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Abstract 
In the context of the optimizing behaviour assumption of individuals (Becker, 1976), three types 
of demand functions appear: Marshallian, Hicksian, and Frischian functions (Sproule, 2013). 
The Substitution Effect (SE) is a relevant concept, with our short paper developing two 
alternative theoretical expressions, specifically focusing on the Profit Function in Consumption 
and the Frischian functions. I address the fact that these demand functions with constant 
marginal utility of income play a very relevant role in the inter-temporal context. 
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1. Introduction 
Sproule (2013) shows a systematic relationship among the Marshallian, the Hicksian, and the 
Frischian demand functions on the basis of the profit maximization hypothesis. By using this 
optimization approach, we now extend it providing alternative expressions of the Substitution 
Effect (SE) from the relationships among these three Marshallian, Hicksian, and Frischian de-
mand functions. The SE is defined as the variation in the quantity demanded that results from 
an infinitesimal variation in the price of the corresponding or of a related good, in such a way 
that the utility or real income remains constant. In this way, the SE offers a real indicator (utility 
or real income constant) that is very useful in measuring the substitution phenomenon in the 
demanded quantity as a function of the price change. This indicator has received some attention 
in the empirical literature (see, for example, Ashenfelter and Heckman, 1974; Manoli and We-
ber, 2010; Altonji, 1986; Brandt et al., 2013), but few articles have examined its theoretical 
properties. 
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In order to partially cover this gap, I develop two alternative theoretical expressions derived 
from the relationships among the Marshallian, Hicksian, and Frischian demand functions.  Spe-
cifically, I focus on the Profit Function in Consumption and in its Frischian demand functions, 
according to which the demanded quantities in equilibrium depend on prices and the marginal 
cost of the utility (inverse of the marginal utility of income). 

This marginal cost of the utility, and the consequent Frischian demand functions, play spe-
cifically a very relevant role in the intertemporal context. Given that a prime objective of indi-
viduals throughout the life cycle is to maintain constant their marginal utility of income, in such 
a way that future incomes do not reduce the utility contributions of such new incomes, the 
Frischian functions are particularly relevant in the consumption-saving topic. Thus, the decision 
of how much to consume and, consequently, how much to save, must be taken on the basis of 
the constancy of the marginal utility of income. 

Additionally, this parameter (marginal utility of income) will have different treatments de-
pending on if the intertemporal context is characterised by a certainty or an uncertainty envi-
ronment. In the first case, certainty, the marginal utility of income will include, at the beginning 
of the life cycle, all the known and relevant extra-current information in the decision process 
and, consequently, it will not vary intertemporally. By contrast, an uncertainty context will in-
troduce, period after period, new relevant information and, consequently, this new information 
will modify the parameter period by period along the life cycle. 

The paper is organised as follows. In Section 2, I briefly describe the three optimization prob-
lems of the individual focusing on the SE. In Section 3, I provide alternative theoretical expres-
sions of the SE, and Section 4 closes the paper with my main conclusions and the possible 
extensions of the work. 

   
2. Optimization problems 
The unitary approach to demand analysis studies the individual microeconomic decisions on 
the basis of the Ordinal Utility Theory, assuming that we do not distinguish between the indi-
vidual agent and the collective agent (household) (Molina, 2011). In this context, the Primal 
Decision Problem consists of maximizing the Utility Function u(q), with q being the quantity 
vector, subject to the available income y, with p being the price vector: 

Max u(q)    s.t  y = pq (1) 
The maximum first order conditions of this Primal are: 

ui(q) - λ pi = 0      (i = 1, ..., n) 
y - pq = 0 

(2) 

where ui(q) is the ith good marginal utility and λ is the marginal utility of income. From these 
conditions, it is easy to derive the Marshallian demand functions qi = qi(p,y), (i = 1, ..., n), which 
can be expressed in terms of expenditure, ci = pi qi = ci(p,y), or in the budgetary distribution, wi 
= pi qi/y = wi(p,y). 

