THE VARIANCE CONJECTURE ON PROJECTIONS OF THE
CUBE

DAVID ALONSO-GUTIERREZ AND JULIO BERNUES

ABSTRACT. We prove that the uniform probability measure p on every (n—k)-
dimensional projection of the n-dimensional unit cube verifies the variance
conjecture with an absolute constant C'
Vary|z|2 < C sup E,(z,0)°E,|z|?,
fesn—1

2 1
provided that 1 < k < y/n. We also prove that if 1 < k < n3(logn)™ 3, the
conjecture is true for the family of uniform probabilities on its projections on
random (n — k)-dimensional subspaces.

1. INTRODUCTION AND NOTATION

The (generalized) variance conjecture states that there exists an absolute con-
stant C' such that for every centered log-concave probability p on R™ (i.e. of the
form du = e~"®dz for some convex function v : R” — (—o0, c0])

Var, |z|* < CAiIEH|m|2,

where E, and Var, denote the expectation and the variance with respect to u and
Ay is the largest eigenvalue of the covariance matrix, i.e. )\i = maxgegn—1 K, (, 0)2
where S”~! denotes the unit Euclidean sphere in R™.

This conjecture was first considered in the context of the so called Central Limit
Problem for isotropic convex bodies in [BK] and it is a particular case of a more gen-
eral statement, known as the Kannan, Lovasz, and Simonovits or KLS-conjecture,
see [KLS], which conjectures the existence of an absolute constant C such that
for any centered log-concave probability in R™ and any locally Lipschitz function
g : R™ — R such that Var,g(z) is finite

Var, g(z) < C'/\iIE,L Vg(x)|?.

In recent years a number of families of measures have been proved to verify
these conjectures (see [AB2] for a recent review on the subject). For instance, the
KLS-conjecture is known to be true for the Gaussian probability and the uniform
probability measures on the £}-balls, some revolution bodies, the simplex and, with
an extra logn factor, on unconditional bodies and log-concave probabilities with
many symmetries (see [BaC|, [BaW], [B], [H], [K], [LW], [S]). The best general
known result for the KLS-conjecture adds a factor /n and is due to Lee and Vem-
pala (see [LV]). Besides, the variance conjecture is known to be true for uniform
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probabilities on unconditional bodies and on hyperplane projections of the cross-

polytope and the cube (see [K] and [AB1]). The best general estimate for the

variance conjecture is the one given by Lee and Vempala for the KLS-conjecture.
We would like to remark that, while in the case of the KLS-conjecture one

can assume without loss of generality that p is isotropic (since then every linear

transformation of the measure verifies it) this is not the case when we restrict to

the variance conjecture, as we are considering only the function g(z) = |x|?.
Before stating our results let us introduce some more notation. Let

Bl :={xeR": |z <1,V1I<i<n}

denote the n-dimensional unit cube and, for any 1 < k < n, let Gy, ,,_x be the set
of all (n — k)-dimensional subspaces of R"™. For any E € Gy, ,—; we will denote
by K := PgB[, the orthogonal projection of B onto E and by p the uniform
probability on K. {e;}? ; will denote the standard canonical basis in R™. As
mentioned before, it was proved in [AB1] that the family of uniform probabilities
on any (n — 1)-dimensional projection of B verifies the variance conjecture.

In this paper we will prove the following

Theorem 1.1. There exists an absolute constant C' such that for any 1 <k < +/n
and any E € Gy, if b denotes the uniform probability measure on K = Pr B,
then

Var,|z|* < C)‘iEqu-

We will also prove the following theorem, which shows that for £ in a larger
range, the variance conjecture is true for the family of uniform probabilities on the
projections of B on a random (n — k)-dimensional subspace. For that matter, we
denote by pin n—k the Haar probability measure on G, p—k.

