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Quantum electromagnetic stress tensor in an inhomogeneous medium
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Continuing a program of examining the behavior of the vacuum expectation value of the stress tensor in a
background which varies only in a single direction, we here study the electromagnetic stress tensor in a
medium with permittivity depending on a single spatial coordinate, specifically, a planar dielectric half-
space facing a vacuum region. There are divergences occurring that are regulated by temporal and spatial
point splitting, which have a universal character for both transverse electric and transverse magnetic modes.
The nature of the divergences depends on the model of dispersion adopted. And there are singularities
occurring at the edge between the dielectric and vacuum regions, which also have a universal character,
depending on the structure of the discontinuities in the material properties there. Remarks are offered
concerning renormalization of such models, and the significance of the stress tensor. The ambiguity in
separating “bulk” and “scattering” parts of the stress tensor is discussed.

DOI: 10.1103/PhysRevD.97.125009

I. INTRODUCTION

Most studies of the Casimir effect deal with quantum
fluctuation forces between rigid bodies separated by vac-
uum. Such forces are finite and can be calculated exactly, in
principle. (For reviews, see, for example, [1-3].) Casimir’s
original configuration was that of perfectly conducting plates
in otherwise empty space [4]. This was generalized by
Lifshitz to dielectric slabs, but again they were separated by
vacuum [5]. The addition of Dzyaloshinskii and Pitaevskii
was essential to the replacement of the intervening vacuum
by a homogeneous medium [6]. The resulting theory has
been remarkably successful, and was confirmed by the
verification of the attractive force of a helium film by a
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substrate [7,8], well before the modern demonstration of the
vacuum Casimir force [9]. The theory has been applied to a
wide variety of fields [10-15].

The local Casimir energy density and other components
of the stress tensor have also been intensively investigated.
These exhibit well-known behaviors near the surfaces of
the bodies. (For a review of some of the literature on this,
see Ref. [16].) This is relevant, not only for a deeper
understanding of the Casimir force, but fundamentally for
the coupling to gravity; in simple contexts, the local
Casimir stress tensor has been shown to be consistent with
the equivalence principle, including the divergent contri-
butions [17]. Consistent results for finite Casimir stress
tensor components were earlier obtained in Refs. [18,19].

At least formally, separating rigid bodies by a uniform
dielectric leads to no difficulties in computing vacuum
forces, and even dispersion can be incorporated, although
including dissipation may present challenges. However, the
situation is much less clear when the bodies are immersed in
an inhomogeneous medium. There have been various
attempts to describe Casimir forces with nonuniform dielec-
trics [20-22]. The most ambitious treatment of the inho-
mogeneous electromagnetic Casimir problem seems to be
that of Griniasty and Leonhardt [23,24], who examine the
local stress tensor and propose a specific renormalization
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scheme to remove the divergences that occur in such
circumstances. For the case of a one-dimensional slab with
a dielectric response that varies smoothly except for a
discontinuity in the slope as one enters the material, they
find a universal singularity behavior in the normal-normal
component of the vacuum expectation value of the stress
tensor at the boundary between vacuum and the dielectric.

For some years we have been investigating similar
issues, but in the scalar field context [25-28]. In particular,
using a WKB analysis, we identified the universal Weyl
divergences in the stress tensor components for an arbitrary
semi-infinite slab described by a potential v(z), where z is
the distance into the slab. For particular cases (a linear or a
quadratic wall) we also examined how the remainder of the
stress tensor, after the divergent and growing terms are
removed, behaves near the edge. In this connection the
work of Mazzitelli et al. should be mentioned [29,30]. (For
more references, see the appendix of Ref. [27], and also
Ref. [31], which should have been included there.) Very
recently, we have made further progress in understanding
how the divergences are to be renormalized [32].

In the present paper, inspired by the remarkable results of
Ref. [24], we generalize our considerations [25-28] of the
local stress tensor in one-dimensional geometries to the
electromagnetic case, in which the role of the potential is
played by the permittivity. More precisely, the deviation of
the permittivity from its vacuum value will be referred to
as the potential in this paper. In the next section, we review
the difficulty of formulating the stress tensor in inhomo-
geneous media, and derive the nonconservation law satisfied
classically by the spatial stress tensor. In Sec. III we show
how the Green’s dyadic for this problem breaks up into
transverse electric (TE) and transverse magnetic (TM) parts.
We also write down the construction of the various compo-
nents of the stress tensor in terms of the TE and TM Green’s
functions. This also includes the correct dispersive factor for
the energy density [33].

The generic setup of the problem is given in Sec. IV,
including the breakup of the Green’s functions into “scatter-
ing” and “bulk” parts, referring to the contributions from the
outgoing wave and incoming wave contributions. This
breakup, of course, is not unique. An example, the reflec-
tionless potential considered in Ref. [24], is treated some-
what more generally in Sec. V A. There we show, using the
uniform (Debye) asymptotic expansions for the modified
Bessel functions, that there are two types of singularities in
the normal-normal component of the stress tensor occurring
atthe edge between the vacuum and dielectric region: a cubic
singularity if there is a discontinuity in the permittivity, and a
quadratic one (coinciding with that found in Ref. [24]) if
only the derivative of the permittivity is discontinuous. We
also show that the bulk term (the term independent of the
reflection coefficient) contains the expected leading Weyl
divergence, as well as further divergences involving the
potential, which are regulated by point splitting.

A second example for which the TE and TM Green’s
functions may be exactly found is given in Sec. V B. The
same edge behavior is found as in Sec. VA for the
continuous case. This behavior is evidently universal, as
claimed by Ref. [24], and we demonstrate that explicitly in
Sec. VIA, using a general perturbative expansion of the
Green’s functions. All of the above neglects dispersion. In
Sec. VI B we discuss the more realistic plasma model, which
results in the elimination of the edge singularity in the
normal-normal stress, but yields the divergence structure for
the bulk contribution coinciding with that for the scalar case
considered in Ref. [28]. For the plasma model of dispersion,
the TE Green’s function is identical with the scalar one.

Other components of the stress tensor are considered in
Sec. VII. Again, for the plasma model, the divergences
arising from the bulk term in the Green’s function coincide
with those found for the scalar situation for both TE and
TM modes, and the edge singularity for the TE mode for
the energy density coincides with that found for the
canonical scalar energy density in Ref. [28], while the
TM mode has a different numerical coefficient.

The breakup into bulk and scattering parts is not unique,
because we can always add an arbitrary admixture of the
exponentially suppressed fundamental solution to the
exponentially growing one. We attempt to explore this
further in Sec. VIII, for the TE mode, which can be exactly
solved for a potential that depends on the z coordinate
linearly. Numerically, we show that the scattering part of
the energy density and the normal-normal component of
the stress tensor rapidly go to zero as the dielectric is
penetrated, the former exhibiting the expected edge singu-
larity. If an admixture of the first solution is added to
the second, the edge singularities do not change, but the
behavior inside the dielectric is altered. However, the mixed
solution still tends to zero as one goes deeply within the
material. Only if the scattering part of the Green’s function is
completely suppressed (a set of measure zero in parameter
space) does the qualitative (and quantitative, for the diver-
gences and edge singularities) behavior change.

We finally consider a situation with mirror symmetry
in Sec. IX. Here we consider two reflected potentials
meeting at z = 0 so there is no vacuum region. In this
case, not surprisingly, the edge singularity is doubled.
Concluding remarks are offered in Sec. X. In Appendix A
we explain the point-split regulation we use in this
paper, while in Appendix B we develop the perturbation
theory for a potential which is both continuous and has a
continuous first derivative, but where the second derivative
is discontinuous.

In this paper we use Heaviside-Lorentz electromagnetic
units, and 2 =c¢ = 1.

II. FORCE ON DIELECTRIC

From the Maxwell-Heaviside equations we can derive
the statement of electromagnetic momentum conservation.
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We follow Sec. 7.1 of Ref. [34]. Equation (7.10) there
says that

f +%G = —D,VE; + V- (DE) — B,VH; + V- (BH),

(2.1)
where

f=pE+jxB (2.2)

is the force density on the charged particles, and the field
momentum is

Here, a summation convention is used for repeated indices,
and p and j are the free charge and current densities.
To what extent is the right side of Eq. (2.1) the negative
of a total divergence, —V - T, which would imply a local
conservation law of momentum? As usual it is convenient
to do a Fourier (frequency) transform of the fields (we will
here suppress the spatial coordinates), assuming a linear
medium. For the electric fields

E(r) = / ‘;—:e—in(m),

D(1) = / Z—je‘”‘”e(m) E(w), (2.4)

where we have introduced a frequency-dependent permit-
tivity tensor, £(w), which we allow to be spatially varying.
Similarly for the magnetic fields,

H(r) = / Z—je—fwfﬁ(w),

B(1) = / 90 oty () - H(w).

