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Introduccion

Las graduaciones por grupos abelianos en &lgebras de Lie simples de di-
mension finita son ubicuas, empezando con la descomposicién como espacios
de raices con respecto a una subalgebra de Cartan en un algebra de Lie simple
que escinde. Sin embargo, un estudio sistematico de graduaciones empezo
apenas en 1989 con Patera y Zassenhaus [PZ89]. Cualquier graduacion es
un engrosamiento de una graduacién fina, por lo tanto estas se convirtieron
en un objeto central de estudio. En particular, la descomposicién como es-
pacios de raices antes mencionada es fina. La clasificacion de graduaciones
finas en las dlgebras de Lie clasicas simples de dimensién finita sobre un
cuerpo algebraicamente cerrado de caracteristica 0 fue finalmente lograda en
[EId10]. Para los casos excepcionales esto se logré a través del trabajo de
varios autores: Elduque, Draper, Martin-Gonzalez, Bahturin, Tvalavadze,
Viruel, Yu. (Ver la monografia [EK13] o el trabajo [DE16] para encontrar
detalles y referencias.)

Las llamadas graduaciones por sistemas de raices fueron introducidas por
Berman y Moody [BM92] y estudiadas por muchos autores: Neher, Benkart,
Zelmanov, Allison, Smirnov, etcétera. Estas graduaciones han sido usadas
para estudiar familias interesantes de algebras de Lie de dimensién infinita
que incluyen a las dlgebras de Lie de Kac-Moody.

En 2015, en el esfuerzo por clasificar graduaciones finas en las algebras de
Lie simples excepcionales, Elduque [EId15] probé que cualquier graduacion
fina en un &lgebra de Lie simple de dimensién finita sobre un cuerpo alge-
braicamente cerrado de caracteristica 0 se obtiene mezclando, de una forma
precisa, una graduacién por un sistema de raices, no necesariamente reducido,
de rango igual al rango libre del grupo universal de la graduacién fina, y una
graduacion fina en el ‘dlgebra coordenada’ asociada a la graduacién por el
sistema de raices. Esta ‘dlgebra coordenada’ es, en general, un algebra no
asociativa.

En particular, para las graduaciones por el sistema de raices no reducido
de tipo BCY, el algebra coordenada es un algebra estructurable.

Las algebras estructurables fueron estudiadas por primera vez en 1972
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en [K72] por I. L. Kantor quien estaba estudiando una clase més general de
algebras llamada dlgebras conservativas. B. N. Allison introdujo las algebras
estructurables, en 1978 en [AI7§], como algebras unitarias (no necesariamente
asociativas) con involucién que satisfacen ciertas identidades. Los ejemplos
més conocidos de algebras estructurables son las dlgebras de Jordan (con la
identidad como involucién).

En [AI78] Allison dio un teorema de clasificacion de &lgebras estruc-
turables simples centrales de dimensién finita sobre un cuerpo de carac-
teristica 0 con un caso faltante. O. Smirnov probé en [Sm90, Teorema
2.1] que cualquier algebra estructurable semisimple es la suma directa de
algebras simples. Las algebras simples son simples centrales sobre su centro,
entonces la descripcion de las dlgebras semisimples se reduce a la descripcion
de las algebras simples centrales. Smirnov, en [Sm90, Teorema 3.8|, también
completo la clasificacion de las algebras estructurables simples centrales de
dimension finita sobre un cuerpo de caracteristica distinta de 2, 3 y 5.

Las algebras estructurables simples centrales (A, —) dan lugar a dlgebras
de Lie simples centrales a través de diferentes construcciones. Un ejemplo
es la construccién modificada de Kantor-Koecher-Tits usada en [AIT9] para
obtener todas las algebras de Lie simples isotrépicas sobre cuerpos de ca-
racteristica 0. Esta es la construccién que yace detras de las algebras de
Lie graduadas por el sistema de raices no reducido de tipo BC,. Para un
grupo G, partiendo de una G-graduacién en un algebra estructurable simple
central, podemos obtener una Z x G-graduacién en el algebra de Lie simple
central asociada. Si la graduacion en el algebra estructurable es fina también
lo es la graduacién obtenida en el algebra de Lie simple.

El objetivo principal de esta tesis es la clasificacion de las graduaciones
(por grupos) en una de las familias de algebras estructurables simples: el
producto tensorial de un algebra de Cayley y un algebra de Hurwitz (C! ®
C?, —) siendo la involucién el producto tensorial de las involuciones estdndar
de C' y C? respectivamente. Sabemos, por [AI7T9], que podemos obtener
las algebras de Lie simples centrales de tipo Fy, Es, F7 vy Eg, a través de
una construccion Kantor-Koecher-Tits modificada, a partir de estas dlgebras
(Ct®C? —).

Una graduacion fina muy importante en el algebra estructurable simple
excepcional de dimensién 56, que es responsable de algunas graduaciones
peculiares en las algebras de Lie simples de tipo E fue estudiada por Diego
Aranda-Orna en su tesis [Aral7] (ver también [AEKI4]), y las graduacio-
nes en las algebras estructurables simples de dimensién 35 descubiertas por
Smirnov [Sm90], las cuales faltaron en la clasificacién inicial de Allison,
también han sido clasificadas por Diego Aranda-Orna (ain no publicado).
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En el proceso de obtencion de las graduaciones en el producto tensorial
(C'®C?, —) encontramos que el problema se podia reducir a encontrar gradua-
ciones en el producto cartesiano C! x C2. Por supuesto esta no es un algebra
simple, sino una semisimple, y no se ha trabajado mucho en graduaciones
en dichas dlgebras. Sin embargo, las herramientas necesarias para movernos
de dlgebras simples a semisimples (esta palabra significard una suma directa
finita de algebras simples) son ya conocidas, por lo tanto partimos de nues-
tro objetivo original para dar clasificaciones completas de graduaciones en
algebras semisimples, una vez que las graduaciones en algebras simples son
conocidas.

Con la clasificaciéon de graduaciones en algebras semisimples a la mano,
pudimos finalmente completar la buscada clasificaciéon de graduaciones en
4lgebras estructurables (C' @ C?, —).

Nos referiremos a graduaciones por grupos cuando pongamos solamente
“eraduaciones”.

La estructura de esta tesis es la siguiente:

En el Capitulo 1 damos definiciones y resultados sobre graduaciones, es-
quemas y algebras lazo que necesitaremos para el resto de la tesis.

El Capitulo 2 estd dedicado a las algebras semisimples las cuales, para
nuestro propésito, definimos como sumas directas finitas de ideales simples
de dimensién finita. Empezamos dando algunos resultados que relacionan
estas algebras con algebras lazo. Luego definimos una graduacion en el pro-
ducto de algebras lazo de algebras simples y damos una clasificacién, salvo
isomorfismo, de tales graduaciones. Finalmente, definiendo una graduacion
en el producto de algebras graduadas, damos la clasificacion de graduaciones
finas en algebras semisimples salvo equivalencia.

En el Capitulo 3 obtenemos las graduaciones en la superalgebra de Jor-
dan de Kac Kyg. Probamos que, para determinar estas graduaciones, es sufi-
ciente obtener las graduaciones, salvo equivalencia e isomorfismo, en K3 x K3
donde K3 es la superalgebra de Kaplansky de dimensién 3, la cual es simple
(charF # 2). Esto sirve como ejemplo de los resultados dados en el Capitulo
2 y servird como preparacién para obtener graduaciones en (C!' ® C?, —) ya
que el proceso es similar.

En el Capitulo 4 recordamos las definiciones de las algebras de Hurwitz
asi como la clasificacién de las graduaciones en ellas. También probamos
un resultado sobre el esquema en grupos de automorfismos de un producto
tensorial de algebras de Cayley que usaremos después para simplificar el
célculo de graduaciones en el producto tensorial de dos algebras de Cayley.

En el Capitulo 5 determinamos las graduaciones en el producto tensorial
de un élgebra de Cayley y un dlgebra de Hurwitz (C! @ C?, —). Para el caso
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donde C! y C? son 4lgebras de Cayley empezamos calculando graduaciones en
el producto directo de ellas, y para este propodsito usamos resultados dados
en el Capitulo 2.



Introduction

Gradings by abelian groups on finite-dimensional simple Lie algebras are
ubiquitous, starting with the root space decomposition with respect to a
Cartan subalgebra in a split simple Lie algebra. However, a systematic study
of gradings was started only in 1989 by Patera and Zassenhaus [PZ89]. Any
grading is a coarsening of a fine grading, so these became a central object of
study. In particular, the root space decomposition mentioned above is fine.
The classification of fine gradings on the finite dimensional simple classical
Lie algebras over an algebraically closed field of characteristic 0 was finally
achieved in |[EId10]. For the exceptional cases, this was achieved through
the work of several authors: Elduque, Draper, Martin-Gonzélez, Bahturin,
Tvalavadze, Viruel, Yu. (See the monograph [EK13] or the survey [DEIG]
for details and references.)

The so called gradings by root systems were introduced by Berman and
Moody [BM92], and studied by many authors: Neher, Benkart, Zelmanov,
Allison, Smirnov, etcetera. These gradings have been used to study interest-
ing families of infinite-dimensional Lie algebras that include the Kac-Moody
Lie algebras.

In 2015, in the effort to classify fine gradings on the exceptional simple
Lie algebras, Elduque [EId15] proved that any fine grading on a finite di-
mensional simple Lie algebra over an algebraic closed field of characteristic
0 is obtained by mixing, in a precise way, a grading by a root system, not
necessarily reduced, of rank equal to the free rank of the universal group of
the fine grading, and a fine grading on the ‘coordinate algebra’ attached to
the grading by the root system. This ‘coordinate algebra’ is, in general, a
nonassociative algebra.

In particular, for the gradings by the nonreduced root system of type
BC1, the coordinate algebra is a structurable algebra.

Structurable algebras were first studied in 1972 in [K72] by I. L. Kantor
who was studying a more general class of algebras called conservative alge-
bras. B. N. Allison introduced structurable algebras, in 1978 in [AI7S], as
unital (no necessarily associative) algebras with involution satisfying some

X
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identities. The best known examples of structurable algebras are Jordan
algebras (with the identity involution).

In [AI78] Allison gave a classification theorem of finite-dimensional cen-
tral simple structurable algebras over a field of characteristic 0 with a missing
item. O. Smirnov proved in [Sm90, Theorem 2.1] that any semisimple struc-
turable algebra is the direct sum of simple algebras. The simple algebras
are central simple over their centre, and thus the description of semisimple
algebras is reduced to the description of central simple algebras. Smirnov, in
[Sm90, Theorem 3.8], also completed the classification of finite-dimensional
central simple structurable algebras over a field of characteristic different of
2, 3 and 5.

Central simple structurable algebras (A, —) give rise to central simple
Lie algebras through different constructions. One example is the modified
Kantor-Koecher-Tits construction used in [AI79] to get all the isotropic sim-
ple Lie algebras over fields of characteristic 0. This is the construction that
lies behind the Lie algebras graded by the nonreduced root system of type
BC,. For a group G, starting from a G-grading on a central simple struc-
turable algebra, we can obtain a Z x G-grading on the associated central
simple Lie algebra. If the grading on the structurable algebra is fine, so is
the grading obtained on the simple Lie algebra.

The main goal of this thesis is the classification of gradings (by groups)
on one of the families of simple structurable algebras: the tensor product of a
Cayley algebra and a Hurwitz algebra (C' ® C?, —) with the involution being
the tensor product of the standard involutions of C! and C? respectively. We
know, by [AI79], that we can obtain the central simple Lie algebras of type
Fy, Eg, E; and Ejg, through a modified Kantor-Koecher-Tits construction,
from these algebras (C' ® C?, —).

A quite important fine grading on the exceptional simple structurable
algebra of dimension 56, which is responsible of some peculiar gradings on
the simple Lie algebras of type F was studied by Diego Aranda-Orna in his
thesis [Aral7] (see also [AEK14]), and gradings on the 35-dimensional simple
structurable algebras discovered by Smirnov [Sm90], which was missing in the
initial classification by Allison, have been classified too by Diego Aranda-
Orna (unpublished).

In the process of obtaining the gradings on the tensor product (C!' ®
C?%, —) we found that the problem could be reduced to the problem of finding
gradings on the cartesian product C!' x C2. Of course this is not a simple
algebra, but a semisimple one, and not much work has been done on gradings
on such algebras. However, the necessary tools to move from simple to
semisimple algebras (and here this word will mean a finite direct sum of
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simple algebras) are already known, so we departed from our original goal
to give complete classifications of gradings on semisimple algebras, once the
gradings on simple algebras are known.

With the classification of gradings on semisimple algebras at hand, we
could finally complete the sought classification of gradings on the structurable
algebras (C' ® C%, —).

We will refer to group-gradings by saying only “gradings”.

The structure of this thesis is the following:

In Chapter 1 we give definitions and results about gradings, schemes and
loop algebras we will need for the rest of the thesis.

Chapter 2 is devoted to semisimple algebras which, for our purpose, we
define as finite direct sums of simple finite-dimensional ideals. We start by
giving some results that relate these algebras with loop algebras. Then we
define a grading on the product of loop algebras of simple algebras and give
a classification, up to isomorphism, of such gradings. Finally, defining a
grading on the product of graded algebras, we give the classification of fine
gradings on semisimple algebras, up to equivalence.

In Chapter 3 we obtain the gradings on the Kac’s Jordan superalgebra
Kig. We prove that, in order to determine these gradings, it is enough to
obtain the gradings, up to equivalence and isomorphism, on K3 x K3 where
K3 is the 3-dimensional Kaplansky superalgebra, which is simple (char F # 2).
This works as an example of the results given in Chapter 2 and will work as
preparation to obtain gradings on (C' ® C?, —) since the process is similar.

In Chapter 4 we recall the definitions of Hurwitz algebras as well as
the classification of gradings on them. We also prove a result about the
automorphism group scheme of a tensor product of Cayley algebras that
we will use later on to simplify the computation of gradings on the tensor
product of two Cayley algebras.

In Chapter 5 we determine the gradings on the tensor product of a Cayley
algebra and a Hurwitz algebra (C' ® C?, —). For the case where C' and C?
are Cayley algebras we start by computing gradings on the direct product of
them, and for this purpose we use results given in Chapter 2.






Chapter 1

Preliminaries

In this chapter we give the definitions and results that we will need later on.

1.1 Gradings

Let V be a vector space over a field F and let G be a set.

Definition 1.1.1. A G-grading I on V is any decomposition of V into a
direct sum of subspaces indexed by G,

r:v=av,

Here we allow some of the subspaces V; to be zero. The set
Suppl':={g e G:V,#0}

15 called the support of I'. The grading is nontrivial if the support consists
of more than one element. If v € V,, then we say that v is homogeneous
of degree g and we write degv = g. The subspace V; is called the homo-
geneous component of degree g. If a grading I' is fized, then V will be
referred to as a graded vector space.

Any element v € V' can be uniquely written as deG vy where vy € Vj
and all but finitely many of the elements v, are zero. We will refer to the
vy ’s as the homogeneous components of v.

There are two natural ways in which a linear map f : V' — W can respect
gradings on V and W.

Definition 1.1.2. Let V be a G-graded vector space and let W be an H-
graded vector space. A linear map f :'V — W will be called graded if for

1



2 CHAPTER 1. PRELIMINARIES

any g € G there exists h € H such that f(V,) C Wy. Clearly, if f(V,) # 0,

then h is uniquely determined.

Definition 1.1.3. Let V and W be G-graded vector spaces. A linear map
f V. — W will be called a homomorphism of G-graded spaces if for
all g € G, we have f(V,) C Wj.

Definition 1.1.4. A subspace W C V is said to be a graded subspace if

W=V, nw).

geG

This happens if and only if, for any element v € W, all its homogeneous
components v, are also in W. Taking Wy, = V, N W, we turn W into a
G-graded vector space so that the imbedding W — V' is a homomorphism of
G-graded spaces. In particular, if H C G, then

VH = @Vh

heH
1s a graded subspace of V.

If U is a G-graded vector space and V is an H-graded vector space,
then the tensor product W = U ® V has a natural G x H-grading given by
Wign) = Uy @ Vy. If both U and V' are G-graded and G is a semigroup, then
W =U ® V can also be regarded as a G-graded vector space:

Wg = @ Ugl ® ‘/92'

91,92€G:g192=9g

Let A be a nonassociative algebra. The most general concept of grading
on A is a decomposition of A into a direct sum of subspaces such that the
product of any two subspaces is contained in a third subspace. Using the
terminology we just introduced, we can state this as follows.

Definition 1.1.5. Let S be a set. A set S-grading on A is a vector space
grading such that the multiplication map A ® A — A is graded (Definition
, where A® A has its natural S x S grading. If such a grading on A
is fized, then A will be referred to as a set graded algebra.

For the following discussion, it will be convenient to discard the homoge-
neous components that are zero, i.e., to assume that S is the support of the
grading:

r :A:@As where A, # 0 for any s € S. (1.1.1)

ses
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Then for any s1,s9 € S either A, A, = 0 or there is a unique s3 € S with
As  As, C As,. Thus the support S is equipped with a partially defined
(nonassociative) binary operation s - so = s3.

Definition 1.1.6. We will say that T" as in (1.1.1)) is a (semi)group grad-
ing if (S,-) can be imbedded into a (semi)group G.

Regarding S as a subset of the (semi)group G and setting A, = 0 for
g € G\ S, we have the next definition.

Definition 1.1.7. A grading by a (semi)group G on an algebra A (not
necessarily associative) over a field F, or a G-grading on A, is a vector

space decomposition
A=PA,

geG

satisfying Ay, Agy C Ag,g, for all g, g2 € G. If such a decomposition is fized
we will referred to A as a G-graded algebra.

Replacing G with a sub(semi)group if necessary, we can assume that G
is generated by S.

Remark 1.1.8. If the algebra A is unital then 1 € A, where e is the neutral
element of G. Let us show this. We have that 1 = ) __.a, (finite sum)
where a, € A,. Then for 0 #x € Ay and h € G

leng agT = A + g aq,

Ee g€G\{e}

T — Qe — E agr = 0.

g€G\{e}

Hence © — a.x = 0 and then x = a.x and a. # 0. Analogously x = xa. for
all x € Ay, and h € G. Therefore a, =1 and so 1 € A,.

geG

S0

Definition 1.1.9. We will say that a grading T' as in is realized
as a G-grading if G is a (semi)group containing a bijective copy of S, the
subspaces
A ._{ As ifg=s€S;
L0 ifgég s

form a G-grading on A as in Definition[1.1.7, and S generates G. A realiza-
tion of I is the G-grading determined by a (semi)group G and an imbedding
S — G as above.
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Definition 1.1.10. Let A be an algebra. A is said to be simple if AA # 0
and the only ideals of A are 0 and A.

Remark 1.1.11. We are interested in studying gradings on Lie algebras
so next result (Proposition 1.12 of [EK13]) tells us that in order to study
semigroup gradings in such algebras we have to study their gradings by abelian
groups. That s why we will work with gradings on abelian groups.

Proposition 1.1.12. Let £ be a simple Lie algebra over any field. If G

is a semigroup and L = @ L, is a G-grading with support S where G is
geG
generated by S, then G is an abelian group.

There are two natural ways to define an equivalence relation on group
gradings. We will use the term “isomorphism” for the case when the grading
group is a part of the definition and “equivalence” for the case when the
grading group plays a secondary role. An equivalence of graded vector
spaces f : V — W is a linear isomorphism such that both f and f~! are

graded maps (Definition [1.1.2)). Let

F:A:@Asandf':B:@Bt

seSs teT

be two gradings on algebras, with supports S and T', respectively.

Definition 1.1.13. We say that I' and I are equivalent if there exists
an equivalence of graded algebras ¢ : A — B, i.e. an isomorphism of
algebras that is also an equivalence of graded vector spaces. We will also say
that ¢ is an equivalence of I' and I"'. It determines a bijection « : S — T
such that (As) = Bas) for all s € S. We will also say that I' and I are
equivalent via (p, ).

In particular, two equivalent gradings on the same algebra A can be
obtained from one another by the action on Aut(.A) and relabeling the com-
ponents.

Definition 1.1.14. We say that two G-graded algebras, A = @QGG A, and
B = ®g€G B, are isomorphic if there exists an isomorphism of algebras
o A — B such that p(A,) = B, for all g € G. We denote this by

AEG B.

We will also say that ¢ is an tsomorphism of G-graded algebras.
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In particular, two isomorphic gradings on the same algebra A can be
obtained from one another by the action of Aut(.A) (without relabeling) and
hence have the same support.

Definition 1.1.15. The automorphism group of I, denoted Aut(T"), con-
sists of all self-equivalences of T', i.e., automorphisms of A that permute the
components of I'. Each ¢ € Aut(T") determines a self-bijection o = a(¢p)
of the support S such that p(A,) = Au) for all s € S. The stabilizer of
I, denoted Stab(T'), is the kernel of the homomorphism Aut(I') — Sym(S)
given by ¢ — a(yp), where Sym(S) denotes the group of permutations of the
elements of S. (In the case of a G-graded algebra this is the same as the group
of automorphisms, Autg(A), in the category of G-graded algebras.) Finally,
the diagonal group of I, denoted Diag(T"), is the (abelian) subgroup of the
stabilizer consisting of all automorphisms ¢ such that the restriction of ¢ to
any homogeneous component of I' is the multiplication by a (nonzero) scalar.

As was pointed out earlier, a group grading I' in general, can be realized
as a G-grading for many groups G. It turns out [PZ89] that there is one
distinguished group among them.

Definition 1.1.16. Let I' be a grading on an algebra A. Suppose that T’
admits a realization as a Go-grading for some group Go. We will say that G
is a universal group of I if for any other realization of I' as a G-grading,
there exists a unique homomorphism Gy — G that restricts to the identity
on Supp .

Note that, by definition, G is a group with a distinguished generating
set, SuppI'. A standard argument shows that, if a universal group exists it
is unique up to an isomorphism over SuppI'. The universal group may not
be abelian. For any grading I we can define the universal abelian group
by the same generators and relations.

Since we are interested in abelian grading groups we will use
the definition of universal abelian group to refer to the “universal
group” and we will denote it by U(I'), from now on we will also
assume that all grading groups are abelian.

The following result ([EK13|, Proposition 1.18]) shows that U(I") exists
and depends only on the equivalence class of T'.

Proposition 1.1.17. Let I' be a group grading on an algebra A. Then there
exists a universal group U(T"). Two group gradings, T' on A and T' on B,
are equivalent if and only if there exist an algebra isomorphism ¢ : A — B
and a group isomorphism o : U(I') — U(I") such that p(Ag) = Bag) for all
geU().
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Remark 1.1.18. Let T be a U(T'Y)-grading and let T? be a U(T'?)-grading.
Suppose T' and T? are equivalent gradings via (o, ), then we will take o

not as the bijection on the respective supports but as the group isomorphism
U - U(r?).

Definition 1.1.19. Let I' : A = P o Ay and I : A = B,y Aj, e two
gradings on A with supports S and T, respectively. We will say that T" is a
refinement of I, or that 1" is a coarsening of I, if for any s € S there
exists t € T such that Ay C A}. If, for some s € S, the inclusion is strict,
then we will speak of a proper refinement or coarsening. We say I' is fine
if it does not admit proper refinements.

Definition 1.1.20. Let G and H be (semi)groups and let o : G — H be a
(semi)group homomorphism. IfI': V = @, V; is a grading on a vector
space V', then the decomposition “I' : V = @, ., V) defined by

Vi= P v,

g€G:a(g)=h

is an H-grading on V.. We will say that T is the grading induced from
I' by the homomorphism «. Notice that the grading induced from I' by o
15 a coarsening of I', not necessarily proper.

Lemma 1.1.21. Let A be an algebra and let T : A = ®96G A, be a grading
by an abelian group G. IfI" : A = @, A, is a refinement of I' where
K =U(I"), then there exists a group homomorphism between K and G given
by
v: K — G
k +—— g, suchthat A; C A,.

Proof. We have the application

®: Suppl” — G
k — g, such that A C A,

Then ® extends to a ¢ : K — G group homomorphism, where ¢(k) = ®(k)
for k € SuppI”. It is enough to prove that ¢ is a homomorphism in Supp I".
Let ki, k2 € SuppI” such that A Aj # 0. Then

{0} # Ay A, © Aptien) Aprn) € Agihnp(h) and

{0} 7é A;€1A§€2 c Az’le < AW(klk?)'
SO Ay (kr)p(ka) = Ap(hi k), hence o(ki)p(ka) = o(kiks).
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The next three results ([EK13, Proposition 1.25], [EK13, Corollary 1.26
and 1.27], respectively) reduce the study of gradings on finite-dimensional
algebras to the study of fine gradings by their universal groups on such alge-
bras.

Proposition 1.1.22. Let I' be a grading on an algebra A. Assume that T" is
a group grading and G = U(T') is its universal group. If T is a coarsening
of T' which its itself a group grading, then, for any realization of I as an
H-grading for some group H, there exists a unique epimorphism o : G — H
such that T = “T". Moreover, if S = SuppI', T'= Suppl” and 7 : S — T
is the map associated to the coarsening, then U (L") is the quotient of G by
the normal subgroup generated by the elements s1s," for all 51,5, € S with

7(s1) = m(s2).

Corollary 1.1.23. Let A be a finite-dimensional algebra. Then all group
gradings on A, up to equivalence, are obtained by taking, for each fine group
grading I' on A, the coarsenings Iy induced by all quotient maps U(I") —
U(T')/N where N is the normal subgroup generated by some elements of the
form s155*, 51,85 € Supp . Moreover, U(T')/N is the universal group of I'y.

Corollary 1.1.24. Let A be a finite-dimensional algebra and let G be a
group. Then all G-gradings on A, up to isomorphism, are obtained by taking,

for each fine group grading I' on A, the G-gradings induced by all homomor-
phisms U(I") — G.

Note that, in general, a given grading can be induced from many fine
gradings, so the descriptions given in Corollaries [1.1.23| and [1.1.24] do not
yet give classifications of gradings up to equivalence and up to isomorphism,
respectively.

1.2 Schemes

Now we give a summary of definitions and results from the theory of affine
group schemes that will be needed for future results. The following can be
found in [EK13l Appendix A].

Let F be a field. Let Algr be the category of commutative associative
unital algebras over F. For R and S in Algy we will denote by Alg(R, S) the
set of all morphisms in the category Algy, i.e., homomorphisms R — S of
unital F-algebras. Let Set be the category of sets.

Definition 1.2.1. Let F and G be two functors from Algp to Set. A natural
map 0 : F — G is a collection of maps 0r : F(R) — G(R), one for each
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R € Algg, that respects morphisms in Algg, i.e., for any homomorphism
w: R— S, the following diagram commutes:

A functor F : Algp — Set is said to be representable if there exists an
object A in Algy such that F is naturally isomorphic to Algg(A,_), i.e., for
each object R in Algg, there is a bijection between F(R) and Alg(A, R) that
respects morphisms in Algg. The object A is called a representing object
for F and it is unique up to isomorphism.

Lemma 1.2.2. (Yoneda) Let F and G be set-valued functors on Algg.
Assume that A and B are representing objects for F and G, respectively.
Then the set of natural maps F — G is in one-to-one correspondence with
the set of homomorphisms B — A. Moreover, the composition of natural
maps corresponds to the composition of homomorphisms in reversed order.

Definition 1.2.3. An affine group scheme over F is a functor G :
Algy — Grp such that the induced functor F o G : Algy — Grp — Set
s representable where F is the forgetful functor and Grp is the category of
groups. We denote the representing object of G by F|G.

Let G and H be affine group schemes. We say that H is a subgroup-
scheme of G if, for any R in Algg, the group H(R) is a subgroup of G(R)
and the injections H(R) — G(R) respect morphisms in Algg, i.e., form a
natural map H — G.

Since the sets G(R) are endowed with multiplication that makes them
groups, the representing object A = F[G] should also carry some additional
structure. Namely, group multiplication defines a natural map of (set-valued)
functors G x G — G, which in view of Yoneda’s Lemma, gives rise to a
homomorphism A : A — A ® A. The associativity of group multiplication
translates to the property (A ® id) o A = (id ® A) o A. The existence of
identity element in each G(R) can be expressed as a natural map from the
trivial group scheme to G, which gives rise to a homomorphism ¢ : A — F.
The definition of identity element translates to the property (¢ ® id) o A =
id = (id®¢e) o A where we identified F® A and A®F with A. The existence
of inverses can be expressed as a natural map G — G, which gives rise to
a homomorphism S : A — A. The definition of inverse translates to the
property mo (S®id)oA=noe=mo(id®S)oA wherem: A A— A
is the multiplication map and 7 : F — A is the map A — A1 4.
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Definition 1.2.4. A (counital coassociative) coalgebra is a vector space C
with linear maps A : C - C®C and € : C — F called comultiplication and
counit, respectively, such that the following equations hold:

(A®id) oA = (id® A) oA (coassociativity);

(e®id)o A =id=(id®ec)o A (counit axiom).
A coalgebra C is said to be cocommutative if A = 70 A where 7 : C ®
C—>C®Cisthe “flip” a®@b+— b®a. If C and D are coalgebras, then a
linear map f : C — D is said to be a homomorphism of coalgebras if
(f@f)oAc=Apo fandec =cpo f. A subcoalgebra of C is a subspace
D satisfying A(D) C D ® D. A cotdeal of C is a subspace I satisfying
A(l)CI®C+C®I ande(I) = 0.

