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Abstract

Este es un trabajo de fin de grado sobre la teoria de Grupos de Lie y Algebras de Lie. Se centra
en dos objetivos: Por un lado, proporciona al lector los conceptos bdsicos en relaciéon a Grupos de Lie,
Algebras de Lie, la conexién entre ellos, y algunas herramientas para entender su estructura; por otro
lado, explora el teorema de Lie-Kolchin, no solo las motivaciones detrds de éste, sino también algunos
resultados relacionados.

El trabajo estd muy centrado al caso matricial, por lo que la mayoria de definiciones y ejemplos
estan pensados para grupos y dlgebras de Lie. Esto se debe parcialmente a que una explicacién ge-
ométrica completa requeriria incluir algunos conceptos que nos apartarian de los objetivos principales
de este trabajo. El otro argumento a favor del caso matricial es el hecho que el objetivo principal es el
teorema de Lie-Kolchin, un resultado de teoria de la representacién. Debido a que la teoria de la repre-
sentacién busca llevar grupos y édlgebras de Lie a grupos lineales generales, conseguir una percepcion
los efectos de esta teoria en matrices serd ttil para un mejor entendimiento del teorema de Lie-Kolchin.
Este teorema establece que la imagen de un grupo de Lie resoluble que es representado en el grupo
general lineal de un espacio vectorial puede ser simultdneamente transformado en un grupo de matrices
triangulares superiores mediante conjugacion.

En particular, la estructura de este trabajo es como sigue: Primero, se explican los conceptos de
grupo de Lie, dlgebra de Lie, la aplicacion que los une (llamada aplicacién exponencial), y la idea
de homomorfismos e isomorfismos entre grupos de Lie y entre dlgebras de Lie; y segundo, se estudian
conceptos como resolubilidad o semisimplicidad, que permiten obtener una idea m4s especifica de como
estan estructurados las dlgebras y los grupos de Lie, y después se usan estas ideas combinadas con teoria
de la representacion para presentar el teorema de Lie-Kolchin y cudles son sus implicaciones.

This is a bachelor thesis on the theory of Lie groups and Lie algebras. It focuses of two objectives:
On the one hand, it provides the reader with the basic concepts regarding Lie groups, Lie algebras, the
connection between them, and some tools to understand their structure; on the other hand, it explores
the Lie-Kolchin theorem, not only the motivations behind it and its statement, but also some related
results.

This thesis is heavily focused on matrix case, so most of the definitions and examples are meant for
matrix Lie groups and algebras. This is partially because a full geometric explanation would require
including some concepts that would push us away from the main objectives of this thesis. The other
argument in favour of the matrix cases is that the main objective of the thesis is the Lie-Kolchin theorem,
which is a representation theory result. Since representation theory attempts to map abstract Lie groups
and algebras to general linear groups, getting some insight of the effects of this theory on matrices will
be useful for a better understanding of the Lie-Kolchin theorem. This theorem states that the image of
a solvable Lie group represented in the general linear group of a vector space can be simultaneously
transformed into a group of upper triangular matrices via conjugation.

In particular, the structure of the thesis is as follows; first, we explain the concepts of Lie group, Lie
algebra, the map that join them (named exponential map), and the idea of homomorphisms and isomor-
phisms between Lie groups and between Lie algebras; and second, we study concepts as solvability and
semisimplicy, that allow us to get a more specific idea of how Lie algebras and Lie groups are structured,
and then we use this ideas combined with representation theory to present the Lie-Kolchin theorem and
what are its implications.

il






Prologue

The theory of Lie groups and Lie algebras was born in the late 19th century by the hand of Sophus
Lie, who settled its basis (that is why its is named after him). This theory intertwines the concept of a
differential manifold and algebraic ideas, most importantly group theory and abstract algebra.

Thus, the theory of Lie Groups aim to provide a smooth manifold structure to a group, so that both
the maps that generates the group structure and the homomorphisms that relate these groups become
smooth. On the other hand, the theory connects these groups with some special algebras, the Lie alge-
bras, through an special map called the exponential map.

In this thesis we will only study the correspondence between matrix Lie groups and matrix Lie
algebras, but in the general case the Lie algebra of a Lie group can be constructed through the left-
invariant vector fields of a Lie group, and then related though an exponential map created ex professo,
whereas in this thesis the exponential map is defined before the correspondence is made. With this
relations established, the theory of Lie groups and Lie algebras borrows concepts from group theory
and differential topology to provide some results of its own. Another theory that is quite frequent to be
used in the situation of Lie groups and Lie algebras is representation theory.

Finally, it is worth mentioning that the results that arise from this theory are then applied to many
branches of mathematics such as algebra or geometry, and into applied mathematics as well. Further-
more, the theory of Lie groups has proved to be quite useful in mathematical physics, and thus it can be
found in many parts of physics.

In this thesis, we will get started with the basic concepts and we will study some of the definitions
and results that this theory borrows from group theory, and then we will apply them in representation
theory to give a remarkable result: the Lie-Kolchin theorem. The idea of this theorem is to be able
to provide some conditions under which a set of matrices can be simultaneously transformed into an
upper triangular set of matrices. Some similar results were given in abstract algebra before the creation
of this theory, and some generalizations have been proved since then, but the objective of simultane-
ously transformation into upper triangular matrices is still there due to the tremendous usefulness of the
concept.

Without further ado, let us get started into this thesis.
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Chapter 1

First definitions for Lie Groups

1.1 Lie Group

Definition 1.1. A Lie Group is a smooth manifold G with a group structure compatible with its manifold
structure, that is, with two maps

GxG—G G—G

(8,h) — gh g—rg!
so that the manifold structure makes these maps smooth.

The definition of Lie group is seemingly innocent but it has great implications on both its group and
manifold structures. In order to make sure that the first ideas are understood we will define its arguably
most important case: The matrix Lie group.

1.2 Matrix Lie group

Consider the set of n x n complex-valued matrices M, (C) and its subset of invertible n x n matrices,
GL,(C) = {A € M,,(C)| det A # 0}. In order to view them as Lie groups, we first need to provide them
with a manifold structure. This can be done through the Frobenius (or Hilbert-Schmidt) norm:

Definition 1.2. M,,(C) (and GL,(C)) can be provided with a metric space structure by the norm

ij=1k=1 i.j=1 \k=I ik=1 k,j=1

n
X = ¥ bl

ij=1

Lemma 1.3. This norm is submultiplicative, that is, ||AB|| <||A||||B||-

Proof.

n n 2 n n 5 n 2 n 5 n 2
1AB| = | Y Y lawbii|” < | X | Ylawl Y|oi|" ) <) X laal” Y, [bxj|” =IAlllIBI|

k=1

O

As GL,(C) is a metric space with this norm and since it is homeomorphic to C” = R it can be
given a smooth manifold structure through this homeomorphism.

Of the other hand, it is easy to see that GL,(C) can be given a group structure, with the group
multiplication and group inversion being the matrix multiplication and matrix inversion. Furthermore,
both matrix multiplication and (thanks to Crammer’s rule) matrix inversion are polynomial functions,
and thus smooth.
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Now that we have seen that GL,(C) is a Lie group, we can define a matrix Lie group as follows.
Definition 1.4. A matrix Lie Group is a closed subgroup of GL,(C).

It is easy to see that this definition makes sense since it inherits both the smooth manifold and group
structures from GL,(C).

1.3 First examples

Because of the importance of matrix Lie groups in both the theory of Lie groups and its applications,
they have been studied for a long time, and many of the properties obtained have been latter used in other
branches not only of mathematics but also of physics and applications. In particular, some of the best
known matrix Lie groups are the classical groups. We will introduce some of them as our first examples
of Lie groups.

Examples. We will start with some classical groups

- First of all, GL,(C) itself can be viewed as a matrix Lie group, since it is a subgroup of itself
(and trivially closed). Now, since R is closed in C, GL,(R) = {A € GL,(C)| a;; € R} can be
considered as a closed subgroup of GL,(C) and thus a matrix Lie Group.

- The special linear group SL,(C) = {A € GI,(C)| det A = 1} is a closed subgroup of GL,(C): If
A,B € SL,(C) then

det A=' = (det A)™' = 1 and det AB=det Adet B=1
Furthermore, SL,(R) = SL,(C) N GL,(R) is also a matrix Lie group.

