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Abstract.- Relations between the symplectically harmonic cohomology and the coeffective cohomology of a symplectic
manifold are obtained. This is achieved through a generalization of the latter, which in addition allows us to provide
a coeffective version of the filtered cohomologies introduced by C.-J. Tsai, L.-S. Tseng and S.-T. Yau. We construct
closed (simply connected) manifolds endowed with a family of symplectic forms w; such that the dimensions of
these symplectic cohomology groups vary with respect to t. A complete study of these cohomologies is given for
6-dimensional symplectic nilmanifolds, and concrete examples with special cohomological properties are obtained

on an 8-dimensional solvmanifold and on 2-step nilmanifolds in higher dimensions.
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1. INTRODUCTION

Let (M?",w) be a symplectic manifold. The notion of symplectically harmonic form was introduced by
Brylinski in [7] as a closed form « such that its symplectic star is also closed, i.e. da = 0 = d * a.
Mathieu [20] proved (see also [29] for a different proof) that every de Rham cohomology class has a
symplectically harmonic representative if and only if (M?", w) satisfies the Hard Lefschetz Condition (HLC
for short), i.e. the homomorphisms L*: H"~*(M) — H"*¥(M) are surjective for every 1 < k < n. Here
H4(M) denotes the g-th de Rham cohomology group of M and LF is the homomorphism given by the
cup product with the class [w*] € H?*(M). Since there exist many symplectic manifolds which do not
satisfy the HLC, one has that the quotient H{ (M) = Q] (M)/(Q.(M)Nimd), Qf (M) being the space of
symplectically harmonic ¢-forms, counts the de Rham cohomology classes in H?(M) containing harmonic
representative.

Additional symplectic invariants of cohomological type were introduced by Bouché [6] as follows. A
differential form « is called coeffective if it annihilates w, i.e. @ Aw = 0. The space of coeffective forms with
the (restriction of the) exterior derivative provides a subcomplex of the de Rham complex that is elliptic in
any degree ¢ # n. It turns out [6] that for compact Kihler manifolds (M?",w) and for every ¢ > n+ 1, the
g-th coeffective cohomology group, that we will denote here by H (ql) (M), is isomorphic to the [w]-truncated
g-th de Rham group. However, this is no longer true for arbitrary compact symplectic manifolds [11]. On
the other hand, Tseng and Yau have developed in [26, 27] a symplectic Hodge theory by considering various
cohomologies where the primitive cohomologies PH gy a (M), PHyga (M), PHy, (M) and PHy_(M) play
a central role. Recently, Eastwood [10] has introduced an extension of the coeffective complex which is
elliptic in any degree and such that the corresponding cohomology groups are isomorphic to the primitive
cohomology groups.

The symplectically harmonic cohomology and the coeffective cohomology, to our knowledge, have been
studied separately in the literature. Our first goal in this paper is to obtain some relations between both
cohomologies by considering a natural generalization of the coeffective cohomology, which in addition
will allow us to provide a coeffective version of the filtered cohomologies. The latter have recently been
introduced by Tsai, Tseng and Yau [25], and extend the primitive cohomologies [26, 27].

Another aspect in the study of the symplectic harmonicity is the notion of flexibility, motivated by the
following question, which seems to be related to some problems of group-theoretical hydrodynamics [1],
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posed by Khesin and McDuff (see [29]): which closed manifolds M possess a continuous family w; of
symplectic forms such that the dimension of H (M, w,) varies with respect to t? In [29] Yan proved the
existence of a 4-dimensional flexible manifold, whereas in [16] several 6-dimensional nilmanifolds satisfying
such property were found. Recently, Cho has proved in [8] the existence of simply-connected flexible exam-
ples of dimension six. Our second goal in this paper is to relate the harmonic flexibility to corresponding
notions of flexibility for the generalized coeffective and filtered cohomologies, as well as to construct closed
manifolds which are flexible with respect to these symplectic cohomologies.

In greater detail, the paper is structured as follows.

In Section 2 we introduce and study the generalized coeffective cohomologies of a symplectic manifold
(M?™,w). For each integer k, 1 < k < n, we consider the complex of k-coeffective differential forms as the
subcomplex of de Rham one constituted by all the forms that annihilate w*. The associated cohomology
groups are denoted by H gk)(M ). This complex is elliptic in any degree ¢ # n — k + 1, however one can

define in a natural way a quotient ﬂ”_k“(M) of H(’Bkﬂ(M) which shares the same properties as the

cohomology groups H(qk) (M), ¢ > n—k+2 (see Propositions 2.5 and 2.7). The spaces ﬁl(M), .. H" (M)
play an important role in this paper since they will allow us to relate the different symplectic cohomologies
involved. We will refer to the collection

(1) H"FN (M), Hi M2 (M), HEY(M), 1<k<n,

as the generalized coeffective cohomology groups of the symplectic manifold (M?",w). It turns out that
these spaces are symplectic invariants that only depend on the de Rham class [w*] € H?*(M) (see Re-
mark 2.10 and Lemma 2.11). When M is of finite type, in Proposition 2.9 we prove that, for each 1 < k < n,
the alternating sum X(k)(M ) of the dimensions of the generalized k-coeffective cohomology groups only
depends on the topology of the manifold M.

Eastwood [10] has introduced an elliptic extension of the usual coeffective complex (i.e. k = 1) such that
the corresponding cohomology groups are isomorphic to primitive cohomology groups defined by Tseng and
Yau [26, 27]. In Section 3, for any 1 < k < n, we consider an extension of the k-coeffective complex, which
is also elliptic, whose cohomology groups H (qk)(M ) (0 < ¢ < 2n+ 2k — 1) are isomorphic to the filtered
cohomology groups introduced by Tsai, Tseng and Yau in [25] (see Remark 3.7 for details); in particular,

Y (M) = PHS (M), H27" (M) = H79(M) = PHS (M), 0<q<n-1,

and

HSEH (M) = PHE (M), HEM(M) = PHCEF (M), 1<k <n.

In Proposition 3.1 we show that these extended cohomologies also satisfy the main properties of the gen-
eralized coeffective cohomology groups. When M is of finite type, we consider xf)(M ) as the alternating
sum of the dimensions of the cohomology groups of the first half of the extended complex, and in Corol-
lary 3.6 we prove the following characterization of the HLC: (M?" w) satisfies the HLC if and only if
)“(Ef)(M) = x®)(M) for every 1 < k < n.

In Section 4 we obtain some relations of the generalized coeffective cohomologies (and therefore also of
the filtered cohomologies) with the symplectically harmonic cohomology. Concretely, using the description
of Hl (M) obtained in [16, 28, 29] we prove that the generalized coeffective cohomologies measure the
differences between the harmonic cohomology groups in the following sense: if (M?", w) is a symplectic
manifold of finite type, then

dim A (M) — dim HXPFY(M) = dim A~ (M)

for every k =1,...,n (see Theorem 4.4). As a consequence, we find the relation between the dimension of
the primitive cohomology group PH; A (M) and the harmonic cohomology for ¢ = 1,2, 3.

We introduce in Section 5 the notion of generalized coeffective flexibility and filtered flexibility, as an
analogous notion of the concept of harmonic flexibility. We say that a closed smooth manifold M?" is
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c-flexible (resp. f-flexible or h-flexible) if M possesses a continuous family of symplectic forms w; such
that the dimension of some generalized coeffective (resp. filtered or symplectically harmonic) cohomology
group varies with t. We prove in Theorem 5.3 that in four dimensions M is never c-flexible, and that M
is f-flexible if and only if it is h-flexible. This result allows us to prove, for each n > 2, the existence of
2n-dimensional f-flexible closed manifolds having a continuous family of symplectic forms w; such that the
dimension of the primitive cohomology group PHg rqr (M, wt) varies with respect to ¢ (see Theorem 5.6).
In Theorem 5.7 we use a result in [8] to prove that, for every n > 3, there exists a 2n-dimensional simply-
connected closed manifold M with a continuous family w; for which the dimensions of the primitive groups
PH}, s(M,w;) and PH} 5 (M,w;) vary with t. In Theorem 5.8 and Proposition 5.11 we study flexibility
in higher dimensions; in particular, it turns out that in dimension 2n > 6, if M is c-flexible then M
is f-flexible or h-flexible. This shows that coeffective flexibility is a stronger condition than the other
flexibilities.

All the cohomology groups can be computed explicitly for symplectic solvmanifolds satisfying the Mostow
condition, in particular for any symplectic nilmanifold. In Section 6 we consider the class of 6-dimensional
nilmanifolds and compute the dimensions of all the cohomology groups for any symplectic form. This
extends the previous study for the symplectically harmonic cohomology given in [16, 17]. As a consequence,
we identify all the 6-dimensional nilmanifolds which are c-flexible, f-flexible or h-flexible (see Table 1). A
solvmanifold of dimension 8 that is c-flexible, f-flexible and h-flexible is described in Section 7. Section 8
is devoted to symplectic 2-step nilmanifolds and, based on results by Sakane and Yamada [23, 28], we
obtain examples of arbitrary high dimension which are c-flexible, f-flexible and h-flexible.

2. GENERALIZED COEFFECTIVE COHOMOLOGIES

Let (M?", w) be a symplectic manifold of dimension 2n and let k£ be an integer such that 1 < k < n. Next
we introduce the notion of k-coeffective forms.

k

Definition 2.1. A g-form o on M is said to be k-coeffective if a annihilates the form w*, i.e. a AwF = 0.

The space of k-coeffective forms of degree ¢ will be denoted by Q?k)(M, w), or simply Q:?k)(M).