> (2.5)

where p(w) is the frequency-dependent permeability. We
now take the average over a time 7 large compared to atomic
timescales but short compared to macroscopic times, so the
dyadic product can be written, for example, as

— 1 [do .
DIE() — 1 [ 5+ le(@) E@)E@)". (26
Then, in the absence of dissipation, we use the Hermiticity
property arising from the reality of the constitutive relations
in spacetime, ¢;;(w) = £;;,(-w) = 8j,»(a))*.1 If the permit-
tivity and permeability were independent of position, there
would be an averaged macroscopic stress tensor,

"That is, e" = €. This cannot be true if dissipation is present. In
that case, if we suppose € is symmetric, e and Je are then both
diagonalizable, but in different bases.

T [ (3D) Bw) + B) - H)

— D(0)*E(w) - B(a))*H(a))). (2.7)

However, if the electrical properties depend on position, this
is not the case, but, rather, the right side of Eq. (2.1) would be

- 1 dw
-V-T+— | ==
+2T 2w

+ H;(0)*(Vu(w))H j(w)].

[Ei(0)"(Vejj(w))Ej(@)
(2.8)

For a recent review concerning electromagnetic stress
tensors see Ref. [35].

For example, consider a dielectric body (u =1)
immersed in a static classically imposed electric field.
Because there is no time dependence and no free charge,
we have

1
V-T=_-tEE(V)e,

: (2.9)

where the trace is over the tensor indices, and the notation
(V) is a reminder that the free vector index is on the
gradient operator. Suppose the body, which need not be
homogeneous, is immersed in a homogeneous medium of
permittivity €. The force on the body is the momentum flux

into the body,
F=- j{ aS- T,
s

since the local momentum conservation law holds there,
where S is a surface that entirely surrounds the body. By the
divergence theorem

(2.10)

1
F= —/V(dr)v-T = —E/V(dr)trEE(V)e, (2.11)

where the spatial integral is over the interior of the body
(because the permittivity is constant outside the body). This
is a generalization of the familiar formula for the force on a
dielectric, Eq. (11.44) of Ref. [34], to which it reduces for
the isotropic case.

We can immediately generalize this to the Casimir force
by replacing in Eq. (2.8)

1
(E(w)E(0)*) =278(w — ) -T(w), (2.12)
i
in terms of the Green’s dyadic I, so that the dispersion

force on the dielectric body is

Foy — —% / (dr) / g—:trr(r,r;w)(V)e(r, 0. (213)
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Here we have identified 275(0) with the averaging time 7.
In particular, if the body has a homogeneous dielectric
constant € # €, then

Ve = —§(e —€)5(s — so(r1)), (2.14)
where the surface of the body is given by s = s4(r| ), in
terms of a coordinate s (outwardly) normal to the surface.
The other coordinates are denoted by r . (For the case of a
planar body in the x-y plane, s = z.) Thus the Casimir force
on the body is given by an integral over the surface of the
body,

Fc,s = — ]{dS/—tre—e

Again, this is an obvious generalization of known formulas.”
The general form for the nonconservation of the vacuum
expectation value of the electromagnetic stress tensor in a
medium is

o)L(r,r; ). (2.15)

v (T() = - / Z—trr(r r:0)(Ve(r, o), or

2i
o0 =, [ 5

This is, of course, quite analogous to the nonconservation
equation satisfied by the stress tensor for a scalar field in a
background potential [28].

L (r.rw)0;6(r, ). (2.16)

III. GREEN’S FUNCTIONS

In this paper we will consider planar situations in which
the permittivity £(z) and the permeability u(z) depend only
on a single coordinate z. We will also allow ¢ and p to
depend on frequency. For simplicity, we will henceforth
assume that ¢ and p are isotropic. It is also convenient to
make a Euclidean transformation w — i{. The general
Green’s dyadic obeys an equation which follows from
the Maxwell-Heaviside equations,

1 1
(—ZVxVx—e’l) -I'=1,
s H

which breaks into two modes, TE and TM modes, denoted
by two scalar Green’s functions labeled by E and H,
respectively. These satisfy the differential equations

(3.1)

2For example, for the case of a dielectric ball, this formula
leads immediately, upon use of the orthogonality relations for the
vector spherical harmonics given in Ref. [34], p. 534, to the
expression (5.19) for the total outward stress given in Ref. [1].

910 .\ .
e N=68(z-7). (3.2
( 82881+3+C”>g (2.2)=5(z=7). (3.2b)

The spatial Fourier components of I', defined by

dK.) .
I(r.r) = / (L) gste-riyg(z, )

o) (3.3)

are given in terms of these two scalar Green’s functions, in
the coordinate system where k | has only a component in
the x direction (we drop the z, 7’ dependence of g and g):

y(z,Z’)
1 ik
8 5‘/9 —20z=) 0 —0.g"
EE
— 0 —22gF 0
ik 21
_ L. 0 gH_5(z—7
029 88/9” J0(z=7)

(3.4)
Here ¢ = ¢(z), ¢ =&(Z/). These are just as given in
Refs. [1,36].

The Fourier-transformed electromagnetic stress tensor
may also be given in simple form in terms of these two
scalar Green’s functions. For example, the zz component of
the reduced stress tensor is simply

1
t; (Z) = 2_8/ [8zaz’ - (k2 + 4’28//")]91{

I
o 00 = (R + Celg”. (35)

where after differentiation, the limit z — 7’ is understood.

Let us also record the other diagonal components of the
reduced stress tensor. First, the energy density, which must
include the dispersive factors, is

1d
) =3 (L. Jo. - e + )
L0 (1 Lo k_)

(3.6)

To preserve the symmetry between the transverse compo-
nents of the reduced stress tensor, we rotate y to a general
coordinate system. Doing so does not affect #y, and 7., but
yields after using the equations of motion (3.2)

1 k2 2. 2
2_5’[ 2 (85‘ —H_feﬂ)—i—k}gH

L 1 kz
24 K2

te(2) =

(8 ox —l-Czs,u)—i—kz}g , (3.7a)
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1 kg_k/% Iy 2 2| H
lyy(Z):g —T(azaz +¢ 8ﬂ)+k g
1 k%_ki 2 il 2| E
“1‘2—”/ —T(az@/%—é e )+k*| gk, (3.7b)

There are also off-diagonal terms, linear in &, or k,, which
would vanish upon regulated integration, if that regulation
respects the two-dimensional rotational symmetry of the
problem. Such a regulator reduces 7,, and t,, to

fa = by = %2 Gg”' + £9E>- (3.8)
The four-dimensional trace
R —
- —%gj—z Ll (0.0, + K2)g" - Czng}
s Lo v -cut|  (39)

is zero if there is no dispersion.
|

gFt(z,7) =

aE,H [

Here, the constant « is related to the Wronskian by

EH whA (z)

ot — — 7

fi(z). &(z)

The reflection coefficients are determined by requiring that
gFH be continuous at z = 0, and that ﬁ@ng*H also be
continuous there. This corresponds to the continuity of
ZxE and Z-B, and of Zx H and z-D. (Imposing
these matching conditions requires the form of the
Green’s function for z. > 0 > z_, not displayed here.)
The consequence is

(4.5)

KFEH(0) + 1 FEH(0)

REH — FE0) #FE’H’(O) (4.6)
and
gen KOOIz 6RO
kFEH(0) = L F2H(0)

Here u = ji(0), ¢ = £(0).

1 , /
o [e—K\z—z | + REH px(z+z )]’
2Kk

IV. GENERIC PLANAR PROBLEM

To save typographical space, we use comma-separated
notation, (u, ¢) and (E, H), to write the TE and TM mode
expressions in the following. We can construct the Green’s
functions from the solutions of the homogeneous equations

FE’H

+ (e, ﬂ)] { GEH = 0.

1 K2
—0,—0. +

’ ’

(4.1)

Here we take F to denote a solution that does not diverge
for z — oo (typically goes to zero), while G is an arbitrary
independent solution. The Wronskian of these two solu-
tions is

w(z) = F(2)G'(2) = G(2)F'(2). (4.2)
We want to solve the Green’s function equations (3.2) in

terms of these solutions, for the situation of a “soft wall,”
where

I, 7 <0,

_ 43
#la)£la) {mz),é(z), =0, Y
The solutions are (x = \/k* + {?)
72,7 <0,
(4.4)

FE'H(Z>)GE'H(Z<) 4 RE’HFE’H(Z)FE'H(Z/)], Z Z/ > 0.

|

In the above construction, G is completely arbitrary, save
that it is a solution, independent of F, to the differential
equation (4.1). Therefore, the reflection coefficient R is
not unique, and indeed can be made equal to zero by the
replacement G — G — RF. To have a unique reflection
coefficient, we need a condition to determine the form
of G. Such is supplied by imposing a boundary condition at
7z — —oo, even though this is outside the region z,7 > 0
where the construction (4.4) holds. That is, assuming the
continuous functions &(z), fi(z) hold in all space, so there is
no discontinuity, we will henceforth choose G subject to the
boundary condition

7> —00: GEH - 0. (4.8)

Then the reflection coefficient is uniquely defined.
[These boundary conditions as stated here are somewhat
schematic; the specific conditions at +co depend on the
structure of &(z).]

