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Mueller polarimetry involves a variety of instruments and
technologies whose importance and scope of applications
are rapidly increasing. The exploitation of these powerful
resources depends strongly on the mathematical models that
underlie the analysis and interpretation of the measured
Mueller matrices and, very particularly, on the theorems
for their serial and parallel decompositions. In this
Letter, the most general formulation for the parallel decom-
position of a Mueller matrix is presented, which overcomes
certain critical limitations of the previous approaches, par-
ticularly the unnecessary exigency that the Mueller matrices
of all parallel components have to be normalized in order to
have equal transmittances for unpolarized light. In addition,
the obtained results lead to a generalization of the polari-
metric subtraction procedure and allow for a formulation
of the arbitrary decomposition that integrates, in a natural
way, the passivity criterion. © 2019 Optical Society of America

https://doi.org/10.1364/OL.44.005715

Polarimetry constitutes today a very dynamic area in science
and engineering that involves powerful measurement tech-
niques widely exploited for the study and analysis of great
variety of material samples. Consequently, the mathematical
characterization of the polarimetric properties of material media
has a capital interest because it provides tools for the analysis
and interpretation of experimental measurements in both in-
dustrial and scientific environments. The appropriate frame-
work for the mathematical representation of polarization
interactions (within the linear regime) is given by the Stokes–
Mueller formalism. Mueller matrices are 4 × 4 real matrices that
perform the linear transformation from the Stokes parameters
of the incoming state of polarization to the outgoing one. The
physical nature of such interactions imposes certain restrictions
that are reflected in the fact that the set of Mueller matrices is
constituted by a specific subset of real 4 × 4 matrices.

In analogy to the fact that a Stokes vector can be pure (fully
polarized) or not, Mueller matrices that preserve the degree of
polarization of totally polarized input states (that is, transform
any totally polarized Stokes vector into a totally polarized
Stokes vector) are called pure, nondepolarizing, or Mueller–Jones
matrices. Thus, Mueller matrices can be pure or not depending

on their structural features, which are inherited from the physical
properties of the media represented polarimetrically by them [1].

The Mueller–Stokes transformations are determined by an
ensemble average (a convex sum) of basic pure transformations
(ensemble criterion) [2,3], each one characterized by a well-
defined pure Mueller matrix. This feature leads to the covari-
ance criterion that was mathematically formulated by Cloude
[4] and, independently, by Arnal [5], through the nonnegativity
of the four eigenvalues of the covariance matrix, H, associated
with a given Mueller matrix,M, (thus providing four covariance
inequalities to be satisfied by M).

A complementary criterion refers to passivity and implies
that the action of the medium does not amplify the intensity
of the electromagnetic wave interacting with it. More specifi-
cally, the assumption of the ensemble criterion entails the ne-
cessity that a physically realizable Mueller matrix is susceptible
to being expressed as a convex combination of pure and passive
Mueller matrices [6].

The main aim of this work is the formulation, in the most
general form, of the arbitrary decomposition of a Mueller matrix
into a convex sum of a minimum number of pure Mueller
matrices, in such a manner that the new formulation overcomes
the limitation of the previous approaches [7–13] where the
Mueller matrices of all parallel components have to be normal-
ized to have equal values for their mean intensity coefficients
(defined below), and therefore opens strongly the scope of
its applications. This result also provides the way to express
the arbitrary decomposition in terms of passive Mueller matri-
ces in accordance with the passivity criterion and, further-
more, leads to a generalization of the polarimetric subtraction
procedure [12].

To simplify further expressions, the partitioned block
expression of a Mueller matrix [14] will be used when
appropriate:
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where the superscript T indicates transpose, m00 is the mean
intensity coefficient (MIC) (i.e., the transmittance or gain
[15–19] of M for input unpolarized light), while D and P
are the respective diattenuation and polarizance vectors of M
[20]. The absolute values of these vectors are the diattenuation
D ≡ jDj and the polarizance P ≡ jPj [20,21]. M̂ denotes the
normalized form of M with MIC m̂00 � 1. One recalls that,
given the peculiar mathematical structure of a Mueller matrix,
its transposed matrix MT is also a Mueller matrix [22,23].