Remark 2.2. The above definition makes also sense in the “limit” case k = n + 1 because w"*! = 0 and
then €>(kn+1)(M) = Q*(M). Also the case k = 0 makes sense if we consider w? as the constant function 1,
ie. Q:zo)(M ) = {0}. Thus, there exists the following strictly increasing sequence of differential ideals

{0} = &) (M) C €y (M) C -+ C €[ (M) C &,y (M) = Q7 (M),
Since for each k the space G?k)(M ) is closed by d, we can consider the k-coeffective complex

d - d d d
@ e Gy (M) = ) (M) — €T (M) —— -

which is a subcomplex of the standard de Rham complex (Q*(M),d).

Definition 2.3. The ¢-th k-coeffective cohomology group will be denoted by
_ ker {d : €, (M) — @‘(Ilj)l(M)}.

im{d: €)' (M) — ¢f (M)}

It is clear that the k-coeffective cohomology groups are invariant by symplectomorphism. Moreover, we
will show below that, for each k, they are invariants of the de Rham class [w*] € H?*(M).

Let LE: Q*(M) — Q*(M) be given by LE(a) = a A w*. Since Q?k)(M) = ker{L* : Q4(M) —
QIt2k(M)} and the map LF : Q4(M) — Q3+2K(M) is injective for any ¢ < n — k and surjective for any

q > n — k, one has that Hgk)(M) =0 for ¢ <n—k and H(qk)(M) ~ H4(M) for every q > 2n — 2k + 2.

Hgk)(M



The short exact sequence

k

i L
0 —= €iy(M) —— Q*(M) — LE(Q*(M)) —=0,

where i denotes the inclusion, provides the following short exact sequence of complexes

Now, since LE(Q972%(M)) = Q4(M) for any ¢ > n + k we have that HI(LF(Q*(M))) = HY(M) for
g >n+k—+ 1, and therefore the associated long exact sequence in cohomology is

k frn— _
0 ——> H"F(M) —— HR(LF Q4 (M) —— > Hym 0 (M)

H(i k e _
(3) $ Hn—k+1 (M) L Hn+k+1(M) Fr—teta HZ;C) k+2(M)
H(i) ka2 Lk k4o Fr—k+s3 n—k+3
where H (i) and L* are the homomorphisms in cohomology naturally induced by i and LF, respectively,

and f, is the connecting homomorphism. Recall that f, is defined by f,([a]) = [df], where 3 € Q4= (M)
is any (¢ — 1)-form satisfying L (3) = a.

Definition 2.4. When the group Hgk) (M) has finite dimension, we will denote it by cék) (M) and we shall
refer to it as the g-th k-coeffective number of (M?",w).

Notice that c((]k)(M) =0 for any ¢ <n — k, and cék)(M) = by(M) for any ¢ > 2n — 2k + 2.
In what follows, by a manifold of finite type we mean a manifold, not necessarily compact, such that its

Betti numbers b, (M) = dim H?(M) are all finite.

Proposition 2.5. Let (M?",w) be a symplectic manifold of finite type and let 1 < k < n. Then, for every
qg>n—k+2, the following properties hold:
(i) Finiteness and bounds for the coeffective numbers: the group H (qk)(M ) is finite dimensional and

its dimension cék) (M) satisfies the inequalities

(4) by(M) — by (M) < ) (M) < by(M) + byyai—(M).

(i) Symplectic manifolds satisfying the HLC: if (M?",w) satisfies the HLC' then the lower bound in
(4) is attained, i.e.
Cgk)(M) = bg(M) — bg2(M).
(iii) Exact symplectic manifolds: if w is exact then the upper bound in (4) is attained, i.e.

Ct(zk)(M) = bq(M) + bq+2k—1(M)'



(iv) Poincaré lemma: if U is the open unit disk in R®" with the standard symplectic form w =
S dat Adz™ T then () =o.

Proof. From the long exact sequence (3), one has for any ¢ > n — k + 2 the five-term exact sequence

. H (7 k
(5) 0 —=im fy — Hi, (M) 2L goary L gae2kany 10 im gy, —0
If the manifold is of finite type then it is clear that H gk)(M ) has finite dimension for any ¢ > n — k + 2.
Moreover, taking dimensions in (5)

e (M) = dim (im f,) + by(M) — bgy2x(M) + dim (im fy41) -

which implies the inequalities (4). This completes the proof of (i).

Property (ii) is a direct consequence of (5) taking into account that HLC implies that L*¥: H9=Y(M) —
H+2k=1(]M) are surjective and then the connecting homomorphisms f, vanish for every ¢ > n — k + 2.

Property (iii) is a consequence of (5) since L¥: HI~1(M) — H2k=1(M) are identically zero because w
is exact, and then the connecting homomorphisms f, are injective for every ¢ > n —k + 2.

Finally (iv) is a direct consequence of (iii) since w is exact on U. ]

Notice that for £ = 1 the previous proposition was proved by Ferndndez, Ibanez and de Leén in [12].
It is easy to check (see [6] for k = 1) that, for each 1 < k < n, the k-coeffective complex (2) is elliptic in
any degree g # n — k + 1. The coeffective group H, &;kH(M ) can be infinite dimensional, however in view
of the sequence (3) there is a natural quotient of this coeffective group by considering the (in general also
infinite dimensional) space H" k(L (Q*(M))). We will see below that such quotient has finite dimension

on symplectic manifolds of finite type.

Definition 2.6. Let us consider the space

AR (M) = {a € Q" k(M) | da =0 and a AW =0}
' {d3 | B € QF(M) and dB AwF =0}

If its dimension is finite, then we will denote it by ép—g+1(M).

Hence, we have an additional collection of n symplectic invariants given by ﬁ"’k“(M) fork=1,...,n,
that is,
(M), HPN(M), . BR(M), (M),
From now on, we will refer to the collection (1) as the generalized coeffective cohomology groups of the
symplectic manifold (M?", w).

From the long exact sequence (3) we get the following isomorphisms

H" (M) = im H (i) = Hjp " (M) /im fo e,

H" (L (Q (M)))

TR =R D) Hence, we can consider the short exact sequence

where im f,, 11 =

. 7 ¥ nokt2
0 R (M) > Hr=k+1()) L HHR+1(0) fi> im fp_gr2 —0

where 7 is the homomorphism naturally induced by H (i). Sincei is injective, it is clear that H" **+1(M) is
finite dimensional whenever H"~*+1(M) is, and in such case we have

Cn—tot1(M) = b1 (M) = bryiy1 (M) + dim(im fr—p12).
Therefore, the properties obtained in Proposition 2.5 extend to the space H n=k+1(M) as follows:

Proposition 2.7. Let (M?" w) be a symplectic manifold of finite type and let 1 < k < n. The following
properties hold for én_p41(M):
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(i) Finiteness and bounds for the coeffective number é,_y1(M): the space H" Ft1(M) is finite
dimensional and its dimension satisfies the inequalities

(6) bn—r1(M) = bppier1 (M) < i1 (M) < bp—p1(M).
(ii) Symplectic manifolds satisfying the HLC: if (M?",w) satisfies the HLC then the lower bound in
(6) is attained, i.e.
k1 (M) = b1 (M) = bpppy1 (M).
(iii) Exact symplectic manifolds: if w is exact then the upper bound in (6) is attained, i.e.

én—k+1 (M) = bn—k+l (M)

(iv) Poincaré lemma: if U is the open unit disk in R®" with the standard symplectic form w =
S dxt Ada™ T then é,_p 1 (U) = 0.

Inspired by the definition of the Euler characteristic of a manifold, we define the following symplectic
invariants:

Definition 2.8. Let (M?",w) be a symplectic manifold of finite type. For each 1 < k < n, we define

XP(M) = (~1)" e (M) + zn: (=) e ().
i=n—k+2

The next proposition shows that each x(¥) (M) is actually a topological invariant of the manifold.

Proposition 2.9. Let (M?",w) be a symplectic manifold of finite type. For any 1 <k < n,

n+k
XE) =3 (=17 be (M),
r=n—k+1
Proof. The long exact sequence (3) implies
n+k '
0= énfk+1 - bnferrl + bn+k:+1 + Z(_l)J_l(cflkjk+j - bnkarj + bn+k+j)-
j=2
Writing this sum in terms of x*) we get
n+k . n+k '
()" N 3 (1) gy — > (= 1) bygsgs = 0.
j=1 j=1
Since b; = 0 for i > 2n + 1, the previous equality reduces to:
n+k ) n—=k )
0 = (=" D LN (1) by gy = D (1) bk
j=1 j=1
2n 2n
— (_1)n7k+1x(k) + Z (_1)r7n+k b, — Z (_1)r7nfk b,.
r=n—k+1 r=n-+k+1
Equivalently,
2n 2n n+k
X(k) = Z (=1)"br — Z (=1)"b, = Z (=1)"b,..
r=n—k+1 r=n+k+1 r=n—k+1

Observe that the Euler characteristic of M is recovered if we allow k = n + 1 (see Remark 2.2).
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Remark 2.10. It is clear from the long exact sequence (3) that, for each k, the generalized k-coeffective
cohomology groups (1) are invariants of the de Rham cohomology class [w*] given by the cap product
of [w] by itself k times. Even more, if [w*] # 0 and we denote by [[w¥]] the corresponding element in
P(H?*(M)), then all the generalized k-coeffective groups are invariants of [[w*]]. In conclusion, if (M?"w)
is a symplectic manifold and w* are not exact, then the generalized coeffective cohomologies only depend
on the element [[w]] € P(H?(M)).

From this remark it follows

Lemma 2.11. Let F': (M,w) — (M’,w') be a diffeomorphism such that F*|w'] = Mw] for some non-zero
A € R. Then, for any 1 < k < n, H* 1 (M') = H**1(M) and Hgk)(M’) = H(qk)(M) for every
g>n—k+2.