The stress in the vacuum region, to the left of the wall
(z < 0), is immediately calculated from Eq. (3.5):
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2<0: B =K (4.9)
2

which is independent of z, the term involving the reflection
coefficient having canceled out. This is universally recog-
nized as an irrelevant bulk term, since it has no contribution
from the wall, and would be present if vacuum filled all
space, so it is to be omitted.

It is the assertion of Ref. [24] that the same omission is to
be done for the contribution to the stress tensor coming
from the part of the Green’s function in the z > 0 region
that is not proportional to the reflection coefficient: in
particular, they advocate omitting the stress tensor con-
tribution arising from the term 1 F(z.)G(z..) in the Green’s
function (4.4), even though it is spatially varying, because
this term would be there in the absence of the edge at z = 0.
This hypothesis may be suspect, but we will follow it for
the moment.

V. EXACTLY SOLVABLE EXAMPLES

Now we examine two cases where both the TE and TM
modes may be explicitly given. In the first example, the
permittivity has a singularity at a finite value of z, which is
the natural boundary of the problem, and in the second the
permittivity has an exponential behavior.

A. Inverse square permittivity

Let us consider a planar medium described by

a>z>0:

(5.1)

p=187z) = (a=o2"

which has a singularity at z = a. [Thisis aslightly generalized
version of the medium considered in Ref. [24], where the
potential was continuous, so € = &(0) = A/a*> = 1.] Because
of that singularity, the right side of the wall has a finite
depth, 0 < z < a; the region z > a is completely discon-
nected from the region containing the wall. This potential
has the virtue of allowing explicit solutions:

FEH = (a = 2)*121,(k(a - 2)),
G = (a = 2)*'2K, (k(a - 2)), (5.2)
where
_ 2 1 1 _

Here F is chosen to be finite as z — a. Indeed, 7,(0) = 0,
K,(+00) =0, consistent with the criteria stated in the
previous section. Then the reflection coefficients in the
medium are

w5 _ %Ky(ka) + (ka £ 575) K, (ka)

121, (ka) + (ka iz(l{e))ly(ka) '

(5.4)

The scattering part of the zz component of the reduced
stress tensor (the part proportional to the reflection coeffi-
cients) is

2 _
5B () = ;REH{ {k%a—z)%—u}lﬁk(a—z))
+ K (a = 2)I7 (k(a - z2))

+ kI, (k(a — 2))I',(k(a — z))}. (5.5)

As we wish to examine the stress just inside the wall,
we can use the uniform asymptotic expansion (UAE) for
the Bessel functions, because it captures the short-distance
behavior [37]. That expansion is, as v — oo,

1 (2)

H@m+ﬁW<+ZW>

KU(UZ)N\/?(:;ZZ 1/4< +Z v ygf> (5.6a)
L (12 (&)
e <1+Z o )

TV Z

e 2\1/4 oo ’
K;(yz)~—\/2:ye—m<2)<l+%)(HZ(_N%),

1,(vZ)

L(Z)

where u, and v are polynomials in ¢ = (1 + Z*)~'/2. The
first of these are

1 1
u (1) = 4 (3t = 5¢°), vy (1) 24( 9t+77). (5.7)
All we need to know about the functions in the exponents is

the derivative:

1

vz =

~ (5.8)

If we retain only the leading factor in the UAE the
reflection coefficients are approximately

Kaj:ﬁ—li\/~2 a’>+1/4
Ka £ 57 )—l-%\/fc a* + 1/4
Here &> = €£? + k2. In the remaining factor of Eq. (5.5) we

must keep the O(1/v) corrections because they are of the
same order in ka as the leading term in the stress tensor

REH —2un(ka/v)

(5.9)

~ —ne
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construction, leaving for the rest of the zz component of the
reduced stress tensor

SEH 471?;’5 3 e2vi(k(a=z)/v)
5 (1 +4(ka)?[vy ()—m(f)]/ui 1)
2/ + K (a—z2)? + 1/4 ’

t= [14— (M 2} 1/27

where u; () — v;(t) = 4 (1 — #). The UAE presumes that
the significant values of k are large. If € = £(0) # 1, in the
first approximation we may neglect terms of order 1/(ka)
and smaller, so the reflection coefficients reduce to

(5.10)

1 ~

o~ K
REH ry _go—2vn(ka/v) Le

5 (5.11)

L..
K+1’€K

which has the form familiar from a step discontinuity in the
dielectric constant. Further, near the boundary, the expo-
nents combine:

2un(k(a —z)/v) —2un(ka/v) ~ —2&kz,  (5.12)
which makes use of Eq. (5.8). Finally, to carry out the
integrals over frequency and transverse wave vectors we
adopt polar coordinates, so that

/dg/(dkL):%/)mdﬁz/_idcosef’rdqs, (5.13)

with /e =&kcosf, k=ksinf. The angle € occurs
inside the two reflection coefficients, as well as inside
the formula for 7., Eq. (5.10), since near the wall
[uj(ka/v) — vi(ka/v)]/v = (1 = cos*d)/(2ka), and the
integrals of these dependencies for the TE and TM modes
give

: 1/e —1 9111
E(e) =/ d cos Ocos*0 V/(1/e = 1)cos?0 + ’
- V(1/e = 1)cos?0 + 1 + 1

(5.14a)

V(1/e=1)cos?0+1—1/e
V(1 /e=1)cos?0+1+1/e
(5.14b)

I
H(e) = / dcosf(cos?0 —2)
-1

The functions E(¢) and H(e) are elementary, given in
terms of logarithms, but are not very illuminating to
display. Instead we show the plot of them in Fig. 1, and
give the limits for small and large values of ¢ — 1:

4TTTT[TTTT[TTTT[TIIIIIIII

FIG. 1. The e-dependent factors in the zz components of the
stress tensor in Eq. (5.14). The small and large ¢ — 1 limits go out
to third order and —7/2 order, respectively. Clearly, the TE
contribution is almost insignificant, and the two asymptotic limits
accurately cover the full range of e.

9

1
€—1<<1.E(e)N—E(e—l)—Fm(e—l) +eey
43 93
H(G)N—%(e—l)+m(€—l) ,
(5.15a)
) 10 3z/2—-4 4 1
e>1: E(e)~m— 3+f sEEt
10 3 4
H(e)~——+ = (5.15b)

3 € @T

The remaining integral on & is simple, so after integrating
over k and ¢, we are left with the “scattering part” of the zz
component of the stress tensor near the wall (z - 0+):

TS.E.,H ~

1 1 {E(e) (5.16)

" 64n2\Jeaz’ | H(e)

And the total zz component of the stress is the sum of these
two components, which for the case of a small disconti-
nuity reduces to

3
== —1<1.
FER

23 1
TT EJrH 1 -
96072 3(e=1) az’’

T

(5.17)

This cubic singularity disappears if there is no disconti-
nuity, thatis, € = 1, where & = k. Then we need to keep the
order 1 /v correction in the reflection coefficients as well, so
Eq. (5.9) gets modified to

REN~ % 1 F (1 = cos?f)|e-alkals),

(5.18)
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which when inserted into Eq. (5.10) yields immediately

tS.E,H — _ 1
“ 16Ka?

[1 F (1 —cos?)]>e 2. (5.19)

When the integrals over x and 6 are carried out, we obtain

1 3
TS e 3, 5.20
. 19207%a*z? { 43 (520)
the sum of the two contributions being
23 1
TSEH — 5.21
= 960 7°a*z> (5-21)

W2 —1/4
¢ /1
a—2z

2B () = % {— |:k2(a -2)+

+ k[, (k(a - 2)) K, (k(a = 2)) + I, (k(a - 2)) K, (k(a — Z))]}-

Now, when the UAE is inserted, the cancellation observed
in the reflection-dependent part does not occur, so the
leading term is

bEH 1 _ 2 20, _ )2
£ 4(a_z)< 20/42 + K (a - 2) il). (5.24)

For the moment we examine only the leading term in the
limit of this expression as z — 0, which is

2 —g, (5.25)

the obvious generalization of Eq. (4.9). When this is
integrated over all frequencies and wave numbers, and
regulated by point splitting as in Ref. [28], we obtain (see
Appendix A)

66— 0,

1 00 sin k6 1
Tb,E,H o~ / dx ~3 — ,
“ 4n*\/e Jo TR T2 Vest

(5.26)

exactly the leading bulk divergence seen for each scalar
mode in Ref. [28], apart from the expected index of the
refraction factor. Later we shall encounter the subleading
divergences dependent on the potential; beyond them, in
the exact t>E-H there are finite terms that presumably have
physical significance.

which is exactly the result found in Ref. [24]. The similarity
of the coefficients in Egs. (5.17), (5.20), and (5.21) is
striking.

