GENERALIZED CESARO OPERATORS, FRACTIONAL FINITE
DIFFERENCES AND GAMMA FUNCTIONS

LUCIANO ABADIAS AND PEDRO J. MIANA

ABSTRACT. In this paper, we present a complete spectral research of generalized Cesaro
operators on Sobolev-Lebesgue sequence spaces. The main idea is to subordinate such
operators to suitable Cp-semigroups on these sequence spaces. We introduce that family of
sequence spaces using the fractional finite differences and we prove some structural properties
similar to classical Lebesgue sequence spaces. In order to show the main results about
fractional finite differences, we state equalities involving sums of quotients of Euler’s Gamma
functions. Finally, we display some graphical representations of the spectra of generalized
Cesaro operators.

INTRODUCTION

Given a sequence f = (f(n))>, of complex numbers, we consider its sequence of averages

Citn) = = S FG) meNU{o),

often called Cesaro means. They were introduced by E. Cesaro in 1890, see for example [10],
and they have several applications, e.g. to (originally) the multiplication of series, in the
theory of Fourier series or in asymptotic analysis. Moreover, Cesaro means of natural order

m, Cp f, (C1 = C), where

o) = n+m'2"_“m‘”f<y>, neNU{0),

were also introduced in [10].

In 1965 the (discrete) Cesaro operator, f +— C(f) from £? to (2, was originally introduced
n [8]. Authors showed that C is a bounded operator, ||C|| = 2, and the spectrum of C is the
closed disc {\ : |A — 1| <1} ([8, Theorem 2]). In [20], authors proved that C is a bounded
linear operator from ¢ into itself and its spectrum is the closed disc centered in ¢/2 and
radius ¢/2, for 1 < p < oo and % + é =1.

The boundedness of the Cesaro operator C from /P into itself is a straightforward conse-
quence of the well-known Hardy inequality, see a nice survey about this inequality in [19].
The following generalized Hardy inequality, see [18, Theorem 3.18, p.227], allows to show
the boundedness of Cesaro operators C,, from (7 into itself: Let 5 > 0 and 1 < p < oo, then
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Also, the dual inequality holds,

on (S0

B
n=1 J

) S ) e

For any complex number «, we denote by

Ko (n) = ala+1)---(a+n-—1)
n!
the known Cesaro numbers which are studied deeply in [29, Vol. I, p.77] and denoted by

A%~ The kernels k% have played a key role in results about operator theory and fractional
difference equations, see [1, 2, 3, 21]. Note that the sequence k* can be written as

I'(n+ a) n+a-—1 —a
E*(n) = —=——=—— = =(-1)" N C -1,-2,...
0= = (") = (7). methaecio-tz.,
where I' is the Euler Gamma function. Also, the kernel (£%(n)),en, could be defined by the
generating function, that is,

= 1
0.2 k< "= < 1.
02) >k = e I
n=0
Therefore, these kernels satisfy the semigroup property, k* * k# = k**? for o, 8 € C.
In this paper, we study the generalized Cesaro operators of order § (in some paper called

B-Cesaro operators, [27, 28]) and its dual operator of order 3, Cs and Cj respectively, given
by

j=n

for n € N, k*(0) := 1,

n

o) = s 2K = )10,

Git) = 3 k=m0,

for n € Ny and Re 8 > 0, acting on a new family of Sobolev-Lebesgue spaces 7., for v > 0,
introduced in section 5. These families of sequence space include the classical Lebesgue
spaces /P fora =0and 1 < p < o0, ie, P = T]S. The Banach algebras 7" were introduced in
[3] to define bounded algebra homomorphisms linked to (C, «)-bounded operators. In [26,
Theorem 3.1 and Remark 3.3], it is shown that the generalized Cesaro operators Cg and Cs
are bounded on ¥ for 1 < p < oo; p = oo for Cg and p =1 for C3.

The main idea of the paper is to represent the operators Cs and Cj via Cyp-semigroups of
operators. In particular, we consider the Cy-semigroups (7},(¢))i>0 and (S,(t))i>0 acting on

75" (section 6), given by

n

T, f(n) = e vy (7)6”(1—6%"#(]’),

Jj=0 J
Ci(1—1an - J PN
5,070 = O Y (T ey,
j=n
for n € Ny and ¢ > 0, and we will get
Cofn) = B[ (1—e )P e DT (1)f(n)dt, neNy, 1<p< o0,
0

Cif(n) = B[ (1—e e nS,(t)f(n)dt, neNy, 1<p< o,
0
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for Re 5 > 0, see Theorem 7.2. These two equalities give additional information about the
connection between one-parameter semigroups and the operator Cg, a question posed in [26,
Section 3].

The powerful theory of Cj-semigroups of operators allows us to get bounds for norms of
operators (see proof of Theorem 7.2), and to describe the spectra of Cs and Cj in Theorem
7.6 via a spectral mapping theorem for sectorial operators and functions which belong to the
extended Dunford-Riesz class, see [17, Chapter 2|. Note that these Cy-semigroups, (7,(%))t>0
and (S,())¢>0, are not holomorphic (see Remark 6.2), and the classical spectral mapping
theorem for holomorphic semigroups is not applicable. In the last section, we present some
pictures of the spectrum of Cz for some particular 8 complex numbers.

The norms || |4, on the Sobolev-Lebesgue spaces 7 are defined involving fractional
finite (or Weyl) differences W and the kernels (k%(n))nen,, i-€.,

¢S] 1/p
1 llag = (Z \Waf<n>|p<ka+1<n>>p) ,
n=0

whenever this expression is finite for a > 0 and 1 < p < o0, see Definition 5.1. The spaces
7, are module respect to the Banach algebras 7" and the usual convolution product * on
sequence spaces (Theorem 5.4). Note that the spaces 7 form scales on p and on «, see
Theorem 5.2.

We consider the finite difference W defined by W f(n) := f(n) — f(n+1) and the iterative
finite difference W™ given by W™ f = W™ YW f) for m € N. For a € R\N, the Weyl

difference W< allows to obtain fractional finite difference of order o« > 0 and
Wef(n Zk (7 —n)f(5), n € Ny,

whenever both expressions make sense. This formula shows how deep the connection between
W and kernels k® is, see section 3 and Theorem 3.2.

Different theories of fractional differences have been developed in recent years with inter-
esting applications to boundary value problems and concrete models coming from biological
problems, see for example [7] and [16]. Note that the Weyl fractional difference W coincides
or is close to other fractional sums presented in [6, Section 1] or [9, Theorem 2.5].

We also give the following formulae which show the natural behavior between W and the
Co-semigroups (T5,(t))e=0 and (Sp(t))e=o,

WO, (0)f(n) = e “T,(t)W*f(n),
k‘““(n)W‘”Sp(t)f(n) = Sp(t)(k:““W“f)(n),

for a > 0, t > 0, and n € Ny, as consequences of Lemmas 4.3 and 4.4. To obtain these
technical lemmas, fine calculations which involve sums of kernels £* (see Theorem 2.2) or
quotients of Gamma functions are needed. In particular, in Theorem 1.3, we show the
following nice identity which seems to be unknown until now,

I'(m+r+1) Z l—a v—l—a+r+m—l) oz—i—r—l—vf: —a) I'(l+r)
Fv+m+r) I'(l L(r+1+m-—1) = Co+1+7r)
for v,r > 0, OzGR+\{0, : ,...}, and m € NU{0}.

Cesaro operators and generalized Cesaro operators have been treated in several spaces and
with different techniques. In the bibliography, we present only a small part of this literature.
Applications of Cjy-semigroups of operators in the study of Cesaro operators was initialed by
C.C. Cowen in [11]. Cesaro operators on the Hardy space H? defined on the unit disc are
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considered in [23] and on the Bergman space A?(D) in [24]. However, as K. Stempak pointed
out in [26, Section 3], the generalized Cesaro operator is natural to consider (or even more
natural than on the Hardy spaces H”) on the sequence spaces 7, and it could be interesting
to study spectral properties of Cg from the point of view of operator theory and semigroups.
Our research completes several previous known results which have been obtained on the unit
disc, see Remarks 4.2 and 7.3.

