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ABSTRACT. We prove various extensions of the Loomis-Whitney inequality
and its dual, where the subspaces on which the projections (or sections) are
considered are either spanned by vectors w; of a not necessarily orthonormal
basis of R™, or their orthogonal complements. In order to prove such inequal-
ities we estimate the constant in the Brascamp-Lieb inequality in terms of the
vectors w;. Restricted and functional versions of the inequality will also be
considered.

1. INTRODUCTION AND NOTATION

The classical Loomis-Whitney inequality [16] states that for any convex body
K CR” (i.e., a compact convex set with non-empty interior) and any orthonormal
basis {e;}?_;, we have that

n

(1.1) K| <[] 1P K7,
=1

where | - | denotes the volume (i.e. the Lebesgue measure) in the corresponding
subspace and, for any k-dimensional linear subspace H € G, x, Py denotes the
orthogonal projection onto H.

In [17], Meyer proved the following dual inequality:

(nh)™7 & L
(1.2) |K|>”TH|Kﬂei |7=T.
i=1

A remarkable extension of the Loomis-Whitney inequality is provided by the
Bollobés-Thomason inequality, which was proved in [6]. Before stating it let us fix
some notation and terminology. We denote by [n] the set {1,...,n}. Forany m > 1
and subsets Si,...,S,, C [n], not necessarily distinct, we say that (S1,...,Sm)
forms a uniform cover of S C [n] with weights (p1,...pm), (p; > 0 for all j) if for
every ¢ € S we have that

> pixs, () = 1.
j=1

Bollobds and Thomason considered the case S = [n] and weights equal to %
Then, the above condition means that each index ¢ € [n] appears exactly k times
within the family Si,...,S,,. They proved that for any uniform cover (Si, ..., Sn)
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of [n] with equal weights ( ,...,%), any orthonormal basis (e;)?_; and subspaces
H; :=span{e; : k € S;}, for any compact set K C R™ we have
(1.3) K| < ] 1Pu, K| *
j=1
The case m =n, S; = [n]\{j} and k = n— 1 recovers the classical Loomis-Whitney
inequality (1.1).
Very recently, Liakopoulos [15] proved the following dual Bollobds-Thomason

inequality: given a fixed orthonormal basis (e;)?_; and any m > 1, if (S1,...,Sm)
forms a uniform cover of [n] with equal weights (+,...,%), d; = [S;| and H; =
span{ey : k € S;}, then for any compact K C R™ we have
H;'n:1(dj!)% - 1
(1.4) \K|>T1'[1|K0Hj|k.
j=

Again, if m =n, S; = [n] \ {j} and k =n — 1 we obtain Meyer’s inequality (1.2).

In [14], the following restricted (or local) version of Loomis-Whitney inequality
was proved: given a fixed orthonormal basis (e;)?_;, for any convex body K C R"
and any i # j,

2(n

-1
(1.5) P KK < 22" Ve kP K,
n i i

where H = span{e;,e;}. Inequality (1.5) has been extended in several different
ways. On the one hand, in [7], it was proved that for any distinct vectors wy,wy €
S™=1 not necessarily orthogonal, if H = span{wy,ws} then

2(n—1)

1 — (wy, wa)?

On the other hand, in the same work [7], the following generalisation of (1.5) was

(L6) Py KK < P, [P, K.

obtained: if S C [n] has cardinality |S| = dand (S1,...,Sny) forms a uniform cover
of S with the same weights ( 7...,%)7 where m > k, then for every convex body
K CR"

kd\ &

n— kd

(d) Jj=1
where H; = span{e : k € S;}. The value of the constant in the latter inequality
was improved in [1] in the case where m = 2 and Sj, S are disjoint, which implies
k = 1. Moreover, in [1] functional versions of these inequalities were proved in the
setting of log-concave functions.

Regarding dual versions of restricted Loomis-Whitney inequalities, two situations
have been considered: when the convex body K is centred and when the maximal
intersection of K with translations of H' is attained at 0.

On the one hand, it was proved in [7] that if S C [n] has cardinality |S| = d and
(S1,...,Sm) forms a uniform cover of S with the same weights ( ,...,%), where

m > k and the cardinality of S is equal to d;, then for every centred convex body
K CR”

|Pyro K[| K% <

d
m 7]

k m
KN HKE > J 1  [[ 1Nt
j=1
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where H; = span{ey : k € S}

On the other hand, it was proved in [1] that if S C [n] has cardinality |S| = d
and S7 and Ss are two disjoint subsets of .S, with cardinality d; and ds respectively,
forming a uniform cover of S (therefore with weights equal to 1), and if H =
span{er : k € S}, then for every convex body K such that max,cr» |[K N (z +
H1Y)| = |K N H*| we have that

d —1
(L7) KN YK > (d) KN HK OB,

where H; = span{e, : k € S;} and H = span{e;, : k € S}. Also a functional
version of this inequality was obtained for log-concave functions.

In this manuscript we consider the more general situation, in the spirit of the
extension (1.6) of inequality (1.5), in which we fix a basis in R™ which is not
necessarily orthonormal.

Let us point out the fact that (Si,...,S,,) forms a uniform cover of [n] with
weights (p1,...pm) if and only if (S¢,...,S5¢,) forms a uniform cover of [n] with
weights (p},...,p),), where p} = plﬁl and p = 27:1 p;. In addition, if {e;}

is an orthonormal basis of R", H; = span{e, : k € S;} and ij = span{ey :
k & S;}, then H JL =H ; and hence the projections onto the subspaces which are
orthogonal to the ones generated by the vectors given by the uniform cover are
simply the projections onto the subspaces generated by the vectors given by the
uniform cover (S%,...,Sg,) with weights (p!,...,p},). However, if {w;}?  is not
an orthonormal basis, it is not generally the case that the orthogonal subspace
to H; = span{wy, : k € S;} is H; = span{wy, : k ¢ S;}. Therefore, different
extensions of the inequalities can be considered.

Our starting point is the following functional inequality due to Finner [11], which
recovers the Bollobas and Thomason inequality.

Theorem 1.1 (Finner’s inequality). Let (Si,...,Sm) be a uniform cover of [n]
with weights (p1,...,pm) and let H; = span{ey : k € S;}. Then, for all integrable
functions f; : Hj — [0,00) we have

(1.8) /nﬁfpj Py, x)dz < ﬁl </H7 fj)pj-

In the framework of subspaces generated by vectors given by a uniform cover with
weights and a (not necessarily orthonormal) basis of R™, we obtain the following
affine-invariant Finner inequality.

