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ABSTRACT. Let m > 1, (ro = 0,71,...,7m) be a tuple of distinct real
numbers and n > 2. We provide a characterization of those tuples
(wo,w1,...,wm) of real numbers such that there exist n-dimensional
star bodies K, L with er (K,L) =wj, j =0,...,m, where WT(K, L)
denotes the r-th dual (relative) quermassintegral of K and L. This may
be regarded as an analogue within the dual Brunn-Minkowski theory of
Shephard’s classification of quermassintegrals of two convex bodies.

It turns out that the characterization of dual quermassintegrals is
related to the moment problem, and based on this relation, we also de-
rive new determinantal inequalities among the dual quermassintegrals.
Moreover, this characterization will be the key tool in order to investi-
gate structural properties of the set of roots of dual Steiner polynomials
of star bodies.

1. INTRODUCTION AND NOTATION

Let K™ denote the set of convex bodies in R", i.e., the family of all
non-empty convex and compact subsets K C R". We write B3 for the
n-dimensional FEuclidean unit ball and its boundary bd BY is denoted by
S"=!. The volume of X C R", i.e., its n-dimensional Lebesgue measure is
denoted by |X|, or by | X, if the distinction of the dimension is needed.

At the heart of the classical Brunn-Minkowski theory is the study of the
volume functional with respect to the Minkowski sum of convex bodies. This
leads to the theory of mixed volumes and, in particular, to the (relative)
quermassintegrals W;(K, L) of two convex bodies K,L € K". The latter
may be defined via the classical (relative) Steiner polynomial, expressing
the volume of the Minkowski sum

K+ Ao ={z+Xy:2€K,ye L},
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A >0, as a polynomial in A (cf., e.g., 25 s. 5.1], [27]):

(1.1) |K + AL| _; (JW,(K,L)A.

In particular, we have Wo(K, L) = |K| and W,,(K,L) = |L|. The other
quermassintegrals admit in general not such a direct and simple geometric
interpretation. For L = Bj, however, we have Kubota’s integral formula
(cf., e.g., [25] (5.72)]),

_ B3]

1B3li Jamn)
where integration is taken with respect to the rotation-invariant probability
measure on the Grassmannian G(n,i) of all i-dimensional linear subspaces
E C R", and K|E denotes the image of the orthogonal projection onto E.
Hence, the quermassintegrals are (up to some constants) the means of the
volumes of projections.

There are two far-reaching extensions of the classical Brunn-Minkowski
theory, both arising basically by replacing the classical Minkowski (vector-
wise) addition by another additive operation (cf. [8, [9]), and both being
cornerstones of modern convex geometry. The first one is the L,-addition,
introduced and studied by Firey in [5]. A systematic investigation of the
L,-sum of convex bodies and its consequences was started by Lutwak in
[20, 21]. It led to the rich and emerging L,-Brunn-Minkowski theory for
which we refer to [25] s. 9.1, 9.2]).

The second one, the dual Brunn-Minkowski theory, was introduced by
Lutwak in [I8, 19], and is based on the radial addition z+y for z,y € R™,
where

\K|E;dE, i=1,...,n,

~ x4y, if x,y are linearly dependent,
r+y = .
0, otherwise.

In general, the radial sum K+L = {z4y : x € K,y € L} of two convex
bodies K, L is not a convex set, but the radial sum of two star bodies is
again a star body. In fact, the dual Brunn-Minkowski theory operates on
this (larger) class of sets, and this is also one of the features of the dual
Brunn-Minkowski theory which makes it so useful. The celebrated solution
of the Busemann-Petty problem is amongst the recent successes of the dual
Brunn-Minkowski theory (cf. [6, 10} 28]), and it also has connections and
applications to integral geometry, Minkowski geometry and the local theory
of Banach spaces.

In order to define star bodies, we call a non-empty set S C R™ starshaped
(with respect to the origin) if the segment [0,z] C S for all z € S. For a
compact starshaped set K its radial function pg : S*™1 — R is defined by

pr(u) =max{p >0: pu e K}.

If this function is positive and continuous then K is called a star body.
In particular, any star body has non-empty interior and any convex body
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containing the origin in its interior is a star body. Let Sj be the set of all

star bodies in R”. Considering now the volume of the radial sum K+\L for
K,LeS)and XA >0, ie,

K—T—)\L:{x—T—)\y:xEK,yGL},

leads, in analogy to the classical Brunn-Minkowski theory, to the (relative)
dual Steiner polynomial (see e.g. [18], [25, p. 508]),

(1.3) |KFAL| = i: (?) Wi(K, L)X,

1=0

The coefficients W; (K, L) are the (relative) dual quermassintegrals of K
and L. They are special cases of the dual mixed volumes, which were intro-
duced by Lutwak in [I8] (see also [25] s. 9.3]). As in the classical case, we
have Wo(K, L) = |K| and W, (K, L) = |L|. Moreover, in analogy to Kub-
ota’s formula , the dual quermassintegrals W; (K, BY) admit an integral
geometric representation as the means of the volumes of sections (cf. |25,
(9.38))):
W -(KB”)—'BS, IKNE|;dE, i=1,...,n
n—i(K,By) = — dE, i=1,...,n.
|B5li Jan,

There are many more “dualities” and similarities between the classical and
the dual theory. In this context, as well as for the immense impact of the
dual Brunn-Minkowski theory, we refer, for instance, to [11 2], 4, [7), 14 16, 25]
and the references inside.

