N and the Hermitian structure w™” on R2, up to multiplicative
positive constants, such that Fg = Fy + w"", which yields the above identity.

Since dw™ = 0, we have

(14) dFE™ = dFy '+ dFRTP Aw™ = dFRT +dnFR P Aw™™

where dy denotes the differential over N.
We notice also that afFJT\Lf1 = 0 by unimodularity. Otherwise, if dF]?fl # 0, then either
d(Fy~ " Aw™) or d (Fy~" Aw™) would be non-trivial d-exact 2n-forms.
Then, (14) reduces to
dFG™! = dNFRT2 AW™

It follows that dFyy ' = 0 if and only if dy Fr 2 = 0. Analogously, it follows that OF% " is
d-exact if and only if 9FR 2 is d-exact. O

In [10] it is studied the existence of Hermitian-symplectic structures on complex solvman-
ifolds (see [10, Theorem 1.1] for case when G is not of type (I) and [10, Theorem 1.2] for
other cases). We recall that a Lie group G is said to be of type (I) if for any X € g, all the
eigenvalues of the adjoint operator adx are pure imaginary. Some of the Lie algebras in the
list of Theorem 1.7 are of type (I) but other not, however for all of them (except s1) the Lie
group is of the form G = C x, C"~!, so we give in the following result an alternative direct
proof about existence of special Hermitian metrics in this concrete case.

Proposition 2.2. Let X = G/T be a solvmanifold endowed with a complex structure of
splitting type, such that G = C x,, C"~ 1. Then, for X it is equivalent: to admit SKT
structures; to admit Hermitian-symplectic structures; to admit Kdhler structures.

Proof. By the symmetrization process, X admits SKT, Hermitian-symplectic or Kéahler
structure if and only if the Lie group G admits an invariant SKT, invariant Hermitian-
symplectic or invariant Kihler structure. Fix a co-frame {w!,...,w" 1} of (1,0)-forms on
C"~! and a co-frame {w"} of (1,0)-forms on C, such that the complex structure equations
are of the form

i = N BwY e(l.n-1),
dw™ = 0,

for suitable A7, B/ € C. Notice that the Jacobi identity is satisfied for any value of the
structure constants, while the unimodularity condition corresponds to the requirement

n—1

> (A +B) =0,

Jj=1
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Consider the general invariant metric on G given by

n —
— E _, hk
F = (o7
h,k=1

where (apz)n,k is @ Hermitian matrix with entries in C. By noticing that
agwhk _ (Bh + Ak)(Ah +Bk)wnﬁh157 dwhfc _ (Ah + Bk)wnhfc + (Ak + Bh)wﬁhl}’
we get
n—1 B
00F = > opp(B" + AF)(A" 4+ BF)w" k.
k=1
So, if F'is SKT, then every coefficients must vanish. In particular, for any j € {1,...,n—1},

|BY + A/ =0,
since a5 # 0. But this implies that the diagonal Hermitian structure F = %ZZ:1 whh s
Kihler, since 2dF = i EZ;} ((Ah + BMwnhh 4 (AP + Bh)wﬁhh) =0. O

2.1. Hermitian structures in dimension 6. Next we consider the case when the (real)
dimension of X is 6. As we reminded in the proofs of Propositions 2.1 and 2.2, the existence of
Kahler, Hermitian-symplectic, SKT, balanced and strongly Gauduchon structures is reduced
to their existence at the Lie algebra level, so we will study the spaces of such Hermitian
structures on each s, for 1 < k < 12. We also study the existence of 1-Gauduchon structures
on the Lie algebras sy, although as it is pointed out in [12], the symmetrization process does
not hold for this kind of Hermitian structures on solvmanifolds, and so our study covers
only the space of invariant 1-Gauduchon structures. The existence results are summarized
in Table 6.

A generic Hermitian structure on sy is given, with respect to any coframe {w!,w?, w?} of
(1,0)-forms, by

[\~]

—Uu s v
-z —v it?
or equivalently, by the expression
(15) 2F = irfw' 4+ is?w? + it?w™® + uw'? — aw? + vw? — w®? 4 20" — 2%,

where r,s,t € R\ {0} and u,v, z € C satisfy the conditions that ensure that F is positive-
definite: 7252 > |ul?, s%t? > |v]?, r2t2 > |2|? and r2s%t2+2 Re (iuvz) > t2|u2+r?|v|?+52| 2|2

Let us consider first the Lie algebra s1, which corresponds to the structure equations (7)
for ¢ = 1, and for which we can apply Proposition 2.1 because the Lie group G is of the
form C x, KT. By [29, Observation 4.4], every strongly Gauduchon compact complex
surface is Kéhler, so in particular the Kodaira-Thurston manifold does not admit strongly
Gauduchon structures. Hence, by Proposition 2.1, we conclude that s§; does not admit either
strongly Gauduchon or balanced structures. A direct calculation shows that it does not
admit Hermitian-symplectic structures. However, there always exist SKT and 1-Gauduchon
structures, since for a metric F' given by (15) we have