Theorem 1.2. Fiz a basis {w; }1—, of R™ and let (S1,...,Sn) form a uniform cover
of [n] with weights (p1,...,pm). If H;j = span{wy : k ¢ S;} and p = Z;n:lpj,
then for any integrable f; : ﬁf — [0, 00) we have

(1.9)

m m b
/71 H f]pj (Pﬁ]#m)dx < BLl((wi)?:h [n]’ (Sj)g 1 pj j 1 H ( ;C) )
j=1 Jj=1
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where, for any basis {w;}7, of R™, S C [n] and any uniform cover (Si,...,Sm) of
S with weights (p1,...,pm), we denote

[T7%) | Aresys, wil?
| Nies w;|P~1

(1‘10) BLI((wi)?:lv S, (Sj);” 1 (p]);n 1) =

Here, for any vectors wy, . .., wg, | A\F_, w;| denotes the volume of the k-dimensional
parallelepiped spanned by the vectors w;. N
Moreover, for every integrable f: R™ — [0,00) and f; : ] — [0,00) such that

f(@) = T2 ] (x) whenever x = Y77 pjax; for some x; € H , we have

1 m
Rn fz)de > BL([n], (S5)7%1, (P5)721) 1;[ </ he >

Remark. Notice that if (w;)!_; = (e;)_; is the canonical basis then Hj- =H; =
span{e, : k € S;} and this inequality becomes (1.8). Additionally, once we have
proved the first inequality, then we can use the fact that any Brascamp-Lieb in-
equality gives a reverse Brascamp-Lieb inequality with inverse constant (see [3]).

The following theorem, which is an inequality when projecting on different sub-
spaces from the ones considered in the affine Finner inequality, is an equivalent
version of Theorem 1.2.

Theorem 1.3. Let {w;}?_, be a basis of R™, let m > 1 and let (S1,...,Sm) be
a uniform cover of [n] with weights (p1,...,pm). Let H; = span{wy : k € S;}.
Then, for every integrable f; : Hj — [0,00), 1 < j < m, we have

m pj
| TL7 Py < BLa(wia. ) (571, (0)70) ( [, e x> ,
j=1

where, for any basis {w;}7_; of R™, S C [n] and any umform cover (S1,...,Sm) of
S with weights (p1,...,pm), we denote

[T72) | Ares, wil?s

| Nies wil

(1.11) BLy((wi)iz1, 5, (55)%1, () 721) =

Moreover, for every integrable f: R™ — [0,00) and f; : Hj — [0,00) such that
f(@) 2 TT)%, £} (x) whenever x = 377" pjx; for some x; € Hj, we have

1
Rnf(l')d BLQ([ ] (S )j b pj ;nl H (/ fJ )

Remark. Notice that if we call M the matrix whose columns are the vectors (w;)?,
and we denote by v; the rows of the matrix M !, then we have that for every
1<j<m

H; = span{wy, : k € S;} =span{vy, : k& S;}*.
Therefore, a Brascamp-Lieb inequality projecting on the subspaces H; can be ob-
tained from Theorem 1.2 with constant BLi((v;)iLy, [n], (S)7L1, (pj)jL1). Since it
turns out (see Lemma 3.1 below) that

BL1((vi)izys [n], (55)721, ()i21) = BL2((wi)isy, [n], (S5)721, (P5)71);
we have that Theorem 1.3 and Theorem 1.2 are equivalent. From now on we will
omit the arguments in BL; and BL, whenever they are clear from the context.
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In order to prove Theorem 1.2 we will use the so-called factorisation method,
which was introduced and developed in [10]. The idea of the factorisation method is
that to prove our inequality we first test on a function, call it M, then we factorise
M appropriately as a product of functions to use Holder’s inequality. In [10] it was
proved (under mild hypotheses) that a positive multilinear inequality holds if and
only if such a factorisation exists.

In the Appendix we provide a proof for Theorem 1.3, which is different from the
one described above. It seems that each proof is tailored for the construction of
appropriate families of subspaces.

It is interesting that we can find an explicit formula for the constant in Theorem
1.3 and Theorem 1.2, since in general is difficult to compute the Brascamp-Lieb
constant. These inequalities will provide different affine invariant versions of Bol-
lobas-Thomason inequality and its dual. In particular we will prove the following
different extensions of Bollobas-Thomason inequality:

Theorem 1.4. Let {w;}}"; be a basis of R™ and let (S1,...,Sm) be a uniform
cover of [n] with weights (p1,...pm). If Hj = span{wy, : k € S;}, PNIj = span{wy, :
k¢ S;} andp= Z;”:l pj, then, for every compact K C R" we have the following
four inequalities:

(1.12) |K| < BL, H [P K|,
Jj=1

p—1 Pj

(1.13) K| <BL2H|PHJ+K| )
j=1

(1.14) |K| < BLy [ [ |Pu, K177,
j=1

(1.15) K[~ < BLy [] |Pg, K7
j=1

Using (1.12) in Theorem 1.4 we obtain a generalisation of Gagliardo-Nirenberg
inequality. Moreover, for log-concave functions we can achieve a better constant
which also leads to a sharp generalisation of an inequality obtained by Bobkov and
Nazarov in [5], implying the boundedness of the isotropic constant of log-concave
unconditional measures.

In general, we will make an extensive study of the different affine invariant exten-
sions of Bollobds-Thomason inequality that we obtain. We will also provide func-
tional versions of the geometric inequalities obtained in the context of log-concave
functions, which will recover their geometric versions when applied to functions
of the form e~ 'l where || - ||x denotes the Minkowski functional associated to
a given convex body K containing the origin in its interior. These will be differ-
ent from the ones we get when considering the characteristic function yg, as is
the case with Brascamp-Lieb inequality. These functional inequalities cannot be
directly obtained from the stated Brascamp-Lieb inequality as in this setting one
would have to consider an extra dimension and the subspaces on which one would
have to project would not form a covering of [n + 1]. Rather than that, they will
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be restricted Loomis-Whitney type inequalities in R®*!. We will also prove affine-
invariant local versions of both geometric and functional inequalities. In particular,
we will prove the following different extensions of inequality (1.6).

Theorem 1.5. Let {wl ", be a basis of R" and let S C [n] with cardinality
|S| =d. Let (S1,...,Sm) form a uniform cover of S with weights (p1,...,pm). If
H =span{wy : k € S}, H; = span{wy, : k € S;}, H; = span{wy : k € S\ S;},
d; = dimH; = |Sj|, and p = ZT:l pj. Then, for every conver body K C R™ we
have the following four inequalities:

I (™)

(1.16) |PyoK|P7Y K| < BL; - 11177 K17,
j=1
Hm (n—dj)pj m
(1.17) [Py K||K|P™' < BLy - === ] | Py K7,
(d) Jj=1
Hm: nfd‘+dj Pi
(1.18) | P K[P7HK| < BLy -~ ( - ) 11 1Pu,en KPP,
(d) j=1 '
Hm (n d; pJ m
(1.19) | Py K| K7~ < BLy - H P oK

("

Remark. Notice that if S = {1,2} C [n], S1 = {1}, and Sy = {2}, then nec-
essarily pj = py = 1. Taking any linearly independent wy,w, € S™ !, H
span{wy,ws} and an orthonormal basis {ws, ..., w,} of H*, we have that w; Awy =

1 — (wy,ws)? and if v; € S"~! spans wi N H and vy € S"~! spans wy N H, then
also v1 Ave = wy Aws and applying either (1.16) or (1.17) to {w1, we,ws, ..., wy,}, or
(1.18) or (1.19) to {v1,va, w3 ..., wy}, any of the previous four inequalities recovers
inequality (1.6).