Let us consider a light beam with a given state of polariza-
tion determined by the corresponding Stokes vector, s, whose
spot size on a material sample covers n areas with different
deterministic nondepolarizing polarimetric behavior and that
the exiting light pencils are incoherently recombined, so that
the state of polarization of the whole outgoing beam is repre-
sented by a Stokes vector, s 0. Thus, the total intensity I of the
incoming light is shared among n portions, I i, falling on respec-
tive elements i contained in the illuminated area, which are
represented by their respective pure Mueller matrices, MJi
(Fig. 1). The polarimetric transformation of the input Stokes
vector, s, into the output s 0 is given by
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The study of the physically realizable decompositions of M
into sums of Mueller matrices relies on the statistical nature of
depolarizing Mueller matrices [24], which becomes clear when

the elements mij (i, j � 0, 1, 2, 3) of M are rearranged into the
so-called covariance matrix, H, defined as [4,5]

H�M� � 1

4

X3
i, j�0

mij�σi ⊗ σj�, (3)

where σi are the Pauli matrices (arranged in the order
commonly used in polarization optics)
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H is positive-semidefinite, that is, the four eigenvalues ofH are
nonnegative. Conversely, the elements ofM can be expressed as
follows as functions of H:

mij � tr��σi ⊗ σj�H�: (5)

The explicit expressions for H�M� and M�H� are found
in [1,25].

Because H is a positive semidefinite Hermitian matrix [4],
it is diagonalized as

H � U diag�λ1, λ2, λ3, λ4�U†, (6)

where λi are the four non-negative eigenvalues of H, taken in
decreasing order (0 ≤ λ4 ≤ λ3 ≤ λ2 ≤ λ1). The columns ûi
(i � 1, 2, 3, 4) of the 4 × 4 unitary matrix, U, are the respective
unit, mutually orthogonal, eigenvectors of H.

Therefore, H is expressed as the following convex linear
combination of four rank-1 covariance matrices that represent
respective pure systems:

H �
Xr

i�1

λi
m00

HJi, HJi ≡ m00�ûi ⊗ û†i �, m00 � trH, (7)

where r ≡ rank�H�. Hereafter, when appropriate, pure covari-
ance matrices and pure Mueller matrices will be denoted as HJ
and MJ , respectively.

This (Cloude decomposition [4] or spectral decomposition) can
be written in terms of the corresponding Mueller matrices by
means of the following convex sum,

M �
Xr

i�1

λi
m00

MJi, �MJi�00 � m00 � trH, (8)

where all pure Mueller matrices, MJi, have equal MIC, equal
to m00.

Prior to establishing the expressions for the general decom-
position of a depolarizingM in terms of a minimum number of
pure incoherent components ofM, it has been shown that such
a number is given by r ≡ rank�H� [8,12].

While the components of the spectral decomposition are
defined from the respective eigenvectors ui of H with nonzero
eigenvalue, any Mueller matrix also admits the so-called
arbitrary decomposition [8,12] (hereafter homogeneous arbitrary
decomposition),

Fig. 1. Uniform field with Stokes vector (s) falls on a sample com-
posed of a parallel combination of pure elements characterized by their
respective pure Mueller matrices, MJi � m00iM̂Ji . The portion of in-
tensity falling on each parallel component is given by the respective
cross section, ki . The respective outgoing pencils, with Stokes vectors
(s 0i ) are then incoherently recombined into a whole beam with asso-
ciated Stokes vector (s 0). The resulting Mueller matrix (M) is given by
a convex sum of MJi with coefficients ki .
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where the subscripts t , s run the elements of MJi, and ŵi
(i � 1,…, r) is a set of r independent unit vectors belonging
to the image subspace ofH [denoted as im�H�] [12]. Note that
when ŵi � ûi (ûi being the unit eigenvectors of H with non-
zero eigenvalue), then the arbitrary decomposition adopts the
particular form of the spectral decomposition. The detailed
demonstration of the homogeneous arbitrary decomposition
is found in [12]. Note that the denominator of the expression
of pi in Eq. (9) can also be expressed as

m00

Xr

j�1

1

λj
j�U†ŵi�jj2 � m00�ŵ†

iH−ŵi�, (10)

where H− is the pseudoinverse of H defined as H− � UD−U†,
D− being the diagonal matrix whose r first diagonal elements
are 1∕λ1, 1∕λ2,…, 1∕λr , and the last 4 − r elements are zero.

Decompositions in Eqs. (8) and (9) have been formulated
for the case where all pure components have equal MICs, equal
to m00. This exigency should be avoided because the MICs
of the pure components can take specific independent values.
In fact, as it will be shown below by means of an example, the
homogeneous arbitrary decomposition [Eq. (9)] is not always
physically realizable in terms of passive Mueller matrices.