Recently, in [5], Cesaro operators and semigroups on the H? space defined on the half-plane
are treated, and also on the Lebesgue-Sobolev spaces defined on the half-line R, and on the
whole line R, see [22]. The continuous case presented in [22] is easier than the discrete case,
which we present in this manuscript. Although the philosophy of both papers is parallel,
many more technical difficulties arise in sequence spaces, see for example sections 1 and 2,
and Theorem 7.6.

Notation. We write as N the set of natural numbers and Ny := NU{0}; R is the set of real
numbers and R, is the set of non-negative real numbers; C is the set of complex numbers,
C, and C_ the set of complex numbers with positive and negative real part respectively and
D:={2eC : |z <1}

The sequence Lebesgue space 7 is the set of complex sequences f = (f(n))nen, such that

1l = <Z|f(n)|p>p < oo,

for 1 < p < oo, £*° the set of bounded complex sequence with the suprem norm and cg g
the set of vector-valued sequences with finite support. The usual convolution product * of

sequences f = (f(n))nen, and g = (g(n))nery, is defined by
frgn)=> fn—7g(), neNo
j=0

Note that (¢, %) is a Banach algebra and (7, ) is a Banach module of ¢! for 1 < p < co.
We denote by I' and B the usual Euler Gamma and Beta functions given by

I'(z) = / e ' ldt,  Rez >0,
0
I'uw)l' o0
(0.3) B(u,v) = % = /0 e (1—e ) ldt, Reu,Rev > 0.

and I' is extended to C\{0, —1,—2, ...} using the identity I'(z + 1) = 2I'(2).

1. SUMS OF QUOTIENTS OF GAMMA FUNCTIONS

In this first section, we display technical lemmas involving Euler’s Gamma functions. They
are used in some main results along the paper and they are interesting by themselves.

Lemma 1.1. For v,u >0, and o € R;\{0,1,2,...}, the following equality holds

i I'l—a) Tw+i+1)  Tuw+)l(v+a)l(-a)
Frl+1)r(v4+u+1+1) Fw)lNu+a+v+1)

=0

Proof. By the generating formula (0.2), we get

F(v) c=T(l—a) Tu+l+1) <, o LT (u+1+1)
F(—a);r(l+1)r(v+u+l+1)_lzgk (l)F(v+u+l+1)
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o] 1 1
= Z k”‘(l)/ (1 — )" tg"Hde = / )t Z k=)t dx
n=0 0 0

_ /1(1 ey = I'(v+a)(u+1)
0 Mu+a+v+1)’

and the proof is completed. O

Lemma 1.2. Forv,r > 0, a € R, \{0,1,2,...}, and m € NU {0}, the following equality
holds

Y Pl—a) Tl+r) _ Tm+1+7) T(m+1-a)
lz:;(ar—i—l(vaa))F(l+1)I‘(v+1+l+r)__ Tm+1) Tlwtmtr+l)

Proof. We prove the equality by induction on m. For m = 0, the equality holds trivially. By
induction’s hypothesis, it is enough to check that
'm+1—a) T(m+1+r) I'm+1+7r) T'(m+1-a)
(ar+(m+ (v +a) T(m+2) T(o+m+2+r) T(m+1) T(o+m+r+1)
_ F'm+1+7r) T'(m+1-a) ( (ar+(m+1w+a) 1)
I'm+1) Iv+m+r+1) \(m+L(v+m+1+r)
Fm+1+7r) T'm+1—a) (m+1—-—a)(m+1+r)
 T(m+1) Tlo+m+r—+1) ((m+1)(v+m—|—1+7“))
'm+2+4+7r) I'(m+2—a)
I'm+2) Tv+m+r+2)

and we conclude the proof. O

Theorem 1.3. Forv,r >0, « € R, \{0,1,2,...}, and m € NU {0}, the following equality
holds

m m

Fm+r+1) Z l—a (v+tat+r+m—1) a+r+v Z M'l—a) I{+r)

I'(v+m+r) = L(r+1+m-—1) — T+ T(w+l+7r)

Proof. We prove the equality by induction on m. For m = 0, the equality holds trivially.
Now we define functions G, , and F, ,

 Tm+r+ ) _Tl—a)T(v+a+r+m—1)
Gmyr(v) = T(v+m+7) ; rii+1) Tr+l+m-—=1) ~’
Dla+r4+v)=T(l-a) T(+7)
F,, ., =
#(v) T(r) ; A+ 1) T(v+1+7)
for v > 0 and we shall conclude that G,,, = F,, for m € N and r > 0. Note that
Gerl,r(U) = Gm,TJrl (U) + gmﬂ“<v)7
Fm—i—l,r(v) = Fm,r(v) + fm,r(v)v
where
(v) = 'm+r+2) Tv+a+r)I'(m+1-—a)
I = Twmtr+1) Tr+1)  T(m+2)
fow) = Fv+a+r) I'm+1+r) T'(m+1-—a)

L(r) Fv+m+r+1) T'(m+2)
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for v > 0. By induction’s hypothesis we have that
Gm+1,r(v> = Gm,r+1(v) + gm,r(v) = Fm,rJrl (U> + gm,r(v)
= Fm+1,r+1 - fm,rJrl (U) + Qm,r(’U),
and to finish the proof it is enough to conclude that

Fm—i—l,r(v) - Fm+1,r+1 (U) - _fm,r-l—l(v) + gm,’r(v)-
Now, in one hand, we have that
Il''v+a+r) I'm+24r) I'm+2—a«
gm,r(“) - fm,T+1 (U> == ( ) ( ) ( )
I'(r+1) Tw+m+r+2) I'(m+2)

In other hand, we have that

m+1

a+r+v
Fri1,(v) = Fngip41(v) = (r+1) Z
1=0

Ll +r)
T(o+l+r+1)

(ar +1(v+ «a))

and we apply Lemma 1.2 to obtain
Fa+r+o)l'(m+2+r)(m+2—a)
Fm r — Fm r = = m,r - Jm,r

proving the result. U

To conclude this section we obtain some particular cases in Theorem 1.3 for r € {1, 2}.
We omit the proof which the reader may make by induction on m.

Theorem 1.4. Toke v >0, a € R;\{0,1,2,...} and m € NU{0}. Then

zm: Ml—a) _ I'(-a) = T(m+1l-0a)

—~ I(v+1+1) (a+v)l'(v) (a+v)(v+m+1)
e 'l—a) ['(—a)
Z(l+1)r(v+l+1) (et v+ D(a+0)(v)

(am+mv+a+m+20+1DI'(m+1—-«)
(a+v+D(a+v)['(v+m+2)

Remark 1.5. For r € N, v >0, m € NU{0} and 0 < a < 1 we conjecture that

v+oz+7‘ Fl+rll—a) I'(—a) Poa,m,v)l'(m—a+1)
ZF(U+Z+T i+1 )_F(U+a)(F(v) B I(m+v+r) )

where P.(a, m,v) is a polynomial of degree r — 1 in the variables a;, m and v.

2. NEW PROPERTIES OF CESARO NUMBERS

As a function of n, k is increasing for a > 1, decreasing for 1 > a > 0 and k'(n) = 1
for n € N ([29, Theorem II1.1.17]). Furthermore, it is straightforward to check that £*(n) <
kP (n) for B> a > 0 and n € N.

In the following, we will use the asymptotic behaviour of the sequences k®. Note that for
ae€{0,—-1,-2,...}, k%(n) =0 for n > —a. In addition, for real o ¢ {0,—1,—2,...},

(2.1) k4 (n) = (1+0(%)), nen.
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([29, Vol. I, p.77 (1.18)]). Moreover this property holds in a more general context. Let
a, z € C, then

I(+a) alat1) |
T e AT
S e M o), e
whenever z # 0, —1,—2,... and z # —«, —a — 1,..., see [14]. We are interested in the two
following particular cases,
(2.2) ) =" 1+0%), neN ag{0,-1-2..)
: n) = - n o -1,-2,...
F(a) n ) Y ) ) ) )
I'(z + ) N 1
(2.3) — =z(14+0(—)), z€Ci, Rea>0.