Notice that it suffices to know the de Rham cohomology of M together with the action of L* on it, in
order to know the generalized k-coeffective cohomology. This can be applied in particular to solvmanifolds
satisfying the Mostow condition [21], that is to say, to compact quotients G/T" of solvable Lie groups G by
a lattice T satisfying that the algebraic closures A(Adg(G)) and A(Adg(T)) are equal. In fact, under this
condition one has that the natural map (A" g*,d) — (Q*(M),d) from the Chevalley-Eilenberg complex
of the Lie algebra g of G to the de Rham complex of the solvmanifold M = G/T is a quasi-isomorphism,
ie. H1(M) = Hi(g) for any 0 < ¢ < dim M. The following result is straightforward from the long exact
sequence in cohomology:

Proposition 2.12. Let (M = G/T,w) be a 2n-dimensional symplectic solvmanifold satisfying the Mostow
condition. Let g be the Lie algebra of G and let W' € /\2 g* be a left-invariant symplectic form representing
the de Rham class [\w] € H2(M) for some X\ # 0. Then, for any 1 < k < n, the inclusion \* g* — Q*(M)

induces isomorphisms I:I"_k+1(M,w) = ﬁ”"“‘l(g, w') and Hgk)(M7w) o~ Hgk)(g,w’) for every g > n—k+2.

In particular, the previous result holds for nilmanifolds [22] and in the completely solvable case [15], i.e.
when the adjoint representation adx has only real eigenvalues for all X € g.

Note that for the usual coeffective cohomology, i.e. kK =1 and ¢ > n + 1, this result was proved in [11]
(see also [12]).

Remark 2.13. For other results on the de Rham cohomology of compact solvmanifolds G/T', even in
the case that the solvable Lie group G and the lattice T' do not satisfy the Mostow condition, see [9, 14].
Notice that for infra-solvmanifolds Baues proved in [4] an analogous result to Nomizu’s theorem about the
isomorphism of its cohomology and that of a certain complex of left-invariant forms, result that is used in
[18] to study the 1-coeffective cohomology of certain symplectic aspherical manifolds.

Remark 2.14. For general symplectic manifolds (not necessarily of finite type), from the long exact
sequence (3) one has the following isomorphism
H{,\ (M)
(k) ~ k. +2k

2 ker{L": HI(M) — H1Y M
ker H (1) er{ (M) (M)}

for every ¢ > n — k + 2, where ker H(i) = im f, & HTH2R (M)

= T ) In particular, if the HLC is satisfied then
H(qk)(M) & ker{L*: HI(M) — H9"2*(M)}. Since any compact Kihler manifold satisfies the HLC, we
conclude that, for any ¢ > n — k + 2, the k-coeffective group H E’k)(M ) is isomorphic to the space of de
Rham cohomology classes that annihilate the class [w*]. For k = 1 this result was proved by Bouché in
[6], where he refers to the latter groups as the truncated de Rham groups. In [11, 18] the relation of the

1-coeffective cohomology with the truncated de Rham cohomology is also investigated.



3. EXTENSION OF THE GENERALIZED COEFFECTIVE COMPLEXES

In [10] Eastwood introduced an elliptic extension of the usual coeffective complex and showed that the
corresponding cohomology groups are isomorphic to the primitive cohomology groups defined by Tseng
and Yau in [26, 27]. In this section, for every 1 < k < n, we consider an extension of the k-coeffective
complex and study its relation to the filtered cohomologies of Tsai, Tseng and Yau [25].

QI(M)
LE(Q7 2R (A1)

We denote by d: Q‘(]k)(M) — Q‘(Z,j)l (M) the natural map induced by the exterior differential, i.e. d(c) =

(da) = da + LE(Q4=2+1(M)), for any & € Q‘(Zk)(M). Then, we have the following complex

Let us fix k£ such that 1 < k < n. For each ¢, let us consider the quotient space Q‘(Zk) (M) =

d d d d = d d ASnd+k—2 d o Sntk—
(7) 0 0O 0l 02k—1 Q%;;) 4>Q(k‘*)‘ 24>Q(k‘*)‘ 1

|»

2n—2k d d en—k+2 d en—k+l

d d d d
OHQQneQ%Lfl(;...(;QQn—WH-l<;Q:(k) - = (k) (k)

where D is a second-order differential operator defined as D(&) = dy, being v the unique (n — k)-form
satisfying da = L (). It can be checked that this complex is elliptic in any degree, however we will not
use this fact in what follows since the main properties of its cohomology groups will be derived from a long
exact sequence as in Section 2.

Let us denote by H gk)(M ) the cohomology groups associated to the complex (7) for 0 < ¢ < 2n+2k—1.

Notice that ka)(M) = HY(M) for any q < 2k — 2 and H(qk)(M) = HEII;)%H(M) for any ¢ > n+k+ 1.

Now, the sequences of complexes

Qb1 — Lo anik 4o gnrkrr —4 gnrkr2 —4 gnrks 4oL

L* T Lk T Lk T Lk T Lk T
Q’I’L—k}—l _ Q’ﬂ—k} $ Qn—k+1 $ Q’I’L—k)-‘r2 _ Q’I’L—k)-‘rS —_— ..
d d d

d ntk—3 d Antk—2 d n+k—1 D n—k—+1 d n—k—+2 d n—k+3 d
gk G ik 4 guiket Do guokt 4 grokez 4 guoked 4

d ’f d

.. 4d> Qn—i—k—3 4d> Qn+k—2 4(1) Qn—i—k—l d Qn+k d Qn+k+1
] ] ] ] i)
s k-3 s gnk—2 4 gnk-1 s nk Lo ok

where i denotes the inclusion and p the natural projection, give rise to the following long exact sequence
in cohomology:

. fnfk*i Hn—k—2(M) L S Hn+k—2(M) H{(p) H(r;:)rkf2<M)

Jfr—k—1 Hn_k_l(M) L Hn+k_1(M) H(p) I:I(nk—;_k_l(M)

Fa B Lk Ty
(8) S & ) k(M) . Hn-‘rk(M) H(k—; (M)

H(i) Hn—k+1(M) L* 5 Hn+k+1(M) Fo-rs2 H&-;-k+1(M)

IO ey L ek gpy o H$M2(M) -
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Here H (i) and H(p) are the homomorphisms induced in cohomology by 7 and p, respectively, and fq are
the connecting homomorphisms, which are given as follows:

o forany j<n+k—1and[a] € Hgk)(M) fi—or+1([a]) = [8], where da = L (B);

e for any j > n+k and [o] € H(M): fi_axt1([a]) = [dB], where o = LE ().

Let égk) (M) be the dimension of H (qk)(M ) when it is finite. As in Section 2, using five-term exact
sequences from (8), we arrive at the following result, that provides an extension of Proposition 2.5.

Proposition 3.1. Let (M?",w) be a symplectic manifold of finite type and let 1 < k < n. Then, for every
0<q<2n+2k—1, the following properties hold:

(i) Finiteness and bounds for the numbers égk)(M): the group Hgk)(M) is finite dimensional and its

dimension égk)(M) satisfies the inequalities

(9) bq—2k+l(M) - bq-i-l(M) < él(]k) (M) < bq—2k+1(M) + bq(M)-

(i) Symplectic manifolds satisfying the HLC: if (M?>",w) satisfies the HLC' then the lower bound in
(9) is attained for every g > n+k, i.e.

& (M) = by-apsr (M) = bya (M), g =n+k.
(iii) Exact symplectic manifolds: if w is exact then the upper bound in (9) is attained, i.e.
&9 (M) = byais1 (M) + by ().

(iv) Poincaré lemma: if U is the open unit disk in R®" with the standard symplectic form w =
" dat Ada™t, then P (U) = 1= (U) and dP(U) = 0 for any other value of q.
i=1 0 2k—1 q

Remark 3.2. By (ii) the lower bound in (9) is attained for every ¢ > n + k for symplectic manifolds
satisfying the HLC. Similarly, it can be proved from (8) that if (M?",w) satisfies that all the maps
LF: H" k(M) — H™*(M) are injective then é((]k)(M) = bg(M) — bg—or (M) for every g <n+k—1. In
conclusion, if L*¥: H"~*(M) — H"**(M) is an isomorphism for any 1 < k < n (for instance, if (M?",w)
is a closed symplectic manifold satisfying the HLC) then the following equalities hold:

&) (M) = by(M) = bg_ox(M), 0<g<n-+k—1
(M) = by—aps1 (M) = bgsr (M), n+k<q<2n+2k—1L

Example 3.3. By Proposition 3.1 (iv) we have égz)_l(U ) = 1. Next we show the non-zero cohomology

class generating ﬁﬁ,f)_l(U). Let a = Y1 #* Ada™". The (2k — 1)-form 8 = a Aw*~! is d-closed because
do = w and hence d = w* € LE(Q°(U)). Clearly, 3 is not d-exact, because it is not d-exact. In conclusion,
[3] defines a non-zero cohomology class and H (215)_1(U ) ={([0]).
Remark 3.4. Notice that the generalized coeffective space H n=k+1()M) is isomorphic to a quotient of
H &J)rk(M ); concretely,

Hn+k (M)

(10) HP =R (M) = Hn+k(M)(/kj):k(H"—k(M))'

Let (M?",w) be a symplectic manifold of finite type. For every 1 < k < n, we define

2n+2k—1

)= 3 (e (M),
1=0
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Let us write ) (M) = Xf)(M) + X@)(M), where

n+k—1 2n+2k—1
. (k i «(k . (k i «(k
Wan= 3 P, and Pan= Y (-1 ().
1=0 i=n-+k

Proposition 3.5. Let (M?",w) be of finite type. For every 1 <k < n:
(i) X (M) = 0; consequently, )Z(_k)(M) = —)“(Ef)(M).
(i) X (M) = (=) E (M) = i (M) +x B ().
Proof. Property (i) follows from (8) arguing similarly to the proof of Proposition 2.9.