200F = uw'® —4w®B,  200F AF = |u? %1%,

More precisely, F'is SKT if and only if F' is 1-Gauduchon, if and only if u = 0.
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The remaining Lie algebras s, 2 < k < 12, correspond to the complex structure
equations (6), and we can apply Proposition 2.2 because the Lie group G is of the form
C xy C%2.  As a matter of notation, let us denote such complex structures simply as
J = (A,B,¢) € C?>x{0,1}. Given a generic Hermitian structure (15), we first note that one
can always normalize the metric coefficients r and s, i.e. we can suppose r = s = 1. There-
fore, we will identify the Hermitian structures simply by a tuple F' = (t2,u, v, z) € Rt x C3,
where 1 > |ul?, t2 > |[v]?, 2 > |2]? and % + 2Re (iuvz) > t2|ul? + [v|> + |2|?, in order for F
to be positive-definite.

Now, by Proposition 2.2, there exists a Kéhler structure if and only if there is a Hermitian-
symplectic structure, if and only if there exists an SKT structure. A direct calculation
from (6) shows that the existence of one of these types of structures implies

A+B =0,

that is, the complex structure must be of the form J = (A, —A,¢), where A € C and
e € {0,1}. According to the classification given in Section 1.2, the Lie algebras admitting
such a complex structure are sy, s3, 5. Indeed,

- if € = 0 then from Table 1 we get s2 (notice that we can take A =1 in this case);
-if e =1 and A € R, then by Table 2 the possibilities are sq, 5%;
-if e =1 and Jm A # 0, then from Table 3 we get s3.

Next we give a detailed description of the spaces of Kéhler structures.

Proposition 2.3. Let g be a 6-dimensional solvable Lie algebra with a complex structure J
of splitting type. Then, g admits a Kdahler structure if and only if g is isomorphic to sz, s3
or s%, and the Kahler structures (J, F) are the following:

(Ki) (s2,J, F), where J = (1,—1,0) and F = (t2,0,v,0).
(K.ii) (s3,J, F), where J = (A, —A,1), Im A # 0, and F = (¢2,0,0,0).
(K.iii) (s9,J, F), where J = (A, —A,1), A€ R\{0,—1}, and F = (t?,0,0,0). (Notice that
a=|A] ora=|%].)

(K.iv) (s%,J,F), where J = (—1,1,1) and F = (t*,u,0,0).

Proof. A direct computation shows that
(16) 20F = (A+¢)(uw'® + aw??) — cow® + 420313
Hence the conditions to be satisfied for F' being Kahler are
u(A+¢e) =0, ev = 0, Az = 0.

If e = 0, then we may assume that A = 1 (see the proof of Proposition 1.10 for details)
and therefore u = z = 0. The Kiihler structures are then given by (t2,0,v,0) and we obtain
case (K.i).

If e = 1, then v = 0 and several cases appear:

e If A =0, it is equivalent to the previous case (K.i).

o If A= —1, then 2 =0. So, J = (—1,1,1) and F = (t?,u,0,0), which corresponds
to (K.iv).

e If A#0and A # —1, then u = v = z = 0. Depending on the values of A (see
Tables 2 and 3), we get the remaining cases (K.ii) or (K.iii). O
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Remark 2.4. In [17, Example 4], it is shown that the complex structures corresponding to
cases (K.i) and (K.iv) in Proposition 2.3 admit Kéahler metrics. In the recent paper [2] it
is shown that s3 admits a Kéahler structure and, moreover, solvmanifolds constructed from
the Lie algebra s} give rise to new supersymmetric vacua. Notice that 55,83 and s¢ are the
only (non abelian) solvable Lie algebras in six dimensions admitting Ricci flat metrics (see
[2] and the references therein). By Proposition 2.3 all these Lie algebras admit a Kéhler
structure, although by [11] only s} with J = (1, —1,1) admits a Calabi-Yau structure.

In the following proposition we compare the spaces of Hermitian-symplectic, SKT and
1-Gauduchon structures with the space of Kahler structures.

Proposition 2.5. Let g be a 6-dimensional solvable Lie algebra with a complex structure J
of splitting type that admits Kdhler structures. Any Hermitian structure (J,F) on g is 1-
Gauduchon if and only if it is Hermitian-symplectic, if and only if it is SK'T. Moreover, any
SKT structure (J,F) on g is one of the following:

(SKT.i) (sq,J, F), where J = (1,—1,0) and F = (t2,0,v, 2).
(SKT.ii) (s3,J, F'), where J = —A,1), ImA#0, and F = (t2,0,v, 2).
—A,1), Ae R\ {0,-1}, and F = (t?,0,v, 2).

i) ( (4,
(SKT.ii) (s%,J,F), where J = (A,
) ( (=1,1,1) and F = (t*,u,v,2).