I'(z) 2|
Lemma 2.1. Fora >0, j >n >0 and q > 1, the following inequality holds:

> (M) = oo (o)

l=n+1

Proof. We apply the estimation (2.1) in several places to get

0 af] A\ 9 o @ q aq
Z k(I —n+j) k*(m + j) SCan m+ j 1.
2 \ ) 2\ &1 mtn) man) (m+ )
JH1IN! S 1 j+1)°‘Q/°° dt
< CCM —<Ca .
(5) Semce(h) [y
JHI\Y 1 R () !
- Ay el <
and we conclude the result. [l

Theorem 2.2. Take n,u € NU {0}, Ret >0 ort =0, and o € R \{0,1,2,...}. Then the
the following equality holds

o0

ey (i) (i —n)(l—e )y =™ mmz{én} <7;) k= (u— j)e (1 — e t)n .

j=max{u,n} Jj=0

Proof. The case t = 0 is clear. Let Piet > 0, by analytic prolongation, it is enough to show
the formula for ¢ > 0. First we consider the case that 0 < u < n. We apply Laplace transform
and formula (0.3) in both parts to transform the formula into the equivalent expression

o0

3 (j)k_a(j_n)l“(j —u+ )P +u) _ z“: (@)k_a(u_j)F(j—I—a—i—v)F(n—j—l—l).

p Flv+j+1) = \J 'n+a+v+1)
Note that
S A Fj—u+1I'(v+u) - j—n—a j' IN'v+u
> (4w > e
j:nu Fv+j5+1) J:nF FG—n+D)uT(v+j+1)
B v+u i (l—a) T'(l4+n+1) F(U+U)F(n+1)F(v+a)
CI(—a)(u+ 1)~ T(I+1)T(w+l+n+1) T+ )I0In+a+v+1)

=
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where we have applied the Lemma 1.1. In the other hand, we have that

u

n\, . ,F(j+a—i—’u)F(n—j+1) ~ I+ a+w)
;(])k (w=17) Fn+a+v+1) j‘k " j)F(n+oz+v+1)
 Tin+ 1IN a+v)

o Tt Dt o)y
S I(n+a+v+1) Zk DETG) F(n+a—l—v+1)k(u)_
B F(n+1)F(a+v)F(u+v)

S I'(nt+a+v+ DI (u+ 1)

where we have applied the semigroup property, k7 * k# = k78 for v, 5 € C

Now, we consider the case that 0 < n < u. Again, we apply Laplace transform and
formula (0.3) to obtain the expression

o0

I\ —a, - F(j—u—l—l)F(v—l—u)_" n\, . _.F(j+a+v)F(n—j+1)
;(U)k U=n) =T+ 1 _Z(j)k (=)

= n+a+v+1) 7
which is equivalent to show that
['(v 4+ u) i I'j—n—-al'(j+1) TI(n+1) “T(u—7—a)(v+a+j)

F(u+1) o IF'G—n+1DI'(G+v+1) TI'(v+a+n+1) = Fu—7+ DI +1)
Now we claim that

(v + u) i (j—n—a)l(j+1) _  T(n+1) z“: I'(u—j—a)l(v+a+j))
F(u+1) o I'G—n+1DI'(G+v+1) TI'(v+a+n+1) ) Fu—j+1DIG+1) 7
which is equivalent to

(v + u) “‘Z’H Tl—a)l(n4+1+1)  Tho+1) "' Tl-a)l(o+atu—I)
Pu+1) & TI+1I(+n+v+1) Tlo+atntl)

— Flu—Il+ 1) +1)
and we apply Theorem 1.3 to conclude the equality

Then, we have to prove

v+uz J—n—a)F(j+1) T+l ~Tu—j-ofl(v+a+y)
“T(j=n+DI'(G+v+1) F(v—i—a—i—n—l—l)jzo Du—j+1D)IG+1) 7

which is equlvalent to

r(v+u)§: I'l—a)l(l+n+1) T(n+1) T(u—7j—a)(v+a+j)

Mu+1) =T+l +n+v+1) Tlo+at+nt+l)

— T(u—j+DIG+1)

<

and this identity was proved in the first considered case

U
3. FRACTIONAL FINITE DIFFERENCES

The usual finite difference of a sequence, (f(n))nen,, is defined by Af(n) := f(n+1)— f(n)
for n € Ny; we iterate, A™™ = A™A | to get

m

am ) =S (-1m (") fln ), meta

J=0

for m € N. Now we consider W = —A, i.e., Wf(n) =W!'f(n)= f(n)— f(n+1), forn € Ny
and W™ f(n) = (—=1)™A™ for m € N. In [3, Definition 2.2] the authors have extended this
concept of finite difference of a sequence to the fractional (non integer) case. We recall it
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Definition 3.1. Let f : Ng — C and a > 0 be given. The Weyl sum of order o of f, W~ f,
is defined by

W= f(n ka—n ),  neN,

whenever the right hand side makes sense. The Weyl difference of order o of f, W< f is
defined by
Wef(n) = WmW=m=9) f(n) = (=1)"A™W ™= f(n),  n € Ny,

for m = [a] + 1, whenever the right hand side makes sense. In particular W* : ¢y9 — cop
for a € R.

The following theorem shows an equivalent definition of the fractional Weyl differences.

Theorem 3.2. Let f: Ny — C and a > 0 be given. Then
Z kE=*(j —n)f(j), n € N,

whenever both expressions make sense.

Proof. If o € N, then

) = 3 () 45 = S 04) = )0

Now let m — 1 < o < m with m € N. Then

Wef(n) = WmW="=) f(n) =3 " (-1) (m) >R =n—4)f(1)
l

J=0 J =n+j
n—+m l—n 00 m
= > fu Z < )k’” W—n—j+ >, f(l)Z(—l)j<m)k:m‘a(l—n—j)
l=n 7= I=n+m+1 =0 J
n—+m )

= Zf(l)(k‘m*k’”‘“)(l—nH Yo SOET xR~ n)
= Zf (1 —n),

and we conclude the result. O

The fractional difference Z k=%(j—n)f(j) has been studied recently in ¢? and in discrete
j=n
Holder spaces, see [2]. For example, observe that for 0 < o < 1 and the sequence k', the
o0

series Z k=*(j — n)k'(j) is convergent, meanwhile W<k! is not defined.

Now, we present a technical (and interesting) result which we will need in the proofs of
the main theorems..

Proposition 3.3. If « € R and f € cy, then
We@Gf())(n) = (n+a)Wf(n) —aW f(n), neN.
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Proof. Let o > 0, then

W”%ﬁ@»@)==}:WU—nﬂrﬂwﬂwﬂﬁ+§jwu—nxn—®ﬂﬁ

= Jj=n
= aW ™7 f(n) + (n — )W f(n),
for n € Ny, and the proposition is proved for negative a.. Note that
W= (GWf(§) — aW T (7)) = aW T f(n) + (n — @) f(n) —aW ™ f(n) = (n — ) f(n),
we apply W to the above identity, and we get the result. U

Example 3.4. (i) Let A € C\{0}, and r\(n) := A=+ for n € Ny. Note that 7y are
eigenfunctions for the operator W® for & € R and |A\| > 1, i.e.,

W\ = ()\;—al)ar,\, Al > 1,
see details [3, Example 2.5(i)]
(ii) Let @ € R and m € N, then
W™mE*(n) = (=1)"k*"™(n+m), n € Ny.
Note that £%(0) — k%(1) =1 — a = —k*"(1). Let n € N, we have

a(a+1)---<a+n—1)<1_a+”) = k(0 1 1),

Wk®(n) = k%(n) — k*(n+1) = o n+1

Then we iterate to show that W™k%(n) = (—=1)"k*"(n + m) for m,n € Ny.

