THE SQUARE NEGATIVE CORRELATION PROPERTY ON /}-
BALLS

DAVID ALONSO-GUTIERREZ AND JULIO BERNUES

ABSTRACT. In this paper we prove that for any p € [2,00) the £} unit ball,

By, satisfies the square negative correlation property with respect to every

orthonormal basis, while we show it is not always the case for 1 < p < 2. In
order to do that we regard B} as the orthogonal projection of B;L'H onto the
hyperplane E#Jrl. We will also study the orthogonal projection of By onto
the hyperplane orthogonal to the diagonal vector (1,...,1). In this case, the
property holds for all p > 1 and n large enough.

1. INTRODUCTION AND NOTATION

A random vector X on R”™ is said to satisfy the square negative correlation
property (SNCP) with respect to the orthonormal basis {n;}?_; if for every i # j

E(X, n:)* (X, n5)” — E(X,7:)°E(X,n;)* <0,

where E denotes the expectation and (-,-) the standard scalar product on R".

The study of the SNCP of random vectors uniformly distributed on convex bod-
ies with respect to some orthonormal basis appeared in [ABP] in the context of
the central limit problem for convex bodies, where the authors showed that for any
p > 1 arandom vector uniformly distributed on B} := {(21,...,2,) € R" : |z[]) =
i |aiP < 1} satisfies the SNCP with respect to the canonical basis {e;} ;. In
[W], this result was extended to random vectors uniformly distributed on general-
ized Orlicz balls, also with respect to the canonical basis. These two papers actually
show a much stronger result than the SNCP with respect to the canonical basis,
they establish the negative association (see [ABP] and [W]). A straightforward
consequence is that, by the rotational invariance of B, a random vector uniformly
distributed on B satisfies the SNCP with respect to every orthonormal basis. The
first non-trivial example in this new situation appeared in [AB1], where it was
proved that any random vector uniformly distributed on any hyperplane projection
of BY satisfies the SNCP with respect to every orthonormal basis. In particular,
the SNCP with respect to every orthonormal basis is satisfied by BZ itself. On
the other hand, it is not hard to show that a random vector uniformly distributed
on B} does not satisfy the SNCP with respect to every orthonormal basis (see the
second part of Corollary 1.1 below).

The relation between the SNCP and the central limit problem comes from the
fact (see [ABP]) that if the Euclidean norm of a random vector uniformly distributed
on an isotropic convex body is highly concentrated, then most of the marginals are
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2 D.ALONSO AND J. BERNUES

approximately Gaussian and the fact (see, for instance, [AB2, Proposition 1.8])
that if a zero-mean random vector uniformly distributed on a convex body K in
R™ satisfies the SNCP with respect to some orthonormal basis, then it verifies the
so called General Variance Conjecture which states:

There exists an absolute constant C such that for every zero-mean random vector
X uniformly distributed on a convez body

Var| X|[3 < CAXYE|X]]3,

where Var denotes the variance, Nk = maxgegn—1 E(X, £)? is the largest eigenvalue
of the covariance matriz of X and S"!' = {z € R" : |jz|s = 1}.

Furthermore, [AB2, Proposition 1.9], if a zero-mean random vector uniformly
distributed on K satisfies the SNCP with respect to every orthonormal basis, then
TK verifies the General Variance Conjecture for every linear isomorphism 7" in R™.

This is a particular case of a well-known conjecture due to Kannan-Lovasz-
Simonovits (see [AB2], for detailed explanations on this topic).

In Section 3 we study the SNCP on random vectors uniformly distributed on
By,p > 1, with respect to any orthonormal basis. The main result is the following

Theorem 1.1. Let X be a random vector uniformly distributed on B}, p > 1, and

write § = %; §o = =72 Let f: Sl x §n=1 R be the function

FOsme) = (X, m)* (X, m2)? — E(X, ) E(X, 72)?.
Then for every ni,ma € S~ such that (n1,m2) = 0 we have,

J(&1,&2) < f(n,m2) < flei,e2), if p>2
f(elae2) Sf<7717772)§f(§1a€2)7 Zf p§2

Clearly, the choice of ey, ez is not relevant as f(e,e2) = f(e;,e;),Vi # j. The
analogous observation applies also to &1, &a.

We will compute f(e1,ez) and f(£1,&) in Lemma 3.2 and express them in terms
of the I" function in order to obtain the following

Corollary 1.1. Let p > 1 and X be a random vector uniformly distributed on By .
o Ifp>2, X satisfies the SNCP with respect to every orthonormal basis.

o If1 < p < 2, there exists no(p) € N such that for any n > ng there is
an orthonormal basis {n;}7—, such that X does not satisfy the SNCP with
respect to {n; }7;.

Moreover, we will show that f(e1,es) < 0 for all p > 1, providing a new proof
of the aforementioned result from [ABP], which was established there as a simple
corollary of the negative association.

