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SUBDIRECT SUMS OF LIE ALGEBRAS

D. H. KOCHLOUKOVA AND C. MARTINEZ-PEREZ

ABSTRACT. We show Lie algebra versions of some results on homological finite-
ness properties of subdirect products of groups. These results include a version
of the 1-2-3 Theorem.

Dedicated to the memory of Gilbert Baumslag

1. INTRODUCTION

The aim of this paper is to explore subdirect sums of Lie algebras from the point
of view of their homological properties, in the same spirit of many recent results
for subdirect products of groups. We shall look at two types of results: On the one
hand at certain theorems on subdirect products of free groups [6]] that were recently
generalised to the case of subdirect products of limit groups [10], [11]]; on the other
at fibre sums of Lie algebras and Lie versions of the n-n+ 1-n+ 2 Conjecture and
the homotopical n-n + 1-n+ 2 Conjecture ([21], [20]).

For both types of results, the theory of subdirect products of groups was devel-
oped using a lot of homotopical methods that are not available in the category of
Lie algebras and furthermore some of the auxiliary statements of the homotopical
approach do not make sense for Lie algebras since the group version uses the idea
of subgroups of finite index. One simple example in this direction is the fact that
any non-trivial element of a free group of finite rank is a part of a free basis of a
subgroup of finite index. In the case of Lie algebras there is no analogous of the
finite index notion.

In this paper we adopt homological methods to study subdirect sums of Lie
algebras of homological type F P;. All the Lie algebras in this paper are over a field
K of arbitrary characteristic. We define the subdirect Lie sum

LLiP...0L

of Lie algebras Li,...L; as a Lie subalgebra L of the direct sum L; & ...& Ly such
that L projects surjectively on L; for every 1 <i < k. A Lie algebra L is of type
FP; if the trivial % (L)-module K has a projective resolution with all projective
modules finitely generated in dimension < s i.e. there is an exact complex

P....-P—P_ 1 —... PP —>K—0

such that P; is a finitely generated projective % (L)-module for i < s, where % (L)
denotes the universal enveloping algebra of L. Note that if L is a Lie algebra of
homological type F P, then dimH;(L,K) < o for i < s. Little is known about the
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homological type F P for Lie algebras. A complete classification of metabelian Lie
algebras of type F'P, was discovered by Bryant and Groves in [14]], [[15] in terms of
the so called Bryant-Groves invariant A. It turned out that for a finitely generated
metabelian Lie algebra the homological property F P, and finite presentability are
equivalent. A classification of split metabelian Lie algebras L of type F P also in
terms of A was proved by Kochloukova in [18]]. By definition L is a split metabelian
Lie algebra if there is a short exact split sequence of Lie algebras A — L — Q with
A and Q abelian. In [16] Groves and Kochloukova proved that the finitely presented
soluble Lie algebras of type F P are finite dimensional.

Our first result is on subdirect sums L < L; @ ... ® L; when each L; is a non-
abelian free Lie algebra.

Theorem A. Let s > 2 be a natural number and
L<FI®...DF

be a subdirect sum of finitely generated non-abelian free Lie algebras Fi,... Fy
such that L is of type FP; and LOF; # 0 for 1 <i<k. Then for every 1 <ij <ip <
...<ig<kwehavethat p; ;(L)=F, &...®F,.

A group theoretic version of Theorem A is a special case of a result of Kochloukova
on subdirect product of non-abelian limit groups [[19] and it states that the projec-
tion of the subdirect product on the direct product of s coordinates groups is virtu-
ally surjective. Note that in the Lie algebra version the word virtually disappears
due to the phenomena mentioned before.

As a corollary we obtain the following result.

Theorem B. Let F,...,F; be finitely generated free Lie algebras and assume
that

L<FI®...DF

is a subdirect Lie sum with L of type FP,. Then L is a direct sum of at most k free
Lie algebras.

A group theoretic version of Theorem B was established by Baumslag and Rose-
blade in [6]. This was generalised to the case of subdirect products of non-abelian
surface groups by Bridson, Howie, Miller and Short in [10] and later the same au-
thors resolved the case of subdirect product of limit groups in [[11]]. All three papers
mix homological with homotopical methods but in all cases there are homotopical
ingredients that do not pass to the category of Lie algebras.

In the rest of the paper we consider fibre sums of Lie algebras. Let A — L; 5 0

and B — L, i Q be short exact sequences of Lie algebras. The fibre sum P of
these two short exact sequences is the Lie algebra

P={(hi,h) €Li®Ly | m () =m(ha)}

By definition P is a Lie subalgebra of the direct sum L; & L,.

There are homotopical and homological Conjectures on fibre products of groups
(see [211], [201]) that suggest when the fibre has homotopical type F; and homolog-
ical type FP;. If s > 2, a group has a homotopical type Fj if it is finitely presented
and has the homological type F P;. Motivated by the existing homotopical and ho-
mological Conjectures on fibre products of groups we suggest the following two
conjectures:
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The n-n+ 1-n+ 2 Conjecture for Lie algebras. Let n > 1 be a natural number.
Let

m %)
A—L —»Qand B— L, —» Q

be short exact sequences of Lie algebras with both L and L, of homological type
FP,.| and finitely presented, A of type FP, and Q of type FP,,. Then the fibre
Lie sum

P= {(hl,h2) eLidl, | 7'[1(/’[1) = 7'[2(]12)}
has type F P, and is finitely presented.

Remark. Since L is a finitely presented Lie algebra with an ideal A that is
finitely generated as a Lie algebra we have that Q ~ Ly /A is a finitely presented
Lie algebra.

Note that whereas the statement of the original conjecture in the group case
when n > 2 assumes that A is finitely presented, we are not assuming this. In the
case of groups more information on the n-n 4 1-n 42 Conjecture can be found
in [21]]. The n-n+ 1-n+ 2 Conjecture for groups holds for n = 1, in this case it
is called the 1-2-3 Theorem and an algorithmic proof was presented by Bridson,
Howie, Miller and Short in [12]]. The symmetric case of the 1-2-3 Theorem was
established earlier by Baumslag, Bridson, Miller and Short in [5]. As pointed by
Kuckuck in [21]] the n-n+ 1-n+2 Conjecture for groups implies another conjecture
i.e. the Virtual Surjection Conjecture. It is our believe that both the ordinary and
the homological version of the n-n+ 1-n+ 2 Conjecture for groups hold. More on
the homological version of the n-n+ 1-n+ 2 Conjecture for groups could be found
in [20]. We state below the homological version of the Conjecture for Lie algebras.

The homological n-n + 1-n+ 2 Conjecture for Lie algebras. Letn > 1 be a
natural number. Let
V.5 T
Ars Ly = QandB— Ly = Q

be short exact sequences of Lie algebras with both L and L, of homological type
FP, 1, Aoftype FP, and Q of type F P,,». Then the fibre Lie sum

P= {(hl,h2) ceLiel, | 7'[1(/’[1) = 7'[2(]12)}
has type FP,.,.
In this paper we show that the first conjecture for Lie algebras holds for n =
1. It is worth noting that the proof in the group case is homotopical and uses

significantly the second homotopy group of a CW-complex plus some results on
Pheifer movements [5]. In the Lie algebra case these techniques are not available.

Theorem C. The 1-2-3 Conjecture for Lie algebras holds. Furthermore the 1-

2-3-Conjecture holds without assuming that Q is of type FPs if Hy(A,K) is finitely
generated as % (Q)-module.