For the proof of (ii), taking into account that (—1)”+k+séflk+)k+s(M) = —(—1)’L_k+s+1c;k2k+s+1(M)
for s > 1, by Proposition 2.9 we get x*)(M) + X(f)(M) = (71)”+k(ég:zk(M) — én—k+1(M)). Since
XS:C)(M) = —X(f)(M), relation (ii) follows. O

Equality (ii) in the above proposition means that the behaviour of the symplectic invariant )V(f)(M )
only depends on égﬂk(]\/f) — Cn_py1(M), because x*) (M) is a topological invariant by Proposition 2.9.
Moreover, one has the following characterization of the HLC in terms of )'(Srk)(M ), which in particular

implies that the HLC is determined by the cohomology of the first half of the complexes (7).

Corollary 3.6. A symplectic manifold (M?",w) of finite type satisfies the HLC' if and only if XS:C)(M) =
X (M) for every 1 < k <mn.

Proof. By (10), a symplectic manifold satisfies the HLC if and only if ﬁ”’k“(M) ~ H(’}:)rk(M) for every
1 < k < n. Therefore, if M is of finite type then, (M?",w) satisfies the HLC if and only if &,_j41(M) =
égﬂk(M) for every 1 < k < n. By Proposition 3.5 (ii), this is equivalent to )“(Ef)(M) = x®)(M) for every

1<k<n. O

Remark 3.7. In [25, Theorem 3.1] Tsai, Tseng and Yau have introduced elliptic differential complexes
of filtered forms that extend the complex of primitive forms [27, Proposition 2.8] (see also [24] for recent
progress). The difference with (7) is precisely that the second half of the complex is the image of the
complex in [25] by the symplectic star operator (see Section 4), so in this sense the complex (7) can be
thought as a coeffective version of the filtered complex.

On the other hand, [25, Theorem 4.2] gives long exact sequences that provide a resolution of the Lefschetz
maps L¥. Comparing with (8), which also gives a resolution of the same Lefschetz maps, one immediately
concludes that the cohomology H (xy(M) is isomorphic to the (k — 1)-filtered cohomology as follows:

. ﬁ&';k_s(M) = Fk_lH_’f_"'k_s(M), fors=1,...,n+k,

o H(T;:)'k“(M) & ph=tgnth=s=l(0 ) for s =0,1,...,n+k — 1.

In particular, for any k& > 1 one has the following isomorphism between the (k — 1)-filtered cohomology
group and the k-coeffective cohomology group

(11) FEUEIET (M) 2= Hp Mt (M) = BRSE (M), 1<s<nt k-1,

For k = 1 we recover the isomorphisms proved in [10] between the extended coeffective cohomology of East-
wood and the primitive cohomology PH = F'H of Tseng-Yau [26, 27]. More generally, the isomorphism
for any primitive cohomology group is as follows:

PH} (M) = FOHL(M) = H} (M), 0<q<n—1;

PHj (M) = FOHL(M) = H " (M) = HE) (M), 0<q¢<n-—1

PH M (M) = FETHPY Y (M) = B3N (M), 1<k <m;

PHy i (M) = FETHM Y (M) = HRdH(M), 1<k <n.
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From now on, due to the above identifications, we will refer to the cohomology groups H gk)(M ) as the

filtered cohomology groups of (M?",w).

Notice that an analogous observation as Remark 2.10 is also valid for the filtered cohomologies. Hence,
a similar result to Lemma 2.11 holds:

Lemma 3.8. Let F: (M,w) — (M',w') be a diffeomorphism such that F*|w'] = Aw] for some non-zero

A €R. Then, for any 1 <k <n, Hgk)(M’) gf[gk)(M) for every 0 < ¢ < 2n+ 2k —1.

A similar result to Proposition 2.12 for computation of the filtered cohomologies of certain solvmanifolds
is also available:

Proposition 3.9. Let (M = G/I',w) be a 2n-dimensional symplectic solvmanifold satisfying the Mostow
condition. Let g be the Lie algebra of G and let W' € /\2 g% be a left-invariant symplectic form representing
the de Rham class [A\w] € H2(M) for some X\ # 0. Then, for any 1 < k < n, the inclusion \* g* — Q*(M)
induces isomorphisms H(qk)(M,w) = I:ng) (g,w’) for every 0 < q < 2n+ 2k — 1.

Remark 3.10. In [26] Tseng and Yau introduced and studied more generally Bott-Chern and Aeppli type
cohomologies using d and d” for a symplectic manifold. A characterization of the HLC in the compact case
from an & la Frolicher inequality is given in [3]. Note that for the Bott-Chern and Aeppli type symplectic
cohomologies, a similar result to Proposition 3.9 is obtained in [19, Theorem 3] (see also [2, Theorem 2.31])
by using another argument.

4. RELATIONS WITH THE SYMPLECTICALLY HARMONIC COHOMOLOGY

In this section we relate the symplectically harmonic cohomology with the cohomologies studied in the
previous sections.

Let (M?",w) be a symplectic manifold of dimension 2n. The symplectic star operator *: Q4(M) —
Q2n=4(M) is defined by

n
a A (x8) = A(ID) (e, )=,

for every g-forms « and (3, where II is the bivector field dual to w, i.e. the natural Poisson structure
associated to w.

Let §: Q4(M) — Q271(M) be the operator given by da = (—1)?! xd*a, for every g-form a. Brylinski
proved that 6 = [i(II), d], where i(-) denotes the interior product.

Definition 4.1. [7] A form « is called symplectically harmonic if da = 0 = dcv.

We denote by Qf (M) the linear space of symplectically harmonic g-forms. Unlike the Hodge theory,
there are non-zero exact symplectically harmonic forms. Now, following Brylinski [7], one defines the
symplectically harmonic cohomology
oL

Qf (M)Nimd’
for 0 < ¢ < 2n. Hence, H{ (M) is the subspace of the ¢-th de Rham cohomology group consisting of

Hy, (M)

all the de Rham cohomology classes of degree ¢ containing a symplectically harmonic representative. By
analogy with the Hodge theory, Brylinski [7] conjectured that any de Rham cohomology class admits a
symplectically harmonic representative. Mathieu [20] (and independently Yan [29]) proved that Brylinski
conjecture holds, namely H{ (M,w) = H9(M) for every 0 < g < 2n, if and only if (M?",w) satisfies
the HLC.

An important result is that for any symplectic manifold every de Rham cohomology class up to de-
gree 2 admits a symplectically harmonic representative [29] (see also [16] for more general results), that is,
H! (M) = HYM) for ¢ =0,1,2. For every q <n, if we set

PU(M) = {[a] € H'(M)|L"~""[a] = 0},
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then P4(M) C H{ (M) [29]. Moreover, the following result (proved in [16, Corollary 2.4] and [28, Lemma

4.3]) gives a description of the spaces H{ (M):
Theorem 4.2. Let (M?",w) be a symplectic manifold of dimension 2n. Then,
H! (M) = PY(M,w) + L(H{Z*(M)), for0<gq<n;
H! (M) =Tm {LI™": H" Y(M) — HY(M)}, forn+1<q<2n.
Next we suppose that (M?",w) is of finite type and denote by hy(M) the dimension of H{ (M).

Example 4.3. Let M"™ be a manifold of dimension n and of finite type, and let (T*M,wp) be the cotan-
gent bundle endowed with the standard symplectic form. Since wy is exact, the homomorphisms L* are
identically zero and by Theorem 4.2 we have

he(T*M,wp) = by(M), forg<mn, and hy(T"M,wp) =0, forn+1<g<2n.
For the generalized coeffective cohomology, from Propositions 2.5 (iii) and 2.7 (iii) it follows that
Cnkr1(T* M, wo) = bp—p41 (M)
and
cl(lk)(T*M, wo) = bg(M) + bgqok—1 (M), forn—k+2<qg<2n.
Furthermore, from Proposition 3.1 (iii) we get
(T M, wo) = by—ops1(M) + bg(M), for ¢ < 2n+ 2k — 1.
In the following result we relate the generalized coeffective cohomology with the harmonic cohomology

via the coeffective groups H'(M),..., H™(M).

Theorem 4.4. Let (M?",w) be a symplectic manifold of finite type. The following relation holds for every
k=1,...,n:
ho—ks1(M) = b1 (M) = Cnopra(M).
Proof. By Theorem 4.2, H'"**Y(M) = P*=*+1(M) + L(H]'"* 1 (M)). Hence,
ho—k1 (M) = dim P~ (M) + dim L(H" %~ (M)) — dim(P"* (M) 0 L(H 51 (M))).
It follows from (3) that P"~*+1(M) is isomorphic to the space H"~*+1(M), and therefore, dim P*~*+1 (M) =
én—k+1(M). On the other hand,

n—k+1 n—k—1 _ k
P (M)N L(H] "~ Y(M)) = ker L ’L(HS;“%M))'

Now,
hn—k1 (M) = én_gg1 (M) + dim L(H7* (M) — dim (ker Lk‘L(Hff’k’l(M))>
= Cpop1 (M) + dim(LFT (HPTE (M)
= Cn—it1(M) + hnypg1 (M).
U
From Proposition 2.7 we get directly upper and lower bounds for the difference hy,— g1 (M) —hptgr1(M).

Moreover, the previous theorem, together with Proposition 2.9 and (11), provides further relations between
the harmonic and the filtered cohomologies.

Next we derive some concrete relations of the harmonic cohomology with the groups H (qk) (M).



13

Proposition 4.5. Let (M?",w) be a symplectic manifold of finite type. For every 1 < k < n we have
0= &0 (M) = Enrt (M) < b (M) = hys (M),
where the latter equality holds if and only if L*(H'""(M)) = L*(H"~*(M)).