We close this subsection by examining the omitted
contribution from the “bulk” term in the interior,

1
gb’E'H(ZvZ/) = oFH FE’H(Z>)GE’H(Z<)
— (l,l)(a _ z)il/z(a _ Z/)il/2

xI,(k(a = z.))K,(k(a - z.)).  (5.22)

It is quite obvious that this does not give singular behavior
near the discontinuity in &(z) at z =0, but it does yield
divergent contributions. The corresponding reduced stress
tensor has a form similar to that given in Eq. (5.5):

J(k(a = 2))K, (k(a = 2)) + K*(a = 2)I,(k(a = 2)) K} (k(a - 2))

(5.23)

B. Exponential permittivity

Let us give another exactly solvable model. Consider the
permittivity function

19
&(z) = ooz,

For the two modes, the two fundamental solutions to
Eq. (4.1) are for z > 0 [38]

<0,
‘ (5.27)
z> 0.

FE(Z) _ Ky(zé’eaz/Z/a),
GE(Z) } B {[D(ZCeazﬂ/a)’ (52821)
F(2) } - az/2{ K;(2Le%/? ] a),
Gh(z) ) € I(2¢e™/? Ja), (5.28Db)
where
T
S a’ N 2 .

Again, the second solution is unique, according to the
criteria enunciated in Sec. IV, because 7,(0) = 0. In each
case, the effective Wronskian (4.5) is the same,

afH —

3 (5.30)

Using the UAE, the leading bulk stress tensor component is
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K -
1 == k= k> + e,

bl 1%2 a2
t;; = —52‘, K= k2 + Z:2€az + Z (531b)

The scattering part of the reduced stress tensor, near the
wall, has the form seen before in Eq. (5.19) if we replace £?
by k%cos?6, and a by 2/a, where a is the slope of the

potential at the edge:
( 2 )2
2 9
a2 e—ZKZ 2k

16« 22\2
1-=.
2K
From this follows the same result for the stress tensor as
in Eq. (5.20).
We will see in the following section that this behavior is

universal, as long as the potential is continuous and has a
linear slope at the edge.

(5.31a)

s.E.H
~ —

(5.32)

VI. UNIVERSAL EDGE BEHAVIOR

A. First-order perturbation theory

Griniasty and Leonhardt [24] asserted that the behavior
of the zz component of the subtracted stress tensor seen in
Eq. (5.20) is universal. That is, it holds whenever the
potential is continuous, but has a discontinuous slope at
the origin, the slope being in that case a = 2/a. We will
prove that assertion here, which follows from perturbation
theory near the edge. We can generalize this slightly, by
allowing for a discontinuity € — 1 in the permittivity near
the boundary. Sufficiently close to the edge, &(z) =
€(1 4+ az), and we will calculate the stress tensor in the
approximation that a is very small compared to «.

We start with the TE mode. The functions F' and G

satisfy
d’ FE(2)
-—+ R+ 26(1){ =0.
< dz? cea )\ g (2)

This is easily solved perturbatively for solutions that
decay exponentially fast, or that grow exponentially fast,
at infinity:

(6.1)

FE(z)
G"(2)

Caez

}:e:Fka:EF(Z)’ f%(z): (1—W(1:|:12'Z)),
(6.2)
keeping terms out through O(a). Since the differential

equation contains no first derivatives, the Wronskian
remains constant,

w(z) = 2k. (6.3)
Using the “bulk” part of the Green’s function in the
medium, the first term in the second line of Eq. (4.4),
we find for the corresponding reduced stress tensor

pe K al’e

2 4k

72+ 0(a?), (6.4)
which agrees with Egs. (5.24) or (5.31a) when they are
expanded for small a (fixed z). Integrated over frequency
and wave numbers, we obtain the full bulk stress tensor,
when the time splitting, or transverse space splitting,
regulation as in Eq. (5.26) is inserted (see Appendix A),

b.E.r 1

3
22 :W(1+50€Z>, A=0,5:T/\/E’

(6.5a)

1 1
— (1==
2n%fes* ( 2

T2E = az), =0,6=|A|

(6.5b)

The relative factor of —3 between the linear dependencies
of these two forms is the result of the identity given in
Ref. [17], reproduced here in Eq. (A6).

The reflection coefficient computed from Eq. (4.7) to

first order in « is
. k—& Cae 1
R* = — ~+ == ~ .
K+Kk 4k° k+K
The first term in the parentheses refers to the scattering due
to the discontinuity in &(z) at the edge, while the second
term refers to the contribution arising from the slope of
the potential. If the latter effect is negligible, this agrees

with the form in Eq. (5.11). A bit of algebra shows that the
“scattering” part of the reduced stress tensor is

ael? (K -k

8k2 \k+&

(6.6)

Cae 1
4% Kk + R}

s,E
tZZ -

>e-2'*<z. (6.7)

When Eq. (6.7) is integrated over frequency and transverse
wave numbers according to Eq. (5.13), the result for the
stress coincides with that given in Eq. (5.16):

ak(e) 1
1287%\/e 73’

recalling that there @ = 2/a. On the other hand, if £(z) is
continuous, so € = 1, we obtain

s,E
TZZ -

(6.8)

a? 1
TsfF = —— 6.9
25607° 72 (6.9)

This exactly coincides with Eq. (5.20).
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The linearized version of the TM equation (4.1) is

d? 5 d d Fi(z)

- 4R —7— =k =0, (6.10
{ dz2+K +a<dzzdz Z)}{GH(z) (6.10)
which has a first-order perturbative solution

Fi(z) } ~
_ e?Kz H 7),
G 74)
H $e
fH(z) = 1+% 2 I—F(lixz) (6.11)

Now the Wronskian of the two solutions is not constant,
wHi(z) = 2&(1 + az), (6.12)

which is exactly what is needed to make o!! a constant:

(6.13)

The bulk term in the zz-component of the stress tensor turns
out to be the same as its TE counterpart (6.5), for example,
for time splitting:

J 3
bHT PNy <1+ az>

Now it is straightforward to calculate the scattering part
of the stress tensor to O(a?), in terms of the reflection
coefficient:

R =~ {:l’iﬁ T2k —l(—xfc/e) <1 gz)} (6.15)

The zz component of the scattering part of the reduced
stress tensor is then

(6.14)

oA o [k—Kje a 1 Fe CZ
g =% et (-2 | ((1-25).
4 k+Kk/e 2x+K/e 2k 2i?

(6.16)

Again, if for € # 1 we drop the second term in the square
brackets, we see the appearance of the TM reflection
coefficient for a discontinuity in the permittivity, which
leads to the stress tensor as z — 0+

1
Hie) .

12871'2\/_

coinciding with the TM part of Eq. (5.16). If e =1
however, the second term in Eq. (6.16) must be retained,
leaving just the form seen in Eq. (5.32), and we obtain for
the zz component of the stress tensor

SH 43 o?

e T (6.18)

which again exactly coincides with Eq. (5.20).

B. Dispersion

The above assumes that the permittivity does not depend
on frequency. This is quite unrealistic. Instead, let us
examine what happens if we use a plasma model, where
a = ay/¢?. This then makes the TE mode coincide with the
linear scalar problem considered in Ref. [28]. There the
divergent terms were isolated using a WKB approximation.
We can easily reproduce those leading divergences. To
compare with the results there, we set the discontinuity
e — 1 equal to zero.

With the plasma dispersion relation, the bulk term (6.4)
reads, before integration,

b, E _ K a()Z
17 =————, 6.19
1oL (6.19)
and then carrying out the frequency and wave number
integrations using the formulas in Appendix A, we find

1 ap2

b.E __
Tz 225t 88’

(6.20)

which are the two leading divergent terms found in
Ref. [28] for a linear potential. Perhaps surprisingly, the
same holds for 721,

To get the logarithmically divergent term in T%F one
might think we would have to work out perturbation theory
to second order, which we will do in the next section.
However, the zz component of the reduced bulk stress
tensor to second order can be calculated by knowing only
the O(a) solutions because we easily see from the
definition of the Wronskian that

t?gE:—E—i— = (FEfE — al?ezfEFE). (6.21)

From this follows

K
bE——E—ayfcz—f—azy

1
Izz <4~ + Kz ) (6.22)
where we have introduced the abbreviation y = %¢/(4%?).
The small & expansion of [ dksin(xd)/k* [Eq. (A3e)]
yields in second order in the plasma model

2.2
bEQ) | _ Ol

T’ s, (6.23)

which corresponds to the logarithmically divergent term
found in Ref. [28].
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Again only the first order result is necessary to give the
order o contribution to the bulk stress for the TM mode,
since the same formula as Eq. (6.21) applies for the TM
mode as well. The result is only slightly different from that
in Eq. (6.22):

b.H K = 2o X 1\?

tz: = —E—aylcz—&—a Y Kz +Z~< r=3) - (6.24)
This leads to exactly the same logarithmic divergence in
the plasma model as in Eq. (6.23). However, to get such
terms for the other components of the stress tensor, we need
second-order perturbative solutions for " and G, which we
will deal with in the following section.