In contrast to the classical quermassintegrals, the dual quermassintegrals
have a direct integral geometric representation in terms of the radial func-
tions of the involved star bodies K, L € §§ ([18], [25] s. 9.3]):

— 1 » ,
(1.4) Wik, D) = [ o) o) dow)
Sn=
Here o is the usual spherical Lebesgue measure. We also observe that (|1.4))

defines dual quermassintegrals W;(K, L) for any real index ¢ € R, whereas
W, (K, L), for K,L € K", is only defined for i =0,...,n.

Given a polynomial associated to a geometric (or combinatorial, alge-
braic, etc.) structure, it is a natural and central problem to characterize
these polynomials among all polynomials of a given degree, i.e., to find nec-
essary and sufficient conditions determining the set of coefficients of the
polynomials in question.

Regarding the Steiner polynomial , this characterization problem was
solved by Shephard in [26]. He proved that the well-known Aleksandrov-
Fenchel inequalities (see [25, (9.40)]) are necessary and sufficient conditions
to characterize the quermassintegrals of two convex bodies (see also [13]).
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For general mixed volumes the problem is open. More precisely, given
k > 2 convex bodies Ki,...,K; € K", there are N = ("+5_1) mixed vol-
umes V(K;,,...,K;,), 1 <i3 <--- <1, <k, where we refer to [25 s. 5.1]
for a thorough study of mixed volumes. A set of inequalities is called a
full set if for given N (non-negative) numbers satisfying these inequalities,
there exist k convex bodies whose mixed volumes are the given numbers. In
this terminology, Shephard proved that for £ = 2 the Aleksandrov-Fenchel
inequalities form a full set. He also showed that if & = n + 2 the known
inequalities are not a full set. Moreover, for £k = 3 and n = 2, Heine [12]
proved that the Aleksandrov-Fenchel inequalities together with the determi-
nantal inequality det (V(K,-, K j)lgi,jgg) > 0 yield a full set. Even for more
than three planar convex bodies the problem is open.

The main aim of this paper is to present an analogue of Shephard’s
result within the dual Brunn-Minkowski theory, i.e., to characterize dual
quermassintegrals of star bodies. The first substantial difference to the
classical case is that dual quermassintegrals are defined for any real in-
dex (cf. ) independently of the dimension of the involved star bodies.
Therefore, we consider here tuples of finitely many distinct real numbers
(indices) (ro = 0,71,...,7m), 75 € R, 1 < j < m, and for n > 2 we give a
characterization of those tuples (wg, w1, .. .,wn) of positive real numbers w;
such that there exist n-dimensional star bodies K, L with WT].(K, L) = wj,
7=0,...,m.

We note that we have to assume that 0 appears as index, meaning that we
need the information about the volume of K, since |K| = Wy(K, L) = wy.
Moreover, throughout the paper we will always assume that such a tuple
(ro,T1,...,7m) consists of pairwise distinct numbers.

In order to state our characterization we need a bit more notation. We
write int X to represent the interior of a set X C R", and we use conv X
and pos X for its convex and positive hulls, respectively.

For 0 < a < band for R= (rg =0,71,...,7m), 75 € R, 1 < j < m, we
write

(1.5) CHy = pos{(t™ = 1,t",t",... . t"™)T 1 t € [a,b]} C R™T,

Theorem 1.1. Let R = (rg = 0,r1,...,7), 7j € R, 1 < j < m, let
w; € Ry, 0 < i < m, be positive real numbers and let n > 2. Then there
exist star bodies K, L € §; such that

W, (K, L) =w;, 0<i<m,

if and only if
i) either there exist 0 < a < b such that

. R
(wo, w1, -+, wm)T € int Cply,

ii) orw; = Aiwg for some A >0 and 1 < i < m.
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Observe, that the dimension n of the star bodies can be freely chosen,
and that the second case ii) corresponds to L = AK (cf. Lemma i) in
Section 2). We also want to point out that item i) is equivalent to the fact
that (wo,w1,...,wn)T € int pos{(t’”0 = 1,t" "2 )T > O} (see Re-
mark . For our purposes, however, the formulation as in item i) is more
suitable, e.g., for Theorem [2.2} in which we provide another characterization
of the dual quermassintegrals W; (K, L) for natural indices i = 0, ..., m, via
the positive definiteness of certain Hankel-matrices.

The characterization of dual quermassintegrals in Theorem is related
to the moment problem (see e.g. [I7]). Based on this relation, we will also
get new determinantal inequalities between dual quermassintegrals, proved
in Section 8l The main result is here:

Theorem 1.2. Let K,L € S} and let m € N, m > 1. For pairwise distinct
numbers r1,...,rm € R, let A, € R™ ™ be the Hankel matrix

Am:<NT_ . K,L) .
Wi, (K L) \<iiem
Then det A, > 0 with equality if and only if K = AL for some X > 0.

As a corollary we get, for instance, the following result:

Corollary 1.1. Let K,L € §§. For m € N let

Wo(K. L) Wi(K,L) - Wp(K,L)
A — WI(K7L) WQ(K7L) Wm+1(K>L)
Wm(k, L) Wmﬂ‘(K, L) - y Wzm(K, L)

Then det A, > 0 with equality if and only if K = AL for some A > 0.

As pointed out in Remark these determinantal inequalities yield new
inequalities for the dual quermassintegrals. In the classical setting, the va-
lidity of a family of determinantal inequalities for mixed volumes remains
an open problem (see [3]).

In several recent articles (see, e.g., [I3] and the references therein), the
characterization of the quermassintegrals of convex bodies became a key
tool in order to study structural properties of the set of roots of the relative
Steiner polynomial, regarded as a polynomial in a complex variable, cf. .