We obtain the following corollaries of Theorem C.
Corollary D1. Let
L<Li®...®L

be a subdirect Lie sum with LN L; # 0 and L; finitely presented Lie algebra for all
i. Assume that p; (L) =L;®Lj forall 1 <i< j<k wherep;;:Li®...®Lx—
L; ® L; is the canonical projection. Then L is a finitely presented Lie algebra.
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Corollary D2. Let
L<Li®...0L
be a subdirect Lie sum with LN L; # 0 and L; free non-abelian Lie algebra for any
i. Then L is a finitely presented Lie algebra if and only if p; j(S) = L; ® L; for all
1<i<j<k

We also consider the homological 1-2-3-Conjecture for Lie algebras and show

Theorem E. The homological 1-2-3-Conjecture for Lie algebras holds if in ad-
dition we assume that Q is a finitely presented Lie algebra.

From this we get the following two corollaries.

Corollary F1. Let
L<Li®...0L
be a subdirect Lie sum with LNL; # 0 and L; of type FP, for all i. Assume that
pij(L) =Li®Ljforall 1 <i< j<k wherep;;j:Li®...®L— L;®L;jis the
canonical projection. Then L is a Lie algebra of type FP;.

Corollary F2. Let
LLi®...0L
be a subdirect Lie sum with LN L; # 0 and L; free non-abelian Lie algebra for all
i. Then L is finitely presented as a Lie algebra if and only if L is of type F P;.

As shown by Bridson, Howie, Miller and Short Corollary D1 and Corollary D2
hold in the case of groups with surjection substituted by virtual surjection, see [[11].
The group theoretic versions of Theorem E, Corollary F1 and Corollary F2, where
in the corollaries surjection is substituted with virtual surjection, were recently
proved by Kochloukova and Lima in [20]. We finish with a Lie algebra version of
another recent result from [20]]

Theorem G. a) The homological n-n 4+ 1-n 4 2-Conjecture for Lie algebras
holds if the second short exact sequence B — Ly — Q splits.

b) If the homological n-n+ 1-n+ 2-Conjecture for Lie algebras holds whenever
L, is a free Lie algebra then it holds for any Lie algebra L.

Note that a group theoretic homotopical version of Theorem G was proved by
Kuckuck in [21]]. The methods used in [21] are homotopical and use the Borel
construction and the theory of stacks, so are not aplicable for Lie algebras. An
alternative approach (using spectral sequence arguments) to a homological group
theoretic version was developed in [20], here we adapt this approach to Lie alge-
bras.

We state a Lie algebra version of the Virtual Surjection Conjecture from [21]]

The Homological Surjection Conjecture for Lie algebras. Let m,k be natural
numbers such that 2 < m < k and
LLiP...0L
be a subdirect Lie sum with LN L; # 0, where each Lie algebra L; is FP,, and
for every 1 < iy <iy... <i, <m we have for the canonical projection p;, . ;. :

algebra of type F P,,.

Theorem H. If the homological m — 1-m-m + 1-Conjecture for Lie algebras
holds then the Homological Surjection Conjecture for Lie algebra holds too.
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2. PRELIMINARIES ON LIE ALGEBRAS : FINITE PRESENTABILITY AND
HOMOLOGICAL PROPERTIES OF LIE ALGEBRAS

Recall that every Lie algebra L over a field K embeds in its universal enveloping
algebra % (L). All the Lie algebras in this paper are over a field K of arbitrary
characteristic. The universal enveloping algebra 7%/ (L) is an associative K-algebra,
where for a,b € L we have [a,b] = ab—ba. If L is a free Lie algebra with a free
basis X then % (L) is a free associative K-algebra with a basis X. The Poincare-
Birkhoff-Witt theorem produces a basis of % (L) as a vector space over K [1],
[17]. For general homological results for Lie algebras, the reader is referred to [26]
Section 7].

2.1. Finitely presented Lie algebras. In the category of Lie algebras for any set
X of arbitrary cardinality there exists a free object F'(X) with X as free basis [1]. A
free Lie algebra F = F (X ) has a universal enveloping algebra % (F) which is a free
associative algebra with basis X. Every Lie algebra L is isomorphic to F /R, where
F is a free Lie algebra and R is an ideal of F'. If there is such an isomorphism and
F = F(X) with X finite then we say that L is finitely generated and if moreover R
can be generated as an ideal by finitely many elements then we say that L is finitely
presented.

Lemma 2.1. Let F be a free Lie algebra. Then

1) ( [24], [25]] ) any Lie subalgebra of F is free.
i) ([2, theorem 3]) if F is finitely generated and O # I is an ideal finitely
generated as subalgebra then I = F.

Note that if we consider Lie rings (i.e. K is only a commutative ring and not a
field) then a Lie subring of a free Lie ring is not necessary free (see [1} ex. 2.4.1]).

2.2. Homology of Lie algebras. For a Lie algebra L over a field K the n-th ho-
mology of L with coefficients in a % (Q)-module V is

H,(L,V) :=Tor! P(k,V),

where we are denoting by K not only the coefficient field but also the trivial % (L)-
module i.e. the module on which L acts as 0. It is easy to see that

Hy(L,K) ~L/[L,L].

The following result is a Lie algebra version of the Hopf formula, it is a particu-
lar case of a result from [7]]. Alternatively an algebraic argument using Gruenberg
resolution can be used to prove the Hopf formula for second homology of a group,
see [23]]. The same argument works in the Lie case.

Lemma 2.2. (Hopf type formula) Let F be a free Lie algebra and R an ideal of F.
Then

H2(F/R>K) ~RN [F>F]/[R>F]
By [23], theorem. 11.31] we have a Kiinneth type formula
H, (L1 © L2, K) >~ ©o<i<nHi(L1,K) @k Hy—i(L2, K)

(the Tor; part is missing since tensoring over the field K is an exact functor).
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2.3. Homological properties of Lie algebras. Assume that L is a Lie algebra of
type F P, and consider a projective resolution of the trivial % (L)-module K

P....-P—>P 1—>...5P—>Ph—>K—0

such that P; is a finitely generated projective % (L)-module for i < s. As in the
group case if there is a projective resolution with this property then there is a free
resolution with the same property i.e. we can assume that each P; is a finitely
generated free % (L)-module for i <'s.

As we said in the introduction, little is known about the homological property
F P, for Lie algebras. In some cases it is easy to get Lie algebra versions of well
known results for groups as in the following versions of [8}, proposition 2.1,propo-
sition 2.2].

Lemma 2.3. A Lie algebra L is of type F P, if and only if L is finitely generated as
a Lie algebra.

Let F be a free Lie algebra and R an ideal of . We define the adjoint action of
f € FonRby rof=Irf]. With this action, R is a (right) % (F)-module and this
induces also an action of % (L) on R/[R,R] for L = F /R. We have, as in the group
case.

Lemma 2.4. Let L = F /R with F a finitely generated free Lie algebra and R an
ideal of F. Then L is of type FP, if and only if R/[R,R] is finitely generated as
% (L)-module via the adjoint L-action.

We omit the proofs of Lemma 2.3l and Lemma 2.4 as the proofs of [8, proposi-
tion 2.1] and [8, proposition 2.2] are homological and the same proofs work sub-
stituting group algebras with universal enveloping algebras. Note that [8, theo-
rem 1.3] applied to the associative ring % (L) and the trivial %/ (L)-module K gives
immediately:

Theorem 2.5. Let s > 1 be a natural number. Then a Lie algebra L is of type F P
if and only if

Tor! V(% (L),K) =[] Tor! " (% (L),K)

for all k < s— 1 and for every direct product 1% (L). In particular, if L is finitely
generated then L is of type F P if and only if

Tor! W (1% (L),K) =0
forall 1 <k <s— 1 and for every direct product [{% (L).

Using Theorem and modifying the proof of [8| proposition 2.7] by sub-
stituting group algebras with enveloping algebras of Lie algebras we obtain the
following result.