- The unitary group U(n) = {A € GL,(C)| AA* = 1} (where A* is the conjugate traspose of A) is
also a matrix Lie group: If A, B € SL,(C) then

AN AT = (A*A) " = (AA") ' ="' =T and (AB)(AB)* = ABB*A* = AA* =1

In particular, we can consider the special unitary group SU(n) = U(n) N SL,(C) as a matrix Lie
Group.

- In the same way, the orthogonal group O(n) = {A € GL,(C)| AA" =1} = U(n) N GL,(R) and the
special orthogonal SO(n) = O(n) NSL,(R) are also matrix Lie groups.

Finally, for an important example which is not one of the classical groups, let us define the Heisenberg
group as follows: Let H be the set of matrices in GL(C) of the form

where a,b,c € C. Then we have that

1 a b 1 d bV 1 a+d b+b+ac
01 ¢ 01 =10 1 c+c €eH
0 0 1 0 0 1 0 0 1

1 a b : 1 —a ac—>b

01 ¢ =10 1 —c eH

0 0 1 0 O 1

so we have a closed subgroup of GL,(C), that is, a matrix Lie group, known as the Heisenberg group.
This group is used in physics for descriptions of quantum mechanics systems.



Chapter 2

Lie Algebras

The other key ingredient in the theory of Lie groups are Lie algebras and their relation with the
former, as exploring these relations gives an insight of their structure and behaviour. We will start with
the concept of a Lie algebra:

2.1 Lie algebra

Definition 2.1. A Lie algebra is a vector space g together with a bilinear, skew-symmetric map
[-,-] 1 @ x g — g such that the Jacobi identity holds, that is

[Aa [BaCH + [B> [CaAH + [Ca [AaB]] =0VA,B,Ceg
the map [+, ] is called the Lie bracket.

In the same spirit as in the previous chapter, here we will work mainly with matrix cases, so that the
concepts explained may be easier to follow. Thus, we will start considering our first matrix Lie algebra:

Proposition 2.2. For the vector space g = M, (C) the operator
[X,Y] = XY — YX
is a Lie bracket, so that M,,(C) it becomes a Lie algebra.

Proof. First, notice that the map is a well-defined map from M,(C) x M,(C) to M,(C). Now, it is
skew-symmetric as

[V, X] =YX —XY = —(XY —YX) = —[X,Y]

it is also bilinear since for any o, 8 € C
[0X +BY,Z]| = (aX+BY)Z—-Z(oX +BY) = aXZ+BYZ— aZX — BZY = o[X,Z] + B[V, Z]
and linearity on the first term and skew-symmetry implies bilinearity. Finally we have to prove that the
Jacobi identity holds.
[Xv [YaZH + [Y7 [ZaXH + [Za [X7YH :X[Y,Z] - [Y,Z]X+Y[Z,X] - [Z7X]Y +Z[X7Y} - [X7Y]Z

=XYZ-XZY —YZX+ZYX +YZX - YXZ - ZXY + XZY +ZXY —ZYX —XYZ+YXZ =0
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2.2 The (matrix) exponential map

The idea of the exponential map arises as the connecting map of a Lie group and a Lie algebra.
Here, we will begin with the classical definition.

Definition 2.3. Given a matrix X € M,(C), its exponential exp= e* is defined as
P
= k!
where it is understood that X° = I (thus ¢% = ).

Note that exp is absolutely convergent for every X € M, (C), as thanks to Lemma 1.3 we have that
[IX™|| <|IX||", which implies

Therefore we have a well-defined map exp: M,(C) — M, (C) (and in fact we will later prove
next that exp(M,(C)) C G,(C)). Furthermore, since exp can be seen as the limit of the functions

X
Z I || _ M <

k . . .
(X)) =Yi0 )li—, and these are continuous and bounded by ¢/ X, Weierstrass M-test shows that exp is
continuous. Now we will present some basic properties of exp:

Proposition 2.4. Let X,Y € M, (C), g € Gl,(C), then
I XY =YX = & =eXe

2. If A is an eigenvalue of X, €* is an eigenvalue of ¥
3. det X =e'" X
4. e8X8 = geX g1
d
5. —eX =XeX = XX
dt
d
6. X =—eX
dt =0

Proof. We will consider X,Y € M,(C), g € GI,(C), A € C.

1.
(X+Y - > X’” Ykm X ¥

Zk|zmykm ZZ

notice that in the second step we are allowed to write the binomial formula that way thanks to the
fact that XY =Y X.

K — Z

k=0

2. Let A be an eigenvalue of X and v an eigenvector of eigenvalue A, then

= Xky = Aky
K=Y "—= =ty

=
thus v is an eigenvector of ¢X with eigenvalue e*.
3. Suppose that X has eigenvalues z; ...z,. Then by 2. we have deteX = ¢% ...e% = 1T T =" X
4,
oXe T i (gxg ")t i gXkg™! = G X —1

=g) g ' =geg
k=0 k! k=0 k! k=0
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d y &ld, o &l ey XY
7% = Lag ) = L kXX _X,g’l(k—l)!_x,;o

k=0 k=1

and the fact that Xe'* = ¢/XX comes from the fact that X commutes with X* Vk € NU{0}.

6. It is a consequence of 4.

Remark. Thanks to Proposition 2.4 we have the following consequences
o (X) ! =eXsince eXe ™ = e =1 as X and —X commute.
o oOFBX — 00X oBX with o, B € C as aX and BX commute.

Now, we will get into more meaningful properties of exp. First, we will study whether the exponen-
tial map is invertible.

Proposition 2.5. The exponential map defines a bijection from a neighbourhood of 0, € M,,(C) to a
neighbourhood of I € GL,(C).

d
Proof. Since by Proposition 2.4 %e’X ! —o =X, s0d expg = I and by the Inverse Function Theorem it

follows that exp is a bijection on a sufficiently small neighbourhood of 0, € M, (C). O

We know that near 0, € M,,(C) the exponential map is invertible, but what does this inverse look
like?

Proposition 2.6. Let U = {A € GL,(C)| ||A—1I|| < 1}, then the map log : U — M,,(C) given by

log X — i (1k)k—1 iy
n=1

is well-defined on U. Furthermore,
%X = X VX € U and log ¥ =X VX € {A € M,(C)| ||A| < log 2}

Proof. First, assume that X is diagonalizable. Hence X = CDC~! and

o (=D k o (—DH! P
n; X =1) n; . (D-1)
= (— 1)kt (z1 = Df log zi
—C = . cl'=cC . c-!
n; - . k .
(zn—1) log z,
Since || - DJ| = HC”C(I—D)C”CH < HC“HHC(I—D)C*IHHCH_] — X 1] < 1 we get that

|zi — 1] < 1 Vz; eigenvalue of X, so log converge in U. Now, if | X — ]| < 1 then

log 2 elogzl
el()gX:exp C C_] =C C_1:CDC_1:XVX€U

log z, £l08
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Conversely, if || X|| < log 2 then ||X || < 2 and ||e¥ —1|| < ‘HeXH —HIH‘ =[2—1]=1,s0€* €U and

eZl
log & = log eCPC = log (CeDcfl) =C| log cl=cpc't=x

eZn

Finally, if X is not diagonalizable, take a sequence of diagonalizable matrices X, — X and appeal
to the continuity of exp and log as power series to show that the limit of the image is the image of the
limit. -

The inverse map is denoted /og due to the analogy between exp and the usual exponential function
in R. Next, we will give a property of eX ™ which is very useful in the case when X,Y € M, (C) do not
commute:

Theorem 2.7. (Lie product formula) Let X ,Y € M,,(C), then

&Y — lim (eX/neY/n)n
n—yoo

Proof. To begin with notice that if n is big enough both X /n and Y /n are sufficiently small so that
eX/me¥/n falls in a neighbourhood of I for which log is defined. Thus if we multiply the series we get

KM =14 X In+Y /n+0(1/n?)

applying log

1
log(eX/"e'/"™y =X /n+Y /n+0O (HX/n—i—Y/rH— 2

2
) =X/n+Y/n+0(1/n?)

and getting this term again through exp

eX/neY/n _ eX/n+Y/n+0(]/n2) - (eX/neY/n)n _ eX-i—Y—‘rO(l/n)

This implies that lim,,_,.,(eX/"e¥/")" = X+7 O

With these understanding of the exponential map, it is time to see the concept that will allow us to
define the Lie algebra of a Lie group: one-parameter subgroups.