As for the scattering contributions, it is evident that due

to the softening produced by the plasma dispersion relation,

the singular behavior in T5F as the edge is approached from

the inside goes away, consistent with the numerical results
shown in Fig. 5 of Ref. [28]. (See further discussion in
Sec. VIII.) The scattering part of 757 in the plasma model
has to be defined with an infrared cutoff, but certainly also
does not diverge as the edge is approached.

So we have verified and extended the results of Ref. [24]:
For a vacuum interface with a planar dielectric without
dispersion, if the permittivity is continuous, but has a linear
slope at the edge, the singularities in the normal-normal
component of the stress tensor possess a universal 1/z?
form, where z is the distance from the edge into the
medium. If the permittivity is discontinuous, the normal-
normal component of the stress tensor has a 1/z> singu-
larity, and as shown in Appendix B, the singularity is
reduced to logarithmic if the discontinuity is in the second
derivative. As we will see Sec. VII, the singularities in the
energy density are one order higher for a linear disconti-
nuity. Only the behavior of the potential at the edge of the
dielectric is necessary to determine the singularities in form
and magnitude; this we have demonstrated through exam-
ples and a general perturbative analysis.

VII. OTHER STRESS TENSOR COMPONENTS

Let us now examine other components of the stress
tensor, particularly in the continuous permittivity situation.
The leading perturbative approximation yields the leading
divergent structure, and the leading behavior near the edge.
We will consider both the dispersive case with the plasma
model, since it is approximately realistic and agrees, for the
TE mode, with the scalar case, and the situation when the
permittivity is independent of frequency.

A. Leading-order contributions

Including the dispersive factor, the reduced TE energy
density for the plasma model, where a = ay/?, is for
small ayz (exactly, for a linear potential)

1

tgo = B (azaz’ + k* - 4*26 + aOGZ)gE» (7.1)
which agrees with the scalar energy density for a linear
potential provided the conformal parameter £ = O (or in the
language of Ref. [28], f = —1/4), surprisingly, not the
scalar conformal value of & = 1/6. (That is, the canonical
stress tensor emerges, not the conformal one.) Thus we see
that (setting € = 1)

5 = tE + (K* + apz) g~ (7.2)
Using the point-splitting methods of the Appendix, we find
for the bulk contribution to the energy density

3 apZ o
ve ) 26 s TP
Too ~ : . (7.3)
- W W s A Sphttlng,

which coincides with the leading divergences found in
Ref. [28]. Note that

0
A< <5T€o) =Tj

o (7.4)

holds for the relation between the energy densities with
the spatial and temporal cutoffs, as in Ref. [17]. And in the
medium, just to the right of the edge, we find for the
scattering contribution

2
s.E (Xok e—ZKZ

~—— 7.5
00 16K4 ’ ( )

which when integrated over frequency and wave numbers
yields

)
Thy ~— , 7.6
00 96772Z ( )
exactly the result as for the scalar case with # = —1/4 given

by Eq. (6.7) of Ref. [28].

Had we assumed that a was independent of {, the sign
of the potential term in Eq. (7.1) would have reversed, and
we would have obtained instead for the bulk divergence
(with temporal splitting)

3 3
b.E
TOO :W <1 +§az>, (77)
and for the edge singularity in the scattering part
s “ (7.8)

0~ 79602273

more singular than the behavior of 75F in this non-
dispersive model seen in Eq. (6.9).
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For the remaining diagonal components, from Eq. (3.8),
for 7 splitting, or A splitting, respectively, in the plasma
model,

1 anz
225t T Q22
e A (7.9)
- 27254

which exactly coincides with the leading scalar divergences
found in Ref. [28] when we average over p,, p, there. It is
easily checked that the trace identity (3.9) is satisfied:

b, B apZ
(T E)”ﬂ =28 (7.10)
For the scattering part,
T =T =20 7.11
” 192777 .1)

which is exactly half the energy density found in Eq. (7.6)
as required by the trace of the scattering part of the stress
tensor being of O(a3).

For the TM mode in the plasma model the bulk part of
the reduced energy density is

tb’H — _C_Z 1 _%
00 2K 2% )’

which, upon integration, leads to the same result as
Eq. (7.3). The transverse bulk parts of the reduced stress

tensor are
B k? 1 <
4k 2% )’

leading to the same result as Eq. (7.9), as required by the
trace identity. For constant « the energy density divergence
is the same as for the TE part, Eq. (7.7). The scattering part
of the reduced energy density is

2 2
ts,H o Qo k_ 1— é‘ 2Kz __ ZtS.H o 2ts,H
0 TR\ T2d)t T T

which is twice the transverse reduced stress tensor com-
ponents, as required by the trace identity. This possesses
singularities, when (? = k?cos®>@ goes to zero, so the
meaning of these seems somewhat obscure. However, if
we adopt the nondispersive model and assume that «
is constant, we can find the energy density singularity
near the edge

(7.12)

oH = oH (7.13)

(7.14)

3a
H
Tf)o =

= 7.15
320727 (7.15)

which is —9 times that from the TE mode, Eq. (7.8).

B. Second order perturbation theory

To proceed further, we need to work to the next order in
perturbation theory. It is easy to work out the solutions to
Eq. (6.1) to second order, assuming the potential is exactly
linear. The two solutions are

g =t 25

oz 1, 5.5 5 5
Z(%7)3 + = (% 2 —Rr+=
+— [Z(Kz) 3(1<z) +oke 2})

+0(a’)

= oTRfE, (7.16)

The expansion parameter is ay. The Wronskian changes,
but is still constant:

(7.17)

The TM equation (4.1) is, assuming an exactly linear
potential,

9. 1 9, i +¢ FH—o
0z1+azdz 1+az Nar ~

which can also be straightforwardly solved to second order
in a:

)il 5C-o)

572 1
+Z2{ZF l?a}/—ﬁ-az(L———Z)}

(7.18)

2 8 2
a’yik7? ay’ w2
+ I 3 _10p) + 2 . (7.19)
6 2
Note that the terms of order ay and of order a®y? coincide

with those of the TE solutions in Eq. (7.16). The Wronskian
of these two solutions gives

wh % ,3-20p2
a——.

== 7.20
e(l1+az) e 4ke (7.20)

C. O(a?) corrections

Now to get the order-a® corrections to the energy density,
we have to use the second-order solutions, Egs. (7.16) and
(7.19). A straightforward calculation reveals, for the bulk
contributions to the reduced energy density,

2,2
1 = =20y +daky’z+ S (3= 107 - 247822, (721a)
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and

b = 2Ry +daky?z
2

+%(—1 Ay + 1272 — 4073 —96,°%222).
K

(7.21b)
Note that the O(a”), O(a) and the O(a?y?), O(a?y?) terms
are the same for the TE and TM contributions, which means
that the divergences in the plasma model are the same, for
example, in temporal point splitting for € = 1 as defined
in Appendix A,

d¢ [ (dky) .
bEH _ 1) iee b EH
Ty~ = /ﬂ 27)? 150

3 az 1 adz?

Ing+---, (7.22)

26 825 man

where the remainder is finite as 6 — 0. This includes the
results already found in Eq. (7.3), and coincides with the
scalar divergences found in Ref. [28].

We can also straightforwardly find the next order
corrections to the scattering part of the zz component of
the reduced TE stress tensor, for example, with € = 1,

, a*y?
£ = 2 E 1 2ay2(2 + k2)] e,

- (7.23)

but the order @ correction means that the corresponding
term in T?ZE has one less power of z, so in the constant a
situation, through this order,

a? N 303
25607272 17687%z

T5F = (7.24)
(In the plasma model, recall that there is no singularity in
T3F.) Dimensionally, since [@] = 1/L, the higher order
corrections to the edge singularity must be subdominant.

Similarly, we can write for the TE part of the reduced
energy density through order a?,

k? a
= —ar 5 <1 - % [K?(=2 + 2Kz + 2(kz)?)

-2(1+ 41<z)]> e, (7.25)

which leads to, for constant «a, the energy density through
0(a?),

a a2

T 960727 179207272

TSy = z—>0+. (7.26)

Again, the correction is necessarily subdominant.

VIII. EXACT LINEAR TE POTENTIAL

Of course, the linear TE problem is exactly solvable
in terms of Airy functions, as seen in Refs. [25-28].
Independent solutions of Eq. (6.1) are (a = ay/¢?)