4. SEMIGROUPS ON SEQUENCE SPACES AND FRACTIONAL FINITE DIFFERENCES

In this section we study the fractional Weyl differences of the one-parameter operator
families (7'(t))>0 and (S(t));>0 given by

T(t)f(n) =Y (T.‘)e‘”‘ (1—e )" f(5),

s =3 ()= s

for n € Ny, t > 0, and (f(n))nen, a sequence where the above operator families are defined.
They will play a key role in Section 6. It is a simple check that (7'(t));>0 and (S(t));>0 have

the semigroup property.
Let f: Ny — C be a scalar sequence. We recall that the Z-transform of f is defined by

(4.1) fz) =" f(n)z",

for all z such that this series converges. The set of numbers 2 in the complex plane for which
the series (4.1) converges is called the region of convergence of f.

~ 1
By (0.2), note that k*(z) = = for |z| < 1. We check the Z-transform of semigroups
— 2z «
(T'(t))1z0 and (S(t))ezo-
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Theorem 4.1. Take f : Ny — C such that f(z) exists for |z| < 1. Then

—— 1 < etz
i) = 1—2(1— e*t)f (1 —z(1— et)> ’
SOf() = fle'(z=1)+1),

for|z| <1 andt > 0.

Proof. By Fubini theorem, we have that

TG -3 (Z (M) - 6t)”jf(j)> :

n=0 \j=0

=Y ef()e (Z (j j l) (1- e—t)lzl> =Y e Vf()7 (Z K1 - e‘t>z>l>

j=0 1=0 §=0

etz J 1 etz
:1—21—6 Zf <1—zl—e )) :l—z(l—e—t) 1—2(1—e—t)>’

where we have apphed the formula (0.2).
Now, again by Fubini theorem, one gets

SR = ( > @) (1- 6‘t)j‘”f(j)> .

!

n=0 j=n
B 00 . ' j e tZ n
>-e A (Z () (=5) )
22(1—6 N £() (1 16__:t> =f(e(z=1)+1)
and we conclude the proof. O

Remark 4.2. Semigroups of analytic self maps on the unit disc D have been considered in
detail in the survey [25]. In particular, the image of the semigroups (7'(¢));>o and (S(%))t>0
via the Z-transform are (¢;);~0 and (¢;)i~0, given by

etz

Yilz) = 1—2(1—et)

for ¢t > 0 and z € D, which have been also introduced in previous papers. In [23, Section
3], the semigroup (¢:):~o is introduced to study the Cesaro operator on the space H? on the
disc D an on the Bergman space in [24], see also [28, Theorem 3.2].

Pi(2) i =e (2 —1)+1,

Lemma 4.3. Let a > 0 and f € cyo. Then the following equality holds

(4.2) WeS(t) f(n) = e~ Z (i 12) (1—e Y "Wof(j) t>0,neN,

As a consequence, we have that
EHIWe(S(t) f) = S() (kW f), t>0.
Proof. First we suppose that o = 1. Then

(e o]

WS = Y (1) - ey ) - e 3 (,1,)a-ei)

j=n j=n+1
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= ey (D=t 3 (1 )a- ey

j=n j=n+1

e S (1 )am ey

j=n+1

i e B . , .
where we have used that e~ (") = ¢~ —e="(1 — ¢7"). Note that (?) +(,7,) = (?*]), and
then we get

WS(t)f(n) = e (f(n) + i <j+ 1)(1 —e ) G)

Pl n+1

-3 (W) ameri)

= ey () ) - 6+ )

Jj=n
where we have done a change of variable in the last step.
Now we proceed by induction. Let m € N, and we suppose (4.2) true for « € N with

a < m. Then using that W™ = WIWW™ ! and the same arguments that in the above case we
have

WIS f(n) = WS f ()~ WIS f(n+ 1)
= e (T ey

n+m-—1

j=n

re Y (‘j o 1)(1 — e T ()

Pl n+m
—tn S j+m_1 —t\j—n— m—1 g/
“e Z( R R T
= e (T ey ) - WG ),

Finally we prove the general case. Let m < a < m + 1 with m = [a]. We write

Wes(@)f(n) = WmWmS(t)f(n)

= Z KU — ) WS () £(5) — .Z EHT(G —n = IWTS () £())
= Y (IS

> j—n a—m —tj . v+m —t\v—J1I/m
- S (57 ;(j+m)<1—e> W)

ey (C]“ - ’:) I (j - ”) i:j (j N Z) (1= e W f(w),
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where we have applied W& = We=mWm™ ([3, Remark 2.3, Proposition 2.4]), Example 3.4
(i) and the equality e™* = e >/ 0 (=1)77 (7 ") (1 — e *)I7"~ Applying twice Fubini’s
Theorem and a change of variable we have

WeS(t)f(n) = e i(—l)“ i (L= TP W £ () Z (j - 7:> (j ' n) (j 1 Z)

u=0 v=n+u Jj=n-+u
) 00 v—n—u . [+ D+ m
— o in —1) 1— —t v—n—uypm o m )
3o 3 aseymwero (G ()

It is a simple check that (O;;T) (lt”) = (afm) (afmfu). Then using the Chu-Vandermonde’s

u l
identity, Fubini’s Theorem and a change of variable we have

wes(o s = (M0 3 ey (M)

o u iy n+ o
= ¢ uf;(—l)“ (a ;m> g(l — e YW F (5 + u) (ﬂi)
S o
= 6‘t”§:(1 —e‘t)j‘”@:Z)Waf(j),

and we conclude the equality.

As kL (n) (J + O‘) ) (‘7) with j > n and a > 0, we have that
n—+ o n

E WSO = " Y- eyt (T we )

="y ( > (1= e Yk (W F(G) = S (R*TW f)(n)

j=n

for n € Ny and the proof is finished. O
Lemma 4.4. Let a > 0 and f € cy. The the following equality holds

(4.3) WT(t) f(n) = e "*T(H)W*f(n), t>0,n¢€N.

Proof. First we suppose that a = 1. Then

wrese) = 3 (1)t e - ey (e - ey
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_ Z < ) 7tj _e t)n+17jf(j) _ eft(nJrl)f(n + 1)7

where we have used that ("}rl) = (7;) + (jfl). Note that (1 — e )"0 = (1 — e~ H)"7 —

e (1 —e )" and then we get

n

WIS = 3 (7)1 - eI - 0O

7=0

. z (M)t =ey=ist + 3 (1) 000 - i)

j=1

() 1)6‘% () — e (4 1)
= (=) — (1= e +Z( et - ey )
-y (7)et““><1 (4 1) = e 1)

=) (n) UL — e IW () = e T(OW f(n),

where we have done a change of variable.
Now we proceed by induction. Let m € N, and we suppose (4.3) true for a« € N with
a < m. Then one gets

W) = 3 (F)e v - ety

A - (n> et (1 — eIl £(G) — e 7MY (1 — el £()
=0

N (?) e M) (1 ety g )

(j " 1) e tUtm= (] _ etyntlmdpymal () — emtdmyym=l gy 4 1)

- (”> e T — e IWT () — e (L — e ) W £(0)

_ (n) e—t(j-i—m—l)(l _ 6—t>n—ij—1f(j)
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+Z ( ) t(j+m) 1 o 7t>nfjwmflf(j)

(j ﬁ 1) t(j+m— 1)(1 e t)n—i—l—ij—lf(j) o e—t(n—i—m)Wm—lf(n + 1)
_ e—tm 1)(1 ) wm— 1f(0) e t(m—l)(l . e—t)n+1wm—1f<0)

e t(j+m)(1 . €—t>n—ij—1f(j)

- n
3 (y)
n—1
N (?)6 t(j-i-m)(l . e—t)n—ij—1f<j + 1) - e—t(n-l—m)Wm—lf(n + 1)
5=0
= eg'm ” (;l) e (1 — e )" ITW™F(G) = e T (W™ f(n).
=0

Finally we prove the case that « € RT\(N U {0}). By Theorem 3.2 and Theorem 2.2 we
write

wer e Z G =T = kG -0 3 (1)e - e

st Y (D - - ey

j=max{u,n}

min{u,n}

f(ue™ Z (?) E~%(u—j)e (1 —et)"d

0 §=0

n (oc+a) na o u—
(j) Z )

W) gtlati) (1 — o= t\n—d e f(7) = e—to afin
(j) (1= P IWef () = e T(OW £ (n),

Mo 1

U

)=

0

.
3 |l

J=0

and we conclude the result. OJ

5. SOBOLEV-LEBESGUE SEQUENCE SPACES

In this section we introduce a family of subspaces 7 which are contained in #? for a« > 0
and 1 < p < oco. Note that this definition includes the usual Lebesgue sequence space 7 as
limit case for a = 0. For p = 1 these spaces have been considered in [3, Theorem 2.11] and
[1, Section 2].