Proof. Tt follows from (10) that é,_x+1(M) = 'glklk(M) — bpyx(M) + dim L*(H"=*(M)). Taking into

account that dim L¥(H"~%(M)) > h,,x(M) by Theorem 4.2, we conclude the relation. O
The following consequence will be useful later for symplectic manifolds of low dimension.
Corollary 4.6. Let (M?",w) be a symplectic manifold of finite type. Then:
) (M) = by (M) + ban (M) = hay (M),
eV (M) = b2(M) + ban—1 (M) = han_1(M) — han (M),
53 (M) = ban_2(M) + hg(M) — hap_a(M) — hap_1(M).

Proof. Notice that LF(H"*(M)) = L*¥(H"*(M)) is satisfied for k = n,n—1 and n—2 because H{ (M) =
HY(M) for ¢ = 0,1,2. Hence, it suffices to apply Proposition 4.5 and use Theorem 4.4 to relate the
coeffective numbers with the harmonic cohomology. O

Next we show some other general properties that we will use later in the following sections.

Proposition 4.7. Let (M?",w) be a symplectic manifold of finite type. Then:
(i) ¢1(M) = by (M), andc(n)( M) = by(M) for every 2 < g < 2n.
(ii) For any 1 <k <n, v(k)(M) ((Jk)%ﬂ( ) for everyn+k+1<qg<2n+2k-—1.

Proof. (i) is clear from the definition of the generalized coeffective cohomology for k = n and from the long
exact sequence (3). Equalities (ii) are direct from the definition of H? (k) (M). O

For closed manifolds one has additional relations. For instance, the numbers c( )(M ) satisfy certain
duality (see [25, Proposition 4.8] for the corresponding duality for the filtered cohomology groups), whereas
the harmonic number ha,_1(M) is always even [16, Lemma 1.14]. The proof of these facts follows from the
existence of the usual non-singular pairing p([al, [3]) = [,, @ A 3, for [a] € HY(M) and [3] € H™9(M),
valid on any closed m-dimensional manifold M. In the following proposition we collect these results together
with other properties.

Proposition 4.8. Let (M?",w) be a closed symplectic manifold. Then:
(i) Forany1<k<n-—1, cgk)( M) =by(M) for every 2n — 2k +1 < g < 2n.
(ii) For any 1 <k <n, Vék)(M) = Vgi)wk 1 (M) for every0 < g<n+k—1.
(111) hgn( ) = ban (M), and hayp—1(M) is always even.
) hama (M) = (@11 (M) = éa(M)) < hua (M) < hyor(M).

1V

Proof. By definition of the coeffective cohomology one always has that c(k)(M ) = bg(M) for any 1 < k <
n—1 and for every ¢ > 2n—2k+2. Moreover, since M is closed, H**(M) = ([w"]) and L*: H*"=2k(M) —
H?"(M) is surjective, so the long exact sequence (3) implies cgfb)_%ﬂ(M) = bap—2k+1(M). This proves (i).

Property (ii) follows from [25, Proposition 4.8] taking into account the identifications given in Re-
mark 3.7.

The proof of (iii) is a consequence of the fact that the rank of L"~!: HY(M) — H?"~}(M) is always
an even number [16, Lemma 1.14].

To prove (iv), since H;“™ (M) = L(H*~'(M)), we have

hr

hpn—1(M) = hypi1(M) + dim (ker{L: H;:;l(M) — H"+1(M)}) )
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Therefore,
hp—1(M) — hpy1 (M) = dim (ker{L: H""(M) — H"T'(M)})
< dim (ker{L: H" " (M) — H"*'(M)})
= by_1(M)—dim (im{L: H"" (M) — H""'(M)})
= by (M) —dim (im {L: " (M) — H""'(M)})
& (M) = en(M),
where the last equality follows from Remark 3.4. |

Notice that Theorem 4.4 does not provide any relation for h, 11, so (iv) in the above proposition provides
upper and lower bounds for the harmonic number A, 1 on closed symplectic manifolds.

Corollary 4.9. Let (M?" w) be a closed symplectic manifold. Then,
(12) & (M) =& (M) = by (M) and  éy(M) = by(M) — 1.

Hence, the generalized coeffective cohomology groups (1) for k = n and n — 1, as well as the n-filtered
cohomology groups are topological invariants.

Proof. The formulas for x(™ and x(*~1) given in Proposition 2.9 together with part (i) in Proposition 4.7
and Proposition 4.8 imply (12), so all the generalized n- and (n — 1)-coeffective numbers are topological.
For the n-filtered cohomology it suffices to use Corollary 4.6 and the fact that éé”) = cgi)zn 4y for2n+1<
qg<4n —1. ([l

We finish this section noticing that from Theorem 4.2 it follows directly that an analogous result to
Lemmas 2.11 and 3.8 also holds for the symplectically harmonic cohomology [28, Proposition 1], and in
the case of solvmanifolds satisfying the Mostow condition, a result similar to Propositions 2.12 and 3.9
is also valid (this was first observed in [28, Proposition 2], see also [16, 17], for the class of symplectic
nilmanifolds).

5. SYMPLECTIC FLEXIBILITY OF CLOSED MANIFOLDS

In this section we focus on closed symplectic manifolds, for which we introduce a notion of flexibility for the
generalized coeffective and filtered cohomologies, as analogous notions of the concept of harmonic flexibility
introduced and studied in [16, 29] and motivated by a question raised by Khesin and McDuff. Furthermore,
we study their relations with the harmonic flexibility.

In what follows, M will refer to a closed smooth manifold admitting symplectic forms.

Definition 5.1. A 2n-dimensional M is said to be
(i) c-flexible, if M possesses a continuous family of symplectic forms wy, where ¢t € [a,b], such that

Cn—tr1(M,wq) # én—+1(M,wp) or c,(zk)(M, W) # c((f)(M7 wp) forsome 1 <k <nandn—k+2<
q < 2n;

(ii) £-flexible, if M possesses a continuous family of symplectic forms wy, t € [a, b], such that é,(zk) (M,w,) #
égk)(M,wb) for some 1 <k <nand 0<gq<2n+2k—1;

(iii) h-flexible, if M possesses a continuous family of symplectic forms wy, t € [a, b], such that hqe(M,w,) #
hg(M,wy) for some 0 < g < 2n.

Notice that h-flexible manifolds are precisely the flexible manifolds in [16].

Since Hl (M) = H%(M) for q = 1,2, we have hg,,_q(M) = dim(Im {L"~9: HY(M) — H?"~9(M)}) for
g = 1,2 by Theorem 4.2. Now, if w; is a continuous family of symplectic structures on M, t € [a, b], then
it is clear that

(13) hon—1(M,w¢) > hop—1(M,w,) and  hop_o(M,wt) > hop—o(M,w,),
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that is, these symplectically harmonic numbers satisfy a “lower-semicontinuous” property.
In the following result we observe that an “upper-semicontinuous” property holds for all the coeffective
and the filtered numbers.

Proposition 5.2. Let w; be a continuous family of symplectic structures on M, for t € [a,b]. Then, for
any 1 < k < n the following inequalities hold:

Cnkr1(M,wi) < énpy1(M,wa),
cl(]k)(M, w) < cgk)(M,wa), for everyn —k+2 < q < 2n,

ég:zk(M,wt) < égbk_gk(M,wa), for every 0 < g < 2n+ 2k — 1.
Proof. Tt follows directly from the long exact sequences (3) and (8). O
Next we study relations among the three different types of flexibility. We begin in dimension four.

Theorem 5.3. Let M be a 4-dimensional closed manifold. Then:

(i) M is never c-flexible;
(ii) M is £-flexible if and only if it is h-flexible.

Proof. Since n = 2, we need to study the coeffective numbers cgl) for ¢ = 3,4, cff) for ¢ = 2,3,4, ¢,

and ¢éo. Proposition 4.7 (i), Proposition 4.8 (i) and Corollary 4.9 imply that 052) = b, cgl) = cg2) = bs,

cfll) = cf) = by, ¢1 = by and é& = by — 1. Therefore, M cannot be c-flexible and (i) is proved.

By Proposition 4.7 (ii) we have égk) = Cék_)QkJ,-l for k =1,2 and for any 3 + k < ¢ < 3 + 2k, so they are

topological invariants. By the duality given in Proposition 4.8 (ii), it remains to study éél) and éf).
Since hq = by for ¢ = 0,1,2 and 4, the first two equalities in Corollary 4.6 imply that éf) = by and

& = by —bo + bg — hg, i

3 = 02 — 0g + b3 3, L.e.

&Y = by 4 by — hg — 1.

Therefore, M is f-flexible iff M is h-flexible, since égl) (M, w;) varies along a family of symplectic forms w;
iff hy(M, w;) varies. O

The previous proof shows that the fundamental relation between flexibilities on a 4-dimensional mani-
fold M is
&V (M, wp) = by (M) + bo (M) — hy(M, w;) — 1.

Corollary 5.4. Let M be a 4-dimensional closed manifold. If the first Betti number by(M) < 1 then M
is not f-flexible.

Proof. Proposition 4.8 (iii) implies that h3 is an even number for any symplectic form. Since hg < b3 then
hs = 0 and therefore M cannot be flexible. O

In particular there do not exist simply-connected closed 4-manifolds which are f-flexible.