The notion of coalgebra is the formal dual of the notion of (unital associa-
tive) algebra. Indeed, the latter can be expressed in terms of multiplication
map m and unit map 7.

Definition 1.2.5. A bialgebra is a unital associative algebra B with linear
maps A : B — BB and e : B — F such that (B, A, ) is a coalgebra, and A
and € are homomorphisms of unital algebras (or, equivalently, m and n are
homomorphisms of counital coalgebras). A bialgebra B is said to be a Hopf
algebra if there exists a linear map S : B — B, called antipode, such that
the following equation holds:

mo(S®id)oA=noe=mo (id® S)oA (antipode axiom).

If an antipode exists, it is unique. It is automatically an algebra
anti-homomorphism, i.e., S(1) = 1 and S(ab) = S(a)S(b) for all a,b € B,

and a coalgebra anti-homomorphism [Swe69).

In particular, if B is commutative, then S : B — B is a homomorphism.
We see that the additional structure on the representing object F|G] is pre-
cisely what is required to make it a commutative Hopf algebra. Conversely, if
A is a commutative Hopf algebra, then, for any R in Algy, the set Alg(A, R)
can be endowed with multiplication. Namely, for f,g € Alg(.A, R) we define
fg as follows:

(f9)(a) = Z f(ai)g(al)for all a € A where A(a) = Zag ®a; (1.2.1)

This multiplication is associative (because the coassociativity of A), the map
a +— €(a)lg is the identity element, and f o .S is the inverse of f. It follows
that Alg(A, _) is an affine group scheme. Looking at the proof of Yoneda’s
Lemma [EK13, Lemma A.1], one can verify that, if G is an affine group
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scheme and A = F[G], then the multiplication defined by coincides
with the original multiplication in G(R), and, if A is a commutative Hopf
algebra and G = Alg(A, _), then the Hopf algebra structure on A as the
representing object of G coincides with the original one. Thus we have a
one-to-one correspondence (more precisely, a duality of categories) between
affine group schemes and commutative Hopf algebras. An affine group scheme
is abelian if and only if the corresponding Hopf algebra is cocommutative.

Definition 1.2.6. Let G' be a group. The group algebra FG becomes a Hopf
algebra if we declare all elements of G group-like, i.e., define A by setting
Alg) = g® g for all g € G. If G is abelian, then FG is commutative and
hence gives rise to an affine group scheme, which we will denote by GP and
it is called the Cartier dual of G. For any R in Algg, we have

GP(R) = Hom(G, R*),

(see [EK13, Chapter 1, 1.4]). Affine group schemes of this form are called
diagonalizable.

Definition 1.2.7. Let G and H be affine group schemes. A morphism 0 :
G — H is a natural map such that, for all R, the map 0(R) =: 0r : G(R) —
H(R) is a homomorphism of groups. It follows from Yoneda’s Lemma that
there is a unique homomorphism of Hopf algebras 0* : F[H| — F[G] such that
Or(f) = fo 0 for all f € Alg(F[G], R). We will call 6* the comorphism
of 0. Note that (610)* = 0507. Thus Yoneda’s Lemma establishes a duality
between the category of affine group schemes and the category of commutative
Hopf algebras. If such map Or is a isomorphism of groups for all R in Algg
then we say that 6 is an isomorphism of affine group schemes.

Definition 1.2.8. A morphism 0 : G — H is said to be a closed imbedding
if 0 is surjective. It follows that, for any R, the map Og is injective. A
morphism 0 : G — H s said to be a quotient map if 0* is injective. This
does not imply, however, that all O are surjective.

Let A be a nonassociative algebra over F such that dimA = n < oc.
Then for any R in Algg, the tensor product 4 ® R is an algebra over R.
Define

Aut(A)(R) := Autpr(A® R),

this is, the group of automorphisms of A ® R as an R-algebra. This defines
the affine group scheme Aut(A).

Let ' : A = @geG A, be a G-grading on an algebra A. Define the
subgroupscheme Diag(T") of Aut(A) as follows:
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Diag(I')(R) := {f € Autr(A® R) : f |4,0rE R*ids,er for all g € G}.

Clearly, Diag(I') = Diag(I")(F). We have that Diag(I") is diagonalizable, so
Diag(T") = UP for some finitely generated abelian group U. It results that
U=U() [EK13, p. 23].

Remark 1.2.9. i) Let I be a U-grading on an algebra A where U = U(T).
Then, for all R € Algg,

Hom(FU, R) ~ U”(R) ~ Hom(U, R*).

The first isomorphism comes from the definition of group scheme and from
the fact that F[UP] = FU and the second isomorphism comes from Definition
[L.2.0

i) There is an isomorphism of schemes UP — Diag(T"). For R € Algy,
x:U—R* z, €A, and u € U we have the following isomorphism

Q(R): Hom(U,R*) — Diag(l')(R)
X — Iyt AR — A®R
Ty @1 > X, @ x(u)r.

Then Q(R) together with the isomorphism UP(R) ~ Hom(U, R*) from i)
give us the isomorphism of schemes UP — Diag(T").

Definition 1.2.10. For an algebra A in Algg, we will write rad A for the
nilradical of A, i.e., the set of all nilpotent elements of A. We will say that
A is reduced if rad A = 0.

Let F be an arbitrary field. Let G be an affine group scheme over F. Then
F[G] := F[G] ® F is a commutative Hopf algebra over F. An affine group
scheme G is said to be smooth if rad F[G] = 0.

There are several results concerning to quotient maps and closed imbed-
dings using smoothness. Like the next one (Theorem A.50 of [EK13]) which
we will use later on.

Theorem 1.2.11. Let 6 : G — H be a morphism of affine algebraic group
schemes. Assume that G or H is smooth. Then 0 is an isomorphism if and
only if

1) 0z : G(F) — H(F) is bijective and

2) df : Lie(G) — Lie(H) s bijective.
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1.3 Loop algebras

The next definitions and results can be found in [ABFP|. Let F be an arbi-
trary field. All algebras are assumed to be algebras (not necessarily associa-
tive or unital) over F. We also assume that G is an abelian group.

Definition 1.3.1. Suppose that m : G — G is a group epimorphism, where
G is an abelian group. We write w(g) = g for g € G. Suppose there is a
G-gradingT : A = @D, Ag- Then the tensor product AQFG is a G-graded
algebra over F where (A®FG)y = A® g for g € G. Let us set

L.(A) =) A;@g

geG

in AQFG. Then L.(A) is a G-graded subalgebra of A @ FG with
Lﬂ(-A>g =A;®9

for g € G. This algebra is called the loop algebra of A relative to w. If we
denote the above G-grading on L.(A) by I we will say that T" is the grading
induced by T on L, (A).

Definition 1.3.2. Let B be an algebra. Let Multy(B) be the unital subalgebra
of Endg(B) generated by {Idg} U {l,:a € B} U{r,:a € B}, wherel, (resp.
r,) denotes the left (resp. right) multiplication operator by a. Multp(B) is
called the multiplication algebra of B. The centroid of B is the central-
izer of Multg(B) in Endg(B) and it is denoted by C(B). C(B) is a unital
subalgebra of Endg(B).

Definition 1.3.3. For an algebra B over F and x,y,z € B we have the
commutator of x and y given by [z,y| := xy — yx and the associator of
x,y, z given by (z,y, z) :== (zy)z —x(yz). The nucleus N(B) of B is defined
to be the set

NB)={xeB:(z,B,B)=(B,z,B)=(B,B,x) =0}.

The subset
Z(B):={ce N(B):|[C,B] =0}

1s called the centre of B.

Next remark is [ABFP, Remark 4.1.2].
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Remark 1.3.4. If B is a unital algebra, then the map a — l, is an algebra
isomorphism of the centre of B onto C(B). Suppose that B = @, ., B, is a
G-graded algebra. For g € G, we let

geG

EIld]F(B>g = {f € EHd]F(B> : f(Bk) Q ng fO’I” ke G}
Then @, Endr(B), is a G-graded subalgebra of Endp(B). We set
Multr(B), = Multg(B) N Endg(B), and C(B), = C(B) N Endg(B), (1.3.1)

forg € G. It is clear that Multp(B) = D, Multy(B),, and hence Multg(B)
is G-graded. Although the centroid is not in general G-graded, it does have
this property in many important cases (see for example Lemma below).

Definition 1.3.5. Let B be an algebra. If B is a G-graded algebra we say

that B is G-graded-simple if BB # 0 and the only graded ideals of B are
{0} and B. If there is no confusion about the grading group we can simply
write “graded-simple”.

If B is a G-graded algebra and BB # 0 then B is simple if and only if for
each nonzero homogeneous element « € B we have B = Mult(B)x. The next
result is [ABFP, Lemma 4.2.2]

Lemma 1.3.6. Suppose that B is a G-graded algebra. Then
B is simple < B is graded-simple and C(B) is a field.
Consequently, if C(B) = F1 and B is graded-simple then B is simple.

The following result ([ABFP], Lemma 4.2.3]) gives us some properties for
the centroid when we assume that the algebra is G-graded-simple.

Lemma 1.3.7. Suppose that B is a G-graded-simple algebra. Then
(i) B = BB and so C(B) is commutative.
(i) C(B) = D eq C(B)y, and so C(B) is a G-graded algebra.
(iii) Each nonzero homogeneous element of C'(B) is invertible in C'(B).
(iv) C(B). is a field, for e the neutral element in G.
(v) B and C(B) are naturally G-graded algebras over the field C(B)e.

Definition 1.3.8. Let B be a G-graded-simple algebra. Define
Supp, C(B) :={h € G : C(B), # 0}.

We call Suppg C(B) the central grading group of B.
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Effectively Supp, C(B) is a subgroup of G, this is because for every h €
Suppg; C(B) if we take 0 # z € C(B)), then by Lemma [1.3.7] (iii) there exists
0 # y € C(B) such that xy = 1, where 1 denotes the unital element in C'(B),
then y € C'(B),-1, and therefore h~' € Supp, C(B). Since deg1 = e where ¢
denotes the identity element of G (see Remark [I.1.8)), then e € Supp C(B).

By Lemma [1.3.7] (i) if B is a G-graded-simple algebra then it induces a
G-grading on its centroid C'(B). We will denote this G-grading induced by
I' on the centroid as I'c(z).

Lemma 1.3.9. Let G and K be abelian groups. Let I" : B = @, x B, be
a K-grading where K = U(L") and let I' : B = @ By be a G-grading.
Suppose B is a K-graded-simple algebra and a G-graded-simple algebra. If T”
s a refinement of I' then F’C(B) is a refinement of I'c(p).

Proof. Consider the homomorphism of groups, given in Lemma [1.1.21] in-
duced by the refinement of I’

v: K — G
k +—— g, such that B C B,.

Let I't )+ C(B) = @pex C(B); and I'ew) : C(B) = @ e C(B)y be the
induced gradings on the centroid C'(B) of B which exist by Lemma [1.3.7]
Let f € C(B)}, for k' € K. Since I is a refinement of I' we have B, =
Drex. o= Bi for g € G. Then

f(By) —f( D 32>— © /By D B

keK: p(k)=g keK: p(k)=g keK: p(k)=g

C D  Bowew) = B
keK: o(k)=g

Hence f € C(B)y), then C(B)jy € C(B)yw) and so I' 4 is a refinement
of Fc(lg).
[

Definition 1.3.10. Let B be an algebra. Then F1 C C(B) and we say that
B is central if F1 = C'(B). We say that B is central-simple if B is central
and simple.

Suppose that B is a G-graded algebra, then F1 C C(B). € C(B), where
C(B). ={ce C(B):cB,) CB, for ge G}. We say that B is graded-
central if C(B). = F1. And we say that B is graded-central-simple if B
18 graded-central and graded-simple.
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The next result is [ABFP, Lemma 4.3.4].

Lemma 1.3.11. Let B a G-graded-simple algebra. Suppose either that dim B,
1 for some g € G or that F is algebraically closed and 0 < dim B, < oo for
some g € G. Then B is graded-central-simple.

The next result is [ABFP|, Lemma 4.3.5].

Lemma 1.3.12. Suppose that B is a G-graded-central-simple algebra. Then
C(B) has a basis {cp}hen, where H = Supp C(B), such that ¢, € C(B)y, is
a unit of C(B) for h € H. Hence if h € H and g € G, then By, = ¢, By.

Definition 1.3.13. Let B be a G-graded-central-simple algebra. We say that
the centroid C(B) of B is split if

where H = Supp, C(B). Note that both C(B) and FH are G-graded since H
is a subgroup of G. Thus we can alternately write C(B) ~¢ FH. Note also
that C(B) is split if and only if a basis {cy} e for C(B) can be chosen as in
the previous lemma with the additional property that cycy = cq4y for g, f € G.

If B is an algebra, let
Alg(C(B),F)

denote the set of all unital F-algebra homomorphisms of C(B) into F.
The next result is [ABFP, Lemma 4.3.7].
Lemma 1.3.14. Suppose that B is a G-graded-central-simple algebra. Then
C(B) is split < Alg(C(B),F) # 0.

There are two cases when C'(B) is always split and they are shown in the
next result ([ABEP, Lemma 4.3.8]).

Lemma 1.3.15. Suppose that G s finitely generated and free, or that F
15 algebraically closed. If B is a G-graded-central-simple algebra, then the
centroid of B is split.

The next result is [ABFPl, Lemma 4.4.1].

Lemma 1.3.16. Suppose that B is a G-graded-central-simple algebra. Choose
a set © of coset representatives of Suppg, C(B) in G, and for 6§ € ©, choose
a F-basis X? for By. Using these choices let

X = Upeo X?.

Then X is a homogeneous C(B)-basis for B. Hence B is a free C(BB)-module
of rank Y y.q dimp(By) (where we interpret the sum on the right as oo if any
of the terms in the sum is infinite or if there are infinitely many nonzero
terms in the sum).
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From now on suppose that H is a subgroup of the abelian group G.
Suppose further that 7 : G — G is a group epimorphism of G onto an abelian
group G such that ker 7 = H. We will see some results about centrality and
simplicity of the loop algebra L,(.A). The next result is [ABFPL Lemma
5.1.1].

Lemma 1.3.17. Suppose that A is a G-graded algebra. Then
A is graded-simple < L (A) is graded-simple.
The next result is [ABFPL Lemma 5.1.3].
Lemma 1.3.18. Suppose that A is a G-graded algebra.

(1) If A is graded-simple, then
A is graded-central < L. (A) is graded-central.
(i1) If A is graded-central-simple, then
A is central-simple < Supps C(Lr(A)) = ker 7.
(i1i) If A is central-simple, then
C(Lr(A)) = spang{Ligy : h € H := Suppg C(L(A))} ~¢ FH,

where Ligy, denotes the homomorphism a; ® g — ag ® gh, for az ® g €
L.(A), and g € G. In particular, the centroid of L.(A) is split.

Definition 1.3.19. (i) We let U(G) be the class of G-graded algebras A such
that A is central-simple as an algebra.

(ii) We let B(G, H) be the class of G-graded algebras B such that B is
graded-central-simple, the centroid of B is split and Supp, C(B) = H. Equiv-
alently B(G, H) is the class of G-graded algebras B such that B is graded-
central-simple and C(B) ~¢ FH.

The next remark is [ABFP], Remark 5.2.2].

Remark 1.3.20. The class U(Q) is closed under graded-isomorphism. That
is, if A and A" are G-graded algebras such that A € U(G) and A ~g A,

then we also have A" € U(G). Similarly B(G, H) is closed under graded-
1somorphism.
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In the next result (Proposition 5.2.3 [ABEP]) it is used the loop construc-
tion and the previous lemmas to establish a relationship between the classes
U(G) and B(G, H). This relationship will be explored in more detail in the
Correspondence Theorem (Theorem [1.3.32).

Proposition 1.3.21. Let A be a G-graded algebra. Then the following state-
ments are equivalent:

a) A€ U(G).
b) L.(A) € B(G, H).
¢) L.(A) is a graded-central-simple with central grading group H.

Lemma 1.3.22. Let 7 : G — G be a_surjectie group homomorphism with
kernel H and let A be a central-simple G-graded algebra. Then the associated
loop algebra L, (A) is graded-central-simple and the map

FH — C(Lx(A))
h (:v@g»—>x®hg)

for any g € G and x € Az where H := Supp, C(L.(A)), is an isomorphism
of G-graded algebras.

Proof. 1t follows from Lemma [1.3.18| (iii) and Proposition |1.3.21 O

The construction of the loop algebra gives us a way to pass from a G-
graded algebra to a G-graded algebra. In order to provide an inverse for this
construction, we will need certain algebra homomorphisms, called central
specializations from G-graded algebras to G-graded algebras. Again we will
assume that H is a subgroup of an arbitrary abelian group G and that
7: G — G is a group epimorphism such that H = ker 7.

Definition 1.3.23. Let B be a G-graded algebra and let p € Alg(C(B),F).
A p-spectalization of B is a nonzero algebra epimorphism ¢ : B — A onto
a G-graded algebra A such that the following conditions hold:

a) p(By) C Ay for g € G.
b) p(cx) = p(c)p(x) for c € C(B), x € B.

If o : B — A is a p-specialization, we call A a p-tmage of B. A central
specialization of B is a map ¢ : B — A that is a p-specialization of B
for some p € Alg(C(B),F). Similarly a central image of B is a G-graded
algebra that is a p-image of B for some p € Alg(C(B),F).
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The next remark is [ABFP], Remark 6.1.3].

Remark 1.3.24. Let B be a G-graded algebra and let p € Alg(C(B),F).
(i) Since B is G-graded, B has a natural G-grading defined by

By= > B

keG: k=g

for g € G. Then assumption a) in Definition|1.3.25 says that o is a G-graded
map.

(ii) Suppose B’ is another G-graded algebras and B : B — B is an iso-
morphism of G-graded algebras. Then 3 induces an algebra isomorphism

C(p):C(B)— C(B)

defined by C(B8)() = Bod o B! for ¢ € C(B). It follows that C(B') =
D C(B')1 and that C(B) is an isomorphism of G-graded algebras. More-
over, if ¢ : B — A is a p-specialization of B, then @ o (3 is a po C(f)-
specialization of B'. Consequently if A is a central image of B then A is also

a central image of B'. B
(iii) If A is a p-image of B and A’ is a G-graded algebra such that A ~g
A, then A’ is also a p-image of A.

The next example (JABFPl, Example 6.1.4]) is the construction of a par-
ticular p-specialization which will be very useful in our study.

Example 1.3.25. Let B be a G-graded algebra which satisfies the following
conditions:

a) C(B) is commutative and C(B) = @, .y C(B)n (where C(B)y, is defined
by forhe H).

b) B is a nonzero free C(B)-module (under the natural action).

(Note that by Lemmas (i) and (ii) and these conditions are
satisfied if B € B(G, H).) Suppose p € Alg(C(B),F). Let

(ker p)B = spang{cz : ¢ € kerp, z € B}.

Then (ker p)B is an ideal of B (as an algebra). Also, regarding B as G-graded
as in Remark|1.3.24| (i), we have, using assumption a), that

(ker p)B € C(B)B; € (ch)h) >, Bi|CB

heH
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for g € G. It follows from this that (ker p)B is a G-graded ideal of B. Thus
the quotient algebra
B/(ker p)B

has the natural structure of a G-graded algebra. Observe also that ker p #
C(B) and so, by assumption b), (ker p)B # B. (Actually it would be enough
to assume in place of b) that B is a faithfully flat C(B)-module.) Thus
B/ (ker p)B # 0. Finally, let p, : B — B/(ker p)B be the canonical projection
defined by

pp(x) = x + (ker p)B

for x € B. Note that since (¢ — p(c)l)x € (ker p)B, we have

polcx) = p(c)p,(2)

for ¢ € C(B), x € B. Thus p, is a p-specialization of B. We call p, the
universal p-specialization of B.

If Bis in B(G, H), then by Lemma we have Alg(C(B)F) # 0.
Moreover, B satisfies assumptions a) and b) of Example , and so, for
p € Alg(C(B)F), we can construct the universal p-specialization p, : B —
B/(ker p)B of B. In part (i) of the next result (JABEFPL Proposition 6.2.1]),
we see that p, is the unique p-specialization of B and we see why the name
of “universal” p-specialization.

Proposition 1.3.26. Suppose that B € B(G, H), p € Alg(C(B),F), A is a
G-graded algebra and ¢ : B — A is a p-specialization of B. Then

(i) There exists a unique G-graded isomorphism x : B/(ker p)B — A such
that ¢ = K o p,,.

(ii) If X is a homogeneous C(B)-basis for B chosen as in Lemma/[1.5.13,
then ¢ maps X bijectively onto a F-basis o(X) of A.

(ili) For g € G,  restricts to a linear bijection of B, onto Ajy.

(iv) Lr(A) ~g B via the isomorphism

w: B — L;(A)
o= () @y

forz € By and g € G.
(v) A € U(G).

Since 7 : G — G is surjective, 7 has a right inverse as a map of sets. Fix
a choice ¢ of such a right inverse. So £ : G — G is a map of sets such that

7TO£:1§.
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Definition 1.3.27. Let x be a character of H, i.e. x € Hom(H,F*). Also
let A be a G-graded algebra. We define a G-graded algebra A, as follows. As
a G-graded vector space A, = A. Further, the product -, on A, is defined by

w0 = x(§(g1) +£(72) — £(91 + 92))uv
for g1, 52 € G, u € Agr, v € Ay,. We call A, the twist of A by .

Suppose that y and A are as in the above definition. It can be checked
that, up to G-graded isomorphism, A, is independent of the choice of the
right inverse ¢ for m. Twists of A have the following properties (JABFP
Lemma 6.3.4]).

Lemma 1.3.28. Suppose that A is a G-graded algebra.

(i) If A" is a G-graded algebra such that A ~g5 A’, then A, ~5 A, for
x € Hom(H,[F*).

(ii) If 1 € Hom(H,F*) is the trivial character (that is 1(h) = 1 for all
h € H), then A; = A.

(ili) If X1, X2 € Hom(H,F*) then (Ay, )y, = Ayixe-

(iv) If x € Hom(H,F*) extends to a character of G, then A, ~g A.

(v) If F is algebraically closed, then A, ~g A for any x € Hom(H,F*).

Definition 1.3.29. Let A and A’ be G-graded algebras, we say that A and
A" are similar relative to m, written A ~, A', if A" ~ A, for some
x € Hom(H,[F*).

The next remark is [ABFP], Remark 6.3.7].

Remark 1.3.30. (i) The relation ~, depends on the group epimorphism
m: G — G (with kernel H) but not on the choice of the right inverse & for
.

(ii) 1t follows form parts (i)-(iii) of Lemma that ~ is an equiva-
lence relation on the class of G-gmied algebras.

(iii) Suppose that A and A" are G-graded algebras. By Lemma (1)
we see that

~F A=A ~r A

Moreover, if F is algebraically closed, then by Lemma (v), we have
~F A < A ~r A
The next result is [ABEFPL Proposition 6.5.2].

Proposition 1.3.31. Suppose that B € B(G, H) and A is a G-graded alge-
bra. Then the following statements are equivalent:
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a) Ly(A) ~q B.

b) Ais a central image of B.

c) Ax~g B/(ker p)B for some p € Alg(C(B),F).
Moreover, if a), b) or ¢) hold, then A € (G).

Now we use the results to prove the main theorem about the loop al-
gebra construction. This theorem tells that the loop construction induces
a correspondence between similarity classes of G-graded algebras in U(G)
and graded-isomorphism classes of G-graded algebras in B(G, H). The in-
verse correspondence is induced by central specialization. The next result is
[ABFPL Theorem 7.1.1].

Theorem 1.3.32. (Correspondence Theorem)

Let H be a subgroup of G and let 7 : G — G be a group epimorphism
such that kerm = H. For a G-graded algebra A, let Lo(A) =Y o Az ® g,
where g = 7(g).

(i) If A € U(G), then L.(A) € B(G, H).

(ii) If B € B(G, H), then there exists A € (G such that L,(A) ~¢ B.
Moreover the G-graded algebras A with this property are precisely the central
images of B.

(iii) If A, A" € U(G), then Lr(A) ~g L.(A") if and only if A ~ A’

(iv) If A € WG), B € B(G,H) and B ~g L.(A), then A is finite
dimensional if and only if B is finitely generated as a module over its centroid.






Chapter 2

Gradings on Semisimple
algebras

Recall that we are interested in gradings by abelian groups (see Remark
1.1.11f), we will assume in the whole chapter that all the algebras are
finite-dimensional over an algebraically closed field F and all the
grading groups are abelian.

In this chapter a semisimple algebra will be defined as a finite direct sum
of simple ideals. In Section 1 we will prove that a semisimple G-graded-
simple algebra is isomorphic, as G-graded algebra, to the loop algebra of any
of its simple ideals (Theorem . We will show that for a G-grading on a
semisimple algebra, there is a decomposition of it as direct sum of G-graded-
simple minimal ideals (Lemma [2.1.15). We define a group-grading on the
product of loop algebras of simple algebras which we will call loop product
group-grading. This last grading will be important because any group-grading
on a semisimple algebra is isomorphic to a loop product group-grading. So,
the study of group-gradings on semisimple algebras is equivalent to the study
of loop product group-gradings. In Section 2 we give the classification, up to
isomorphism, of group-gradings on loop product group-gradings. In Section
3 we prove that there is a direct relation between the universal group of
a simple algebra and the one of its loop algebra (Lemma . We also
give the classification, up to equivalence, of group-gradings on loop product
group-gradings. In Section 4 we define the product group-grading which is
a group-grading on the direct sum of group-graded algebras by the direct
product of their grading groups. Using this definition, we give a classification
of fine group-gradings (Theorem [2.4.12). Finally we give a classification of

product group-gradings up to equivalence (Corollary [2.4.13)).

23
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2.1 Gradings on semisimple algebras

We will start giving the definition of semisimple algebra that will be used
here.

Definition 2.1.1. An algebra B over a field F will be called semisimple
ifB=A & - ® A, where Ay, ..., A, are simple ideals of B. We will call
sitmple factor of B to each A; for i = 1,...;n. This is an odd definition
of semisimplicity, however it is the most practical for the purposes of this
work. Analogously, if we have simple algebras Ay, ..., A, over a field F we
can consider the cartesian product of them B = Ay x---x A,, as a semisimple
algebra. Notice that each 0 x --- x A; X --- x 0 is a simple ideal of B for
1=1,...,n.

Remark 2.1.2. Consider the F-algebra B; = A1 & - - - B A,, where the A; are
ideals of By fori=1,...,n and the algebra By = Ay X - - - x A,, constructed as
the cartesian product of the F-algebras A;, i = 1, ...,n. We have the following
isomorphism of algebras

()0: Alx"'xAn % Al@‘.'@An
(a1, ..., an) — ap -+ an.
It is straightforward to check that for a group G, any G-grading on Ay X - - - X
A, induces a G-grading on Ay ® - -- ® A, and vice versa, by means of

(A1 D An)g = p((Ar X - X Ay)y).
We will identify both algebras and both group-gradings.

Remark 2.1.3. If T is algebraically closed, then any finite-dimensional sim-
ple algebra is automatically central-simple by [Jac78, Theorem 10.1].

Lemma 2.1.4. Let H be a group such that |H| = n. Let x1,...,xn : H —
F* be distinct homomorphisms. Then charF does not divide n and H =
{X1, - Xn}-

Proof. By Dedekind’s Lemma ([Jacl, Dedekind Independence Theorem, Chap-

ter 4.14]) x1, ..., X are linearly independent. Since |H| = n, we have that
(}\imF(FH ) =n and then (FH)* = Homy(FH,F) has dimension n. Therefore
H={x1, s Xn}

Suppose char F = p divides n = p” - p3* - - - ps where p, pa, ..., ps are prime
numbers and 7,75, ...,7s € N. Then there exists a Sylow p-subgroup of H
which we will denote by P, that is, |P| = p". For all x € H and g € P we
have g?" = e, applying ¥ we have x(g)” = 1 and since charF = p, we get
X(g) = 1. Then x is character of H/P, so H ~ ([?/73) has at most n/p"
elements which leads to a contradiction. O]
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The next remark can be deduced from [EM94, Chapter I, section 2].