Definition 5.1. For a > 0 and 1 < p < oo let 7' be the Banach space formed by the set of
complex sequences vanishing at infinity such that the norm

1/p
[ llap = (ZW“J‘ )P (R (n))? )
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converges. For p = 0o, we denote by 7% the Banach space obtained as the complex functions
vanishing at infinity such that the norm

£ llaoo == sup [Wf () |5 (n)

n€eNg
converges.

Theorem 5.2. Let a > 0 and 1 < p < co. Then
(i) The operator D : 750 — (P defined by
D*f(n) = k*T ()W f(n), n €Ny, f €1y
is an isometry whose inverse operator (D®)™1 : (P — T, s given by
(D) f(n) = W= (k") f)(n), n €N, f €.

(ii) The following embeddings hold: 7{* < 75 — 7 — 7%, for 1 < p < q < oo.

(iii) The following embeddings hold: 7P < 7& < (7, for f > o > 0.

(iv) Forp>1 and % st L' =1, (with p' = oo for p = 1) the space 75 is the dual space of

7 and the dualzty s given by

— ZW“f(n)WO‘g(n) (k““(n)f, fen,gery.
n=0

Proof. (i) By definition, we have

00 1/p
1D fllp = (Z(k““(n))p|W°‘f(n)lp> = [[fllop-

n=0

Now, we use part (i) to show (ii). As 1 < (P < (9 — (> for 1 < p < q < oo, we have
that

[fllaco = 1D flloo <UD fllg = [[fllasa < ND*fllp = [ fllap < NDfllx = [[fllev1-
(iii) Let f € cpp and 0 < a < f. For p = 1 see [3, Theorem 2.11]. For p = oo,

Hf”a,oo < SS£ Zk’ﬁfa(j —_ n)|Wﬁf(n)|ka+l(n)
n 05=n
< sup [WHS(n ’Z’f“ ) = |l

neNg

since k%! is increasing. Let 1 < p < oo, then

p\ 1/p
[ llap < (\W“f \“rz (Zkﬁ (G =)W F(G) Ik (n )) )
ﬁ p\ 1/p
g%((Z Wj I L) ) +Z(Z—)Wf< >|ka“<j>>>

1/p
< Csap (HfH%,p + Z (nBO‘IWBf(n)!k“l(n))p)

< Cﬁ,a,prHﬁ,pa

where we have used (2.1), Holder’s inequality, Hardy’s inequality (0.1) and k**! is increasing.
(iv) Combine that the operator D® is an isometry and (7)== ¢*" for p > 1. O
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Lemma 5.3. Let o« > 0.
(i) For 1 < p < oo, the function k* € 7 if and only if Re < 1 — %D. Furthermore
kP € 7 if and only if Re S < 0 or =0, and k° € 7% if and only if Re B < 1.
(ii) For 1 <p < oo and |\ > 1, the sequence r\ € 75 and

P |
Irallap < Co. ( |
N e AR (YRS

Finally vy € 7 for |\| > 1 and

A1
[rAllace < [A[2otT

Proof. (i) Let 1 < p < oo. First note that for Be 3 > 1, k% ¢ (7 by the estimation (2.2), and
then k° ¢ 7;*. Secondly observe that for 3 € {0, —1,-2,...}, kP € cyp, then k7 € 75" Finally
for Me f < 1 with 5 ¢ {0,—1,—2,...}, using Proposition 5.2 (iii) it is enough to prove the
result for a € Ny. Let a € Ny, then

erakﬁ P P*ZW (n+ Q)P (= ()P < o0

if and only if Re S < 1 — ;, where we have applied Example 3.4 (ii) and (2.2). The cases

p = 1 and p = oo use the same arguments than the previous one. (ii) It is similar to the
case (i) using Example 3.4 (i). O

Theorem 5.4. Let a > 0 and 1 < p < o0o. Then
1f # gllap < Capllfllapllgllar, fe, gem

Proof. Let f € 7' and g € 71*. The case p = 1 was proved in [3, Theorem 2.10]. Let us
consider p > 1 and ¢ > 1 such that 1 + 1 = 1. By [3, Lemma 2.7] (see also [15, Lemma 4.4]),

“(fxg)(n Zwa Z k (u—n4j) W f Z W) Y kK (u—n+j)Wef(u).

u=n—j j=n+1 u=n+1

Then, by Minkwoski’s inequality ([18, Theorem 25, p.31]),

1/p
1f % gllap = (Z!W“ x g)(n)[P(k** (n ))p>

00 n n p 1/p
< (Z (Z\Wﬂg(j)l Z‘k“(u—nﬂ)lwo‘f(u}o (/f“*l(n))p)
00 0 P 1/p
(5.1) ; (Z (Z Wy Z B (u—n+ WS (u >|> </«a“<n>>p> .

Now, we apply a inequality of Minkwoski type ([18, Theorem 165, p.123]) to the second
summand of (5.1) and we obtain

00 0o p\ 1/p
(Z(k“%))p ( > Wg(j Z kK (u—n+ )W f(u >|) )

n=0 j=n+1 u=n-+1
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j—1 p\ 1/p
<Z|Wa (Z (k' (n (Z E*(uw—mn+ )W f(u )|> ) .

u=n+1

By using Holder s inequality ([18, Theorem 13, p.24]),

= = - nt )\ S N
S K (umn+) W ()] < ( 5 (k—w)> (Z (/f““(u)\W“f(U)!)) ,

where

00 1/p
(Z (’f"‘“(WIW“f(U)I)p) < {1 fev-

u=n+1
By Lemma 2.1 with 0 < n < j and (2.1) one gets

N ka+1
Z k‘a(u —-n _|_j>|Waf( )| < Capr”aPka-&-l((ZL))JL/

u=n-+1
and then

j—1 00 p\ 1/p
(Z (k1 (n (Z ko‘(u—n+j)|W“f(u)\) )

u=n-+1

J=1 1

1/p
< Ca7p||f||a,pka+l(j) (Z ;) = oup”f“mpk;a—&-l(j).

n=0
Again, applying a inequality of Minkwoski type to the first summand of (5.1) we have

00 p\ 1/p
(Z(k““( )’ <Z|Wa Z k(uw—n+ )W f(u )|> )

OO:O OO] ) o p\ 1/p
< ZIWag(jﬂ Z(k““ (Z k9 (u—n+ )W f(u )I) )
s 2j p\ 1/p
< YWl (Z(ka“ (Z K (u— 4+ )W f(u )\) )
oo ) P\ U/p
+(Z<kaﬂ (Z ko‘u—n+])!W°‘()|>> ]

For 7 <n < 2j5 we write

2j p\ 1/p
(Z(ka“ (Z K (u —n+ §)|We f(u >|> )

n=j u=n—j

A P\ 1P
= k:o‘“(2j)< (Zko‘(u—l)|Waf(U)|>)

0 p\ 1/p
kS (w) | W f (u )+Z<Zkau—zywa )|>)

u=0

< EMTH(29) (
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< Cak™(j ((Z =y )ka“< w) W f (u )\)

oo _ 1/p
S (E e o)

< Capka J)Hf”apv
]

by using [3, Lemma 2.1], Holder’s inequality, (2.1) and Hardy’s inequality (0.1). For n > 27,
p\ 1/p
( (k™* (n ( > K u—nt )W f(u >|> )
n=2j5+1 u=n-—j
00 I+ py 1/p
= (Z(kf*“lﬂ (Zk‘au—l W f(u )|> )
I=j+1
0 I+ 1/p
< (Z (ke (20)) (Zk“u—HW"‘ ()|>)
I=j+1
co p\ 1/p
< C(}(Z k’a+1 (Zka Wafm+ )|> )
I=j+1
J o) 1/p
< Co ) Kk*(m) (Z (KNP W f(m + l)|p)
m=0 l=j+1
00 1/p
< C, Zka (Z ko‘“(m+l))p|W“f(m+l)\p>
l=j+1

< CaHfHa,p/faH( ),
by using [3, Lemma 2.1] and a Minkwoski type inequality. So, we conclude the result.  [J

6. Cy-SEMIGROUPS ON T

In this section we study, for 1 < p < oo, the Cy-semigroup structure of the two one-
parameter operator families on the sequence spaces 7, (T,(t))i=0 and (S,(t)):>0, given by

T,(0f(n) = ¢ ST f(n), S,(0)f(n) = e RS0 f(n), neN.