Regarding dual Loomis-Whitney type inequalities, we will prove the following
different extensions of inequality (1.4).

Theorem 1.6. Let wy,...,w, be n wvectors spanning R™, let m > 1 and let
(S1,-..,Sm) be a uniform cover of [n] with weights (p1, . .. ,pm) Let H; = span{wy, :
ke S;}, Hy =span{wy, : k & 5;}, d; = dimH; = |S|, d; = dimH; = n — d;, and
p= Z;nzl p;. Then, for every conver body K C R"™ containing the origin we have
the following inequalities:

IRICIR

(1.20) K| > B n H |K NP
j=1
1 (d;h)P
-1 L1p;
(1.21) K> 5 Gy 1H|KmH i
1 I (
(1.22) K| > 3L, = — H|KmH|PJ
Jj=1
1 Hml(cf‘)”
1.2 KPPt > J K N H;Pi.

j=1
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Some restricted versions will be proved too. For instance, we will prove the
following

Theorem 1.7. Let {w;}}?_; be a basis of R™ and let S C [n] with cardinality
S| =d. Let (Si,...,Sm) form a uniform cover of S with weights (p1,...,pm). Set
H = span{wy : k € S}, H; = span{wy, : k € S;}, H; = span{wy : k € S\ S;},
d; =dimH; =S|, d; = dimH; =d—d; andp = Z;nzl pj. Then, for every convex
body K C R"™, we have the following four inequalities:

1yp—1 1 H?L:l(dj)pjdj i 7Llip;
(1.24) max|K N (2 +H)| \K|>BL1- i 115 n &P,
j=1

1 H;nzl (dj)pj(dj) A

1 -1 L.
(1.25) rxneag]dKﬂ (x+ HH||KP" > B, ~-D) I |1|KﬁHj |Pi |
j=
1 I, (dj)pidi -
Lyp—1 > . J=1\"J ) 1\|p;
(1.26) lrrneaédKﬂ(w—l—H )| \K|/BL2 7 ||\KH(HJ@H Y|P,

j=1

I R . |
5L gy LK N (e .

j=1

(1.27) max |K N (x + HY)||K[P™ >
fAS

Remark. Notice that no assumption on the barycentre was made. Taking into
account (see [12]) that if K is a centred convex body and H € G,, 4 then

e | (1 (o 4+ HY)| < ("“)d KA H

zeH = n—d —+ 1
we can obtain estimates in terms of the volume of sections through the centroid.
If we assume that the section of maximal volume with subspaces parallel to H+
is the one through the origin, then the value of the constant in the inequalities
in Theorem 1.7 is better in some special cases, providing extensions of inequality
(1.7).

The paper is structured as follows. In Section 2 we introduce the notation that
we use, as well as provide the necessary known results that we use in the paper.
In Section 3 we collect various versions of the affine invariant Finner inequality
and its reverse, as well as the proof of Theorem 1.2, which we will use in order to
prove several extensions of the aforementioned inequalities. Sections 4 and 5 will be
devoted to the proof of the Loomis-Whitney and dual Loomis-Whitney inequalities,
respectively, as well as their functional and restricted versions.

2. PRELIMINARIES

In this section we provide the necessary background that we will use in order
to prove the different versions of Loomis-Whitney and dual Loomis-Whitney type
inequalities.

2.1. Log-concave functions. A function f: R™ — [0,00) is called log-concave if
f(z) = e @) where v : R” — (—o00, 0] is a convex function. It is well-known that
any integrable log-concave function f: R™ — [0,00) is bounded and has moments
of all orders (see, for instance [8, Lemma 2.2.1]). If K C R™ is a convex body then
its characteristic function y g is integrable and log-concave, with integral |K| and
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if K is a convex body containing the origin, then e~ l'lx where ||z|x = inf{\ >
0 : x € MK} is the Minkowski functional associated to K, is integrable and log-
concave, with integral n!|K|. The set of integrable log-concave functions in R™ will
be denoted by F(R™).

For any f : R — R and any H € G, j, the projection of f onto H is the
function defined by

Pyf(z)= sup f(z+y) x€H.
yeHL

Notice that || Py f|loo = || f]leo and that if f € F(R™) f(x) = || f]lece™*® where v :
R™ — [0,00) is a convex function then Py f is the log-concave function, integrable
on H, Py f(x) = || fllece™™® where w : H — [0,00) is the convex function whose
epigraph, epi(w) = {(z,t) € H x [0,00) : w(z) > t}, is the projection onto H =
span{H, e, 1} of epi(v) = {(x,t) € R" x [0,00) : v(z) > t}. If K CR"™is a convex
body, then for any H € G, ; we have that Pypxx = xp,x and if in addition K
contains the origin then Pgye~l'lx = e~ll'lPax  Given any integrable log-concave
function f on a linear subspace H € G, we will denote by ||f||; its integral on
the subspace H.

2.2. Berwald’s inequality. Berwald’s inequality, which was proved in [4] for 0 <
71 < 72 and was extended to the range —1 < 1 < 72 in [13, Theorem 5.1], states
the following.

Theorem 2.1. Let —1 < 1 < 72, K C R"™ a convez body, and f: K — [0, +00)
be concave, continuous, and not identically zero. Then,

(r=+m) /72 (1) /m
’de < 71d .
<|K|/f x) <|K|/f 9”)

FEquality holds if and only if f is a roof function over a point in K.

Functional versions of the above for functions in F(R"), the set of integrable
log-concave functions on R™, was proved in [1, Lemma 3.3] for the range v > 0, and
was extended to the range v > —1 in [2, Theorem 1.1].

Lemma 2.1. Let f € F(R™) and let C be the convex set C = {(z,t) € R" x[0,00) :
fx) = et fllo}. Let h: C — [0,00) be a continuous, concave, not identically
zero function. Then,

. (h) = (r(1+7) }Ce_tdxdt/Lm(x,t)e—tdxdty

is decreasing in v € (—1,00).

The following result can be seen as a degenerate version of Lemma 2.1 and its
proof can be found in [2, Lemma 2.1]. In this case we can characterise the equality
cases.

Lemma 2.2. Let h: [0,00) — [0,00) be a continuous, concave, not identically zero

function. Then,
@, (h) (1 /OO R (t) —tdt)i
= (&
! L+v)Jo

is decreasing in v € (—1,00). Furthermore, if there exists —1 < v1 < v2 such that
O, (h) = @, (h) then h is a linear function and ®, is constant in .
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3. AFFINE INVARIANT FINNER INEQUALITY

In this section we prove the affine invariant Finner inequality, already mentioned
in the introduction, together with its reverse inequality.