Theorem 2.6. Let m > 1 be a natural number and let A — B — C be a short exact
sequence of Lie algebras such that A is of type F P... Then B is of type F P, if and
only if C is of type F Py,

3. MODULES OF FREE LIE ALGEBRAS WITH FINITE DIMENSIONAL FIRST
HOMOLOGY

In this section we prove a technical result that we will use later.
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Lemma 3.1. Let F be a free Lie algebra with universal algebra % (F) and V a left
U (F)-module. Assume that there is some f € % (F)~ {0} such that dim fV < eo
and that dimH; (F,V) < co. Then dimV < oo.

Proof. To compute the homology of F we may use the standard free resolution
of right % (F)-modules

0% (F)—>%(F)—K—0

where the cardinality of the direct sum is the rank of F. Let {ay,...,a;,...}jcs be
a basis of F as a free Lie algebra. We denote

@%(F) = GBjej%(F)
and then the map ®% (F) — % (F) is given by e; — aj. The homology of F
with coefficients in V' is the homology of the sequence obtained after applying the
functor — Q (F) V to the deleted free resolution, i.e.,

(R g
thus
(1) dimH; (F,V) = dimKer¢ < oo.

We write f associatively, i.e., opening all possible brackets via [a,b] = ab — ba.
Then for some natural number g and some j,..., j, € J we get

f=l+a;fj+...+a;fj,
with [ € K and fj, € % (F) \ {0}, otherwise f = [ and there would be nothing to
prove. We say that f has no constant term if / = 0.

Claim. If f has no constant term then dim f;,V < oo for any 1 <i < q.
Proof of the Claim: Any element of the form
e fiiv+...+ejfjv
with v € V is mapped to fv € fV under ¢, thus ¢ induces a linear map
lej fiv+...+ej fiv:veV}i— fV.

Observe that the target has finite dimension and the kernel lies inside Ker ¢ thus by
(@ it has finite dimension too. We deduce that

dim{ejlfjlv—k ... +ejquqv Ve V} < o0,
Observe that this set maps epimorphically onto f;,V. Therefore dim f},V < oo for
any 1 <i < gq. This completes the proof of the claim.
To prove the result we come back to the general case when
f=l+afi+...+af
and argue by induction on the length d of the longest monomial in f as an element
of the free associative algebra % (F) = k[ay,az, ... ,aj,...]. Observe that the length

d is strictly bigger than the length of the longest monomial of each f;. Pick some
aj;, 1 <i< q and note that

() laj, fIV=A{aj fv—fajv:veV} CajfV+fV.
Since dim fV < o, () implies that
3) dim[a;,, f]V < 2dim fV < .
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Note that

q q q q
laji f1=a;(} a;.fi) = Y aj fia;, = aj(=fia;+ Y a;.fi) = }_a;fia
= = = s=1
s=1 s=1 s=1 —_
As [aj,, f] has no constant term, using the Claim we see that
dim fja;V <o foreach 1 <s<gq,s#1.

Note that as the universal enveloping algebra of a Lie algebra does not have zero-
divisors (in our case even % (F) is a free associative algebra) we deduce that
fi.aj, #0in % (F). Since fj.aj, has no constant term we may use the Claim again
and deduce that there is some A € % (F) ~. {0} with dimAV < oo and such that the
length of the longest monomial in A is strictly shorter than d = the length of the
longest monomial in f. So by induction we have dimV < oo.

4. FINITELY PRESENTED SUBDIRECT SUMS OF FREE LIE ALGEBRAS

This section contains the proofs of Theorems A and B. We begin with a version
of Theorem A for the case when s = 2 (but observe that the hypothesis here is
slightly weaker). Recall that for a Lie algebra L, as for groups, we set ¥ (L) = L

and ¥;(L) = [L,yj-1(L)].

Theorem 4.1. Let L < Fi & ...® F; be a subdirect sum of finitely generated free
non-abelian Lie algebras F,...,Fy; such that LNF; # 0 for 1 <i <k, L is finitely
generated and dim Hy(L,K) < co. Then

a) for every 1 <i < j <k we have that p; j(L) = F;® Fj;

b) for every 1 <i < k we have that Y. (F;) C L.

Proof. a) We will show that py_1 (L) = Fi_1 @ Fi. Let Ay be the kernel of the
projection L — Fy.

It is easy to see that py_;(Ax) is an ideal of Fy_;. Indeed if f € py_;(Ar) we
choose a € Ay such that p;_i(a) = f. Let a € Fp_; then there exists b € L be
such that py_1(b) = a. Then [f,a] = pr—1([a,D]) € pr—1(Ax) as claimed. Note
that px_; (Ay) is a non-trivial ideal of F;_; as it contains LN Fy_;. We are going to
show by a homological argument that the abelianization of Ay is finite dimensional,
hence the abelianization of py_;(A) is finite dimensional. Since a free Lie algebra
is finitely generated if and only if its abelianization is finite dimensional we deduce
that py_ (Ay) is finitely generated. Then by Lemma[2.1] (ii) px—1 (Ax) = Fr—1.

To show that the abelianization of Ay is finite dimensional consider the Lyndon-
Hochschild-Serre spectral sequence for Lie algebras [26), Section 7.5] for the short
exact sequence of Lie algebras

Ak>—>L—»Fk.

Then Eﬁq =H,(Fi,H,(A,K)). Since Fy is a free Lie algebra we have that H, (Fj, —)=
0 for p > 2. Hence Eﬁq = 0 for p > 2 and the spectral sequence collapses and
E} ,=E;, and H(L,K) has a filtration with quotients E;7, for p+¢ =s. Since
H,(L,K) is finite dimensional we deduce that E[% o 18 finite dimensional for p+¢q =

2, in particular

4) dimHl(Fk,Hl(Ak,K)) < oo,
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Note that for every ¢ € Fy N L we have
[Ak7c] C [Fl @"-@Fk—th] =0,

hence c¢ centralizes A; and so c¢ acts trivially on H;(Ay,K) i.e. acts as 0. Since
FryNL+# 0by @) and Lemma[3.Tlapplied for f = c € (F;,NL)~ {0} we deduce that
dimH; (A, K) < oo, as required.

b) By part a) we have that p; ;(L) = F) @ F; forevery i > 2. Let fi,..., fi_1 beel-
ements of Fj and let ay,...,ax— be elements of L such that p ;(a;) = (f;,0) € F1 ®
F;. Then the left normed Lie bracket a = [ay,...,a,—1] has the property that p;(a) =
0 fori>2, hence a € F; NL. On the other hand a = p; (a) = [p1(a1),. .., p1(a—1)] =

[fis- s fie1], 80 1 (F1) C L.

Lemma 4.2. Let F be a non-abelian, finitely generated free Lie algebra and N =
Y_1(F). Then N** = N /[N,N] is a finitely generated % (Q)-module that contains
a non-trivial cyclic free % (Q)-submodule, where Q = F /N.

Proof. Let
R:0—UF) -UF)—=K—=0
be the standard free resolution of the trivial right % (F)-module K, where d is

the cardinality of a free generating set of F. Apply the functor — ®4, (y) K to the
complex & and we obtain the complex

U =RR9 WK :0— %(Q) — %(Q) =K — 0.
Note that %/ is exact in dimensions -1 and 0 and

At this point, observe that as Q is a finitely generated nilpotent Lie algebra, then
Q is finite dimensional. By [9l proposition 6 of 1.2.6] the universal enveloping
algebra of any finite dimensional Lie algebra is Noetherian, in particular % (Q)
is Noetherian. Thus as H;(N,K) is a submodule of % (Q)? we deduce that it is
finitely generated as %/ (Q)-module. We have an exact complex of right % (Q)-
modules

6)) 0= N Q) —%(Q)—K—0.