Remark 2.1.5. Let A be a simple algebra over an algebraically closed field F.
Then C(A) ~F. Moreover if A is a semisimple algebra with decomposition
A=8& &S, into simple ideals S; of A, then C(A) ~ C(8&)®---dC(S,).

Lemma 2.1.6. Let B=A; ®--- d A, be an algebra where Ay, ..., A, are
simple ideals of B. Suppose that B is a G-graded-simple algebra. Then char F
does not divide n and the group of characters of H = Suppg C(B) has exactly
n elements.

Proof. By Remark we have that C(B) ~ C(A) & ---®C(A,) ~F &
.-+ @ F. From this and the fact that F& --- @ F ~ F x --- x F we have
an isomorphism f : C(B) — F x --- x F, which we can compose with the
canonical projections 7; : F x --- X F — F for ¢ = 1,...,n to get n different
homomorphisms of unital algebras

By Lemma C(B) is a G-graded algebra and each nonzero homogeneous
element of C'(B) is invertible in C(B) (that is C(B) is a graded field). Let
H := Suppg C(B), notice that |H| = n. By Lemma we have that B
is graded-central-simple. By Lemma C(B) is split, then we have an
isomorphism of H-graded algebras

¢: FH — C(B)
h — ChEC(B)h.

This implies that dim C(B);, = 1 for all h € H. In particular, for all h € H
there exists a unique ¢, € C(B), such that 7 (c;) = 1.

We have that x;1 =T 0@ |y, ..., Xn = Trno¢ |y are n different characters
of H where x is the trivial character, i.e. x1(h) = 1 for all h € H. Then by
Lemma [2.1.4] char F does not divide n and H = {x1, ..., Xn}- O

The next result together with Remark shows that a semisimple
algebra which is graded-simple is isomorphic to the loop algebra of any of
its simple factors. This is useful because sometimes it is easier to apply the
theory of loop algebras.

Theorem 2.1.7. Let B = A1 & --- & A, be an algebra where Ay, ..., A,
are simple ideals of B. Suppose that B is a G-graded-simple algebra. Denote
again by m the natural projection B — A;. Let H = Suppg C(B) and let w
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be the canonical projection : G — G =G/H. Then A, is a G-graded ideal
for the G-grading on B induced by m and B ~¢ L.(Ay) via the isomorphism

w: B — L.(A)
z = p(z)®g

forz e B, and g € G.

Proof. By the proof of Lemma we have that B € B(G, H). Consider
p =m € Alg(C(B),F), then (kerp)B = Ay & --- P A, and m is a p-
specialization. Then by Proposition iv) w is an isomorphism of G-
graded algebras. O]

Remark 2.1.8. Notice that Theorem still works if we replace A; by
A; fori=1,2,...,n. Taking p = 7; the proof works on the same way.

Now we give the characterization of the semisimple loop algebras.

Theorem 2.1.9. Let 7 : G — G be a surjective group homomorphism of
abelian groups with finite kernel H = kerm. Let A be a central-simple G-
graded algebra and let L.(A) be the associated loop algebra. Then L.(A) is
semisimple if and only if the characteristic of F does not divide |H|.

If this is the case then L.(A) is isomorphic to the cartesian product of
|H| copies of A.

Proof. Since A is simple, it is graded-simple and by Lemma L.(A)is
also graded-simple. Then, by Lemma A is graded-central-simple and
by Lemma (i) Supps C(L.(A)) = H.

Assume L, (.A) is semisimple, then by Lemma we have that charF
does not divide |H|.

Suppose charF does not divide n = |H|. In this case, the group of
characters of H consists of n elements: H = {X1,---,Xn}. Also, as F is
algebraically closed, F* is a divisible group and hence these characters may
be extended to characters on the whole GG. Consider the linear map:

Q:L(A) — Ax---x A (ncopies)
g ® g = (x1(9)xg, . Xu(9)7g)

for 7;® g € L;(A), and g € G. The linear map ® is a homomorphism of G-
graded algebras, where the G-grading on L, (A) is given by the coarsening of
I induced by 7, and the G-grading on A x - - - X A is given by (Ax -+ x A); =
Az x - x Ag for g € G. For any g € G in the support of T, fix a pre-image



2.1. GRADINGS ON SEMISIMPLE ALGEBRAS 27

g € G, and let H = {hy,...,h,}. The restriction of ® to the homogeneous
component of degree g is given by:

Lr(A)g = @LW(A)ghi = @Ag ®@ ghiy — Az x -+ x Aj
i=1

i=1

Z a; ® gh; — Z()ﬁ(ghz‘)% - Xn(ghi)a;)
=1 i=1

where ay,...,a, € Az. But the matrix (Xj(ghi)> is regular, and

1<i,j<n B
hence ® is bijective on each nonzero homogeneous component of the G-
gradings. [

Definition 2.1.10. Given a group G and G-graded algebras B for i =
1,...,n, there is a natural G-grading on the direct sum B* @ ---® B" (analo-
gously, on the cartesian product B' x -+ x B") determined by

B'@ - oB),=B,® @B}

for any g € G. This G-grading will be denoted by I'* x¢ -+ xg I'™ and will
be called product G-grading of T'',....T"™ where I'" is the G-grading on B’
fori=1,...n.

Now we will define a particular group-grading and we will prove later
(Theorem that any group-grading on a semisimple algebra is iso-
morphic to one of this form. Then, in order to classify group-gradings on
semisimple algebras, it is enough to classify this particular group-gradings.
We will do such classification in Theorem for isomorphisms and in The-
orems [2.3.7| and [2.3.8| for equivalences.

Definition 2.1.11. Let H; be a subgroup of G for i = 1,...,n and let ; :
G — G; be a group epimorphism_such thoz kerm; = H;. Let A; be a G-
graded-simple algebra and let Iy (G;) be a Gi-grading on A; fori=1,...,n.
Denote by

(G, T (Gh),..T% (Gy))

the G-grading on B := L., (A;) X -+ X Ly (A,) constructed by considering
the loop algebras L., (A;) for i = 1,...,n and taking By := L (A1)y X -+ X
L. (Ay)g for g € G. We will call this group-grading the loop product
G-grading of T (G1),...,.I"y (G,).

Now we give an example of such group-grading.
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Example 2.1.12. Let A = My(F) be the algebra of 2 x 2 matrices on F.
Consider the algebra B = A* and the group G = Z/4 x Z/2, where Z/n :=
Z/nZ. Denote by i the class of n modulo 4 and by n the class of n modulo
2. Let H = ((2,0)) and Hy, = ((0,1)) be subgroups of G. Consider the
canonical projections

m:G—>G/H ~7/2x7Z/2 and 7y:G— G/Hy~17/4.

Let TY(G/Hy) be the Z/2 x Z/2-grading on A given by

Ao =1{(§9):a€F}, Agg ={(§ %) : BEF},

Ao ={(23) v €F}, Aan = {(%3) : 6 € F}.
Let T%(G/H,) be the Z/4-grading on A given by

Ay ={(59) o BEeF}, A ={(33) v € F}, A5 = {(30): 6 € FY.

We want to construct the G-grading on B = L, (A) X L.,(A) given by
(G, TY(G/H1),T%(G/Hy)). First construct the loop algebra of A associ-
ated to the projection m : G — G/H;y to get

Le(A)g = {(52) ® 0,0) 1 a € F},
Lo ={ (5 5) © 00 p e},
Lm(A)(ia): (38)@’@,6):&61{?},
Le(A) g ={(§ %) ®B.0): BeF},
L (Ahan = {(03) £ 0.1 17 < ¥},
Lr (A = (_()58)®(T,T):5€IF},
Lr(A)ar) = (33)@9(55):761?},
Lo (A)gr = (_058)®(§,T):5€F}

Now we construct the loop algebra of A associated to the projection my : G —
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G/H; to get
Les(A) ) = i(%%) ©(0,0): 0,8 €F},
LA ={(07) © Q.0 : 7€ F},
sz(A)@,ﬁ) = {0},
Ley(A)gg =1(50)® (3,0):6 € F} :
Luy(A) ) = l(a%) ®(0,1): 0,8 €F},
LuAan ={(§3) @ @D : 7€ F},
L, (A1 = {0},
Le(Aan = {(§)© 3.1 : s e F}

by

Booy ={(59)@0.0):acF}x{(§5)®0.0):a,8€F},
Bag ={(55%) @ @0):8eF}x{(53)®1,0):7eF},
Bas = {(32)©2.0):a e F} x {0},

Ban ={(5 %) @@B.0):8eF} x{(38)2(3,0):6€F},
Bon ={(20) @0 :veF} x{(53)©0.1):a,8€F},
Ban={(%8) e @D :6eF}x{(§3) @ @1y eF},
Ban ={(33)® @1 :yeF} x{o},

Ban ={(%H)e@D: ey x{(10)eB1):ieF}

Next lemma shows the form of the ideals of a semisimple algebra. Lemma
2.1.14] says that the complement of a group-graded ideal of a semisimple
algebra is also a group-graded ideal.

Lemma 2.1.13. Let B=A,®---D A, be an algebra where Ay, ..., A, are
simple ideals of B. Then the ideals of B are of the form Aj @ ---® A, for
0<r<nandl<j <---<j,<n.

Proof. Take 0 # x € B, then there exists x; € A; for i = 1,...,n such that
r=x1+ -+ x,. We have that

A1$:A1($1+"'+xn):A1$1+"'+A1$n:¢411‘1
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because for j = 2,...,n we have A;z; € A4 NA; = {0}. Analogously z.4; =
x1A;. Then Az + 2 Ay = Ayxq + 21.A;. Suppose now that x; # 0, then
Az + 21 A1 # 0. This is because if Ajzy + 21.4; = 0 then Ajz7 = {0} =
x1A1, so Fx; would be an ideal of A; which is simple. Therefore Fx; = A;
and then z? € x4, = {0} which contradicts the fact that A? # 0. We
have ideal(z) O Ajz; + 2141 # 0, so ideal(x) N A; # 0. Then using the
fact that A; is simple we get ideal(x) D A;. The same argument applies for
i € {2,...,n}. Therefore ideal(z) = &{A, : x; # 0}. Now for any ideal Z,
T =73 crideal(z). O

In the situation of Lemma [2.1.13] for any J C {1,...,n}, set A; =
@jeJAj.

Lemma 2.1.14. Let B= A, @& --- & A, be a G-graded algebra where A,
coey Ay are simple ideals of B. Take J C {1,...,n} and assume that A; is a
graded ideal of B. Then A; := ®;¢;A; is a graded ideal too.

Proof. As a sum of ideals A s is an ideal of B. We have

Ay =@ A; = {z€B:ad; = {0} = Az}

iéJ

Then for = € A there exist xy, € Ay, fori =1,..,r and k; € {1,....,n} \ J
such that z = zy, + - -+ + z,. From zA; = {0} = A,z we have 2(A,), =
{0} = (A))yz for all g € G then x4, (Ay), = {0} = (As)gxy, forall g € G and
t =1,...,r. Therefore z;, € le\J forallt =1,...,r and then ./zt\J is graded. [

Last two lemmas lead to the next result which shows that for a G-graded
semisimple algebra there is a unique decomposition as a direct sum of G-
graded-simple ideals which are also semisimple. We will denote by “LJ” the
disjoint union.

Lemma 2.1.15. Let B= A, @ --- ® A, be an algebra where Ay,..., A, are
simple ideals of B. Let G be a group and let I' be a G-grading on B. Then
there exist J; C {1,...,n} fori=1,...m and m < n such that {1,....,n} =
JiU---UJy, and Ay, = Djes,Aj is a G-graded-simple semisimple ideal
of B for alli = 1,....,m. Therefore B is a direct sum of G-graded-simple
semisimple ideals. Moreover, Ay, ..., Ay are the minimal G-graded ideals

of B.

Proof. Since A, ..., A, are simple, the ideals of B are direct sums of such
algebras. If B is graded-simple we finish. Suppose B is not graded-simple.
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Then there exists a G-graded ideal of B. We can choose this ideal as graded-
simple by taking a minimal proper G-graded ideal of B. By Lemma
such G-graded ideal is A, for some J; C {1,...,n}. By Lemma.AJ1 =
®igs, Ai is also a G-graded ideal of B. If A J, is G-graded-simple we finish
and Jo = {1,...,n} \ J;. If not then we repeat the process a finite number of

times until we finish. Now suppose Z is a minimal graded ideal of B, then
by Lemma 2.1.13|Z = A; for some J C {1,...,n}. Then

IT=A;=A;NB=A,;N (@AJ]) =P, nAy).

Jj=1 Jj=1

Hence there exists i € {1, ...,m} such that
I=A;NA;=A,,

therefore Ay, ..., A;, are minimal. ]

m

Now we will prove that any group-grading I' on a semisimple algebra B
is isomorphic to a loop product group-grading.

Theorem 2.1.16. Let B= A, ®---® A, be an algebra where A,...,A,, are
simple ideals of B. LetT" be a G-grading on B. Then there exist J; C {1,...,n}
fori=1,...,m andm <n such that {1,...,n} = JiU---UJ,, and the algebras
Ay = @jes A; are G-graded-simple ideals of B for alli =1, ...,m. Moreover
for every i = 1,...,m there exists a G; := G/H;-grading ng(@,-) on Aj,,
where H; = Supp, C(Aj,) and j; == min{j € J;} such that I’ is isomorphic
to the loop product G-grading I'(G, F}L\h (GY), ..., . (Gn)).

Proof. By Lemma [2.1.15| there exists J; C {1,...,n} for i = 1,...,m and
m < n such that {1,...,n} = JiU---UJy, and for all i = 1,...,m the algebra
A, is a G-graded-simple ideal of B. By Theorem A isa G :=G/H-

graded ideal of A, and there exists an isomorphism of G-graded algebras
Wi ’AJi - LWZ(AJZ)
where 7; : G — G/H,; is the canonical projection for H; = Suppg C(A,)
and j; = min{j € J;} for each i € {1,...,m}. Denote by ng_(Gi) the G;-
grading on Aj,. Finally I' is isomorphic to I'(G, F}4j1 (Gh), ..., . (G,n)) via
the isomorphism
L (Ajy) X - X L, (Aj,) = Ap @@ Ay,
(a1, ..., am) —owyHay) + e+ wa).

for a; € Ly, (Aj,) and i =1,...,m.
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2.2 Isomorphisms of gradings

In this section we give the classification, up to isomorphism, of loop product
group-gradings (Theorem [2.2.2]).

Lemma 2.2.1. Let H be a subgroup of G and let m : G — G be a group
epimorphism such that kerm = H. Let A; be simple G-graded algebras for
i=1,2. Let Ly(Ai) = 3 ,co((Ai)g ® g), where g = 7(g) fori=1,2. Then
L (Ay) ~¢ L:(As) if and only if Ay ~g As.

Proof. Lr(A1) ~¢ L.(As) if and only if A; ~, Ay by Theorem (iii)
and A; ~, Aj if and only if A; ~5 Ay by Remark (iii). O
Theorem 2.2.2. Let H; and HJ’- be subgroups of G and let m; : G — G; and
o G = E; be group epimorphisms such that ker m; = H; and ker v, = H
fori=1,...mandj=1,...r. Let Ff&(a,) be a G;-grading on A;, where A,
1s a simple algebra for i = 1,...;m and let F:i,' (@;) be a a;-—gmdmg on A%,
where A is a simple algebra for j =1,...,r. Then

/ /

F(Gv P}41 (51)7 ) Fﬁm(am)) = F<G7 F/1’1<§1)7 ) Zl;(ar))

if and only if m = r and there exists o € S,, such that H; = Hé(i) and

N o (i) = .

[ (Gi) ~ I‘;‘é()i)(Ga(i)) foralli=1,..,m.

Proof. =) We will denote by I'" the G-grading induced by Iy (G;) on Ly, (A;)
fori =1, ..., m (see Definition|1.3.1). And we will denote by I’/ the G-grading
induced by FZ% (@;) on Ly (Aj) for j =1,...,7. Since A; is G-graded-simple
for i = 1,...,m, by Lemma [1.3.17, L..(A;) is G-graded-simple. Analogously
Ly (A}) is G-graded-simple for j = 1,...,r. Take the isomorphism of G-

graded algebras
D Ly (A1) X - X L, (Am) — Lt (A]) X - X L (A))

from the hypothesis. ® sends graded-simple ideals of L, (A;)X---x L., (An)
to graded-simple ideals of L (A})x- - -x Ly (A7) Therefore fori € {1,...,m}
we have that

D0 X -+ X Ly (Ai) X -+ X 0) = 0 X -+ X Lyt (Af) X -+ % 0

for a unique j € {1,...,r}. Then we have a bijection between {1,...,m} and
{1,...,7}, so m = r and there exists a o € S, such that

<I>(0><--~><Lm(.Ai)><--'><0):0><~-><L,,(/7<i)(.Ag(i))><-~><0
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for all ¢ = 1, ...,m. Then I is isomorphic to I"?® via
O, = Pcr(i) o® ‘OX---XLWZ.(.AZ')X---XO oQ); : Lm(-Ai) — Lw;(i) (A;(i))
where
IR Lw/ (.All) X oo X Lﬂ-qln(.A;n) — LW;(A;)
(X1, ey Tn) —
for v; € Ly (A}) and j = 1,...,m. And

/
J

Qi Lfr-(Ai) — LW1(A}) Koo X me(Am)

k3

a — (0,...,a,..,0)

for a € L, (A;) and i = 1,...,m. Since an isomorphism of G-graded algebras
induces an isomorphism of G-graded algebras on their centroids (see Remark
(ii)), we have that H; = H(’T(Z.) and therefore m; = wf‘(i) fori=1,...,m.
Finally since Ly, (A;) =g Lr, (A ;), we get by Lemma[2.2.1) that Iy (G;) ~

A _
Fifl;(i)(GU(i)) fori=1,...,m.

<) Since I'y (G;) ~ FZZEZ) (6;@), we have by Lemma [2.2.1| that there
exist isomorphisms of G-graded algebras ¢; : L, (A;) — La (A for i =

1,...,m. Then, up to permutations on the factors, we have the isomorphism
of G-graded algebras ¢ X -+ X @,. ]

We finish this section with a theorem that contains some of the results
we have already proved. We just want to put them together in order to make
easier their use in the future.

Theorem 2.2.3. Let G be a group.

1. Let T' be a G-grading on a semisimple algebra B, then I" is isomorphic
to a product G-grading T' Xg -+ xg I'™ (see Definition for
some G-grading T on a semisimple and graded-simple algebra B! for
i = 1,...,n. The factors B* are uniquely determined up to reordering
and G-graded isomorphisms.

2. Any G-graded-simple algebra B is isomorphic, as a G-graded algebra, to
the loop algebra L.(A) associated to a surjective group homomorphism
7w G — G with finite kernel H, and a central-simple G-graded algebra
A.

Moreover, in this situation B is semisimple if and only if charF does
not divide |H|.

Proof. Ttem 1 follows from Lemma [2.1.15] First part of item 2 follows from
Theorem [1.3.32] (ii) and the second part from Theorem [2.1.9] O
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2.3 Equivalence of gradings

In this section we give a relation between the universal group of a simple
algebra and its loop algebra (Lemma . We also give the classifica-
tion, up to equivalence, of loop product group-gradings (Theorems and
2.3.8). Recall loop product group-gradings are isomorphic to group-gradings

on semisimple algebras (Theorem [2.1.16])).

Remark 2.3.1. Let A be a simple G-graded algebra with a G-grading T. Let
H be a subgroup of G and let 7 : G — G be a group epimorphism such that
kerm = H. Let T' be the G-grading on L.(A) induced by T (see Definition
. Notice that by Remark we have that A is central-simple, and by
Lemma it 15 also graded-central-simple. Then, by Lemma (1)
H = Suppg C(Lx(A)).

The next result shows a close relation between the universal group of a
simple G-graded algebra A and the one of its loop algebra related to some
group epimorphism 7 : G — G//H := G for some subgroup H of G. In order
to do this, we will use an exact sequence of affine group schemes

1 — Diag(I') — Diag(I') — Diag(I'¢s) — 1

where I, T" and I'c(s) are group-gradings on A, B := L(A) and C(B) respec-
tively. The affine group scheme 1 is the one with associated Hopf algebra .
Then, using the fact that Diag(I") ~ (U(I"))? for any group-grading I, we
will obtain an exact sequence of groups

l1—H—UTI) —UI)— 1.

Lemma 2.3.2. Let A be a simple G-graded algebra with a group-grading
T: A= 6956@ Ag. Let H be a subgroup of G and let 7 : G — G be a group
epimorphism such that kerm = H. Let I': B 1= Ly(A) = @A @ g) be
the G-grading induced by T'. Then G = U(T) if and only if G = U(T).

Proof. By Proposition L.(A) is a G-graded-simple algebra, so by
Lemma[1.3.7) (ii) C(B) is a G-graded algebra. We denote such group-grading
induced by I" on C(B) by I'¢(s). Set U := U(T)and U := U(T'). By Re-
mark we have that H = Supp C(B). First we will prove that the next
sequence of schemes is exact

1 — Diag(T) - Diag(l) % Diag(Tom) — 1
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such that for R € Algy

=

R

=

®(R)

Diag(T)(R) “ Diag()(R) " Diag(Tcqs)(R)
' — '
) — o’

where for 2; € Az, g € G, r € R, a € C(B)), and h € H we have §'(a®71) =
dla®@r)o ™t and p((r;® g) @ 1) = (13 ® g) ® rry where r; € R is such that
¢ |a;er= Tgidaor. For ¢ € Diag(I')(R) we denote by 7,3 the element
in R* such that ¢ |4,0r= 7(p5ida,er. Analogously for § € Diag(T')(R)
we denote by 7(54) the element in R* such that § ]Lﬁ(A)g(@R: T(5,9) 4L (A)y0R-
For z; ® g € A ® g and s € R we have

606 (x50 9) ®s) =06((r3® g) @ sri-14)
= (15 ® g) ® sT(5-1,9)T(5.9)

So since dod ! = idr, (yer, We have rs-1 o754 = 1 and then 7”(751_179) = T'(5,9)-
Notice also that for z; ® g € Az ® R, s,t € R, a € C(B)y, h € H we have

d((a®t)d (270 9)®s)) =6 ((a @) (15 g) ® sr-14))
= d(a(rg ® g) ® srs-1.4)t)
= a(rg ® g) @ sT(5-1,9)tT (5.gh)-

Then

ker ®(R) = {0 € Diag(I')(R) : ®(R)() = ¢' = idom)er}
= {0 € Diag(T")(R) : 6(a®@t)d ' =a@tforalla®t € C(B), ® R,
he H}
= {6 € Diag(I')(R) : 7(5-1,9r(5,9n) = 1 for all g € G and h € H}
= {0 € Diag(I')(R) : r(59) = 7(54n) for all g € G and h € H }

and

imW(R) = {¥(p) =@ : ¢ € Diag(')(R)}
= {¢ € Diag(I')(R) : (17 ® 9) ®1) = (130 9) @ tr(,3

for some ¢ € Diag(I')(R),Vt € R,Vg € G,Vxz € Ag}.

For R € Algg take § € ker ®(R). Then rs5g) = 754 forallg € Gand h € H.

Consider ¢ € Diag(I')(R) such that 7,3 = 754 which is well defined by
the above argument. Then U(p) = §. Therefore ker ®(R) C im ¥(R).
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For ¢ € Diag(T)(R), a®t € C(A), @R, 1,09 € A® R and s € R we have

Pla@t) (@) ((z3© 9) ® s)
=P(a®t)((130 9) @ 5(rpg) ")
= ¢(a(z5® 9) ®S(T(<p9)) ')

= a(rg® g) ®s(rug))” tr(cp,?h)
= a(13© 9) @ st(rpg) T
15 ® g) @ st
=(a®t)((r3®g) ®s).

O(R) o V(R)(p)(a@t)((17® 9) ® s) =

|
2

Then ®(R) o W(R)(p) = idr,(aor. Therefore im W(R) C ker ®(R). This
proves that ker ®(R) = im ¥(R). For ¢ € Diag(I')(R) we have 734 = 7,3
for g € G. Then
ker U(R) = { € Diag(T)(R) : U(R)(p) = ¢ = idy aor}
= {¢ € Diag(l')(R) : 7(5) = r(pg = 1 for all g € Supp '}
= {idA®R}7
Therefore VU is injective. In order to prove that ® is surjective let us prove
first that the following diagram commutes
Diag(I') — Diag(I'c(s))
1, /
where w is defined as follows for R € Algp and (2753 ® g9) ® s € (A3 ® 9) @ R,
w(R): GP(R) — Diag(T")(R)
L,(A)®R

. x wR)(X): La(A)®R —
X:G = RE ! (170 9)®s

Notice that

And ¢ is defined as follows for R € Algg, a € C(B)p, h € H and s € R

((R): GP(R) — D(ia%Eng(B))C(’](%l%) s
« R : QR — ® R
XG> RE ' a®s = a®sy(h).
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Note that H = U(I¢(s)). This follows from the fact that H = Suppq(C(B))
and recall that a universal group of a group-grading is unique up to an
isomorphism over the support of such group-grading (see Chapter 1, Section
1). So Diag(I'c(s)) ~ HP (see Chapter 1, Section 2). The expression above
for «(R) shows that the induced homomorphism * : FH — FG of Hopf
algebras (see Definition is the one induced by the inclusion H — G.
Hence (* is injective and therefore ¢ is surjective. For aw € C(B),, h € H,
T;09€A;®g,9€ G, rs € Rand x : G — R* € GP(R) we have
®(R) cw(R)(x)(a®@7)((z7® g) ®s)
= w(R) () (@) (WR)(x) " ((r3® g) ® s)
) @ s(x(9)7)
(x(g)™)

therefore ®(R) o w(R) = «(R), then the diagram commutes. Then we get
the following commutative diagram involving the representing objects, i.e. a
commutative diagram of Hopf algebra homomorphisms (see Definition [1.2.7)).

FU <Y FH

FG

Since ¢* is injective, ®*ow™* is injective and therefore ®* is injective. Then P is
surjective. This completes the proof that the affine group schemes sequence is
exact. Recall that Diag(T) ~ UD, Diag(T") ~ U” and Diag(T'¢(s)) ~ H”.
By [Wat79, Theorem p. 15] we have an induced exact sequence of groups

1—H-—U—U—1.

The result follows from this. O

The following lemmas will help us to give the classification, up to equiv-
alence, of loop product group-gradings (Theorems [2.3.7| and [2.3.8)).

Let I' be a G-grading on an algebra B. For the next result we will write
(B,T") to refer to the algebra B with the decomposition given by I' on B.
Moreover, if C'(B) is G-graded with a G-grading induced by I" then we will
write (C'(B),T) to refer to C'(B) with the decomposition given by I'c(s).




38 CHAPTER 2. SEMISIMPLE ALGEBRAS

Lemma 2.3.3. Let Gy and Gy be groups and let H; be a subgroup of G; for
i=12. Letm:G — G; = G;/H; be the canonical projection and let ri
be a G;-grading on a simple algebra A;, where G; = U(L'%). Let TV be the
Gi-grading on L, (A;) induced by T for i = 1,2. If "' is equivalent to T2
then TV is equivalent to T'2.

Proof. Notice that since G; := U(T"), we have by Lemma that G; =
U(T") for i = 1,2. Since I'! is equivalent to I'?, there exists an isomorphism
of algebras ¢ : (Lr, (A1), TY) — (L., (As),T?) and a group isomorphism
o : G — Gy such that (L, (A1)y) = Lax,(A2)ag) for g € G (by Proposition
1.1.17). That is I'' is equivalent to I'? via (p, ) (see Remark [1.1.18). By
Remark we have that H; = Suppg, C(Lx,(A;)) for i = 1,2. Since an
isomorphism of algebras induces an isomorphism in the centroids, we get
a(Hy) = Hy. So « induces an isomorphism @ : G1/H; — G5/ Hs such that
the following diagram commutes

G —* @G,
Gi/H, —~ G4/ H,.