(SKT.iv) (si,J, F), where J =

Proof. Using (16), we have
200F = |A+ e (uw'® —aw®®),  200F AF = |u]?|A +¢|? w'%123,

Therefore, the SKT condition is equivalent to the 1-Gauduchon condition, and they are
equivalent to u(A+¢) = 0.
On the other hand, the structure F' is Hermitian-symplectic if

= 08, 08=0, where jeg®?

Since 98 € (Aw?3, £w??3), it follows from (16) that F is Hermitian-symplectic if and only
if there exist A, p € C satisfying

wA+e) =0, ve = Ae, zA = pA.

It is always possible to find A, u satisfying the last two equations. The first one is precisely
the SKT condition.

Now, depending on the vanishing of the metric coefficient u, the possibilities for a Her-
mitian structure (J, F') to satisfy the SKT condition are:

e 4 #0. Then, e =1 and A = —1, which corresponds to the case (SKT.iv).
e u=0. If e =0, then we can suppose A = 1, which leads to the case (SKT.i). The
remaining cases (SKT.ii) and (SKT.iii) are obtained when ¢ = 1.

O

Remark 2.6. A complex structure J as above admits SKT structures if and only if it admits
Kahler ones, however, for any fixed J, there exist SKT structures which are not Ké&hler.
Indeed, by Propositions 2.3 and 2.5, any SKT structure with metric coefficient z # 0 is not
Kahler. Similarly, there exist Hermitian-symplectic structures and 1-Gauduchon structures
which are not Kéhler.
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Now, with respect to balanced and strongly Gauduchon Hermitian structures, we can
apply Proposition 2.1 for N = C? and so any complex structure corresponding to the
equations (6) admits balanced structures. Indeed, for any value of the tuple (A, B,¢) €
C?% x {0,1}, the Hermitian structures given by (#?,u,0,0) are balanced. Notice that there
exist strongly Gauduchon Hermitian structures that are not balanced, for instance, consider
a complex structure J = (A, B, 1), i.e. with e = 1, and a Hermitian structure F' given by
(t2,0,v, z) with v # 0.

We summarize all the results about Hermitian structures in Table 6. Here, the symbol
“v"” means that the corresponding kind of Hermitian metrics exists for any complex structure
of splitting type on the Lie algebra (see Tables 1-5), whereas “—” means that none of the
complex structures admits such kind of metrics. Here “H-symplectic” means Hermitian-

symplectic and “sG” refers to strongly Gauduchon metrics.

Kahler | H-symplectic | SKT | invariant 1-G | balanced | sG

51 — — v v —
) v v v v v v
53 v v v v v v
Sy — = — = v v
58 — — — — v v
sl — — — — v v
52 v v v v v v
5§ — — — — v v
Sg — — - — v v
sy — — — — v v
5% — - — - v v
5192 — — — — v v

TABLE 6. Existence of Hermitian metrics for any complex structure of split-
ting type.

Remark 2.7. Note that the Lie algebra s; = gj ¢ ® R® (see Remark 1.16) admits SKT
Hermitian structures because the 4-dimensional Lie algebra 9279 admit them by [24], and
so the product complex structure on s; admits SKT structures. However, the Hermitian
structures that we have obtained on s; are different because the splitting-type complex
structure is not a product, and in this sense, our study above provides a new example of
SKT metrics in dimension 6.

Finally, we notice also that our results provide (up to our knowledge) new families of
non-Kéhler balanced solvmanifolds (see also Remark 1.17). The s15 case is especially rich,
as Section 3 below shows.

In relation to the conjectures in [13] and in [30] mentioned above, as a consequence of the
results of this section one has the following result.

Corollary 2.8. Let X = G/T be a 6-dimensional solvmanifold endowed with a complex
structure of splitting type. We have:
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(i) If X has an SKT metric and also a balanced metric, then X is Kdhler.
(ii) If X satisfies the 00-Lemma, then X is balanced.

Proof. If X has an SKT metric and also a balanced metric, then by symmetrization, there
is an SKT structure and also a balanced structure on the Lie algebra g underlying X. Now,
by Table 6, the Lie algebra is isomorphic to s, 53 or s¢. In any case, there is a Kéhler
structure on g and so X is Ké&hler, which completes the proof of (i).