Theorem 3.1. Let {w;}7, be a basis of R™ and let (S1,...,Sm) form a uniform
cover of [n] with weights (p1,...pm). If Hj = span{wy : k & S;} andp = 377" p;,
then for any integrable f; I;TJJ‘ — [0, 00) we have

m v H"il | /\kQS,- wk:|pj m pj
Pi(Pgzyx)dr < == 2 i(x)d .
(/n11f3( rpode < S e L o e

Jj=1

Moreover, for every integrable f: R™ — [0,00) and f; : ﬁf — [0,00) such that

f(@) 2 T2, 7 (x) whenever x = 377" | pjx; for some x; € fIJL, we have

_ m b
. fl@)dx > | Ajy wlP? H (/ﬁJL fj(x)dSE) .

I | Awgs wilPs 55

Proof. Let Q = | A7_, w;|~Y/™. Given M e L” (R™) with ||M],, = 1 we write it as
a telescoping product

where for every 1 <i<n

=Q f]Rnf,; M(xz+ sjp1wip1 + -+ snw")p,dsn co.dsip
Jan—ion M(z 4 siw; + -+ - 4 spwpn)P'dsy ... ds;

Yi()

Notice that the numerator in 7, is just M (z)?" while the denominator in v is Q™.
Moreover for every 1 < ¢ < n and every x € R"

/ ~i(x + tw; )dt = Q.
R
Let, for every 1 < 7 < m,
M;(@) = [T
i=1

where b;; =1 — xs;, (i) = Xxs: (i), and notice that
M(z) = T] M; ().
j=1

For x € R™ we write z = Z Apwi + Z spwr and we have
k€S, k¢S;

/~ Mj(.T)d’U = | /\kQSj wk| /n7IS'I Z )\kwk + Z SEWk H dSk.
H; RP2I \ kes; kgsS; kes;

So we consider for every 1 < j <m

/Rn—lsj\ M;(s1wi + -+ + spwy) kg dsk,
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and look for uniform bounds in s; for i € S;.

Now, for each 1 < j <m

-/’ . M;(siwr + -+ + spwy) H dsy,
R kS,

- ) bij

k¢S,
/ H (s1w01 + - + spwn) ] dsk-
kgZS; k¢S,
However, for every 1 < i < n, and every (s1,...,8,) € R"

~i(s1w1 + -+ + Spwn)
Jn—i M(s1w1 4 -+ + Spwp + tip1wipr + -+ + tpwn )P dty .. dtiy
Jpn—ivs M(s1w1 + -+ 4 Spwn + tiw; + -+ - + tpwy )P dty, ... dt;
Jon—: M(s1w1 4+ -+ + Snwn )P dsy, ... dsis
=@ Jpn—ivs M(s1w1 + - + spwn )P dsy, . . . ds;
is a function 7;(s1, . . ., s;) only of the variables s1, . .., s;, and for every (s1,...5;_1) €

R¥~! the integral / Fi(s1,...,8;)ds; is exactly Q.
R

Therefore, for each 1 < j < m, if 5§ = {i1 <i2 <--- <i,}, withr = [S%| = n—|Sj],

we have that
/ Mj(siw1 + -+ + snwn) [] dsr
R™—1551
kS,

= /Rn_|s-\ ’%1(817 PN 781'1);%2(515 .. ,Siz) . .’%T(Sh PN 7SiT)d8i7~ N .dSizdSil = Q‘Sﬂ
J
Therefore, for every u € H jJ-
/~ Mjj(u+ v)dv = | Nigs, wi| Q'
H;

Finally,
P

/an] HL-/E p]dx_ ﬁ PJ/P

p

/n Hfj Py ) VP3P M (z)da

and for a given M € L¥ (R™) with ||M|\p, =1,

/" E[fj(Pﬁfx)pj/pM(m)dx = / lnj [fj(ngx)Mj(x)}pj/p dz
< f[ ([ 5 HmMj(x)dx)”/p.

\MHP/ 1
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Now, foreach 1 < j<m

fj(PHjo)Mj(:c)dz = /~ /~ fi(w)M; (v + v)dvdu
Rn : At JH;

< </ fj(u)du> sup / M;(u+ v)dv = (/ fj(u)du> | Akgs; wk‘QlSﬂ.
i} werr J i, i}
Therefore,

m m m pj
/ 15 (Pgeayrde <] (I Nkgs; wle‘SE')pJ I1 (/ fj) :
R™ ;1 J i=1 j=1 \YHj

Now, because of the covering, notice that

m m
> pilS51 = pi(n—1S;]) =np—n,
=1 J=1

therefore
m

H QPI%i = QP = | AT |~ D),

j=1

We conclude that

m m . m pPj
T2 | Nigs, wil?
fi (P aypoda < =L |1
[ frstmgporae s Tl 0 ()

as stated.
Since the constant in the reverse Brascamp-Lieb inequality is the inverse of the
constant in Brascamp-Lieb inequality, see [3], we also obtain the reverse inequality.

O
Taking into account that (Si,...,S,,) forms a uniform cover of [n] with weights
(p1,---,pm) if and only if (Sf,...,S<,) forms a uniform cover of [n] with weights

(pi,...,p,) we have the following equivalent theorem.

Theorem 3.2. Let {w;}7, be a basis of R™ and let (S1,...,Sm) form a uniform
cover of [n] with weights (p1,...pm). If Hj = span{wy : k € S;} andp = Z;n:lpj,
then for any integrable f; HJL — [0, 00) we have

Py —J_

S [T | Akes, we| 7T {5 o

/ 1177 H(Pa)de < = ! : 11 . fi(z)dx .
"j=1 ' i

|/\ﬂ w|ﬁ ”
i=1 Wi j=1

Moreover, for any integrable f: R™ — [0,00) and f; : HJJ‘ — [0,00) such that

Py
f(z) > Hjnzl [ (z5) whenever x = Z;nzl %zj for some x; € Hj‘, we have

1 m ppfjl
/ fla)dz > [Ny w7 e i | / fi(z)dx :
" [T72) [ Akes; wi] 71 ; Hj

j=1 J

We continue with the different version of the affine-invariant Finner inequality
that we also presented in the introduction. The difference is in the way that we
define the subspaces.
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Theorem 3.3. Let wy,...,w, be n vectors spanning R™, let m > 1 and let
(S1,...,Sm) be a uniform cover of [n] with weights (pl, ...yDm). Let H; = span{wy, :
k € S;}. Then, for any integrable f; : H; — [0,00), 1 < j < m we have

/ ﬁpr(PHCC)dzg HJ 1|/\kes wk|PJ m / "
an:l ! ’ |/\ 1wz j

Moreover, for any integrable f: R™ — [0, 00) and fj : Hj — [0,00) such that
f(@) 2 TT%, £} (x) whenever x = 327" | pjx; for some x; € Hj, we have

| Afoy wi
[ o> g FE ] ( [, e )

As we already mentioned, the above theorem is equivalent to Theorem 3.1 as
we will see in the end of this section. However, in the appendix we will provide a
direct proof of Theorem 3.3, which is tailored for this result.