Recall that the universal algebra of a Lie algebra does not have zero-divisors. Ob-
serve that since Q is a nilpotent Lie algebra %/ (Q) is an Ore ring i.e. for any
a,b € % (Q) ~ {0} we have that a(Z (Q) ~{0}) Nb(Z (Q) ~ {0}) # @. In-
deed by [22| proposition 10.25] if the universal algebra of a Lie algebra is not
Ore it contains a non-commutative free algebra, which is impossible in our case
since Q is a nilpotent Lie algebra. Thus there exists the Ore division ring of
fractions .7 (Q) = % (Q)(% (Q) ~ {0})~!, which is a division K-algebra. Since
Z(Q) is a direct limit of the directed set of (left) % (Q)-modules % (Q)r~! for
r € % (Q)~ {0} and each % (Q)-module % (Q)r~! is free cyclic, so flat, we de-
duce that .7 (Q) is a flat (left ) % (Q)-module and the functor — ®4 (o) -F(Q) is
exact. Thus applying — ®y () # (Q) to the exact complex (§) we obtain an exact
complex

0— N’y 0) F(Q) — F(0)! — F(Q) »0—0.
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Hence

N ®y0) F(Q) ~ F(Q)* .
Since d > 2 we are done. Indeed if m € N°® has the property that m® 1 # 0 in
N @4 (0) F(Q) then for every A € % (Q) ~ {0} we have mA # 0 in N” other-
wisem@1=mA A ' =0®A~! =0, a contradiction.

Theorem 4.3. Let s > 2 be a natural number and
L<F®...DF

be a subdirect sum of finitely generated, non-abelian, free Lie algebras Fi, ..., Fy
such that LOF; # 0 for 1 <i<kandLis of type FP;. Then for every 1 <i| <ip <
... <iy<kwehave that p; _;(L)=F, ®...®F,.

Proof. Denote by N the direct sum %1 (Fi) @ ... ® %i—1(F), Nj = Y—1(F}).
By Theorem .1 N is an ideal of L. Then L/N is a Lie subalgebra of the nilpotent
Lie algebra Q = Q| @ ... ® Ok, where Q; = F;/Y—1(F;). This implies that L/N is
finitely generated nilpotent thus % (L/N) is Noetherian.

If L is of type F P, there is a partial resolution

PP _1—...>Ph—>K
with each P; finitely generated free % (L)-module. Applying — ®4 (v) K we get a
complex
P R (N) K— P R (N) K—...—>F R (N) K
whose i-th homology is H;(N,K) for 0 <i < s— 1 and which consists of finitely
generated % (L/N)-modules. By Noetherianess of % (L/N) we deduce that H;(N,K)
is finitely generated as % (L/N)-module for all i < s. From now on we assume that

i <. Note that using the Kiinneth formula and the fact that N, is a free Lie algebra
(see Lemma[2.1), so H;(N;,K) = 0 for r > 2, we obtain

H;(N,K) = 691§j]<w<j,~§kN71b®---®Njc'l,-b7

where N;‘b is the abelianization N;/[N;,N;] and ® denotes @x. We deduce that

Wi .= N;‘Ib ®... ®N;’ib isa % (L/N) — direct summand of H;(N,K),
hence is finitely generated. Note that by Lemmal.2lW;, _ ; contains a submodule

isomorphic to

%(le)@)...@%(jS) ~ %(le @...@jS).
The action of L/N on W, __j, factors trough the action of ¢;, . ;(L/N), where

Gjr,.ji Q= Qji &...B0Q;,

is the canonical projection. This means that % (Q;, @...®Q;,) is finitely generated
as % (qj, ... j(L/N))-module. In general, it follows from the proof of [26| corollary
7.3.9] that whenever S is a Lie subalgebra of a Lie algebra L and % (L) is finitely
generated as 7% (S)-module, then S = L (in the analogous situation but in the group
ring case we would deduce that one has finite index in the other, but observe that
for Lie algebras we do not have the notion of finite index). In our case, since
gj,....i;}(L/N) is a Lie subalgebra of Q; @...® Qj, we deduce that

qji,....Ji (L/N) = le D...D jS'
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Finally, this implies that
p}l.,j,(L) = F}l D.. @F{

Theorem 4.4. Let Fy,...,F; be finitely generated free Lie algebras and assume
that
L<F&..0F

is a Lie algebra of type FPy. Then L is a direct sum of at most k free Lie algebras.

Proof. Observe first that we may assume that LN F; # 0 for 1 <i < k because
in other case L would embed in a direct sum of less thank k finitely generated
free Lie algebras. If all the F; are non-abelian then by the previous theorem L =
F1 ®...® F;. Suppose that some Fi,...,F,, are abelian, hence 1-dimensional and
the rest F},1, ..., Fy are non-abelian. Then the center of Lis Z(L) = LN (D <i<mF})
which is finite dimensional and

L/Z(L) < Fm-H b...DF.

As Z(L) is finite dimensional and abelian, we deduce that Z(L) is a Lie algebra of
type F P... Then by Theorem 2.61L/Z(L) is of type F P, and by Theorem

(6) L/Z(L):Fm+1@...@Fk.
We claim that (6)) implies
@) L~Z(L)®Fp 1 ®...®F

and Z(L) is a direct sum of at most m abelian free Lie algebras, so L is a direct sum
of at most k free Lie algebras.

To show (@) consider f; € F;, fj € Fj for i # j, A;,A; € Z(L). Then there are
elements a;,a; € L such that a; = (4;,0,..., fi,...,0) € Z(L) ® Fy11® ... ® Fi and
aj=(4;,0,...,fj,...,0) € Z(L) ® Fy11 @ ... D F. Suppose i < j, then [a;,a;] =
([Ai;4,0,...,1/i,0],0,...,[0, fi],...,0) = 0 in L. This completes the proof of (7).

5. THE n-n+ 1-n+2 CONJECTURE FOR LIE ALGEBRAS

For the reader’s convenience, we recall here the hypothesis of the 1-2-3-Conjecture
for Lie algebras. We assume that we have short exact sequences of Lie algebras

T
A>—>L1 _»Q7

B— 1,50,
so that A is finitely generated and L; and L, are finitely presented. Note that this
implies that Q is finitely presented. In the original 1-2-3-Conjecture one assumes
also that Q is of type FP;. Here we will add an alternative hypothesis and assume
that at least one of the following conditions hold:
a) Qs of type FPs,
b) Hy(A,K) is finitely generated as % (Q)-module.

In our next result we show that under one of these conditions, the fibre sum

P={(h1,h) € Li® Ly | m(h1) = m(ha)} is finitely presented.
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Theorem 5.1. The 1-2-3-Conjecture for Lie algebras holds. Furthermore the 1-2-
3-Conjecture holds without assuming that Q is of type FPs if Hy(A,K) is finitely
generated as % (Q)-module.

Proof. We divide the proof in three steps.

Claim 1. If Theorem holds whenever L, is a free Lie algebra then Theorem
3.1l holds for any finitely presented Lie algebra L.

Proof of Claim 1: Let F be a finitely generated free Lie algebraand it : F — L,
a surjective homomorphism of Lie algebras. Composing p with the epimorphism
m : Ly — Q gives an epimorphism p : F — Q with kernel By. Let Py be the fibre
sum of the short exact sequences A — L — Q and By — F — Q i.e.

Py={(h,) eLi®F [ m(h)=p(h)}.

By assumption the 1-2-3 Conjecture holds in this case i.e. Py is a finitely presented
Lie algebra. Note that Ker(u) C By and since L, is finitely presented as a Lie
algebra Ker(u) is finitely generated as an ideal of F. Then Ker(u) is finitely
generated as an ideal of Py and since Py/Ker(i) ~ P, where P is the fibre sum of
the short exact sequences A — L; — Q and B — L, — Q, we deduce that P is a
finitely presented Lie algebra and the claim follows.