F(z) } B {Ai(a52/3<;<2 + ay2)), 5.1)
G(z) Bi(()c(;2/3(l<2 + ayz)), .

which have Wronskian a(l)/ } /. It is then immediate to write
down the exact form of the Green’s function.

By using the asymptotic expansion of the Airy functions
for the large argument, we straightforwardly obtain for the
TE reduced scattering Green’s function

S’E(Z,ZI)

ao PEE (2~ (14a02/ @) = (1+ ag? /K2)%?)
16c° [0+ a2) ( + g2 )| 3

g

~ —

(8.2)

The above is valid if x*/ay > 1. If we now regard the
potential as weak, we expand in powers of a, and obtain
through second order

s.E ! &) %) / ) n —k(z+7)
E(z, ) m—0 (150 ~0 ),
9 (z,7) 161<4< 4K2(z+z) 4K(z +z ))e

(8.3)

This coincides exactly with the Green’s function
obtained from the perturbative solution (6.2), and leads,
for example, to

E 0‘% 2
s, E 2Kz
Iy =— 6413 e, (8.4)

which follows from (6.7) when ¢ = 1 and a = a,/¢*. But
when one tries to integrate this over wave numbers and
frequency, one encounters an infrared divergence at x = 0.
Of course, such a divergence is not present in the exact
solution, since the perturbative expansion is not valid for
small «. In fact, if the exact expression for tﬁ’zE is integrated
the result is finite, but nonzero, at z = 0, as shown in Fig. 2,
as earlier stated.

We can do the same type of calculation for the energy
density. In this case the energy density does diverge as the
edge is approached from within the medium, according
to Eq. (7.6). In fact, the numerical integration of the exact
formula fits this asymptotic formula quite well for small z,
as shown in Fig. 3. TSE has nearly identical behavior,
except for the factor of 2 seen in Eq. (7.11).

The above figures were drawn with the assumption that
the second solution G was exactly the second Airy function
Bi. But, as noted in Sec. IV, the definition of the reflection
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FIG. 2. The exact TE scattering contribution to the zz
component of the stress tensor T5E within a medium having a
linear potential, €(z) = 1 + z/¢?, characterized by a plasma-
model dispersion relation. (That is, € = 1 = j.) Although the
stress gets larger in magnitude as the edge is approached, it
remains finite, and it goes to zero deep within the medium.

coefficient is ambiguous, since the second solution may
contain an arbitrary admixture of the first. The criteria given
in Sec. IV do not apply, because both Ai and Bi behave as
damped oscillatory functions for large negative z. The
addition of the second solution is typically asymptotically
exponentially subdominant, so this ambiguity does not
appear in the asymptotic estimates. However, the ambiguity
will affect the behavior away from the edge. We investigated
this by substituting in the reflection coefficient Bi —
Bi + AAi, where A is a constant. (In fact, A could be a
function of «.) In Fig. 4 we show how agreement with the
estimate (7.6) is greatly improved by the choice of 1 = 2/x.
The reason for this particular value agreeing with the
asymptotic estimate is, at present, mysterious.

TT T[ T T T T 117 T[ T T L T[ T T L
10° E
107 ¢ E
3 & 1
! i 1
1072 ¢ E
1073 £ E
Gl ! Lol ! Lol ! o111 d

1073 10—2 101

z
FIG. 3. The TE scattering contribution to the energy density

within the medium, again calculated in the plasma model, with
€(z) = 1+ z/&%. The solid curve is the exact numerical integra-
tion, which has to be carried out to very large values of k for small
z, because of near-perfect cancellations between the moderate
contributions. The dashed curve represents the asymptotic
estimate (7.6).

[T T T T 1 T 1T 1 T [ T T 17T
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— =0 i
ol -cr=z2 §
™

[[| covernnnn A=1 1
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FIG. 4. The relative error of the asymptotic estimate for the
TE scattering energy density (7.6) when the reflection coefficient
RE is replaced by RF —Az/2. Here u=Tj and Au=
(T5E) asym — T5E. Shown are the errors for 4 = 0 (upper curve),
that is, just using the Bi function as the second solution, and for
A =2/r, 1,2, that is, with Bi replaced by different mixtures of Bi
and Ai. Here again we assume o = 1.

The edge singularity is not altered when different
constant values of A are used as compared to the perturba-
tive result because the leading asymptotic behavior of the
Airy functions is

32
e:FZx /3, X = _’_m,

Ai(x) 1

. = (8.5)
Bi(x) (2,1)/zx"/
so that when these are used for large x and fixed z we see
that the admixture parameter is related to the perturbation
theory one by

A
= 53_4’(3/3‘ (8.6)

Apt

Here, the latter parameter is defined in the language of
Sec. VI A by taking the second solution to be

G=e“f, + dpre™f_. (8.7)
Thus, it is evident that the admixture of the first solution
will be exponentially suppressed within the wave number
integral.

The comparison between the perturbative value of the
reflection coefficient and the exact one is shown in Fig. 5.
Because the perturbative solutions are normalized such
that F(0) = G(0) = 1, which is not the case for the Airy
functions, an appropriate normalization factor must be
supplied: what is plotted in the dotted curve in the figure
is Rpr = — & ¢*/3_ These curves reveal that the validity of
the perturbative solution depends on the inequality

ay < K. (8.8)
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T T O S S S
0.6 0.8 1 1.2 1.4 1.6 1.8 2
K

FIG. 5. The asymptotic TE reflection coefficient —ay/(8x>)
(dotted) from Eq. (6.6) compared to the exact reflection coef-
ficient (solid) given by Eq. (4.7), for the linear potential. The
former has to be normalized by the correct factor to account for
the normalization of the Airy functions in the Green’s function.
Here oy = e = 1.

It will be noted from Figs. 2 and 3 that the stress tensor
components rapidly go to zero as one goes deeper into the
potential, as expected. To further explore this, we look at
the Green’s function, which represents the expectation
value of the product of the electric fields in the medium,
for the case ap = 1,

G*E(z,7) = / LK) i, 2)

2z (27)?
1 [e  «Bi(x?) - Bi'(x?)
27 o . kAi(k?) — AP’ (x?)

x Ai(k* + 2)Ai(k* + 7). (8.9)

This is plotted, for z = 7/, in Fig. 6. For even larger z than
shown in the figure, the reflection coefficient may be

x10~3
ofF T T 7 T T I
0 i
~ | |
\N: L B
< ]
U . N
Ll b
7\ L T T T \7
0 0.5 1 1.5 2

FIG. 6. The diagonal elements of the scattering contribution to
the TE Green’s function for the linear wall, e(z) = 1 + z/¢?, for z
within the wall. This represents the expectation values of the
square of the electric field, which rapidly decrease to zero as the
wall is penetrated.

replaced by its small-k expansion, and then the resulting
analytic form of the diagonal Green’s function ultimately
agrees with that found by numerical integration. (For a
20-term expansion of R, the error of the analytic approxi-
mation is less than 1% for z > 11.)

IX. REFLECTED POTENTIALS

Of course, there is no net force on the semi-infinite slab
we have been considering to this point. This is because 7',
must vanish at infinity, and once the obvious bulk sub-
traction is made, 7,(0—) = 0, according to Eq. (4.9). So
suppose we consider two bodies, constructed by placing the
mirror image of our potential to the left of z = 0: that is, we
assume &(z) = e(—z). These are two bodies in contact, not
disjoint. Then for either the TE or TM mode, the Green’s
function may be constructed in terms of the fundamental
solutions of the homogeneous equations, £ and G, where
F—->0asz— 400, and G > 0 as 7 » —o0,

1. ~
o(z.7) = 3 F(2)G ().
in terms of the effective Wronskian factor A. If we expand
this out in terms of the solutions on the right for the semi-
infinite slab, denoted as previously by F' and G, we find
forz, 77 >0

(9.1)

1

9(z.7) =~ [F(2-)G(z<) + RF(2)F ()], (9.2)

where « is the Wronskian term for the half-space. Here the
reflection coefficient is

(FG)'(0)
(F2)'(0)

Perturbatively, it is easy to check that to first order

R=- (9.3)

_%, TE.
K
R = a<1 ) (9.4)
—(==7], TM™,
k\2

which are twice as big as the values found for the semi-
infinite slab, in Egs. (6.6) and (6.15), as would be expected,
because the slope discontinuity is doubled.

In the case of the plasma model, 7%, is finite, and for an
exact linear potential was solved explicitly in Sec. VIII—
see Fig. 2. So in the case of two facing reflected linear
potentials in contact, one might think that a finite force of
one body upon the other could be determined,

T5£(0) = —0.001017ay>, (9.5)

where we have restored the proper scaling with the
coupling. Although this appears to be a finite attraction
between the two slabs, the interpretation of this is suspect
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for the reasons stated in Sec. II, because the body is not
immersed in a homogeneous medium. As there is no
distance scale in the problem aside from the coupling, it
is impossible to connect this to a change in the energy
according to the principle of virtual work. Moreover, the
ambiguity of separating bulk and scattering parts remains.