As before, taking into account that (Si,...,Sy,) forms a uniform cover of [n]
with weights (p1,...,pm) if and only if (S¢,...,S5,) forms a uniform cover of [n]
with weights (pf,...,pl,) we have the following equivalent theorem.

Theorem 3.4. Let wi,...,w, be n vectors spanning R", let m > 1 and let
(S1,...,5m) be a uniform cover of [n] with weights (p1, . ..,pm). Let H; = span{wy, :
k& S} andp= Z;nzl pj. Then, for any integrable f; : H; — [0,00), 1 < j < m

we have
P

A II5 | Axgs, wil 7T !
[ (Py w)de < = / fi(z)dz .
/njHl J H; [ AT wy] E , /

Moreover for any integrable f: R™ — [0,00) and f;: ﬁj — [0, 00) such that f(z) >

[T~ f" poT (z;) whenever x = 370", ppjlxj for some x; € ﬁj, we have

st et Il </H

i | Akes; wi| 77T 5

fi (a:)dx) . )

Finally, let us show that Theorems 1.2 and 1.3 are equivalent. It is a consequence
of the following:

J

Lemma 3.1. Let {w;}?; be a basis of R™ and let M be the matriz whose columns
are the vectors w;. Let {v;}!_, be the basis of R™ given by the rows of the ma-
triv M~Y. Let m > 1 and (S1,...,Sm) be a uniform cover of [n] with weights

(p1,---,Pm). Then
BLy((vi)iy, [n], (55)721s 5 (p5)71) = BLa((wi )iy, [n], (S5)7%1s 5 () 7E1),
Proof. We have to prove that
[T | Args, vl TI7L | Ares, wil”
| Ay wil P | Ay wil

)

where p = Y77 | pj. Since | AjLy vi| = |[detM|™" = | Af_ wi| =" and p = YT pj,
it is enough to see that for each 1<j<m
| Akes, wel

3.1 Nkgs,; Vk| =
( ) | € J | I/\ ' w1|
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and this is easily verified (or see for example Lemma 5.a in [18]).

4. LooOMIS-WHITNEY TYPE INEQUALITIES

In this section we prove the affine-invariant versions of Loomis-Whitney inequali-
ties, as well as their functional versions for log-concave functions and their restricted
versions. We start proving Theorem 1.4, which is a direct consequence of the various
Brascamp-Lieb inequalities of the previous section.

Proof of Theorem 1.4. To prove the first one, let L; = {z € R" : Pz,x €

J

Pg. K forall 1 < j < m}. Apply Theorem 3.1 to the functions f;(z) = xp_, (z)
J j
and take into account that K C L; and that H;n:l ffj(Pﬁjo) = xr,. The rest of

the inequalities are proved in the same way. O

We can now upgrade the above geometric inequalities of Theorem 1.4 to func-
tional ones. The inequalities that we obtain are in two ways (affine invariance and
general projections) a generalisation of the Gagliardo-Nirenberg inequality. In the
same way, this is a generalisation of Lemma 3.1 in [5] and Theorem 1.1 in [9].

Theorem 4.1. Let {w;}7, be a basis of R™ and let (S1,...,Sm) form a uniform
cover of [n] with weights (p1,...,pm). If H;j = span{wy, : k € S;}, ﬁj = span{wy, :
k¢ S;} andp = Z;”:lpj, then, for every f : R™ — R with compact support,
continuous on its support we have the following four inequalities:

L %
(4.1) 11l < BLY T 1Pz I£II1Y
=1
PR 2]
(4.2) Ifll.2; < BL3 11 1P [ FI1117
j=1
FRL 21
(4.3) I£1lp < BLS [T l1Pa, 117
j=1
(4.4) Ifll 2, <BL{ 11 1Pg, LFI
j=1

Proof. For any 0 < t < || f]|co, let us call L; the compact set
Ly={z eR" : |f(zx)] >t}
Notice that, by Fubini’s theorem, for any p > 1

1 f oo [[floo . p
/ (@) Pde = p / 1 Ldt < / Lt )
n 0 0

where the last inequality follows from the fact that the functions

o fi(s) :p/ tp_1|Lt|dt
0

o fos) = </O |Lt|édt)p
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verify that f1(0) = f2(0) = 0 and fi(s)
for every 0 < s < ||f|loo we have fi(s)
functions

o gi(s :7/ tT 1|Lt|dt

o ool = [ 17 dt)

we have that

f4(s) for every 0 < s < || f||co and then

<
< fa(s). In the same way, considering the

D

, £l e\ 770
| @i - 2o tpi1|Lt|dt<(/O |Lt|”p) .

Therefore

Ifle
Il [ I,
0
T
e < [ Il

By inequality (1.12) in Theorem 1.4 we have that

Il 1flloe m
/ |L|vdt < BL”/ H|P~LLt\pdt
0

s elfllee z
< BLY]] (/ |PP7_LLt|dt> .
j=1 \’0 ’

Since for every 0 < t < || f|loo = ||ng¢f||oo

Pj

P@Lt:{a:elerjL : sug |flx+y) >t} ={xecH; : Pgﬂf\(x) > t},
yeH;

as a consequence of Fubini’s theorem we obtain the first inequalities.
The other three inequalities are proved in the same way by applying the remain-
ing inequalities in Theorem 1.4. O

Remark. Notice that if f € C(Y(R™) with compact support then we have (see [19],
where a convexification of the sets L; is used) that for every w € S"~1

IIwa||1:2/ Py Lyldt = 2Py |1,

and taking S; = {j} and p; =1 for 1 < j < n in the second inequality we obtain
the generahsatlon of the Gaghardo—Nlrenberg inequality proved in [19, Theorem
5.1] corresponding to the case of n vectors.

Remark. Notice also that if we take f(z) = xx for some compact set we recover
the inequalities in Theorem 1.4.

In the setting of log-concave functions we also have the following functional
versions of the previous inequalities.

Theorem 4.2. Let {w;}!, be a basis of R™ and let (S1,...,Sm) form a uniform
cover of [n] with weights (p1,...,pm). If H; = span{wy, : k € S;}, H; = span{wy, :
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k¢ S;}, dj = dimH; = |S;|, dj = n — d; = dimH;, and p = > i1 pj then for
every f € F(R™) we have the following four inequalities:

45 PV flly < BLy - = 1 .

(45) U 11 < B s T WP 1
) ho-1 ™ |

16 Pl < BLy - Ty 12

(46) b < Bl o T 11

4.7 PV flly < BLy- = e TP

@) U 11 < B g TP 1

Np—1 m
(45) Il < B o T I A1

Proof. Let C be the set

C={(z,t) €R" x[0,00) : f(z) > e7"[[ fllo}-

Since f is log-concave, we see that C is convex. Besides,
/ e tdrdt = / e {z eR™: f(z) = e || flloo}| dt
c 0
1
— [ o R 1(0) > sl ds
0

[ I,
- / 17

For any linear subspace F of R” let us denote F' = span{F, e, 1} and notice that

/ e~ tdxdt
P5C

/ o € F: (a,1) € PrCYdt
0

/0 e "o e F: sup fx+y) = e flloc}dt

yeF

/|{xeF Prf(x) > ]| floo}lds

_ Prf(z )dx
: .