From now we set F = L, and assume that it is a finitely generated free Lie
algebra.

Claim 2. There is a finitely presented Lie algebra P and a short exact sequence
of Lie algebras A — P — P with A abelian.

Proof of Claim 2: Let X be a free basis for the finitely generated free algebra
L, = F (thus X is finite). Note that B = Ker(m,) is free and let {r;};c; be a free
basis of B as a free Lie algebra over K. Since Q ~ F /B is finitely presented, we
deduce that B is a finitely generated ideal of F'. Hence

(8) there is a finite subset Iy of I such that {r;};cj, generates B as an ideal of F.

Let Ag = {ay,...,a;} be a finite generating set of the Lie algebra A. From the

short exact sequence A — L 5 0 we get the following finite presentation of L;
L =(XUAg| R UR,UR3)
with
Ry = {ri(x) —wi(@) yieny, Ra = {[aj,x] = vjx(@) }1<j<krex and R3 = {zj(a)}jes,

where J is a finite set of indices, w;(a),v;(a),zj(a) are elements of the free Lie
algebra with basis Ag and 7; (x) = x for any x € X. The same thing happens in F:
we also have m(x) = x and this means that the Lie subalgebra of L; & F gener-
ated by (x,x) with x € X is inside the fibre Lie sum P. In fact that algebra maps
isomorphically onto F' under the restriction of the second component projection

W :P—F

The kernel of u is {(a,0) € P |a € A}. Therefore we see that P is isomorphic to
the semidirect sum of A by F, meaning that A is an ideal. We denote this semidirect
sum by AX F. Observe that here we identify F with the algebra generated by (x,x)
forxe X.
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We define the finitely presented Lie algebra P by
ﬁ: <XUAO | Ry UR; UR4>

with R, and R3 as before and

Ry = {[ri(x) — wi(a),a;]}icn.1<j<k.

We claim that the map induced by x — (x,x) and a — (a,0) yields an epimorphism
of Lie algebras

§:P—>P
We only have to check that this map is well defined, i.e., that it respects the relators

R>, R3 and R4 of P. This is obvious for R, and R3. For R4 it is a consequence of
the fact that in P,

6(ri(x) —wi(a)) = (ri(x) —wi(a),ri(x)) = (0,r:(x))

commutes with d(a;) = (a;,0). So if we let A be the kernel of § we have the
claimed short exact sequence

AP P,
We want to show that A is abelian. Let A be the ideal of P generated by Ag. Set
b,‘ = ri(g) —W,’(Q) S ﬁ, i€ I()
and let B be the ideal of P generated by {b; }ic;,. Note that by () for every i € I we
have
Z rl() flo

in€ly

where fi,(x) belongs to the enveloping algebra % (F) and o denotes the adjoint

action, i.e. rj, (x) ox; = [rj, (x),x1]. As a consequence,
rip(x) ox1x0 = (riy (x) 0 x1) oxp = [[ri, (%), x1],x2].
Then define
bi= Y biyofi(x) =Y riy(x)o fi(x)— Y wi(a)o fi(x
ioE€ly ioE€ly NSO

Zw,o o fi,(x) € ri(x )+A forie I\
ip€ly

and set w;(a) = ri(x) — b; € A for i € I\ I, hence
bi = ri(x) —wi(a) €B foriel.

Let B, be the Lie subalgebra of B generated by {b;};c;. When projected from
P to F via the Lie algebra homomorphism that is the identity on X and sends each
element of A to 0, B; maps onto the free Lie algebra B = ({r;}ic;) with a free basis
{ri}iel, SO B] ~ Bi.e.

B is a free Lie algebra with a free basis {b; }ic;.

Thus the ideal M = A + B of P is a semidirect sum of Lie algebras ANB,.
We claim that the relations R, and R4 imply that

) [A,B] = 0.
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Indeed let f(x) € F" ~\F™ ' C % (F), where F' = &, F® =14, F' =F and
F™!' = FF in % (F). We prove by induction on m that

(10) [bio f(x),a;] =0in Pfori€lp,1 < j<k.

Note that if m = 0 there is nothing to prove as the set R4 is included in the relations
of P. If m > 1 we have a decomposition f(x) = fo(x)x for some x € X, fy(x) €
F™=1  F""=2, Then we have by induction that [b; o fy(x), (Ag)] = 0 in P for i € Iy,

where (Ag) is the Lie subalgebra of P generated by Ag. Furthermore for 1 < j <k,
i € Iy we have (using the Jacobi identity)

[bio f(x),a;] = [bio fo(x)x,a;] = [bio folx),a;]ox—[bio fo(x),ajox] =
—[bio folx)saz0x] = —[bio fox),vil@)] € o folx), (Ao)] = Oin P,
Using (I0) we show
(11) [bio f(x),a;0g(x)] =0in Pfori€ Iy,1 < j <k, f(x),g(x) € % (F)

It suffices to show (L) for g € F* \ F**! C % (F) and we induct on s > 0, the case
when s = 0 means that g(x) is a scalar i.e. belongs to K. The calculation is similar
to the above calculation (using Jacobi identity), for completeness we include the
details. Suppose s > 1, then g(x) = go(x)x for some x € X, go(x) € FS~! N F*~2,
Then by induction on s we have

[bio f(x),aj080(x)] = 0= [bio f(x)x,a;0go(x)]
and hence
[bio f(x),ajogx)] = [bio flx),(ajogo(x)) ox] =
[bio f(x),a;080(x)] ox—[bio f(x)x,a;0g(x)] = 0.
Since B is the ideal of P generated by {b, },610, ([D]) implies ().

Observe that under the projection & : P — P, A is mapped onto {(a,0) | a € A}
and B is mapped onto {(0,b) | b € - B}. Recall A= Ker(5). Since P/A~P/A and
P/B P/B we deduce that A C AN B. On the other hand ANB = 0 in P, hence
ANB CA. Thus,

A=ANB.
Note that A/A ~ A and B/A ~ B. Also, as [A, B] = 0 we deduce that A is abelian as
we wanted to show.

Claim 3. A is finitely generated as % (Q)-module.

Proof of Claim 3: We split the proof in two parts according to whether we have
hypothesis a) or b) from the beginning of the proof.

Suppose first that condition a) holds. Consider the central short exact sequence
of Lie algebras

A B —» B.

Since B is free, B ~ A B. Identifying B with AX B and using that A is central
in B we obtain that [B,B] = [B, B], hence AN [B,B] = AN [B,B] C ANB = 0. This
means that we have a short exact sequence

(12) A— B — B,

By the same argument as at the beginning of the proof of Lemma using the
isomorphism F /B ~ Q one can see that there is an exact sequence

0—BY %) —U%Q)—-K—0



SUBDIRECT SUMS OF LIE ALGEBRAS 15

where d is the rank of the free Lie algebra F. As Q is of type FP; we deduce by
the Lie algebra version of the proof of [13, VIII 4.3] that B is finitely presented
as % (Q)-module i.e. is FP; as % (Q)-module. So using the short exact sequence
(I2) and the Lie algebra version of [8, proposition 1.4] we get that A is finitely
generated as % (Q)-module because the % (Q)-modules B> and B are finitely
presented and finitely generated respectively.

b) We assume now that H,(A,K) is finitely generated as % (Q)-module. Now
we choose the elements of R3 in such a way that the canonical projection A=A
induces an isomorphism A% ~ A% (note that here we use that A%’ is finite dimen-
sional). Then since A/A ~ A we get 0 = Ker(A® — A%) = (A+[A,A])/[A,A],
hence A C [A,A] C [M,M], where M = A+ B = A B;. Consider the short exact
sequence of Lie algebras

A—M-—->»>APB

Since A C [M,M] and A is central in M we deduce by Lemma that A is a
surjective image of Hy(A @ B,K). Therefore, if Hy(A @ B,K) is finitely generated
as % (Q)-module then A is finitely generated as %/ (Q)-module. By the Kiinneth
formula

HZ(A@BvK) :HZ(A7K)@HZ(B7K)@H1(A7K)®H1(B7K)

Observe that since B is a free Lie algebra H>(B,K) = 0. Moreover H;(B,K) =
B = B/[B,B] is a finitely generated % (Q)-module and H(A,K) = A/[A,A] is
finite dimensional thus our hypothesis that H,(A, K) is a finitely generated % (Q)-
module implies that also H>(A @ B, K) is. This completes the proof of Claim 3.