With the help of Theorem [I.1] we also carry out the corresponding study
for the roots of dual Steiner polynomials. To this end we regard the right
hand side in as a formal polynomial in a complex variable z € C, which
we denote by

n
frr(z) = z; (i)Wi(K, L)
=
We observe that 0 cannot be a root of any dual Steiner polynomial because

Wy (K, L) =|K| >0 for K € §}.
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_ Here we are interested in the location and the structure of the roots of
fk.(2). To this end, let C* = {z € C: Im(z) > 0}, and for n > 2 let

(1.6) R(n) = {zeCt: fKL(z) =0 for some K,L € Sf'}

be the set of all roots of all dual Steiner polynomials in the upper half-plane.
We prove the following result.

Theorem 1.3. Letn > 1.

a) R(n) is a convexr cone containing the negative real azris R<g.

b) R(n) NbdR(n) =R, i.e., it is half-open.

¢) R(n) is monotonous in the dimension, i.e., R(n) C R(n + 1).

In view of [I3 Theorem 1.1 and Theorem 1.3] we note that the dual
Steiner polynomial shares properties a) and ¢) with the classical Steiner poly-
nomial. However, property b) provides a first structural difference between
both polynomials, since the cone of roots of the classical Steiner polynomial
is closed (see [I3, Theorem 1.2]).

The above theorem will be proved in Section [d] along with several addi-
tional properties of the roots. In Section [2] we give characterizations of dual
quermassintegrals of star bodies, in particular, the proof of Theorem
The proof of Theorem as well as further determinantal inequalities are
contained in Section [3l

2. CHARACTERIZATION OF DUAL QUERMASSINTEGRALS

For any r € R, the r-th dual quermassintegral is a monotonous and ho-
mogeneous functional of degree n — r in its first argument and of degree r
in the second one (cf. (1.4)), i.e., given K, K', L € S with K C K', A > 0,
and r € R, then

W, (K,L) <W,(K',L) and
W, (AK,L) = A" "W,(K,L), W,.(K,\L) = \"W,(K,L).
It is also well-known that for K, L € S (see e.g. [25] (9.40)])
(2.1) W (K, L) < Wo(K, L) Wy(K,L)*™", r<s<t,
which are the “dual” counterpart to the classical Aleksandrov-Fenchel in-
equalities, but now with real 7, s,¢t. In (2.1)) equality holds if and only if K
and L are dilates.

The next lemma collects two more basic properties of dual quermassinte-

grals which will be needed later.
Lemma 2.1. Let K,L € §'.
i) If LC K and r < s then

W (K, L) > W(K, L).

ii) WQ(K, L) = M“WO(K, L) fora=rsteR, r<s<t, and some
w >0, if and only if L = uK.
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Proof. For i) we observe that pr(u) < pg(u) for u € S*! and hence, by

9.

WKL) =~ [ i)™ puw) do(w)

n

— [ oty (”K(“)f_r do(u)

n pr(w)
1

> / pr ()" Ppp(u)®do(u) = WS(K, L).
n Jgn—1

In order to verify i) we note that Wo (K, L) = u®Wo(K, L) for a = r, s, ¢
implies

W, (K, L) W(K, L)* " = 1* W (K, L) = W,(K, L)

Hence, we have equality in (2.1]), which yields L = puK. The converse is
obviously true by the homogeneity of the dual quermassintegrals. [l

For the proof of Theorem we need the following notation: given a
measure 4 on an interval [a,b] C (0,00) we write, for any r € R,

b
(2:2) o) = [ dute).

When r € NU {0}, the above numbers are the moments of 1 on the interval
[a,b] and, roughly speaking, the existence of a measure with prescribed
moments is the so-called moment problem. For a thorough study we refer,
e.g., to [17, 24].

A quite general answer to the existence problem of such a measure on a
finite interval [a,b] is provided by the following refinement of Riesz’s rep-
resentation theorem (see, e.g., [I7, Theorem 3.5 and P. 3.9 in p. 17]). It
will be also a key tool in our proof of Theorem and provides the connec-
tion between our characterization of dual quermassintegrals and the moment
problem.

Theorem 2.1 (Riesz). Let a : [a,b] — R", a(t) = (ai(t),...,on(t))7,
be a curve in R™ not contained in a hyperplane through 0, and let x € R™.
There exists a probability measure p on [a,b] such that

b
x; = / a;(t)du(t),  for everyi=1,...n,
a

if and only if x € conv{a(t) : t € [a,b]}.
Moreover, = € intconv{a(t) :t € a, b]} if and only if there exits a
continuous function ¢ : [a,b] — (0,00) such that du(t) = ¢(t) dt.

As a corollary we deduce that the above property regarding interior points
is equivalent to the fact that the measure p can be assumed to be supported
on the whole interval [a, b].
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Corollary 2.1. Let « : [a,b] — R™ be a continuous curve in R™ not con-
tained in a hyperplane through 0, and let x € R™. There exists a probability
measure (1 on [a,b] such that p([c,d)) > 0 for every [c,d) C [a,b] and

b
(2.3) x; = / a;(t)du(t),  for everyi=1,...n,
if and only if x € int conv{a(t) : t € [a,b]}.

Proof. First we suppose that z € intconv{a(t) : t € [a,b]}. Then, by
Theorem there exists a probability measure p satisfying and with a
positive density ¢ with respect to the Lebesgue measure. Thus u([c, d)) >0
for all [¢,d) C [a,].