For the proof of (ii), in view of Table 6 it is enough to prove that for any lattice I' on the
connected and simply-connected Lie group G; corresponding to s, the solvmanifold G /T
does not satisfy the 90-Lemma with respect to any complex structure of splitting type J.
In addition, by the symmetrization process, it suffices to check that the 99-Lemma is not
satisfied at the Lie algebra level. Now, for any complex structure of splitting type J we have
a basis {w!,w?, w3} of (1,0)-forms satisfying (7) with € = 1, therefore the (1,1)-form

w'l = dw? = 9(—w?) = duw?

is d-exact, 0-exact and d-exact, but it is not d0-exact. ]

3. COMPLEX STRUCTURES ON THE NAKAMURA MANIFOLD

In this section we focus on the complex geometry of splitting type on the Nakamura manifold
[26], whose underlying Lie algebra is s15. Firstly, we classify the complex structures of
splitting type, which allows us to produce analytic families of complex solvmanifolds with
holomorphically trivial canonical bundle satisfying interesting properties in relation to the
00-Lemma.

3.1. Moduli of complex structures of splitting type on the Nakamura manifold.
Next we study the space of complex structures of splitting type on the Lie algebra s15 up
to equivalence.

Proposition 3.1. On the Lie algebra 512, there exist the following non-equivalent complex
structures of splitting type:
(i) (s12,J) : dw' = =™, dw? =w?, dw? =0;

dw' = Awd — wi3

(i) (s12,J4): ¢ dw? = —AwB +w?, AeC, |Al#1,

dw® = 0;
dw! = =3 + Bwlg,

(i) (s12,JB): 4 dw?=—-Bw®+w?, BeC, |B|<]1,
dw? = 0.

Proof. Here the equivalence between the complex structures is in the usual sense: two
complex structures J and J’ on a Lie algebra g are equivalent if there exists an automorphism
F:g — gsuch that J = F~' o J o F. We first observe the following property of the
complex structures defined by equations (6) with A = —1 and € = 1: if we denote by Jp
such a complex structure, then, for B # 0, Jp is equivalent to J;,p (indeed, it suffices to
multiply w? by B, and change w! with w?). This property explains the condition |B| < 1 in
the equations (iii) above.

Now, according to our classification in Section 1 of complex structures of splitting type,
the Lie algebra s15 appears only in some specific cases in the Tables 1, 2 and 5. First, from
Table 1, in the case (A, B) = (—1,0) we obtain equations (i), and in the case (4, B) = (0, —1)
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equations (iii) for B = 0, just considering a new basis {7} = w? 72 = w!, 78 = —w3}. The
case B = —1, A € R — {£1}, of Table 2 lies in equations (ii), whereas the case A = —1,
B € R — {£1}, of Table 2 lies in the equations (iii).

With respect to Table 5, the complex structures on s15 satisfy the conditions

JmA#ImB,  JmA(l+ReB)=—-TmB(1l+ReA), A =+(|B|*> - |A?) #£0,

where A = |A]? + |B]? + 2(Re A + Re B + Re ARe B — Jm AJm B). Next we study the
solutions of this set of equations:

-If Jm A = 0, since Jm B # 0, then A = —1 and A = |B|?> — 1 # 0. In this case, the
structures belong to case (iii). Similarly, if Jm B = 0 then B = —1 and A = 1 — |A|? # 0,
so we are in case (ii).

- Suppose now that (Jm A)(Jm B) # 0 and Re A = Re B = —1. It is straightforward to
verify that A = (JmA — Jm B)2. But A = +(|B]?> — |A]?) = £(Jm?2B — Jm2A) implies
Jm A = Jm B, which is a contradiction to A # 0.

- Finally, if (Jm A)(Jm B) # 0 and (1 + Re A)(1 + Re B) # 0, then we can take Jm B =

—JmA (ﬁgiﬁ) Now, the condition A = |B|?> — |A|? is equivalent to B = —A (}i—f‘),

which implies |B| = |A|. The case A = —(|B|? — |A|?) is similar. In conclusion, we do not
get complex structures in these cases.

Let us study now the equivalences of complex structures. Observe first that all the
complex structures in the cases (i) and (ii) satisfy dim Hg’o(g) =1, but dim Hg’o(g) =0 for
the complex structures in case (iii). Therefore, there are no equivalences between the case
(iii) and cases (i)-(ii). A direct calculation allows to show that the complex structure (i) is
not equivalent to any complex structure in (ii), and moreover, two complex structures J and
J’' in (ii), respectively in (iii), are equivalent if and only if A = A’, respectively B = B’. O

Remark 3.2. Observe that J given by (i) is the complex-parallelizable structure on the
Nakamura manifold [26], and the complex structure given by A = 0 in the family (ii)
corresponds to the abelian complex structure, see [1]. In addition, a complex structure
of splitting type on s12 gives rise to a complex solvmanifold with holomorphically trivial
canonical bundle if and only if it belongs to (i) or (ii), accordingly to Remark 1.5.