Theorem 1.2. There exist absolute constants C,cy,co such that for any 1 < k <

ﬁ, if 1v denotes the uniform probability measure on K = Pg(BL), the measure
ogn)3

Hn,n—tk Of the subspaces & € G, p—y, for which

2 2 2
Var,|z|* < CNJE,|7]
2 2
is greater than 1 — ¢ye—¢2"? (logn)3

The main tool to prove both theorems will be to decompose an integral on K
as the sum of the integrals on the projections of some (n — k)-dimensional faces.
It was proved in [ABBW] that for any E € G, ,,— there exist Fy,..., F; a set of
(n — k)-dimensional faces of B? such that for any integrable function f on K

P
B = g f =Y e
_ Z|PE(Fi)| L 2Vda
- K| [Pe(F)] Jpgm) fle)d

i=1

l
L Pe(E /
= X \K| \F\ f(Ppo)d

(1) = Z'PK| Ep, f(Pex),
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where we have denoted by | - | the relative volume of a convex body to the affine
subspace in which it lies, Er, and by Ep,(F,) the expectation with respect to the
uniform probability on the face F; and on its projection Pg(F;). In particular

l
|Pe(Fi)|
ZiIK\ 1.

=1

In this way, Var,|z|? is written as the sum of two averages on some faces (see
Lemma 2.1 below). The restrictions on the range of k£ in both theorems arise from
the fact that in order to give estimates for these averages we do it for each face
of the cube separately. With this method we provide an upper bound for Varu\x|2
and a lower bound for A2E,, || of the same order. Tt would be interesting to know
whether one could bound these two terms from above directly by A\2E,[z|?.
Notice that the (n — k)-dimensional faces of B are the sets of the form

F(i1751,...7ik,8k) :{xeBgo :6j7j:17"'7k}7

where 1 < i; < n, i;, # i;, and £; = £1. In other words, if we divide {1,...,n}
into two disjoint sets {i;}¥_, and {l; ?:_lk of cardinality k& and n — k, then the
(n — k)-dimensional face F;, o, . i, .c,) 18

k
(2) F(i1781,-~7ik,8k) = Zgjeij + IF(Bgoik)’
j=1

where I is the linear map from R** to R" given by Ipx = Z;L:_lk xjer,.

For any E € Gy, ,—k we write Sg = S"~! N E and denote by op the Haar
probability measure on Sg.

2. THE VARIANCE CONJECTURE ON (n — k)-DIMENSIONAL PROJECTIONS OF THE
CUBE

In this section we shall prove Theorem 1.1. We will use the aforementioned
representation of E, f in order to write Var,|z|> as the sum of two terms. One
of them will be an average of the variances of |z|? on the projections of the faces
involved in (1). The other one will be an average of the distances from the expected
value of |z|? on the projections of such faces to E,|z|?. We will give estimates for
these terms valid for every face and prove

Var,|z|? < On < C)\ZIE”|$|2.
We start with the following lemma, which can be proved by direct computation:

Lemma 2.1. Let E € Gy pn—k, i the uniform probability on K = Pr(BL) and
{F;}L_, the set of (n — k)-dimensional faces described in (1). Then

F) | P (F,
Z |K‘ ]EPE( Fi)|T

We will estimate the two summands appearing in (3). The following lemma
provides upper and lower bounds to some of parameters involved.

2
|2 _Eulx|2)

|Pe(F3)|
(3) Var,|z|* = E
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Lemma 2.2. Let E € G, 5,—. Then, for any 6 € Sg and any (n — k)-dimensional
face F = F, ., ) of B, we have,

ek,

k k
1 1
EPE(F)<x79>2 = EF<PE.’L‘79>2 = g + Z&'jeij — g Zei
j=1 =1
and
2
9 s n—k k 1 k 9
EPE(F)|-T| :EF|PE{E| :T—f— Pg Zsjeij —§Z|PE(61])| .
j=1 j=1
Consequently,
n — 2k n + 2k n — 2k n + 2k
< Eppemlof* < ——, 3 SEul® < ——,
and o
n—
A2 > =
= 3(n—k)

Proof. Using (2), we have a random vector = uniformly distributed in F' can be

written as
k

z =Y cjei, + Ir(y)
j=1
where y is uniformly distributed in Bgc_k. Then, for every 6 € Sg, straightforward
computations yield