The Dual Decision Problem consists of minimizing the cost, subject to a given utility level: 
Min pq   s.t u =u(q) (3) 

whose interior minimum first order conditions are: 
pi - µui(q) = 0     (i = 1, ..., n) 

u - u(q) = 0 
(4) 
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where µ is the new Lagrangian parameter in this dual formulation, and from which we can de-
rive the Hicksian demand functions: qi = hi(p, u)  (i = 1, ..., n), with an important result being 
that the first derivative is the Substitution Effect: 

(i = 1, ..., n) (5) 

I now characterize a new type of demand function, the Frischian function, that is closely 
related to a different representation of preferences, the Profit Function in Consumption. This 
new representation, derived from the isomorphism existing between the consumption theory 
and the production theory, considers that the consumer uses some inputs, goods, to obtain an 
output, the utility. The Profit Function in Consumption constitutes a Dual representation of 
preferences, with the property that it perfectly maintains the inter-temporal separability of the 
utility function. That is to say, the fact that the utility throughout the life cycle can be assumed 
as the inter-temporal sum of the intra-temporal utilities can be extended to the Profit Function 
in Consumption. Given the Primal Decision Problem: 

Max u(q)    s.t  y = pq (6) 
I can express the first order conditions as: 

ui(q) = λ pi =          (i = 1, ..., n) 

y = pq 
(7) 

where the Lagrange multiplier λ is the income marginal utility (λ = du/dy), with its reciprocal, 
r, being interpreted as the utility marginal cost, r = dy/du, or as a utility hypothetical price. 
Given that u (q) is strictly quasi-concave, the system: 

ui(q) = λ pi = (8) 

could be inverted, obtaining qi = fi(p, r)  (i = 1, ..., n). Frisch (1932) used a version of this system 
in the framework of additive preferences to measure the money marginal utility and, for this, 
following Browning (1982), we call these the Frischian Demand Functions. 

According to these functions, the demanded quantities of goods in equilibrium depend on 
prices and the marginal cost of the utility (inverse of the income marginal utility). The notion 
is that the consumer is compensated by changes in prices with enough money to keep the mar-
ginal utility of income constant at its initial level. This concept is particularly useful in the inter-
temporal context, given that a primary objective of rational individuals during the life cycle is 
to maintain constant their marginal utility of income, obviously, in discounted terms. That is to 
say, in the context of perfect information about the future, the Frischian demands describe the 
consumption behaviour of individuals in terms of the current prices and on the marginal utility 
of income r, which, being constant, includes all the known, relevant, extra-period information 
in the decision process. In other words, the individual must always maintain constant during 
his/her life cycle the utility derived from current income, in discounted terms.  

Knowing that r is the utility marginal cost, I can obtain from the Frischian demands in an 
alternative way. To that end, I consider the isomorphism previously indicated in the production 
theory and we suppose that the consumer uses certain inputs, goods, to obtain an output, utility, 
whose price is r. In this exposition, I can define the Profit Function in Consumption as the 
maximum profit that the agent can attain when “selling” own utility at the price r, given the 
utility function and good prices. For a general function u = u(q) strictly concave, the appropriate 
benefit function will be given by: 

π (p, r) = Maxu,q { r u - pq; u = u(q)} (9) 

j

i
ij p

hS



=

r
pi

r
pi
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which is continuous, convex, linear homogeneous in p and r, increasing in r, decreasing in p 
and, finally, it “inherits” separability from the Utility Function. An alternative form of 
expressing the benefit function is in terms of the expenditure function, that is to say:  

π (p, r) = Maxu { r u - c(p, u)} (10) 
From this function and making use of the Hotelling theorem, I can derive the demanded 

quantities of each good in equilibrium and, additionally, I can also derive the utility in terms of 
the good prices and the price of utility: 

-πi(p, r) = qi = fi(p, r)    (i = 1, ..., n) 

πr(p, r) = u 
(11) 

The functions qi = fi(p, r), (i = 1, ..., n), show the quantities of the goods that are going to be 
demanded to achieve a determined level of income marginal utility (or utility marginal cost), 
with constant prices, in such a way that the benefit from consumption is the maximum  possible. 
 
3. Alternative expressions of the Substitution Effect 
I now develop two alternative expressions of the Substitution Effect from the relationships 
among the Marshallian, Hicksian, and Frischian demand functions. 
 