In order to prove Theorem 1.1 we will view B} as the projection of Bg“ onto
the coordinate hyperplane e;- 1 orthogonal to e, and we will make use of the
techniques developed in [BN] and [AB3]. The details of this approach are explained
in Section 2.

In Section 4 we apply the same strategy to a random vector uniformly distributed

on PQOLB;}, the orthogonal projection of B onto 05, where 0y = (ﬁ, ceey \}5)

However, the computations become more involved, due to the fact that some of
random variables that appear are no longer independent.
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Denoting Sgé = S"~1 N6, we prove the following

Theorem 1.2. Let X be a random vector uniformly distributed on PQS.B;L, p>1
and write & = %} & = 61762563+64, gl — 61\;562, EQ _ 63\;564 c SG(J)“ Let
[+ Spp X Spr — R be the function

f(771= 772) = ]E<X7 771>2<X> 7]2>2 - E<X7 771>2]E<X7 772>2~

For every fized p > 2, there exists no(p) € N such that if n > ng, then for every
N, M2 € SQOL such that (n1,n2) = 0, we have that,

f(£17§2) < f(7717772) < f(g17g2)7
and for every 1 < p < 2, there exists ni(p) € N such that if n > nq, then
f(€1,65) < flm,m2) < f(&1, &)

Studying the sign of f(£,,&,) and f(&1,&2), (see Lemmas 4.8 and 4.10) we obtain
the following corollary:

Corollary 1.2. Let X be a random vector uniformly distributed on PGOL By, p>1.

There exists na(p) € N such that for all n > ny, X satisfies the SNCP with respect
to every orthonormal basis in 03 .

As a consequence of [AB2, Proposition 1.9]

Corollary 1.3. Let X be a random vector uniformly distributed on T(Pgé By),
p>1, T: R® = R" linear isomorphism. There exists C(p) > 0 (depending only on
p) such that X satisfies the General Variance Congecture with C' = C(p).

2. PRELIMINARY RESULTS

In this section we will introduce the preliminary results that we need in order
to prove Theorems 1.1 and 1.2. We briefly review the tools developed in [BN] and
[AB3]. Let o}, be the surface measure (Hausdorff measure) on 9B}, the boundary
of By,p > 1, and denote by p; the cone probability measure on 0B, defined by

iy (A) = WB;)VOI({M €eR"a€ A,0<t<1}), ACOIBy, where Vol denotes the

Lebesgue measure.
The following relation between the surface measure and the cone measure on
0B, was stated in [NR] (see also [AB3]): For almost every point x € 9B}

doy ()
dpg(x)

The cone measure on dB) was proved in [SZ] to have the following probabilis-
tic description: Let g1,..., g, be independent copies of a random variable g with

= nVol(By) [V([l - [lp) ()]

density with respect to Lebesgue measure given by ,t€R, p>1and

2I'(1 +1/p)
denote S := (31", |gi|p)% . Then

g1 In
g

e The random vector % = (

) and the random variable S are
independent.

° % is distributed on 9B} according to the cone measure p.
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Now, in order to compute the expectation of a suitable function f(X) when X
is a random vector uniformly distributed on the orthogonal projection of B) onto
some hyperplane orthogonal to § € S"~1, Py By, we first use Cauchy’s formula
and pass to an integration on B} with respect to the surface measure, then use the
relation between the surface measure and the cone measure and finally the latter
probabilistic representation of the cone measure (see [AB3] for the details). The
final result is the starting point for the proof of our main results:

Lemma 2.1. [AB3] Let € S"~'. If X is a random vector uniformly distributed

1
on Pypr By, g1,...,9n are independent copies of g as above and S = Ok lgilP)P,
then for every integrable function f: Py B} — R

Ef (POJ- ( PR ? ‘Ez 1 l%p T Sgn(gz)el

’Zz 1 |931p  sgn(g;)0;

where @ = (01, ...,0,) and sgn(yg;) denotes the sign of g;.

Ef(X) =

The following lemma computes the expectation of the random variables involved
in terms of the Gamma function:

Lemma 2.2. [AB3|[BN] Let o > 0, let g1,...,9n be independent copies of g as
1
above and S = (31—, |g:|?)?. Then

E|g|* = @ and ES® g (MTOQ .

r() r(;)
P P
Our last lemma concerns the so called Gurland’s ratio for the Gamma function
(see more details in [M]) and it will be crucial in our estimates.
Lemma 2.3. The function
F(x) :=T'(52)['(x)/T(3z)?
is strictly increasing in (0,1] and satisfies F(3) = 3.