2.3 One-parameter subgroups

Definition 2.8. Let G be a matrix Lie group. A one-parameter subgroup of G is a continuous map
Y : R — G such that y(0) =7 and y(r +s) = y(¢)¥(s).

Interestingly enough this conditions are sufficient to characterize one-parameter subgroups:
Proposition 2.9. If ¥(t) is a one-parameter subgroup of G, then y(t) = ' for some Z € M,,(C).

Proof. First, we claim that that if Be = {A € M,(C)| [|A]| < &} with € <log2 and if U =exp(B;>) then

VB € U there exists a unique square root C = e/°¢ (B)/2 on U. Indeed, C is clearly a square root of B in
U. Now let C’ be another square root of B in U, then there exists Y € B, /2 such that e¥ = (', and thus

eZY — C/2 — B — el{)g(B)

Therefore since 2Y € Bg, log B € B¢/, C Be and since by Proposition 2.5 exp is bijective in B; we get
that 2Y = log B <= Y = log(B)/2 <= C' = ¢" = l¢B)/2 = C,
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Now, since ¥(0) = I, there exists a 7y # 0 small enough so that y(7y) € U. We define Z = %log(y(to))
so that y(tg) = €"%. Now, since y(t +s) = ¥(t)y(s) we have that y(at) = y(t)* Va € N. Thus, y(ty/2)
equals to the unique square root of ¢ in U, that is,

7 i 1 0 7 f i 0
(3)=el 2= y(5p) = e Z = ymag) = y(5p)" = (e ) =" P WkomeN
Thus y(m3}) = ¢k Z Vk,m € N, and by continuity of exp necessarily y(t) = e'* Vt € R. O

It is worth noting that a one-parameter subgroup ¢ is usually identified with its image, the set
{e'?| t € R} for a given Z € M,,(C). Now, we will give some properties of the one-parameter subgroups.

Proposition 2.10. Let X,Y € M,(C), then

d
1. [X,Y]= Ee'X Ye 'X

2. X=e"VreR=>X=Y

t=0

Proof. For the first one we have that

d Xy ,—tX Xy ,—tX Xy ,—tX
Eet Ye X| _ =Xe'Ye X —eMYe XX| _ =XY —YX =[X,Y]

As for the second, if ¢'X = ¢'¥ V¢ € R, then we can take 7y small enough so that we can use log, and

X =log(e™®) =log(e")=tY Vi <to=>X =Y

2.4 Lie algebra of a Lie group

Now we are in a position to explain which is the role does the exponential map play on the relation
between Lie groups and Lie algebras.

Definition 2.11. The Lie algebra of a Lie group G is Lie(G) = {X € M, (C)| ¢ € GVt € R}.

As we can see, one-parameter subgroups play a vital role on this relation. The first question that
arises is whether Lie(G) is actually a Lie algebra as we have defined on Definition 2.1.

Theorem 2.12. Let G be a matrix Lie Group. Then Lie(G) is a Lie algebra with the usual Lie bracket
[X,Y] =XY -YX.

Proof. First, if X € Lie(G) and o € R then ¢/(®X) = ¢l/®X ¢ GVt c Rasta € R, so aX € Lie(G). Now,
given X, Y € Lie(G) we have that

et(X-i—Y) _ 11_r>n (etX/metY/m)m ceGVteR
n—yoo

since X /m,Y /m € Lie(G) so ¢X/™e’Y/™ ¢ G, and since G is closed in GL,(C) the limit is also in G.
Finally, using property 1 of the Remark in section 2.2 we get that eXYe "X € Lie(G) Vt € R as

es(e’XYe”X) _ ee’X (sY)e ™ _ XY o—1X ceGVYseR
so thanks to Proposition 2.10 we have that

d
X,Y] = Ee’X Ye X

since the limit is contained in G as it is closed. OJ

1
=lim— (e’XYe*tX — Y) € Lie(G)
=0 =01
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2.5 Examples

Now that we have seen how a Lie group defines a Lie algebra, it is time to illustrate this relation
through some examples.

Examples. Lets consider the Lie algebras of the examples given in section 1.3:
e We know that X € GL,(C) for every X € M, (C), so M, (C) C Lie(GL,(C)) C M,(C), and thus

gl,(C) := Lie(GL,(C)) = M,(C)

e Now let X € Lie(SL,(C)), then ¢ € SL,(C) V¢ € R, that is, det ¢’ =1Vt € R. By Proposition
2.4 this implies that rr tX = 0 V¢ € R = tr X = 0. Conversely, if A € M,,(C) has rr A = 0, then
det ¢ = 1Vt € R, and thus A € sl,(C). We conclude that

s0,(C) := Lie(SL,(C)) = {X € M,(C)| tr X =0}

e For U(n), consider X € Lie(U(n)), then X (¢’X)* =1, so (¢'X)* = (¢/X)~!, that is, &'X") = X,
Since this holds for every ¢ € R, we have that X* = —X, so X is skew-hermitian. Conversely if
A* = —A, then (¢"1)* = (¢))~! and thus ¢4 € U(n) V¢ € R, so we get that

u(n) := Lie(U(n)) = {X € M,(C)| X* = —X}
in the same spirit we can consider

su(n) = Lie(SU(n)) = {X € My(C)| X* = —X,tr X =0}

e Following the same steps as with u(n), we can deduce that
o(n) :=Lie(O(n)) = {X € M,(R)|X" = —X}

and
so(n) := Lie(SO(n)) = {X € M,(R)|X' = —X,tr X =0}

e Finally, we will compute the Lie algebra of H, the Heisenberg group. We are looking for a
matrix X € M,(C) such that ¢’* € H V¢ € R. Since "X has to be upper triangular matrix, and
looking at the shape of the exponential map, we can deduce that X also has to be upper triangular.
Furthermore, the eigenvalues of ¢/’X are the elements in its diagonal, which we know that are 1.
Thus, the eigenvalues of X (and its diagonal values) have to be 0, so that ¢¥ = 1. With all this, we
can deduce that

h:=Lie(H) ={ X € M,(C)| X = a,B,8eC

S O O
o O R
S O ™®

b is obviously closed under addition and product by scalars. Furthermore, since the product of
two strictly upper triangular matrices is another strictly upper triangular matrix, we have that §j is
closed under the Lie bracket, and thus it is a Lie algebra, the Lie algebra of H.



Lie Groups - Pablo Cortés Atance 9

2.6 BCH formula

To finish with this chapter, we will include one useful tool to find C € Lie(G) so that e*e? = e©
where G is a matrix Lie group and A, B € Lie(G) are such that||A||,||B|| < r for r € R small enough. In
this situation, e“e® falls in U, the neighbourhood of the identity where exp is a bijection, so there exists
C = C(A,B) € log(U) such that ¢*ef = ¢““5) Furthermore:

Proposition 2.13. C(A,B) = A+ B+ }[A.B]+ O(r®) € log(U).

Proof. Suppose that C(A, B) = C; + O(r*) where C; = O(r) then computing the exp power series up to
order 1 we get
B — 1401 +0(7)

On the other hand
AB_ 2 2\\ 2
et =(I+A+0(r")(I+B+0(r))=1+A+B+0(r)

Thus
0=eUB) _AB —C—A+B+0(r*) = C=A+B+0(?)

This argument can be repeated to obtain the next order coefficient: If C(A,B) = A+ B+C,+ O(r?),
then

1 1
A — LA+ B+Cy+ 5(A+B+Cz)2+0(r3) =1+A+B+C+ 5(A+B)2+0(r3)
and we can repeat the argument computing

1 1 1
AP =(I+A+ EA2+0(r3))(1+B+ E32+0(r3)) =I1+A+B+AB+ E(A2+Bz) +0(r)

Hence we get
1 1
G+ 5(A +B)?=AB+ 5(,42+192) +0(P) =
1 1 1
= Co+ 5 (AB+BA) = AB + o0r)=C = 5(AB—BA) +0(r?) = 51A.B] +0(r)
Therefore C(A,B) = A+ B+ 3[A,B|+0(r). O
Furthermore, the same process can be repeated to get higher order terms of C(A, B):

Proposition 2.14.
C(A,B)=1+A+B+) Ci(A,B)
k=2

where the Cy(A,B) can be expressed in terms of the Lie brackets.