Denote 7;(g;) by gi for g; € G; and i = 1,2. Consider the G-grading ' T'2,
the group-grading induced from I'? by a~! (see Definition [1.1.20)), and we
denote it by T'2. Tt is given by

P2 .= 'T2. L (Ay) = @ Loy (A2)y

geGy

where Ly, (Ay)) := Ln,(Az)agy) for g € Gi. Consider also the G;-grading
aflf{ the group-grading induced from I by @ ! and denote it by Fi. It is

given by
2

T,=""T A =P

geG1
where (A2)s = (A2)a(g) for § € Gi. By Lemma (Lry(A2),T2) is
graded-simple and by Lemma (i) it is also graded-central so it is
graded-central-simple. Since F = F, we have by Lemma that
(C(Liny(A2)), T2) is split. Then (C(La, (As)), T2) ~u, FHy, indeed we have

an isomorphism

IFI_]l — (C(LWQ(AQ))7F3)
h  +— ¢, :a®al(g) —a®a(hg)
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for h € Hy, g € Gi and a ® a(g) € Lr,(Az)y = (A2)557 ® a(g). Consider
p € Alg((C(Lny(A2)),T2),F) given by p(c,) = 1 for all h € Hy. Consider the

following morphism

¢ (Lny(A2),T2) — (A5, T7)
a® ag) — a

for a ® a(g) € Lx,(Az)y, = (A2)55; ® alg) and g € Gi. Let us prove that ¢
is a p-specialization of (L,,(As),T?). The fact that ¢ is an epimorphism is
clear. For a ® a(g) € Lx,(A),, g € G1, ¢4 € (C(Lry(A2)),T%), and h € Hy
we have

a) ¢(Lr,(Az)g) = ¢((A2)5ry @ alg)) = (A2)gyy and

b) ¢(cn(a @ alg))) = ¢la @ a(hg)) = a = p(en)d(a ® alg)).

Now take the isomorphism of algebras given by the equivalence between I'
and I'?

@1 (L (A1), T — (Lny(A2),T?)
Lm('Al)g — LW2<*A2) (:: LWQ(AQ)/9>

for ¢ € G;. Observe that ¢ can be considered also as an isomorphism of
G1-gradings between I'! and I'?, we will denote by ¢’ the same isomorphism
of algebras but understood as isomorphism of G;-gradings. Then by Remark
ii) ¢’ induces an isomorphism of algebras

C(@)  (C(Lan, (A1), TY) = (C(Lny(A2)), T7)

defined by C'(¢')(c) = ¢’ oco (¢')7! for ¢ € (C(Ly, (A1), TY). C(¢) is an
isomorphism of G1-graded algebras. Then ¢o¢' is a poC(¢’)-specialization of
(L (A1), Fl) Then by Proposition|l. (iv) we have that (L., (A;), ") ~¢,
(L, (A3),T2). Finally by Lemma we have that there exists an isomor-
phism of G;-graded algebras

2

U (A,T) — (A1)
(A1) — (A2); (=: (A2ag))-

Hence T' is equivalent to T’ via (U, @).
UJ

Lemma 2.3.4. Let Gy and G4 be groups and let H; be a subgroup of G; for
i=1,2. Letm : Gy — G; = G;/H; be the canonical projection and let Ti be
a group-grading by G; on a simple algebra A;, where G; := U(ﬁ) fori=1,2.
Let T be the Gy-grading on L, (A;) induced by T¢ fori=1,2. Suppose there
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exists an equivalence between TV and T? given by an isomorphism ® : A; —
Ay and its associated group isomorphism @ : G1/H; — Gy/Hy such that @
extends to a group morphism « : Gy —> Go such that the following diagram
commutes

G, = Go
Gl/Hl —6>G2/H2.

Then there exists an isomorphism of algebras ¢ : Ly (A1) — Ly, (Az) such
that T is equivalent to T'? via (p, ).

Proof. Notice that by Proposition [1.1.17] it makes sense to talk about the

group isomorphism @ from the hypothesis and since G; := U(L), we have
by Lemma that G; = U(T") for i = 1,2. Denote 7;(g;) by g; for g; € G;
and ¢ = 1,2. We have the isomorphism of algebras

v La(Ar) — L, (As)

Lr(Ar)g = (A1) @9 +— @((A1)g) ® alg) = (A2)ag) © alg)
= L7r2 (‘A2>Oé(9)
for g € Gy. Then I'! is equivalent to I'? via (¢, @). O

Remark 2.3.5. i) Let Ay,..., A, be graded-simple algebras. Then the only
nonzero graded-simple ideals of A1 X -+ x A, are 0 x --- x A; x -+ x 0 for
each i = 1,....,n. Analogously, if B = A, & --- ® A, where Ay,..., A, are
graded-simple ideals of B. Then the only nonzero graded-simple ideals of B
are A; for each i =1,...,n. (See Lemma(2.1.15)

ii) Let © be an equivalence of group-gradings between a Gy-grading T'' on A,
and a Gy-grading T? on Ay where A; is an algebra and G; is a group for
i=1,2. Let a : SuppI't — SuppI? be the bijection associated to ¢. Let T
be a G1-graded ideal of Ay, then o(Z) is a Ga-graded ideal of Ay by means of
©(Zy) = (©(I))ag) for g € Gi. Analogously if ® is an isomorphism between
two G-gradings T'' and T on the algebras A, and A, respectively and T is
a G-graded ideal of Ay. Then ®(Z) is a G-graded ideal of Ay by means of
O(Z,) = (P(Z)), for g € G.

Lemma 2.3.6. Let ¢ be an equivalence (or an isomorphism) between a G-
grading on Ay and a Gs-grading on Ay where A; is an algebra and G; is a
group fori1=1,2. Then ¢ sends graded-simple ideals on A; to graded-simple
ideals on As.
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Proof. Let T be a G;-graded-simple ideal of A;. By Remark[2.3.5]ii) ¢(Z) is a
Go-graded ideal of Ay. Suppose J is a nonzero Gy-graded ideal of ¢(Z), then
again by ii) o7 1(J) is a Gy-graded ideal of Z. Therefore ¢ 1(J) =7
and then J = ¢(Z) so ¢(Z) is a Go-graded-simple ideal of As. O

The following two theorems give the classification, up to equivalence, of
loop product group-gradings.

Theorem 2.3.7. Let G and G' be groups. Let H; (resp. H;) be subgroups of
G (resp. G') and let m; : G — G/H; =: G; and 7 : G' — G'/H}; =: @; be the
canonical projections fori = 1,....m and j = 1,...,r. Let Ff@i(ai) be a G;-
grading on A;, where A; is a simple algebra for i =1,...,m and let Ff\; (@;)

be a a;-—gmdmg on A}, where A;- s a simple algebra for j =1,...,r. Assume

Uy, (Gy)) = G and U(I’Z‘U(a})) = 6; fori=1,....mandj=1,...r. If
(G, TY (Gh),....T% (Gn)) is equivalent to T(G, Iy @), ..., F%(@;)) then
m =r and there exist o € Sy, such that Ty (G;) is equivalent to F/U/(i?) (a;(i))
fori=1,....m.
Proof. Since A; and A} are simple, we have by Proposition [1.3.21] that
Lz (A;) and Ly (Aj) are graded-simple for ¢ = 1,..,m and j = 1,...,r.
Denote by I'; (resp. I';) the G-grading (resp G’-grading) on Ly, (A;) (resp.
Ly (Aj})) induced by Iy (G;) (resp. F/j; (@;)) for i = 1,..m (resp. j =
1,...,7) (see Definition [1.3.1]). B B
We will denote by I" and I'” the group-gradings I'(G, 'Yy (G1),....,T"4 (G))
and I'(&, Fi}‘,l (6/1), R (@;)), respectively. Since I' and [ are equivalent,
there exists an isomorphism of algebras

@ Lay (A1) X -+ X L, (Am) = Ly (A]) X -+ X La (A))
and a bijection « : Supp ' — Supp I such that
P((Lry (A1) X -+ X L, (A))g) = (Lag (A}) X -+ X Ly (AL))age)

for ¢ € G. By Lemma [2.3.6| we have that ¢ sends graded-simple ideals in
B:= Ly (A1) X -+ X Lr, (Ap) to graded-simple ideals in B’ := L (A]) x
-++ X L (A}). By Remark i) the nonzero graded-simple ideals of B are
0X -+ X Lg(A;) x---x0fori=1,..,m and the ones of B" are 0 x - -- X
Ly (Aj) x-+-x 0 for j=1,..,r. Then for each i € {1,...,m} there exists a
unique j € {1,...,r} such that

gp(Ox~--xLﬂi(Ai)x---xO):Ox---xLﬂg,(A;-)x---xO.
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We get a bijection between {1,...,m} and {1,...,7}. So m = r and there
exists o € S, such that

i ‘= Po(i) oy ‘OX---XLWZ.(.AZ')X---XO oQ; : Lm(Ai) — Lw;(i)<¢4f;(i))
for i = 1,...,m where

Py Ly (A) X oo X Loy (AL) —> Ly (A)

AN
(1, ooy Tin) — T

for zj € Ly (Aj) and j = 1,...,m. And

k3

Qi : Lﬂ(AZ) — L7'r1 (Al) X X Lﬂ'm (Am)
a — (0,...,&,...,0)

for a € L,,(A;) and i = 1,...,m. Then ¢; is an isomorphism of algebras for
i =1,..;m such that ¢;(Lx,(Ai)g) = Lx:  (Ays))ag) for g € G. Then Ty is

i via (p;, @) for i =1,...,m. Then by Lemma 2.3.3 I'y (Gy)
is equivalent to Fj,(i)‘ (@;(i)) fori=1,..,m. O

o (i)

equivalent to I (

Theorem 2.3.8. Let G and G’ be groups. Let H; be subgroups of G and let H]
/

be subgroups of G' and let w; : G — G/H; =: G; and 7} : G’ — G'/H] =: G|
be the canonical projections for i = 1,...,m. Let F&i(Gi) be a G;-grading
on A;, where A; is a simple algebra and let T, (G,) be a G,-grading on Al
where Aj is a simple algebra for i = 1,...,m. Suppose U(T'y (G;)) = G;
and U(Ff‘;(a;)) = @; for i =1,....m. Suppose there exist equivalences of
group-gradings ®; : A; — Aj between Ty (G;) and I, (@) fori=1,...m
such that the associated group isomorphisms o; : G; — @; extend to a group

morphism « : G — G and such that the following diagrams commute for all
1=1,....m

T | CJ
G/H,—*~G'/H..

Then there exists an isomorphism of algebras

©: Ly (A) X X Ly (Ay) — Lﬂ(A’l) X oo X Lu (A)

4

such that T'(G,TY (G1),...,I"t (Gy,)) is equivalent to T'(G, Ff‘,l (GY), ...,
e (G,) via (¢, ).
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Proof. Notice that since U(I'y (G;)) = G; and U(I'}, (G)) = G, for i =
1,...,m, by Proposition it makes sense to talk about the group iso-
morphisms @; : G; — G, from the hypothesis. Let I'; (resp. T'}) be the G-
grading (resp. Gj-grading) on Ly (A;) (resp. L (A})) induced by I'y (G;)
(resp. IV}, (G))) for i = 1,...,m. By Lemma [2.3.4] we get that there exists an
isomorphism of algebras ¢; : Lz, (Ai) — Ln(A}) such that I'; is equivalent
to I} via (¢;, ) for ¢ = 1,...,m. Then we have the following isomorphism of
algebras

@ Ly (A1) X -+ X Ly, (Apm) = Ly (A]) X -+ X Ly (A})
where ¢ = 1 X -+ X . And
P((La (A1) X+ X L, (Am))g) = (Lg (A}) X -+ X Ly, (A7))ag)

is satisfied for g € G. Then we have the result.

2.4 Fine gradings

The main point of this section is giving a classification of fine group-gradings
on semisimple algebras. In order to do this, we define the product group-
grading which consists, as its name suggests, in doing the product of group-
gradings (Definition . This results in a group-grading on the direct
sum of group-graded algebras by the direct product of their grading groups.
This definition is the natural one for a product of gradings, we can see it in
Theorem [A.4.4]

We give a characterization of fine product group-gradings (Theorem .
Finally we give the classification, up to equivalence, of fine product group-
gradings on semisimple algebras (Corollary and some examples of
how these results can be applied.

We will start proving that a group-grading on a simple algebra A is fine
if and only if the group-grading induced by it on L,(.A), for an epimorphism
m, is fine. This shows a close relation between simple algebras and their loop
algebras, as the result we saw for universal groups (Lemma [2.3.2]).

Lemma 2.4.1. Let A be a simple G-graded algebra with a grading T : A =
Gaﬁe@ Ag. Let H be a subgroup of G and let m : G — G be a group epi-
morphism where kerm = H. Let T be the G-grading induced by T on L.(A).
Then T is fine if and only if T is fine.
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Proof. =) Assume T is not fine, then there exists a group-grading I A=
@i A, refining properly I' for a group K. That is, for each k € K there

exists g € G such that A}, C A;. We set g := 7(g) for g € G. Consider the
group-grading I : Lr(A) = @D, yerexa Lr(A)kg) Where

[ AL ®g if A C Ag;
La(A)k.g) = { 0 otherwise.

Let us prove that I" is a group-grading that refines I' properly. For g € G
there exists I; = {k},...,kZ} C K such that Az = @kely %y then

LA =P A09) =P | PAcg]| = B LlAwg.

gelG 9eG \kely (k,9)eKxG

Now, take (k;,g;) € Supp(I”) for i = 1,2, such that A A; # {0}. Using
the properties of group-gradings we have A, A;, C Aj . and A A, C
AgrAgs € Agigs, 50 A g, N Agrgs # {0} then Ay, C Agg, that is

L (A) (hak.gr02) = Apyr, © 9192 7 {0} Then

L7r<-’4)(k1791)L7r(“4)(/€2792) = (-’4;@1 & 91)(-’422 ® 92)
= A}, AL, ® 9192
C A, ® 9102
= Lx (A)(klk’z,glgz)'

So I'" is a group-grading.

Take (k,g) € Supp(I”), then L (A)pqg = A, ® g9 C Az ® g = Lr(A),.
Finally, I is a proper refinement of I' which leads to a contradiction.

<) Assume that I' is not fine, then there exists a proper refinement
[": Lr(A) = @k L(A)j, of T for a group K, i.e. for each & € K there
exists g € G such that L;(A);, C L,(A),. Suppose K := U(I"). By Lemma
this refinement induces a homomorphism of groups

v: K — G
kg, suchthat L;(A)) C L.(A),.

For any k € K with g = ¢(k), since L.(A), = A3 ® g, Lr(A);, = A}, ® ¢(9)
for a vector space Aj, C Ag. By Lemma [1.3.7 (ii) I (resp. I') induces a
group-grading on the centroid C'(L,(.A)) which we denote by

F/C(L,r(A)) 1 C(Lr(A) = @C(LW<A>>;€

keK
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(resp.

Lo,y C(Lr(A)) = @C(L

geG

By Lemma F’C(LW(A)) is a refinement of I'¢(r,(4)). By Lemma |1.3.15
C(Lx(A)) is split, then the refinement Iy, 4 is not proper. By Remark

2.3.1) H = Supp(L'c(r,(4))) and we set H' := Supp(I';_(4))) and we have
©(H") = H. Then ¢ induces the group homomorphism

%: K/H — G/H
kH' — (k) H.

Define Aj ;. := Aj.. Let us prove that this is well defined, i.e. A}, = A}, for
all ¥ € H and k € K. Take k € K and i/ € H'. Let h = ¢(h’). We have

b @ @(RD) = Le(A)ypy = C(Lr(A))jy Ln(A)yy = C(Ln(A))n L (A
= C(La(A)n (A ® (k) = Ay @ p(k)h.

Then A}, = Aj. Now we will prove that T 1 A = @, pcpe/m Appr 15 @
group-grading. The equality A = @, ;e x N A, follows from the fact that
I is a group-grading. Now take ki, ky € K such that Aj Aj # 0. Then

La(A), = A, @ (ki) © Ay @ (ki) = La(A)gry)
for i = 1,2. Finally,

Lr(A)y, La(A), = Ay AL, @ (k1)p(k2) € La(A)jy g, = Alyr, @ @(krka)

and then Aj A} C A, . So we have a proper refinement of I' which leads
to a contradiction. O

We will give a couple of lemmas we will need later.

Lemma 2.4.2. Let I'g be a G-grading on an algebra B and let I'p be a G-
grading on an algebra D. If 'y is isomorphic to I'p and one of the two
G-gradings is fine then the other group-grading is also fine.

Proof. Suppose 'z is a fine group-grading. Let I, : D = @®yex D), be a
refinement of I'p where K = U(I'p). Then by Lemma [1.1.21] there exists a
group homomorphism

G

p: K —
k  +—— g, such that D) C D,.
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Consider the isomorphism of G-graded algebras from the hypothesis

. B — D
B, —— D,.

Let us prove that 'y = @pexB), where B), := &~1(D}) is a group-grading.
We have

B=@s,=Po'0)=Pe( B D)=Pe'D)=PB5.

geG geG geG keK:p(k)=g keK keK
And for ki, ky € K we have
B;ﬂ ;62 = é_l(D;ﬂl)Q_l(Dllfz) = ®_1(D;€1D;€2) g ®_1<D;€1k’2> - Bllﬂk‘z'

Then I'; is a group-grading. Let us prove that it is a refinement of I's. For
ke K
B, = @71 (D;) € @7 (Dyr) = Bor-
Then I'; is a refinement of I's. Since 'z is fine, we get that B), = B, for all
k € Supp Ty, then @ 1(D}) = & 1(Dy)) and hence Dj, = Dyyy. Therefore
I'p is fine.
O

Recall that for a G-graded-simple algebra B = A;®- - -® A, where Ay, ...,
A, are simple ideals of B, we have a G-grading on A;. We get this by making
the coarsening associated to the canonical projection 7 : G — G = G/H
where H = Suppg C(B) to obtain a G-grading on B which induces a G-
grading on A;. Next theorem uses that a semisimple algebra is isomorphic
to a loop algebra of one of its simple factors to show that if we have a fine
group-grading on a semisimple algebra then the induced group-grading on
its simple factors is also fine.

Lemma 2.4.3. Let B be an algebra. Let ' : B = @,.- B, be a fine G-

geG ~g

grading and let I" : B = @, . x By, be a K-grading refining I' where G and K
are groups. Then I' is equivalent to I".

Proof. Since I' is a refinement of I and I' is fine we have that for all k € K
exists a unique g € G such that Bj, = B,. Hence we have a bijection

a: Suppl” — Suppl
k — ¢, such that B) = B,.

And the isomorphism of algebras

dg=¢p: B — B
B, +— B, = Baw-

This defines an equivalence of group-gradings between I' and I". O
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The next definition results to be very convenient for the purpose of study-
ing fine group-gradings. This is because we take a finite number of group-
gradings and we construct a new one by “isolating” the components of de-
gree different of the neutral element of each original group-grading in order
to avoid, as possible, coarsenings. Such definition is the natural one on the

product of group-gradings (see Definition and Theorem [A.4.4)).

Definition 2.4.4. Give gradings on the algebras Ay, ..., A, by the groups
G, ..., G"™ respectively, we can define the product group-grading of such grad-
ings as in Deﬁm’tz’on which is a G x --- x G"-grading on the algebra
Ay x - X A,. We have the analogous definition:

Let Gy, ...,G,, be groups and let By, ..., B, be graded ideals of the algebra
B=B ® - ®B,. Let ' be a Gj-grading on B; fori =1,...n. We call
product group-grading of I'',..., I to the Gy x --- x G,-grading on B
defined by

(Bj)g; if gj #e; forje{l,....,n} and
B _ gr =€k for all ke {1,....,n}\ {j};
(g1,-+-,9n) (Bl>61 @-..@(Bn)en Zf <g17.,_7gn) = (ely-“,en);
0 otherwise,

where e; denotes the neutral element of G; fori = 1,....,n and (g1,...,9n) €
Gy x---xG,.

From Remark [2.1.9 we have that both definitions (the one on the direct
sum and the one on the cartesian product) are equivalent. We will use indis-
tinctly these both definitions and denote them by 't x --- x '™,

It results from the definitions that U(T! x -+ - xT™) = U(T) x-- - x U(T").

Now we will give some results we will use to classify fine product group-

gradings (Theorem [2.4.12)).

Lemma 2.4.5. Let I' be a G-grading on an algebra B = By & By where By
and By are G-graded ideals of B. We denote by I'* the G-grading induced
by ' on B; for i = 1,2. Suppose ' is fine, then T and T'? are fine and
Supp I''NSupp I'? C {e}, where e denotes the neutral element of G. Moreover
I and T'' x T'? are equivalent.

Proof. First notice that the homogeneous components of I' : B = & geG(Bl &)
Bs), are (By @& Bs), := (B1), @ (Ba),. Suppose that I'! is a proper coarsening
of a K-grading I'"" : By = @, x(B1)}, where K = U(I'""). By Lemma [1.1.21

there exists a group homomorphism

v: K — G
k +—— g, such that (B); C (By),.
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Consider the product group-grading of I'"! and I'? by the group K x G which
is a proper refinement of I" since

(B2)g € (B @ Ba), if k=ex and g # eg;
(B1 @ Ba)r,g) = 4 (Bi)k € (B1 @ Ba2)yr) if k # ex and g = eg;
(Bll)eK S (BQ)EG g (Bl D BQ)BG it k= €K and g = €q,

where ey and eg denote the neutral element of K and G respectively. This
leads to a contradiction since T' is fine. So I'! is fine, analogously I'? is also
fine.

Consider the product group-grading of I'* and I'?

' x1?: By @ By = @ (Bl D 82)(91,92)7

(91,92)EGXG
given by
0 ?f g1 F e F go;
- T e
(B1)e ® (Ba)e if g1 = € = go.

It is clear that I'! x I'? refines I which is fine. Then by Lemma, I xI?

is equivalent to I'. For g # e in G we have

(B1)g = (B1 @ B2)(g,c) € (B1 @ Ba), and (Ba), = (B1 @ Ba)(e,g) € (B1 @ Ba)y

then (By @ Ba)gey = 0 or (By @ Ba)(ey = 0. So for all g # e we have
that (Bi), = 0 or (Bs), = 0. Therefore SuppI™" N SuppI™? C {e} and
Supp I U SuppI? = Supp . O

Corollary 2.4.6. Let I' be a G-grading on the algebra B = By @ --- & B,
where By, ..., B, are G-graded ideals of B. We denote by I'* the G-grading
induced by T on B; fori=1,...,n. Suppose I is fine, then T't,..., T™ are fine
and SuppT" N Supp IV C {e} fori,j € {1,....,.n} and i # j where e denotes
the neutral element of G. Moreover I' and 't x --- x I'™ are equivalent.

Proof. Define B, := By @ --- @ B, which is a G-graded ideal of B. Denote
by I'"? the induced G-grading by I' on Bj. Assume I is fine. We can apply
Lemma to By @ Bj, and we get that I'" and I'"? are fine. Moreover I'
is equivalent to I'' x T"2. Since I'"? : By @ - -+ @ B, is fine we can apply this
process again by taking "% : By & B} where By = B3 @ -+ - & B,,.
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After repeating this process a finite number of times we get that I' is
fine for all i = 1,...,n. We also get that I" is equivalent to I'' x I'"* and I'"
is equivalent to I'" x I for i = 2,...,n — 1 where I'" = I'" and therefore
[ is equivalent to I'" x --- x I'". Finally for i,j € {1,...,n} where i # j we
gradings by I' on B;; and Bj; denoted by I';; and I'}; respectively. Then by
applying again Lemma we have that I';; is fine and then by the same
lemma Supp I N Supp IV C {e}. O

Lemma 2.4.7. Let B=B;®---® B, be an algebra where B; are semisimple
ideals of B fori=1,....n (see Definition . Let T be a fine U;-grading
on B; for a group U; where U; = U(T) and assume B; is graded-simple for
i = 1,...,n. Suppose SuppT" # {e;} where e; is the neutral element of U;
for i = 1,...,n, except for at most one j € {1,...,n}. Then the product
group-grading I't x --- x '™ is fine.

Proof. Assume that for a group U,

I:B@- 0B, =PB&-&B,),

uelU

is a group-grading that refines the U; x - - - x U,-grading I'' x - - - x I'. Suppose
U = U(I"). Define the set J := {i € {1,....,n} : SuppI" # {e;}}. Let us
prove that B; is a U-graded ideal of By & - - - & B,,, regarding I", for all i € J.
We have for u € SuppI” that

(B;)u, for some i € {1,...,n} and u; € SuppT™\ {e;}
B @---®B,),C < or
(Bi)ey @ -+ @ (By)e,-

For every i € J and u; € Supp I\ {e;} the homogeneous component of degree
(€1, 0oy Ugy ooy €y) in T X - x T is refined by I” (not necessarily properly),

Le.
Bl= @D Bie--eB),
g9&Supp I[(,),,,

Take x € (B;),, a nonzero homogeneous element of IV and consider the ideal
of By & - -- & B, generated by it: idealg,s..ep, () =: Z. Then

7 = idealg, (x) = B;

where the last equality holds from the fact that idealg, () is a nonzero graded
ideal of B; which is graded-simple. This shows that B; is U-graded ideal for all
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i € J. Now we want to prove that (B;)., C (B1@---@®B,). foralli =1,....n,
where e is the neutral element of U. For i € J we have that I |, refines I
which is already fine, then I |z,= I, i.e. the homogeneous components are
equal in each group-grading, just indexed by different groups. So for i € J
there exists a unique homomorphism of groups

such that for all u; € SuppI"\ {e;} and i € J we have
1) (B'L)uz = (Bl - Bn)ipz(uz)
If e; € SuppI" then

2) (Bi)ei - BZ N (Bl @ e @ Bn)/

a;

for a unique a; € U. We will prove now that a; = e for all i € J. Consider the
homogeneous component (B;)., of I'* for i € J. Suppose that (B;).,(B;)., =
0 = (Bi)u,(B;)e, for all u; € SuppT?\ {e;}, then (B;)., is a graded ideal of
B; and this contradicts the fact that B; is graded-simple. Then there exists
u; € SuppT?\ {e;} such that (B;)e,(B;)u, # 0 or (B;)u,(Bi)e, # 0. Without
loss of generality suppose that (B;).,(B;).; # 0, then by 1)
3) 0 7é (Bi)ei(Bi)w - (BZ)ul = (Bl G- D Bn):oi(ui)‘

From 1) and 2) we get

4) 0% (Bi)e,(Bi)u, = (BN (Br@ - @ Bp)y, ) (Bi @ @ Bo)iy,

i

g(BlEB"'@Bn);i<81@"'@8n);i(ui)Q<Bl@"'@8n>/

a;pi(u;)”

Hence from 3) and 4) we get

(Bl@"'@Bn)ipi(ui):<Bl®"'®[3’n)/

a;pi(u;)

and therefore a; = e for all « € J and then
5) (Bi)ei = Bl N (Bl @ e @ Bn)é

If there exists (a unique) k € {1,...,n}\ J we have by Lemma [2.1.14] that B,
is also U-graded. Let us prove that By, = (Bg)., € (B1 @ --- @ B,).. Since I"
refines I'* which is already fine we have I |3, = I'*, that is, the homogeneous
components are the same but indexed by different groups. Then (By)., =
By = BN (By®---®B,)!, for some a € U. Using the fact that every element
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in By, is homogeneous of degree a, regarding IV, and B} = B, we get a*> = a
and then a = e. This, together with 5), proves that

(Bi)e; C (B1 & -+ & Bn),
for all i =1, ...,n, then
(B)ey, @ ®(Bn)e, € (B1®---®B,)..
Since I refines I'* x - -+ x I'™ we have the equality
(Bi)ey @+ @ (Bu)e, = (B1 &+ @ By)..

Considering the last equality together with 1) we get that [ is an improper
refinement of ' x --- x I'. Therefore I'* x --- x I'™ is fine. O

In the next example we see the group-gradings on sl X sly obtained as
product group-gradings of fine gradings on sls.

Example 2.4.8. Consider the special linear Lie algebra of degree 2:
sly = <E: (8(1)>’F:((1)8)’H:(%)91)>7

over a ground field F of characteristic not 2. This is a simple algebra, its
bracket is determined by:

[E,F|=H, [H F|=-2F, and [H E]=2E.

Up to equivalence, there are only two fine gradings on sly (see [EK13, Theo-
rem 3.55]):

o' 51[2 with universal group Z. and homogeneous components:

(5[2>,1 = FF, (5[2)0 = FH, (5[2)1 =FFE.

o TZ, with universal group (Z/2)* and homogeneous components:
(sk)ao =FH, (sk)on=F(E+F), (sk)on=FFE-F).
Denote by n the class of n modulo 2. The gradings on L = sly X sly obtained
as product group-gradings of the fine gradings above are the following:

o I}, x Tl with universal group Z X Z and homogeneous components
2 5i2

5(070) =FH x FH,
5(170) =FFE x 0, £(071) =0 x IFE,
E(,l,o) =FF x 0, 5(07,1) =0xFF.
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o Tl xI'2 with universal group Zx(Z/2)* and homogeneous components:
Lo,o0) =FH %0,  Lan =0xFH,
Lawoy =FE X0, L@ =0xF(E+F),
L 160y =FF %0, Loan =0xF(E-F).

o T2 x I'Z with universal group (Z/2)* and homogeneous components:
Looio =0xFH, Liop0 =FH x0,

E(ﬁ@()i—OXF(E—i—F) E((‘]T(‘)(‘)) F(E+F)XO,
E((’),(’)Ii)—OXF(E F), ﬁ(ﬁ@()) F(E—F) x0.