Conversely, if we suppose the existence of a measure p satisfying our
assumptions, Theorem 2.1 gives z € conv{a(t) : ¢t € [a,b]}. So, let us
assume that = ¢ int conv{a(t) : ¢t € [a,b]}. Then there exists a supporting
hyperplane to conv{a(t) : t € [a,b]} at  with outer normal vector u € S"~ 1,
say, and (y,u) < (z,u) for y € conv{a(t) : t € [a,b]}. Furthermore, since
([a,b]) is not contained in a hyperplane, there exists [c,d) C [a,b] with
(a(t),u) < (z,u) for t € [¢,d). Thus, we get the contradiction

b
(@) = [ {alt) ) dutt) < (o,
and so x € int conv{a(t) : t € [a,b]}. O

The next lemma finally relates the dual quermassintegrals to the real

moments ([2.2)).

Lemma 2.2. Let [a,b] C (0,00), a < b, let n,m > 2, and let r; € R,
j=1,...,m, and ro = 0. Let p be a positive measure on [a,b] such that
1([e,d)) > 0 for every [c,d) C [a,b] and p([a,b]) = |BY|. Then there exists
L € &) satisfying

er(B;,L) :mTj(,u)7 0<j<m.
Proof. Let F' : [a,b] — [0, 1] be the function defined by

([t 0])
FO= )

Our assumptions ensure that F' is a strictly decreasing function, continuous
from the left and satisfies F(a) = 1 and F(b) = p({b})/n([a,b]). Let
G : [0,1] — [a, b] be the function

G(s) =sup{t € [a,b] : F(t) > s},

which coincides with F~! when F is bijective. Since F is strictly decreasing,
it is easy to see that GG is decreasing and continuous, and so, the function
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pr : S*t — [a, b] given by

o({ves" ol > |uil}
pL(“’) =G ( O.(Sn—ll) 1 )

is continuous and positive on S"!. Hence, it defines a star body L € Sj.
Moreover, since pr,(w) > pr(u) if and only if |wi| > |ui|, we get for ¢ € [a, b]

o({resimw =) F(t) =
o(S"1) a  u([a0])’

In the case t ¢ [a,b] we trivially have

a({v eSS 1:pL(v) > t}) u({s € la,b]:s> t})

o(S"1) #([a, 0])
Finally, since pu([a,b]) = mo(n) = |BY| we have WTO(BQ,L) = mo(u), and
since o(S"™1) = n|Bg|, we find by the layer cake formula for j =1,...,m,
-~ 1 .
W, (B3, L) =— py (uw)do(u)
n Sn—1

= 1/ Tj trj_10<{v e S pr(v) > t}) dt

nJo

= M([Bfl‘)]) /OOO rjﬂrlu<{s € la,b): s> t}) dt
= [ ans) = ey 0, .

Now we are ready to prove Theorem

Proof of Theorem[1.1. We start assuming the existence of star bodies K, L €
St such that W,, (K, L) = w; for i = 0,...,m. We denote by f:S"1 —
(0, 00) the continuous function f(u) = pr(u)/pk(u), and let

(2.4) a= min f(u) and b= max f(u).

ueSn—1 ueSn—1

Let v be the measure on the sphere given by dv = (1/n)p’ (u)do(u) and
let o be the push-forward measure of v by f. Then pu is supported on [a, b]
and it is defined by

u) = vl ) = 1 [ i dot
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for any Borel subset A C [a,b]. Consequently, in the case a < b we have

b
/ 7 dp(t) = (u)" dv(u)

S§n—1

L () o

=W, (K,L)=w;, i=0,...,m

(cf. (1.4)). The measure du/ WO(K , L) is a probability measure with support
[a,b]. Then, the second part in Theorem applied to the “real moment

curve” af(t) = (t",t"2,...,t")T ensures that
T
<w1, ﬂ, e wm> S intconv{(t”,t”,...,t”")T ‘te [a,b]}
wo wWo wo
and hence
(2.5) (Wo, w1+ wm)T € int C’(fb.

On the other hand, if @ = b then f(u) = a for every u € S*~!, which implies

that L = aK, and hence w; = W,, (K, L) = a"|K| = a"iwq for i =0, ..., m.
For the converse direction, let 0 < a < b and

(2.6) (wo, w1, -+, wm)T € int C’fb.

Then

T
(wl, ﬂ, ol wm> € intconv{(t”,t”, Lt Tt e [a,b]},
wo wo wo
and Corollary yields the existence of a probability measure p on [a, b
such that p([c,d)) > 0 for every [c,d) C [a,b] and
wi
wo

b
:/ redu(t), i=0,...m.
a

Hence, since
b
. Bl w;
e (1B310) = [ g aun = A
a wo

application of Lemma to the measure |BY|u implies the existence of a
star body L' € SJ such that for i =0,...,m
| B |wi

wo

wo 1/n wo 1/n
K:( ) BY and Lz( ) I
|B| ? |B|

we get, for : =0,...,m,

=W, (By, L.

Thus, with

w; = W, (K, L).
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Finally, if there exists A > 0 such that w; = A"wp, 0 < i < m, any star body
K € S with |K| = wp and L = AK yield w; = W,, (K, L). O

Remark 2.1. We want to point out that the proof above, in particular,

shows that for non-homothetic K, L € 8§ (cf. (2.4)), (2.5)))
(Wro (K, L), .., W, (K, L)) T € int CFF,

with a = min,cgn—1 pr.(u)/pr(u) and b = max,cgn—1 pr(u)/pr (u).