Ep(Ppz,0)> = Ep(z,0)>

B |B” 1BE | Z%ﬁzyﬂz dy

2

n—k
1
e ) <2 (Ew
j=1 j=1
k 1 k
- (S ) +3(1-2a
j=1 j=1

This proves the first identity. Now, by integrating on 6 € Sk with respect to the
uniform probability measure on Sg, using the fact that for every x € R”

P2 = (n — k)/ (P, 0)2dop(0) = (n— k)/ (2, 0)2do s (0),
SE SE
and using Fubini’s theorem, we obtain
2
1 1 b

k
1 1
2 _ 2 : . _72 : Y2
_ kEF‘PEx‘ = g + 7n_ k PE . 6]6“ 3(n— k) s |PE(81J)| s

2 2
since (Z§=1 sjf)ij> = <Z§=1 €j€i;, 9> and ij = (eq;, 6)2. This proves the second
identity.
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The bounds

2 2
k

0< PE ijeij < Zejeij =k
j=1

j=1
and
0 < [Pr(e;,)|* < lei,|” =
prove the upper and lower bound for Er|Pgz|? and by using formula (1) we deduce

the estimates for E,|z|?. Finally, notice that

1 n — 2k
2 > E 2 = — E,|z]? > ———
)\P« - /SE M<I7€> dO'E(G) n—=kL M|$| - 3(7’1,* k)?

which proves the last inequality. O

We now focus on the first summand in (3). We take into account the fact that

for any (n — k)-dimensional face F' = Fi;, ., i, ) We can write

Pp(F) =ap + Tp(B%F),

where ap = Pg (Z?:l qeij) and Tr : R"* — E is the linear map obtained as

the composition of Ir in (2) and Pg.
The effect of the translation map in our problem is the content of the next

Lemma 2.3. Let v be a symmetric measure in R™ (i.e., v(A) = v(—A) for every
measurable set A) a e R” and Vg the tmnslate measure Vg (A) == v(A —a) (or
equivalently, fRn ) dvg(z fRn x + a) dv(x) for any integrable measurable

function f). Then
Var,,|z|* = Var,|z|* + 4E, (a, z)?.

Proof.
|z +af® = |z* + 2(a, z) + [a]?
and
[+ al* = [a]* + 4]z (a, 2) + 4|a*(a, z) + 2|2[*|al* + 4(a, )* + a|".

Taking expectations and using symmetry we have,

Var,, |22 = By, |2* = (B, |2?)* = B,z + o|* = (B, |z + af?)” =

— B,z +a|* = (E,|a|? + [af?)® = Var,|z|* + 4E, (a, z)2.
U

Taking in the previous lemma v as the uniform probability measure on Tr (B %)
we have

Corollary 2.1. Let F = F(;, ., . i) be an (n —k)-dimensional face of BY, and
let Pg(F) = ap + Tr(B%*) as above. Then

VarpE(F)|1;|2 — VaTTF(Bgo—k)‘mF + 4ETF(BQO_k)<aF"T>2'
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Lemma 2.4. Let E € G, 5. Then, for any 6 € Sg and any (n — k)-dimensional
face of BY,, F = F(;, o, ...in.en), if PE(F) = ar + Tr(B%%) as above, we have

k
Erp(py+(,0)° é’é}? é
and .
Emw&ﬂmﬁzn;k_;Egu%@mP (fn;k)
i=
Proof. Notice that
IEPE(F)<33,9>2 = Ep.gn)lar + z,0)* = (ap,0)? +ETF(B&)<$,9>2

2

k
= Zsjeij —|—ETF(B&)<Z',9>2.

On the other hand, by Lemma 2.2

2

k
1
]EPE(F)<x,9> = Ep(Pgz,0)* 74- E e;0;, _gzegj’
—

and we obtain the result. By integrating in § € Sg with respect to the uniform
measure and using Fubini’s theorem we obtain the second identity. ([l

As a consequence we have the following lemma, which gives an upper bound for
the first term in (3) of the right order for the variance conjecture to be true as long
as k < 2.

=3

Lemma 2.5. Let E € Gy, ,—i. Then, for any (n — k)-dimensional face F' of BZ
we have,

Varp,r)|z|* < Cn.
Consequently, there exists an absolute constant C such that if k < % and {F;}\_,
is the set of (n — k)-dimensional faces described in (1) then

L Py (F,
2ﬂ|éﬂ

i=1

< OXNE,|zf>.