Proposition 1  

The Substitution Effect can be expressed in terms of the derivatives of the Profit Function 

in Consumption: 

ir jr
ij ij

rr

S
 

= − +


 (12) 

Proof. From the Slutsky Equation, Sij = Tij - Rij , and using the Hotelling theorem: 

i i i i
ij j

j j j

q q q c qS q
p y p p y
    

= + = +
    

 (13) 

Now assuming that income is equal to expenditure and operating: 

i i
ij

j j

q ( y / u) qS
p p ( y / u)
    

= +
    

 (14) 

Given that c(p, u) = Maxr { r u - π (p, r)} and, therefore, 𝛿y/𝛿u = r , knowing that -πi(p, r) = 
qi and operating: 

( ) ( )j ji i
ij ij ir ij ij ir

j j

( c / p ) q( y / u) rS
p p r u r u

         = − + − = − + − = − = − + − 
      

  (15) 

And, finally, given that π (p, r) =  r u(r) - c(p, u) and, consequently: 

r
u c u y uu(r) r u(r) r u

r r r r u r
     

=  = + − = + − =
     

 (16) 

then: 

( ) ( ) ( )j ir jr
ij ij ir ij jr ir ij

r rr

q r rS
r u

   
= − + − = − + − − = − +

   
 (17) 
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with the two terms on the right side being the specific and general substitution effects 
(Houthakker, 1960). If πij  0 ( 0) I call i and j specific substitutes (complements), with the 
first case indicating that the demand for good i rises following a price rise for good j and a 
change in income that keeps the marginal utility of income constant.• 

Probably, the best application of the fact that the Profit Function of Consumption “inherits” 
separability from the Utility Function is the inter-temporal analysis, given that we often assume 
inter-temporal separability. The importance of the Frischian demands in this inter-temporal con-
text derives from the fact that, with perfect certaintly, r is a “sufficient” statistic for all extra-
period information.  
 

Proposition 2  

In the inter-temporal context with perfect certainty, the Substitution Effect can be expressed 

in terms of the inter-temporal substitution elasticity  

1 logy
logr

− 
 =


 (18) 

which denotes the change in expenditure needed to keep constant the marginal utility of 

income, and whose inverse is the Money Flexibility concept of Frisch (1959): 

1
ji

ij ij

qqS f y
y y

− 
= + 

 
 (19) 

Proof. My starting point in the previous demonstration, 

ir jr
ij ij

rr

S
 

= − +


 (19) 

and given that  -πi(p, r) = qi = fi(p, r): 
2

i
ij ij

i j j

f f
p p p
  

− = − = =
  

 (20) 

Also, given that: πi(p, r) = -qi  and that πr(p, r) = u: 
2 2

ji

ri rj i j
2

rr
2

qq
r p r p r r
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and now operating and given that 
y r
u


=


: 

1
j j ji i iq q qq y y r y q y y qr y

y r y r y u y y r y y y

−         
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 (22) 

Thus: 
1

ir jr ji
ij ij ij

rr

qqS f y
y y

−  
= − + = + 

  
 (23) 

where the first term on the right side denotes the intra-temporal Frischian substitution effect, 
and the second term is a general substitution effect expressed in terms of the inter-temporal 
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elasticity of substitution. The intra-temporal effect can be positive or negative, in such a way 
that goods can be specific substitutes or complements (it is well known that in a two-good 
system, they cannot be complements from the Hicksian Substitution Effect Sij), whereas the 
inter-temporal will be negative for normal goods since the inter-temporal elasticity of substitu-
tion is negative for a strictly concave Utility Function.  
 

4. Conclusions 
This paper has developed two alternative theoretical expressions of the Substitution Effect de-
rived from the relationships among the Marshallian, Hicksian, and Frischian demand functions. 
In particular, I use the Profit Function in Consumption as the Income Flexibility of Frisch, in 
order to derive alternative expressions of the SE. 

I work in the context of perfect information about the future, that is to say, assuming antici-
pated changes, in such a way that the marginal utility of income is constant, thus including all 
the known, relevant, extra-current information in the decision process. However, it is usual that 
individuals decide in an environment of uncertainty where individuals will have, as time goes 
on, new information that they must incorporate to the marginal utility of income, thus modifying 
it successively. A clear extension of my work is to derive the alternative theoretical expressions 
of the SE in this uncertainty context where changes are un-anticipated. 
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