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In this paper we treat the following partial differential equation, the quasigeostrophic equation: (0/0t + u - V) f = —a(-A)"f, 0 <
a < 1, where (A, D(A)) is the infinitesimal generator of a convolution C,-semigroup of positive kernel on L (R"), with 1 < p < co.
Firstly, we give remarkable pointwise and integral inequalities involving the fractional powers (—A)® for 0 < o < 1. We use these
estimates to obtain L”-decayment of solutions of the above quasigeostrophic equation. These results extend the case of fractional
derivatives (taking A = A, the Laplacian), which has been studied in the literature.

1. Introduction

In oceanography and meteorology, the quasigeostrophic
equation,

(%+u-V>fz—0(—A)“f, for0O<ac<1l, (1)
where f represents the temperature, u the velocity, and o the
viscosity constant, has a great importance (see for example
[, 2]). In the last years, a large number of mathematical
papers are dedicated to this equation. For example, in [3, 4],
A. Cérdoba and D. Cérdoba studied regularity and LP-decay
for solutions. In [5] the well-posedness of quasigeostrophic
equation was treated on the sphere, on general riemannian
manifolds in [6] or the 2D stochastic quasigeostrophic equa-
tion on the torus T2 in [7].

This equation is also denominated as advection-fractional
diffusion; see for example [8], or it may be classified as a
fractional Fokker-Planck equation [9]. However we follow
the usual terminology of quasigeostrophic equation which
has appeared in our main references [1-7].

Here we replace the Laplacian operator A for an arbi-
trary infinitesimal generator (A, D(A)) of a convolution C,-
semigroup of positive kernel on Lebesgue spaces Lf(R"),

with 1 < p < oo. The abstract framework of C;-sem-
igroups of linear bounded operators in Banach spaces was
introduced by Hille and Yosida in the last fifties; see for exam-
ple the monographies [10-13]. Some classical C,-semigroups,
as Gaussian, Poisson, fractional, or the backward semigroups
in classical Lebesgue spaces, fit in this approach; see for
example [12, Chapter 2]. Note that in particular the Laplacian
A generates the Gaussian (also called heat or diffusion)
semigroup [10, Chapter II, Section 2.13].

The main aim of this paper is to show the decreasing
behavior for suitable solutions of

(%+M-V>f:—a(—A)“f, 0<a<l. (2)
Some classical asymptotic behavior of solutions of abstract
Cauchy problem,

0
af:Af, feD(A), (3)

is presented in [11, Section 4.4] and for parabolic case of
evolution systems in [11, Section 5.8]. Note that for u = 0 in
(2), we recover the classical Cauchy problem for the fractional
power —g(—A)".



We emphasize the key role played by the Balakrishnan
integral representation of fractional powers [13, p. 264] in
order to get the following pointwise inequalities:

7 (—A)"‘f(x)Z%(—A)“fz ®) ae @)

for certain infinitesimal generators of convolution C,-
semigroups on the Lebesgue space LP(R") (Theorem 1).
From such pointwise inequalities, and assuming convolution
kernels of real symbol, one gets integral inequalities (Theo-
rem 4 and Lemma 6), which extend [3, Lemma 1] and [4,
Lemma 2.4, Lemma 2.5], respectively. For this purpose, we
use Fourier transform, obtaining multiplications semigroups
from convolution ones. Interesting similar pointwise inequal-
ities have been discussed in [14].

The previous results allow getting a maximum principle
for the solutions of (2),

I 0l <160l t20 ®

see Corollary 7. Moreover, one of the most important results
along this paper is to estimate the decreasing behavior,

DN <o L1 D (1512) ©

for some suitable solutions f € &(R") and nonnegative
functions D, see Theorem 8. To prove that, we use some
techniques which are based in [15]. In that paper some equiv-
alence between Super-Poincaré and Nash-type inequalities is
shown for nonnegative self-adjoint operators. Some of these
results were proved in the case of fractional powers of the
Laplacian in [3, 4, 16].

In the last section, we apply our results to check esti-
mations about the L?-decay of some solutions in concrete
quasigeostrophic equations. Our main example is to con-
sider subordinated C,-semigroups to Poisson or Gaussian
semigroup. This approach is inspirated in [15]. Preliminary
versions of these results were included in [17].