On the other hand, Yan [29] proved that there are no h-flexible 4-dimensional nilmanifolds. Even more,
one can see that the same holds in the bigger class of completely solvable solvmanifolds. For that, by
the classification given in [5, Table 2] it remains to check that a solvmanifold based on the Lie algebra
de! = '3, de? = —e?3, de® = de* = 0 is not h-flexible. In fact, any invariant symplectic structure is of the
form w = Ae'? + Be'® +Ce* + D e, with AD # 0, and the number h3 only depends on the element [[w]]
in P(H?(M)) (see Remark 2.10), so we can suppose that A =1 and B = C = 0 because [e!?] = [¢*}] = 0.
Thus, it suffices to study the family w, = e'2 + te3*, with t # 0. A direct calculation shows

Lip (H' (M) = ([we A €], [wr Ae]) = ([e"7], [e]) = HP (M),

i.e. h3(wt) = bs for any t # 0, and therefore the solvmanifold is not h-flexible. Hence:
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Proposition 5.5. Any 4-dimensional completely solvable solvmanifold is not c-flexible, £-flexible or h-
flexible.

However, there exist 4-dimensional closed manifolds which are h-flexible, as it was proved in [29, Corol-
lary 4.2] and [16, Proposition 3.2]. In fact, if (M*,w) is a closed symplectic manifold satisfying the
conditions

(i) the homomorphism L: H'(M) — H3(M) is trivial,

(ii) the cup product H'(M) ® H?(M) — H?3(M) is non-trivial,
then M is h-flexible. Since Gompf [13, Observation 7] proved the existence of 4-manifolds satisfying (i)
and (ii), from Theorem 5.3 it follows that there exists 4-dimensional closed manifolds which are f-flexible.
Moreover, taking symplectic products, we arrive at the following existence result:

Theorem 5.6. For each n > 2, there exist 2n-dimensional f-flexible closed manifolds. More precisely,
there exists a 2n-dimensional closed manifold M with a continuous family of symplectic forms w; such that
the dimensions of the primitive cohomology groups PHd2+dA(M, wy) and PH3 (M, w;) vary with respect
to t.

Proof. Notice first that ¢~} (M) = dim PH?

S (M) = ba (M) + by (M) = han—1 (M) — 1.

On the other hand, by [16, Proposition 5.3] we have the following formula for hg,_; of a product
(M = N1 X Na, w=w; +wsy) of two symplectic manifolds (N1, w;) and (N2, ws) of respective dimensions
ny1 and na:

L ar(M) = dim PH} (M), and by Corollary 4.6 we have

hon—1(M) = hon,—1(N1) + han,—1(Na),
where n = n1 + ns.
Now, let N7 be a 4-dimensional closed manifold such that hs varies along a continuous family of sym-
plectic forms and let No be, for instance, any compact Kdhler manifold. Then, on the product manifold
M there is a continuous family of symplectic forms such that hg,_1 (M), and so ééﬁ:ll)(M ), varies. O

As we noticed above, there do not exist simply-connected closed 4-manifolds which are f-flexible. By
using a recent result by Cho [8], next we prove the existence of flexible simply-connected closed manifolds
in every dimension greater than or equal to six.

Theorem 5.7. For each n > 3, there exist 2n-dimensional simply-connected closed manifolds which
are f-flexible. More precisely, there exists a 2n-dimensional simply-connected closed manifold M with
a continuous family of symplectic forms wy such that the dimensions of the primitive cohomology groups
PH;MA (M, w) and PHSdA (M, wy) vary with respect to t. Moreover, the manifold M is homotopy equiva-
lent to some Kdhler manifold.

Proof. Let us first recall that Cho proves in [8, Theorem 1.3] the existence of a compact Kédhler manifold
(X,w) with dim¢ X = 3 such that

(1) X is simply-connected,

(2) the odd Betti numbers vanish, i.e. bag+1(X) = 0 for every integer k& > 0,

(3) X admits a symplectic form o such that (X, o) does not satisfy the HLC, and

(4)

4) o is deformation equivalent to the K&hler form w, that is, there is a path {w;}o<¢<1 of symplectic

forms such that wg = w and w; = o.

These properties imply that hy(X,w;) varies with ¢, and the manifold X is h-flexible. One can see that

¢s3 =0 and cf) = by — 1 for any symplectic form on X, so it is not c-flexible, but X is f-flexible because

6511) = by — hy. Hence X provides an example in dimension 6. Next we consider this manifold to prove that
there are simply-connected closed manifolds in every higher dimension which are f-flexible.
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Let M be a closed symplectic manifold of dimension 2n. From Remark 3.7 and Proposition 4.8 (ii) for
k =n—2and ¢ = 2n — 3, we notice that dim PH3 (M) = é;?;?(M) = éé::?(M) = dim PH} .\ (M).

+ah
On the other hand, by Corollary 4.6
(14) En s (M) = bay—2(M) + hs(M) — han-o(M) — hon—1(M).

Suppose that M is a product of two symplectic manifolds (N1, w) and (N3, ws) of respective dimensions
ny and ng. By [16, Proposition 5.3] we have the following formulas for the harmonic numbers hg,_; and
hon—o of the manifold (M = Ny X Ny, w = w; + we):

hon—1(M) = hap,—1(N1) + han,—1(N2),

(15) han—o(M) = hon, —2(N1) + han, —1(N1)hon, —1(N2) + hon, —2(N2).
where n = ni + ns.

Now, let N; = X be the 6-dimensional simply-connected closed manifold described above, and let
Ny = CP™ endowed with the standard Kahler structure defined by its natural complex structure and
the Fubini-Study metric. Hence, the manifold M is a simply-connected closed manifold of dimension
2n = 2(3 4+ ny) > 8. Since all the odd Betti numbers of N; and Na vanish, the manifold M also has
all its odd Betti numbers equal to zero. This implies that hg(M) = 0, hap_1(M) = 0 and hop—o(M) =
hs(X) 4+ 1 by (15), because hay,—2(Na) = bay,—2(CP"?) = 1. Moreover, by Kiinneth formula one arrives
at bap_o(M) = by(X) + 1. Therefore, the equality (14) reduces to

ey (M) = ba(X) = ha(X).
By the properties of X described above, we conclude that on the product manifold M there is a continuous

family of symplectic forms such that ééﬁié) (M) varies. O

From the proofs of Theorems 5.6 and 5.7, the resulting symplectic manifolds are also h-flexible. It is
unclear if f-flexibility is implied by h-flexibility in dimension higher than or equal to 8 (see Proposition 5.11
below for the general relation). In contrast, in six dimensions we have:

Theorem 5.8. Let M be a 6-dimensional closed manifold. Then:
(i) If M is c-flexible then M is f-flexible and h-flexible.
(ii) If M is not c-flexible then, M is f-flexible if and only if it is h-flexible.

Proof. Since n = 3, the coeffective numbers to be studied are: c,gl) for ¢ = 4,5,6, c,(f) for ¢ = 3,4,5,6, 0,83)

for ¢ = 2,3,4,5,6, and ¢, ¢a, ¢3. Corollary 4.9 implies that é;,ée and all c((lk) for k = 2,3 are topological
invariants. Moreover, by Proposition 4.8 (i) we have cle) = by for ¢ = 5,6. Now, the formula for X given
in Proposition 2.9 implies that
(16) 3 = 0511) + bz — by — by + 1.
Therefore, M is c-flexible if and only if M possesses a continuous family of symplectic forms wy, ¢ € [a, b],
such that é3(M,w,) # é3(M, wy).

By Proposition 4.7 (ii) we have égk) = C((Zk—)2k+l for k = 1,2,3 and for any 4 + k < q < 5 + 2k, so they
are topological invariants except possibly 621)7 which satisfies

an A D,

By the duality given in Proposition 4.8 (ii), it remains to study 64(11) and ééz).

Since hy = b for ¢ = 0,1,2,6, the equalities in Corollary 4.6 together with Theorem 4.4 imply the
following relations
(18) Gs=hy—hs, 3= fhy—by, &2 = —hytby+b —1.

Therefore, the fundamental equalities that relate the different cohomologies for closed 6-dimensional
manifolds are (16)—(18). Now, using these relations, a direct argument shows (i) and (ii). O
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Corollary 5.9. A 6-dimensional closed manifold is f-flexible if and only if it is h-flexible.

Remark 5.10. Notice that there exist closed 6-dimensional manifolds which are f-flexible and h-flexible,
but not c-flexible; that is to say, the converse to (i) in Theorem 5.8 does not hold in general. Explicit
examples of nilmanifolds satisfying this are given in Section 6.

In higher dimension we have the following result:

Proposition 5.11. Let M be a closed manifold of dimension 2n > 8. If M is c-flexible then M is f-flexible
or h-flexible.

Proof. If M possesses a continuous family of symplectic forms wy, t € [a,b], such that cgk)(M ,We) #
cgk)(M, wp) for some 1 < k < nand n—k+2 < ¢ < 2n, then it is clear that M is f-flexible by
Proposition 4.7 (ii).

If M possesses a continuous family of symplectic forms wy, ¢ € [a,b], such that é, jr1(M,w,) #
Cn—k+1(M,wp) for some 1 < k < n, then Theorem 4.4 implies that hy,_gy1(M,ws) # hp_r+1 (M, wyp) or
hntkr1(M,we) # hptgy1(M,wyp), therefore M is h-flexible. O

6. SYMPLECTIC 6-DIMENSIONAL NILMANIFOLDS

In this section we present a complete study of the dimensions of the harmonic, coeffective and filtered
cohomology groups of 6-dimensional symplectic nilmanifolds, see Table 1 below.

The symplectically harmonic numbers hy and hs were first computed in [16], whereas hs was obtained
in [17] (see Remark 6.2 for corrections). As a consequence of our study, we describe all c¢-flexible, h-flexible
or f-flexible 6-dimensional nilmanifolds.