Remark. As the previous proposition stated, we have that
log(e¥e) =X +¥ + J[X, Y]+ s (X, Y]+, 17, X])) — 5[, [ [ Y -

Although we will not need to explicitly describe these Cy (A, B) here, it is remarkable that the C(A, B)
can be described with the Baker—Campbell-Hausdorff formula. To show this formula, we will use some
useful notation.
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Definition 2.15. [X,-] can be also considered as a map,

adx :g— ¢
Y — [X,Y]

named the adjoint map.

The adjoint map notation is very convenient since it allow us to write adyadyadyad,(Y) instead of
X[y, [X, X, YN

Theorem 2.16. (Baker—Campbell-Hausdorff formula) Let X,Y € Lie(G) with ||X||,||Y|| sufficiently
small (see [2], pg.119), then

!
log(eXe') =X +/ g(ex e v (Y)dr
0
where
sl ( n+]

logz
- n=1

(z—1)"
nn+1 (z )



Chapter 3

Homomorphisms

3.1 Lie group and Lie algebra homomorphisms

Now that Lie groups and Lie algebras have been defined, it is time to study how do they interact
with other Lie groups and Lie algebras. In group theory, groups are related through homomorphisms.
In differential topology, smooth manifolds are related through smooth maps. With the next definition,
we are looking for a notion that joins both concepts:

Definition 3.1. Let G,H be Lie groups. A Lie group homomorphism ® : G — H is a group homo-
morphism so that the manifold structures of G and H make ¢ smooth. In addition, if & is bijective,
then it is called a Lie group isomorphism, and it is said that G is isomorphic to H (or that G and H are
isomorphic, since it is easy to check that this relation is symmetric).

Of course, we also want to relate Lie algebras through a similar map.

Definition 3.2. Let g — h be Lie algebras. A Lie algebra homomorphism ¢ : g — b is a linear map
compatible with the Lie bracket of the Lie algebras, i.e., such that ¢[X,Y] = [¢(X),¢(Y)]. In addition,
if ¢ is bijective, then it is called a Lie algebra isomorphism, and it is said that g is isomorphic to b (or
that g and b are isomorphic).

3.2 Group to algebra homomorphism correspondence

Now that the concepts of Lie group homomorphism and Lie algebra have been defined, the next
question that naturally arises is how do these definitions interact with the relations between Lie groups
and Lie algebras we have studied before. This interaction can be express through the exponential map:

Theorem 3.3. Let, G,H be Lie groups with Lie algebras g,b, and let ® : G — H be a Lie group
homomorphism. Then there exists a unique Lie algebra homomorphism d® : ¢ — b such that

Proof. The idea of this theorem is to find a Lie algebra homomorphism d® such that the following
diagram commutes

For every X € g we have that the map 7y : ¢ — ®(¢'X) with € R is a one-parameter subgroup, thus
because of 2.9 we know that there exists Z(X) € b such that ®(e’X) = ¢?X) ¢ H Vr € R. It is easy

11
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to see that Z(X) is uniquely defined. Therefore, we define d®(X) := Z(X) VX € g. Furthermore, this
definition implies that d®(aX) = a dP(X) for ¢ € R as

edtb(otX) _ (D(eaX) _ CI)((eX)a) _ (I)(eX)a _ (eddD(X)>a —” do(X)
We also have that

ed@(X+Y) — CI)(eX+Y) — lgn q)((eX/n)n(eY/n)n) — lgn (eddD(X/n))n(edCD(X/n))n — ed'iID(X)+d¢>(Y)

s0 dP(X +Y)=dP(X)+dP(Y), and we have that dP is linear. The only thing left to prove is that the
map respects the Lie bracket. Notice that d®(gXg™!) = ®(g)dP(X)P(g) ' since

eP@ALNRE) ™ — ()P X)P(g) ! = D(ge¥g ") = D(e858 ) = AP(eXsT)

Then combining this with Proposition 2.10 we get that

d o - d .
d([X,Y]) = do( S-eve ™| ) = Zdd(eve )|, =

= iq:(er)dqn(Y)qn(e—zX)‘ = ietm(x)dq,(y)e—td@(x)’

= = = [dD(X),dP(Y)

t=0

O]

Definition 3.4. Let ® : G — H be a Lie group homomorphism. We say that a Lie algebra homomor-
phism ¢ : g — b is the differential of ® if ®(eX) = ?X) for every X € g.

This theorem is quite relevant, not only for the relation between Lie group homomorphisms and Lie
group algebras, but also for the relation between its Lie groups and Lie algebras:

Corollary 3.5. If G and H are isomorphic, then their Lie algebras g and by are also isomorphic.

It comes without saying that this corollary is very interesting, as it allow us to study the Lie algebra
of a Lie group by studying the Lie algebra of a Lie group isomorphic to the former.

3.3 Simple connection

Of course, the next question we have to ask is whether this relation works the other way around:
if we have a Lie algebra isomorphism, does it define a unique Lie group homomorphism? If the Lie
algebras of two Lie groups are isomorphic, does that mean that these Lie groups have to be isomorphic?
The answer, in general, is no. Nevertheless, we can include one more condition that allows us to answer
affirmatively both questions: Simple connection.

Definition 3.6. A Lie group G is said to be connected if for any g;,g2 € G there exist a path connecting
g1 and g, and it is said to be simply connected if any two paths connecting g; and g, are homotophic.

Observe that since G has a manifold structure, then G is connected (as a manifold) if and only if it is
path-connected. Therefore it is useful to define the notion of being connected for Lie groups with such
a handy concept as path-connectedness.
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3.4 Algebra to group homomorphism correspondence

As for now, we will focus in the task at hand: showing that under the simple connection condition
there is a correspondence from Lie algebras to Lie groups.

Theorem 3.7. Let G,H be Lie groups with Lie algebras g, such that G is simply connected, and let
¢ : g — b be a Lie algebra homomorphism. Then there exists a unique Lie group homomorphism
® : G — H such that e*X) = &(e¥).

Proof. Let U be a neighbourhood of the identity of G sufficiently small, such that both the BCH formula
holds in U and exp defines a bijection between U and its image. Now, we define

f=expodolog

where log := exp~!. Therefore we have a map on U

Uu------- + H
expT Texp
log(U) L b

Notice also that f is an homomorphism: If A;,A; € U, then there exist By, B, € log(U) such that
A = éB and A, = €B2. Furthermore, by Proposition 2.13 there exists C = C(A,B) € log(U) so that
A1A; = éBreP2 = € and the BCH formula implies that C is a linear combination of monomials which
are Lie brackets in By, B;. As ¢ is a Lie algebra homomorphism it preserves those brackets and we can
deduce that ¢(C) is the result of applying the BCH formula to ¢ (B;)¢(B>). Thus e?(B1)¢9(B2) — £0(C)

and
AN f(Ay) = e908(A1)) ,9(log(Ar)) — ,9(B1) ,90(B2) _ ,0(C) _ ,0(log(A1A2)) f(A1A,)

Now we want to extend this homomorphism f to all G. Since G is connected, for any g € G there
is a path a from the identity /to g. Let 0 =1p < t; <1, < --- <t = | be a partition of [0, 1] such that
a(t)a(ti1)"' €U Vi=1,...k. Therefore, since log is defined in U, we can find X; € log(U) such that
a(t;)o(tiy)~! =% Vi=1...k. Then, we have that

X1 2%

g =eMe
Since the map we are looking for should be a Lie homomorphism and ¢X' € U Vi = 1...k, we would
like to define a map

D(g) = f(e) f(eM)... f(e2) f ()

but so far we do not know if this value depends on the choice of path ¢ or the partition fy < --- < #.
Therefore, we must make sure that this map is well defined.

First, we will modify our path o to create another path @’ by adding an element s € (f;_1,;) into
our partition so that o (#;)a/(s) ! and &'(s)o(t;—;) ! fall in U. Then we can find ¥}, Y, € log(U) such
that o (#;) o (s) ™' = " and &/ (s)a’(t;_1)~' = €. Now, in order to prove that the value of ®(g) does
not change, we need

f(e) = f(e")f(e")
But since eX' = a(t;)at(ti-1) " = a(t;)a(s)a(s) 'a(t;io1) ! = e¥e’ and f is an homomorphism,
we have that

FeM)f(e?) = f(e"e™) = f(e¥)

so a and o give the same value for ®(g). Furthermore, since G is simply connected, any two paths
a and o” connecting I with g are homotopic, so there exists y : [0,1]> — G such that y(0,-) = «,
y(l,-) =a”, and y(¢,-) is a path from I to g. Then, we can find elements p, = y(¢,s) so that we can
modify our path & into " in the same way as we just did.
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Figure 3.1: A path o can be altered into ¢’ through these modifications.