Remark 2.2. We note that item i) in Theorem s equivalent to
(wo, w1y -+ wm)T € int pos{(tr0 =1,t" " )Tt > 0} = int O,

Indeed, clearly int Cf,b C int CF for any 0 < a < b. On the other hand, if

x € int CF then Steinitz’s theorem (see e.g. [25, Theorem 1.3.10]) implies
that there exist t1,...,t; € Ry, with k = 2(m + 1), such that

z € int pOS{(l’tT? . _’t;m)T, R (1775217 s 7t7l;m)T}.
Wlth a = min{tl, e ,tk} and b = max{th . )tk} we get T € int Cfb'

Obviously, in order to apply Theorem it would convenient to have a
more explicit description of the cone Cffb, for instance, by “few” polynomial
inequalities. For a representation by an infinite family of linear inequalities
in the special case R = (0,1,...,m) we refer to [23]. Actually, [23] gives a
description of the so-called cyclic body conv{(tl,tQ, oLt ot € a, b]} as
intersection of halfspaces, but, of course, C(fb is just the conification of the
cyclic body (cf. (L.5)).

For the particular sequence of exponents R = (0,1,...,m) we will write

o instead of C(fb in order to stress its dimension. For these special expo-
nents we will derive from Theorem [[1] another characterization of the dual
quermassintegrals. To this end the following known fact is needed.

Lemma 2.3 ([I7, Theorem 1.1 in ch. 3]). Let 0 < a <b and m € N. Then
(zg,...,Tm) € int Cyy if and only if, for every polynomial P(t) =31t
¢ € R, P(t) #0, which is non-negative on |a,b], it holds

m
Z cix; > 0.
=0

Theorem 2.2. Let m,n € N, m,n > 2, and let w; >0,7=0,...,m. Then
there exist star bodies K, L € S§ such that

Wi(K,L)=w; forall i=0,...,m
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if and only if, either there exist 0 < a < b such that the Hankel matrices

2 -1)/2] .
(aj,k)]L,TZioj and (bj,k)]t-’(;:lo /2] given by
Wjtks if m is even,
ajp =
T Wjtk+1 — AWjtk,  if mois odd,

_— (a4 b)wjsrt1 — abwjr — wWjtkt2,  if m is even,
PR bwjgg — wi if m is odd
Witk — Wjtk+1; if m is odd,

are positive definite, or w; = Nwg for some A >0 and i = 1,...,m; in this
case L = M\K.

Proof. By Theorem w;i, 1 = 0,...,m, are the dual quermassintegrals of
two star bodies if and only if, either there exist 0 < a < b such that

(2.7) (wo, w1, -+, wm) € it CFY,

or wj = Nwq for some A > 0, i = 1,...,m. Hence, we have to prove that
is equivalent to the fact that the Hankel matrices (aj,k);‘jkzo, (ijk)?:kzo
are positive definite, where I, = [m/2] and I, = |(m —1)/2].

First we assume that there are 0 < a < b such that the Hankel matrices
(aj,k)é‘(,lk:()v (bj,k)é":kzo are positive definite. We are going to use Lemma
in order to verify . To this end let P(t) # 0 be a polynomial of degree
m, non-negative on [a,b]. According to the Markov-Lukacs theorem (see
e.g. [I7, Theorem 2.2 in ch. 3]), P(t) can be written as

(2.8) 2

N 2 .
(2 citz) + (o=t —a) (Shydit!) i m s even,
A\ 2 A 2
(t — a) (zga: Ocit%) +(b—1) (zﬁ; . dﬁ’) . if m is odd,
for some ¢;,d; € R. Then, for m even, and by the positive definiteness of
the matri e (big) t
e matrices (aj k) —os (bjk) kg, We ge

P(t) =

la Iy
0< Z CjCk ajk + Z djdk bj,k:

7,k=0 7,k=0
la by
= E CjCrWitk + E d;dy, [(a + b)w]qu“ —abwjqp — wj+k+2] .
J,k=0 J,k=0

Thus, Lemma shows (2.7). The case m odd can be treated in the same
way.

Next we assume that (2.7) holds and let m be even with m = 2p, p € N.
Then I, =p and I, =p — 1.

For any co,...,c, € R, not all zero, the polynomial

P 2 P
(Z cktk> = Z cjcktj+k

k=0 3,k=0
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is non-negative. Hence, Lemma [2.3] yields
P

Z cjck wiyk > 0,
]7k:0
and thus, the Hankel matrix (wj+k)§ k—o 18 positive definite. Analogously,
for any do, ...,dp,—1 € R, not all zero, the polynomial
p—1 2 p—1
(b—t)(t — a) (Z dktk> = > didg[(a+ D) TETT — abtT TR — 7 HR2]
k=0 k=0
is non-negative on [a,b]. Again Lemma [2.3|yields
p—1
Z djdi [(a + b)wjipi1 — abwjip — wjppt2] > 0.
J,k=0

. -1 . "
Therefore, the matrix ((a + b)wjyr41 — abwjip — wj+k+2)?k:0 is positive
definite.