Prior to introducing the generalization of the arbitrary decom-
position that contains pure components with arbitrary respective
MICs, by writing a given parallel decomposition [Eq. (2)] in the
form of Eq. (9) and comparing the i elements appearing in the
respective summations in Eqs. (2) and (9), it follows that

kim00iM̂Ji � pim00M̂Ji ⇒ kim00i
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pi � 1

�
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and, therefore, the arbitrary decomposition can be expressed
in the following generalized form where the components have
different MICs denoted as m00i [note that the synthesized
expression in Eq. (10) is applied]:
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Because passivity is a natural feature of experimental samples, the
arbitrary decomposition should be performed in terms of passive
Mueller matrices. To do so, the necessary and sufficient condi-
tions for a Mueller matrix, M, to be passive are the
following [6,26]:

m00�1� D� ≤ 1, m00�1� P� ≤ 1: (13)

(Note that, in the case of a pure Mueller matrix, the equality
P � D is satisfied [22], and both conditions become a single
one). Therefore, the passive formulation of the arbitrary
decomposition adopts the form
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where

X ≡max�D,P�, X i ≡max�Di ,Pi�,
q ≡ m00�1� X � ≤ 1, qi ≡ m00i�1� X i� ≤ 1: (15)

To illustrate the above results, consider a parallel composition of
two elements, namely, a quarter-wave plate oriented at 0°, with
Mueller matrix, MR , and a linear polarizer oriented at 0°,
with Mueller matrix, MP , in such a manner that the spot size
of the uniform light beam that illuminates this system is shared
in such a manner that 1/3 of the intensity falls on the retarder and
the remaining 2/3 fall on the polarizer. The composed Mueller
matrix, M, is obtained as follows:
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so that m001 � 1, m002 � 1∕2, m00 � 2∕3, k1 � 1∕3, and
k2 � 2∕3. The corresponding homogenous decomposition of
M takes the form

M � 1
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3
M̂R

�
� 1

2

�
2

3
M̂P

�
, (17)

where the respective coefficients are p1 � k1m001∕m00 � 1∕2
and p2 � k2m002∕m00 � 1∕2. Note that, because m00 �
2∕3 > 1∕2, the polarizer �2∕3�M̂P in the homogeneous decom-
position does not satisfy the passivity conditions in Eq. (13) and,
therefore, it is not physically realizable. Obviously, given a mea-
sured Mueller matrix, M, the arbitrary decomposition provides
infinite specific parallel decompositions of it, and it is the exper-
imentalist, with his experience and knowledge of the problem and
its constraints, who can decide which decomposition is more
appropriate or plausible for each situation.

Once the arbitrary decomposition has been generalized and
even expressed in terms of passive elements, the procedure
for the polarimetric subtraction can be formulated in light
of this new framework. A given pure component, MJ1, with
associated HJ1 � m001�w†

1 ⊗ w1� can be considered an arbi-
trary component of M if and only if rank�H�HJ1� �
rank H [12]. If this inclusion (or subtractability) criterion is
satisfied, then, in accordance with Eq. (12), the coefficient
k1 corresponding to HJ1 in the arbitrary decomposition is
given by

k1 � 1∕�m001�ŵ†
1H

−ŵ1��: (18)
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The polarimetric subtraction of MJ1 from M is then per-
formed in the following manner [12]:

Mr � �M − k1MJ1�∕�1 − k1�, (19)

where the rank of the covariance matrix,Hr , associated with the
resulting matrix, Mr , is rankHr � r − 1.

If other pure elements are wanted to be consecutively
subtracted, the subtraction procedure can be iterated until
the difference matrix obtained has rank equal to 1. In each step,
the inclusion criterion rank�H�HJi� � rankH should be
checked. In addition, as shown in [12], the subtraction of non-
pure elements also is performed, and its formulation from the
generalized form of the arbitrary decomposition [Eq. (12)] is
straightforward.

In summary, unlike the previous approaches, arbitrary de-
composition has been formulated in its most general form, thus
allowing one to apply it to any physical or experimental situa-
tion and providing the appropriate procedure for the calcula-
tion of the coefficients of the parallel components. The new
approach has been also expressed in terms of Mueller matrices
satisfying the passivity criterion required by natural and man-
made samples (except for certain artificial situations [27]).
Furthermore, the polarimetric subtraction procedure has been
reformulated in the light of the new generalized arbitrary
decomposition framework presented.

Disclosures. The authors declare no conflicts of interest.

REFERENCES

1. J. J. Gil and R. Ossikovski, Polarized Light and the Mueller Matrix
Approach (CRC Press, 2016).

2. J. J. Gil and E. Bernabéu, Opt. Acta 32, 259 (1985).

3. K. Kim, L. Mandel, and E. Wolf, J. Opt. Soc. Am. A 4, 433 (1987).
4. S. R. Cloude, Optik 75, 26 (1986).
5. P. M. Arnal, “Matrix model for the study of light polarization phenom-

ena,” Ph.D thesis (University of Zaragoza, 1990).
6. I. San José and J. J. Gil, “Characterization of passivity in Mueller

matrices,” arXiv:1909.10077 (2019).
7. J. M. Correas, P. A. Melero, and J. J. Gil, Monog. Sem. Mat. G.