Finally we can complete the proof. At this point, we have
A—P—P

with P finitely presented and A abelian and finitely generated as % (Q)-module
thus also as % (P)-module. Then adding a finite generating set of A to the presen-
tation of P we get a finite presentation of P.

Remark 5.2. Observe that if we assume that Q is finitely generated and nilpotent
then it is finite dimensional, so is of type F P.. In particular Q is of type FP3; and
we may apply Theorem [3.11

Theorem 5.3. Let L L|@...® Ly be a subdirect Lie sum with LN L; # 0 and L;
finitely presented for 1 <i <k. Assume that p; j(L)=L;®Ljforall1 <i< j<k,
where p; j: Ly @ ...® Ly — L;® L; is the canonical projection. Then L is a finitely
presented Lie algebra.

Proof. 1. We claim first that (L j) C L for every j, assume from now on
that j = k. Indeed let /,...,[;_ be elements of L;. Let ; be an element of L such
that phk(hi) =lLeli,CcL®dLforl <i<k-—1.Then

(O,...,O,[ll,...,lkfl]) = [hl,...,hkfl] eL.

As the elements of the form [/;,...,l;_]| generate ¥_(Ly) as a Lie algebra the
claim follows.

2. We prove the theorem by induction on k > 2. When k = 2 there is nothing
to prove so we assume k > 3. Let Q = L;/LN L. By the first paragraph Q is a
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finitely generated nilpotent Lie algebra, hence of finite dimension. Moreover there
is a short exact sequence

(13) LN(Li©...®Lk-1) — pra,..,x—1(L) - Q
where the right hand map is given by (/;,...,lk—1) — g+ LN L for g € Ly such
that (I1,...,lk—1,q) € L (one easily checks that this is well defined). Then we see

that L is the fibre sum of the short exact sequence (I3)) and
LNLy— Ly — Q.

Moreover, pi2 . x—1(L) <Li&... & L is a subdirect Lie sum that maps epi-
morphically onto L; ® L; for 1 <i < j <k— 1. Then by induction py> . —1(L) is
finitely presented. If we show that LN (L1 @®...® L) is a finitely generated Lie
algebra we can apply Theorem [5.1]to deduce that L is finitely presented. To do that
observe first that

(14) }’k—l(Ll)@---@'}’k—l(Lk—l) gLﬂ(L1@...@Lk_1).
Furthermore since p; x(L) = L; ® L; we have that
p,'(Lﬂ (Ll ®---®Lk71)) =Liforl <i<k-—1.

Now, let ¥; be a finite subset of LN (L; @...® Lg_1) such that p;(¥;) generates
L; and let Z; be a finite subset of y._;(L;) that generates it as an ideal of L; (we
may choose such a set because L;/¥—1(L;) is finitely presented). Then the Lie al-
gebra generated by Uj<;<x—1(Y; UZ;) contains %—1(L1) @ ... Yi—1(Lx—1). Since
S=LNL1&...8Lk-1))/Y—1(L1) B ... %—1(Lx—1) is a Lie subalgebra of the
finitely generated nilpotent Lie algebra (Li/¥—1(L1)) @ ... ® (Lik—1/Y—1(Lr—1))
we deduce that S is a finitely generated Lie algebra (it is even finite dimensional).
Let T be a finite subset of LN (L; @ ... ® L;_;) whose image in S is a finite
generating set of S. Then T U (Uj<;<x—1(Y; UZ;)) is a finite generating set of
LN(Li®...®L).

Theorem 4.3]and Theorem [5.3]imply immediately the following result.

Corollary 5.4. Let L be a subdirect Lie sum of Ly & ... ® Ly with LNL; # 0 for
1 <i <k, where each L; is a non-abelian free Lie algebra. Then L is finitely
presented if and only if p; (L) =L;®Lj forall 1 <i< j<k.

6. ON THE HOMOLOGICAL 1-2-3 CONJECTURE FOR LIE ALGEBRAS

In this section we show that homological versions of Theorems [3.1]and [5.3/hold
true, where in the homological version of Theorem [3.1] we assume further that Q
is finitely presented. Basically, to do that we relax the hypothesis of the finite
presentability to being of type F P;.

Theorem 6.1. The homological 1-2-3 Conjecture for Lie algebras holds if in addi-
tion Q is a finitely presented Lie algebra. Furthermore the condition that Q is F P;
could be substituted with H(A,K) is finitely generated as 7 (Q)-module.

Proof. Let A— L; — Q be a short exact sequence of Lie algebras with A
finitely generated, L; of type F P, and Q finitely presented and let B — L, — Q be
a short exact sequence of Lie algebras with L, of type FP;. Denote by P the fibre
Lie sum of these sequences.

The proof that P is FP, goes along similar lines as the proof of Theorem
in the sense that we begin by showing that it suffices to consider the case when
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L, = F is a free Lie algebra with a finite free basis X and then construct a suitable
Lie algebra Py which is finitely presented and that we will use to deduce that P is
FP,.
To see that we may assume that L, is free, observe that with the same notation
as at the beginning of Theorem [5.Il we have short exact sequences
Ker(u) — F — L, and Ker(y) — Py — P,

ie. u:F — Ly is an epimorphism of Lie algebras, F is a finitely generated free

Lie algebra and Py is the fibre sum of A — L; - Q and By — F — Q, where

the epimorphism F — Q is m o . Let Fy be a finitely generated free Lie algebra

with an epimorphism 7y : Fy — Py. As we may assume that Py is FPs, Ker(7)®

is finitely generated as % (Pp)-module. But observe that composing 7 with the

epimorphism Py — P yields an epimorphism 7 : Fy — P and a short exact sequence
Ker(ty) — Ker(t) — Ker(L).

Moreover, the short exact sequence Ker(u) — F — L, together with the fact that
L is FP; imply that also Ker(u) is finitely generated as % (L,)-module. From
all this one deduces that

(15) Ker(f)“b is finitely generated as % (P) — module,
because there is a short exact sequence
M — Ker(t)™ — Ker(u)®

with M a quotient of Ker(1y)*. Note that (I3) implies that P is of type FP;.
From now on we assume that L; is a free Lie algebra F with a finite free basis
X. Let

0 = (X | {ritien)
be a finite presentation of the Lie algebra Q. Then we have a presentation of L;
L =(XUAg| R UR,UR3)
with Ay and X both finite and
Ry = {ri(x) —wi(@) }ieny, R2 = {[aj,x] —vjx(@) }1<j<krex and Rz = {zj(a)}jes

where Iy and J are set of indices with Iy finite and J possibly infinite and w;(a),
vjx(a), zj(a) are elements of the free Lie algebra with a free basis Ag. Let R be
the ideal of the free Lie algebra F (X UA) with a free basis X UA( generated by
R UR,URj3. Then we have a short exact sequence

R— F(XUAg) — L,

and since L, is of type FP5, R/[R,R] is finitely generated as % (L;)-module. This
means that there is a finite subset Jy of J such that

(16) R=Ro+|[R,R],

where Ry is the ideal of the free Lie algebra F (X UA) with a free basis X UAg
generated by R{ URyUR3, where R3 o = {z(a)} jes, € R3.