Notation. Through this article (L?(R"), | I,) with1 < p < 0o

is the usual Lebesgue space and (LYR™, | | 1» *) isthe Banach
algebra where

frg()= wa(x—y)g(y)d% xeRN ()

The space Cy(R") is formed by the continuous functions f
such that lim,|_,, f(x) = 0, and [|fllo, = max,cg|f(x)[;
the set S(R") is the Schwartz space and T is the Gamma
function.

2. Pointwise and Integral Estimates for
Fractional Powers

Let (k,)po C L'(R™) be a one-parameter continuous
semigroup in the Banach algebra L' (R™); i.e., k, * k, = k,,,
fort,s > 0;k, * f — f whent — 0 forany f € L'(R")and
such that ||k, [, = 1 for t > 0; see for example [12, Chapter 1].
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Then the one-parameter family of linear bounded operators
H = (K(t))»0> defined by

K(t)f=k *f, feLf(R"), t>0;
8
K@) =1, ®

is a convolution C,-semigroup on LP(R"), with 1 < p <
00. Recall that the infinitesimal generator (A, D(A)) of % is
defined by

Af = t&%%a feD(A), (9)

that is, the domain of the operator A is the closed and densely
defined subspace where the above limit exists on L(R"),
see for example [10, Definition 1.2]. Note that these C,-
semigroups (K(t)),, are contractive since ||kl = 1 for all
t > 0. We also assume that (k,), is a positive kernel. Below,
there are several examples of convolution C,-semigroups of
positive kernel:

(1) The Gaussian kernel, g,(x) = (47Tt)_"/ 2¢Ixl*/ 4 whose
generator is the Laplacian operator A ([12, Theorem
2.15]).

(2) The Poisson kernel, p,(x) = (I((n + 1)/2)/7 ")t/
t* + |x|2)(”+1)/ %), whose infinitesimal generator is
—+v=A ([12, Theorem 2.17]).

(3) Subordinated semigroups in LY(R™. In [18], new
convolution C,-semigroups are defined by subor-
dination principle, i.e., using the bounded algebra
homomorphism @, : L'(R*) — L'(R), with

0,(f) = LOO f(t)adt, felL (R, (10)

where a = (a,), is an uniformly bounded continu-
ous semigroup on L'(R); in particular @, = g, or p,
fort > 0. Now, we take the fractionary semigroup on
L'(RY),

s—1

t _
I(t) = e,

S t>0, (11)

with s > 0, and new type kernels are obtained by

0, (L) (x) = Jo I, (t) a, (x)dt
(12)

00 t571 ;
= Jo me a (x)dt, xeR",

see additional details in [18, Theorem 2.1, Corollary
2.2].

In the following, (—A)® denotes the fractional powers of
the infinitesimal generator of these semigroups; see [13, p.
264]:

(A f=T(-a)" L K@) - 1) fdt,  (13)
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forall f € D(A) and 0 < a < 1. Our first result gives a
pointwise inequality for these fractional powers. The main
ingredient is to represent the C, -semigroup (K(t)),, in terms
of the positive kernel functions. Compare with [3, Theorem
1] and [4, Proposition 2.3] in the case of A = A.

Theorem 1. Let (A, D(A)) be the infinitesimal generator of a
C,-semigroup (K(t));( as above. Then, for all f € D(A) real-
valued with f* € D(A) and 0 < & < 1, the inequality

f(x)(—A)"‘f(x)z%(—A)“fz(x) ae  (14)
holds.

Proof. We use equality (13), almost everywhere x € R”, and
0<a<1toget

FO A" f =t [T (] ke-n)
FOf@dr- () dt =T (-0

. LOO I (jR K (x - 7)

(fO)f @)= F () dr) .

(15)

Note that

-(PW-f@Ofw)
--(;U@-r 3 (F@-£ ) q
<3 (F0-r0),

since I'(-a) < 0if 0 < & < 1, and then

-1
F ) (A f () 2 2

' JOOO e (jw k(e =) (f* () - £ () dr) dr (17)

1
=5 (A" 2 (x) ae.
If « = 0, it is trivial, and for « = 1 we use the definition of the
infinitesimal generator. O

Given f € LY(R™), the usual Fourier transform is given
by

Fn)= JW f)e™™dx, neR",  (18)

and then f € Cy(R"). Let F = (K(t));s( be a convolution C-
semigroup of positive kernel on LP(R"), with kernel (k;),.-
Note that k, € Cy(R"), with [|k,llo, < Ik, = 1. Then, it is
well known that 7 5, <« (T'(t)),5 with

T (t): Cy (R") — C, (R")
_ (19)
gr— ktg, t>0,

is a contractive multiplication C,-semigroup. We obtain the
following result as a consequence of [10, p. 28].