Proof. The function F' is increasing if and only if its logarithm is increasing. There-
fore, let us see that the function
h(xz) =logT'(5z) + log'(x) — 21log I'(3x)

is increasing. Denoting by 1 the logarithmic derivative of the Gamma function,
which satisfies (see, for instance [ABR])

oo —t —xt
via) = | (et - 1i6_t> dt,

eft 675zt

5 (52) + () — 69 (3z) = 5/000 < _

e—t
o] —t —xt o] —t —3xt
(s )ee (=)
0 t 1—e 0 t 1—e
o 1

= (—=5e™ 5ot — 7 4 e 37,

we have that

W ()

+
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Then,
< 1
zh/(z) = / T (—5xe™>" — ze™ 4 6xe 3 )dt
0 — €
< 1 d
_ / : — a(6—59:15 te —xt 2€—Szt)dt
—e
/OOO e’ ( 5zt 3at 3wt t )
= ————— (e = 77" — (e77" — 7)) dt.
o (=
—bxt _ ,—3xt -3zt _ —uxt
Since the function e™¥ is convex, we have ¢ ¢ > ¢ ¢ , Va,t >0

xt 2x
and so the last integral is positive. Thus, for every x > 0, h/(z) > 0 and we obtain
the result. It is clear that F(3) = 3. d

3. THE SCNP onN BI’}

In this section we will prove Theorem 1.1. We state the first result in the more
general context of a random vector uniformly distributed on a 1-symmetric convex
body. A convex body K C R"™ is called 1-symmetric if for every (z1,...,2,) €
R™ (e1,...,6n) € {£1}"™ and permutation o : {1,...,n} — {1,...,n}, we have
(x1,...,2,) € K if and only if (617501, EnTon)) € K. Clearly, By is a 1-
symmetric convex body in R"™.

Proposition 3.1. Let X be a random vector uniformly distributed on a 1-symmetric
convex body K C R"™ and write & = e”'e? , & = el 62 Let f: 8" xS SR
be the function

Flm,m2) = E(X,m)*(X,12)* — E(X, 1) *E(X, m2).
For every ni,n2 € S~ such that (ni,n2) = 0, we have

n

Flmm) = flersea) +2(F(60,&) = Flevea) ) D m () m(i)?,

i=1
where n; = (n;(1),...1n;(n)),j =1,2.

Proof. Since X = (Xy,...,X,) is uniformly distributed on a 1-symmetric convex
body, we have EX;X; =0,V i # j, and for every n € S"~1,

- E(in(i)Xi)Q — EX2.

Therefore, E(X, 71 )?E(X,1n2)? = EX?EX3Z = E(X, e1)2E(X, e2)2. Again, since K is
a l-symmetric convex body and (ny,72) = 0,

E (X, m)* (X,n2)*

=EX7 Zm DHEXTXS Y mi()*n2(5) +2BXT X5 Y (i) (6)m (5)ma(4)
i#] i#]
—EX} an i)+EX2X2 (1 - an 1o (i )2) —EX?XE Y mi(i)?na(i)?
=1 i=1

—E(X, e1)2(X,e2)* + (EX{! — BEXEXE) > m (i) na (i)
i=1



6 D.ALONSO AND J. BERNUES

On the other hand, it is easy to check that

X+ X\ (X1 - X5\
EX{ —3EX?XZ = 2<E< s 2) < ! 2) —]EX12X22>

V2 V2
2 (]E<Xa §1>2<X7 §2>2 - E<X7 61>2<X, 62>2) :
The fact that E(X,n)? is independent of € S*~! finishes the proof. a

Lemma 3.1. Let ny,n2 € S~ 1 with (n1,n2) = 0. Then
n
. . 1
0< Z;m(l)znz(@? <3
i—
The lower bound is attained at any two vectors of the canonical basis. The upper

eite; i—€j

bound is attained at the vectors & = 75 and &5 = eﬁ for any i # j.

Proof. The lower bound is trivial. For the upper bound consider the function
F:R?™ — R given by F(ni,m2) = >y m(i)?n2(i)? which we want to maximize
under the conditions Y i, m1(i)n2(i) = 0 and >i m (i) = Yr me(i)? = 1.
Observe that if (n1,72) is an extremal point so is (£7;,+n2) and (n2,71). The
proof is a consequence of the Lagrange multipliers theorem. O

Proof of Theorem 1.1. Let X be a random vector uniformly distributed on B =
P6L+IB;L+1. We have seen in the proof of Proposition 3.1 that
2(f(&1,&) — fler, e2)) = B(X,e1)" = 3E(X, e1)* (X, e2)*.
We first apply Lemma 2.1 to the function (X, e1)*. Notice that since e; € R" we can
1
omit P€L+1' Recall G = (g1,...,9n+1) and S = (Z?jll |gi|p) ", where g1,...gns1

are independent copies of g as in Section 2. Since G and % are also independent,

G 4 | n 1|1071 _ 4 _ _
B(X. ot = E(E0) 5t ESPUE(Gen)! gunP!_ ESTEg)
) Elgncal?™t ESPH3E|g,, 41 |P— T ESri3
Sp—T

In the same way, we apply Lemma 2.1 to (X, e1)? (X, e)?