The following theorem reveals that the Nakamura manifold has a rich space of com-
plex structures. The result is based on an appropriate deformation of its abelian complex
structure.

Theorem 3.3. The property of having holomorphically trivial canonical bundle and the
property of being of splitting type are not stable under holomorphic deformations.

Proof. Although the first part of the theorem was firstly shown by Nakamura [26], we provide
other proof based on the invariant complex geometry described in Proposition 3.1.

Let T" be any lattice on the Lie group G2 corresponding to s12, and consider the complex
solvmanifold Xy = (G12/T, Jy) endowed with its abelian complex structure Jy, which is given
by taking A = 0 in the family (ii) of Proposition 3.1. Consider an open disc A := A(0, ¢)
around 0 in C for € > 0 small enough, and the family {X;}tca of complex solvmanifolds
given by the solvmanifold G12/T" endowed with the complex structure J; defined by the
(1,0)-co-frame {w} := w!, w? = w?, W} = w3 — tw'}. Notice that the form w' defines a
non-zero Dolbeault cohomology class on Xy, and so the previous family X; provides a small
holomorphic deformation of Xy. The complex structure equations of the invariant complex
structure J; are

(17) dw} = —w}3, dw? = —tw]? + w?, dw = —twdl.
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Now, since dw;?® = —tw}?31 £ 0 for any t € A*, by [11, Proposition 2.1] the solvmanifold
X does not have holomorphically trivial canonical bundle for any ¢ # 0. Indeed, J; does
not belong to (i) or (ii) for ¢ # 0, see Remark 3.2. Moreover, from the complex structure
equations (17) one also has that J; does not belong to the family (iii), because there are
not non-zero invariant holomorphic (1,0)-form for ¢ # 0. In conclusion, J; is not of splitting
type for any ¢ # 0. O

Remark 3.4. All the complex structures J; given in the proof of Theorem 3.3 admit bal-
anced metrics.

3.2. The 00-Lemma on a family of splitting-type complex structures on the Naka-
mura manifold. In [11, Proposition 3.7] the complex structures on the Lie algebra si2
giving rise to complex solvmanifolds with holomorphically trivial canonical bundle are clas-
sified. There are two complex structures, denoted in the aforementioned paper by J' and
J”, and a family Jo parametrized by C' € C with Jm C # 0 which can be represented by a
(1,0)-co-frame {wé,w%, w%} with structure equations:

dop, = —(C—i)wf — (C+i)wd,
(18) Jo dwg = (C —i)wZ + (C+i)w?,
dw, = 0.

Observe that all the structures Jo are of splitting type, whereas J’ and J” are not.

Moreover, the family (18) unifies the complex structures (i) and (ii) of Proposition 3.1.
Concretely, if C = —i in (18) then we obtain the complex-parallelizable structure J in
Proposition 3.1, whereas if C # —i then the complex structure Jo corresponds to the
complex structure J4 in the family (i) of Proposition 3.1 for A = —(C —i)/(C — i). Thus,
the connected and simply-connected solvable Lie group G152 with Lie algebra s15, endowed
with a left-invariant complex structure Jo given by (18), may be written as a semi-direct
product (Gi2,Jc) =C Kgac C?, where the action p¢ is described by a diagonal matrix (3)
and the characters af,a§: C — C* are

(19) af (z3) = e (@TDHT (I 0f(z) = af (zs) 7"

Now, we are concerned with the construction of lattices I in (G12, Jo) compatible with
the splitting. They are of the form I' = I x,,, I'”, where I'" and I"” are lattices of C and
C? respectively and I is compatible with the splitting, in other words, ¢c(2) (I') C T for
any z € IV. The former condition implies that ¢¢|rs must be in the conjugation class of a
matrix in GL(2,7Z).

Lemma 3.5. For every C € C with JmC # 0, the lattice I'y, = 55—~ (1 — iRe C)Z @
i log(3+\[)Z of C is compatible with the splitting pc given by the characters (19). Thus,
the complex solvmanifold X¢ = (Gi2/T'c,Jc) is of splitting type, where 'c := T X, T

and T" is a lattice of C2.

Proof. After computing its characteristic polynomial, it turns out that the diagonal ma-
trix (3) with characters (19) is in the conjugation class of a matrix in GL(2,Z), if the

condition (C' —i)z3 + (C +i)z3 = log(2H—= n2—4) holds for some n € Z. In particular, fixed
C € C with JmC # 0, we get 23 = 552(1 — iRe C) for n = —2 and 23 = § log(3+‘[) for

n = 3. Therefore, I, = 555~ (1 —iRe C)Z® § log(3+2f)Z is a lattice of C compatlble with
the splitting. O
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As a consequence of the previous lemma, we have a family {X¢c}amcozo of complex
solvmanifolds of splitting type with underlying real Lie algebra s12. We are interested
in knowing which of them satisfy the 90-Lemma. The following result states a sufficient
condition in order to satisfy the 9-Lemma. This condition is stated and proved in terms of
the differential complexes (Bp*,d) and (Cp'®,9,0) defined by Kasuya [18], respectively, by
Kasuya and the first author [3]. Recall that such complexes allow to compute the Dolbeault,
respectively the Bott-Chern cohomology of complex solvmanifolds of splitting type.