Thus we have defined a map

GLH

exp TCXP
¢
g——b

such that d® = ¢, so the only thing left to prove is that it is a Lie group homomorphism. Since it is
clearly smooth by definition, we have to prove that it is an homomorphism. To do so, let & be as above,
and for an element & € G let B be a path from I to 4 with a partition sy < --- < s,, as above. Then, we

define
) = {B(I/Z), t€0,1/2]
oa2t—1)ht€[1/2,1]

and we want to prove that 0 = s50/2 < -+~ <s,/2=1/2=1/2+1/2 < ...1/241/2 = 1 is a partition
of ¥ with the same properties the previous partitions had. In fact, if B(s;)B(s;_1)~! = €% € U then

V(si/2)¥(si-1/2) " = B(si)B(si1) ' =€ficU
Y(1/2416/2)y(1/2411/2) " = a@@)hh o) = a@)a(t ) =t cU
So we get that
D(gh) = f(Y(1/2+1/2)Y(1/2+ 11 /2) ") o f(V(s2/2)¥(51/2) ) f(¥(s1/2)) =

F@) [ () fle) fel ). f(e") = B(g)P(h)



Chapter 4

Solvable and semisimple algebras.

In this chapter we will give some useful tools to understand the behaviour of a Lie algebra by
studying some special subalgebras of it (and analogously with Lie groups).

4.1 Solvable, nilpotent and abelian algebras

This first section consist on adapting some concepts of algebra and group theory into our theory
of Lie algebras. Indeed, some of this definitions are actually the same for discrete groups (i.e. groups
without a topology).

First, consider a Lie algebra g and an ideal a C g. Then, the quotient vector space g/a can be given a
Lie group structure by setting [X + a,Y +a] := [X, Y]+ a. This algebra is called the quotient Lie algebra
of g and a.

Definition 4.1. Let g be a Lie algebra over a field K. We define the commutator of g as

[9,9] =span{[X,Y] € g| X,Y € g}
It is easy to see that [g, g] is an ideal, since VX € g,[Y,Z] € [g, g] we have that [X,[Y,Z]] € [g,9].
Proposition 4.2. If g is a Lie algebra and h =g/1g, 9], then Y is abelian (i.e. [h,h] = {0}).

Proof. LetA,B € g then [A+g,B+g] € hand [A+[g,0],B+[g,0]] = [A,B] +[9,0] = [g, 9], therefore
[b,] = {0}. O

Now, out of this concept of [g, g], we will build the following chains of ideals:

Definition 4.3. Let g be a Lie algebra. Then g! = g; = g, and

gt =gk, g"] Oki1 = [0k, 0]

A Lie algebra g is said to be solvable if g" = {0} for some n € N, and it is said to be nilpotent if
gn = {0} for some n € N. A Lie group G is said to be solvable if its Lie algebra is solvable, and it is
said to be nilpotent if its Lie algebra is nilpotent. In this case G is solvable (resp. nilpotent) as a group
in the classical sense.

Of course, the names of these definitions arise from the analogous concepts in group theory (notice
that if g C GL,(C) is abelian then XY =YX VX,Y € g). As the similarities between their definitions
suggest, these three concepts are closely related.

Proposition 4.4. If g is abelian then it is nilpotent. If g is nilpotent then it is solvable.

Proof. Clearly [gF, g*] C [g,g¥] since gk C g, so if g is nilpotent g, = {0}, so g" C g, = {0} implies
g" = {0}, that is, g is solvable. Now, if g is abelian, then g, = [g,g] = {0}, and g is nilpotent. O

15
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Now we will show a result intertwining solvable Lie algebras an quotient Lie algebras, that will be
useful later on.

Theorem 4.5. Let g be a Lie group and let a be an ideal of g. If both a and g/a are solvable, then g is
solvable.

Proof. Let q: g —> g/a be the quotient homomorphism. If g/a is solvable, there exists j € N such that
(g/a)/ = {0}. Since q is surjective we have that ¢(g*) = (g/a)¥ Vk € N. In particular ¢(g/) = {0}, that

is, g/ C a. Butif a is solvable, then a” = {0} for some m € N, so g/ = (g/)" C o/ = {0}. Therefore
g is solvable. O

Solvable and nilpotent Lie algebras are frequent concepts in theory of Lie algebras, as some results
based on these are later used in other parts of the theory. In particular, the next three examples happen
to be very relevant.

Examples. To illustrate these concepts, we will consider again Lie algebras in M,,(C):

1. The set of strictly upper triangular n X n matrices a, besides being obviously a Lie algebra, is a
nilpotent Lie algebra. If A, B € a are strictly upper triangular, then

n j—1
[A,B;j = Zaikbkj —byaxj = Z ajxbij — biray
k=1 k=i+1

since a;;,b;; = 0 Vi < j. . So in particular

n i
[A,Blit1 = Z aikbi i1 — biag i1 = Z ajkbiiv1 — bixariy1 =0Vi=1,...n
=1 k=it+1

Now, let D = [E,F] € ap, where E € a;,F € a, then D; ;1 =0Vi=1,...n since a, C a;. Fur-
thermore,

j—1 j—2
Dij= Y ewfij— Y, enfrj
k=i+2 k=i+1
since e;; =0Vi+1 < jand f;; =0 Vi < j . In particular

it i
Dij2= Z eikfrj— Z exfiy=0Vi=1,...n
k=it2 k=it1

Since a; is the span of the element of the form of D, we get that D;i 12 VD' € ay. Inductively we
get that if C € ay, then ¢; 4, =0 Vi <k <n—i,soa,={0}.

Notice that if X € a, then X" = 0,,«,, so the exp series is finite, and thus /og always converges
in exp(a), so exp is a bijection from a to exp(a). Furthermore, this strictly upper triangular
matrices are precisely the Lie algebras of the matrix Lie groups of unitriangular matrices (i.e.
triangular matrices where its diagonal elements are all 1). In particular, this is a generalization of
the Heisenberg group and its Lie algebra.

2. The set of upper triangular matrices b is a solvable Lie algebra. First, it is again trivially a Lie
algebra, and if A, B € b, then
J
[A,Blij =Y aibi; — bia;
k=i
so [A,Bli; = a;j;bi; — bija;; =0 Vi =1,...n. Therefore [b,b] is nilpotent, and thus solvable.
Furthermore, thanks to Theorem 4.5, since both [b, b] and b/[b, b] are solvable (notice that b/[b, b]
is abelian by Proposition 4.2), so we get that b is solvable. In a similar way as the previous
example, these are the Lie algebras of the matrix Lie groups of triangular matrices.
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3. Anexample of an abelian Lie algebra is the set of diagonal matrices {A € M,,(C)|A=AI,A € C},
since for all A =/, B = sl in this set (¢,s € C) it is easy to see that ®A + BB = (ot + Bs)I, which
is again diagonal, and [A,B] = (ts —st) = 0, so it is a Lie algebra and abelian.

To finish with this section, we will show a crucial example of a solvable Lie algebra: The radical of
a Lie algebra. We will begin by establishing a well known result for algebras:

Theorem 4.6. (The second Isomorphism Theorem) Let g be a Lie algebra and let a and b be ideals of
g. Then there exists a canonical isomorphism

(a+b)/a=b/(anb)

The proof of the theorem is the same as with the classical Second Isomomorphism theorem. Next,
we will introduce an important result for the definition of the radical.

Corollary 4.7. Let a and b be two solvable ideals of a Lie algebra g, then a+ b is also a solvable ideal.

Proof. Since b is solvable there exists n € N such that b” = {0}, and since h =b/aNb is a quotient
of b, then {0} = ¢({0}) = ¢(b") = q(b)" =", so b is also solvable. Furthermore, by Theorem 4.6 h
is isomorphic to (a+b)/a, so (a + b)/a is solvable. Therefore by Theorem 4.5 we have that a + b is
solvable since both (a+ b)/a and a are solvable. O

Thanks to last theorem, for every two solvable ideals a and b of g we can construct another solvable
ideal a+ b containing both. Thus we can construct the following ideal:

Proposition 4.8. Let g be a finite-dimensional Lie algebra. Then there exists a unique solvable ideal
containing all solvable ideals.