Let us see a counterexample of Lemma [2.4.7] omitting the hypothesis of
Supp I # {e;} for all i = 1,...,n except for at most one j € {1,...,n} .

Example 2.4.9. Assume charF # 2 and let B = F? be the algebra with the
canonical basis {e1,es}. Consider By = Fey and By = Fey trivially graded by
{e} and we denote such group-gradings by T'* and T'? respectively. Then the
product group-grading 't x I'? is given by

B = B(e,e) = Fel D Fez
We can refine this group-grading by U : B = @yez/2B8, which is given by
B/ — F(el + 62) ng = Q;
9 Fle; —ey) ifg=1.

The next example shows that there are nontrivial examples of simple
algebras for which the trivial grading is a fine group-grading.

Example 2.4.10. Let A = Fa + Fb be an algebra with the following multi-
plication table

‘ a b
al a b
bl 0 at+b.

It is easy to see that A is simple. Let R be in Algg, we will write a (resp.
b) to refer to a® 1 (resp. b® 1) in A®p R. For any R € Algy and any
automorphism ¢ € Autr(A ®r R), ¢(a) = a because a is the only left unity
of ARr R. If p(b) = ra+ sb, r;s € R, then from 0 = p(ba) = p(b)a =
(ra + sb)a = ra we obtain r = 0. Now p(b?*) = p(a +b) = a + sb, while
o(b)? = s*(a+b), so s> =1=s and ¢ is the identity. Therefore the affine
group scheme Autp(A) is trivial, and hence the only group-grading is the
trivial one.
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We want to classify fine product group-gradings but first we need a pre-
vious result.

Lemma 2.4.11. Let A be a central-simple algebra with no nontrivial group-
gradings. Then the trivial group-grading on A X --- x A (n > 2 copies of A)
is a fine group-grading if and only if n = 2 and charF = 2.

Proof. If n = 2 and char[F # 2, then A x A is isomorphic to A®r (FxF). The
Z/2-grading on F x F in Example induces a nontrivial Z/2-grading on
Ax A, with (Ax A)g ={(z,z) : 2 € A} and (Ax A)1 = {(z,—z) : x € A}
Therefore the trivial group-grading on A x A is not fine.

If n > 3 and charF # 2, we may use the above to define a nontrivial
group-grading on A x A and hence take the product group-grading with
the trivial group-grading on the remaining factors to get a nontrivial group-
grading on A x A x --- x A.

If n > 3 and charF = 2, consider the group Z/3, and its projection onto
the trivial group m : Z/3 — 1. Let G = Z/3, G = 1 and T the trivial
group-grading on A. Consider the associated loop algebra L (.A). Its group-
grading I' is not trivial, and L.(A) is isomorphic to A x A x A (Theorem
2.1.9). Therefore there are nontrivial group-gradings on A x A x A, and
hence also on the cartesian product of n > 3 copies of A.

On the other hand, suppose n = 2 and char F = 2. Suppose also that I is
a nontrivial group-grading on A x A with universal group U, then A x A is a
semisimple and graded-simple algebra, with centroid isomorphic to F xF. By
Theorem 2. A x A is isomorphic to a loop algebra of the form L,(A’),
with 7 : U — U a surjective group homomorphism with kernel H of order
2 and a central-simple U-graded algebra A’, then L,(A’) is semisimple, but
this contradicts Theorem 2.1.91 O

Next result gives the characterization of fine product group-gradings.

Theorem 2.4.12. Let I be a fine group-grading on the algebra B® such that
it is graded-central-simple. Then the product group-grading T't x --- x '™
on B=B'@---®B", where B' is an ideal of B fori = 1,....,n, is a fine
group-grading if and only if either:

o charF = 2 and for any index i such that I'* is trivial, there is at most
one other index j such that T and T? are equivalent (i.e., T is trivial
and B’ is isomorphic to B').

e charF # 2 and for any index i such that T is trivial, there is no other
index j such that I'* and IV are equivalent.
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Proof. 1f charF = 2 and there are three indices ¢, 7, k with trivial group-
gradings I, IV and IT'* and such that B?, B/ and B* are isomorphic. Since
these algebras are graded-simple then they are simple and by Remark
central-simple. Lemma [2.4.11|shows that there is a nontrivial group-grading
on Bi@ B! @ B*. Therefore the induced group-grading (I'' x - - - X I') | gig i o
(which is the trivial group-grading) is not fine and Corollary shows that
' x --- x '™ is not fine. The situation for charF # 2, with two indices 4, j
with trivial group-gradings I'"" and IV and such that B¢ and B’ are isomorphic,
is similar.

On the other hand, assume that the hypotheses on the trivial group-
gradings are satisfied. The arguments in the proof of Lemma [2.4.7] show that
if I is a group-grading on B that refines I'! x - -- x I'", and if I'? is not trivial,
then B’ is a graded ideal for I, and I"|z: coincides with T

Consider the subset of indices

J=1{i|1<i<nandI"is the trivial group-grading: B' = (B').}.

As J = @i@ B' is a graded ideal for I, by Lemma , J =®jc, B is
also a graded ideal of B for I. For j € J, B’ is central-simple, because it is
graded-central-simple and IV is trivial, so J’ is semisimple. Thus each ideal
of J' is of the form Bt @ --- @ B’r for some indices j; < --- < j, in J. The
centroid of such an ideal is the cartesian product of r copies of F (Remark
. In particular its dimension is finite.

By Theorem 2.1.16, J’ is a direct sum of graded-simple ideals 7y, ..., Z,
for I'"| 7+ and, by Lemma [1.3.11] such ideals are also graded-central-simple.
Then, by Theorem [1.3.3] (i), for each ¢ € {1,...,r} there exists a central-
simple G/H-graded algebra A; such that Z; is isomorphic, as G-graded al-
gebras, to L., (A;) where m; : G — G/H; is the canonical projection for
H = Supp C(I;) and hence isomorphic to the cartesian product of a num-
ber of copies of a simple algebra, with charF not dividing this number of
copies (Theorem . Our hypotheses imply, due to Lemma , that
the graded-simple ideals of I"| are precisely the B’’s for j € J and, since
[V is fine, I|; is the trivial group-grading for any j € J. We conclude that
[M=T!x...xI" O

The next result classifies fine group-gradings, up to equivalence, on semisim-
ple algebras.

Corollary 2.4.13.

1. Any fine group-grading on a finite-dimensional semisimple algebra is
equivalent to a product group-grading I'' x --- x I'™, with the ['*’s being
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3.

fine group-gradings on a semisimple graded-simple ideal B® of an algebra
B=B'®---®B", satisfying one of the following extra conditions:

e charF = 2 and for any index i such that I'* is trivial, there is at
most one other index j such that I'* is equivalent to TV,

e charF # 2 and for any index i such that T'* is trivial, there is no
other index j such that T' is equivalent to T,

And conversely, any such product group-grading is a fine group-grading.

Moreover, the factors I'* are uniquely determined, up to reordering and
equivalence.

Any fine grading T on a finite-dimensional graded-simple algebra B is
equivalent to a U-grading I' on the loop algebra L.(A) associated to
a surjective group homomorphism © : U — U with finite kernel, and
a simple finite-dimensional U-graded algebra A with T a fine group-
grading with universal group U.

Moreover, in this situation B is semisimple if and only if charF does
not divide the order of ker .

Fori=1,2, let A’ be a simple algebra endowed with a fine U’ -grading
TP where UTY) = U, and let 7 : U — U be a surjective group
homomorphism for a group U'. Let T be the group-grading induced by
TP on the associated loop algebra Lyi(A?) fori=1,2. Then T and I'?

are equivalent if and only if the T and T are equivalent and there is

an equivalence (¢ : A' — A% oy, U - U2) such that o, extends to a
group isomorphism &, : U' — U?. (This means that the diagram

U1&>U2

is commutative.)

Proof. By Lemma [2.1.15| any semisimple graded algebra is uniquely, up to
a permutation of the summands, a direct sum of graded-simple ideals. Now
part 1 follows from Corollary and Theorem [2.4.12]

Part 2 follows from Theorem 2.2.3 2 and Lemma 2.4.]

For part 3 Lemma [2.3.3| and its proof shows the first part. The converse

is Lemma 2.3.41

]
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In general, the group isomorphism ag at the end of the previous proof
cannot be extended to a group isomorphism U! — U2, as the next example
shows.

Example 2.4.14. Let J = F1 ®Fu® Fov be the unital commutative algebra,
with u?> = v?> = 1, wv = 0. This is the Jordan algebra of a two-dimensional
quadratic form. It is simple. Consider the group-grading T on J by U =
(Z/2)?, with

k7(()7()) = F1, '_7(17()) = Fu, \7(171) = Fo.

U is, up to isomorphism, the universal group of the group-grading. Consider
also the group-grading I by the same group with

Joo =F1l, Joi =Fu, Jai) = Fv.

U is the universal group of I'2.

The identity map gives an equivalence between T' and T°. The associated
group isomorphism cuq : U — U is the map (a,b) > (b, a).

Let U = (Z/4) x (Z/2), and let 7 be the natural projection map U — U
which is the identity on the second component and the projection Z/4 — 7./2
on the first component. Then ayq does not extend to a group isomorphism
U — U, and therefore ¢ does not extend to an equivalence of the induced
group-gradings T'' and T'? on the respective loop algebras.

If the characteristic of F is not 2, then L.(J) is isomorphic to J X
J (Theorem , so we obtain two non-equivalent group-gradings on the
semisimple algebra J x J.

In the next example we compute the fine group-gradings on B = sl, & sl
such that B is graded-simple.

Example 2.4.15. Let F be the base field with characteristic different of 2.
We will compute the fine group-gradings on the algebra B = sly @ sly where
each copy of sly is an ideal of B and such that B is graded-simple. In order
to do this we will give a group G and a subgroup H of G such that |H| = 2
and G := G/H ~U(T) forT =T% (Z,1) and T'?_((Z/2)?) given in Example

. Then we will find the G-grading on L.(sly) associated to T for the
i

canonical projection 7 : G — G (Corollary|2.4.15 (2)). Notice that the uni-
versal group of this loop algebra is G (Lemma . Finally, using Theorem
we give the G-grading on sly X sly. Denote by 1 the class of n modulo
2.

o Set G=ZxZ/2 and H=0x2Z/2. Letw: G — G/H be the canonical
projection. We have the G-grading on L.(sly) given by

Lﬂ(ﬁlg)(mﬁ) = (5[2)m X (m, ﬁ)
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where (sly)n, is giwen by T} (Z,1). Extending the characters of H to G
we obtain
x1=1 and xo:(m,n)— (=1)".

Finally, we get the respective G-grading on sly X sly given by
(5[2 X 5[2)(m’ﬁ) = {(at, (—1)"!17) T € (ﬁ[g)ﬂ((m’ﬁ))}.

o Set G=(Z/2)® and H=0?>xZ/2. Let 7 : G — G/H be the canonical
projection. We have the G-grading on L. (sly) given by

Ln(5[2)(fn,ﬁ,f) = (5[2)(m,ﬁ) & (maﬁ,f)~

where (sly) gn,m) is given by T2 ((Z/2)?). Extending the characters of H
to G we obtain

r

x1=1 and x2:(m,n,7)— (=1)".
Finally, we get the respective group-grading on sl X sly given by
(5[2 X 5[2)(7?1’7—7”;) = {(I’, (—1)%:) T E (5[2>7r((ﬁ7,,ﬁf))}-

o Set G =Z/4AxZ)2 and H = {0,2} x 0 where m := m mod 4. Let
7w : G — G/H be the canonical projection. We have the G-grading on
L. (sly) given by

Lﬂ-(ﬁ[Q)(ffh,ﬁ) = (5[2)(,71,,5) ® (m,n).

where (8ly)(m,n) s given by I'2 ((Z/2)?). Extending the characters of H
to G we obtain

x1=1 and x2:(m,n)—i"

where 1 denotes a square root of —1 in F. Finally, we get the respective
group-grading on sly X sly given by

(5[2 X 5[2)(7%7,3) = {(m,zmm) T € (5[2)ﬂ((mﬁ))}.

Since we considered group-gradings by their universal groups, the above group-
gradings are unique up to equivalence.

Therefore, by Corollary [2.4.13] the fine group-gradings on sly X sly, up to
equivalence, are the ones given in Example [2.4.8/ and [2.4.15]







Chapter 3

A Toy Example: Gradings on
Kac’s Jordan Superalgebra

This chapter is devoted to obtain gradings on the Kac’s Jordan superalgebra
Ko and is part of [CDEIS|. We will see that in order to obtain the gradings,
up to equivalence and isomorphism, on Kyq it is enough to obtain the grad-
ings, up to equivalence and isomorphism, on K3 x K3 where K3 is a simple
algebra. Then by using an isomorphism we can obtain the gradings on Ky.
The process we will follow to obtain the gradings on K3 x K3 is an example of
the theory given in Chapter 2 in the case when we have two simple factors,
we see that such theory works for different types of algebras, such as super-
algebras. The process shown here to obtain the gradings on Ky, is analogous
to the one we will use in Chapters 4 and 5 to obtain gradings on the tensor
product of two Cayley algebras.

Kac’s ten-dimensional superalgebra Ky, is an exceptional Jordan superal-
gebra which appeared for the first time in Kac’s classification [Kac77] of the
finite dimensional simple Jordan superalgebras over an algebraically closed
field of characteristic 0. It was constructed by Lie theoretical terms from a
3-grading of the exceptional simple Lie superalgebra F'(4).

A more conceptual definition was given in [BE02] over an arbitrary field F
of characteristic not 2, using the three-dimensional Kaplansky superalgebra
Ks. The even part (K3)g is a copy of the ground field F: (K3)y = Fa, with a® =
a; while the odd part is a two-dimensional vector space W endowed with a
nonzero skew-symmetric bilinear form (| ). The multiplication is determined
as follows:

1
a>=a, av= QUu=va, vw= (v|w)a,

for any v,w € W. We extend (|) to a supersymmetric bilinear form on Kj:
1

(K3)p and (K3); are orthogonal, with (ala) = 3.

29



60 CHAPTER 3. A TOY EXAMPLE: Ky

The assumption on the ground field to be of characteristic not 2 will be
kept throughout the chapter.

Then KlO =F1 D (Kg XF Kg), with (Klﬂ)(] =1 D (K3 Kr Kg)(—) = F1 D
Fla®a)® (W @W), and (Kio)1 = (K3 ®@r Ks); = (W ®a) @ (a @ W). The
multiplication is given by imposing that 1 is the unity, and for homogeneous
elements z,y, z,t € Ks,

e@y)(zet) = (-1 (2z @yt - %(:1: =) | 0). (3.0.1)

If the characteristic is 3, then Ky := K3 ®p K3 is a simple ideal in Ky,.
Otherwise Ky is simple.

It must be remarked that an ‘octonionic’ construction of K;y has been
given in [RZ15].

Using the construction above of Ky in terms of K3, the group of automor-
phisms Aut(Ki) was computed in [ELS07]. This was used in [CDMI0] to
classify gradings on Ky over algebraically closed fields of characteristic zero.

We will compute the group scheme of automorphisms of Kjq, and use it
to revisit, extend, and simplify drastically, the known results on gradings on
Kl().

Recall that the group scheme Aut(Klo) is the functor that takes any
object R in Algy to the group Aut R(Km ®r R) (the group of automorphisms
of the R-superalgebra Ky ®r R, i.e., the group of R-linear isomorphisms
preserving the multiplication and the grading), with the natural definition
on morphisms.

It turns out that Aut K1o) is isomorphic to a semidirect product (SL2 X
SLQ) X Cy (Theorem , where C, is the constant group scheme attached
to the cyclic group of two elements (also denoted by Cs). This extends the
result in [ELS07].

A simple observation shows that (SL2 X SLQ) x Csy 1is also the automor-
phism group scheme of K3 x Kj.

Finally, given an abelian group G, a G-grading on a superalgebra A
corresponds to a homomorphism of group schemes

GP — Aut(A).

(See [EK13l Chapter 1, Section 1.4].)

The classification of G-gradings up to isomorphism on Ks x K3 is an
easy exercise (Proposition , and the classification of G-gradings, up
to isomorphism, on Kiy (Theorem follows at once from this, thus,
extending and simplifying widely the results in [CDMI0].
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3.1 The group scheme of automorphisms

Consider the two-dimensional vector space W = (K3)i, which is endowed
with the nonzero skew-symmetric bilinear form (|) : W x W — F. The spe-
cial linear group scheme SL(W) coincides with the symplectic group scheme
Sp(W), which is, up to isomorphism, the group scheme of automorphisms of
Ks.

The constant group scheme Cj acts on SL(WW) x SL(W) by swapping
the arguments, and hence we get a natural semidirect product (SL(W) X
SL(W)) x C,. The group isomorphism @ in [ELS07, p. 3809] extends natu-
rally to a homomorphism of affine group schemes:

® : (SL(W) x SL(W)) x C; — Aut(Ky)

(1 — 1,
aR@ar—aa,

(f,9) = Py v®ar f(v)®a,
a®v—a® g(v),
(0@ w = f(v) ® g(w),

1 — 1,

generator of Cy — 7
@y (-)%y @z,

(3.1.1)

for any R in Algy, f,g € SL(W)(R) (i.e., f,g € Endg(W ®r R) ~ My(R)
of determinant 1), v,w € Wi := W @p R, x,y € (K3)gr. (Note that a
representation p : F — GL(V) of a constant group scheme F is determined
by its behavior over F: pp : F — GL(V).)

Theorem 3.1.1. ® is an isomorphism of affine group schemes.

Proof. If F denotes an algebraic closure of IF, then ®z is a group isomorphism
[ELS07, Theorem 3.3]. Since (SL(W) x SL(W)) x Cy ~ (SLy x SLy) x C,
is smooth, it is enough to prove that the differential d® is bijective (see, for
instance [EK13| Theorem A.50]). The Lie algebra of (SL(W)x SL(W)) x C,
is sI(W) x s[(W), while the Lie algebra of Aut(Ko) is the even part of its Lie
superalgebra of derivations, which is again, up to isomorphism, sl(WW') xs[(W)
identified naturally with a subalgebra of Endg(Kio) (see [BE02, Theorem
2.8]). Moreover, with the natural identification, d® is the identity map. O

The last result in this section is the simple observation that (SL(W) X
SL(W)) x C, is also the group scheme of automorphisms of the Jordan
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superalgebra K3 x Ks. Its proof is straightforward, along the same lines as
for Theorem B.1.1]

Proposition 3.1.2. The natural transformation defined by:
wl (SL(W) X SL(W)) X Cy — Aut(K3 X K3)
(a,0) = (a,0
(f,9) = U8 (0,a)— (0,a
(v,w) = (f(v), g(w)),

generator of Co — 7 : (z,y) — (y,2),

?

),
)

forv,w e W and x,y € K3 is an isomorphism of group schemes.

3.2 Gradings

Given an abelian group G, a G-grading on a superalgebra A = Ag & A;
is a decomposition into a direct sum of subspaces: A = @geG A,, such
that AgA, C Ay, for any g,h € G, and each homogeneous component is a
subspace in the ‘super’ sense: A, = (A, N Ag) & (A, N A;g).

A grading by G is equivalent to a homomorphism of affine group schemes
GP — Aut(A) (see [EK13]), and this shows that two superalgebras with
isomorphic group schemes of automorphisms have equivalent classifications
of G-gradings up to isomorphism. Therefore, in order to classify gradings on
K1 it is enough to classify gradings on K3 x K3, and this is straightforward.

Actually, fix a symplectic basis {u,v} of W = (K3)s.

Definition 3.2.1. Given an abelian group G, consider the following gradings
(e denotes the neutral element of G):

e For gi,g0 € G, denote by TY(G; g1, g2) the G-grading given by:
deg(z) = e for any = € (K3 x K3)g,
deg(u,0) = g1 = deg(v,0)™!, deg(0,u) = g, = deg(0,v)"".

o For g.h € G with h* = e # h, denote by T'*(G;g,h) the G-grading
given by:

deg(a,a) =e, deg(a,—a)=h,
deg(u,u) = g = deg(v,v)™", deg(u, —u) = gh = deg(v, —v) .
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Notice that TY(G; g1, g2) is a product group-grading, while T?(G; g, h) is iso-
morphic to a loop grading.

Proposition 3.2.2. Any grading on Ks x K3 by the abelian group G is iso-
morphic to either TY(G; g1, g2) or to T*(G;g,h) (for some g1,go or g, h in
G).

Moreover, no grading of the first type T'Y(G;g1,g9) is isomorphic to a
grading of the second type T*(G; g, h), and

o T'Y(G; g1, g2) is isomorphic to TY(G; g, g5) if and only if the sets
{91.91", 92,92} and {g}, (g1) ™", g5, (95) ™'} coincide.

o 12(G;g,h) is isomorphic to T*(G; g, h') if and only if W' = h and ¢ €
{g.9h.g7" g N}.

Proof. Any G-grading on J := K3 x K3 induces a G-grading on J5, which is
isomorphic to F x F, and hence we are left with two cases:

1. The grading on Jj is trivial, i.e., J5 is contained in the homogeneous
component J,. Then, with W = (K3)1, both W x 0 = (a,0)J; and
0 x W = (0,a)J; are graded subspaces of J;. Hence we can take
bases {u;,v;} of W, i = 1,2, such that {(u1,0), (v1,0), (0,uz), (0,v2)}
is a basis of J7 consisting of homogeneous elements. We can adjust v;,
i =1,2, so that (u; | v;) = 1. If deg(u;,0) = ¢, i = 1,2, the grading is
isomorphic to I''(G; g1, go).

2. The grading on Jj is not trivial. Then there is an element h € G of
order 2 such that deg(a,a) = e and deg(a, —a) = h. (Note that (a,a) is
the unity element of J; (~ F x ), so it is always homogeneous of degree
e.) As Jy = (J7)?, there are homogeneous elements (u1, us), (vi, v2) €
Ji such that (uy,us)(vy,v2) = (a,a). If g = deg(uy, us), this grading is
isomorphic to I'*(G; g, h).

The conditions for isomorphism are clear. [

Any grading I''(G; g1, g2) is a coarsening of I''(Z?;(1,0),(0,1)), while
any grading I'*(G; g, h) is a coarsening of I'*(Z x Z/2;(1,0),(0,1)), where
Z/2 = 7Z/27Z. As an immediate consequence, we obtain the next result.

Corollary 3.2.3. Up to equivalence, there are exactly two fine gradings on
K3 x K3, with respective universal groups Z* and Zx Z/2: T (Z?;(1,0), (0, 1))
and T*(Z x 7Z./2; (1,0), (0,1)).
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In order to transfer these results to Kac’s superalgebra Ky, take into
account that Kjy is generated by its odd part, as ((K10)1)2 = (Kyp)g, so
any grading is determined by its restriction to the odd part, and use the
commutativity of the diagram

Aut(Ks x Ky) <2 (SL(W) x SL(W)) x C; —2 Aut (Ky)
GL(W x W) = GL((W ®a)® (a@W))

where the vertical arrows are given by the restrictions to the odd parts, and
the bottom isomorphism is given by the natural identification W x W —
W®a)® @ W), (v,v)»vRa+a®w.

Thus Definition transfers to Kyg as follows:

Definition 3.2.4. Given an abelian group G, consider the following G-
gradings on Kig:

o For g1,90 € G, denote by FlKIO(G;gl,gg) the G-grading determined by:

deg(u®a) =g; =deg(v®a)™!, degla®u) =gy =deg(a®v) "

o For g,h € G with h* = e # h, denote by Ty, (G;g,h) the G-grading
determined by:

deglu®@a+a®u)=g=deglv®at+ax®v),
deg(u®a—a®u) =gh=deg(v®@a—a®v)".

And Proposition and Corollary are now transferred easily to
KIO-

Theorem 3.2.5. Any grading on Kyy by the abelian group G is isomorphic
to either Uy, (G g1, 92) or to Iy, (G:g,h) (for some g1,g2 or g, h in G).

No grading of the first type is isomorphic to a grading of the second type,
and

o F}QO(%; gl’g221is z'somor/phic/ tolf‘lK/m(Cf;g{l, gb) .if qnd only if the sets
{gl7g1 » 925, Jo } and {917(91>_ 7927(92>_ } coincide.

o I'% (Gsg,h) zls isolmorphz'c to Tk (G g, ') if and only if ' = h and
9 €{g,9h, 97" g 'h}.
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Moreover, there are exactly two fine gradings on Kig up to equivalence,
namely Tk (Z?;(1,0),(0,1)) and T (Z x Z/2;(1,0),(0,1)).

Remark 3.2.6. Any grading on Kyg by an abelian group G extends naturally
to a grading by either Z x G or (Z/2)? x G on the exceptional simple Lie
superalgebra F(4), which is obtained from Ky using the well-known Tits-
Kantor-Koecher construction. However (see [DEMI11]), not all gradings on
F(4) are obtained in this way.






Chapter 4

Hurwitz algebras

Hurwitz algebras constitute a generalization of the classical algebras of the
real R, complex C, quaternion H (1843) and octonion numbers O (1845).
We are interested in the tensor product of two of these algebras because it is
a particular case of structurable algebras (Chapter 5, Section 1). In Section
1 we give the definition of these algebras and their classification. In Section
2 we have the classification of group-gradings on Hurwitz algebras. Finally
in Section 3 we prove a result about the tensor product of a finite number of
Cayley algebras (octonion algebras) which will be used in Chapter 5 to get
group-gradings on the tensor product of two Hurwitz algebras.

4.1 Definitions

The following definitions and results can be found in Chapter 4 of [EK13].

A quadratic form on a vector space V over a field Fisamapq:V — F
satisfying ¢(Az) = A\?q(z) for any A\ € F and any = € V, and such that its
polar form, defined by ¢(x,y) := q(z +y) — q(z) — q(y) for z,y € V, is
a bilinear form (necessarily symmetric). If charF = 2 then the form ¢(z,y)
is alternlating, otherwise the quadratic form is determined by its polar form:
o) = 5ol 7).

Let V* = {z € V : q(x,y) = 0fory € V}. The quadratic form ¢ is
called nonsingular if either V+ = 0 or dimV*+ =1 and ¢(V*) # 0. If the
characteristic of F is not 2, then the quadratic form ¢ is nonsingular if and
only if its polar form is a nondegenerate symmetric bilinear form (V+ = 0).

Now let C be an algebra over F. A quadratic form n on C is called
multiplicative if

n(zy) = n(x)n(y) (4.1.1)

67
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for any z,y € C.

Definition 4.1.1. An algebra C over a field F endowed with a nonsingular
multiplicative quadratic form (the norm) n :C — T is called a composition
algebra. The unital composition algebras are called Hurwitz algebras.

Definition 4.1.2. The linear form C — F, x — n(x,1) is called the trace
of the Hurwitz algebra C, and the subspace of traceless elements: {x € C :
n(xz,1) = 0}, is denoted by Cy.

By [EK13, Proposition 4.2] we have that the map x — T = n(z,1)1 —z
is an tnvolution of C (i.e., Ty =y T and T = x for any x,y € C), called the
standard conjugation. Then an analogous definition for Cy is the subspace
of C of antisymmetric elements: {vr € C : T = —x}.

We will denote by C'D(Q, ) the algebra obtained from a subalgebra @
of a Hurwitz algebra through the Cayley-Dickson doubling process where
0# a € F (see [EK13, p. 125]). The next result is Theorem 4.4 of [EK13].

Theorem 4.1.3. Fvery Hurwitz algebra over a field F is isomorphic to one
of the following types:

(1) The ground field F if its characteristic is different of 2.

(2) A quadratic commutative and associative separable algebra K[u) :=
F1 @ Fo, with v* = v + pu and 4p + 1 # 0. Its norm is given by the generic
norm: n(a + bv) = a® — pb® + 2ab for a,b € F.

(3) A quaternion algebra Q[u, B) := CD(K|u), ) forp € F and 0 # B €
F. (These are associative but not commutative.)

(4) A Cayley algebra (or octonion algebra) Clu, 5,7) = €D(Qu, 5),7)
for pn € F and 0 # B,y € F. (These are alternative but not associative.)
In particular, the dimension of any Hurwitz algebra is finite and restricted to
1, 2, 4 or 8.