In the case m odd we consider in the same way non-negative polynomials

of the type (t — a) (Zﬁﬂzo citi)z and (b— t) (Zﬁb: . diti)z. O

3. NEW DETERMINANTAL INEQUALITIES FOR DUAL QUERMASSINTEGRALS

Theorem immediately leads to determinantal inequalities among the
dual quermassintegrals W; (K, L), i € NU{0}, of two star bodies K, L € §§.
To this end we just note that, in view of Remark Theorem [2.2] gives that
for every m € N the following Hankel matrices are positive definite, except
when K and L are dilates:

(Wj+k(Ka L))Osjykgm ; (Wj+k+1(K, L) = aW, k(K L))

((a+ BW; 1 (K, L) = abWj 4 (K, L) = Wy (K, L))

0<jk<m

0<jk<m’

(bwj+k(K’ L) = Wjtps (K, L))0<j k<m’

where a = min, cgn—1 pr.(u)/pr (u), b = max,cgn—1 pr(w)/pr (w).
Theorem 1.2 establishes determinantal inequalities also for real indices.
Proof of Theorem[1.3 Obviously, if K = AL for some A > 0 then det 4,, =

0. Hence, we may assume that K and L are not dilates of each other. Let
f:S" 1 — (0,00) be defined by

Since K and L are not dilates of each other, f(u) is a continuous non-
constant function.
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Let a; € R, i =0,...,m, not all of them zero. Then it is known that the
so-called generalized Dirichlet (or exponential) polynomial > ", a; x™ has
only finitely many roots in (0, 00) (see, e.g., [15]). Hence

m 2 m
P(z) = Zaix” = g aja;z" T
i=1

ij=1
is non-negative for all z € (0,00) and has only finitely many zeros. Since
f(u) is a non-constant continuous function we conclude that

L P() k) dota o
n Jgn—
Thus,
Y Qi l pL(’LL) T " (u) do(u = v ala,N

which shows that A,, is a positive definite matrix, and so det 4, > 0. [

We observe that Theorem implies, in particular, for m = 2 and real
r # s € R, that

0 < det __ Wi(K. L) Wirts)/2(K, L)
Wirts)2(K, L) W(K, L)

= W, (K, L)W,(K,L) — W15 2(K, L)%,

which might be considered as particular cases of the dual Aleksandrov-
Fenchel inequalities (2.1). Taking different submatrices we obtain different
families of inequalities.

Remark 3.1. The determinantal inequalities in Corollary[1.1] cannot be ob-
tained from the known Alexandrov-Fenchel inequalities . For instance,
for any sequence of numbers wy > w1 > wa = wg = wy (c¢f. Lemma i))
satisfying , e.g., (5,2,1,1,1), we have det Ay < 0.

4. THE SET OF ROOTS OF DUAL STEINER POLYNOMIALS

We start collecting some properties on the behavior of the roots of dual

Steiner polynomials

n

frr(z) = z; <i>Wi(K, L)', z€C,

1=
when the involved star bodies K, L € S} slightly change. They will be used
for the proof of Theorem We notice that these properties are similar to
the ones of the relative Steiner polynomial, but for completeness’ sake we
include the proof.

Lemma 4.1. Let K,L € S, and let v be a root of fK,L(z).
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i) Let A > 0. Then A+ is a root of Jf”;\KL(z)
ii) Let pp > 0. Then ~y — p is a root of fr7 1 (%)
iii) Let v = a+ 1 with a <0, and let 0 < p < 1. Then a+ (pp)iis a
root of pr-T—(p—l)aL,L(z)'

Proof. Since Wi(x\K, L) = A7 WZ(K, L) for any ¢ = 0,...,n, we have
Pr(z) = X" fi.r(z/)), which shows i).

For A, 1 > 0, the radial addition of star bodies satisfies uL+AL = (u+\)L
(see e.g. [19, (2.2)]), and hence

((KZLML)ML‘ = [KF(u+ ML =Y (?) Wi(K, L) (1 + \)'.
i=0
Therefore, le#L,L(Z) = fKL(,u + z), which implies ii).
Finally, iii) is just a combination of ii) and i), because the radial addition
satisfies p K+(p — 1)aL = p(K+[(p — 1)ar/p]L) (see again [19, (2.2)]). O

The following proposition states that both, the derivative as well as the
antiderivative of a dual Steiner polynomial are again dual Steiner polynomi-
als. This result will be crucial in the proof of Theorem We recall that

for an integer m > 1, C", denotes the cone C(Oél""’m) c R+,

a,
Proposition 4.1. Let K,L € S'.
i) There exist K', L' € Sy~ such that

df ~
%(Z) = frr1(2).

ii) There exist K", L" € S§™ such that

dFwn 10 _
fz;(z) = [k.0(2).

Proof. First, we note that since Wn,i(K, L) = Wi(L, K)foralli=0,...,n,
Theorem [I.1] gives that
a) either there exist 0 < a < b such that

(Wn (K, L), Wn_1(K,L),...,Wo(K, L))" € int C,,
b) or Wy_i(K,L) = XiW,,(K, L) for some A >0 and all i = 1,...,n.

For i) we observe that the derivative of fK r(z) is given by

dfxL 0~ : -1\~ ‘
1 (2) = > <Z>ZW(K Lt =Y ( . >nWi+1(K, L)z
=0

i=1

If a) holds then, in particular,
(WK, L), W, 1(K,L),..., Wi (K,L))T € int C";
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and thus (nwn(K, L),nwn,l(K, L),...,nWy(K, L))" € int C™, 1. Hence,
by Theorem there exist star bodies K’, L' € S}~ such that

nW_i(K,L) =W, (L/,K") = W. " (K', L)

foralli=0,...,n—1, where W;j) denotes the i-th dual quermassintegral in

R/. Therefore (de £/dz)(z) is the dual Steiner polynomial in R"~! of the
bodies K', L.
If b) holds, then K = AL (cf. Lemma [2.1]ii)), and hence

dfr.L

SLEL () = niE|(h+ 2!