Proposition 2. Let & = (K(t)),o be a Cy-semigroup as
above. Then there is a q : R" — C continuous function with

Re(q(x)) < 0 forall x € R", such that I?t = e fort > 0and
(B, D(B)) is the infinitesimal generator of I o, with B = ql
and

D(B) ={f € C,(R") [ qf € Cy (R")}. (20)

Definition 3. We say that a convolution C,-semigroup of
positive kernel on LP(R"), # = (K(t)),, is of real symbol
when the infinitesimal generator of the semigroup J 4 is a
real function; i.e., g : R" — (-00,0].

Theorem 4. Let # = (K(t)) be a convolution C-
semigroup of positive kernel and real symbol on LP(R"), with
kernel (k,),s, and infinitesimal generator (A, D(A)) satisfying
S(R™ ¢ D(A) and for all h € S(R™), gh € L*(R"). If
f € S(R") is a real function, then

JRn f @ £ () (A" £ (x) dx

1 2 @)
> [ Jear s of a

for0 < a < 1and p =2’ with j positive integer.
Proof. We apply equation (14) to get
L 1 G £ =) £ (o) e
1 o e
[Pt ear fea @)

> 5 [l a7 s,

with [ € N,. Taking [ = j— 1, then for 0 < & < 1 the following
inequality holds:

JW [f 7 £ () (A f (x) dx
2 (23)
25 JRH |f I (=) 72 (x) dx.

On the other hand, for 0 < a < 1



A f ()= | T (e
. (LOO 7 (ky * f (x) - f(x))dt)dx
=T ()" (24)
-L ot (JR eI (ks F (x) - f(x))dx)dt
=T [ (BT () - F () e
Therefore

A f(n) = =B f(n) = (~a(n))* F (n)
e L’ (R")NC, (R").

(25)

Note that, for « = 0, the previous equality is trivial, and, for
a = 1, it is well known. Finally, by Plancherel and Parseval
theorems for Fourier Transform, we obtain

[, e 72 of s

(26)
= [ A s,
R"
and then
[ 17 I £ 00 ) £ () dx
] , (27)
5 A o a
Then we conclude the proof. ]

In the conditions of the previous theorem, we give the
following examples where also the function g is identified:

(1) For the Gaussian semigroup q(x) = —47%|x|%.
(2) For the Poisson semigroup g(x) = —27|x]|.
(3) For the subordination semigroups defined in [18],

q(x) = —log(1 + 477%|x|?) using the Gaussian kernel
and g(x) = —log(1 + 27|x|) using the Poisson kernel.

Note that all these examples provide kernels and functions g
which depend on the norm |x]|.

3. LP-Decay of Solutions of
Quasigeostrophic Equation

Let (A, D(A)) be the infinitesimal generator of a convolution
C,-semigroup of positive and radius dependent kernel of real
symbol on LP(R"), with 1 < p < 00, and (—A)“ the fractional
power defined by (13) for 0 < & < 1.

Let f be a solution of the following:

(%m-v)f:—a(—A)“f, (28)
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where 0 < & < 1 and u satisfies either V-u = 0 or u; = G;(f),
together with the necessary conditions about regularity and
decay at infinity. Existence results on L? for (28) with smooth
initial conditions have been studied in [16] using a functional
approach. Note that we use several notations f, f(x,t), f(-,t)
through this section.

We want to study the decline in time of the spatial L?-
norm solutions of (28), and, to do this, we will work with its
derivatives, as the following lemma shows. Although the next
lemma is known, we include it for the sake of completeness.

Lemma 5. Let (A, D(A)) be under the above conditions and f

be a solution of (28). If the function u satisfies that V -u = 0 or
u; = Gi(f) with G; € S(R") for 1 <i < n, then

i p_ _ p-2 A\
G =op | 1P Ay fas @)
Proof. Note that
LRV p2 Of
S =p [ 12
=p JW IFIP72 f (~u-Vf — 0 (-A)* f) dx.

On the one hand, we suppose that u satisfies that V- u = 0.
Then

J s ewpas= [ 317 s
j=1 j

:JZIJR(J et |udx>d9?