2 2 -1
E(X, 002X, en)? = XS e (S e2) lonpal?”

ElontaP~?
Sp—T
_ ESPT'E(G,e))%G, e2)* gnia[P Tt ESPTN L,
- ESPH3E|g, 1|7~ ~ Egps 12
ESP—1 99
= W(Egl)'

Therefore, the sign of f(&1,&2) — f(e1,e2) is equal to the sign of Egi — 3(Eg?)?
and by Lemma 2.2,

oty = ) T (&) @) (r(1)-9).

! P

2 2
)"0
p T p r p
where F(z) = I'(5z)['(x)/T'(3z)?. By Lemma 2.3 its sign is negative if p > 2 and
positive if 1 < p < 2.
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By Lemma 3.1 and Proposition 3.1 the function f attains its maximum (resp.
minimum) at (e1,ez) and its minimum (resp. maximum) at (£, &2) depending on
whether the sign of f(&1,&2) — f(e1,e2) is negative (resp. positive). O

Remark. Alternatively to the use of Lemma 2.3, the sign of Egi — 3(Eg})? can
be determined by results from [ENT, Corollary 23] (for 1 < p < 2) and [ENT2,
Theorem 2] (for p > 2).

In order to prove Corollary 1.1, we compute the value of f at the extremal pairs,

Lemma 3.2.

H(e3)r ) () rlen)re)
fler,e2) = 11— . 7
P(1+"T/*)r(%) p(H%Z)
and
r{i1+2z2)r(3 2 F(1 _1_2%%
e 1) G) (=) )

2
n+4 1
or (14 2)1 (1)
Proof. Using Lemma 2.1, we have that

ESP—1 22 _ (Esplﬂ«:g%)z

f(€17€2)=EX12X22—(EX12)2=W( 91 ESp+1

and, as we have seen in the proof of Proposition 3.1, that

ESP—1 (Esp—lﬂzgf ) ?

1
J(61,6) = S (EX{-EX7X3)—(EXD) = oo (Bl - (Bg)))~( g

1
Now substitute the expressions from Lemma 2.2, where S = (Z?;l gi\p) . O

Proof of Corollary 1.1. Since n 4+ 2 = w

([ABR)), f(e1,e2) <0 for every p > 1. If 1 < p < 2, Lemma 2.3 implies F (%) >3
and by Stirling’s formula ([ABR], [M]),

n n+4
. r(1+5)r(1+—;)
hﬁm 5
L n+2
r(1+7)

and logT'(z) is strictly convex

=1

Thus, for every 1 < p < 2 there exists ng(p) € N so that if n > ng, f(£1,&2) > 0. O

Remark. A statement fixing n first yields: For p = 2, f(£1,&) = f(e1,e2) < 0
and so, by continuity, for every n € N there exists pg(n) € (1,2) such that for
every p > po a random vector uniformly distributed on B)) satisfies the SNCP with
respect to every orthonormal basis.
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4. THE SNCP ON A PROJECTION OF B;}

In this section we will prove Theorem 1.2. The general scheme is analogous to
the one used in the previous section. The first Proposition below corresponds to
Proposition 3.1 for B.

Recall that 6y = (f""’ 7n
the orthogonal projection onto the hyperplane 93‘.

) denotes the diagonal direction and Fy. denotes

Proposition 4.1. Let X be a random wvector uniformly distributed on Peoi By,
n>4,p>1. Let f: S@OL X SGOL — R be the function

Flm,m2) = B(X,m)* (X, n2)% — E(X,m)*E(X, n2)°.
and write & = %7 & = 61762563+e4, El 81 62 52 — 63764 c SGL For

every m,n2 € Spr such that (n1,n2) = 0 we have

Fmm2) = [€0, ) +4(F(6,&) — FE1,E) Zm

In order to prove this proposition we first state two lemmas. Recall g1,..., g,

denote independent copies of a random variable g, with density Wlth respect to
eI

Lebebgue measure g7y, G = (g1,---sgn), and S = (>0, |gl|p) We define
Vo, \/ﬁ ‘21:1 |gz|p ! 5gn(gz)|'

ESP~'Eg1(g1 — g2)1a,
ESP+1Eq)g,

Lemma 4.1. For every n € Sy1, E(X,n)? = and, in par-

ticular, it is independent of n.