Theorem 6.1. Take 1 < p < oo and o > 0. The one-parameter operator families (T,(t))i>0
and (Sp(t))i>0 are contraction Cy-semigroups on 7', whose generators A and B respectively
are given by

Af(0) = —%f(()), Af(n) == —nAf(n—1) Z%f<n>, nen,

Bf(n) :=(n+1)Af(n)+ %f(n), n € Ny,

with f € D(A) = D(B) = 75+,
The Cy-semigroup (Sy(t))i>o intertwines with the operator D* given in Theorem 5.2 (i),
i.e., Sp(t)oDO‘—DO‘oS(t fort > 0.
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Proof. First of all we prove that T} (t) is a bounded operator on ¢! and ¢*°. Let f € ¢* and
t > 0, then

>_In0f ()] < *tZ e1ra) |Z()1—e“”'
= eIy ()= i

J=0

where we have used (0.2) (the case t = 0 is easy). Now let f € ¢, then

sup [T f(n)] < e[| fllo sup Z ( ) —e )" =e|fllo-

neNp nENO

Applying the Riesz-Thorin Theorem we get that || 77 (¢)||, < e s , and consequently ||T,()||, <
1.
Similarly, for a > 0, let f € 77, then

i\wam )k (n Ze*tka“ Z@ e (1 — )[R £ ()|
n=0

_ S a (j+o) pat+1 N \V o —e Hn

=S W wo);(jw)(l )

= e e () 3 (M) 1 e = s
j=0 n=0

where we have applied Lemma 4.4, and the identities k%! (n )(J) = k;aﬂ(j)(?iz) and (0.2)
(the case t = 0 is easy). Now let f € 7% and ¢t > 0, then

P e, T3 (8) () K2 () = sup, ey, € t|2() I — I F )[R ()

_ 4 n+« —t(jt+a —t\n—j —
e > (08 s (S T

where we have used again Lemma 4.4, and the equality k> (n )(J) koti(y) (?Ig) So, we

have that 77(¢) is a bounded operator on 7{* and 72, with
ITi@®)llox <1, (T2l < e
Using Theorem 5.2 (i), DT} (D*)~! is a bounded operator on ¢! and £> with
ID*Ta(#)(D*) e <1, [ID*Th(E)(D%) oo <7
Applying the Riesz-Thorin theorem we get that ||[D*Ty(¢)(D)7|, < e_t%, and therefore

T,(t) is a bounded operator on 7 with
ITp(0)lap < 1.

On the other hand, we will prove that S;(¢) is a bounded operator on ¢! and ¢*. Let
f € ¢, then

SIS0 < S 170 |Z() (1= ety = .

n=0 7=0 n=0
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Now let f € ¢°° and t > 0, by (0.2) one gets

sup [0S < [l sup e Y (1) ey

neNy neNg

j=n
tn = [j+n i
— Uflesip e S (V)@ =l
n€Ng =0

The case t = 0 is clear. Applying the Riesz-Thorin theorem we get that |[S1(¢)], < et%,
and consequently ||S,(t)[[, < 1.
Similarly, for v > 0, let f € 7{*, then

« a = —in.« = j+()é —t\j—n (e .
Z\W SO < e 3 (20w erwesi)
n=0

J=n

= LI e e (7)<

n=0

where we have applied Lemma 4.3 and the equality k™ (n)(7*%) = k*1(j)(’). Now let
ferdandt >0, then

sup [WSy () f(n) [k (n) = sup e m\2<‘7+a> — ey R ) ke ()

neNg neNg n—+ o
n . ] —t\j—n
< Wlaee s e 35 (7)1 =y =l
neNp j=n n
where we have used again Lemma 4.3, and the identities k***(n) (iii) = k*T1(5)(7) and

(0.2) (the case t = 0 is easy). So, we have that S;(¢) is a bounded operator on 7{* and 7
with
191 llas <1, [191(B)laoe < €'
By Theorem 5.2 (i), D*S;(D*)~! is a bounded operator on ¢! and /> with
(DS, (H)(D) s <1, DSy (D) o < .

Applying the Riesz-Thorin theorem we get that |[D*S;(¢)(D*)7Y|, < et%, and therefore
Sy(t) is a bounded operator on 7% with

15p()]lap < 1.

The strong continuity follows from the ideas developed in [25, Section 4, Example 7.1 and
7.2], using properties of the operator W< ([3, Section 2]). It is a simple check that A and B
are the generators.

Finally we prove that D(A) = D(B) = 70%!. Let f € 707! be given, then f € 7 since
7ol s 79 Using Proposition 3.3 we have that

p p

(6.1) WG+ DAf(G)(n) = —(n+a+ D)Wt f(n) + aW*f(n), n € Ny,

then (j + 1)Af(j) € 7,¢ and therefore f € D(B). Conversely, if f € D(B), then f € 7 and
(j + DAf(j) € 7. The identity (6.1) implies that

(a+2)WH f (kT2 (n) = —W((5 + DAS(G) (A (n) + aW f(n)k*F(n), n € N,

whence f € 70 The case D(A) = 701! is similar.
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The equality S,(t) o D* = D* o S,(t) for t > 0 is a direct consequence of Lemma 4.3 and
the definition of the Cy-semigroup (S,(t))>o0- O

Remark 6.2. The above semigroups are not holomorphic. First we see that (7,(t));>o are
not holomorphic: we take &Y, which belongs to 7y forall @ > 0 and 1 < p < oco. For 2z € C,
it is easy to see that

sup |WoTy (2)k%(n)[k2+ (n) = e~ @FURe2 qup |1 — e #"k2FL (n).

neNp neNg
In the following we prove that there is not 0 < 0 < 7 such that |1 —e™*| <1 on X5 := {z €
C : z# 0 and |Argz| < 0}. Then (7' (t))i>0 is not holomorphic on 75, and therefore not on
7 for 1 < p < oco. Observe that

11— e = /1 —2e Tz cos(Tmz) + e ez < 1
if and only if
2cos(Jmz) —e 7% > 0.
For simplicity, we write z = pe™® with 0 < p and |p| < 6, and we define
F(p, ) = 2cos(psin(p)) — e #«®).
Then for all 0 < §y < d and pg = %%(50) one gets

m cos(dp)

F(po, ) = —e 2500 < 0,

so |1 —e™?| > 1 in some points of X5 for any 0 < § < 7.

Secondly, we see that for all 0 < § < 7, there exist points z € X5 such that S,(2) is not
defined on 7. It is suffices to take z = 231:(50)6i60 with 0 < 0y < 6. Then, the sequence

f(n) = (1; n € Np, belongs to 7 since |1 — e™*[ > 1, but it is easy to see that

o
a0 =y S (1) = oo

- n
J=n

The proof of the following result it follows easily from Proposition 5.2(iv).

Proposition 6.3. The semigroups (T,(t))i>0 and (Sy (t))i>0 are dual operators of each other
on 7, and T, respectively with % + ]% =1.