Proof. Uniqueness is clear, since if two ideals h(1) and h(2) satisfy the above conditions, then
h(1) C (2) and H(2) C h(1), so h(1) = h(2). Now, if a and b are two solvable ideals of g, then we
know that a+ b is also a solvable ideal. Now, we can construct a relation between two solvable ideals
a < ¢ if ¢ contains a which induces a partial order. Since g is finite-dimensional, every chain of this
relation has an upper bound, so we can use Zorn’s Lemma to obtain a maximal element on every chain.
Now, if i’ and h” are two maximal ideals, then necessarily §’ C h” and §” C §’, so h’ = §” = b is the
desired unique solvable ideal containing all others. 0

Definition 4.9. Let g is a finite-dimensional Lie algebra, the radical of g is defined as the unique solvable
ideal containing all solvable ideas of g, and it is denoted radg.

4.2 Semisimple algebras

Now that we have seen solvability, it is time to introduce the other ingredient to understand Lie
algebras through its subalgebras:

Definition 4.10. A Lie algebra is said to be simple if it is non-abelian and its only ideals are {0} and
itself. A Lie group is said to be simple if its lie algebra is simple.

A Lie algebra is said to be semisimple if it is a direct sum of ideals which are simple algebras. A
Lie group is said to be semisimple if its Lie algebra is semisimple.

Proposition 4.11. Let g be a simple Lie algebra. Then [g,g] = g.

Proof. Notice that since the commutator [g, g| is an ideal of g, necessarily [g,g] = {0} or [g,g] = {0}.
But [g,g] = {0} would imply that g is abelian, so the only possibility is [g, g] = g. O

This definition is just one of the many possible definitions that one finds in the literature. Here, we
will illustrate the versatility of the concept by giving some equivalent definitions for it, some of which
we will be uses in next theorems.
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Proposition 4.12. The following properties are equivalent:
1. g is semisimple.
2. radg = {0}, that is, it has no non-zero solvable ideals.
3. g has no non-zero abelian ideals.

4. (Cartan’s criterion) The Killing form (B(X,Y) = tr(adxady)) is non-degenerate on g.

Proof. Here, we will prove just some of the implications. For the implications on the Cartan’s criterion,
read [4], pg. 480. The idea for the 1 — 2 implication is to use 4 to construct a a simple ideal a such that
g =a@a’, and then proceed by induction. (For a full proof check [6], pg.55).

e 1 implies 2: Let g = @;' g(i) be a sum of simple Lie algebras, and let a be a solvable ideal of
g. Then, since [a,g(¢)] is an ideal of g(i), either [a,g(i)] = {0} or [J,g(i)] = g(i) Vi=1...m.
Without loss of generality we can assume that [a,g(i)] = g(i) Vi <k, and [a,g(i)] = {0} Vi >k
for some 0 < k < m.

This decomposition implies that Vx € a there exists x; € g(i) such that x = x; +...x,. We
claim that x; = 0 Vi > k. Otherwise suppose that there exists m > j > k such that x; = 0, then
xj ¢ Z(g(j)) = {0} as g(j) is simple. Thus there exists y € g(j) such that [x;,y] # 0. But

0= Pe,y] = Doyl + -4 Doyl 4+ o, 3] = [y # 0

a contradiction. Thus x; =0Vi > kand a = @f: 10(i). Now,

so necessarily a = {0} since a is assumed to be solvable.

e 2 implies 3: If g has no non-zero solvable ideals and a is an abelian ideal, then it is solvable, so
a={0}.

e 3 implies 2: If g has no non-zero abelian ideals and a is non-zero solvable ideal of g, then there
exists n € N such that a” = 0, that is, [a"!,a"~!] = {0}, This implies that a"~! is abelian, a
contradiction. Thus we have that necessarily a = {0}.

O

In the next section. these concepts will allow us to state the Levi decomposition of a Lie algebra
(Theorem 5.5). As for now, we will show a closely related Lemma.

Lemma 4.13. Let g be a finitely-dimensional Lie algebra. Then g/radg is semisimple.

Proof. Let q: g — g/radg be the quotient homomorphism, and let h be a solvable ideal of g. Then
g~ '(h) := ais an ideal of g. Furthermore, a/ker q|, = g(a) = b is solvable, and ker g, is also solvable
since is contained in radg. Therefore a is also solvable, so a C radg, and h = g(a) = {0}. Thus g/radg
is semisimple. O



Chapter 5

Representations and Lie-Kolchin theorem

In this chapter we will explore representation theory of Lie groups. The idea is to study Lie groups
by transforming them into matrix Lie groups, allowing us to apply the concepts we have studied regard-
ing the latter. Furthermore, we will give some interesting results for the representation of solvable and
semisimple Lie algebras, including the Lie-Kolchin theorem.

5.1 Representations

Definition 5.1. A representation of a Lie group G is a Lie group homomorphism IT: G — GL(V)
where V is a finite-dimensional vector space over a field K. In the same way, if g is a Lie algebra, a
representation of g is a Lie algebra homomorphism 7 : g — gl(V) = Lie(GL(V)). A representation is
said to be faithful if it is one-to-one.

G can be viewed as acting on V through I'l. Whenever there is no confusion over the representation
IT, by abuse of notation we will write I1(g)(v) as g-v (where v € V, g € G). In this case we say that V is
a G-module and we say that a subspace W of V is a submodule if it is G-invariant.

We will be considering V as vector space over the fields C or R. It is also worth noticing that in
virtue of the previous chapter, a representation IT of a Lie group G induces a representation dI1 of the
Lie algebra g of G.

Examples. Here we will show some representations for some matrix Lie algebras. Although trivially
the identity map id : M,(C) — M,,(C) can be considered as a representation for any Lie algebra,
choosing the right representation can provide us a different insight of the Lie algebra.

1. Consider the Lie algebra su(2) = {X € M»(C)| X* = —X,¢r X = 0}. This is an interesting exam-
ple because it is the first case of a Lie group that is non-abelian and compact (as a manifold, with
the topology given in Chapter 1). It can be given a representation by

[ ic _b+ia—a0i+b0_1+ci0—
§ \btia —ic | 7% i o0 1 0 0 —i|

= auy + buy + cuz Vg € su(2) and a,b,c € R, where uj,up,u3 is a basis of G, such that
[ur,uz] = 2u3, [up,u3] = 2u; and [u3,u;] = 2uy. This particular representation is interesting since
it has a physical use, as it used in quantum physics to describe the spin of a particle.

2. Now consider s0(3) = {X € M3(C)| X" = —X,tr X = 0}. This is an interesting example, be-

cause its Lie group, SO(3) is understood in physics as the group of 3D rotations. so(3) admits a
representation
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0 — b 00 O 0 01 0 -1 0
g=]lc¢ 0 —al|l=a|l0 0 —1]|+H] 0 0 Of+c|1 0 Of=
b a O 01 0 -1 0 0 0 0 O

=as|+bsy +Cs3 Vg € s0(3) and a,b,c € R. Same as before, we have that [s1,s2] = s3, [52,53] = 51
and [S3,S1] = 5.

As a note, the relation between this two Lie algebras (and specifically between the Lie groups SU(2)
and SO(3)) is a very interesting one with physical meaning. We will not get into it but the idea is that
there exists a two-to-one homomorphism from SU (3) onto SO(3), so that SU(3) is a covering group of
SO(3).

5.2 Existence of representations

Now, we need to be sure that we can find Lie algebras outside of the matrix case, so that we can
apply what we know in the matrix case to them. But thanks to the next result we are able to faithfully
represent finite-dimensional Lie algebras and thus consider matrix Lie algebras.

Theorem 5.2. (Ado’s theorem) Any finite-dimensional Lie algebra over a field K of characteristic 0 has
at least one faithful representation.

While this theorem is quite important for Lie algebra representation, it does not imply that a Lie
group G must have a faithful representation, but rather that its Lie algebra g does. Of course, if G is
simply connected we are able to use Theorem 3.7 to get a representation of G through its Lie algebra
representation.