Galdeano 27, 23 (2003), http://www.unizar.es/galdeano/actas_pau/
PDF/233.pdf.

8. J. J. Gil, Eur. Phys. J. Appl. Phys. 40, 1 (2007).
9. M. Foldyna, E. Garcia-Caurel, R. Ossikovski, A. De Martino, and J. J.

Gil, Opt. Express 17, 12794 (2009).
10. J. J. Gil, EPJ Web Conf. 5, 04002 (2010).
11. J. J. Gil, I. San José, and R. Ossikovski, J. Opt. Soc. Am. A 30, 32

(2013).
12. J. J. Gil and I. San José, J. Opt. Soc. Am. A 30, 1078 (2013).
13. R. Ossikovski, E. Garcia-Caurel, M. Foldyna, and J. J. Gil, Appl. Opt.

53, 6030 (2014).
14. Z.-F. Xing, J. Mod. Opt. 39, 461 (1992).
15. R. Barakat, J. Mod. Opt. 34, 1535 (1987).
16. C. Brosseau and R. Barakat, Opt. Commun. 84, 127 (1991).
17. A. B. Kostinski and R. C. Givens, J. Mod. Opt. 39, 1947 (1992).
18. V. Devlaminck and P. Terrier, Optik 121, 1994 (2010).
19. J. J. Gil, J. Opt. Soc. Am. A 30, 701 (2013).
20. S.-Y. Lu and R. A. Chipman, J. Opt. Soc. Am. A 13, 1106 (1996).
21. J. J. Gil and E. Bernabéu, Opt. Acta 33, 185 (1986).
22. J. J. Gil, “Determination of polarization parameters in matricial repre-

sentation. Theoretical contribution and development of an automatic
measurement device,” Ph.D. thesis (University of Zaragoza, 1983),
http://zaguan.unizar.es/record/10680/files/TESIS-2013-057.pdf.

23. R. Ossikovski, J. J. Gil, and I. San José, J. Opt. Soc. Am. A 30, 2291
(2013).

24. R. Ossikovski and J. J. Gil, J. Opt. Soc. Am. A 34, 1727 (2017).
25. S. R. Cloude, Polarisation: Applications in Remote Sensing (Oxford

University, 2009).
26. J. J. Gil, J. Opt. Soc. Am. A 17, 328 (2000).
27. T. Opatrný and J. Peřina, Phys. Lett. A 181, 199 (1993).

5718 Vol. 44, No. 23 / 1 December 2019 / Optics Letters Letter

https://doi.org/10.1080/713821732
https://doi.org/10.1364/JOSAA.4.000433
http://www.unizar.es/galdeano/actas_pau/PDF/233.pdf
http://www.unizar.es/galdeano/actas_pau/PDF/233.pdf
http://www.unizar.es/galdeano/actas_pau/PDF/233.pdf
http://www.unizar.es/galdeano/actas_pau/PDF/233.pdf
http://www.unizar.es/galdeano/actas_pau/PDF/233.pdf
https://doi.org/10.1051/epjap:2007153
https://doi.org/10.1364/OE.17.012794
https://doi.org/10.1051/epjconf/20100504002
https://doi.org/10.1364/JOSAA.30.000032
https://doi.org/10.1364/JOSAA.30.000032
https://doi.org/10.1364/JOSAA.30.001078
https://doi.org/10.1364/AO.53.006030
https://doi.org/10.1364/AO.53.006030
https://doi.org/10.1080/09500349214550471
https://doi.org/10.1080/09500348714551471
https://doi.org/10.1016/0030-4018(91)90214-X
https://doi.org/10.1080/09500349214552001
https://doi.org/10.1016/j.ijleo.2009.06.001
https://doi.org/10.1364/JOSAA.30.000701
https://doi.org/10.1364/JOSAA.13.001106
https://doi.org/10.1080/713821924
http://zaguan.unizar.es/record/10680/files/TESIS-2013-057.pdf
http://zaguan.unizar.es/record/10680/files/TESIS-2013-057.pdf
http://zaguan.unizar.es/record/10680/files/TESIS-2013-057.pdf
http://zaguan.unizar.es/record/10680/files/TESIS-2013-057.pdf
https://doi.org/10.1364/JOSAA.30.002291
https://doi.org/10.1364/JOSAA.30.002291
https://doi.org/10.1364/JOSAA.34.001727
https://doi.org/10.1364/JOSAA.17.000328
https://doi.org/10.1016/0375-9601(93)90639-H

	XML ID funding