Consider the Lie algebra Ly = F (X UAq)/Ry. There is a natural projection
m:L =F(XUAp)/Ry — L = F(X UAg)/R
with kernel S = R/Ry. By (16) we have
a7 S=18,S].
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Since Ry UR, are relations in Zl we deduce that the Eie subalgebra A 1 of Zl gen-
erated by the elements of Ay is an ideal such that L; /A; ~ Q. Thus there is a short
exact sequence of Lie algebras

- #
(18) Ap— Ly~ Q

with both L; and Q finitely presented. Denote by Py the fibre Lie sum of the short
exact sequences of Lie algebras (I8) and

U3
B—F — Q.

As either Q is FPs or Hy (A, K) is finitely generated as % (Q)-module, Theorem [5.1]
implies that P; is finitely presented. We have

Pi={(h,h) €L OF | T (h) = m(ho)}

and if P is the fibre Lie sum of the original short exact sequences A »— L, 5 QO and
%)
B— F — Q, then

P= {(h],hg) ELIOF ‘ T (h]) = ﬂz(hg)}.
This means that the map (hy,hy) — (7w (hy),hy) is a well defined epimorphism
[P —P

with kernel Ker(u) = S.

It follows from the proof of Theorem F1lthat P = F (X UA)/S; for some ideal
S1 of F(X UAp) thus from the above considerations we deduce that P = F(X U
Ap) /S, for S, ideal of F(X UAp) such that S C S, and S,/S; =S =[S, S]. Hence

S> =81+ 1[52,52],

50 83/[82,S,] is an epimorphic image of S /[S1,S1]. Since P is of type FP, we
deduce that S} /[S1,S1] is finitely generated as % (P )-module. Thus its epimorphic
image S,/[S,S>] is finitely generated as % (P)-module, hence P is of type F P, as
claimed.

Theorem 6.2. Let

LLiD...0L
be a subdirect Lie sum with LNL; # 0 and L; a Lie algebra of type FP, for 1 <i<k.
Assume that p; (L) = L;®L; for all 1 <i < j <k where p;j:Li&...® L —
L; ® L; is the canonical projection. Then L is a Lie algebra of type FP;.

The proof of Theorem can be obtained from the proof of Theorem [5.3] by
substituting everywhere finitely presented with type FP, and substituting the 1-
2-3 Conjecture for Lie algebras with the homological 1-2-3 Conjecture for Lie
algebras.

Theorem [4.3] and Theorem [6.2]imply immediately the following result.

Theorem 6.3. Let
LLi®...0L

be a subdirect Lie sum with LN L; # 0 and L; free, non-abelian, Lie algebra for all
i. Then L is finitely presented as a Lie algebra if and only if L is of type F P;.
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7. ON A HOMOLOGICAL n—n-+ 1 —n-+2 CONJECTURE FOR LIE ALGEBRAS

Although the homotopical s-s+ 1-s+2 Conjecture for groups remains open in
general, Kuckuck has obtained some partial results in [21]. More precisely, he
shows that the homotopical s-s 4 1-s 42 Conjecture for groups holds if one of the
following assumptions holds:

a) if the second sequence splits;
b) if the conjecture holds whenever L, is free.

The proof of these two reductions is based in the following Theorem which is
one of the main results in [21]. Recall that a group is of homotopical type F; for
s > 2 if it is finitely presented and of type FP;. And a group is of type Fj if it is
finitely generated.

Theorem 7.1. [21]] Assume that we have a commutative diagram of groups with
exact rows

— By —»

ida ls v
B C

S >

b

where A is F, By is Fs1 and C is Fs11 for some s > 2. Then B has type F;,.

The proof of Theorem[Z 1lis homotopical and uses the Borel construction and the
theory of stacks. Recently in [20] a homological version of the above Theorem was
proved based on non-homotopical methods. Here we show a Lie algebra version of
Theorem [Z.1] when 0 is either a monomorphism or an epimorphism. The starting
point is the following result.

Proposition 7.2. Let B be a Lie algebra with an ideal A such that A is of type F P;
and C = B/A is a Lie algebra of type F Py, 1. Then B is of type F Py, if and only if
the map

di 1ot Hewt(C.][% (€)) — Ho(C, Hy(A, ] ] % (B)))

is surjective for any direct product, where d”1 o is the differential arising from the
Lyndon-Hoschild-Serre spectral sequence

E; , =H,(C,HyAJ]#% (B)) = Hy1oB,]| % (B))

Proof. Using that A is a Lie algebra of type FP; and that % (B) is free as
% (A)-module we obtain by Theorem

Hy(A,JT#% B)) =[]H,A,% (B)) =[J0=0for 1 <g<s—1,
hence
(19) E],=0for1 <g<s—12<j<co
Since A is finitely generated by Theorem 2.5 we get
Ho(A,[]# (B)) ~[[Ho(A, % (B)) =[] % (B/A) =[] % (C)
Since C is of type F PS+1
=H,(C,[[#(C)) ~[]H,(C,%(C))=]]0=0for1 < p <5,
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SO
(20 E;O:forlgpgs@gjgoo,
Then by (I9) and 20)
(21 E£7s_p:0forevery0<p§s,2gjgoo_
By (19 . . _
Ez,s—l = E37s—2 == E;,s-i-l—i == E;] =0,
hence
(22) tor1_itElg 1 i — Ej, is the zero map for 2 < i <.
On the other hand the same thing happens for i > s+ 2 because then El’s 41-i=0

since s+ 1 — i < 0. Note that the differential
(23) d(im : Eé’s — Eii,sq +i = 0is always zero.
Then 22) and @23)) imply that E(")J = Eéfsl forevery 2 <i<sandi>s+2,5s0
(24) E;,=ESL EST? = Ef,
Since A and C are Lie algebras of type F'P; we have that B is of type F'P;. Then by
Theorem
(25)  the Lie algebra B is of type F Py if and only if H,(B, H%(B)) =0.
By the convergence of the spectral sequence and (1)
(26) Hy(B,][% (B)) ~ Eg;.
By @24), 25) and (26)
the Lie algebra B is of type FPy,, if and only if Ej/* = 0.

: s+1 . s+l +1 N s+2
Since d07s : E07s — E_s_ms = 0 is the zero map, Eo,s is the cokernel of the

. : s+1 . s+l s+1 s+2 e s+l s g
differential (1 ,: E(y o — Eq . Thus E;“ = 0if and only if d{  is surjective.

Finally note that by (19)) all differentials that leave E jH o> for 2 < j < are zero.
Comparing bidegrees we get that all differentials that enter Es] 110 for j > 2 are
zero. Hence

Essillp =E} 0= Hy 1 (C,Ho(A,] % (B))) =
Hs-i-l(C?HHO(Av%(B))) = HS-H(CvH&Z/(C))'
By @4)
ES?srl = E(%,s = HO(CaHS(AaH%(B)))
s+1
+

Hence the domain and target of d_ ", , are as described in the statement of the re-

S
sult.

Theorem 7.3. Assume that we have a commutative diagram of Lie algebras with
exact rows
—— By —>»

idy le v
B C

B >
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where A is Fy, By is Fy1 and C is Fs1| for some s > 1. Assume that at least one of
the following conditions holds true :

a) 0 is a monomorphism;

b) 0 is an epimorphism.
Then B has type F P .