Xj

(30)

(o o
.y j (J —ix )dz
P Rr-1 R P ax
p
J |f| V-udx=0
"p
where we have integrated by parts, and dX = dx,dx,
cdxjdxg, .. dx,.

On the other hand, we suppose that u; = G;(f) with G; €
S(R") and 1 < i < n. Similarly,

[ 11 feewpa= [ 317 56, () Sdx
=1 j

p-2
l(lfl J;Gj(f))] .

3
|

The following positivity lemma is a natural extension of
[4, Lemma 2.5].

Lemma 6. Let (A, D(A)) be under the above conditions. Then
forall f € D(A) and 0 < a < 1 we have

JW 1172 £ (~A)® fdx = 0. (33)

Proof. For 0 < « < 1, a change of variables yields
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JR»« 7177 £ (“A)* fax = ro e (jR JW 1f QP f @k (=) (F () —f(x))drdx) dt

o I'(-a)

0o I'(-a)

Then, we obtain

2w [ S F A fa

© 1

= L pree} <JW JR»« (|f (x)lp-Zf(x) - |f(r)|p_2f(”))kt (x=1)(f(r) - f(x)) drdx) dt >0,

since (|f ()72 f(x) = | f ()17 f())(f(r) = f(x)) < 0 forall
x,7 € R". For a = 0 and o = 1 the above inequality is easily
checked.

5
oo —a-1 (34)
T J t (jRn jRn |/ (r)|p—2 f@ ke (x=7)(f(r) - f(x))dr dx) dt.
(35)
Proof. For 0 < « < 1, we consider the bijection
(0, +c0) — (0, +00)
(40)

The previous lemma implies the following maximum
principle, which completes similar approaches; see for exam-
ple [4, Corollary 2.6] and [16, Theorem 1,2].

Corollary 7 (maximum principle). Let f € D(A) bea smooth
solution of (28). Then for 1 < p < co we have

Ifeol, <1760l (36)
forallt > 0.

Proof. 1tis a trivial consequence of Lemma 5 and (33). O

From now on, we focus on study the decay of (d/dt)| f II§.
Applying Theorem 4, we have

SNl <o [ Jeare pofas o)

for p = 2/ with j positive integer. For « = 0 we have
d/dnl f I < -l f |2, then solving this differential inequal-
ity we obtain

"f (') t)”P < e“’t "f ('> O)"§ . (38)
Below we see what happens to the case 0 < a < 1.

Theorem 8. Assuming that the symbol —q is an increasing
function in the radius, with lim,,,__,,g(x) = 0o, then

SN <o L1 D (1A1E). 69)

for p =2/ with j € N, f € S(R") real-valued solution of (28),
and D a continuous, nonnegative and nondecreasing function.

«
ur—u

with inverse function u'/%. Thus forallt > 0 and h € S(R")
one gets

Il = |7

fz|2 (x)dx

- j{xeR":lst(fq(x))“}

E'z (x)dx

g
{xeR™:1>t(—q(x))*}

<t JR,. ()" [if (0 dx (4D

qw;m(peRm;>pﬂ@yD
<t <(—q)a fz,fl>
; ||h||fm,,({x €R": tl% > (—q(x))}),

where m,, denotes the usual Lebesgue measure on R".
Note that g(x) = g(|x|) is a bijection from R™ to itself. So

mn<{x eR": tl% > (—q(x))})

_ 1 n
g R COR
J{|x|<<—q)*<1/t““>} (-a) tl/a

where w,, is the measure of the unit sphere in R”. We define
B(t) = ((—q)_l(l/tl/“))"wn, for t > 0, and we rewrite

(42)

Ikl < t ((~A)* hhy + K] B(E), (43)

where f3 is a nonnegative and decreasing function.



The operator (-A)* is a nonnegative and symmetric
operator, which satisfies a Super-Poincaré inequality with rate
function f3, then by [15, Proposition 2.2] this is equivalent to
a Nash-type inequality

115 D (11R113) < ((~A)*h,h), (44)

with rate function

D(s):sup<t—tﬁ(—sl/t)>, s> 0. (45)

t>0

Note that the function D is continuous, nonnegative and
nondecreasing. So, applying this argument to £/, with p =
2/, we obtain

O i R T R (T WD

and therefore inequality (39) follows from (37). (I

4. Examples and Applications

In this last section, we check the Lf-decay of solutions
in some concrete examples of quasigeostrophic equations.
This approach illustrates our results. To do that, we need to
calculate the function D (and also the function f) which
appears in Theorem 8 for concrete examples. In [15, section
8], general properties of functions 3 and D are studied using
N-functions; see also [19].