In the proof of Theorem 5.8 we found that for 6-dimensional closed symplectic manifolds the fundamental
equalities that relate the different cohomologies are (16)—(18). In addition, since the Euler characteristic of
a nilmanifold vanishes, we have that b3 = 2(by — by + 1). Therefore, relations (16)—(18) for 6-dimensional
symplectic nilmanifolds are

(19)  é5=cV+by—3b1+3, hs =c5+hs, &) =cés—ha+by, & =c1, &P = —hgtbotb—1.

Recall that cil), éfll) and é?) are by Remark 3.7 dimensions of primitive cohomology groups; concretely,
eV = dim PH} (= dim PH} ), &" = dim PH3, (= dim PH3,,) and &) = dim PH?, s (= dim PH3,,).

It follows from Propositions 2.12 and 3.9 that the calculation of all the cohomology groups reduces
to the Lie algebra level. In Table 1 nilmanifolds of dimension 6 admitting symplectic structure appear
lexicographically with respect to the triple (by, ba,6 — s), where by and by are the Betti numbers (first two
columns in the table) and s is the step length (third column). The fourth column contains the description
of the structure of the nilmanifold; for instance, the notation (0,0, 12, 13,14, 15) means that there exists a

basis {e'}%_; of (invariant) 1-forms such that

det =de? =0, ded=e'ne?, det=el Ne®, de® =el Aet, de® =el Aed.

The next columns show the dimensions of the non-trivial harmonic, coeffective and filtered cohomology
groups, that is, hy (k = 3,4,5), ¢, cfll)(: éél)), éil) and é?). Moreover, the columns contain all the
possible values when w runs over the space S of all invariant symplectic structures on the nilmanifold.

The last column shows the dimension of the space S, however the cohomology groups only depend on
the cohomology class of the symplectic form. This fact allows to reduce calculations to a smaller number
of parameters, and furthermore by Remark 2.10 we can always normalize one of the non-zero coefficients
that parametrize the classes of the symplectic forms.

When there are variations in the dimensions of the cohomology groups, they appear in the table written
accordingly to the lower-semicontinuous property (13) of the harmonic numbers h4 and hj, or to the upper-

(1) (1) =(2) (
5

semicontinuous property of és, ¢; ', ¢,/ and ¢ (see Proposition 5.2). Notice that the harmonic number h;
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does not satisfy any lower or upper semicontinuous property. Moreover, the variations in the dimensions of
the cohomology groups are in correspondence (in the sense that we explain in Example 6.3 below), except
for the nilmanifolds (0,0, 0,12, 13,23) and (0,0, 0,12, 13,14+ 23) (see Example 6.4 for details on the latter).

by | ba | 6—s Structure hs hy hs [ CS) 64(11) éé2) dim S
2|3 1 (0,0,12,13,14,15) 3 2 0 3 3 4 4 7
21 3 1 (0,0,12,13,144-23,24+15) | 4,3 2 0 4,3 4,3 5,4 4 7
213 1 (0,0,12,13,14,23+15) 3 2 0 3 3 4 7
2| 4 2 (0,0,12,13,23,14) 4 0 4 3 5 8
2| 4 2 (0,0,12,13,23,14-25) 4 2,34 1| 0 4 3 6,5,4 5 8
2| 4 2 (0,0,12,13,23,14+25) 4 0 4 3 5 8
3| 4 2 (0,0,0,12,14-23,15+34) 2 2 0 2 4 6 7
315 2 (0,0,0,12,14,15+23) 5 4 2 3 4 4 5 8
315 2 (0,0,0,12,14,15+23+24) 4,5 34 102 43 5,4 6,4 7,5 8
315 2 (0,0,0,12,14,15+24) 5 4 2 3 4 4 5 8
315 2 (0,0,0,12,14,15) 5 4 2 3 4 4 5 8
3|5 3 (0,0,0,12,13+42,14+23) 5 3 0 5 6 7 7 8
315 3 (0,0,0,12,14,13+42) 5 3 0 5 6 7 7 8
3|5 3 (0,0,0,12,13+14,24) 5 2,3 0 5 6 8,7 7 8
316 3 (0,0,0,12,13,14+23) 7,6,5 | 34 0 |765 765|987 8 9
316 3 (0,0,0,12,13,24) 6,5 5 0 6,5 6,5 7,6 8 9
316 3 (0,0,0,12,13,14) 6,5 4 0 6,5 6,5 8,7 8 9
318 4 (0,0,0,12,13,23) 10,9 7,8 0 10,9 | 8,7 10 10 9
417 3 (0,0,0,0,12,15) 6 3 2 4 6 8 8 9
417 3 (0,0,0,0,12,14+4-25) 7,6 4 2 5,4 7,6 8,7 8 9
41 8 4 (0,0,0,0,13+42,14+23) 8 7 2 6 7 7 9 10
41 8 4 (0,0,0,0,12,14+4-23) 8 6 2 6 7 8 9 10
418 4 (0,0,0,0,12,34) 8 7 2 6 7 7 9 10
419 4 (0,0,0,0,12,13) 10 7,8 2 8 8 10,9 | 10 11
5 |11 4 (0,0,0,0,0,12) 13 9 4 9 10 11 11 12
6 | 15 5 (0,0,0,0,0,0) 20 15 6 14 14 14 14 15

Table 1. Symplectic invariants of six-dimensional nilmanifolds

The following result is a direct consequence of Table 1.

Theorem 6.1.

(i) There exist seven nilmanifolds of dimension 6 that are c-flexible (and therefore f-flexible and
h-flexible).
(ii) There exist three nilmanifolds of dimension 6 that are f-flexible and h-flexible, but not c-flexible.

In conclusion, there exist ten 6-dimensional nilmanifolds that are f-flexible and h-flexible.

Notice that from (ii) it follows that the converse of Theorem 5.8 does not hold, that is, c-flexibility is
the strongest condition.

Remark 6.2. In [16, 17] the following symplectically harmonic numbers need correction:
e for (0,0,12,13,14,15) the number hy4 is equal to 2 (not 3);
e for (0,0,12,13,14,23 + 15) the number h3 is equal to 3 (not 2);
e for (0,0,0,12,14,15 + 23) the number h3 is equal to 5 (not 4);
e for (0,0,0,0,12,14 + 25) the number hy4 is equal to 4 (not 3).
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Example 6.3. Let us consider the 6-dimensional nilmanifold (0,0,0,12,14,15 + 23 + 24). According to
Table 1, this manifold is c-flexible, f-flexible and h-flexible. In fact, consider the following continuous
family of symplectic structures

[wi] = (1 — cost)[e*®] — cost [e'0 +e?® — ] + (1 — cost)[e*® — ], teR.

This family was constructed first in [16, 17] to show h-flexibility, and the symplectic structures w;—o and

wi=z were considered in [27] concerning the dimension of the primitive group PH? | ie. cfll).

This 6-dimensional nilmanifold is the only one where all the non-trivial coeffective, harmonic and prim-
itive numbers vary. In Table 1 the variations are in correspondence as follows:
o hy(wark) = 4, ha(wark) = 3, hs(wark) = 0, E3(wark) = 4, i (Wanr) = & (work) = 5, & (Wank) = 6,
éé2) (wark) = 7, for any integer k;
o hy(wi) =5, ha(we) =4, hs(w) =2, &3(we) =3, (W) =& (wi) =4, & (w) =4, & (wi) =5,

for t # 27k.

Example 6.4. Let us consider the 6-dimensional nilmanifold (0,0, 0,12,13,14 + 23). The de Rham class
of any symplectic form is given by

(W] = A[e'] + B[]+ C[e**] + D [e*®] + E [e'® + ] + F [e!¢ — &3],

where (E + F')(CD + EF') # 0. Direct computations show that ¢; and hy vary as follows:

7, if D=E+2F =0,
. 3, if (E+ F)>=CD+ EF,
é3 =16, if D=0, E+2F #0, hy =
. 4, if (E+ F)?#CD+ EF.
5, if D#0,

This nilmanifold satisfies by = 3b; — 3, so (19) implies that éél) = cfll) = ¢3. Moreover, hs = 0 from which

522) (1)

we get that = 8 and hz = é3. Hence, using that ¢,/ = by — hy + é5 by (19), we arrive at

9, f D=FE+2F =0,
&V =08 D=0 E+2F#0, or D#0, (E+F)2=CD+ EF,
7, it D#0, (E+ F)?#CD + EF.
As a consequence, concrete families can be constructed. Let us consider the two-parametric family
[wis] = t[e*] + (s +2) [e'® +€*°] — [e!® —€™],
where t, s > 0. Then, the variations of the dimensions are:

L] hg(wo,()) = éS(WO,O) = Cil)(wO,O) = éél)(wao) =7 and éil) (WO,O) = 9,

o hg(wio) = é3(wipo) = cé(ll)(ww) = éél)(wt7o) =5 and égl)(wm) =7, fort > 0;

® ha(wo,s) = é3(wo s) = cil)(wo,s) = éél)(w07s) =6 and éfll)(wg,s) =8, for s > 0.
On the other hand, if we consider the family
[we] = [€24] + [35] + t [e26 + €25] + [e16 — €34,
where t > 0, then the variations are:
® hy(wp) =3 and éfll)(wo) =38;
o hy(wy) =4 and éil)(wt) =7, fort > 0.
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For compact Kéhler manifolds (M?",w) and for every ¢ > n + 1, the coeffective cohomology group
H(ql)(M) is isomorphic to the [w]-truncated g-th de Rham group H'[qw] (M) ={[a] € HI(M) | [o] U [w] = 0},
although Fernandez, Ibdnez and de Leén showed that this is no longer true for arbitrary compact symplectic
manifolds [11]. Kasuya has studied in [18] certain symplectic aspherical (non-Kéhler) manifolds for which

(20) HY\ (M) 2= HY

For 6-dimensional symplectic nilmanifolds one has the following result, which suggests that such isomor-
phism might be closely related to a low step of nilpotency:

(M) for every ¢ > n+ 1.