X. CONCLUSION

In this paper we have extended our previous calcu-
lations on the soft wall problem to the electromagnetic
case. In the plasma dispersion model, the TE mode
coincides with the scalar case considered in Ref. [28].
Without dispersion we recover the universal edge behav-
ior found by Ref. [24]. We also reproduce the Weyl
divergences found in the scalar case. We do this, first by
considering explicitly solvable examples, and then by
performing a generic perturbative analysis for small
slopes in the dielectric potential.

Let us summarize the salient features. For the plasma
model, where the potential may be defined by £(z) — 1 =
v(z)/&* we see universal Weyl singularities in the bulk
stress tensor for both TE and TM polarizations:

roEn ] LY s (10.1a)
225 8m28: 322 ’
3 v 2 l)”
T2EH — ~Ins Ins, (10.1b
0 =25 g T MOt g (10.1b)

which coincide with the divergences found for a scalar field
[28]. (The second derivative term is seen for the quadratic
potential treated in Appendix B.) For the nondispersive
model, with temporal splitting,

1 3
bEH _
T = <1 i E“Z)’
3 3
bEH _
Ty W = Py (1 —l—Eaz).

For the singularities just inside the edge, with a constant
(nondispersive) linear potential near the edge, with no
discontinuity,

(10.2)

a1 4302 1
I TSH o -~ (103
=~ T 05600 22 © ~ " Iegom 2 (10-39)
< E a 1 S H 3a
S P 10.3b
00 96072 73 0 32072 73 ( )

These results are very similar to those seen for the quadratic
potential treated in Appendix B, with the replacements
a/z — —p, a’/7> = 447 Inz.

One might think one could remove the Weyl divergences
by removing all terms with polynomial growth in z, for
surely such growth deep within the material is unphysical.
Unfortunately, the WKB analysis of Ref. [28] shows there
must also be z?Inz terms in the linear plasma-model TE
case, which is confirmed by numerical experiments, so
such a procedure appears impossible.

Although we recover expected results, as well as some
new features, our analysis remains incomplete. It hinges on
a breakup between bulk and scattering contributions, which
is not unique; however, it captures the essential asymptotic
behavior for large wave numbers. The suggestion that to
achieve a finite stress one merely omits the bulk terms
is plausible, but this is not a unique process. Moreover,
there are finite, position-dependent contributions to the
stress tensor contained in the bulk term that likely cannot be
merely discarded.
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APPENDIX A: POINT-SPLITTING
REGULARIZATION

To pass from the reduced (Fourier-transformed) stress
tensor components to the space-time stress tensor, we need
to integrate over (imaginary) frequency and transverse
wave vectors. Doing so leads to divergences for the bulk
parts, so we regulate the integrals by point splitting in the
transverse directions and in time:

o d, dk) .. .
)= [ 5 [ Gapeer i
R =2+ Ce,

writing in a generic form. If the function ¢ only depends
on & we can evaluate this in polar coordinates, with the
polar angle being the angle between é = (z/+/€,A) and

K = (y/e¢, k). Then

LRSI

The resulting Fresnel integrals of this type are obtained by
integrating by parts and discarding the contribution at
infinity (justified in a distributional sense):

7, A >0, (A1)

2 sin K&

1(&). (A2)
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& 2
A dk k?sinké = — = (A3a)
0 1
; dk Kk cosks = ar (A3b)
o . 1
| dksinké = 5 (A3c¢)

We can also give the integrals which have infrared
singularities (regulated by a cutoff x, which never appears
in the results):

g
/ —KCOSK5~—}/—
W K

wd
/ K—fsinxé~5(1 —y —Inps),
i

In p6, 5—0, (A3d)

5-0. (A3e)

But we also encounter terms where (> appears linearly.
Then it is easiest to consider time splitting and space
splitting separately. For the 7 cutoff, the angular average of
el? gives

1 oo 1 -
T.(z) = W/o di @ /_1 d cos Oe®Teos0/VeR2co520)
1 0 0 \2%sinké
=——_ di & -
22 /e A o (a(r«s)) %5
8=1/Ve,

while for the spatial cutoff (which, without loss of general-
ity we can choose to be in the x direction),

Ta(z) 8713\/_/ dfckz/ dcosé
X/ d¢em§smecos¢,< 00529
0

4ﬂ2 f / AR 7 / " 46 sin 0c0s20J (%5 sin 0)
/ sinko cosko

27r2\/_ (R (k6)2 )"

In these expressions we have not written the remaining

function of & within the integrals. The relation between the
two cutoff factors is just that given in Ref. [17]:

(A4)

(AS)

d? sinx

d sinx CcoSx i
Bl ) Bt )
dx X3 x2 AP x

(A6)

APPENDIX B: QUADRATIC POTENTIAL

Suppose the potential begins quadratically, that is,
it is continuous, with a continuous first derivative, but a
discontinuous second derivative at the edge,

e(z) = 1 4 p2. (B1)

We then easily find the fundamental solution to first order

in f:

F~(2) I 2
GE(z)} et [1; o (lj:Kz+3( z)?)|,  (B2a)
S CIR - I
GH(Z)} e’ [1 F (0 -20) £ (2 - 20k

+ %Cz(m)z)} : (B2b)

Here we again note that the terms proportional to ¢? are
identical. The Wronskians of the solutions are

B

aE:wE:2K+2—K3, (B3a)
H w(z) _ ﬂ 2 A~ 2
all = 7o) 2k + 53 (&% —2k%). (B3b)

First consider the bulk divergences. The identity (6.21)
still holds with the potential al?ez here replaced by ¢?z2,
so it is straightforward to compute in the plasma model,

where % = f3, is a constant,
L B2 (B2’)
b.E 0 0
E - - Ins, B4
T8 s 3 (B4)

which is just as expected from the WKB analysis of
Ref. [28]. The divergent terms are again the same for the
corresponding TM contributions. And for the energy density,
with temporal splitting

3 Pz’ it
b.E __ 0 0
0 =525 T 825 T 242 MO

(B5)

again as expected. Although for the TM part a singularity
emerges in the ¢ integration once again, the first two terms
here are reproduced.

For the nondispersive, constant 3, case we obtain results
precisely analogous to those in Eqs. (6.5a), (6.14) and (7.7):

1+%ﬂzz bEH
27[54 ’ 00

3 +3p2

ThEH
2x85*

(B6)
For the scattering parts, we need the reflection coefficients:

sp PG = p
RE =", R = (2 - 2¢%). B7
it it (¢ <) (B7)
Then, for the normal-normal stress tensor and the energy
density we obtain terms which are less singular toward
the edge than was the case for the linear potential for the

nondispersive case:
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2 2
5.E p o H 43p
£~ Tqopnt TE e~ oygpping (B8
: s H 3p
T5 ~ . T ~-——5. (B8
% 960722 W~ 0 (B8P

Notice that the ratios of the zz components are 43 /3, while
the energy densities are in the ratio —9, exactly as in the
linear case, which reflects the fact that the angular
integrations over cos? @ = {?/k? are the same.

[1] K. A. Milton, The Casimir Effect: Manifestation of Zero-
Point Energy (World Scientific, Singapore, 2001).

[2] M. Bordag, G.L. Klimchitskaya, U. Mohideen, and
V.M. Mostepanenko, Advances in the Casimir Effect,
International Series of Monographs on Physics Vol. 145
(Oxford University Press, Oxford, 2009).

[3] Casimir Physics, edited by D. A.R. Dalvit, P. W. Milonni,
D.C. Roberts, and F. S.S. Rosa (Springer, New York,
2011).

[4] H.B. G. Casimir, On the attraction between two perfectly
conducting plates, Kon. Ned. Akad. Wetensch. Proc. 51,
793 (1948).

[5] E.M. Lifshitz, The theory of molecular attractive forces
between solids, Sov. Phys. JETP 2, 73 (1956).[Zh. Eksp.
Teor. Fiz. 29, 94 (1955)].

[6] 1. D. Dzyaloshinskii, E. M. Lifshitz, and L.P. Pitaevskii,
General theory of van der Waals forces, Usp. Fiz. Nauk 73,
381 (1961).[Sov. Phys. Usp. 4, 153 (1961)].

[7]1 C.H. Anderson and E.S. Sabisky, Phonon Interference in
Thin Films of Liquid Helium, Phys. Rev. Lett. 24, 1049
(1970).

[8] E.S. Sabisky and C.H. Anderson, Verification of the
Lifshitz theory of the van der Waals potential using
liquid-helium films, Phys. Rev. A 7, 790 (1973).