Proof. n = (n(1),...,n(n)) € Syx is equivalent to =i, n(i)* = 1, 3, n(i) = 0.
Apply Lemma 2.1 to the function (X, 77>2

(§m) | i 5 sen00)| _ o1 B(G, )P0,

E(X,n)?* = e
fzz 1 ‘gép T Sgn(gz) ESP ]Edjeo
ESp—l ) - n ’ .
~  ESPiEg,, ;Egi%m@) +;Egigj¢eon(l)n(3)
ESP—1 2 - 2 = .
= ESrg, | BV 20"+ Eagle 2 (i)
2
ESP~! ) noo
= ESP+Eqy, Egie, + Eg1g2ta, (; n(z)) -1 . O

n
In the next lemma we rewrite several expressions in terms of Z m (i)%n2(4)2.
i=1

Lemma 4.2. Let n1,n2 € Sp1 with (m,n2) =0. Then

2771 )11 (J)m2(J an ,

i#]
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o > m(i)na(i)’ =1- an(i)an(i)Qy

#J

® 2771 On2(@)m ()2 2771 )
i#j

. Z m(1)*n2(5)n2 (k) = —1+22771 (1)=, where the sum on the left
itith

runs over the tripples of dzstmct mdzces (4,4, k).
n

. Z m ($)n2()m (§)n2(k) = 227]1(1')2772(2')2, where the sum on the left
i3k =
runs over the tripples of distinct indices (i, j, k).

o« Y mEmOmkme() =1~ 63 m(0)na(i)?, where the sum on the
i£j#k#l i
left runs over the tuples of distinct indices (i, j, k,1).

Proof. The first three identities are obtained by adding and substracting the sum
with ¢ = j and taking into account that ||m1]2 = ||72|l2 = 1 and (n1,72) = 0. For
the fourth one, notice that since |12 = 1,

> omi)Pn(mek) = > (nz(j)nz(k) — () n2(j)m2(k) — m(k)znz(j)nz(k))

i#j#k k#]
= - Z mG)? -3 (m ()22 G)ma(K) + m (k) 2na) e ()
J#k
and then use the first identity. For the fifth one, notice that since (n;,72) =0

n

> m@na@mG)mak) = (0 —m(j)*n2(j)m2 (k) — n1(j)n1(k)nz(k)2>

itk Py
and then use the first identity. For the last one, we use >\, n1(i) = 0

n

> m@mG)nek)ma(l)
i#j#k#l
= > (0= mGPn®me®) = mG)mEme (R = m()ndE)m O )
J#k#
and then use the fourth and the fifth identities. O

Proof of Proposition 4.1. By Lemma 2.1 we have that for every ny,1ns € S‘gé, with
(m1,m2) =0,

E<%7771>2 (§om2) ‘\fzz 1 ‘(gp - sgn(g:)

E<Xa771>2<X7772>2 =

oo 8 st
ESP~' E(G,m)* (G, n2)* e,
ESpt3 ]E’L/JGO .
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Expanding the product and since the g.s are identically distributed, we have

E(G,m)*(G,12)* e, = Z Egig;grg1e,m (1)1 (5)n2(k)na2 (1)

i,5.k,1=1
= Egi‘woan(i)?m@F
+ Eg%gzwo( Zm i (5)n2(d +22771 ))
z;é] i#j
+ Eglgzweo(Zm +2Zm )m2 (i )m(J)nz(J))
i#£] i#]
+ Bgigagsve, (D m(@PmG)ne() +4 > m(@m(im (i)
ik ik
+ > @) PmGmk)
itk
+  Eg19293940, Z M (@)m (F)n2(k)n2(1).

i Ak

and by the identities in Lemma 4.2 we obtain
E(G,m)*(G,m2)* Ve, = E(g795 — 2979293 + 91929394) Vo,

+  (E(gi — 49792 — 39193 + 1297929 — 691929394) e,) Y _ m1(i)°12(i)*.
=1

We can express the first summand as

iE(91—92)2(g3—g4)2¢90 =E(G,&)*(G, &) Yo,

and the factor I[C(g‘l1 — 4gz1)’gg — 3g1g2 + 129%9293 — 691929394)%p, in the second
summand as

2 2
g1 — g2+ 93 — g4 g1 —92— 93+ 3ga g1 — g2 g3 — g4
4FE —4E
< 2 )( 2 )Wo (ﬁ)(\[)wa

= 4E<Ga §1>2<G7 £2>2¢90 - 4E<G7 gl>2<G7 22>27/}90

E(9795—297 9293+ 91929394) 0, =

Consequently,
]E<Xv771>2<Xv772>2 = E<X’gl>2<X7E2>2
bR 6)HX,6) — B(X,E)2(G,E Zm

and, since by Lemma 4.1 the value of E(X,7n)? does not depend on the vector
ne Seoi, we obtain the result. O

The following lemma is analogous to Lemma 3.1

Lemma 4.3. Let ny,1m9 € SQ& with (n1,m2) =0, n > 4. Then

0<Z7h 2 <

=
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€1 —E€2 €3—ey

The lower bound is attained at the vectors & = T & = T The upper

bound is attained at the vectors & = % and & = %

Proof. The lower bound is trivial. For the upper bound consider the function
F:R*™ — R given by F(ni,n2) = >y m(i)?n2(i)? which we want to maxi-
mize under the conditions > 1, mi (i) = > (i) = >oi; m(i)n2(i) = 0 and
S m(i)? = 3 m(i)? = 1. Observe that if (n1,72) is an extremal point so
is (1, +m2) and (12,71). Applying the Lagrange multipliers theorem, there exist
A, B,C € R such that the extremal points satisfy

m(i)ma(i)2 — An (i) — Bpa(i) —C =0 Vi=1...n

and, by the observation above, also satisfy the equality exchanging n; and +n;
(j =1,2) and 12 and 7.