Proof. By Corollary 2.1, we have that for any such F
Varp|Ppz|? = VarTF(ng)|a:|2 + 4By, gk (ar, )2,

Since B"* verifies the Kannan-Lovdsz-Simonovits conjecture (see [LW]), every
linear transform of it verifies the variance conjecture and therefore there exists an
absolute constant C' such that

2
Varp,  gn-s |z| < C’)\T (Bn* IET (Brh) ||*.
Since by Lemma 2.4 the two factors involved are bounded by L and 22E respectively,

we have Varg, pn- k)|I’| < C(n—k).
On the other hand, by Lemma 2.4,
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2 2

k k

1 1 )

Erppaolore) < glarf = 31Po (> eei, || < g\ 2wy || =gk
Jj=1 j=1

Wl

Therefore, there exists an absolute constant C' such that
Varp, p|z|]> < C(n — k+ k) = Cn,

which proves the first part of the Lemma.
For the second part, notice that by Lemma 2.2 we have
(n — 2k)? > n

NE,|z)? > ~———L
wBulel 2 50— 2w

when 1 < k < % and now the second part of the Lemma easily follows. O

For the second summand of (3) we invoke once again Lemma 2.2. The estimates
therein provide an upper bound of the right order for the variance conjecture to
hold as long as k < y/n.

Lemma 2.6. Let E € Gy, n—i and let p be the uniform probability on K = Pg(BL).
Then for any (n — k)-dimensional face F' of B we have,

4k
|Er|Pea|® — Eyulao)?| < 5

Consequently, there exists an absolute constant C such that if k < \/n and {F;}\_,
is the set of (n — k)-dimensional faces described in (1),

Ppa|? —E,|2|?)® < OA2E,|a|>.

l
| Pe(F;)|

Proof. By Lemma 2.2 we have that for any (n — k) dimensional face F'

4k 4k
—— <Ep|Ppz]* -E,|z]* < =
3 3
Therefore,
l
| Pe (F})| 2 2\2 16k
E —— (Eg,|P, —E < .
2Ky EnlPer B < T

On the other hand, using as above the bound A2E, |z|* > & we have that if k < \/n

2
Pgz|’ —E,|z)?)” < CAE, ).

l
| Pe(F3)|
2wy e

Lemmas 2.5 and 2.6, together with formula (3) prove Theorem 1.1.
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3. THE VARIANCE CONJECTURE ON RANDOM (7 — k)-DIMENSIONAL
PROJECTIONS OF THE CUBE

We will show that we can improve the range of the codimension k for which the
variance conjecture remains true on a random subspace E € Gy, ,,—;. In order to
do that we will consider, for any (n — k)-dimensional face F' of B, the function
J: Gun—r — R given by f(E) = Ep|Pgz|? and make use of the concentration of
measure theorem, proved by Gromov and Milman, on G, ,— (see, for instance,
[MS]). As a consequence, since the value of E, ., f(E) does not depend on F,
we will obtain that, as long as k is in the range considered in the statement of
Theorem 1.2, for a set of subspaces with large measure f(F) is very close to its
expected value and, therefore, to E,|z|? for every (n — k)-dimensional face F. This
will imply that the second term in (3) is bounded by Cn for every subspace E in
this set. Then, since we have seen before that the first term in (3) is also bounded
by Cn for a larger range of k, we have that

Var,|z|? < On < C)\ZIE”|$|2.
We will denote by O(n) the orthogonal group equipped with the Hilbert-Schmidt
distance || - ||[gs and we represent any U € O(n) by U = (u1, ..., u,), where (u;) is

an orthonormal basis of R". Let us recall that for any linear map 7' = (t;;)7';_;,
its Hilbert-Schmidt norm is defined by

n
ITms == | > &3

ij=1

2

and that ||T]| < ||T|lgs, where ||T| denotes the usual operator norm |T| =
Sup,cgn-1 [Tl

Theorem 3.1 (Concentration of measure). Let f : Gy n—r — R be a Lipschitz
function with Lipschitz constant o with respect to the distance

d(E1, Ex) =inf {||[U — V| s : U,V € O(n), E1 = span{ui,...,un_1} ,
By = span{ur, .., vn_k}}
Then, for every A >0

_eaX?n
Hnn—k {E € Gnmfk: : |f(E) - Ef(E)| > )‘|} < ce a2,
where ¢1 and co are positive absolute constants.