[1flloo

By inequality (1.12) in Theorem 1.4,
/ e tdrdt = / e "Hx e R™ @ f(x) = e || flloo }dt
c i
< Bl [ e T[IPg e e R fa) > e )Pt
0 =

= Bl / e [T e € H + Ppyf(x) > eI flloc} P dt.
0 j=1
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m
d.
Since E bty _ 1, by Holder’s inequality, the latter integral is bounded above by
n
j=1

pjd;
n

m

I1([ e lwe it s Py s = sl Fat)

j=1
Note that the sets
Lj = {(z,1) € Hf x[0,00) : P, f(x) > e fll}

are convex for all 1 < j < m. Therefore, by the Brunn-Minkowski inequality, the
functions

~ 1
hi(t) = [{w € Hj : Pgof(x) > e[ flloc}]™
are concave and we can apply Lemma 2.2 to get

pjdj

1 /OO e thi(t)"dt (L /OO e thi(t)% dt B
n' 0 J = d_]' 0 J ’
Combine the above to get
[e%e) Dj
(/ e h(t)% dt)
1 \Jo

/ P f@) )"
L\ S il )

J

n!
H;n:1 (d;!)Ps
n‘

H;n:1 (d;!)Ps

which proves (4.5). Then (4.6) is obtained from (4.5) by taking the uniform cover of
[n] consisting of the sets (SY,...,S5,) with weights (p),...,p},). In order to prove
(4.7), we apply the third instead of the first inequality in Theorem 1.4 to obtain

—

/e_tdxdt < BLq-
c

J

- BIL,-

—

J

[ etavde<BLa- [ et T[ o € Hy : Pu (@) > e} P
C 0 N
j=1

and argue in the same way. Finally, (4.8) is obtained from (4.7) again by taking
the uniform cover of [n] by the sets (S¢,...,S¢,) with weights (p),...,p.,). O

Remark. Notice that if K is a convex body containing the origin in its interior, while
the Brascamp-Lieb inequality provides the inequalities in Theorem 1.4 by taking
the functions f; = XPr, K this theorem provides them by taking f(z) = e~ llzllx

Moreover, using the inequality (4.5) for a log-concave probability density p on
R™ such that p(0) = 1 and p(£1, ..., £x,) does not depend on the choice of signs,
we prove the sharp version of [5, Lemma 3.1]. More precisely, for d; = n — 1 and
pj = ﬁ, we obtain

n !
H/ p(x)dx > n—n
j=1 {z;=0} n

This is sharp because we have equality for the density
p(x) = exp (—271!1/" max |x7|) .
Jjs<n

In particular, we have the following, which extends [1, Lemma 2.10].
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Corollary 4.1. Let {w;}?, be a basis of R™ and let (Sy, ...,
) IfH = span{w;C
=n—dj

for any integrable log concave functzons fig:

cover of [n] with weights (py, ...
k¢ S}, d; = dimH; = |S;], d

keS;}, H
—dlmH

Hj — [0700), ']717]' : f‘jj

17

Sm) form a uniform

= span{wy, :
and p = Zj:1 p; then
— [0, 00),

faj: H — [0, 00), fg’J H :— [0, 00), we have the following four inequalities:

(4.9)

f23( HNC)
/ 1Efu<n —— A drx <BL{ - —7———
R j<m

||f2,j||oo
(4.10)

f2,j(Pgrx) !
/ min { ——2— > dx < BL, -
ge 1<i<m | [ f2,5ll00

(4.11)

Rn 1<jsm

min {fl,j(PHj )

dx < BL2
11,000 }

(4.12)

[ fui(Py )
min { ————dz
R SIS ] flloo

1

p—

Proof. Simply take into account that f(z) = mini<j<m {

~fz,j
(FERTIES

Pﬁjifg

Next we prove restricted versions of these inequalities.

m

[T @

J

f27]

it [|f2glloc

f2,J

i
H( . -
(
(4

H=

<.

m fl7j
i 1l ||f1,g||oo
_ m fld
H i 13 , ||f1,y||oo

f2j(Pgie
Y
12,5l

)
o)
o)
o)

)
} verifies that

O

We will first prove a

functional version for log-concave functions and obtain the geometric version as a

consequence of it.

Theorem 4.3. Let {wz

' | be a basis of R™ and let S C [n] with cardinality

|S| =d. Let (S1,...,5m) form a uniform cover of S with weights (p1,...,Pm). If
H = span{wy, : k € S} H; = span{wy, : k € S;}, Hj = span{wy, : k € S\ S},
d; = dimH; = |S}|, d; = d —d; = dimH;, and p = > e pj then for every
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f € F(R™) we have the following four inequalities:

d' T2 | Akesys, w \

p—1 j=1 € \S k Dj

(413) ||PHLf||1 Hf”l < | Nies 7,U1|p 1 H H || if| 1

(COLag | i |/\k€S k|]

(4.14) [P flILlFIE < HH Py fIIY
| Aies wZ‘H] 1 ( d )P
AT I A kES,; wy [PI

4.15 P p=1 < =1

415 1P IS < R Hn Py 7

_ (dP T | Aresys, wilP?
(416) | Pus fILIFIT T < Ll HH Pa o FI7

| Nies wqlP~1 Hj:1(dj!)“
Proof. Let C' be the set
C={(z.t) eR" x [0,00) : f(z) = e™"|| flloc}

and for any linear subspace F' denote F' = span{F,e,.1}. We have that

P,
/e_tdxdt:/ flz )dx and e~ tdedt = Ff(x)dx
c re || flloo PoC 1 flleo

Notice that, by inequality (1.12) in Theorem 1.4,

/e’tdscdt:/ O N ((2,1) + H)|dtda
C PHTC

[T52) | Aresys, wil?
| Nies w;|P~1

< /P e TP yaingom (€0 (@) + H)) P dide
7 =1
[T75) [ Aresys; wil??