That implies B = C' = 0 and 11(7)? = 172(i)2 Vi = 1...n. Write k, 0 < k < n,
for the number of non zero coordinates of 71 (or 12). Since > i, 71(i)?*n2(i)? = A,
we have kny(i)* = kna(i)* = A for every non zero coordinate. k = 0,1,2,3 do not
satisfy the conditions, so the maximum value is attained at k = 4 and corresponds
to the vectors &; and &s. 0

We now proceed to determining the sign of f(&1,&2) — f(&4,&,). We will use the
following probabilistic argument:

Lemma 4.4. Denote Y = (g1,...,9x) and Yy = Zle sgn(gi)|gilP~1. Let Z be a
symmetric real random variable independent of Y and let h : R¥ — R be integrable.
Then

Eh(g1, .-, 91)|Ye + Z| = Eh(g1, - .., g )E|Z| + Eh(g1, . .., ge) (Y| = [Z])X{vi 121213
and
2\1/2 2\1/2
Eh(gr, -5 9x) (Y| — ‘Z|)X{|Yk\2\z|}‘ < (Elh(g1,.. ., g0)?) " (EYR[?) .
Proof. Write h = h(g1, ..., gx) for short. Our hypotheses readily imply,
1
Eh-|Yi + Z| = Eh - 5(|Yi + Z| + |Yi — Z|) = Eh - max{|Yi], | Z]}.

Fix (¢1,.-.,9x) and compute the expectation with respect to Z. We have,
Ez h(g1,-...,9x) - max{|Ys|,|Z]} = h(g1,-.-, 9K) / Py {max{|Yx|,|Z|} >t} dt
0
%] ‘Ykl
= h-(|Yk|+/ Pz{|Z| >t} dt) =h-(|Yk|—/ Pz{|Z| > t} dt) + h-E|Z]
[ V| 0

[V
_ h-IE|Z|+h~/ P {|2] < t} dt.
0

Finally, notice that by Fubini’s theorem

[ Y| 1 1
| rizi<tpae = W[ Pa(Z <AVt =il Br [ xg o, de
0 0 kI

0
ol 12
= |YiEz (11— 1,— .
"“'Z< mm{’Yk



12 D.ALONSO AND J. BERNUES

Taking now expectation Ey finishes the proof of the first statement. For the second
one notice that |Eh(gl, cens g (Ve | — |Z|)X{‘Yk|2|z‘}| < E|h(g1,---,9&)| - |Yr| and
use the Cauchy-Schwarz inequality. O

The following estimate will be useful in the sequel,

Lemma 4.5. ([AB3, Lemma 3.4]) For some absolute constants ¢,C > 0,

c
— < Eyg, < iof I<p<n
VP ’ \f
We have the following result regarding the sign of f(&1,&2) — f(&;,&,), which
shall give Theorem 1.2 as a consequence.

Proposition 4.2. Let X be a random vector uniformly distributed on Pp, By and
let f - Sgoi X Seé — R given by
FOniyme) = B(X,m)*(X,m2)% — B(X, 1) *E(X, 12)°.

- __ ej—es+tez—e e e esz+te e e e e
Wmteﬁlf 1 223 4’62 1— 2 3T€E4 517 1 2 627 3\/54 GS‘QL For

every p > 2 there exists no(p) € N such that if n > no,

f(€1,6) — f(£1,6,) <0

and for every 1 < p < 2 there exists n1(p) € N such that if n > nq,

f(€1,&) — f(£1,&) > 0.