As a side note, Ado’s theorem can be used to prove Lie’s third theorem, which states that every
finite-dimensional Lie algebra is the Lie algebra of a Lie group.

But even if we do not meet the conditions to apply Ado’s theorem, we are always able to represent
any Lie group or Lie algebra, although it might not always be faithful. This can be done though the
adjoint representation.

Example. Let g be a finite-dimensional Lie algebra (although this representation also works of Lie
algebras of infinite dimension), then the map ad : g — gl(g) such that g — ad, (defined in section 2.6)
is a representation of g. This representation is not always faithful, since it always annihilate the center.

Consider now the adjoint representation of a finite-dimensional semisimple Lie algebra g, then
g =D~ 9(i), where g(i) are semisimple algebras of dimension k; so that dim g = Y/ | k;. Then, then
we may form a representation 7 of g by summing the adjoint representations of the g(i), so that for
every element g € g

where each A; is a (k; x k;) matrix. If we consider g = g1 + g2+ - - + g Where g; € g(i) then A; can
be viewed as the image of g; through the adjoint representation of g(i).
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5.3 The Lie-Kolchin theorem

While representation of Lie groups is a complex topic with many aspects, here we will be using all
the ideas we have been exploring to give an important result, the Lie-Kolchin theorem.

Theorem 5.3. (Lie—Kolchin theorem) Let G be a connected solvable Lie group, and letT1: G — GL(V)
be a representation of G where V is a finite-dimensional vector space over an algebraically closed field
K. Then there exists g € GL(V) such that gH(G)g_1 is contained in the group of upper triangular
matrices.

Before starting with the proof, notice that the matrix g € GL(V') does not depend on any element in
I1(G). This mean that all the matrices in I[1(G) can be simultaneously transformed into upper triangular
matrices: hence the relevance of this theorem.

Proof. Consider © = dI1: Lie(G) — gl(V'). We will prove first that there exists g € GL(V) such that
if h = 7(Lie(G)) then ghg~! is upper triangular.

We claim that there exists an h-invariant one-dimensional subspace L of V. Then, this will allow us to
find a matrix g; € GL(V) such that for every Y €

A
0

-1
ga1¥g, =
By

0

where By € M,,_1(K). Now, by considering the quotient space V /L =V}, & induces a representa-

tion 7 : Lie(G) — gl(V1), where By = m;(Y). Thus, by induction over n = dim Lie(G) we can find
g = 8n&n_1...g1 such that g¥ g~ is upper triangular VY € Lie(G).

We prove this claim by induction over dimh. For the first step of induction, if dim h = 1, then
ho = KH for H € b, and since K is algebraically closed, H must have an eigenvector v. Now for the
induction step, since b is solvable, necessarily [b, h] # . Thus there exists a subspace ho of codimension
1 containing [h, ], and X € b such that (X, o) = b. Therefore, by our induction assumption there must
exist a vector 0 # v € V such that hov C Kv. Therefore Yv = A(Y)v VY € ho. Now, let v; = X'v (where
vo = V), then

Yvi=YXvi 1 =XYv,_1+ [Y,X]V,'_l VY € bo

From this we can deduce that (v, ...v;) is ho-invariant by induction. For the first step, notice that
if Y € ho then Yvg = A(Y)vo € (vp). Now assume that (vo,...v;_1) is ho-invariant. Then for ¥ € by we
have

i i-1
YZajv, Za Yvi=aoA(Y vo—l-Zaj(Xij,;—l—[Y,X]vj,l):d0v0+ZajH(Xij—l—[Y,X]vj)
=1 Jj=0

Here is when we apply our assumption, since Y, [Y,X] € b (as [h, h] C ho). Thus

i—1 i—1

j j
dovo + Z a.,-H(XYv.,- + [Y,X]Vj) =dyvo+ Z ajil (X Z bjivi+ Z Cj,ka> =
k=0 k=0

j=0 Jj=0

i—1 j j i
=dyvo+ Za]ur] (Z bj,kaJrl + chvkvk> = Zdjvj € <Vo...vi>
=0 =0

j=0 k=0

Furthermore, again by induction we get that Yv; — A (Y)v; € (vo,...v;—1). For the first step it is clear
that Yvo — A (Y)vo = 0 € (vp). Now assume that Yv;_; — A(Y)vi_1 € (vo,...vi—2). Then
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i—2
YV,’—)L(Y)V,’ =XYv;_4 —A(Y)V,‘ =X QL(Y)VI;1 + Zajvj —7L(Y)vl~ =
=0

i—2 i—1
= A(Y)V,'—l- Zajvjﬂ —A(Y)V,' = Za.,-,lvj S <V0...V,',1>
Jj=0 j=1

Therefore Yv; — A(Y)v; € (vp,...vi—1). Now, let W = (vg,...v;,...), and notice that since V is
finite-dimensional there exists m € N such that v, linearly dependent of vg...v,,. Then by induction
W = (vg...vy), if we assume that v,, 41 € (vg...vp), then

m m m+1 m m
Vit =XV 1 =X Y 0y =Y 01 =Y 0vi= Y 01Vt O = ) Bv;
Jj=0 J=0 j=1 j=1 j=0
as Vpt+1 € (Vo...vm). Thus, since W is ho-invariant, we have that the matrix of [V, X]|w in this
basis will be upper diagonal (since [Y,X] € by, so it will map every v; to a linear combination if the
previous elements of the base). Furthermore, its diagonal elements will be A ([Y,X]) we get the relation
tr([Y,X]lw) = A([Y,X]) dim W. But tr([Y,X]|lw) = tr(X|wY|w — Y|wX|w) = 0, so A([Y,X]) =0 for
every Y € by.
From this we deduce by induction that [ho, X] acts trivially on W and Yv; = A(Y)v; Vi =0,...m and
Y € by. For the first step of induction, notice that [Y,X]|vo = atvp = 0 for every Y € ho, astr([Y,X]|w) =0
implies that the coefficient of vy of [Y,X]v is 0. Also, we already know that Yvy = A(Y)vg. Now we
will assume that [V, X]v;_; =0VY € hp and Yv;_; = A(Y)v;_1, then

Yvi=XYvi_+ [Y,X]v,-_l = Xl(Y)vi_l = A(Y)vl- VY € bg

In particular [Y,X]v; = A([Y,X])v; = 0. Therefore Yw; = A(Y)w; for every w; € (vp,...v;) and
Y € b (as it is a linear combination of the v;). This prove our claim that W is [ho.X]-invariant, and that
Yw=A(Y)w forevery w e W.

And this is what we were looking for, because now as K is algebraically closed we may choose
an eigenvector u of X and if M € h then M = aX +7Y for some Y € hy and a € K, so if B is the
eigenvalue of X related to v, we have that Mu = oXu+ Yu = (a8 + A (Y))u. This implies that L = (u)
is a one-dimensional h-invariant subspace of V, which proves the claim.

This proves that for every Lie group G, there exists g € G such that gzt(Lie(G))g ™" is upper triangu-
lar, but we are yet to prove that gl1(G)g ™' is upper triangular. First, since exp is a bijection on an open
neighbourhood U of the identity element in gl(V'), we have that e8T1(0s(U)s™" — golosU)g=1 — o17g~1 is
upper triangular as well, so the subgroup generated by gUg ™!, which we denote (gUg '), is also upper
triangular. We claim that (gUg™!) = II(G). Since gUg ™' is open, H = (gUg ™) is an open subgroup of
G, so we can give a left coset decomposition G = | |,/ ¢H- But G is connected, so the only way that
this is possible is if G/H has only one element, that is, G = H, and gI1(G)g~! is upper triangular.

O

A proof of this theorem for Lie algebras was given by Sophus Lie in 1876 [7], and later Kolchin
would give a version for Lie groups in 1948 [8]. Some versions only state the existence of the
7(G)-invariant one-dimensional space, while this version of the theorem takes it further away by apply-
ing this result inductively.

The Lie-Kolchin theorem was generalized after by Mal’cev in 1951 [9], stating that if V is a
n-dimensional vector space over an algebraically closed field K and G is a solvable subgroup of GL(V),
then it has a normal triangularizable subgroup of finite dimension. Furthermore, there is a similar result
for polycyclic groups [10].