Lemma 3.6. Let X = (G/T',J) be a complex solvmanifold of splitting type. If 8|B;,- =
5|B;,- =0 and BT = B for all p,q € N, then X satisfies the 00-Lemma.

Proof. If the complex (Bp*®,0,0) satisfies BA¥ = B for all p,q € N then, since Cp* :=
BR® 4+ Br*, it holds C* = By®. Furthermore, the condition 9] ge.e = 0| e+ = 0 forces the
natural isomorphisms

HEo(X) = Hyo(Cr) = Cp® = Br® = Hy*(Br) = Hy*(X).

Hence, X satisfies the 99-Lemma. O

Now we recall the construction of the differential complex (Bp’, ) defined in [18, Corol-
lary 4.2] in order to compute the Dolbeault cohomology of X. For any complex solvmanifold
in the family {X¢}am 0, consider a set {21, 22} of local coordinates on C? and z3 a local
coordinate on C. We have the following basis {w}, w?, wd} of left-invariant (1,0)-forms,
where wg, = dz3 and

we = (alc)il dzy = €702+ (CHDZ g, - G2 = (ag})il dzg = e~ (CD2—(C+DZ g,

satisfying the complex structure equations (18). Now, the wunitary characters
B, B 47,48+ C — C* satisfying that af (ﬁlc)_l, af (ﬁQC)_l, a¥y (’yf)_l
holomorphic and required to construct the double complex (Bp:*,d) are:

_ —1
,af (v)  are
o
B (23) = e(C—iz—(OFi)z BG(23) = BC(z3)"! = e~ (C—Dzs+(CHi)zs,

(20) ’710(2'3) _ e(c—i)23—(é+i)23, 726’(23) _ 710(2:3)_1 _ e—(C—i)23+(é+i)23'
Following [18, Corollary 4.2], [3, Theorem 2.16], and defining for the sake of simplicity that

¢ =~§ =1, we have that for X¢ the complexes B* and C2* are generated by:
3 3 T'c e

. C I nCHJ
By < FTWo NYjwe

the restriction of 8;v; on I'c is trivial >
Y
(21) [ =p, [J]=4q
P4 _  pPad | BPd
OFC - BFC + BFC’
where (p, q) € N2. Taking into account the expressions in (20), it turns out that the restric-

tions induced by the characters on the generators in (21) reduce in our case to satisfy one
of the following conditions:

51C|Fc =1, ’71C|Fc =1, ( 1C'71C) |Fc =1, (ﬂlc (’710)_1) |FC =1

From now on, we will express the generators of the complexes By'S and CF* in terms of the
following:



COMPLEX STRUCTURES OF SPLITTING TYPE 28

Pl o= 5lcwé — e(c+672i)23d21’ ¢! = ACwl = e(C+C=20)z3 gz
(22) <p2 — 5200% _ e—(C+C’—2i)Z3dZ2’ ¢2 — ’YQCW% — e—(C+C’—2i)23d227
03 = dz, @3 = dzs,

where !, ©?, 3 have bidegree (1,0) and ¢!, 3%, ¢* have bidegree (0,1). The complex struc-
ture equations expressed in the co-frame {p!, 92, ¢3 B!, ¢% B3} are:

dp' = —(C+ C — 2i)p'?, dg' = (C+C - 2i)¢°l,
(23) dp? = (C+ C — 2i)p?3, d@? = —(C+C —2i)p2,
dg® = 0, dg® = 0.

In the tables below, we shorten, e.g., ¢'2 := ¢! A @2.

Proposition 3.7. Let X¢ = (Gi2/T'c,Jc) be a complex solvmanifold according to
Lemma 3.5. Then, X¢ satisfies the 00-Lemma if and only if C # 1 € C, for 0 # k € Z.

Proof. Let C' € C with JmC # 0 and I';; be the lattice of C provided in Lemma 3.5. The
triviality of the products of the characters restricted to 'y behaves as follows:

(5?710) \pxc =1, for any C,
(8S (40) ™) I =1, ifandonly if C = £ with 0 £ k € Z,

51C|F/C = ’71C|F’C =1, ifand only if C = 5" with k € Z.