= — - et T |P+.C 0 ((z,t) + (H N H))|P dtda.
Lo [ 173,00 Gty + (-0 )

m
A
Since Z p]T] =1, by Hélder’s inequality, we have that

j=1
1 - 7 .

f“d/ tH' 7O N (e, 0) + (Hf 0 H)) P dtda

€L

HLt  [[flloo »

e /p T PEEC 0 (@) + (B ) o

Jj=1 HJ- ——— ]

The sets

Ly = PgrC = {(2,1) € Hj x [0,00) : P f(x) = e[| flloc}
are convex, therefore, by the Brunn-Minkowski inequality, the functions

hi(@,t) = [P==C 0 ((a,0) + (H;- 0 H))| S
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are concave. We can now use Lemma 2.1 and get that the j-th term of the above
product is at most

pj
1 —t d;
e h;(x,t)% dt dx
P J I 9
dj!fHJ_ ﬁ;‘lfoigu)d.r PoC
for every 1 < j < m. However, the last integral is equal to
Pj D
1 t J 1 P f@) \"
[ Pait@ /p cAdr ) =\ G ety /Fu T
i e T de 7 i e e de >

Thus,

m P f(2) bi
/ —tdt < d! H;‘n:1 | Akes\s, wi|P? Hj:l (fﬁ7L mmdx)
e X m . -
c | Nies wilP~! Hi:l(depJ (IHL Sy dx)p 1

)

[ f1oo

which proves (4.13). As before, (4.14) is obtained from (4.13) by taking into account
that (S\ S1,...5\Sy,) is a uniform cover of S with weights (pi,...,p),). In order
to prove (4.15) we apply inequality (1.14) of Theorem 1.4 to obtain

[T7%: | Akes; welP -

—t j= i —t ;
e~tdudt < / e TT 1P 0 (2 8) + H)|P dtda
/C | Nies wil P—C E Hy@H = !

and argue in the same way as for (4.13). O

If K a convex body containing the origin, applying the inequalities of Theorem
4.3 to the function e~ #llx  we prove Theorem 1.5. Let us point out that Theorem
1.5 can be proved directly, without making use of Theorem 4.3, by using Theorem
2.1 and the same technique as in the proof of Theorem 4.3.

5. DUAL LooMIS-WHITNEY TYPE INEQUALITIES

In this section we will prove dual Loomis-Whitney inequalities, as well as func-
tional and local versions of them. We start with the following consequence of the
reverse Brascamp-Lieb inequalities for log-concave functions, which extends The-
orem 1.4 in [15]. We note also that f(0) does not play any role in the following
theorem, while it did in [15].

Theorem 5.1. Let wy,...,w, be n wvectors spanning R™, let m > 1 and let
(S1,...,Sm) be a uniform cover of [n] with weights (p1,...,pm). Let H; = span{wy, :
k e S;}, H; = span{wy : k & S;}, d; = dimH;, d; = dimH; = n —d;, and
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p= Z;nzl pj. Then, for every f € F(R™) we have the following inequalities:

m \pjd; m b
(5.1) [ fa)de > o Hj:l:ff) H( fdj(x)dw> :

. R U | V() L 7
62 ([ @) gy H(Hjlfdﬂ(x)dx>

" 1 H;nzl(dj)pjd‘f N d "
(5.3) . M (x)dz > H < i f (x)da:)

BLQ nn

p—1 7'n71 d; pjjj m _ Dj
(5.4) ( - f”(x)dm) > BlLl H];n((p—z) H < } fds (x)dx) .

Proof. For the first one, let g(z) = f"(x/n) and for every 1 < j < m, let g;(z) =

[ (x/d;) for all z € ];T]L For every z; € Hi, if we write 2 = > i1 pjTj, we have

that © = Z;"':lpjdjyj with y; = x;/d;. Then, notice that from I,, = Z;"’:l PPy,
we have that E;-n:lpjdj = n. Since f is log-concave,

> pid;y; i -

— fn | == > Didj (0 ) — Dj (.

gla) = f ( S22 1w = Lo @),
J=1 J=1

By Theorem 3.1 we have that

m pPj
n (Y | ARy wilP? / d <y>
Z)dx > = : il = )dx .
/" g <”) IT5Z: | Akgs; wilPs 11 H; / d;

j=1

Making the change of variables y = na in the integral on the left hand side and
y = d;z in each of the integrals of the right hand side we obtain the result.
Taking into account that (S¢,...,SS,) forms a uniform cover of [n] with weights
(P, .-+ Phm), Where p = pp_jl, and applying (5.1) to the subspaces H; we obtain
(5.2). The last two inequalites, (5.3) and (5.4), are proved in the same way, by

using the reverse Brascamp-Lieb in Theorem 3.3. (]

Remark. If K is a convex body containing the origin, applying the latter theorem
to the function f(z) = e~l*Ix we obtain Theorem 1.6.

The following theorem is also a consequence of the reverse Brascamp-Lieb in-
equality. It provides inequalities in the spirit of Theorem 5.1 with no powers of the
functions involved.

Theorem 5.2. Let wy,...,w, be n wvectors spanning R™, let m > 1 and let
(S1,...,Sm) be a uniform cover of [n] with weights (p1,...,pm). Let H; = span{wy, :
ke S;}, Hi =span{wy, : k¢ S;}, dj =dimH; =|S}|, d; = dimH; =n —d;, and
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p= Z;nzl pj. Then, for every f € F(R™) we have the following inequalities:

5.5 1l > - T ﬁlnﬂgfnff
L

(5:6) Ity > g LGP ﬁlllle;II’f”’
L

6.1 I > e - @ ﬁlllejllfj
L

6.9 el > - T f[1||f|,;,j||€j.
L

z fl*= ~
Proof. Let g(z) = ﬁcﬁﬂoz and for every 1 < j < m, let g;(z) = % forall z € HJL
If we write x = Z;nzl p;jx; with z; € ]?]L, then we have that z = E;nzl p;d;jy; with
yj = x;/d;. Notice that from I, = 37", p;i P, we get >oim1pjdj = n. Since f is

log-concave we obtain that

f (Z}';1:jdjyj) " )
A T >E<||f||oo

)T (M

Jj=1

) :jﬁlg;?f(xj).

Therefore, by Theorem 3.1 we have that

n -1 m Pj
p—1 Y\ gy > A=l / (y)d .
i [ () a s e L ()

J

Making the change of variables y = nx in the integral on the left hand side and
y = d;z in each of the integrals of the right hand side we obtain (5.5). Then (5.6)
follows from (5.5) by taking into account that (S¥,...,SS,) forms a uniform cover of
[n] with weights (p],...,p],). The last two inequalities, (5.7) and (5.8) are proved
in the same way, by using Theorem 3.3 instead of Theorem 3.1. O

Applying the latter inequalities to the function f: H — [0,00) given by f(z) =
|K N (x + HL)|, which is log-concave, we obtain Theorem 1.7.

If the function f attains its maximum at the origin and all the weights p; are
equal p; = 2 the following inequalities can be proved, with a better value of the
constant.