To show this theorem in action, we will provide an example of a matrix Lie algebra which is simul-
taneously conjugated into an upper triangular matrix Lie algebra.
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Example. Consider the group of affine transformations on the plane, that is, a rotation following a
translation. It can be expressed as a 3 x 3 matrix

Alv 2 [ cosO | —sinB
(0 1 ) where v € R and A = ( inB | cosB ),96[—7‘6,75]

These matrices form a matrix Lie group

cos@ —sin@ a

SE(2) = sin@ cos6 b | € GL3(R)| 0 € [-m,7],a,b € R
0 0 0
it is easy to check that
0 -0 «
Lie(SE(2)) = se(2) = 6 0 B |eM(R)6,a,eR
0 0 0

this is easy to see since by brute-force computing we have

0 -6 « cos(0t) —sin(6t) a(a,p,0)
exp| 6 0 B |=| sin(6t) cos(6t) b(a,B,0)
0O 0 O 0 0 1

Now, se(2) is a solvable Lie algebra since

0 - 91 (04] 0 - 92 (04) 0o - 92 (0%) 0 - 91 (04]
6 0 B 6 0 B |-|6 0 B 6 0 B | =
0 0 0 0 0 0 0 0 0 0 0 0
—0,6 0 —0,5, —0,6, 0 -6, 0 0 —(61B2+6:8)
0 —0,6, O — 0 —-0,6, 6,04 = 0 0 0,0p + 6,0
0 0 0 0 0 0 0 0 0

so we have that

se(2)? = [se(2),5¢(2)] = e M3(R)| x,yeR

S O O
oS O O
O = =

and it is clear multiplicating two matrices in se(2)? gives 0,x,, 50 5¢(2)? = [5¢(2)?,5¢(2)?] = {0}. Now,
we are looking for a matrix g € GL3(R) such that gSg~' is upper triangular. But this cannot be done,
since we know from linear algebra that the matrix

(3

cannot be diagonalized by conjugation with a matrix with real coefficients, since its eigenvalues are i0
and —i6. Here is here we need the field to be algebraically closed.

Now, consider SE(2) as a matrix Lie group in GL3(C), and se(2) as its matrix Lie algebra in M,,(C)
(we still consider its coefficients to be real). Then we are actually able to find such a matrix g € M3(C),
as

530 0 -6 « i =i 0 i6 0 (b—ia)
£ 30 6 0 B 1 1 0 |=| 0 —i6 ;(b+ia)
0 0 1 0 0 0 0 0 1 0 0 0
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so we have found that taking

540 i —i 0
g=| & 1 o fadg'=1 1 0
0 0 1 0 0 1

the properties of Theorem 5.3 are satisfied.

5.4 Levi decomposition

On this last section we want to give an interesting result for both semisimplicity and solvability, that
even relates to representation theory. To do so, first we will show one more theorem:

Theorem 5.4. (Weyl’s complete reducibility theorem) Let g be a semisimple Lie algebra over a field K
of characteristic zero and let V be a finite-dimensional module over g. Then if W is a submodule of V
has a complementary submodule U, that is, there exists a submodule U of V such thatV =W & U.

Now we have all the ingredients to state the Levi decomposition.

Theorem 5.5. (Levi decomposition) Let g be a finitely-dimensional Lie algebra. Then it can be decom-
posed as the vector space direct sum g = @ radg where Y is a semisimple subalgebra of g.

Proof. First, we will assume that there is no non-zero ideal of g contained in radg. Otherwise, let a be
an ideal of g strictly inside radg and maximal in these conditions, and assume the theorem is true for
the case where radg contain no non-zero ideals of g.

Then we have that g/a = b/a @ (radg)/a, where b/a is semisimple, so necessarily a = radh. Thus
by induction over dimg (as dimh < dimg), we have h = a® b’, so

g=radg+h=radg+a®bh =radgdh’

where b’ is as required.Furthermore, we will also assume that radg is abelian, since otherwise (radg)?
is an ideal of radg, and thus of g, so we are on the previous situation.

Finally, we will also assume that [g, radg] = radg. Indeed, [g,radg] is an ideal of radg, and by the
first assumption either [g, radg] = radg or [g,radg] = {0}. But in the latter situation radg is the kernel
of the adjoint representation ad, thus g is a g/radg-module and radg C g is g/radg-invariant. Hence
by Weyl theorem (as g/radg is semisimple by Lemma 4.13) there is a complementary g = h @ radg.
Therefore from now on we will assume [g, radg] = radg.

The idea of the proof is to provide a candidate for a subalgebra complementary to radg. To do so,
we will consider the adjoint representation ad : g — gl(g), as

X-¢=[ad(X),p]=ad(X)op—¢@oad(X) VX € g, ¢ € gl(g)

so that
X-9)¥)=[X,0(Y)]—o([X,Y]) VX,Y €9, ¢ € gl(g)

In order to define this subalgebra, we will also consider the spaces
A1 ={p e gl(g)| ¢(g) C radg and @|,4qg is a multiplication by a scalar}

Ay ={9 € gl(g)| ¢(g) C radg and ¢(radg) = {0}}

Notice that A1,A; are g-submodules with Ay C A;. We claim that g-A; C A,. Indeed, if ¢ € A; is
such that @|,.4g = ¢ idyraqq, then

(X-9)(Y)=[X,cY]—c[X,Y]=0VX €g, Y € radg
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s0 X - @ € Ay. Now let us define

Az ={ad(X)| X € radg}

so that A{,A;,A3 are g-submodules such that A3 C A; C A;. We now claim that radg-A; C As. To
proveit, letY € g, X € radg, and ¢ € A;. Since [X,¢(Y)] € [radg,radg] = {0} because we assumed
that radg is abelian, then

(X-9)(Y) = —o([X,Y]) = [-cX,Y] = ad(—cX)(Y)

thus X - ¢ = ad(—cX) € As. The claims g-A; C A, and radg-A; C Az imply that A /A3 is a
g/radg-submodule and g acts trivially on Aj /A;. Also Ay /A3 is g-invariant and as g/radg is semisim-
ple by Lemma 4.13 Weyl theorem implies that there is D/A3 C Ay /A3 with A; /A3 = D/As ® Ay /A3
and D/Aj3 is a g/radg-submodule. In fact, using a Lie algebra theory version of the Third isomorphism
theorem

(D/A3) = (D/A3 ®A2/A3) /(A2 /A3) = (A1/A3) /(A2 /A3) = A1 /A;

so g acts trivially on D/Ajz. Therefore (multiplicating by a scalar if necessary) there exists an element
¢ € Ay such that ¢,,4g = id,qqq and g - ¢ is contained in A3. Finally, let

h={XecglX-¢=0}

It is a subalgebra of g, as X,Y € b imply oX + BY and [X,Y] € since (aX +BY)-¢ =0 and
([X,Y])¢ = 0. Furthermore, hNradg = {0} since if 0 # X € hNradgthenX - ¢ =ad(—X),soad(X) =0
because by construction X - ¢ = X, and therefore [g,X] = 0. Finally, g = b+ radg: If X € g, then
X ¢ €Az, 50X ¢ =ad(Y) for some € radg. Since ad(Y) = —Y - ¢, then

X-0—ad(Y)=X-¢—(~Y-9)=(X+Y)-¢=0

thatis, X +Y € h. Hence X = (X +Y) —Y is the sum of h and radg.
O

We have proved the Levi decomposition (Theorem 5.5), where a finite-dimensional Lie algebra
can be split as a vector space direct sum between a semisimple subalgebra and its radical (a solvable
subalgebra), and we have showed that we can represent a solvable finitely-dimensional algebra as a
triangular matrix in the Lie-Kolchin theorem (Theorem 5.3). Now, we want to give an idea about how a
semisimple algebra is represented, so that give to give a hint of how any finite-dimensional Lie algebra
can be represented.

Example. We know that g is any finite-dimensional Lie algebra, by Theorem 5.5 (Levi decomposition)
it can be expressed as a vector space direct sum of a semisimple subalgebra h and radg (which is
solvable). Suppose that both §) and radg are not trivial (we already know how to represent these cases),
and furthermore suppose that fj is also an ideal. If we add this to our previous arguments, we can get
that there exists a representation 7 on a vector space V over a field K such that

Ay

g= byt by ... by,
by :

bk

where the first block corresponds to its semisimple subalgebra, and the second part, to its solvable part.
Notice that we need the assumption that b is an ideal, otherwise the upper right block might not be zero.
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