Taking L' € Sy~ with |L/|,—1 = n|L| and setting K’ = AL/, we obtain

et = 5 (M7 )R = ot = Y
K',L - i = n—1 = Ep .

=0

This finishes the proof of i).
The formal antiderivative of f 1(2) is given by

/fKL dz_C—i—Z( >
n+1
—C+Z< > INifl(K,L)Zij

(K L) i+1

for a constant C' € R.

Again we start assuming that a) holds. Let H = span{ej,...,ept1} C
R"*2 be the linear subspace spanned by the first n + 1 canonical vectors e;.
Since

1
n+1

(Wn(K, L), Wy_1(K,L),...,Wo(K,L))T € int C,,

and Cy, C’”Jrl |H is the orthogonal projection of C’”+1 onto H, there exists

a point (wg,...,wp+1)T € int CZ'H such that

1 —~ —~ —~
(wo, v ,wn_i_l)T‘H = m(WH(K, L),Wn_l(K, L), oo ,Wo(K, L))T

By Theorem [1.1} there exist star bodies L”, K” € Syt! such that w; =
WEnH)(L”, K”), , =0,...,n+ 1, and, consequently,

o (nt1)

I &= (”+1>(L// K//) - W (K// L//)
n+1—:

— W, (K, L) =w; =W
n+1 ( )=w
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for all ¢ =0,...,n. Then, setting C = w41 we get
n+1
~ n—+1 (nt1)
fK”,L”(Z) = Z < Z >W (K” L//)
i=0

Ni—l(K7 L)Zi7

ST

and thus (dfxr v /d2)(2) = fi.1(2).
Finally, if b) holds, then K = AL (cf. Lemma [2.1] ii)). So it suffices to

take L € SP with \L”|n+1 |L|/(n+ 1) and to set K” = AL". Then

de”,L” . d e n+1 7(n+1) 17 7
© (z)dzlz L WK L

- 1
=0

d
= It 0+ 2™ = (4 DIE (A 2)"
= LI\ +2)" = fr1(2). O

For the proof of Theorem we need one more notation: for complex
numbers z1,...,z2; € C let

Ji(zl,...,zk): Z H«Zj

JC{1,...k} jET
#J=1
be the i-th elementary symmetric function of z1,...,2;, 1 <1¢ < k, and we
set oo (21,...,2,) = 1.

Proof of Theorem[1.3. For a) we firstly observe that —1 is a root of fL, L(z) =
|L|(z+1)", L € S, and thus, by Lemmai), every —c € R.g, ¢ > 0, will
be a root of f.z.1(z). Hence, R(n) contains the negative real axis Rg.

By Lemmald.1|i) we also know that Ay € R(n) for all v € R(n) and A > 0.
It remains to show that R(n) is convex. To this end, let ; = a;+Gii € R(n),
i=1,2, and let p € (0,1).

If both roots are real, then ~1,v79 € R.g and we are done since ﬁ(n)
contains R.g. So we may assume that G2 > (1 > 0, B2 > 0, and first we
argue that there exist K;, L € §f, i = 1,2, such that 7; is a root of .]?KhL(Z),
i=1,2.

If 51 = 0 then ay < 0 and we can set K1 = |ag|L to get le,L(’yl) = 0.
So we suppose (31 > 0.

First we assume ((1/02) a2 — a1 > 0. Let Ko, L € S} be star bodies
such that fKQ (v2) = 0. With A = (31/82 and Lemma [4.1]1), we find that
A2 = Ao + fii is a root of fAKQ, (z) (see Figure |1

By assumption, ¢ = Aas — a3 > 0, and Lemma ii) ensures that
Y1 = A\y2 — p is a root of f/\K?;#L,L(z). Thus, with K; = AKoFuL we get
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Y2
N
|
|
|
|
| \\
”/1&****1*7\**%)1
: ‘ ')2\\
| ! \
I I
ay a

FIGURE 1. Constructing Ky € Sj such that le,L(’Yl) =0.

le’L(’}q) =0. If (ﬁl/ﬁQ) as — a1 < 0 then (ﬁg/ﬁl) a1 — a9 > 0 and we
interchange the roles of K and Ko.

Finally, in order to prove the convexity of the cone, we just have to
construct a star body M € S such that py;+ (1 —p)72 is a root of fas ().
Without loss of generality let /31 = max{«;/3; : B; > 0, 1= 1,2} and let
=P/ (pBr+ (1—p)B2). Then

1—
1pa1+( p)oa < ay,
pB1+ (1 —p) B2

and Lemma ii) ensures that v+ ;i is a root of fKﬁ(al_V)L,L(z). Finally,
Lemma i) shows that pvy; + (1 — p)vy2 is a root of the dual Steiner
polynomial fM,L(z) for M = (1/p) (K1+(a1 —v)L).

Next in order to prove b), i.e., to prove that ﬁ(n) is half-open, we are
going to show that C' = CT\R(n) is closed. Let (z;)ien C C be a convergent
sequence with z = lim; . z; and we have to prove that z ¢ R(n).

For the sake of brevity we denote, for n > 3, by I' any (n — 2)-tuple of
complex numbers of the form

v=p(par+(1—p)az) =0

r— (72,725 - - - ’Wn/Qﬁn/z)T eC?, if n is even,
(72,%, o ,fy(n,l)/z,ﬁ(n_l)/z,c)T € C" 3 x Ry, if n is odd.