[9] S. K. Lamoreaux, Demonstration of the Casimir Force in the
0.6 to 6 um Range, Phys. Rev. Lett. 78, 5 (1997).

[10] W.M.R. Simpson and U. Leonhardt, Forces of the Quan-
tum Vacuum (World Scientific, Singapore, 2015).

[11] S.Y. Buhmann, Dispersion Forces Il: Many-Body Effects,
Excited Atoms, Finite Temperature, and Quantum Friction
(Springer, Heidelberg, 2012).

[12] A.W. Rodriguez, F. Capasso, and S.G. Johnson, The
Casimir effect in microstructured geometries, Nat. Photon-
ics 5, 211 (2011).

[13] J. Mahanty and B.W. Ninham, Dispersion Forces
(Academic Press, London, 1976).

[14] V. A. Parsegian, Van der Waals Forces: A Handbook for
Biologists, Chemists, Engineers, and Physicists (Cambridge
University Press, Cambridge, 2005).

[15] M. Krech, The Casimir Effect in Critical Systems (World
Scientific, Singapore, 1994).

[16] K. A. Milton, Local and global Casimir energies:
Divergences, renormalization, and the coupling to gravity,
Lect. Notes Phys. 834, 39 (2011).

[17] K. A. Milton, K. V. Shajesh, S. A. Fulling, and P. Parashar,
How does Casimir energy fall? IV. Gravitational interaction
of regularized quantum vacuum energy, Phys. Rev. D 89,
064027 (2014).

[18] A. A. Saharian, Energy momentum tensor for a scalar field
on manifolds with boundaries, Phys. Rev. D 69, 085005
(2004).

[19] G. Bimonte, E. Calloni, G. Esposito, and L. Rosa, Energy-
momentum tensor for a Casimir apparatus in a weak gravi-
tational field, Phys. Rev. D 74, 085011 (2006); Erratum, 75,
049904 (2007); Erratum, 75, 089901 (2007); Erratum, 77,
109903 (2008).

[20] C. Xiong, T. W. Kelsey, S. A. Linton, and U. Leonhardt,
Casimir forces for inhomogeneous planar media, J. Phys.
Conf. Ser. 410, 012165 (2013).

[21] U. Leonhardt and W. M. R. Simpson, Exact solution for the
Casimir stress in a spherically symmetric medium, Phys.
Rev. D 84, 081701 (2011).

[22] W.M.R. Simpson, S.A.R. Horsley, and U. Leonhardt,
Divergence of Casimir stress in inhomogeneous media, Phys.
Rev. A 87, 043806 (2013); Erratum, 88, 059901 (2013).

[23] L. Griniasty and U. Leonhardt, Casimir stress inside planar
materials, Phys. Rev. A 96, 032123 (2017).

[24] 1. Griniasty and U. Leonhardt, Casimir stress in materials:
Hard divergency at soft walls, Phys. Rev. B 96, 205418
(2017).

[25] J.D. Bouas, S.A. Fulling, F.D. Mera, K. Thapa, C.S.
Trendafilova, and J. Wagner, Investigating the spectral
geometry of a soft wall, Proc. Symp. Pure Math. 84, 139
(2012).

[26] K. A. Milton, Hard and soft walls, Phys. Rev. D 84, 065028
(2011).

[27] S. W. Murray, C. M. Whisler, S. A. Fulling, J. Wagner, H. B.
Carter, D. Lujan, F. D. Mera, and T. E. Settlemyre, Vacuum
energy density and pressure near a soft wall, Phys. Rev. D
93, 105010 (2016).

[28] K. A. Milton, S. A. Fulling, P. Parashar, P. Kalauni, and T.
Murphy, Stress tensor for a scalar field in a spatially varying
background potential: Divergences, ‘“renormalization,”
anomalies, and Casimir forces, Phys. Rev. D 93, 085017
(2016).

[29] J.P. Paz and F.D. Mazzitelli, Renormalized evolution
equations for the back reaction problem with a self-
interacting scalar field, Phys. Rev. D 37, 2170 (1988).

[30] F. D. Mazzitelli, J. P. Nery, and A. Satz, Boundary diver-
gences in vacuum self-energies and quantum field theory in
curved spacetime, Phys. Rev. D 84, 125008 (2011).

[31] M. Bordag and J. Lindig, Vacuum energy density in
arbitrary background fields, J. Phys. A 29, 4481 (1996).

[32] S. A. Fulling, T. E. Settlemyre, and K. A. Milton, Renorm-
alization for a scalar field in an external scalar potential,
Symmetry 10, 54 (2018).

125009-18


https://doi.org/10.3367/UFNr.0073.196103b.0381
https://doi.org/10.3367/UFNr.0073.196103b.0381
https://doi.org/10.1070/PU1961v004n02ABEH003330
https://doi.org/10.1103/PhysRevLett.24.1049
https://doi.org/10.1103/PhysRevLett.24.1049
https://doi.org/10.1103/PhysRevA.7.790
https://doi.org/10.1103/PhysRevLett.78.5
https://doi.org/10.1038/nphoton.2011.39
https://doi.org/10.1038/nphoton.2011.39
https://doi.org/10.1007/978-3-642-20288-9
https://doi.org/10.1103/PhysRevD.89.064027
https://doi.org/10.1103/PhysRevD.89.064027
https://doi.org/10.1103/PhysRevD.69.085005
https://doi.org/10.1103/PhysRevD.69.085005
https://doi.org/10.1103/PhysRevD.74.085011
https://doi.org/10.1103/PhysRevD.75.049904
https://doi.org/10.1103/PhysRevD.75.049904
https://doi.org/10.1103/PhysRevD.75.089901
https://doi.org/10.1103/PhysRevD.77.109903
https://doi.org/10.1103/PhysRevD.77.109903
https://doi.org/10.1088/1742-6596/410/1/012165
https://doi.org/10.1088/1742-6596/410/1/012165
https://doi.org/10.1103/PhysRevD.84.081701
https://doi.org/10.1103/PhysRevD.84.081701
https://doi.org/10.1103/PhysRevA.87.043806
https://doi.org/10.1103/PhysRevA.87.043806
https://doi.org/10.1103/PhysRevA.88.059901
https://doi.org/10.1103/PhysRevA.96.032123
https://doi.org/10.1103/PhysRevB.96.205418
https://doi.org/10.1103/PhysRevB.96.205418
https://doi.org/10.1090/pspum/084
https://doi.org/10.1090/pspum/084
https://doi.org/10.1103/PhysRevD.84.065028
https://doi.org/10.1103/PhysRevD.84.065028
https://doi.org/10.1103/PhysRevD.93.105010
https://doi.org/10.1103/PhysRevD.93.105010
https://doi.org/10.1103/PhysRevD.93.085017
https://doi.org/10.1103/PhysRevD.93.085017
https://doi.org/10.1103/PhysRevD.37.2170
https://doi.org/10.1103/PhysRevD.84.125008
https://doi.org/10.1088/0305-4470/29/15/019
https://doi.org/10.3390/sym10030054

QUANTUM ELECTROMAGNETIC STRESS TENSOR IN AN ... PHYS. REV. D 97, 125009 (2018)

[33] K. A. Milton, J. Wagner, P. Parashar, and I. Brevik, Casimir [36] J. Schwinger, L. L. DeRaad, Jr., and K. A. Milton, Casimir

energy, dispersion, and the Lifshitz formula, Phys. Rev. D effect in dielectrics, Ann. Phys. (N.Y.) 115, 1 (1978).

81, 065007 (2010). [37] NIST Digital Library of Mathematical Functions, https://
[34] J. Schwinger, L. L. DeRaad, Jr., K. A. Milton, and W.-y. Tsai, dImf.nist.gov.

Classical Electrodynamics (Perseus, New York, 1998). [38] I. S. Gradshteyn, I. M. Ryzhik, Y.V. Geronimus, M.Y.
[35] I. Brevik, Minkowski momentum resulting from a Tseytlin, and A. Jeffrey, Table of Integrals, Series, and

vacuum-medium mapping procedure, and a brief review Products, edited by D. Zwillinger and V. H. Moll, Trans-

of Minkowski momentum experiments, Ann. Phys. lated by Scripta Technica, Inc. (8th ed.) (Academic Press,

(Amsterdam) 377, 10 (2017). New York, 2015), ISBN 978-0-12-384933-5.

125009-19


https://doi.org/10.1103/PhysRevD.81.065007
https://doi.org/10.1103/PhysRevD.81.065007
https://doi.org/10.1016/j.aop.2017.01.009
https://doi.org/10.1016/j.aop.2017.01.009
https://doi.org/10.1016/0003-4916(78)90172-0
https://dlmf.nist.gov
https://dlmf.nist.gov
https://dlmf.nist.gov
https://dlmf.nist.gov