Proposition 6.4. Let A and B the generators of (T,(t))i=0 and (Sy(t))=0 on 75 with 1 <
p < oo. Then

(i) The point spectrum of A and B are:
(&) Tpoint(A) =0 and opoin(B) = C_, for 1 < p < oo.
(b) point(A) = 0 and oppini(B) = C_ U {0}, for p = 1.
(¢) Opoint(A) = {0} and opeint(B) = C_ UiR, for p = cc.
(ii) The spectrum of B is o(B) = C_ UiR.

Proof. (i) First we consider the operator A. For the case (a) and (b), we take 1 < p < oc.
Let A€ Cand f € Tzf‘“ such that Af = Af. Then the nonzero solutions of this difference
equation are f(n) = ¢ with ¢ # 0, which do not belong to Tg““. For the case (c), let p = oc.
If AN# 0, Af = \f if and only if f is the null sequence. On the other hand, if A = 0, the
nonzero solutions of Af = Af are f(n) = ¢ with ¢ # 0, which belong to 7%, see Lemma
5.3(i).



GENERALIZED CESARO OPERATORS ON SOBOLEV-LEBESGUE SEQUENCE SPACES 23

Now let Bf = Af. The nonzero solutions of this difference equation are f(n) = kM (n)
with ¢ # 0, which are on T;Jrl for Re A < 0if 1 <p < oo, for Red <0and A =0 for p=1,
and for Me A < 0 if p = oo, see Lemma 5.3(3).

(ii) We know that (Sp());>0 is a contraction Cyp-semigroup on 7.*, then by the spectral
mapping theorem ([13, Chapter IV, Theorem 3.6]) we have

"B C o(S,(t) C{z € C : |2| <1},
therefore o(B) C {Re A < 0}. Conversely, note that
Opoint(B) C o(B) C {Re X < 0}.

For p = oo we conclude the result. If 1 < p < oo, then it suffices to prove that the points
{Re X =0} are in o(B). Let 1 € iR and we suppose that u € p(A). Let £ = p — % + 2 and
f €. Using that (u— B)~! is a bounded operator, the sequence g := (u— B)™'f € 75 So

(E+n—1)g(n)—f(n)
n+1

g is the solution of g(n + 1) = for n € Ny. It easy to prove that g(n+ 1) =

where ¢ is a constant. If we take f(n) = 0 for

. —~T(E+n)(n—j)f(n—j)
ck? <”+1)_; T(E+n—j)(n+1)!

allm e Ny and ¢ = 1, then g = k*' & 75 for 1 < p < 00, and g = k¢~ & 7{* except for the
case £ = 1 (this last case is not relevant because for p =1 and £ = 1 we have p = 0, and we
know that 0 € 0poine(p)), see Lemma 5.3. [

Remark 6.5. The operator — B is sectorial of angle 7/2 in the sense of [17, Chapter 2, Section
2.1].

7. CESARO DISCRETE OPERATORS ON SPACES DEFINED ON N

In this section, we expose the results which contain the main aim of the paper. Let
Me 5 > 0, we consider the Cesaro operator of order 3 given by

Cﬁf( k5+1 Zkﬁ n_J . n ENO)
and the dual Cesaro operator of order 3 given by

Csf(n) Z kﬁﬂ G —n)f(j) neN.

Remark 7.1. (i) Let |A| > 1. We consider the sequence ry(n) = A"V n € Ny. Note
that
1 —ry(n) 2((n+1)(A—=1) =1+ r\(n))
m) =i Gn) it Dmt2)r—12 = "
On the other hand,
1 —~1—7(j)
C = > No.
N = T 2 1 0 e

Then Ciry # Cory (it suffices to evaluate the above sequence in n = 0). Then C? # Cs.
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(ii) Let p=1,Re >0, a >0 and f(n) =k ?(n+1), n € Ny. Note that

n+1
kP(n+1) 3
§ B — _ - _
Cﬁf k'6+1 k n+1 (j)— kﬁJrl(n) = n+1, nENo,

where we have used that k% x k=%(n+1) = k°(n +1) = 0 for n € Ny. The sequence f
belongs to 7¢* (Lemma 5.3(i)) and Csf ¢ ¢, therefore Cg is not a bounded operator
on 7.

(iii) Let p = o0, MeB > 0, « > 0 and f(n) = 1 for all n € Ny. By Lemma 5.3(i), the
)

sequence f € 7% . The equivalence (2.2) implies that Cj f(n) diverges for each n € No.
So, Cj is not a bounded operator on 75.

Theorem 7.2. Let a > 0 and Re 5 > 0. Then

(i) The operator Cg is a bounded operator on 7', for 1 < p < 0.
(ii) The operator Cj 1s a bounded operator on 7., for 1 < p < oo.

In addition, for f € 1.} the following subordination identities hold,

Csf(n B/ (1—et)f-te - )T(t)f(n)dt, n € Ny, 1 <p < oo,

and

C3f(n) 5/ “leTn 8, () f(n)dt, neNy, 1<p< 0.

Proof. Let a >0, Re 8> 0 and f € 7. Then
Cof0) = e Zkﬁ (- )f 52( g i (0]
- 52 (?)fm [t
= 92 ()0 [Ca-epreta

= 5 [ ey e DL f)
0

and

. = 1 , m+1DI'G+B—n),, .
G0 = 3 g =10 BZ() R )

- @fj (i)f(j) / (1=
- 62(2)1"@)/%

(1 o eft)j+,87nfleft(n+1) dt
= 8 [ G-yt sma
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Using these identities and the contractivity of the semigroups we get

o0 B .G B 1
ICofllay < 1Ay [ (1= P10

['(Me B)0(1 — 2)
= PitgegrihMler 1<r<o
and
IG5 oy < 1811l [ (1=t
['(Me B)0(5)
= |5|ﬁ”f”ozpa 1 <p<oo,
and we conclude the proof O

Remark 7.3. Let HP be the usual Hardy space on the unit disc D for 1 < p < oco. The
generalized Cesaro operators (or 5-Cesaro operators) €5 and ¢} are defined by

N z — )Pl
Cs(F)(2) = z% i F('w)ﬁdw, z €D,
C(F)(z) = e _61)5 /lz F(w)(z — w)* dw, z € D.

Then €4 is a bounded operator for 1 < p < co and €} is a bounded operator for 1 < p < oo,
see [28] and [26]. Moreover by [28, Formula (3.3) and Formula (2.1)], we have that

Cs(F)() = 5/ A P - e zeD,
Cs(F)(z) = 5/0 e T F(¢y(2))(1 — e )P 1dt, zeD,

where the composition semigroups (14)¢>0 and (¢¢)¢~o are considered in Remark 4.2. In the
case that F' = f (for suitable f) we get

Cs(F)(z) = B/ ’tT (1 —e )Bfldt:E;(f/)(z), z €D,
s (F = B/ ’tS J(1—e” )B’ldtzgg\(f/)(z), z € D.

The following result states the duality between the generalized Cesaro operators. The
proof is a simple check and we omit it.

Proposition 7.4. Let a > 0 and Re > 0. The Cesaro operators Cs and Cj are dual
operators of each other 7 and 7‘1‘;5 respectively with % + z% =1land1<p<oo.

Remark 7.5. Let f € 7' and 0 = 1. Then
oo 1 1
Cifn) = [ OV = (1= A ), 1<p<
0

Ciftn) = [ e s Ofmdt =~ B ), 1<p<x
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for n € Ny. By the spectral resolvent theorem for the resolvent operator ([13, Chapter IV,
Theorem 1.13]), one gets

o(Ci)={z€C: |2 —p/2| < p/2}.

A novel proof of the equality o(Cy) = {z € C : |z — p'/2| < p'/2} for the Cesaro operator C;
on (P, with 1 < p < oo, is given in [12]. Also, in [4], the authors study the spectrum of C;
on weighted (P spaces. Some of these results are particular cases of the following theorem.