Let 0 : C" — C™ x {1} be the continuous map given by

.
o= ((—1)nan,(—1)"—1""—1,...,(—1)2'((’; ...,—(’1,1> .

n Z.)’ n

For an arbitrary but fixed (n—2)-tuple ', let o(2;,%;,T) = (wg, ..., wi 4, 1)T
for all 4 € N. Since z; is not a root of any dual Steiner polynomial, w},

j=0,...,n, with w® = 1, cannot be dual quermassintegrals of any pair of
star bodies. Hence, Theorem implies that (wyj, ... ,w;l_l,'l)T ¢ ipt Ciy
for any 0 < a < b, and that there exists no A > 0 such that wi = Mwy.
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On the other hand, since o is continuous, (wj,...,w! ;, 1)Z.T€N is a con-
vergent sequence and
— . 1 1 . . n
o(z,z,1) = ilggo(wo, cenwn o, )T = (wos w1, DT Eint CFy

for any 0 < @ < b. Moreover, if there exists A > 0 such that w; = Mwo,
j=0,...,n, then w; = Wj()\K, K) for some K € S, and so z would be a
root of the dual Steiner polynomial fv)\ K.k (2). Hence, z € R, which leads
to the contradiction z; € R(n) for large i.

Since this holds for any (n — 2)-tuple I, we can conclude that z & R(n).

Finally, we show c), i.e., R(n) C R(n + 1). To this end, let v € R(n).
Then there exists a dual Steiner polynomial fK L(z) for K,L € S}, such
that fK,L(v) = 0. By Proposition ii), we know there are star bodies
K" L' € 8§ satisfying

dN "orn ~
fI;Z’L(Z) = fr,0(2).

Denoting by 71, . . . , Ynt1 the roots of fKn’Ln (z), Lucas’ theorem (see e.g. [22],
Theorem (6,1)]) on the location of the roots of the derivative of a polynomial
implies that

v € conv{Vi, ..., Vn+1}-
Since R(n + 1) is convex, we get v € R(n + 1). O

In general, it seems to be hard to describe explicitly the cones ﬁ(n) In
dimension 2 we have the following representation.

Proposition 4.2. R(2) = {z € C : Re(z) < 0}.

Proof. Obviously, since fKL(z) = WQ(K, L)+ 2W1(K, L)z + WQ(K, L)z,
K, L € 82, has only positive coefficients, the roots have negative real parts.
Moreover, according to the Aleksandrov-Fenchel inequality , the dis-
criminant Wl(K, L)? - WO(K, L)WQ(K, L) vanishes, i.e., the roots are real,
if and only if K and L are dilates.

Now let v = a+ i€ {z € C* : Re(z) < 0}. If 8 =0, then ~ is a root of
ﬂMK’K(z) for K € S2. So let 3 > 0 and we set

wo=ao?+ 3 wi=-a and wy=1.

Then 7 is a root of wa 2% + 2w 2 + wp, and this polynomial is a dual Steiner
polynomial of two planar star bodies if there exist 0 < a < b with (cf. The-
orem [1.1|)

(wo,w1,w2)T € int Cs’b = int pos{(1,¢,¢*)T : t € [a,b]}.
Hence, v is root of a dual Steiner-polynomial if
w1 w2

( >T € int conv{(t, t*)T: ¢t > 0}

wo’ wo
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(cf. Remark [2.2), which is equivalent to ws/wp > (w1/wo)? or w} < wawy.
Since 8 > 0 this is true, and so +y is a root of a dual Steiner polynomial. [J

The different behavior of the roots of dual Steiner polynomials compared
to the ones of (classical) Steiner polynomials shows up also in the stability
of the polynomials. We recall that a real polynomial whose zeros all have
negative real parts is called stable or Hurwitz. In [13, Proposition 1.3] it was
shown that the Steiner polynomial is stable if and only if n < 9.

Proposition 4.3. A dual Steiner polynomial is stable if and only if n = 2.

Proof. Proposition shows that dual Steiner polynomials are stable for
n = 2. In order to show that for n > 3 there exist dual Steiner polynomials
having roots with positive real parts, it suffices to consider n = 3 (cf. The-
orem [1.3 ). Let a(t) = (¢,¢%,¢3)T C R3 be the moment curve. Since any
four points on this moment curve are affinely independent, we have

i(a(l) + a(2) + a(3) + a(4))+ € intconv{(t, ¢, )T : t € [1,4]}.

The coordinates of the point on the left hand side are (5/2,15/2,25)T and
with Theorem [T.1] we see that the polynomial
) 15
flz)=1+ §z+ ?zz + 25 23

is a dual Steiner polynomial. Numerical computations show that the com-
plex roots have positive real parts. [l

As shown in [I3 Proposition 2.3], a Steiner polynomial of degree n can
have n distinct real roots. In the dual setting this cannot occur.

Proposition 4.4. Let K,L € Sg. All roots of fK,L(z) are real if and only
if K = AL for some A > 0, i.e., all roots are equal.

Proof. Let v1,...,v, € Ry be the roots of fKL(z) = 0. Then the ele-
mentary symmetric means of the roots satisfy the Newton inequalities (see,
e.g., [1I]), i.e.,

(aj (w,...,w)Q OO ) O ()
(5) - Gh) (1)

: <n) W, (K, L)

i (Y15 sm) = (1) i

Since

W, (K,L)
the above inequality translates into
Wo—j (K, L)? > Wy ji1 (K, L)W, j1 (K, L).
In view of the dual Aleksandrov-Fenchel inequalities ([2.1) we must have the

equality W, _; (K, L)2 = W,_j41(K, L)W,,_;_1(K, L), and thus K = AL for
some A\ > 0. O
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