Proposition 6.5. Let M be a symplectic s-step nilmanifold of dimension 6.

(i) If s < 2, then there exists a symplectic form on M satisfying (20).
(ii) If s =5 then (20) is never satisfied.

Proof. Since n = 3 we only need to consider ¢ = 4. Thus, (20) holds if and only if cfll)(M) = dim ﬁ[t} (M) =
ba(M) — 1, the latter equality coming from the fact that L(H*(M)) = H5(M). Now, the result is a direct

consequence of Table 1. O

Notice that there are several 3-step and several 4-step symplectic nilmanifolds of dimension 6 satisfy-
(1)

ing (20). In fact, all the cases in Table 1 where ¢; ’ = by — 1 have such property.

Remark 6.6. Concerning other (non primitive) cohomology groups, we recall that in [2, Table 3] the
dimensions of the symplectic Bott-Chern and Aeppli cohomologies for a particular choice of symplectic
structure on each 6-dimensional nilmanifold have been computed.

7. A SYMPLECTIC 8-DIMENSIONAL SOLVMANIFOLD

In this section we show a closed manifold of dimension 8 that is c-flexible, f-flexible and h-flexible.
Let us consider the 8-dimensional compact solvmanifold M = S/T', where S is a simply connected
completely solvable Lie group of dimension 8 defined by left-invariant 1-forms {e?, 1 < i < 8} such that

de! =de? =de® =0, de* = —e'?, de® = —e'3, def = —e', de” = —€'7, de® = e,

Using [15], the Betti numbers of M are by (M) = 3, bo(M) =7, b3(M) = 11 and by(M) = 12 (see [11] for a
description of the de Rham cohomology groups of M).
The de Rham cohomology class of a generic symplectic 2-form w on M is given by

[w] = A[e'®] 4+ B[]+ C[e®] + D [e*] + E[e* + 3] + F [*°] + G [e"8],

where the coefficients A, ..., G € R satisfy BG(E? — DF) # 0. Notice that by Remark 2.10 we can suppose
without loss of generality that for instance G = 1. Also notice that Propositions 2.12 and 3.9 allow us to
reduce the computation of all the symplectic cohomology groups to the level of the Lie algebra s of S.

The generalized coeffective cohomology groups for k = 3,4 provide no flexibility since they are topological
invariants. A direct calculation shows that the c-flexibility depends only on é3 and, moreover, é3 = 8 or 9
depending on F' # 0 or F' = 0, respectively.

Next we show that ¢3 is also a key ingredient to obtain the other types of flexibility. Using Theorem 4.4,
we have that hs — hy = ¢é3. It turns out that the map L3: H' — H7 is identically zero, so hy = 0
and therefore hy3 = ¢3. On the other hand, according to Corollary 4.6, ééz) = bg + hg — hg — hr, thus
é((f) = h3 4+ bs — hg, or equivalently, ééz) = é3 +dimker{L?: H? — H®}. A direct calculation shows that
the dimension of the kernel of the latter L?-map is independent of the symplectic form and it is equal to 2,
therefore ééQ) = €3+ 2. Recall that ééZ) is by Remark 3.7 the dimension of the primitive cohomology group

PHY, » 2 PHi,.
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From this general study one concludes that the closed manifold M is c-flexible, f-flexible and h-flexible.
For instance, if we consider the following family of symplectic forms

wp= e 4 el6 e 2?3 435 LTS e R,

o &3(wo) = hs(wo) = 9, and &7 (wp) = 11;
o é3(wy) = hg(wy) =8, and ééz)(wt) =10, for any t # 0.

Remark 7.1. The symplectic manifold (M, wy) is considered in [11] (see also [12, page 288]) as an example
of a compact symplectic manifold of dimension 8 for which (20) does not hold. However, the 1-coeffective
cohomology groups were wrongly obtained and the conclusion is not correct. In fact, one can prove that (20)
holds for any ¢ € R, in particular for ¢t = 0.

On the other hand, by Remark 2.14, for any symplectic manifold (M?", w) satisfying the HLC (in
particular, for any compact Kéhler manifold) the k-coeffective cohomology group H (qk) (M) is isomorphic

to the [w¥]-truncated de Rham group I:T['L,C](M) = {[a] € HY(M) | [a]U[w*] = 0}, for any ¢ > n—k+2 and
1 < k < n. It is a natural question if such isomorphisms hold for any & for arbitrary symplectic manifolds.

A detailed study of the symplectic manifolds (M, w;) above allows us to conclude that

° Hgk)(M,wt) %ﬁ[qwk](M) for k=1,3,4 and for any ¢ > 6 — k and t € R;

° HEIQ)(M,wt) = Hﬁdtg]

Therefore, for the compact symplectic manifold (M,wy) we have that the 2-coeffective cohomology is

not isomorphic to the [w?]-truncated de Rham cohomology. More precisely, one has that H é)(M ,wo) #
Hil ) (M).

(M) for any ¢ > 4 if and only if ¢ # 0.

8. FLEXIBILITY OF SYMPLECTIC 2-STEP NILMANIFOLDS

In this section we find symplectic 2-step nilmanifolds of arbitrary high dimension which are c-flexible,
f-flexible and h-flexible.

Proposition 8.1. Let M = G/T be a 2-step nilmanifold of dimension 2n > 6, endowed with a continuous
family of symplectic forms wy. Then, the harmonic number hg(M,w;) varies if and only if the coeffective
number és(M,w;) varies, if and only if the filtered number 6(2?;21)(M’ wy) varies.
Proof. Let us denote by g the Lie algebra of the Lie group G. By [28, Theorem 3], for any symplectic
2-step nilmanifold
by — hop—1 = dim][g, g,

which implies that the harmonic number hs,, 1 does not depend on the symplectic form. From Theorem 4.4
we get hg — hoyp—1 = ¢3. Therefore, hs varies if and only if é3 does.

On the other hand, by Definition 2.8 and Proposition 2.9 for k = n — 2 we have

2n 2n—2
(21) —ég (=1 " =y = Y (1) b
=4 r=3

Now, from Proposition 4.7 (ii) and Proposition 4.8 (i) for k = n — 2 we get the following identities:

(n—2) .(n—2)

cy =éy, 1, and

cl(.”*z) =0b; for every 5 <i < 2n.

Therefore, equation (21) reduces to

2n—2 2n—2

ey &Y+ Z (—1)"bs — bap—1 + bap = —bs + by + Z (=1)" b,
i=5

r=>5



23

which implies

éé’};ﬁ) =3 — b3 + by + ban—1 — bay.
Consequently, the filtered number ég:;i)(M ,wy) varies if and only if the coeffective number é3(M, w;)
varies. 0

We apply Proposition 8.1 to a family of examples found by Sakane and Yamada in [23]. The conclusion
is that for any k£ > 2, there is a 6k-dimensional symplectic nilmanifold which is c-flexible, f-flexible and
h-flexible.

Example 8.2. Let k be an integer such that k£ > 2. We consider the 6k-dimensional compact nilmanifold
M = G/T, where G is a simply connected 2-step nilpotent Lie group defined by left-invariant 1-forms
{af, Bt 1 < i < 3k} satisfying

dalz---:da%:(),
dpt = al A a?,

dB? = o A o3,

AB3E—1 = oBk=1 p o3k

dB®F = ok A al.

We denote by g the Lie algebra of G. Let a® be a complementary vector subspace of the derived
algebra [g, g] in g, and consider a' = [g,g]. So, g = a’ @ a! as a vector space, and this decomposition
induces a bigraduation A" g* = @iy i, = A" (a%)* @ A" (a")*, for any r. For simplicity, we denote A" =
A°(a®)* @ A" (a)*. Hence, for r = 3 we have

/\3 g* _ /\370@/\2,1 @/\1,2@/\0,3.
Let Z3(g) and B3(g) denote the subspaces of \® g* consisting of closed and exact 3-forms, respectively.
For any invariant symplectic form w on M, we denote by H3(g,w) the space of invariant w-harmonic
3-forms. Since M is 2-step, by [23, Theorem 3] we have that B3(g) C H3(g,w). Hence, the harmonic
cohomology group H{ (M,w) satisfies

Hi(g,w) o H(g,w)

ng(Mvw) = B3(g) NH3(g,w) N B3(g)

Moreover, it is easy to see that

Higw) = N o (Z@n A*) o (H(e.0)n \?),

Bg)c No (Z2@n \*).
Hence, the harmonic number h3 only depends on the dimension of the space H3(g,w) N A2

Now, let us consider the symplectic form 7 = a; a® A B + -+ + az a3 A 3%, where ay, ... a3, #0. A
direct calculation using (22) shows that

dim (H3(g, N /\1’2) —0.

Let o = by(a! A2 —aP ABY) 4+ bap_a(aPF =2 A BT 038 AF3E=2) £ by (aBF~ 1A G —al AF3E-1L).
One can choose by, ..., bgr—1 such that o is non-degenerate (for more details see [23]) and, since it is closed,
o defines another symplectic form on M. Using again the structure equations (22) one can prove that
H3(g,0) N AV = (a? TP ABI A BT j=1,...,3k), which implies

dim (HS(g,a) N /\1’2) = 3k.

and
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We take € > 0 sufficiently small so that the closed 2-form w;: = o + ¢ 7 is non-degenerate for any
t € [0,¢]. The space H3(g,w;) N AL? has dimension 3k for ¢t = 0, and dimension 0 for ¢ # 0. This proves
that the harmonic cohomology group H;.(M,w;) varies with ¢. Furthermore, since the harmonic number

h3(M,w;) varies, by Proposition 8.1 we get that the coeffective number é3(M,w;) and the filtered number

égz,j)(M ,wy) also vary with ¢.
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