Let r : [0,00) — [0,00) be a right continuous,
monotone increasing function with

(1) r(0) = 0;
(2) lim,_, r(t) = 003

(3) r(t) > 0 whenever t > 0;

then, the function defined by R(x) = lel r(t)dt for x € R
is called an N-function. Alternatively, the function R : R —
[0, 00) is an N-function if and only if R is continuous, even
and convex with

(1) lim,__,o(R(x)/x) = 0;
(2) lim,_,,(R(x)/x) = 00;
(3) R(x) > 0ifx > 0.

Given an N-function R, we define the function G(x) :=
on g(t) dt for x > 0 where g is the right inverse of the right
derivative of R, r. The function G is an N-function called the
complement of R. Furthermore it is straightforward to check
that the complement of G is R.

Now suppose that functions $ and D are complementary
N-functions. Then functions h and h*, defined by h(t) =
tB(1/t) for t > 0, and h*(x) == xD(x) for x > 0, are also
complementary N-functions.

(1) We consider the Laplace operator and g(x) =
—477%|x|?, see Section 2. Then
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o RV
(-a) ®)=——,
-n/2a
and B (t) = w(,,ztﬂ)n , (47)

t>0,

where w,, is the measure of the unit sphere in R”.
Now we have a couple of N-functions, h(t) =
w,t%% |(2m)" and h* (x) = ¢,x7, with 1/g + 1/(1 +
n/2a) = 1 and ¢, a positive constant; see [15, Section
8]. Then D(x) = cnxz“/”, and we get

d P p(1+2a/n)

2 Ml = =Gl 1l > (48)
for p = 27, Solving this differential inequality, one
obtains

If ol
If Golb < . (49)

(1+C,t|f G O)Hf)l/s’

with ¢ = 2a/nand p = 27,

(2) For the subordinated semigroup through Poisson
semigroup with g(x) = —log(1 + 27t|x|), we get that

(-q)" (1) =

e -1
27

_ 1 _ tl/o( n
and h(t) = tﬁ(;) = cnt<e - 1) s

t>0,

>

(50)

with 6, = w,/(27)". Then h(t) = [} u(s)ds, with
3 fl/ non e g e n—1 1t
u(t)—cn<e —1) +;e (e —1) e,

t>0,

(1)

soh*(x) = J'Ox u L(t)dt. Note that

oo e (e n-1
+ —e (e - 1)
(04

n e
< (cn + —) (e("“)t - 1)
«

n — a1/
(Cn + _) ((n + l)a t)(l a)/a e((n+1) t)
(04

u(t)<gc, (etl/a - 1)

(52)

IN

=g(1),

fort > 0.

According to [15, Section 8], we consider h,(t)
e’ — 1, with p > 1.1f we take p = 1/a, then h(t)
(l/a)t(lf"‘)/“etl/a, and so

gt®= [(cn+ g)a]fl (1) ((n+1D%8), t>0. (53)

Therefore
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X

h e = |

0

u () dtzj g @)dt
0
(n+1)*x B (54)
> Gy JO hy' (y)dy

=G, ohy (n+1)%x),

with ¢, , a positive constant.

Now we apply Theorem 8 in the case of p = 2/ with
j € N. If we suppose that the solution of (28) is stable;
ie, lim, [l f( 1)} = 0, then

d (1/(1-a))
o 1717 < ~Coa ||f||§1 e, (55)

for ¢ large enough, where we have used that h; (x) ~

¢xd asx — 0" with 1/g + a = 1. We conclude that

If ol

I o < .
P (1 eCut|f CO)”

(56)

for e = a/(1 — «), and t large enough.

For other p # 2/ and 1 < p < 0o, we obtain the decayment by
interpolation property:if 1 < p; < p < p, < 0o, with 1/p =
(1-0)/p, +6/p,and 0 < 6 < 1, then | fl, < I} °IF10..
When p > 2, we have 2/ < p < 2/*! for any integer j > 1, and
if1 < p <2wealso use that || f(-,£)ll; < IIf(,0)];.
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