T
The computations of the double complex Bl:c' and of the Hodge and the Betti numbers for
the solvmanifplds Xc can be found in Table 8. The computations of these numbers reveal
that if O = { for 0 # k € Z then hj°(Xc) + hy'(Xo) + hy*(Xc) # ba(Xc), thus Xo
does not satisfy the d0-Lemma. However, when C # it turns out that the hypothesis of
Lemma 3.6 are satisfied by using the relations

PINGT = GING PN = —GIAG PIAGT = —PTAG,
of the generators (22), and the complex structure equations (23). Hence, all the correspond-
ing complex solvmanifolds X¢ for C' # ¢ satisfy the 9-Lemma. O

3.3. The 90-Lemma under holomorphic deformations. In this section we construct
complex solvmanifolds of splitting type with holomorphically trivial canonical bundle that
satisfy the 0-Lemma by deforming structures that do not satisfy this last condition.

We consider the differential complexes (B3, d) and (Cy§, 9, 9) and the techniques intro-
duced in [4] to compute the Dolbeault and Bott-Chern cohomologies of small deformations.
In particular, by means of the computation of the cohomologies of the complex-parallelizable
structure on the Nakamura manifold, the non-closedness of the 99-Lemma property under
holomorphic deformations is proved in [4, Corollary 6.1]. Using the splitting-type complex
geometry on 14, we extend this result to the following:

Theorem 3.8. There is an infinite family of complex solvmanifolds { Xy }rez not satisfying
the 00-Lemma and admitting a small holomorphic deformation {(Xy): }ten, such that (Xy);
does satisfy the 00-Lemma for every t # 0.

Moreover, the solvmanifolds {(Xk)t}ten,, k € Z have holomorphically trivial canonical
bundle and are balanced.
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Proof. Consider the infinite family {X}}rez where X, := X¢,, Cy = ﬁ and X¢ is the
complex solvmanifold described in Lemma 3.5. By Proposition 3.7, X does not satisfy the
00-Lemma for any k € Z.

We consider an open disc Ay := A(0,e;) C C for € > 0 small enough, and the fam-
ily {(Xx)t}ica,, k € Z, of holomorphic deformations of X} given by the (1,0)-co-frame
{wlck,t = wék , w%k’t = w%k , w%m = w%k + ta%k}. For simplicity, we will denote waﬁt
as wj, ,. The structure equations become:

dwl = 7(Ck*i)+(ck+i)fwl3 _ (Cr+i)+(Cr—i) t

kit — 1t k.t 1=t Wh,t>
2 _ (Cu=0)+(Crti)t 23 | (Cpt+i)+(Cr—i)t 23
dwy, = 1—]i]2 Wiy + 1—]e? Wi
3 _
dw,w = 0.

It is easy to see that the previous complex structures are of splitting type, and therefore,
there exist balanced metrics (see Table 6). Moreover, since dw,?* = 0, the solvmanifolds
have holomorphically trivial canonical bundle.

Taking into account the characters af, af, B¢, 8BS, ¢, 7§ described in (19) and (20),

we define the generators of the complex BrY , = A**(¢;, 97, ¢}, &1, P7,P}) associated to
Kot
the complex solvmanifold (Xy);:

or = 10" wkt = exp(—2iz;3) d=, Pr = ’71 wkt = exp(—2iz3) dz,
2 = pSx wipy = exp(2iz3) dzo, @2 = ASH wkt = exp (2iz3) dZa,
03 = w%t = dzs +tdzs, @3 = wﬁ’t = dz3 + tdzs,

where ¢}, 7, and ¢} have bi-degree (1,0) and @}, $?, and @} have bi-degree (0,1), as
explicitly described in Table 9. Consider also the bi-differential bi-graded double complex

o0 _ .0 ne,.e
CFck, BFck, + BFck it
of vector spaces, where
¢t = ¢, GLAGE=GL NG}, i NGt =0, wi NgE =0,

CiNG=QLNG], PINGL =] NG, 0i NGL= Gy NG, PP ANG] =G NG,

as explicitly described in Table 9. We compute the structure equations:

dot = im0} A — 24 ol A, d@,}:—lfﬁ@?/\@—%@A@f,
d@? = *ﬁSD?/\@?WL%‘P%/\@?a d‘;’% = 1z |t|2 Sﬁt/\‘Pt+1 mz ‘Pt A‘Pta

dg? = 0, dgi = 0,

d@l = 1z MZ% A‘Pt+1 \t\Z‘Pt/\S"?a d‘#_’% = 7%@%/\@?7%@?/\9‘3%7
do%, ¢ = o Pt /\@t_w@t A @, A5} = Zip P NG+ T2p PN

By [18, Corollary 1.3], [3, Theorem 2.16] and [4, Theorem 1.1, Theorem 1.2] (with respect
to the Hermitian metric g := ¢of © ¢F + 07 © @7 + 93 © @3), such complexes allow to compute
the Dolbeault cohomology and the Bott-Chern cohomology of (Xy);.
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Note that the differential bi-graded algebra (Bl:gk,t’ 5) and the bi-differential double

complex (C>* .. 0, 0) of vector spaces do not depend on Cj; in particular, for any Cj =
p T a0 O p p ;in p , y

Wi—s-l varying k € Z, they are isomorphic to the corresponding object with k¥ = —1, that
is, C = —i. Hence, it follows that the computations and the results in [4, §4] still hold for
any Ck. More precisely, we recall in Table 10 the harmonic representatives in the Dolbeault
cohomology, respectively Bott-Chern cohomology, with respect to the metric g.