In the following lemma we compute the expected value of f. Let us point out
that what matters to us for our purposes is that, due to the symmetries of B, , its
value does not depend on the face F'. Nevertheless, we compute its exact value.

Lemma 3.1. Let F be an (n — k)-dimensional face of BY. Then

n—k)(n+ 2k
/ Er|Pex|*din i (E) = ()3(—)
G n

n,n—k

Proof. Notice that, by Fubini’s theorem and the uniqueness of the Haar measure o
on S™~! we have

/ Ep|Pocldpnn i(E) = (n—F) / Ep / (Po, 0)2dos(8)dn n i (E)
G G SE

n,n—k n,n—k
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Ep /S (2,0)2do s (0)dptnns (E)

= (n—kEg g . (2,0)2do g (0)din n—r(E)
= n — X 2 g
= (- ks JRRCUREG

Using the description of any (n — k) dimensional face F given in (2), a random
vector uniformly distributed in the face F' has k coordinates equal to =1 and the
other n — k coordinates are given by a random vector uniformly distributed on
B *. Thus, the latter expectation equals

n—k 9 n—=k n—~k
. (k:+IEB&7k|x\) o <k+ . )

n—=kn+2k
n 3

O

In the following lemma we estimate the Lipschitz constant of f with respect to
the distance defined in Theorem 3.1. Notice that, as before, its value does not
depend on F.

Lemma 3.2. Let F' = F(;, o, .. ... be an (n—k)-dimensional face of BY, and let
f : Gon—r — R be the function defined as f(E) = Ep|Pgz|?>. For any E1, Es €
Gy n—k we have

8v/2k
[f(Er) = f(B2)| < —5—d(E, Ea).
Proof. Let Eq, Ey € Gy, n—. By Lemma 2.2 we have

|f(E1) = f(E2)| = |[Ep|Pg,z|* — Ep|Pg,z||

k 2 k 2 1 k
= || Pee | Do ||~ |Pee | Dosien || — 5 | 2o 1P () — |Paaes)I?
j=1 j=1 j=1
2 2
k
< Zejeij — | PE, Zejeij
j=1 j=1
k
+ Z P, (e,)|* = | Pe, (e:,)|?
k k k k
= Z Ej€4; + PE2 ZEJQJ PE1 Zajeij — PE2 Zsjei],
j=1 j=1 j=1 j=1

k
1
+ 3 Z |Pr, (ei,)| + | P, (ei,)I| || Pr, (e3,)] — [ Pry (eq))]
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I\
[\
<
£

k
—PE2) E Ejei].
j=1

9 k
+ §Z|(PE1_PE2)<€ij)|

j=1
2k
< 2k||PE1 PE2||+§HPE1_PE2H
8k
= ?”PEI PE2||

Notice that for any U,V € O(n) such that F; = span{uy,...,u,—x} and Ey =
span{vi, ..., Un_g}, the vectors {u; };':—f and {v; };L:_f for orthonormal basis of F4
and FEs respectively and for any x € R™
k
* Ppa= Z] 1 <PE133 uj)u; = Z? 1 (s ug)uy,
k
o Pp,x =31 (Pg,m,v;)v; = 301 (x,0;)v;.
Then, for any such U, V', the projections onto E; and Es, Pg, and Pg, are given by
n

the matrices (with respect to the canonical basis in R™) (Zj;f<uj, er) Uz, en))g 1=

and (erk@j,ekﬂvj,eQ)Z)l:l respectively. Thus,

J=1
||PE1_PE2||2 < ||PE1 PE2||HS_2n_ _QZ u“vj
,j=1
n—k n
< 22 (uj,v)?) <2 Juy =i <2 |uj — v,
j=1 j=1
= QHU VHH&
since 1 — (uj,v;)? < 2(1 — (uj,v;)) = |u; — vj|>. Consequently ||Pg, — Pg,|| <
V2d(E1, E5) and we obtain the result. O
Lemma 3.3. Let1 <k < n ); . There exist positive absolute constants C,cy, co
ogn)3
such that the set
—k 2k
{E € Gt ¢ |Ep|Ppx|* — (n)g(”‘f')‘ > Cv/n, for some F}
n