If the characteristic of the ground field F is not 2, then we can rephrase
the theorem above as follows ([EK13 Corollary 4.6]):

Corollary 4.1.4. Fvery Hurwitz algebra over a field F of characteristic not
2 is 1somorphic to one of the following types:

(1) The ground field F.

(2) A commutative and associative separable algebra K(o) == €D (F, ),
for 0 # a € F.

(3) A quaternion algebra Q(a, B) = CD(F,a,fB) for 0 # «,5 € F.
(These are associative but not commutative.)

(4) A Cayley algebra (or octonion algebra)C(a, 3,7) == CD(F, «a, 3,7)
for 0 # «, B,y € F. (These are alternative but not associative.
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The next result is [EK13] Corollary 4.7].

Corollary 4.1.5. Two Hurwitz algebras are isomorphic if and only if their
norms are isometric.

We will say that the norm n is isotropic if it represents 0. This is always
the case if I is algebraically closed.

Up to isomorphism, there is a unique Cayley algebra whose norm is
isotropic. It is called the split Cayley algebra and denoted by C,. One basis
called the good basis of C; is {e1, €3, uy, us, ug, v1, v, v3} with multiplication
table:

€1 €9 U1 U9 Uus U1 (%) (R}
€1 | €1 0 Uuq U9 us 0 0 0
€9 0 ()] 0 0 0 (%1 (%) V3
up | 0w 0 v3  —Uy —ey 0 0
U9 0 U9 —Us 0 U1 0 —e€1 0
us | 0 wus vy —up 0 0 0 —ey
V1| N1 0 —E€9 0 0 0 us —U9
Vg | Ug 0 0 —€9 0 —Us 0 (751
(%] V3 0 0 0 —E€9 U2 —U1 0

The next result is Theorem 4.8 of [EK13].

Theorem 4.1.6. There are, up to isomorphism, unique Hurwitz algebras of
dimension 2, 4 and 8§ whose norm 1is isotropic:

(1) The algebra F x F with norm n((a, 5)) = af.

(2) The algebra My(F) with determinant as the norm.

(3) The split Cayley algebra Cs = CD(Ms(F), 1) with the above multipli-
cation table.

4.2 Gradings on Hurwitz algebras

In dealing with group-gradings on Hurwitz algebras, it is enough to restrict
ourselves to abelian group-gradings (see [EK13, Proposition 4.10]). Therefore
we will keep working with abelian group-gradings.

The group-gradings induced by the Cayley-Dickson doubling pro-
cess on a Cayley algebra C, up to equivalence, are the following:

o If C=CD(Q,a) =Q @ Qu, this is a Z/2-grading: C5 = Q, C; = Qu.

e If moreover, ) = CD(K, ) = K& Kv, thenC = K Kvd Kud(Kv)u
is a (Z/2)*-grading.
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e Finally, if K = CD(F,~) = F1 & Fw, then C is (Z/2)3-graded.

The groups (Z/2)" (r = 1,2,3) are the universal groups, respectively. The
fine (Z/2)3-grading induced by the Cayley-Dickson doubling process
on C = CD(F,a, B,7) with the basis {1, w, v, vw, u, vw, vu, (wv)u} is given
by

Cooo =F1, Caio = Fouy,
Cap0) = Fu, Capy = Fuu,

1 . 421
Co,10 =Fv, Coii) = Fuwv, ( )
C(ﬁ,ﬁi) = Fuw, C(I,Li) = F(wv)u.

ECS;(O,O) o

Cs (1,0) = Fuy, Cs (-1,0) = Foy,

’ ’ 4.2.2
(Cs)0,1) = Fuy, (Cs)(0,-1) = Fuy, ( )
(Cs)(Ll) = Fus, (Cs)(—l,—l) = Fus.

This group-grading is called the Cartan grading and its universal group is
72,

Remark 4.2.1.

1. Let C be the Cayley algebra with the basis {1, w,v, vw, u, uw, vu, (wv)u}
given by the Cayley-Dickson doubling process. We have that {w, v, vw, u,
uw, vu, (wv)u} is a basis for the subspace of traceless elements Cy of C.

2. Let Cy be the split Cayley algebra with the good basis {e1, €2, uy, ug, us, v,
vo,v3}. We have that {e; — eq,uy, ug, ug, vy, ve,v3} is a basis for the
subspace of traceless elements (Cs)o of Cs.

We can also see Cy and (Cs)o as algebras with the multiplication given by the
commutator. Observe that the subspace of traceless elements generates the
whole Cayley algebra if we consider the usual multiplication, therefore there
is enough to know the degrees of the traceless elements in order to know the
grading on the whole Cayley algebra. Recall that degl = e where e is the

neutral element of the group (Remark .

The following result (JEK13, Theorem 4.12]) describes all possible group-
gradings on Cayley algebras:

Theorem 4.2.2. Any proper group-grading on a Cayley algebra is, up to
equivalence, either a group-grading induced by the Cayley-Dickson doubling
process or a coarsening of the Cartan grading on the split Cayley algebra.
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Next two corollaries are Corollary 4.13 and 4.14 of [EK13].

Corollary 4.2.3. Let I" be a group-grading on the Cayley algebra C over an
algebraically closed field . Then, up to equivalence, either T is the (Z/2)3-
grading induced by the Cayley-Dickson doubling process, or it is a coarsening
of the Cartan grading. The first possibility does not occur if char[F = 2.

Corollary 4.2.4. Let C be the Cayley algebra over an algebraically closed
field. Then, up to equivalence, the fine gradings by abelian groups on C and
their universal groups are the following:

(1) The Cartan grading, with universal group Z>.

(2) If char F # 2, the (Z/2)3-grading induced by the Cayley-Dickson dou-
bling process, with universal group (Z/2)3.

The next classification is Theorem 4.15 of [EK13].

Theorem 4.2.5. Up to equivalence, the montrivial group-gradings on the
split Cayley algebra are:

(1) The (Z/2)"-gradings induced by the Cayley-Dickson doubling process,
r=1,23.

(2) The Cartan grading by Z>.

(3) The 3-grading: Cy = span{ey, e, us, v3}, C; = spanf{uy,vo}, andC_1 =
span{usg, v }.

(4) The 5-grading: Cy = span{ey, es}, C; = span{uy, us}, Co = span{vs},
C_y = span{vy,ve}, C_g = span{us}.

(5) The Z/3-grading: Cy = span{ey,es}, Cy = span{uy, ug, us}, and C3 =
span{vy, ve, v3}.

(6) The Z/4-grading: Cy = span{ei,es}, Cy = span{uy,us}, and C3 =
span{us, vs} and C3 = span{vy, va}.

(7) The Z x Z/2-grading defined by [EK13, (4.11)].

The next remark ([EK13, Remark 4.16]) completes the classification, up
to equivalence, of gradings on Hurwitz algebras.

Remark 4.2.6. Up to equivalence, the only nontrivial group-gradings on a
quaternion algebra are the Cartan grading on the split quaternion algebra
My(F), or either a Z/2 or (Z/2)*-grading induced by the Cayley-Dickson
doubling process. The last one does not appear in characteristic 2. For
Hurwitz algebras of dimension 2, the only nontrivial group-gradings are, up
to equivalence, the Z/2-gradings over fields of characteristic not 2 induced by
the Cayley-Dickson doubling process.
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Let G be an abelian group. To give the classification theorem of G-
gradings on the Cayley algebra C over an algebraically closed field ([EK13,
Theorem 4.21]) we have the following notation:

Denote by '} the Cartan grading by Z? and by I'% the (Z/2)3-grading
induced by the Cayley-Dickson doubling process (assuming char [ # 2 in this
case).

e Let v = (g1, 92, g3) be a triple of elements in G with g9293 = e. Denote
by T't(G, ) the G-grading on C induced from I'} by the homomorphism
7? — G sending (1,0) to g; and (0,1) to go. For two such triples, v and
7" we will write v ~ 7/ if there exists 7 € Sym(3) such that g = g
foralli=1,2,3 or g, = g;(li) forall i =1,2,3.

e Let H C G be a subgroup isomorphic to (Z/2)3. Then 'z may be
regarded as a G-grading with support H. We denote this G-grading by
I'%2(G, H). (Since the Weyl group W (T'2) is equal to Aut((Z/2)?), all
induced group-gradings ®T'4 for various isomorphisms « : (Z/2)* — H
are isomorphic, so T'2(G, H) is well-defined, see Chapter 4 of [EK13].)

Theorem 4.2.7. Let C be the Cayley algebra over an algebraically closed
field and let G be an abelian group. Then any G-grading on C is isomorphic
to some TL(G,~) or T4(G, H), but not both. Also,

e T'L(G,~) is isomorphic to T5(G,v) if and only if v ~ +/';

e T2(G, H) is isomorphic to T4(G, H') if and only if H = H'.

4.3 Automorphism scheme of the tensor prod-
uct of Cayley algebras

In this section we will use definitions and results from [MPP] to prove that
Aut(C'®---®@C") ~ Aut(C' x --- x C")

where C® are Cayley algebras for ¢ = 1,...,n. This will reduce the problem
of classifying group-gradings on C! ® --- ® C" to classify group-gradings on
C! x -+ x C". After classifying group-gradings on the direct product we
will use the isomorphism of schemes to get the group-gradings on the tensor
product. This is a similar process to the one followed in Chapter 3.

We will assume that the base field ' has characteristic different of 2.
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Definition 4.3.1. The generalized alternative nucleus of an algebra A
15 defined by:

Nui(A) :={a€ A: (a,z,y) = —(x,a,y) = (z,y,a) Yo,y € A}
(IMPP, Definition 3.1]).

Remark 4.3.2. Let C:=C'®@---®C™ be the algebra where C* is the Cayley
algebra for i = 1,...,n. Recall that C} is the subspace of traceless elements of
Cl. Identify C' with1® - ®@C'®---®1 fori=1,...n. In [MPP] we find
that forC . =C'®---®@C",

Nu(C)=FleC @ - oCr=C" +---+C"
And the derived algebra of N,;(C) is
Nopt(C) = [Nant(C), Nat(C)] = Cy @ - - - ® €

Remark 4.3.3. In [EKI1S5, p. 316 and 313] we have the following statements:
i) For an affine algebraic group scheme G,

dim Lie(G) > dim G = dim G(F).
ii) For an algebra A,
Lie(Aut(A)) = Der(A).
ii) Aut(A) is smooth if and only if dim Der(A) = dim Autz(A ® F).

Next result is Proposition 3.6 of [MPP], for C :==C' ® --- ® C" where C"
are Cayley algebras for i =1, ..., n.

Proposition 4.3.4. The restriction map gives the isomorphisms (of groups)
Aut(C) ~ Aut(N/,,(C)),
Der(C) =~ Der(N/,,(C)) ~ Der(C') & - - - & Der(C").

From now on we will use the identification A; X ---x A, ~ A, ®--- DA,

as in Remark 2.1.2]

Remark 4.3.5. i) For the Cayley algebra C we have that Aut(C) is smooth
([EKT3, p. 1/6)).

ii) Let C be the Cayley algebra. Using Proposition formn =1 we
have that the restriction map Aut(C) — Aut(Co) satisfies conditions 1) and

2) of Theorem|1.2.11] and by i) we have that
Aut(C) ~ Aut(Cy).



74 CHAPTER 4. HURWITZ ALGEBRAS

iii) Let C* be Cayley algebras for i =1,...,n and R € Alggz. We have the
canonical imbedding

Aut(Cg @ R) x -+ x Aut(Cy @ R) —  Aut((Cl x -+ xC') ® R)
(fla--wfn) — (fla--'afn)

for fi € Autr(Ci ® R) and i = 1,...,n. Note that we have used the identifi-
cation

Cix- xCHRR — (Cb®@R)x---x(Cr®R)
(ClyesCn) @T — (L @7,y @)

where ¢; € C4 fori=1,...,n and r € R. Then Aut(C}) x --- x Aut(Cy) is
subscheme of Aut(Cj x -+ x CJ!).

Lemma 4.3.6. Let C!,...,C" be Cayley algebras and let 0 = — ® - - ® — be
the involution in C* @ --- ® C", i.e. the tensor product of the involutions in
each C* fori=1,....n. Then

Aut(C'® - @C") =Aut(C'®---®C",0)
where, Aut(C' ® --- @ C",0)(R) = {¢ € Autp_.,(C' ® - ®C"® R) :
po(oc®idg) = (0 ®idgr)o ¢} for R € Algg (see Definition[5.1.9).
Proof. Let R be an arbitrary element in Algz. We want to prove that
Autp ag(C'® - @C"® R) = Autg_ae(C' @ --- ®C" @ R, 0).
The containment “D” is trivial. We have
Nu(C'®-®@C"@R)=(C*'+---+C")®R

(see Remark |4.3.2)). Then

[Nap(C'® - ®@C"® R), Nyy(C! ® - @ C" @ R)]
=[C'+---4+C")®R,(C' +---+C") @ R]
=C®---dCH) ®R,

recall that this subspace generates C! ® --- ® C" ® R considering the usual
multiplication (Remark [4.2.1)). Consider ¢ € Autp_ny(C' ® -+ @ C" ®@ R).
Notice that [Ny (C'®---@C"®@ R), Nyt (C' ® - - -®C™ ® R)] is invariant under
¢. We also have for z; € C{ and r; € R, i=1,....n

CRIUdp(1 1@ @rm+-+1® - Rz, Q1)
=71Q1®--- @+ +1Q---®Z,Qm,
=—(11®1® - @rn+-+1Q - @, 1),
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then o ZdR = _id(Cé@---@Cal)(@R in (Cé b---P Cg) ® R Hence
po(o®idg) = (0 ®idg) oy

in (Cj&- - ®Cl)®R. Then po (0 ®idr) = (0 ®idg) o ¢ in the whole
C'®--®@C"Q R, s0 ¢ € Autp_ny(C' ® - ®C" ® R,0). Therefore

Aut(C'® - ®C") = Aut(C'®---®@C",0).

Using the above results, we have the following:

Theorem 4.3.7. Let C' be the Cayley algebra for i = 1,...,n. Then there
exist 1.somorphisms of schemes ® and ¢

Aut(C'® - ®C") S Aut(C x -+ x C1) & Aut(C' x -+ x C")

where ®(R)(f) = fln,cre--wcny and (R)(g) = glicrx..xcn cix-xcn) for f €
Aut(C'®@---®@C")(R) and g € Aut(C* x --- x C")(R) with R € Algy.

Moreover,
Aut(C'® - @C") = Aut(C'®---®C", 0),
where o is the involution in C' ® --- ® C".

Proof. By Theorem [1.2.11| we see that in order to prove that ® is an isomor-
phism of schemes it is enough to show that

a) ®(F) : Autz((C'®- - -®C")®F) — Autz((Cl x - - - x C) ®@F) is bijective,
b) d® : Lie(Aut(C' @ --- ® C")) — Lie(Aut(Cj x --- x CF)) is bijective,
c) Aut(Cl x -+ x C) is smooth.

Since A ® F ~ Ag, we can use Proposition with F = F (since such

proposition works for arbitrary fields of characteristic different of 2) and

Remark to get a). By Proposition and Remark ii) we have
b).

To prove ¢), by Remark iii), it is enough to show that dim Der(C} x
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cox CP) = dim Aut#((CL x -+ x CF) @ F). We have

Z dim Aut(C") = Z dim Aut(C}) (by Remark ii))
i=1 i=1
< dim Aut(C) x --- x C) (by Remark iii))
< dim Lie(Aut(C x --- x CJ)) (by Remark i))
= dim Der(Cj x --- x CJ) (by Remark ii))
= Z dim Der(C}) (by Proposition forn=1)

=1

= Z dim Der(C") (by Proposition for n =1)

i=1
= dimAut(C’) (by Remark i) and ii)).
=1

Then dim Aut(Cj x --- x (') = dim Lie(Aut(Cy x --- x Cff)), from this and
dim Aut(C} x---xC) = dim Aut(C} x - - - xCF)(F) (Remark i)) follows:

dim Aut(Cj x --- x C)(F) = dim Lie(Aut(Cy x - -+ x CJ))
= dim Der(C} x --- x Cf) (Remark ii))

Therefore Aut(Cj X --- x C') is smooth and then ® is an isomorphism of
schemes.

In order to prove that ¢ is an isomorphism of schemes we will use again
Theorem [1.2.11] Since we have already proved that Aut(C} x --- x C¥) is

smooth, we only have to prove that ¢(F) and dp are bijective.
Consider the algebras Cl,...,C" over an algebraically closed field. Take
g € Aut(C? x --- x C")(F) = Aut(C! x --- x C"), then

Gloxxcisexg i 0X o xCx - x0—=C x - xC"
is an homomorphism and applying the first theorem of isomorphisms we have
M (glox.xcisxo) = (00X - xC'x -+ x0)/(0x -+ x0)~C".
Then for every ¢ € {1,...,n} there exists a unique j € {1,...,n} such that
gOX -+ xC'x-++x0)=0x--xC x--x0
due to Lemma [2.1.13] So, there exists o € S, such that

g(OX"'XCiX"'XO):OX"'Xca(i)X"'XO
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for i = 1,...,n. We have the isomorphism

g; : CZ — CU(i)
x> Pyiy(g(0,...,7,...,0))

where P,; is the canonical projection in the o(i)-th entry. We have

g= C'x---xC* — C°Wx...xC™ 5 C'x...xC"
(C1y ey Cp) = (g1(c1), -y gnl(cn))
(al, ...,an) — (aofl(l), ...761/0-*1(”)).

Since Cjy = [C',C’] we have that g;|ci : Cj — Cg @ is an isomorphism. Then
G x X C) = CL x - X CF)

Le. Cj X -+-» x CJ is invariant under g and since Cj X --- x C}' generates
C' x --- x C", we have that ¢(FF) is injective.

Take f € Aut(C} x --- x C})(F) = Aut(C} x --- x C?). Notice that
0x -+ xChx---x01is aminimal ideal of Cj x --- x C for i = 1,...,n. Then
there is a 7 € S,, such that

FOX - xCixx0)=0x---xC" x - x0.
Then f induces the isomorphisms for i =1,...,n
fir € = ¥
r = P f0,..x,...,0).
We can extend f; to C* by defining
fl: C — 0
1 s 1
reCy — fi(x).
Then, for the isomorphism
flo Clx-oxC" — Clx.--xC"
01 0) = (0,1, 0)
0,y 0) 5 (0,ny fi(2), ..., 0) for 2 € C}

we have that ¢(F)(f") = f. Then ¢(F) is surjective and therefore ¢(F) is an
isomorphism.
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We will prove that dyp is an isomorphism. Since 0 x --- x C* x --- x 0 is
an ideal of C! x --- x C" for all i = 1, ...,n we have

Der(C* x -+ x C") = Der(C") x --- x Der(C").
By Proposition we have
Der(Cy x -+ x CJ) =~ Der(C") x --- x Der(C").

Therefore
Der(Cj x -+ x C}) =~ Der(C* x --- x C").

Last part follows from Lemma [4.3.6] n



Chapter 5

Tensor product of composition
algebras

In this chapter we study the group-gradings on the tensor product of two
composition algebras, more specifically group-gradings on C! ® C? where C*
is a Cayley algebra and C? is a Hurwitz algebra. In Section 1 we give the mo-
tivation for studying these particular type of algebras. This is because this
tensor product is a particular case of structurable algebras which, through
the TKK construction, result in Lie algebras. Moreover the group-gradings
of structurable algebras (Definition induce group-gradings on the re-
spective Lie algebras. In Section 2 we give group-gradings (closed under
involution) on such tensor products.

As before, all grading groups considered will be assumed to be
abelian.

5.1 Motivation: Structurable algebras

A classification of finite-dimensional central simple structurable algebras over
a field of characteristic zero was given in 1978 in |AI78| Theorem 25], with a
missing item. Such classification was completed in 1990 in [Sm90, Theorem
3.8] for a base field of characteristic different of 2, 3 or 5. The importance
of studying structurable algebras is their use in the construction of Lie al-
gebras using, for example, a modified TKK-construction as in [AI79] where
all the isotropic simple Lie algebras were obtained over an arbitrary field of
characteristic zero.

We also have that from a G-grading on a central simple structurable
algebra, where GG is a group, we get a G X Z-grading in its corresponding
central simple Lie algebra. We are interested in one point of the classification:

79
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the tensor product of a Cayley algebra and a Hurwitz algebra of dimension
2,4 or 8.

First we will give some definitions. For z,y in an algebra A, define V, , €
Endg(A) by
Vay(2) = (2g)z + (25)x + (2T)y

for ze A. Put T, = V.4, for z € A. Then,
T,(2) =224 2z — 2T
for x,z € A.

Definition 5.1.1. [Al78] Let F be a field of characteristic different of 2
or 3. Let (A,—) be a finite-dimensional nonassociative unital algebra with
involution over F (i.e. an antiautomorphism “-” of period 2, see Definition

[4.1.9). We say that (A, —) is structurable if
[Tm Vx,y] = VTZ:(:,y - ‘/x,Tgy

for x,y,z € A.
We define the subspace of (A, —) of antisymmetric elements:

SA,—)={reA:7=—x}

which is a subalgebra of (A, —) with the multiplication given by the commu-
tator { , |’ since for s,t € S(A, —) we have
[s,t] = st —ts =st —ts =15 — 5t =ts — st = [t, s] = —[s,1].

Definition 5.1.2. Let G be a group and let (A, —) be an algebra with involu-
tion. We will say that " is an involution preserving grading on (A, —)
if I' is a G-grading on the algebra A and it is closed under the involution,
ie., Ay C A, forallg € G.

Let (A, —) and (B, —) be algebras with involution. We say that a homo-
morphism of algebras ¢ : A — B is an involution preserving homomor-
phism if it commutes with the involution, i.e. po— = —ow. Notice that the
involution in the left (resp. right) side of the equality is the one in A (resp.
B). To make clear that it is a homomorphism that preserves involution we
will write ¢ : (A, —) = (B, —).

We will abuse of the notation by writing all the involutions as “—7”. We
just have to take into account that each of them corresponds to a particular
algebra.
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Remark 5.1.3. We are interested in studying involution preserving group-
gradings on algebras with involution.

Assume now that T is a field of characteristic different of 2, 3 or 5 and
that all algebras are finite-dimensional. Smirnov proved in [Sm90, Theorem
2.1] that any semisimple structurable algebra is the direct sum of simple
algebras. The simple algebras are central simple over their centre, and thus
the description of semisimple algebras is reduced to the description of central
simple algebras. We have the classification theorem ([Sm90, Theorem 3.8],
see also [AI79, Theorem 11]):

Theorem 5.1.4. Any central simple structurable algebra is isomorphic to
one of the following:

(a) a Jordan algebra (with the identity involution),

(b) an associative algebra with involution,

(c) a 2 X 2 matriz algebra constructed from the Jordan algebra J of an
admissible cubic form with basepoint and a nonzero scalar or a form of such
a 2 X 2 matriz algebra,

(d) an algebra with involution constructed from an hermitian form,

(e) a tensor product (C*®@C? o) where C! is a Cayley algebra, C* is a Hurwitz
algebra and o is the tensor product of the standard involutions, and the twisted
tensor product algebra constructed from a Cayley algebra C over a quadratic
field extension of the base field F,

(f) a 35-dimensional central simple algebra T(C,—) constructed from an oc-
tonion algebra (C, —).

Gradings on Jordan algebras (see [EK13, Chapter 5]) and on associative
algebras (see [EK13| Chapter 2]) are already known. Only some gradings on
algebras of case ¢) are known. Gradings on algebras of case d) are unknown
yet. Case f) has been studied by Diego Aranda-Orna but the results have
not been published yet. And we are interested in the classification of group-
gradings on algebras of the type (e) since they have not been studied.

One of the constructions of a central simple Lie algebra from a central
simple structurable algebra (A, —) (used in [AI79]) is the following. Define
Ty = {T, : * € A} and let Der(A) be the set of derivations of A that
commute with —. Denote (A,—) and S(A,—) by A and S respectively.
Then

FA-)=8 A @ Der(A) DT DADS

is a Lie algebra ([AI79, Theorem 3|) where &’ and A" are copies of S and A
respectively. Moreover we can give F (A, —) the structure of a graded Lie
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algebra in the following way. For j € Z,

F(A ) =8, F(A ) = A
'7:(“47_)2:57 -7:(-/4,—)12./4
F(A, —)o = Der(A) @ Ta.

An involution preserving grading on (A, —) by a group G induces a G-grading
on (§,—) and on Der(A) @ T)y. Therefore if we start from an involution
preserving grading I" on (A, —) we can obtain a Z x G-grading on F(A, —)
by means of

degs = (—2,degrs) dega = (—1,degra)
degs’ = (2,degr s') dega’ = (1,degra’)
deg f = (0, degr f)

forseS,ae A s eS8 d e A and f € Der(A) ® Ty where degp. is the
degree in T'.

We know, by [AI79], that we can obtain the central simple Lie algebras of
type Fy, Fg, F; and Eg through a construction related with the mentioned
one from the algebras (C! ® C?, —) where C! is a Cayley algebra and C? is a
Hurwitz algebra.

5.2 Gradings on the tensor product of two
Hurwitz Algebras

We will assume that the characteristic of the ground field F is
different of 2 and F is algebraically closed. We want to find involution
preserving group-gradings on the algebra with involution (C!' ® C?, — ® —)
where (C!, —) is a Cayley algebra and (C%, —) is a Hurwitz algebra.

We prove that involution preserving group-gradings on the algebra C' ®C?
where C! is a Cayley algebra and C? is a Hurwitz algebra of dimension 1, 4
or 8 do not really depend on the involution, that is, all group-gradings on
such algebras preserve the involution (Remark [5.2.3)). This does not happen
in the case C? is a Hurwitz algebra of dimension 2.

We give the classification, up to isomorphism, of group-gradings on C*®C?
where C! is a Cayley algebra and C? is a Hurwitz algebra of dimension 2 and
4 (Theorem and the classification of the fine group-gradings up to
equivalence.

For the case where (C?, —) is also a Cayley algebra we will first compute, in
Subsection 1, group-gradings on C! x C? using results from Chapter 2 since the
Cayley algebra is simple. Then, in Subsection 2, we use the automorphism
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schemes we mentioned in Chapter 4, Section 3 to obtain group-gradings on

Cl

® C2.

First we will see some interesting graded subspaces.

Lemma 5.2.1. Let I' be a G-grading on an algebra A for a group G, then
we have the following

a) Nui(A) is a G-graded subspace of A (see Definition .

b) if A= (A, —) is a structurable algebra, then the subspace of antisym-
metric elements (S(A), —) (Definition is a G-graded subspace of
A,

c) [A, Al is a G-graded subspace of A,

d) the center of A (i.e. Z(A) :={zx € A:xy = yzx, (zy)z — x(yz) =
(yr)z —y(zz) = (y2)r —y(zx) =0, Vy,z € A}, this is the definition
of the center of nonassociative algebras) is a G-graded subspace of A.

e) J(A A A) = span{[[z,y], 2] + [z, 2], 4] + [[y, 2], 2] : @y, 2 € A} is a
G-graded subspace of A,

f) D={xzeA: J(x, A A) ={0}} is a G-graded subspace of A.