In Table 7, we summarize the results of the computations by giving the Betti, Hodge, and
Bott-Chern numbers of the complex solvmanifolds X}, and of its small deformations (Xp);.
From the results summarized in Table 10, we get that (X}); satisfies the 90-Lemma for any

t#0. O
dime H}*® (Xi): =0 t#0
drR|d BC|d BC|
| oo frfr oo
(1,0) , |3 1|11
(0,1) 11 1
(2,0) 3 3|1 1
(1,1) S1lo 713 3
(0,2) 3 3 [1 1
(3,0) 11 |1 1
(2,1) <19 93 3
(1,2) 9 9 |3 3
(0,3) 1 1|1 1
(3,1) 3 3|1 1
(2,2) 519 113 3
(1,3) 3 3 [1 1
(3,2) , |3 5|1 1
(2,3) 3 5 [1 1
| ey ] oo

TABLE 7. Summary of the dimensions of the de Rham, Dolbeault, and
Bott-Chern cohomologies of the complex solvmanifolds (X4 );.
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APPENDIX A. REDUCTION OF PARAMETERS

In this appendix we show how to reduce the value of the parameters in the algebras
52,807 59 59 5357, 59, according to Theorem 1.7.

Let us consider the following changes from a basis {e!,...,e%} to another real basis
{f*,..., f®}, where \ is a non-zero real number:

ChA fi=¢',i=1,3,56, f2=¢t fr=¢€2

ChB fi=¢',i=1,2,5,6, f3=¢* [f4=¢

ChC fi=¢l,i=1,3,6, f?2=—¢e2, fi=—¢ f>=-¢€.

ChD fi=¢' i=1,2,3,56, [f*=—¢*

ChE fl =¢3, f2=_¢t, f3=¢l, fi=_¢2 f5=_\ f0=e¢b
ChF fi=¢ i=24,6, fl=-€% f3=c¢l, f0=¢3

ChG fl=e¢3, fi=¢t, f3=el, fl=¢? [fi=el, i=05,6.

ChH fl=¢3, f2=¢b f3=cl, fl=¢2, f5=\ f0=_¢b

Case sg: Consider sg where o € R, with structure equations
52 = (e!%,e? —e¥ 4 ae® —ae®® —e%0,0), acR.
Then:
e If o = 0, change ChA gives the isomorphism s? = 5.

e Change ChB gives the isomorphism s = s; .
Therefore, we can suppose a > 0.

Case 5g’ﬁ : Consider sg # where a, 8 € R, with structure equations
528 = (ae® 1, e 4 ae® —ae® B, 5P —ae®,0,0), afeR.

Then:

e Change ChC gives the isomorphism s3"” = g5 *7.

Change ChD gives the isomorphism s5” = ¢~

o Ifa=0, 52’6 255.

1
e If 5 =0 and a # 0, change ChE with A = « gives the isomorphism 52"0 =50,
o If f=1,50" =59

a 1
e If 3 # 0,1, change ChE with A\ = 3 gives the isomorphism 5?”6 =N

Therefore, we can suppose a > 0 and 3 € (0,1).

Case s59: Consider s7 where o € R, with structure equations
59 = (¥, —e'® ae®® —a e 0,0), acR.
Then:
e If o = 0, change ChF gives the isomorphism 59 2 s,.

e Change ChD gives the isomorphism s% = s, .
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. . . . L
e Change ChE with A = a gives the isomorphism s% = s .

Therefore, we can suppose 0 < a < 1.

Case sg: Consider sg where o € R, with structure equations
sg = (e’ 4 e, —e' 4+ ae® —ae®® +e*®, —e3® — ae®®,0,0), acR.
Then:
e Observe that s & si.

e Change ChC gives the isomorphism s§ = sg .
Therefore, we can suppose a > 0.

Case s{;: Consider s¢; where o € R, with structure equations
s = (616 — 25 15 4 26 30 _ qe?5 e — 190, 0), acR.
Then:
e If a = 0, change ChG gives the isomorphism s; = sg.

e Change ChB gives the isomorphism s = s7;".
1

e Change ChH with A = « gives the isomorphism s{; = s7}.

e Change ChB gives the isomorphism s1; & 515.
Therefore, we can suppose « € (0,1).
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