Proof.
Case a): when 6 is mono. We view By as a Lie subalgebra of B, so % (B) is a
free % (By)-module. Note that for any direct product [% (B), repeating the proof
of Proposition for the spectral sequence associated to the short exact sequence
A — By — Co,
E;,=H,(Co,Hy(A, ]| % (B))) = Hprq(Bo, ][ % (B))

we obtain that the differential

dit ot Ho(Co, [ % (C)) — Ho(Co. Ho(A, [ [ % (B)

is surjective if and only if Hy(By,[[% (B)) = 0. Since By is F Ps+1 we have

H(Bo, [ [% (B)) = [ [ Hs(Bo, % (B)) =[ [0 =0,

hence

27 d]

s+1,0 18 surjective.

Furthermore v induces a commutative diagram

75+1

Hy 1 (CoTIZ (C)) 2% Ho(Co, Hy(ATT% (B)))

lﬂ] ll»lz )
d?+ 1

5+1,0

H 1 (C.IT%(C)) — Ho(C,H,(A,T1% (B)))
where d”1 o 1s the differential of the LHS spectral sequence

E;, =H,(C,HyAJ]% (B))) = Hyrq(B,][% (B))

associated to the short exact sequence A — B — C. The vertical maps are induced
by v. Since d“‘Jrl 1,0 and 1, are both surjective maps the differential d“‘Jrl 1,0 1s surjec-
tive. Then by Proposmon [Z2l B is a Lie algebra of type F Py, .

Case b): when 6 is epi. Set T = Ker(0) and consider the short exact sequence of
left % (A)-modules

(28) U (Bo)Aug(% (T)) — % (Bo) — % (B)

where Aug(% (T))=T% (T)=% (T)T,hence % (Bo)Aug(% (T)) =% (Bo)% (T)T =
% (Bo)T. For any direct product we get another short exact sequence of % (A)-

modules
H%(BO)T — H%(BO) —» H%(B)

Consider the associated long exact sequence in homology
29) ... = Hy(AJ[% (Bo)) = H(A,][# (B)) = Hs—1(A, ] [ % (Bo)T) —

Claim. The map
(30) H(A, H%(Bo)) — H,(A, H%(B)) is an epimorphism.
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Proof of the Claim: Assume first that s > 2. Recall that both % (B) and % (By)
are free 7% (A)-modules, hence

31) H,(A,% (B)) = 0 = H,_(A,% (By)) for s > 2.

From the long exact sequence of homology associated to (28])
(32)
e HS(A,%(B())) — HS(A,%(B)) — Hy_ (A, %(B())T) — Hy_ (A, %(B())) — ...

and by (31I)), we deduce that
H,_1(A,% (Bo)T) =0 fors > 2.
Since A is of type F' P, we have
Hy (A, ]]#% (Bo)T) = [ He-1(A, % (Bo)T) =[J0=0

and the claim follows by the long exact sequence (29).
For the case when s = 1 we consider again the end of the sequence (32))

0=H, (A,%(B)) — H()(A,%(Bo)T) — H()(A,%(B())) — H()(A,%(B)) — 0,

where 0 = H,(A,% (B)) since % (B) is a free 7% (A)-module. As before, as A is
finitely generated, the functor Hy(A,—) commutes with direct products, so we get
a short exact sequence

(33)  Ho(A,J[# (Bo)T) — Ho(A, [ [ % (Bo)) — Ho(A, [ [ % (B)).
This together with the long exact sequence (29) completes the proof of the claim.

The epimorphism (30) together with the epimorphism v : Cy — C induced by 6,
induce a surjective homomorphism

1 = Ho(Co, Hs(A, [ [ % (Bo))) — Ho(C,Hs(A, [ [% (B))).

Consider the commutative diagram

75+1
s+1,0

oot (Co.TIZ (Co)) 2% Ho(Co, Hy(A.T1% (By)))

lﬂl lﬂz )
ds+ 1

Hy1(C.T1% (C)) ——" Ho(C,H,(A,TI% (B)))
where the horizontal maps are differential from Lyndon-Hoschild-Serre spectral
sequences and the vertical maps are induced by the homomorphism V. Since By is
a Lie algebra of type F P, | by Proposition [Z.2] the differential d”l1 o 18 surjective.

s+
. . . . s+ s+ . . . s+1 . .
Since py is surjective, tod | o = d | oM 1S surjective, hence d( |  is surjective.

Then applying again Proposition [7.2] we deduce that B is a Lie algebra of type
FP, s+1-

Proposition 7.4. The homological s-s + 1-s 4+ 2 Conjecture for Lie algebras holds
if one of the following conditions is true :

a) the second sequence splits;
b) we know that the conjecture holds whenever L, is a free Lie algebra.
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Proof.
Case a): when the second sequence splits. This means that L, = B Q with B an
ideal of L,. A Lie algebra version of the proof of [21) corollary 4.6] implies that
there is a monorphism L; — P = B\ L; whose restriction to A is the identity map.
Then we get a commutative diagram of Lie algebra homomorphisms with exact
TOWS

Q

6 \%

A
L
A

~— B

d
— P ——» L

[\

with 6 a monomorphism, so we can apply Theorem [Z3]a).

Case b): when we know that the result holds true if L, is free. Let L, be any
Lie algebra of type FP;1 1 and F a finitely generated free Lie algebra mapping onto
L,. We can apply a Lie algebra version of the proof of |21, proposition 4.8] to get
a commutative diagram of Lie algebra homomorphisms with exact rows

A—s P —— F

b

A— P —— I,

)

where P’ is the fibre Lie sum of the short exact sequences of Lie algebras A —
Ly — Qand B' — F — Q. Since 6 is an epimorphism we get the result using The-

orem [Z.3]b).

Remark. In the above when the second sequence splits it is enough to assume
that Q has type FPgy1.

Theorem 7.5. If the homological m — 1-m-m+1-Conjecture for Lie algebras holds
then the Homological Surjection Conjecture for Lie algebras holds too.

Proof. The proof is similar to the proof of Theorem [5.3] Let m,k be natural
numbers such that 2 <m < k and

LLiP...0L

be a subdirect Lie sum with LN L; # 0, where each Lie algebra L; is FP,, and
for every 1 <ij <i... <iy, < k we have for the canonical projection p;,
Li®..dL—L,&...&L, that p; ; (L)=L;&...&L;,. We have to prove
that L is a Lie algebra of type FP,. The first paragraph of the proof of Theorem
[B.3limplies that %1 (L;) C L.

We prove the result by induction on k > 2, the case k = 2 is obvious so we
assume k > 3. Let Q = L; /LN Ly, so Q is a finitely generated nilpotent Lie algebra,
hence of finite dimension. Consider the short exact sequence of Lie algebras

(34) LON(Li®...®L1) — pio,..x—1(L) > Q

defined in the proof of Theorem [5.3] Then we see that L is the fibre sum of the
short exact sequence and LN L »— L — Q.
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Note that if m =k then L= p1 (L) =L; & ... & L, so there is nothing to
prove. Then we can assume that m < k— 1. Since pj,_ x—1(L) is a subdirect
Lie sum of L; &... & L that maps surjectively on the direct sum of any m Lie
algebras we deduce by induction on k that py 5 x—1(L) is F B,. If we show that LN
(Li®...@Lx_1)is a Lie algebra of type F P, and assuming that the homological
m — 1-m-m + 1-Conjecture for Lie algebras holds we can deduce that L is F'P,, as
required. By the proof of Theorem[3.3|LN (L; @ ...® Li_) is a finitely generated
Lie algebra. Furthermore since p;,,_;, (L) =L; @...®L;, for i,, = k, we have that

Piroin (LN (L1 ® ... ®Lg1))=L;; ®...BL

Applying the induction again we obtain that LN (L; @ ... @ L) is a Lie algebra
of type FP,_1.

forl1 <ip<...<ip_1<k—1.

Im—1
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