Proof. Since f is constant for p = 2, we will focus on the cases p # 2. We have
seen in the proof of Proposition 4.1 that
S ESP—1
4 — =—
(f(flv 52) f(flv 52)) ESP+3E'(/)QO

and so, the sign of f(gl,gg) — f(gl,&) is equal to the sign of E(h t)y,) where
h(91792,93»94) = g1 — 49792 — 39795 + 12919293 —691929394-

We apply then Lemma 4.4 to Y, = ngn 9i)lgilP™, Z = Z sgn(gs)|giP~*
i=1 =5

E(gt —49392—391 95 +1297 9295 —691929394) Ve,

h as above and

Vg, = (g)lgilP + " sen(ga)lgilP ™| = |Ya + Z|.
On one hand,
r(s)
p 1 p—1
Eh(gla7g4)E|Z| = 1 2 F 5 -3 )E | Sgn(gi) )
r(3)

where F(z) = I'(5z)'(z)/T'(3z)?, since the g/s are i.i.d. symmetric random vari-
ables and by the computation in the proof of Theorem 1.1,

G (p (1))
F(;)Q( (p> >

Eh(g1, 92, 93, 94) = Egi — 3(Eg})? =
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Also, by Lemma 4.5 we have
cvn Cvn
VP = b
provided that 1 < p < n for some absolute constants ¢, C' > 0.
On the other hand, by straightforward computations
Elh(g1, .-, 94)* = Egi + 10EgYEgY + 9(Egi)® + 144Egi (Eg?)* + 36(Eg7 )"
which, by Lemma 2.2 is bounded by an absolute constant. Thus,

<E

Z lgi|"~ sgn(gi)| <

=5

Elh(gr, ., a0)2) (VY2 < (Bl 2)F < S
VP
again by Lemma 2.2 for some absolute constant C’ > 0.
Recall that factor F’ (%) — 3 is positive for 1 < p < 2 and negative for p > 2. We
put all estimates together and obtain for some absolute constants ¢y, co, C1,Co > 0:

Let p > 2, then for n > ng(p)

Civ/n F(%)z F % -3 Cs
v E h(g1, 92, 93, 94)tbe, < (F( ) ( ( ) )>+

\/I)
Let 1 < p < 2, then for n > n;(p)
ciyvn (§) 11) -3))—c
VnEh(g1, 92,93, 9a) e, > : ( rG) (\/IE ) )) : >0

O

Proof of Theorem 1.2. Proceed as in the proof of Theorem 1.1, using Lemma 4.3
and Propositions 4.1 and 4.2. ([

Finally, in order to deduce Corollary 1.2 we shall compute the sign of f(&;,&,)
for p > 2 and f(&,&) for 1 < p < 2. For that matter, we denote gy,...g,, i.i.d.

copies of g and the g/s, and 1, = ‘ﬁ S sen(g;)|glP Y.

n

Lemma 4.6. Let X a be random vector uniformly distributed on PQOL By, p=>1
and f : Sgd. X S@é_ — R given by

f(771, 772) = E<X7 771>2<X’ 772>2 - E<X7 771>2E<X’ 772>2'
Write & = el 2 £, = 63 >+ € St Then

]Espil]Eh’(glv 92,393, 94@1752)1/’00@90

(&1,62) = ESP+3Etg,1, ’
where h : RS — R is defined by
hz1,...,z6) = xlxg — 21‘%1‘2{,63 + T1T2T3T4

ESP—1ESP+3 )
W(xﬂs 2$1Z2x5+x1x2z5x6).
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Proof. We have seen in the proof of Proposition 4.1 that

ESP~'E(g195 — 2979293 + 91929394) Vo,
ESP+3Ey,

ESP~'E(g195 — 2979293 + 91929391) Ve, Vo,
ESP-&-S]EQ%O@OU ’

E<X721>2<X552>2 =

and in the proof of Lemma 4.1,

_ (BSP)’E(gf — 9192)(37 — 5192)%00 Vs,
(ESP+1)2Ee)g, vy, '

Since Eglggﬁz/)go@go = E§1§29%w90@90, we obtain the result. O

E<X7 gl>2E<X7 52>2

Therefore, the sign of f(£;,&,) coincides with the sign of Ehtbg, 1, . We split
the latter quantity in four terms by using Lemma 4.4.

Lemma 4.7. Denote Yy = Z|g P~ sgn(g;), Vs = Z|gz|” Ysgn(gs) and Z =
i=1 i=1

Z\gzl” "sgn(g; Zlgzl” "sgn(gi). Then,

n Eh(g1, 92, 93, 94,1, G2) Ve, Yo, = ER(91, 92, 93, 94,71, 92)E | Z| E | Z|
+E|Z|Eh(g1, 92,93, 94,51, G2) (1Yal = 12]) X{1va 121213
+E|Z|Eh(g1, 92, 93, 94,51, 2) (|Y2| — | Z]) X(|%|>[2])
+Eh(g1, 92, 93, 94,91, 92) (1Yal = 1Z) x(1vaiz 121y (|Y2| = | Z]) X{|%3|2|Z]y-

Proof. First condition on the random variables g1, . .. g, and apply Lemma 4.4 with
Y5 and Z. Then take expectations with respect to g1, ... gy, use Fubini’s theorem
and, conditioning on gy, ...g,, apply again Lemma 4.4 with Y, and Z. [

Lemma 4.8. Let p > 1 and & = el €2 €y = 63\/564 € Spr. For every n = no(p)
for some ng(p) € N,
f(&1,62) <.