2 2
has measure (i, n—1 smaller than cie”"* (logn)3

Proof. Let F be a fixed (n — k)-dimensional face of B.. Then, taking A = Cy/n
we obtain, using Theorem 3.1 that

Hnn—k {E € Gn,n—k} :

coC?n2

(n—k)(n+2k)’ >C\/ﬁ} < oo G

Ep|Pgx|* — ™

Since the number of (n— k)-dimensional faces of BZ equals 2% (7)) < 2F (%)k, using

the union bound we have that for any C' > 0

(n—k)(n+ 2k)
3n

+esklogn

Hn,n—k {E € Gn n—k * EF‘-PE-I|2 -

’>C\/ﬁ,f0r some F}

L2c n?
616

cgc n2

+klog2+klog &+ < 016

702027127%15103;71 B B 2 2
= e <ce (caC?—c3)n3 (log n) ,
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2, 2 3
Taking into account that C"'C”_kw is decreasing in k and that 1 < k <
2

2 2 2
o ”3)l , the latter term is bounded above by cqe~(€2C°—¢ca)n3(logn)3  Choosing C
ogn)3

a constant big enough we obtain the result. O

As a consequence, we obtain the following lemma, which gives an estimate of the
right order for most subspaces, for the second term in (3).

Lemma 3.4. There exists absolute constants C|cy,co such that for any 1 < k <

2
n3

R the measure pin n—y, of the set of subspaces E € Gy, n—i for which
ogn)3

|Epg(myl2l” = Eulz]?] < Cvn
2 2
for every (n — k)-dimensional face F of BY is greater than 1 — c;e=¢2"" (1ogn)%

Proof. Recall that p denotes the uniform probability measure on K = Pg(BL)
and Ep,r) denotes the expectation with respect to the uniform probability on
Pg(F). By Lemma 3.3 there exists positive absolute constants C, ¢y, ¢y and a set

2 2
of subspaces with measure g, ,—j greater than 1 — cje=2"? (ogn)3 gych that for
every E in such set and every (n — k)-dimensional face F of BZ,

(n —k)(n + 2k) (n—k)(n+ 2k)

< .
3n 3n - C\/ﬁ

EPE(F)|x|2 — ‘ = ‘EF|PEI|2 —

Then, for every Fy, F5, (n — k)-dimensional faces
|IEPE(F1) |I|2 - EPE(FZ) |.13|2| S 20\/7771
!
Py(F;
Consequently, since E,|z|* = Z |E(K|)|EPEFL'

i=1

z|?, we have that for every E in

this set and every face F’

EPE(F)‘J}lQ — IEN|J,‘|2 S EPE(F)|$|2 — Z:n;un ZEPE(Fi)|x|2 S 20\/’E

and
Er|Pgz|* — E,|z|* > Ep|Ppx|® — Er%axlIEFi|x|2 > —2C/n.

Now we are able to prove Theorem 1.2.

2

Proof of Theorem 1.2. If 1 <k < m "g)l by Lemma 2.2 we have that there exists
ogn)3

an absolute constant C' such that A2E,|z|> > Cn. By equation (3), if {F;},_, are
the (n — k)-dimensional faces of B described in (1) we have,

2
Var,|z|* < Z_gllalearpE(Fi)|x|2 + max, (Epy(rylzl? — Eplz]?)”.
By Lemma 2.5 the first maximum is bounded from above by Cin and by Lemma

3.4 there exists a set of (n — k)-dimensional subspaces with measure larger than

2 2
1—cre— 2?1083 guch that the second maximum is bounded from above by Can,
where C7 and Cy are absolute constants. This proves Theorem 1.2. O
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