Theorem 7.6. Let o > 0 and Re 5 > 0. Then

D(B+1)I(241-1)

(i) The operator Cs : 7' — 75 satisfies o(Cg) = { e

1 <p< oo

Dz €C+UiR}, for

D(B+1)(z+7)

(ii) The operator Cg* : 75 — 7' satisfies o(Cs") = { TG D)
p

1 <p<oo.

: z€C+Uz’R}, for

Proof. (ii) Let 1 < p < oo. The family (S, (#)):>0 is an uniformly bounded Cp-semigroup on 7}
generated by (B, D(B)). Then we consider the Hille-Phillips functional calculus £(-)(—B) :
LY(Ry) — B(X) given by

LI-B)f = [ hOS,@F dt, he LR, S e
0
By Theorem 7.2, for 1 < p < oo, we have that Cj = L(hs,)(—B), that is,
Ci =6 [ -y eisofd= [ 08,01 d,
0 0

with hg,(t) :== B(1 — e~1)8~1e" for t > 0. Observe that hs, € L*(R4),

IRACERVNERS

E(h/&p)(’z) - F(B‘f‘z—f‘ l) = gB»P(’Z>7 zc E? 1 Sp < OO7
p

where £ denotes the Laplace transform, and L(hg,) € Co(Ry) NHo(Cy).

Observe that we can extend in an holomorphic way the function gg, to X, = {z € C :
z # 0 and |Argz| < oo}, where ¢y € (5,7 — 1) with ¢, := arctan(%) (see figure below):

since I" is a meromorphic function with poles in {0, —1,—2,---}, we could have problems
of holomorphy in points z € C_ N X, such that Re (5 + 2+ 1/p) € {0,—1,—2,---} and
Jm (B4 24+ 1/p) =Tm(6+ z) =0. It is easy to see that the above does not take place.
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1
In addition, note that gg,(0) = % and gg, is holomorphic in a neighborhood of 0,
p
then gs, has finite polynomial limit at 0. Also, by (2.3),‘ 1|im 9pp(2) = 0 with z € S, so
Z|—00

gp,p has finite polynomial limit at co. Using [17, Lemma 2.2.3] we have that gz, € &,,, where
E,, denotes the extended Dunford-Riesz class. Therefore, since —B is a sectorial operator
of angle 7 and B is injective (0 ¢ 0,(5B)) we can apply the spectral mapping theorem [17,
Theorem 2.7.8] and we get

Cj B B HA+ I + %) CyUIR
— — = — = . < .
o(€3) = ola(~B) =G BY = { pz 1y ¢ 2 € G Ui
(i) The proof is consequence of the part (i) and the duality between Cg and Csz™. O

Remark 7.7. Observe that for p = 2, we have o(Cs) = o(Cj) for all 8 > 0. If 1 < p < o0,
then o(Cs) (where Cp is considered on 7,) is equal to o(Cj), with Cj on 7.7, with ]l) + 1% =1.

8. SPECTRAL PICTURES, FINAL COMMENTS

The main aim of this last section is that the reader visualizes the spectrum of the Cesaro
operators on some particular cases. We will use Mathematica in order to draw the desired
sets.

First of all, it is interesting to observe that the following pictures show the border in the
values {z =it : t € R} of the spectral sets, since it provides a better view of the behaviour
of such sets. Note that this subset of the spectrum may not be the mathematical boundary
as shown in the Figures. For each 1 < p < oo and # > 0, we consider the border of the
spectrum of Cs on 7' as the curve

C (TE+ DLt +1-1)
S LEENIEIES )

Note that this curve degenerates in the point 1 as f — 07. In [22], the authors study the
spectrum of the generalized Cesaro operators for the continuous case on Sobolev spaces.
Precisely, their spectrums coincide with the curves I', 3 in the discrete case.
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As we mention in Remark 7.5, for 1 < p < oo, the spectrum of C7 on 7, is the closed disc
centered in p/2 and radius p/2. Therefore, we have that

. p p
a(Cl)Z{ZEC : |Z_2(p—1)|S 2(1?—1)}

on 7.} for 1 < p < oo, see Remark 7.7. This comment can be observed in the Figure 1 and
Figure 3.

First, we will show cases where 8 > 0. For each 1 < p < oo and § > 0, the curve I', 5
L(B+1)I'(1—-1/p)
T(6+1-1/p)
W — 00 as f — oo, see (2.3). This last C(zmment is appreciated very
. . L(B+1)L(it+1->)
well in the Figure 2. On the other hand, by (2.3) ———+2&

g y ( ) F(B—Ht—i-l—%)

l<p<ooand g >0.

takes the point on the complex plane (doing ¢t = 0). In addition, when p # oo,

the point

— 0 as t — do0, for all

The Figure 1 shows the curve I'y 3 for 8 = 0.5,1,2,3,5. It seems that for 8 <1, I'; 5 is a
curve contained in the circle centered in 1 and radius 1. Such curve only cuts the real axis on

0 and % We conjecture that the last statement is true for 0 < <1 and 1 < p < 0.
On the other hand, for 8 > 1, I'; 3 has points on C_. In fact, the curve cuts the imaginary
axis at least in two points. Also, for 8 = 3 and 5, the curve I'; 5 cuts the real negative axis.

For g = 2, it can not be appreciated the last statement.

FIGURE 1
Spectrum p =2
Imaginary axis

3+

— B=05
B=1
— B=2
Real axis ___ B=3

out[58]=

— B=5

The Figure 2 shows the curve I'y5 3 for 8 = 100 and S = 200. For these values, it cuts
several times the real and imaginary axes. It would be interesting to know such points, or
at least, how many times each axis is cut.
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FIGURE 2
Spectrum p=1.5

Imaginary axis

— B=100
— B=200

out[68]=

' Real axis
00

-50 F

In the Figure 3, we consider the particular case p = oo, with g = 1,10, 100, 1000, 10000.
First, observe that for all 5 > 0, 'y 3 cuts to the real axis in the point 1 (¢t = 0). In
addition, this case seems to have a very special particularity; the envelope to the family of
curves {I', 5} s>0 is the unit circle.

FIGURE 3

Spectrum p = oo
Imaginary axis

&)=

So, we establish the following open questions:

(i) Let 1 < p < oo and 0 < < 1. The curves I', g5 do not cut the imaginary axis, and
LB+ (1-1/p)
L(8+1-1/p)
(ii) Let 1 < p < oo and > 1. Study how many times the curves I', g cut the real and
imaginary axes and where they do it.

(iii) For p = oo, study if the envelope of the family of curves {I', s} s~0 is the unit circle.

only cut the real axis in 0 and

Now, we show some pictures about the cases with SRe f > 0 and Jm S # 0. In these cases,
the behaviour of I, 5 is more difficult to predict. However, we will observe particularities
and nice curves.
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The Figure 4 shows that I'y;_; and I'y;4; are symmetrical with respect to the real axis.
In fact, it is easy to see that I') s and I' 5 are symmetrical.

FIGURE 4
Spectrum p =2
Imaginary axis

15F

— B=1-i
— B=1+i

out[28]=

: : : : — Real axis
0.5 1.0 15 2.0 2.5

The Figure 5 shows that I'y 51004 and L'y 5100+20; are very close to I'y 5100 (compare to
Figure 3), and I'y 51004100 i considerably different.

FIGURE 5
Spectrum p = 1.5
Imaginary axis

— B=100+i
— B=100+20i
— B=100+100i

out[51)=

- Real axis
80

The Figure 6 represents a case where the gap between the real and imaginary part of J is
large. This allows us to observe that we are getting spirals centered at the origin.
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FIGURE 6
Spectrum p =2
Imaginary axis

— B=1-50i
— B=1-100i
— B=1-150i

out[47)=

Real axis

For p = oo and large values of ||, the Figure 7 shows how similar variations on the growing
of the real and imaginary parts of 3 allow to control the curves I'y, g in similar regions of

the complex plane. However, the same variations only on the imaginary part imply large
variations on the region where the curves are.

FIGURE 7
Spectrum p = oo
Imaginary axis

o0 — [B=1000+1000i
—— B=10000+10000i
—— [$=1000+10000i

out[57)=

/ ‘A" Wi
)

Real axis
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