Proof. a) Let a be in Ny (A) then there exist a; € Ay, for i = 1,...,n and

i

€ G with g; # g; if i # j such that a = )"  @;. For all homogeneous

elements =,y € A we have

() )2
i=1 =1 =1

which is the same that

n

n n n

D _(aw)y =Y ailey) = =) (way+ Y _wlay) = D (wy)ai = Y _wlya).

i=1

i=1 =1 i=1

Then we have

(aiaxvy) - _($a a’iay) = (w7y7a7ﬁ)

for all © = 1,...,n. Since this is satisfied for all homogeneous elements, it is
satisfied for all z,y € A. Then a; € Ny (A) for all i = 1,...,n, therefore
Nai(A) is G-graded.
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b) For x € (S(.A), —) there exist z; € Ay, with g; € G for i = 1,...,n such
that © =) z;. Then

i=1 i=1 i=1
S0 T; = —x;, that is z; € (S(A),—) forall i =1,...,n.

c) As A=, Ay we have

[“4’ A] - Z ['Agv'Ah]

g,heG

and each [A,, Ap] is a graded subspace because it is contained in Agy,.

d) For z € Z(A) there exist z; € A, for g; € G and i = 1, ...,n such that
r=> " x. Forall y € A;, where g € G we have

xy:z;xiyzyz;xizyx,

then

0=> zy—y>» zi=> (vy—yx)
i=1 i=1 i=1
where z;y —yx; € Ay, So z;y —yx; = 0 for all homogeneous elements y € A
and i = 1,...,n. Therefore z;y = yx; forally € Aandi=1,...,n.
Take y € A, and z € Ay, for g,h € G. Since (zy)z — z(yz) = 0,

n

0= (Z wy) z- Z%(yz} = ((wy)z — zi(y2))

i=1

where (z;y)z — x;i(yz) € Ag,gn. Then (x;y)z —z;(yz) = 0 for all homogeneous
elements y,z € A and i = 1,...,n. Therefore (z;y)z — x;(yz) = 0 for all
y,z € Aand i = 1,...,n. The proof of (yx;)z — y(z;z) = 0 = (y2)z; — y(zx;)
is analogous. Then z; € Z(A) for alli =1,....n.

e) J(A A A) =37 hvea I (Agy A, Ar), s0 J(A, A, A) is a sum of graded

subspaces and hence it is graded.
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f) For x € D there exist z; € Ay, for g; € G and i = 1,...,n such that
T = Z?:l x;. For all y € A, and z € Aj with g,h € G we have

z.y), a,y) + [ly, 2], 2]
HZ ] o g
2; zi,y), 2+ [z @iy + [y, 21, )

o) 20 tor %ertge%igis oy s e Al L

[z, ], 2]+][[2, @i, y]+][y, 2], ;] = 0 forall y, 2 € Aand i = 1,...,n. Therefore
r;€Dforalli=1,...,n
0

Now we will give a result that relates involution preserving group-gradings
and group-gradings on the algebra (C ® H, — ® —).
Lemma 5.2.2. Let C be a Cayley algebra and let H be a Hurwitz algebra of
dimension 4. Then Nyy(CRQH)=C® 1+ 1® H and
Aut(C®H) = Aut(C® H,0)
where 0 = —®— (the tensor product of the involution in C and the involution
in H).

Proof. Recall H is associative and observe that for x,y, 2z € C and u,v,w € ‘H
we have

(xQ@u,yR@v,zQw) = (ry @uv)(z @w) — (x @ u)(yz ® vw)
= (zy)z @ vow — x(yz) ® uvw

((xy)z — z(yz)) @ uvw

(x,y, 2) ® uwow.

For all y, z € C and u,v,w € H we have

1Ru,y®@v,zw)=(1,y,2) ®uvw = 0,
(y@v,1Qu,z®@w) =0,
(y®@v,z@w,l®@u) =0.

Then 1 @ H C Ny (C® H). For all z,y,z € C and v, w € H we have

(zelLy®vzew)=(1,y,2) ®vw,
(y@v,z®1l,z0w) = (y,z,2) Qvw,
(YyRv,z@w,z®1)=(y,2 1) vw.
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Since C is alternative we have (x,y,2) = —(y,z,2) = (y,2,2) and then
C®1C Ny (C®H). Therefore

1@H+C®1C Nuyt(CoH).

In order to prove the reverse containment we will consider the (Z/2)°-
grading on C®H induced by the (Z/2)3-grading on C and the (Z/2)?-grading
on H (both gradings induced by the Cayley-Dickson doubling process), such
grading is explicitly given later in this section. Notice that each homogeneous
component in such grading has dimension 1. By Lemmal5.2.1]a) N (C @ H)
is (Z/2)-graded. The induced (Z/2)*-grading is given by

[': Ny (CROH) = @ (Nat(COH)N(CDH),) -
g€(Z/2)°

Therefore, each homogeneous component in such grading has dimension 1.

Consider the basis {1,4,j,k} of H where every element of the basis is
homogeneous and recall deg1 = e. Suppose there exist ¢ # a € (Z/2) and
e # b € (Z/2)* such that C, @ Hy C Nuit(C ® H). Without loss of generality
suppose Hy, = Fi, then 2 ® i € Ny (C ® H) for z € C\ F1. For all y,z € C
and u,v € ‘H we have

iy Buz®0) = (Y BuT®izOv) = (yBuz®0,z0i)
which is the same that
(x,y,2) @iuv = —(y,z,2) @ uiv = (y, z,x) ® uvi.

If we take u = v = j we have (z,y,2) ® i = (y,z,2) ® i and since C is
alternative we have (x,y,z) = (y,z,2) = 0 for all y,z € C and then x € F1
which is a contradiction. Therefore

1QH+C®1 = Ny(CROH).
Now we will prove that for all R € Algy we have
Autp_n,(COH @ R) = Autg_a,(C @ H R R, 0).

The containment “D” is clear. Take ¢ € Autg_,,(C ®H ® R). Observe that
¢ preserves [Ny (C R H ® R), Ny (C ® H® R)| and

[Nalt<C®H®R) Nalt(C®H®R)]
(CR1+10H)®R),(CR1+12H)® R)]

=ChR1IQR+1QH,® R.
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By Remark Co®1®R+1® Hy® R generates C ® H ® R with the
usual product. We have 0 ® idgr = —ide,g10r110H,0R, then @ o (0 ® idg) =
(c®idr)opin Cy®@1® R+1®Hy® R and therefore in the whole C @ H ® R.
Then

Aut(C®H) = Aut(C® H,0).

Remark 5.2.3. Involution preserving group-gradings on the algebras:
C'eC-9—)ad COH,—® —)
are the same that the group-gradings on the algebras
C'®C* andCoH

respectively. This follows from Theorem and Lemma since the
automorphism scheme of such algebras does not depend on the involution.
Notice that this is not the case for the tensor product of a Cayley algebra C
and a Hurwitz algebra K of dimension 2, this is easy to see from the fact that

CRIK ~C xC as algebras,

and by Theorem group-gradings on C x C are in correspondence with
group-gradings on CRC. So, if group-gradings on the structurable algebra (C®
K, —®—) would not depend on the involution we would have a correspondence
between gradings on (CQK,—®@—) and (CQC,—®—). Theorem[5.2.6 shows
that this is not possible.

Remark 5.2.4. [t is straightforward to prove that the Hurwitz algebras of
dimension 4 and 8 are simple. Moreover, since charF # 2, for the Hurwitz
algebra C where dim(C) = 4,8 we have that Cy (see Definition is a
simple subalgebra of C under the product given by the commutator [ , ].

Notice that the tensor product of a Cayley algebra (C, —) and the field F
is isomorphic (as algebras with involution) to (C, —) and we already know the
group-gradings on Cayley algebras (Chapter 4, Section 2). The next result
(Corollary 4.25 of [EK13]) will be used in the characterization of group-
gradings on the tensor product of Hurwitz algebras.

Corollary 5.2.5. Let C be a Hurwitz algebra with dimC > 4 over a field
F, charF # 2. LetT' : C = @geG C, be a group-grading on C, then C, is
contained in Co for any g # e and I'" : Co = @ ,c(CoNCy) is a group-grading
on the anticommutative algebra Cy.
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Conversely, let I'" : Co = @ c;(Co)y be a group-grading on the anticom-
mutative algebra Cy, then with C. :== F1 & (Cy). and C, := (Cy), for g # e,
the decomposition I' : C = @geg Cy is a group-grading on C.

Moreover, two gradings 'y and T's on C are isomorphic (respectively,
equivalent) if and only if so are the gradings T} and 'y on Cy.

Next theorem tells us what the group-gradings on C' ® C? look like, where
C! is a Cayley algebra and C? is a Hurwitz algebra of dimension 2 or 4.

Theorem 5.2.6. Let (A, —) = (C' ® C?,—) be the algebra with involution
where C' and C* are Hurwitz algebras such that dim(C') = 8 and dim(C?) =
2 or 4 and — denotes the tensor product of the involutions in C' and C2.
Then I : A = @yecAy is a G-grading on (A, —) if and only if there exist

G-gradings
. ct= @(Cl)g and T?:C* = @(CQ)Q

geG geqG

such that for all g € G

Ay = @ (Cl)gl ® (02)92-

91,92€G:g192=g

Moreover, two G-gradings I' and T on (A, —) are isomorphic if and only if
so are 't and (I")* on C* and I'? and (I")? on C*.
Proof. We have that S(A, —) = S(C'®C?, —) = C;@1B1RCE (see definitions
[4.1.2| and [5.1.1)).

=) By Remark and Lemma b) we get that (S,—) := S(A,—) is
a G-graded subalgebra of (A, —) with the product given by the commutator.

Set

FS = F|S S = @(.Ag OS)

geG
Suppose dim(C?) = 2. We will prove that [S,S] =Cj ®1 and Z(S) = 1®C?.
We have
[5,8]=[C;®1810C;,C®1e 1R
=[Co®1,C @1 +[C®1L,1RC]+[1®CF,C o1+ [1®CF,10CH
=[C5. Col ® 1+1®@ [CF,CF)
=Cy ® 1
where the last equality follows from the fact that [CZ,C3] = {0} because
dim(C3) =1. Take a =a; ® 1 + 1 ® ay € S with a; € C} for i = 1,2, then
a€Z(S)<a,s]=0forallse S
Sl ®1+1®a,5 @1+1®sy] =0 forall s; €Cl fori=1,2
& la;® 1,5 ®1] =0 for all s; € C}.
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Since C§ is simple, Z(C}) = {0}. Therefore Z(S) = 1 ® C3. By Lemmal5.2.]]
c) and d) [S,S8] =C} ® 1 and Z(S) = 1 ® C? are G-graded subspaces of S
with the group-gradings induced by I's

Feien = Dsleier and T'igez = Dsligez-
Consider the following isomorphisms

1) p1: CGol — C} and 2 10C — C2
r®1 = x l1®y = w.

Then we have group-gradings on C} and C? given by

2) Tep: Co = @(Cé)gv where (Cy)g = ¢1((Cy ® 1))

geG

and

3) Lez Co = @(C§>g7 where (C3), = pa((1® C3),)-

geG
By Corollary we have that the decomposition

e Ch = EPH(CY),

geG

where (C1), :=F1® (C}). and (C'), := (C}), for g # e, where e is the neutral
element of G, is a G-grading on C!. We have the G-grading on C?

Tex: C* = EH(C?),

geG

given by (C?). = F1 and (C?), = (C§)g, notice that g*> = e for g € Supp T'cz.
Now suppose dim(C?) = 4. We will prove that J(S,8,8) = C§ ® 1 and
D={zre8S:JxS838) ={0}}=1xC2.
Fore=2:014+102,y =11 1 +1R®ys,2 =211+ 1® 2o € S where
T1,Yy1, 21 € C} and xq, Yo, 22 € C3 we have

[z,y], 2] + [[2, 2], y] + [ly, 2], 2]
=11 +1R2,y1 @1 +1Rys],21 @1+ 1R 2]
He1®1+1R 20,21 @1+ 1@ a0, 11 @14+ 1 ® ys)
@1 +1® 1, 21 Q1 +1Q 2], 21 Q1+ 1@ x)
= ([[z1, 1], 21] + [[21, 71], 1] + [[w1, 21], 7)) ® 1
+1 @ ([[w2, yol, 22] + [[22, T2, y2] + [[v2, 22], 22]).
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We have that J(C},C§,CL) = C§ because C} is simple under the product given
by the commutator and it is not a Lie algebra. It is clear that J(C3,C3,C3) =
{0}. Therefore J(S,S,8) = C} @ 1. If we take z,y,z € S we have

v €D ([v,y], 2] + [[z,2],y] + [[y, 2], 7] =0 for all y, 2 € S
& ([[z1, 1], 2] + [[z1, 21], 1] + [[y1, 2], 21]) @ 1 for all yy, 21 € Gy
= 1= 0.

Therefore D = 1 ® C2. By Lemma e) and f) we have that J(S,S,S) =
Cl®1and D =1® (3 are G-graded subspaces of S

Consider again the isomorphisms ¢; and ¢y from 1) and we have the G-
gradings on C} ® 1 and 1 ® C2 given by 2) and 3), respectively. By [EK13|
Corollary 4.25] we have that the decomposition

Te:: C' = EP(CY),
geG
where (C'). := F1 @ (C}). and (C"), := (C}), for g # e is a G-grading on C’
fori=1,2.
We will prove that, effectively

C'oc),= B (€ ()

91,92€G:g192=9g

We have for h, k € G:

¢ (CHh®@(C*h = (Co)n® (CO = (C; @ (1 ®CHi € (C' @ CHn(Ct @
C* C(C' @ C)py, if h # € # k;

o (Cn®(C?) = (F1 @ (Che) ® (Ck = (FL D (Cy)e) @ (L @ CF)y, =
(F121) @ ((Che) @ 1))(1RC3)k C (C' ®C*(Ct @C?), C (C' @ C?)y,
if h =e and k # e;

e (CHR®(C*) = (Co)r @ (F1 & (CF)e) = (Co @ 1)n(1 @ (F1® (CF)e))
(Co@D((TOF) @ (1®(CF)e))) € (C'RC*)H(C'@C?) C (C'RC?)y
if h#eand k =e.

Therefore (C');, @ (C?)r C (C' ® C?)pi. Since

P e )=Ccec’=PC ac),

h,keG geG
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and

P CheEnc e,

h,keG:hk=g

we get that

Ay = @ (Cl)!]l ® (62)92-

91,92€G:g192=g

<) We saw in Chapter 1, Section 1 that this defines a group-grading on a
tensor product of algebras.

The last part is clear, because any G-grading I' determines and is deter-
mined by the G-gradings ['ci, 1 = 1, 2. [

From now on we will not write down the involution of the Hurwitz algebras

(recall Remark [5.2.3)).

In order to give a more explicit description of group-gradings above we
will recall the fine group-gradings on a Hurwitz algebra of dimension 2 and
4.

Remark 5.2.7. By Remark[{.2.6 the fine gradings, up to equivalence, on a
quaternion algebra H are:

e The Cartan grading on the split quaternion algebra over its universal
group Z. In this case H has a basis {e1,e2,u,v} with multiplication

table
€1 €2 u v
e1|le O Uu 0
es | 0 e9 0 v
uw | 0 wu 0 —eq
v|iv 0 —es 0

and the homogeneous components are given by

Ho =Fe, b Fey, Hy=Fu, H_i=TFv. (5.2.1)

o The (Z/2)*-grading induced by the Cayley-Dickson doubling process. In
this case H = CD(Q,a) = Q & Qv where Q = CD(F,3) = F1 @ Fu

and o, B € F. The homogeneous components are given by

Hooy =Fl, Hae =Fv, Hey=Fu, Hap=Fou (522)
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And the only nontrivial grading on a Hurwitz algebra L of dimension 2, up
to equivalence, is the one induced by the Cayley-Dickson doubling process by
Z/2. In this case L = CD(F,«a) = F1 & Fu for a € F and the homogeneous
components are given by
Li=F1, Li=TFu. (5.2.3)
The following two group-gradings are the only fine group-gradings, up to
equivalence, on the tensor product of a Cayley algebra and a Hurwitz algebra
of dimension 2. This follows from Theorem and the fact that they are
gradings by their universal groups.

1. The (Z/2)*grading induced by the (Z/2)3-grading induced by the Cayley-
Dickson doubling process on C (with basis {1, w, v, vw, u, uw, vu, (wv)u}
and homogeneous components given by Equation (4.2.1))) and the Z/2-
grading induced by the Cayley-Dickson doubling process on £ = CD(F, «)
=F1®Fu for « € F (with basis {1, v’} and homogeneous components
given by Equation ([5.2.3])), with homogeneous components given by

(C®L)po0,0 =Fl®F1, (C®L)1000 = FuxFl,
(C@ﬁ)(@@@ 1 =F1 ® Fu/, (C@L)(i()ﬁi) = Fu ® Fu/,
C® L)oo =Fuw®Fl, (C®L)ag1n =Fwu®Fl,
C® L)ooy =FuwaFud, (C®L)apin =FwueFu,
(C® E)((_J,T,(_),(_)) =Fo®Fl1, (C® ﬁ)(i 1,0,0) = Fou ® F1,
C@L)oion=FvaFd, (C®L)ai =FouFu,
C®L)o110 =FuwveFl, (C®L)q11n =Flwv)u®FL,
C®L)oiin =FuveFu, (C®L)arnn =Flwv)u®Fu'.

2. The Z? x 7Z/2-grading induced by the Cartan Z?-grading on C (with ba-
sis {ey, e, uy, Uz, ug, v1,v9,v3} and homogeneous components given by
Equation (4.2.2))) and the Z/2-grading induced by the Cayley-Dickson
doubling process on L = CD(F,a) = F1 @ Fu’ for a € F (with basis
{1,u'} and homogeneous components given by Equation (5.2.3)), with
homogeneous components given by

(C & *C)(O,O,f)) = (]Fel & Feg) ® [F1, (C ® *C)(l L) = = Fus @ Fu/,

(C & L)(O,O,i) = (]F@l ©® Fez) & IFu’, (C &® ﬁ)( 1,0,0) = IF’Ul & Fl
(C ® ﬁ)(1707(‘)) = Fu1 X Fl, (C &® ﬁ)( 1,0,1) = Fvl X IFu’,
(C & E)(lygjj) = Fu; ® Fu’, (C &® E)( ~1,0) = Fv, ® F1,
(C Y 'C)(O,l,f)) = Fuy ® F1, (C (9 ,C)( 1) = Fuo ® Fu',
(C ® *C)(O,l,i) = Fu, ® Fu’, (C (%9 ,C)( ~1,0) = Fus ® F1,
(C® L) =Frs ®F1, (C®L)1,-11) = Fus @ Fu/
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The following four group-gradings are the only fine group-gradings, up to
equivalence, on the tensor product of a Cayley algebra and a Hurwitz algebra
of dimension 4. This follows from Theorem [5.2.6| and the fact that they are
gradings by their universal groups.

1. The (Z/2)-grading induced by the (Z/2)3-grading induced by the Cayley-
Dickson doubling process on C (with basis {1, w, v, vw, u, uw, vu, (wWv)u}
and homogeneous components given by Equation (4.2.1])) and the (Z/2)%-
grading induced by the Cayley-Dickson doubling process on ‘H (with
basis {1,v/,«,v'v'} and homogeneous components given by (5.2.2)),
with homogeneous components given by

(C®H)w0,0,000 = Fl®FI1, ( (
(C®H)wpo010 =F1RFV, ( (
(C®@H)oo001 =Fl®Fu, ( (
C®H)ooorn =FleFuu, ( (
(C ®M)@©,5100 = Fw @ F1, ( (
(C®MH)@5110 =Fw@Fv, ( (
C@H)ooisn =FweFu, (
C®H)ooirn =FuaFu, (CoH)
(C®H)w1000 = Fv®F1, (C®H)11000 = Fou®F1,
C®H)oi010 = Fo®Fv, ( 11010 = Fou @ Fv/,
(C®H)wo1001 = Fv@Fu, ( (11,001 = Fou ® Fu’,
CoH)oroin =Foe@Fud, ( (
C®H)piiom =Fuv@Fl,  ( (
COH)piiin =Fuwv@Fu, ( (
(C®H)oii0n = Fuwv@Fu, ( (
C®H)pi111) =Fuv@Fu'd, ( (

F(wv)u @ Fv',
11,100 = F(wo)u @ Fu/,
F(wv)

wv)u Q@ Fo'u'.

)
) =

2. The (Z/2)? x Z-grading induced by the (Z/2)3-grading induced by the
Cayley-Dickson doubling process on C (with basis {1, w, v, vw, u, vw, vu, (wv)u}
and homogeneous components given by Equation (4.2.1))) and the Car-
tan Z-grading on H (with basis {ey, 2, v/, v} and homogeneous compo-
nents given by Equation (5.2.1])), with homogeneous components given
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by
(C®H)w000 =F1® (Fe; @ Fey), (C®H)ap01) = Fu®Fu,
(C®@H) w010 = Fuw @ (Fe; ® Fey), (C@H)ap11) = Fuwu e Fu/,
(C@H)w0100 = Fv @ (Fe; ® Fey), (C®H)ii0,) = Fou® Fu/,
(C®H) w110 = Fuv® (Fe; ® Fey), (CoH)aiin = Flwv)u @ Fu/,
(C ® H)(L()’(’)’O) =Fu® (]Fel X Feg), (C ® H)(B,(),(),—l) =F1® Fvl,
(C ® H)(Lﬁi,(]) = Fuu ® (IFel & Feg), (C ® H)(67()717,1) = Fuw ® Fv/,
(C®H)1100 = Fou® (Fe; ® Fey), (C®H)wo10-1) =FvaF,
(COH)aii0 = F(wv)u® (Fe; ® Fey), (C®H)wp1,1,-1) = Fuwv @ F,
(C & H)(()’(),()’l) =F1 ® Fu/, (C & H)(j7()7§7_1) = Fu ® Fv/,
(C®H)@o11) = Fuw @ Fu, (C®MH)a51-1) =Fuwu®Fv,
(C®H)pi01) = Fv@Fu, (C®H)i10,-1) =Fru®Fv,
(C®H)oi11 = Fuwv @ Fu/, (COH)111-1) =F(wo)u @F

3. The Z* x (Z/2)?-grading induced by the Cartan Z2-grading on C (with
basis {e1, e, u1, us, uz, v1, vz, v3} and homogeneous components given
by Equation (4.2.2))) and the (Z/2)?-grading induced by the Cayley-
Dickson doubling process on ‘H (with basis {1, ¢, v/, vv'} and homoge-
neous components given by Equation ), with homogeneous com-
ponents given by

(C®H)0000) = (Fer ®Feg) @F1,  (C® H)a 10,1 = Fus ® Fu/,
(C®H) 0010 = (Fer @Fex) @ F',  (C®H)qq1,11) = Fus @ Fo'a/,
(C®H) w001 = (Fer @ Fey) @ Fu!,  (C®H) (1000 = Fo1 ®F1,
(CRH) 0011 = (Fey @ Fex) @ Fo'u!, (C®H) 1,010 = Foy @ F/,
(€ ®H),000 = Fur ®F1, (C®H)100,1) = For @ Fu/,
(C®H)ao1n = Fur @ F/, (C®H) 1011 = Fop @ Fo'u/,
(C®H)1001) = Fuy @ Fu', (C®H)0,-100 = Froa ® F1,
(C®H)ao11 = Fuy @ Fo'e/, (C®H) 0,110 = Fv, ® Fv/,
(C ® H)((),L(i(')) = FUQ & Fl, (C ® H)(O,—L(—),i) - FUQ ® Fu’,
(C & H)(071717ﬁ) == ]FUQ & FU’, (C X H)(07_17i71) == IFUQ X Fv’u’,
(C®H) 1,01 = Fup @ Fu/, (C®H) 1,100 = Fus ® F1,
(C & H)(O,l,i,i) = Fuy, ® Fo'u/, (C & 7‘[)(,1’,1,17()) = Fuz ® Fv/,
(C®H)1,100 = Fuzs @1, (C®H)1,-101) = Fuz @ Fu/,
(C®H)a10 = Fus @ F/, (CO®H) (1,111 = Fus @ Fv'v/

4. The Z3-grading induced by the Cartan Z?-grading on C (with ba-
sis {e1, e, U1, ug, ug, v1,v9,v3} and homogeneous components given by
Equation (4.2.2))) and the Cartan Z-grading on H (with basis {e], e}, v/, v'}
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and homogeneous components given by Equation (5.2.1))), with homo-
geneous components given by

(C ©H)00) = (Fer @ Feg) @ (Fey @ Fef),
(C®H)a1,-1) =Fug@F,

(C & H)(07071) == (F61 & ]F62> & ]F’LL/,
(C & ’H)(,LQO) = Fuv; ® (Fell & IFB/Q),
(C (059 H)(O,O,fl) = (Fel & F@g) (029 IF’U/,
(C & H)(—I,O,l) = Fvl X Fu’,
(C®H),00 =Fu ® (Fei ® Fey),
(C ® H)(_1707_1) == Fvl X FU’,

(C ® H)(l,O,l) = Ful X IFU/,

(C ® H)(07,170) =Fuy, ® (Fe’l X Feé),
(C & H)(I,O,—l) = Ful X FU,,

(C X H)(O,—l,l) = FUQ X FUI,

(C X H)(O,l,O) = ]FUQ X (]Fe’l (24 Fe’z),
(C ® H)(07,17,1) = IF’UQ X IFU/,

(C ® H)(Ovl,l) = FUQ X FU/,

(C & H)(_L_Lo) = FU3 (%9 (Fe’l X ]Feé),
(C X H)(O,l,—l) = FUQ &® ]FU,,

(C & H)(—l,—l,l) = FUg & FU,/,

(C ® H)(l,l,O) = ]F?Jg X (Fe'l & ]FGIQ),
(COH)-1,-1,-1) = Fus @ F',

(C X H)(l,l,l) = Fu; @ Fu'.

5.2.1 The direct product of two Cayley algebras

In order to find the gradings on the tensor product of two Cayley algebras
we will start finding gradings on the direct product. Recall that in Chapter
4 Section 3 we proved that the automorphism group scheme of both algebras
(the direct product and tensor product of two Cayley algebras) is isomorphic.
After finding gradings on the direct product we will use an isomorphism of
schemes to obtain gradings on the tensor product which are closed under the

involution (Remark |5.2.3)).

Let v = (g1, 92, 93) be a triple of elements in a group G and let H C G
be a subgroup isomorphic to (Z/2)3. Recall the definitions of I';(G,~) and
I'%2(G, H) right before Theorem .

Theorems [2.2.3] and 2.1.9 show that given any abelian group G, any G-
grading on C x C making it a graded-simple algebra (i.e., the two copies of C
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are not graded ideals) is isomorphic to the grading on a loop algebra L, (C),
where 7 : G — G is a surjective group homomorphism with ker 7 of order 2:
kerm = (h), h of order 2, obtained from a grading I on C. We will denote
g :=7(g) for g € G. The loop algebra is isomorphic to C x C by means of the
isomorphism in Theorem [2.1.9| which allows us to transfer easily the grading
on L.(C) to C xC.

If T is isomorphic to ['} (G, 7), for a triple of elements ¥ = (g1, 32, §3) in G,
the corresponding grading on C x C will be denoted by '}, (G, h,7), while
if T is isomorphic to I'2(G, H) for H := w(H) where H is a subgroup of G
such that H is isomorphic to (Z/2)? the corresponding grading on C x C will
be denoted by T'2, (G, h, H).

The gradings T's,. (G, h,7) and I'2, (G, h, H) are quite simple to describe
if the surjective group homomorphism 7 : G — G splits. That is, there is a
section s : G — G of m which is a group homomorphism. In this case, G =
5(G) x (h) and the nontrivial character on ker 7 = (h) (x(h) = —1) extends
to a character y on G with x(g) = 1 for any g € s(G). The isomorphism in
Theorem becomes the isomorphism

d:L.(C)—CxC
r@g v (2,x(9)7)
for g € G and = € Cr(y). Thus, with g; = s(g;) for i = 1,2, 3, the G-grading
['ty.c(G,h,7) is determined by:

(CxC)e =F(ey,e1) ®F(eq,ea),
g1 — F(uly 'LL1>,

(CxC)p=F(er,—e1) ®F(eq, —es),
( ) (C X C)gl (ub ul)?
( ) ) (C X C)gz (u27 _u2)7
(C X C)9192 = IF(vi’nvi‘l): (C X C)9192h = (U37 _U3)7
( ) ( )
(€ xC) ( )
( ) ( )

9 ~lp = ]F(Ul, —Ul),

C X C)yo1 = F(vg, v3) C % C), 1y = F(vg, —v3),
C X C)grgs)1 = F(us, us3) C X C)(grgs)-1hn = Flus, —u3).
(5.2.4)

And the G-grading I'z, (G, h, H) is determined by

(€ xC).=TF(1,1) (€ x C), =F(1,—-1),

(C xC g1 :F(u,u), CxC g1h:F(U, —u)’

(CXCQ2ZF(U7U)7 CXngh:F(U7—U)7

(C xC 93 :F(w7w)7 CxC ggh:F(w, —w)7

( - = F(vu, —v),

(

(

(

(5.2.5)
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where ﬁ - <g17 g27 g3>
The following result gives the classification of group-gradings, up to iso-
morphism, on C x C where it is graded-simple.

Theorem 5.2.8. Any G-grading I' by a group G on the cartesian product
C x C of two Cayley algebras, such that C X C is graded-simple, is isomorphic
to either Ty, o(G, h,7) or to T2, .(G,h, H) (for an element h in G of order
2, a triple ¥ = (g1, G2, g3) of elements of G = G/(h) and a subgroup H C G
isomorphic to (Z/2)3). Moreover, no grading of the first type is isomorphic
to one of the second type and

o I'L (G, h,7) is isomorphic to T}, o(G,h',7') if and only if h = h' and
¥ ~7" (see Definition of Ts(G,~) in Chapter /).

e 12 (G, h, H) is isomorphic to T2 (G, W, H ) if and only if h = h' and
H=H.