Theorem 5.3. Let wy,...,w, be n wvectors spanning R™, let m > 1 and let
(S1,-.-,Sm) be a uniform cover of [n] with equal weights (Z,...  2). Let H; =

span{w, : k € S;}, ﬁj = span{wy : k ¢ S;}, d; = dimH; = ||, and
d; = dimH; = n —d;. Then, for every f € F(R™) with ||f|lcc = f(0) we have
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the following inequalities:

P

| AT 1w,| 71H 1( i1)m P
= HHf‘Hi”lm
1“(1+”m> [T/ | Args, wi|m i=1

WV

(5.9) LIS 111

WV

M”lwz\H 1(d ')% 2
= HllleLll’”

F(1+”m(p 1)) T2 | Ares; wk|"’ =1
Ay wi|Hj:1( j')%

(5.10) [ flloll£I5"

Ga) I > . .
T (1 + nm) Hm |/\keS wy| & =1
_ ‘ /\?:1 wi|p*1]_[,:1(dj!)%
(5.12) [ flleoll I 2 > H 11, 14"

m(p—1)\ ™
F(1+n (5 )) HJ 1|/\}c€S wk|m] 1
Proof. Let K¢, t > 0 be the convex body

Ky={z €R" : f(z) > e[ fll}-

Since || f]lco = f(0), we have that 0 € K; for every ¢ > 0. By inequality (??) in
Theorem 1.6, we have that

n m(p—
ANy wil P

e’} . ‘ n
e K| dt > —— / et | | |K; N Hi|dt
/o ()7 T1 mkgs o

-1
o ‘/\z 1’LU1“

] T f(z; )}
m d d m
(n!)# TTiZy | Akgs, wkl /Hi /m 1<J<m{||f||oo S

m(p—1) m

LK UL, g O

()% TI7, | Akgs; wel i Il

The set

C = {(&,) €R" x [0,00) : f(x) > e~ flloc}
is convex, so by Brunn-Minkowski inequality the function h(t) = |K,|# is concave.
Moreover, 2 < 1, so using Lemma 2.2, we have that

m

o3} m I (1 + %) oo P
/ e Ky v dt < —————+ </ et|Kt|dt>
0 (n!)» 0

C+2) g \F
= =~ P/ d .
()% </ 17T >
Therefore,

m mp—1)
B A w| P modt
(/ f(x) dx) > | ATy wi HJ_1 j H /N f(z) dz,
re [ flloo r (1 - %) Ty | Angs, wel o1 /i 1 llse
which proves the first inequality. Then (5.10) follows from (5.9) by taking into
account that (S¢,...,5%) forms a uniform cover of [n] with equal weights ﬁ.
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The last two inequalities, (5.11) and (5.12) are proved in the same way, by using
inequality (1.22) instead of inequality (1.20) in Theorem 1.6. O

Remark. Notice that if K is a convex body containing the origin and £ = 1,
applying (5.9) and (5.11) to the function f(z) = e~ I#llx we recover the first and
the third inequality in Theorem 1.6 and if % = 1, we recover the second and
the fourth ones in Theorem 1.6.

Applying Theorem 5.3 to the function f: H — [0,00) given by f(z) = |[K N (z+
H%1)|, which is log-concave, we obtain the following.

Theorem 5.4. Let {w;}?, be a basis of R™ and let S C [n] with cardinality
|S| =d. Let (Si,...,Sm) form a uniform cover of S with equal weights (£,... 2).
If H =span{wy : k € S}, H; =span{wy, : k € S;}, ﬁj =span{wy : k€ S\ S},
d; = dimH; = |5,], [1; =d—-d; = dimﬁj, and p = Z;":l p; then for every convex
body K C R™ such that max,cp |K N (z+ HY)| = |K N H*| we have the following
inequalities:

KO HEPUE] S | Aies %i\p—lngnzl(dj!)% ﬁlKﬂﬁfI%

r (1 + %) HT:l | Nkes\S; Wk

/\i S Wj; 771 g' % m .,

s wil TI3 (0) B
nm(p—1)\ ™ m » i

b (1 + T) [Ti21 [ Akes; wi|m i=

m

= j=1

|K N HY||K|P~L >

| Aies wil [T5m (d;)™ e 2
KN HP K] > =1 | et =y ks
nm \™ m P
I (1 + T) H]-:1 | /\kESj wk|m j=1
| Nies wilP~ [T, (dj!) ™ i

KN H*||K|P~! >

L [ 15 0 (71 )1
nm(p— m m P
r (1 + 7(5 )) [T521 | Ares\s; wi|m i=1

Remark. 1f S = {1,2}, Sy = {1}, So = {2}, then £ =1, p =2, m = 2 and we
obtain different extensions of (1.7).

6. APPENDIX

Here we present the proof of Theorem 3.2 which is totally different from the one
we gave for Theorem 3.1. Let us note that this proof cannot be applied to prove
directly Theorem 3.1; likewise the proof we gave of Theorem 3.1 in Section 3 cannot
be applied to prove directly Theorem 3.2.

Proof. Let A := %" | w;®uw;, which is a symmetric positive definite matrix. There-
fore it has a symmetric positive definite square root and

n
In = ZAiéwl ® Aiéwi.
i=1

Since the n vectors (w])™; = (A~ 2w;)"_, provide a decomposition of the identity
in R™ we have that they form an orthonormal basis in R™. Therefore,

detA? = A" Az w! = NI w;,
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and hence
1 1
detA™2 = .
N w;
1
For each 1 < j < m, let us denote H} = span{wj, : k € S;} and write A? for the

oo _i
restriction of A2 as an operator from Hj’ to H;. Then its inverse, (4;)"2 : H; —
H }, is an isomorphism and, since {w}, }res, is an orthonormal basis of H. J» we have
1 1,
det((A4;)2) = Nkes; A2wy, = Ares, Wk,

which implies
1

@w&razﬁgm;

Moreover, since (w;)j; is an orthonormal basis of R™ we have that 7, - s, wiQW), =
Py, therefore
J

m m n m
2 piby = 3 p 3 wi@ui =3 ) pixs(iuiew
j=1 i=1 j=1

j=1 keS;
n
— / I
= E w; @ w; = I,
i=1

Using Finner’s inequality we have that, for any integrable functions g; : H j' —
[0, 00),

(6.1) / Hg (Ppya)d ﬁ (/H gj(x)da:>pj.

j=1
It follows that, for any integrable functions h; : H; — [0,00), the functions g; =

1
hjoA? : H; — [0,00) are integrable and satisfy

‘&%MM=A

and

ij h;(z)dx

| Akes; wil

[N

hj(Aj%x)dx:/H‘hj(ac)da;|det((Aj)_%)’ _

i Hi

/ Hg (Pysz)de = \detA%\/ [1 W (A2 Py A2 a)da
n R~ 7
j=1
= | A, wl|/ Hh?j(A%PH;A%m)dx
R
Jj=1

Combining the above we get

1 m
RY ( Bjz)d — /
/n H |/\?:1 wil [T | Awes; wil?s ]1:[ ( H

1 J

h;j (m)dm) J ,

where B; = A%PH}A% = Zkesj wp ® wy. Notice that Bj is an isomorphism
from H; to H;. Now, let f; : Hj — [0,00) be integrable functions and set h;

fjo(B ) We observe that for every x € R", we have Bjx = B;Py,x and that
fixing an orthonormal basis in H;, we can write B; = Zkesj wg @ wi = M; M]t
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where M; is the matrix whose columns are the vectors (wy)res; written with respect
to that orthonormal basis. This implies that detB; = (Ares, w;)? and

o 17, | Akes, wil?s "
[ L7 e < 222 I1(/ s
" =1 j=1 \7H;

J

| APy wil

Since the constant in the reverse Brascamp-Lieb inequality is the inverse of the
constant in Brascamp-Lieb inequality, see [3], we also obtain the reverse inequality.
O
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