Proof. We proceed as in the proof of Proposition 4.2:

By Lemma 4.6, we will compute the sign of nEh(g1, g2, g3, 94, 1, G2) e, g, - For
that matter we apply Lemma 4.7 and estimate each summand. By definition of h
and Lemma 2.2,

Eh:_ESP—lESHS(Q%)Q— F(1+"le) ( ) ()2

+1)2 - 2 -
(ESPH) (1o ) F( )
for some absolute constant ¢ > 0, since I'(1 + z) = aI'(x),x > 0, implies ¢ <

2
Eg? and the convexity of logT' yields T (1 + "le) r (1 + "T'f?’) >T (1 + "T'fl) .

Also observe that, by Stirling’s formula, % is bounded from above by

an absolute constant. Proceeding as in the proof of Proposition 4.2, by direct
computation and using Lemma 2.2, Eh%(g1, g2, 93, 94,91, ) < C. In the sequel we

S =
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shall use the same letter ¢, C... to denote possibly different values of an absolute
constant ¢, C... > 0.

According to Lemma 4.4 and Lemma 2.2, the second summand has absolute
value bounded by

E[Z|(ER?) 2 (B[T12)2 < <B[Z]
VP
and in the same way, the third summand has absolute value bounded by

Em@mwmm%msjEm
D

Similarly, the forth summand has absolute value bounded by % and finally, Lemma

N

4.5 implies Y2 <E|Z|,E |7| < C’@ whenever p < n.
p p

We put all estimates together and conclude that for 1 < p < n and some absolute
constants:
npESPH3Eapg g~ —
EW%O*v@gggfqn+@wmwmm+@.

The result now easily follows. O

In the following lemma we compute the value of f(&1,&2).

Lemma 4.9. Let X be a random vector uniformly distributed on Py By, p > 1,
0
and let f : S(,OL X Serjf — R be given by

f(771, 772) = E<X7 771>2<X’ 772>2 - E<X7 771>2E<X’ 772>2'

Write & = 61—€2+53—€4’ & = 61—625634-64 . Then

2
]ESpilEh(gla 92,93, 94, §17§2)¢90E90

flen &)= ESP+3Edg, by, ’
where h : RS — R is defined by
14 3 3 2 9 2 1 2
h(xy, T2, 23,24, 25,26) = le — xixo — lexz + zixoxs — §x1x2x3x4 + x5
ESP—1ESP+3
W(x?mg — 21’}%2%% —+ £C1£L’2.’E5$6).

Proof. We have seen in the proof of Proposition 4.1 that
E(gi — 49192 — 39793 + 12030205 — 69192939400 = _
= 4E<Gu §1> <G7 §2> 1/}00 - 4E<G7 §1> <G7 £2> ’(/}90

and then, taking into account that

E(G,&,)*(G, &) g, = E(9195 — 2979295 + 91929394) Ve,
we obtain that
ESP—1

E(X, 61)%(X, &) = ESP+3Eqy,

E(G,&)*(G, &) g,

—L(E(l‘l,?’ ,§22+2 ,1 + 2)1/}@)
*ESPHEweO@eO 491 9192 49192 919293 291929394 9192 )%, ¥y,
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Since, by Lemma 4.1

2 _ (ESP~1)?E(g7 — 9192) (95 — 9192) 6, Yo,
(ESP+1)2Bapg, thy,

and Eg; ggﬁfwgoﬂeo = E@lﬁzg%d)goieo, we obtain the result. [

E<X7 £1>2E<X7 f2>

Lemma 4.10. Let §; = “i=c2fca=es ¢, — cimca-eates ¢ Sy - There exists ng € N
such that for everyn > ng and 1 < p <2

f(61,62) <0

Proof. By Lemma 4.9 we must compute the sign of Eh(gs, gg,gg,g4,§17§2)¢90$90.
For that matter we apply Lemma 4.7 with the same choice of random variables and
h as above. The behaviour of the sign is determined by the sign of

_— F() F(;)_S_“(Hﬂf(lj"f)
ar (,;)2 T (14 221)
0y T

- AT (}9) A0 (%)2

As in Proposition 4.3, we bound the terms in Lemma 4.7 in the same manner and
conclude as before that for some absolute constants,

npESPH3Eahg,
ESp-1

Yoo f(&1,8) < —Cin+ Cov/n+ C3/n + Cy. 0O

Proof of Corollary 1.2. Tt follows from Lemmas 4.8 and 4.10 and Theorem 1.2. O

Remark. By a closer study it is possible to state the results of this section letting

p grow with n. Using the estimate C/\/*/; < Etpg, < C:/}/)E, p > n, proven in [AB3],
our method works for at least p < cn?. However, by viewing the situation at
p = oo mentioned in the introduction, we believe Corollary 1.3 should hold for C

independent of p.
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