Proof. By Theorem , for i = j = 1, we have that I';, .(G, h,7) is isomor-
phic to I}, (G, k.7 if and only if h = A’ and the associated G-gradings
on C, that is T}(G,7) and T¢(G,7'), are isomorphic, which occurs if and
only if ¥ ~ %’ (Theorem [4.2.7). The proof for the grading of second type is

analogous. ]

Next result gives the classification of group-gradings, up to isomorphism,
on C x C where it is not graded-simple.

Proposition 5.2.9. Let G be a group and let I' be a G-grading on the product
of two Cayley algebras C x C such that it is not graded-simple, i.e. C x 0 and
0 x C are graded ideals. By Theorem 1. we have that I' is isomorphic
to a product G-grading 't xq I'? for some G-gradings I't and I'* on C.

Let T, T2, T and T"? be G-gradings on C. Then, the product G-gradings
' %o T2 and T x¢ T2 are isomorphic if and only if 'Y ~ T and I'? ~ T
or It ~T172 and T? ~ T,

g

Notice that the fine group-grading T'}(Z?, ((1,0), (0,1), (—1,—1))) is pre-
cisely T'¢ and the fine group-grading I'Z is I'4(G, H) with G = H = (Z/2)3.
Finally we obtain the fine group-gradings on C x C up to equivalence.

Proposition 5.2.10. Corollary tells us that, up to equivalence, the
fine group-gradings on C x C are:

1. The product group-grading Tt x T} by its universal group Z* x 7* ~ 7.*.
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2.
3.

The product group-grading Ty x T2 by its universal group 7Z* x (Z/2)3.
The product group-grading T3 x T2 by its universal group (Z/2)?

(Z/2)° ~ (Z/2)°.

The grading T¢,o(Z/2 x Z?,(1,0,0),((1,0), (0,1), (=1, =1))) with uni-
versal group U = Z/2 x Z*. The group U = U/{(1,0,0)) is identified
naturally with Z2. This grading is determined explicitly using Equation
(5.2.4]).

The grading F0xc<(Z/2> (1,0,0,0), (Z/2) ) with universal group U =
(Z/2) . Here the group U = U/{(1,0,0,0)) is identified with (Z/2)3
This grading is determined explicitly usmg Equation (5.2.5)).

The grading T2, .(Z/4 x (Z/2)?,(2,0,0),(Z/2)?). Here we denote by
m the class of the integer m modulo 4 and restrict the usual notation
m for the class of m modulo 2. The surjective group homomorphism m
is the canonical homomorphism Z/4 x (Z/2)* — (Z/2)3, (m, 7, 7)
(m,n,T).

Let us give a precise description of this grading. The nontrivial charac-
ter x on (h = (2,0,0)) extends to the character x on U = Z/4 x (Z/2)
by x(m,n,7) =1i", where i denotes a square root of —1 in F.

The grading on the loop algebra L.(C) is given by
Ln(c)(mm?) = (C)(mﬁf) ® (fﬁ n 77)

Jor the homogeneous components Cim 5.7 1n Equation (4 , and through
the isomorphism in Theorem [2.1.9 our grading

Tee(Z/4 % (Z/2),(2,0,0), (Z/2)*)
on C x C is given by
(C X C)(ﬁz,ﬁf) = {(I‘, imaf) | T € (C)(ﬁ—b7ﬁ77—-)}.

That is,

(€ xC)gop =F(1,1), (€ xC)aap = F(1,-1),

(€ xC)gig =Fv,v), (€ xC)aip = F(v,—v),

(€ xC)gor = Flw,w), (€ xC)gor = Flw, —w),

(€ xC)g11) = Flwo, wv), (€ xC)@gi1) = Flwv, —wv),

(C x C)@(—)’(—)) = F(u,iu), (C x C)@(—)’@) = F(u, —iu),

(€ xC)q1g) = Flvu,ivu), (€ xC)gig = Flou, —ivu),

(€ xC)agn = Flwu,iwu), (€ xC)@a1) = Flwu, —iwu),

(€ % )11, = Fl(wo)u,i(wo)u), (€ x Clgi) = Fl(wo)u, —i(wn)u)
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5.2.2 The tensor product of two Cayley algebras

In this section we will generate group-gradings on the tensor product of two
Cayley algebras C ® C from the group-gradings we already know on C x C.
This is enough in order to classify group-gradings on C ® C, since there is a
correspondence between gradings on C x C and gradings on C ® C (Theorem
4.3.7)).

We will start by generating group-gradings on C ® C from the group-
gradings on C x C such that this product is graded-simple.

Let G be a group, let h be an element in G of order 2 and let 5 = (g1, g2, g3)
be a triple of elements in G := G/(h). Consider the G-grading T'b,.(G, h,7)
(on C x C such that it is graded-simple) and take the restriction to the
subalgebra Cy x Cy (with the product given by the commutator [ , | which
is graded-simple too):

FéoxCO(G7 h?ﬁ) = FéxC(Gv h»ﬁ) |Co><Co .
Then using the isomorphism

C(] XC(] — (CQ@Fl)EB(Fl@Co)

(r,y) +—— r®1+1®y (52.6)

we obtain a G-grading on (Co ® F1) & (F1 ® Cy) (with the product given by
the commutator and it is graded-simple), which we will denote by

F%CO®F1)@(F1®CO) (G7 h, 7)

where deg(z ® 1 + 1 ®y) = g for g € G if (z,y) € Cy x Cp is such that
deg(z,y) = g in I'y, 0, (G, h,7). Finally, by Remark [4.2.1] this last grading
induces a G-grading on C ® C (with the usual product) which we will denote
by

Fé@C(G> h> 7)
Analogously, for an element h of order 2 in G and a subgroup H C G = G/(h)

isomorphic to (Z/2)3, we can construct from the grading I'3, .(G,h, H) (on
C x C such that it is graded-simple) a grading on C ® C denoted by

I2ec(G,h, H).

The following result gives the classification of group-gradings, up to iso-
morphism, on C ® C such that the graded subspace (Co @ F1) @ (F1 ® Cp) is
graded-simple.
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Corollary 5.2.11. Let I' be a grading by a group G on the tensor product
C®C of two Cayley algebras. Suppose that for the induced G-grading on the
algebra (Co @ F1) @ (F1 ® Cy) with the product given by the commutator (see
Lemma(5.2.1b) and Definition[5.1.1) (Co @ F1) @ (F1®Cy) is graded-simple.
Then T is isomorphic to either Tboo(G,h,7¥) or to Té,o(G,h, H) (for an
element h in G of order 2, a triple ¥ = (g1, 32, g3) of elements in G = G/(h)
and a subgroup H C G isomorphic to (Z/2)?). Moreover, no grading of the
first type is isomorphic to one of the second type and

o I'toco(G,h,7) is isomorphic to Tpgo(G, 1, 7') if and only if h = 1 and
5 ~7 (see Definition of ¥ ~ 7% in Chapter 4).

o %2 (G, h, H) is isomorphic to T3..(G, h’,ﬁl) if and only if h = h' and
H=H.

Proof. Let T" be a G-grading on C ® C such that for the induced G-grading
I'y on the algebra (Cy ® F1) @ (F1 ® Cy) with the product given by the
commutator (see Lemma b) and Definition (CoFl)® (F1®Co)
is graded-simple.

Using the isomorphism from Equation we obtain a G-grading
Leoxe, on Cy x Cp isomorphic to I'y where Cy x Cy is a graded-simple algebra
(again with the product given by the commutator). Finally, by Remark [4.2.1]
Leyxc, induces a grading I'cxe on C x C (with the usual product) such that
C x C is graded-simple. The result follows from Theorem [5.2.8| O]

Now we will generate group-gradings on C ® C from group-gradings on
C x C such that this cartesian product is not graded-simple, that is, such that
C x 0 and 0 x C are graded ideals.

Let G be a group and let I' be a G-grading on C x C such that C x 0 and
0 x C are graded ideals, then by Theorem [2.2.3

[ ~T! xq 2

for some G-gradings I'' and I'? on C. Then we restrict the product G-grading
to Cy X Cp:

I %6 Pegxe, = Iey Xa T?e,
and using the isomorphism of Equation (5.2.6)) we obtain a G-grading on

(Co®@F1) @ (F1®Cyp). Finally since (Co @ F1) & (F1® Cy) generates C @ C we
get a G-grading on C ® C.

Next result gives the classification of group-gradings, up to isomorphism,
on C ® C such that the graded subspace (Cy ® F1) & (F1 ® Cp) is not graded-
simple.
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Proposition 5.2.12. Let G be a group and let ' be a G-grading on the
tensor product of two Cayley algebras C @ C. Suppose that for the induced
G-grading Iy on the algebra (Co@F1)® (F1®Cy) with the product given by the
commutator (see Lemmal[5.2.1b) and Definition[5.1.1) (Co®F1)®(F1&Cy) is
not graded-simple, i.e. Co R@F1 and F1®Cy are G-graded ideals. By Theorem
1. we have that Ty is isomorphic to a product G-grading T} x¢ T3 for
some G-gradings Iy on Co @ F1 and T3 on F1 ® C.

Let T and I'" be G-gradings on C @ C and let I'y and I}y be the G-gradings
induced on (Co @ F1) & (F1 ® Cy) by T' and T, respectively. Let T} and T
be G-gradings on Co @ F1 and T3 and T be G-gradings on F1 ® Cy such that
Do =T} xa T3 and T =Ty xa T.

Then, T and T are isomorphic if and only if T ~ Tt} and T3 ~ T or
[y ~T¢ and T3 ~ T

g

Definition 5.2.13. Let G and H be groups. Let I'' be a G-grading on an
algebra A and let T'? be a H-grading on an algebra B. Recall that A® B has
a natural G x H-grading given by (A® B)gn = Ay @ By. We will call this
grading tensor product of I'' and I'? and denote it by 't @ I'2.

Finally we obtain the fine group-gradings on C ® C up to equivalence.

Proposition 5.2.14. By Corollary we got the (siz) different fine
group-gradings, up to equivalence on C xC (see Proposition . Then we
will have six different fine group-gradings, up to equivalence, on C ® C. Such
group gradings are in correspondence with the ones in Proposition and
they are the following:

1. T, @ T} by its universal group Z? x 7* ~ 7*.
2. T @ T2 by its unwersal group Z* x (Z/2)>.
3. T2 ®@ T2 by its universal group (Z/2)% x (Z/2)* ~ (Z/2)°.

4. The grading T}, (Z/2xZ?,(1,0,0),((1,0),(0,1),(=1,-1))) on CRC by
its universal group Z/2 x Z*. This grading is generated by the following
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homogeneous components in B := (Co @ F1) & (F1® Cy):

=F((e1 —e2) ®1+1® (e1 — e2)),
=Flu1 @14+ 1®uy),
— F(
=F

o

(=] p\

U2®1+1®U2)

(U3®1+1®’U3)
0) — F<U1®1+1®’Ul)
=F(r @1+ 1®v,),
,1)_]F(u3®1+1®u3)

((e 1—62)®1—1®( 1 — €2)),

pl

N N N N N N N N
e Ol
S
I
—
=

= o = o

,0)
0,-1) = F(vy ®1—1®U2)
-1,-1) = IF(Ug X 1-1 X U3).

TET T T I IS ®
== QH\ o el B Bl B = B

—~T =7 =" =

5. The grading T3 <(Z/2)4, (1,0,0,0), (Z/2)3> on CRC by its universal

group (Z/Z) . This grading is generated by the following homogeneous
components in B := (Cy @ F1) & (F1 ® Cp):

Bo,1,0,0) = Flu®l+1®u),

B,o,1,0 = Fo®l+1l®wv),

B(()’()f)’j) =Flw®l+1lew),

B0 = Flou® 14 1® vu),

Bo,ion = Flwuu® 14+ 1® wu),
Bo,oi,1) = Flwv®1+1®wv),
Boiin = Fl(wv)u @1+ 1® (wv)u),
Biigo =Fu®l—-1®u),
B(i,ﬁj,()) F(U R1L—-1® U)

B(i(),@,i) =Fluw®l-1®w),

Biiio = Flou®1—1® vu),

Biip = Fluu®1l—1® wu),
B(L(_),Li) Fluv®1—1® wv),
Biiin =F (w)u®1 —1® (wv)u).

6. The grading T?,0(Z/4 % (Z/2)?, (2,0,0), (Z/2)®) on C&C by its univer-
sal group 7./4 x (Z./2)*. Here we denote by m the class of the integer m
modulo 4 and restrict the usual notation m for the class of m modulo
2 and i denotes a square root of —1 in IF. This grading is generated by
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the following homogeneous components in B := (Co @ F1) @ (F1 ® Cy):

1 1+1Qwv),
Flw®l+1ew),
Flwv® 1+ 1® wv),
Fu®l+i®u),
vu®1+1i®ou),
wu®1+i ®wu)

F(
(
(
(u
(
(
E(wv)u ®14+i® (wv)u),
(
(
(
(
(
IF(

OI H\ )—‘\ OI
1 | | A I |
= H 'ﬁ

vR1-—1®v),
wel—1®w),
wr®1—1®wv),
u®1l—1i®u),

e ® 1 —1i®vu),
wu®1—1® wu),
(w)u®1—1i® (wv)u).

O\ )—ll >—‘\ O\ )—‘I >—‘\ O\
| |
HEHH

W @) w) w) w) w) w) )—‘) ,_.> ._.) ,_.) o) o) o)
=

H\ D\ )—‘I O\ )—‘I O\ I—‘\ )—‘I O\ I—‘\ OI H\ O\ )—‘I

= R o
NN N = NI N s N N s s N N






Appendix A

Gradings

In this chapter we give analogous definitions, to the ones given in Chapter 1,
for the main concepts on gradings on algebras, with a view towards proving
that the Definition [2.4.4] of “product grading” we gave in Chapter 2 is the
natural one on a product of gradings.

A.1 Definitions

We start with an analogous definition of grading.

Definition A.1.1. A grading on an algebra A over a field F is a set I of
nonzero subspaces of A such that A = @, .rU and for any U,V € T, there
s a W el such thatUY C W.

There are several natural related notions in the situation of Definition

e The pair (A,T) is said to be a graded algebra.

e The elements of I" are called the homogeneous components. The nonzero
elements of the homogeneous components are called homogeneous ele-
ments.

o A subalgebra S of A is called a graded subalgebra if S = @, ., UNS.
In this case

Ds:={UNS|UecT and 0 £UNS}

is the induced grading on S. A graded ideal is an ideal which is, at the
same time, a graded subalgebra.

105
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e Given another grading IV on A, T is said to be a refinement of I (and
[ a coarsening of ') if any subspace U € I is contained in a subspace in
I, If at least one of these containments is proper, then the refinement
is said to be proper. In this situation I' is said to be finer than I, and
[ coarser than I', and the map 7 : I' — I”, that sends any U € I to
the element U’ € [ that contains it, is a surjection. The refinement is
proper if, and only if, 7 is not a bijection.

e The grading I' is said to be fine if it admits no proper refinements.
Any grading on a finite-dimensional algebra is a coarsening of a fine

grading.

e Given two graded algebras (A,I") and (A',I), an equivalence ¢ :
(A, T) — (A, T) is an isomorphism ¢ : A — A’ such that p(U) € T”
for each U € T'.

Given a graded algebra (A, I'), consider the abelian group U(I") generated

by the set T', subject to the relations UVW™! = e (e denotes the neutral
element) for each pair ¢,V in I' such that 0 # UV C W:

UD) =T [ UYW ! =eif 0 £UY CW).

That is, U(I") is the quotient of the free abelian group generated by I', modulo
the normal subgroup generated by the elements /YW1 above. Consider also
the natural map:

6T — U(I)
U= U,
where [U] denotes the class of U in U(T).

Definition A.1.2. The pair (U(F), (5FU) is called the universal group of the
grading T'.

Example A.1.3. The trivial grading on an algebra A is the grading I' =
{A}. We have two possibilities for the universal group:

o if A% #£0, then U(T) is the trivial group.
o if A2 =0, then U(T) is the infinite cyclic group (isomorphic to 7).

Example A.1.4. Consider the cartesian product A = F xF = Fe; @ Fey, for
the orthogonal idempotents e; = (1,0) and ex = (0,1). Then I' = {Fey, Fey}
1s a grading. Denote u; == Fe;, i =1,2. Then

UT) = (u,us | u% = Uy, u% = uy) = {e}

18 the trivial group, even though our grading I' is not trivial.
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A.2 Group-gradings

We are mainly interested in gradings by abelian groups:

Definition A.2.1. Given an abelian group G, a G-grading on an algebra
A is a triple (I',G,9), where T is a grading on A, and 6 : I' — G is a
one-to-one map, such that for any U,V, W € T such that 0 £ UV C W,
U)O(V) =sW).

Given a G-grading (I', G, 0), define A, = U if 6(U) = g, and define A, =0
if ¢ is not in the range of . Then A = @ gec Ag: and we recover the usual
expression for a G-grading. The map ¢ is called the degree map. For A, # 0,
0(A,) is simply g.

As for general gradings, there are several natural related notions in the
situation of Definition [A.2.

e The 4-tuple (A, T, G,J) is said to be a G-graded algebra. If the other
components are clear from the context, we may refer simply to a G-
graded algebra A.

e The subset Supp,(I') := {g € G : A, # 0} is called the support of the
G-grading. Thus I' = {A, | g € Supps(T)}.

e Given a G-graded algebra (A, T, G, ), any graded subalgebra S of the
graded algebra (A, I') gives rise to the G-graded algebra (S, T'|s, G, d|s),
where I'|s consists of the nonzero subspaces of the form UNS forUd € T,
with 0|s(Ud N'S) = 6(U). When referring to a G-graded subalgebra of
(A, T,G,0) we will mean a graded subalgebra S of (A,I'), endowed
with the G-grading above. The same applies to G-graded ideals.

e Given two G-graded algebras (A,T",G, ) and (A, IV, G,¢'), an isomor-
phism ¢ : (A, T,G,0) — (A, TV,G,0") is an isomorphism ¢ : A — A’
such that ¢(Ay) = Aj for each g € G.

Definition A.2.2. A grading I' on an algebra A is called a group-grading
if there is an abelian group G and a G-grading of the form (', G,0) (i.e., the
first component of the G-grading is T).

In this situation, we say that I" can be realized as a G-grading, or by the
G-grading (I', G, ), and we will talk about the group-graded algebra (A, T).

Remark A.2.3. IfcharF = 2, then the algebra F X admits a unique group-
grading: the trivial one. Thus the trivial grading is a fine group-grading, but it
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is not a fine grading, because the grading considered in Example[A.1.]]is finer.
Note that Autp(F xF) = Cy, the constant group scheme corresponding to the
cyclic group of order 2: Cy, which is not diagonalizable because char[F = 2.

The next result, whose proof is straightforward, characterizes group-
gradings and explains the adjective universal in the definition of the universal
group:

Theorem A.2.4. Let (A,T) be a graded algebra, with universal group (U(F), 5?)
Then T is a group-grading if and only if 6¥ is one-to-one. In this case
(A, T,U(T),df) is a U(T')-graded algebra.

Moreover, if T' can be realized by the G-grading (I, G,0), then there is a

unique group homomorphism ¢ : U(I') — G, such that the diagram

u(r)
3
T ®
\
G

is commutative. (In other words, there is a unique homomorphism (U(T'), 0{) —

(G,9).)

A.3 The group grading induced by a grading

Given any grading I, there is always a natural group-grading attached to it.

Definition A.3.1. Let I' be a grading on the algebra A, and let (U(T),6Y)
be its universal group. The coarsening I'y, defined by

Fe=¢ S U ( u e oU(I)

S¥(U)=u

is called the group-grading induced by I'. The grading 'y, can be realized by
the U(I")-grading (Fgr, U(F),(Slggr), where

5?@ ( Z U) =u
S8 (U)=u
for any u € 64(T).
Theorem implies the next result:

Theorem A.3.2. Let I' be a grading on an algebra A with universal group
(U(F), 5?) Then I is a group-grading if and only if I' = Iy,.
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A.4 Product gradings

Definition A.4.1. Let (A',T%) be a graded F-algebra, i = 1,....n. The
grading on A' x --- x A" given by:

I‘l><---xF”::U{Ox--~><L(><---><0]UEF’}.
=1

is called the product grading of the I''’s.
The universal group-grading of the product grading is
(U@ %o x T™), 68 ) (A.4.1)
given by the following formulas:
UT'x - xT") =U([Y) x - x UT"),
Ot sogrn (0 X oo XU X -+ x 0) = (e, ,0(U), -+ ,e) VUET, Vi=1,...,n.

Example A.4.2. The grading in Example which is not a group-
grading, 1s the product grading of the trivial gradings on the two copies of
F.

As the previous example shows, even if I', ... I'™ are group-gradings, the
product grading may fail to be so. Therefore we need a different definition
of product grading for group-gradings.

Definition A.4.3. Let G be an abelian group and let (A", T% G, 5%) be
a G'-group-graded algebra, i = 1,...,n, then the product group-grading
(Y GY6Y) x -+ x (T™, G™,6"™) is the group-grading on A x -+ x A" by
the abelian group G' x --- x G™ with:

(./4.1><.><./Ltn)(ee):./été><..><.,4z7
1 n
(A ><'”><'/4)(e ..... Giyeens
(.,41><'--><.A")(g1 mg):O, if there are at least two indices 1 <1< j<n
with g; # e # gj.

Our next result shows the naturality of this definition (Definition [2.4.4)).

e):0><.-.><,4;i><---><0, i=1,....,n, e#£g, €G"

Theorem A.4.4. Let I be a group-grading on an algebra A*, and let (U (1), 6Y,)
be its unwversal group, 1 = 1,...,n. Then the product group-grading

(PRU(PH,&%) N (F”,U(F”),é&)
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coincides with the induced group-grading

((r1 Koo X Ty U oo X T7), 60 o )

gr
(That is, the group-grading induced from the product grading T x --- x T,
with its universal grading group.)

Proof. We already know (see Theorem and Equation (A.4.1)) that
U(Th % xI)g) =UT x - x ™) = UM x - x UIT™).

Now everything follows from the definition of the group-grading induced by
a grading. [



Conclusiones

Encontramos las graduaciones (por grupos) en el producto tensorial de un
algebra de Cayley C! y un algebra de Hurwitz C2. Para el caso donde dim C? =
1,ie. C? =T, tenemos que C? @ F ~ C? y las graduaciones en el dlgebra de
Cayley ya son conocidas. Para los casos donde dimC? = 2 y 4 dimos una
descripcién explicita de graduaciones en C! ® C? usando las graduaciones en
Cly C2

Si dimC? = 2 tenemos dos graduaciones finas, salvo equivalencia, en
C' ® C? con grupos universales (Z/2)" y Z* x 7./2.

Si dim C? = 4 tenemos cuatro graduaciones finas, salvo equivalencia, en
C' ® C? con grupos universales (Z/2)°, (Z/2)° x Z, 72 x (Z)2)* vy Z3.

Para el caso donde C? es un dlgebra de Cayley primero clasificamos gra-
duaciones en C! x C? y, usando un isomorfismo entre los esquemas de auto-
morfismos de C! x C? y C! ® C?, los transferimos a graduaciones en C' ® C2.
Tenemos seis graduaciones finas, salvo equivalencia, en C! ® C%:

e tres tales que en la graduacién inducida en (C!)y ® F1 @ F1 ® (C?),,
dicha &lgebra no es simple-graduada. Sus grupos universales son Z*,
72 x (2)2)° y (Z.)2)°.

e tres tales que en la graduacién inducida en (C!)y ® F1 & F1 ® (C?),,
dicha 4lgebra es simple-graduada y sus grupos universales son Z/2 x Z?,
(Z)2)* y Z.]4 x (Z.]2)".

Para obtener graduaciones en C! x C? generalizamos los resultados para
encontrar una clasificacién de graduaciones en un producto directo finito
de algebras simples de dimensién finita (dlgebras semisimples). Obtuvimos
algunos resultados acerca de dichas graduaciones usando la teoria de algebras
lazo. También dimos una clasificacion de graduaciones finas en &algebras
semisimples. Dimos algunos ejemplos de como aplicar estos resultados, uno
de ellos es la clasificacion de graduaciones en sly @ sl,. Ademads tenemos
el ejemplo de la superalgebra de Jordan de Kac, que también ejemplifica el
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proceso seguido para obtener graduaciones en C' @ C2.

La autora ha considerado como trabajo a futuro encontrar las graduacio-
nes (por grupos) en las dlgebras de Lie asociadas a las graduaciones obtenidas
en C!' ® C? donde C! es un algebra de Cayley y C? es un algebra de Hurwitz,
esto usando la construccion TKK modificada. Esto resultara en graduaciones
en las algebras de Lie simples centrales de tipo Fy, Fg, E7 y Es.

En el presente estado del arte, las graduaciones en algunas de las algebras
estructurables simples centrales ya son conocidas. Las graduaciones en dlgebras
de Jordan (ver [EKI13, Capitulo 5]) y en dlgebras asociativas (ver [EK13|
Capitulo 2]) son ya conocidas. Sélo algunas graduaciones en algebras de ma-
trices 2 x 2 construidas a partir del dlgebra de Jordan de una forma ctbica
admisible son conocidas. Graduaciones en algebras con involuciéon constru-
idas a partir de una forma hermitiana no se conocen atn. El algebra simple
central de dimensién 35 construida a partir de un dlgebra de octoniones ha
sido estudiada por Diego Aranda-Orna pero los resultados no han sido publi-
cados atn. Y nosotros hemos encontrado las graduaciones en el caso restante
de algebras estructurables: el producto tensorial de dlgebras de Hurwitz, asi
que esto ayuda a completar la clasificacién de graduaciones en algebras es-
tructurables y ayudara a construir las graduaciones en las dlgebras de Lie
asociadas.



Conclusions

We found the gradings (by groups) on the tensor product of a Cayley algebra
C! and a Hurwitz algebra C2?. For the case where dimC? = 1, i.e. C?> = T,
we have C2 ® F ~ C? and gradings on the Cayley algebra are already known.
For the cases where dim C? = 2,4 we gave an explicit description of gradings
on C! ® C? from the gradings on C! and C?.

If dimC? = 2 we have two fine gradings, up to equivalence, on C! ® C?
with universal groups (Z/2)* and Z? x Z/2.

If dimC? = 4 we have four fine gradings, up to equivalence, on C!' ® C?
with universal groups (Z/2)°, (Z/2)° x Z, Z2 x (Z/2)* and Z3.

For the case where C? is a Cayley algebra we first classified gradings on
C! x C? and, using an isomorphism between the automorphism schemes of
C! x C? and C! ® C?, we transferred them to gradings on C! ® C2. We have
six fine gradings, up to equivalence, on C! ® C:

e three such that for the induced grading on (C')y @ F1 & F1 ® (C?)o, it
is not graded-simple. Their universal groups are Z*, Z2? x (Z/2)* and
(Z/2)".

e three such that for the induced grading on (C')y ® F1 & F1 ® (C?)o, it
is graded-simple and their universal groups are Z/2 x Z2, (Z/2)" and
Z./4 x (Z.]2)°.

In order to obtain gradings on C! x C? we generalized the results to
find a classification of gradings on a finite direct product of simple finite-
dimensional algebras (semisimple algebras). We obtained some results about
such gradings using the theory of loop algebras. We also gave a classifi-
cation of fine gradings on semisimple algebras. We gave some examples of
how to apply these results, one of them is the classification of gradings on
sly @ sly. We also have the example of the Kac’s Jordan superalgebra, which
also exemplify the process followed to obtain gradings on C' @ C2.

The author has considered for future work to find the group-gradings on
the Lie algebras associated to the obtained gradings on C' ® C? where C! is a
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Cayley algebra and C? is a Hurwitz algebra, this by using the modified TKK
construction. This will result in gradings on the central simple Lie algebras
of type Fy, Fg, F7 and FEx.

In the present state of the art, gradings on some of the central sim-
ple structurable algebras are known. The gradings on Jordan algebras (see
[EK13, Chapter 5]) and on associative algebras (see [EK13, Chapter 2]) are
already known. Only some gradings on 2 X 2 matrix algebras constructed
from the Jordan algebra of an admissible cubic form are known. Gradings on
algebras with involution constructed from an hermitian form are unknown
yet. The 35-dimensional central simple algebra constructed from an octo-
nion algebra has been studied by Diego Aranda-Orna but the results have
not been published yet. And we have found the gradings on the remain-
ing type of structurable algebras: the tensor product of Hurwiz algebras,
so it helps to complete the classification of group-gradings on structurable
algebras and will help to construct the group-gradings on the associated Lie
algebras.
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