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ABSTRACT. The present paper studies the structure of characteristic varieties of fun-
damental groups of graph manifolds. As a consequence, a simple proof solving a
question posed by Papadima on the characterization of algebraic links that have quasi-
projective fundamental groups is provided. The type of quasi-projective obstructions

used here are in the spirit of Papadima’s original work.

In [19] Stefan Papadima studied the difference between global and local fundamental
groups. A global group is the fundamental group of a smooth quasi-projective variety
and it is also known in the literature as a quasi-projective group. A local group is the
fundamental group of a small representative of X \ Y, where (Y,0) C (X,0) are germs
of analytic isolated singularities at 0 € CV. The main question, as stated in the cited
report [19], is to decide when a local group is global.

As a consequence of Zariski-Lefschetz theory (and its local version by Hamm-Lé [13])
it is enough to restrict the attention to smooth quasi-projective surfaces (for global
groups) and complement of (eventually empty) curves in normal surface singularities.
Papadima’s question started with the simplest local groups, i.e., the fundamental groups
of algebraic links in S3.

There is a straightforward partial answer: consider a quasi-homogeneous singularity,
that is, the set of zeroes V(F) C CV of a quasi-homogeneous polynomial F' in N vari-
ables. Then the local group of the quasi-homogeneous singularity (V (F),0) C (CV,0) is
a global group, since V(F) is a small representative and CN \ V(F) = PN\ (V(F)U H),
where H is the hyperplane at infinity. In [19], Papadima proves that the local group is
not global for almost all algebraic links of more that two irreducible components which
cannot be realized by quasi-homogeneous equations. The proof uses the particular struc-
ture of the characteristic varieties of quasi-projective groups. Later on, more complete
answers have been provided. In [I0] Friedl and Suciu showed that prime components
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of closed 3-manifolds (or link complements) with quasi-projective fundamental groups
are graph manifolds [22]; Biswas and Mj [6] characterized quasi-projective fundamen-
tal groups of compact 3-manifolds. While these works answer Papadima’s question we
want to give an alternative proof using techniques similar to those originally used by
Papadima, namely the use of quasi-projectivity obstructions coming from characteristic
varieties.

The goal of this paper is two-fold: first, a method to calculate fundamental groups
and to compute characteristic varieties of graph 3-manifolds is developed in section
and second, this method will be used in section [3| to complete Papadima’s proof of
Theorem the fundamental group of an algebraic link in S3 is global if and only it
comes from a germ of plane curve singularity having the topological type of a quasiho-
mogeneous curve. In section [l] a general introduction is given on both algebraic links
and characteristic varieties. It is worth mentioning that the proof of the main theorem
is constructive in the sense that it allows one to effectively detect the obstruction of a
given local group to be global. In section [4] several examples are discussed in order to
visualize the techniques used in the proof of the main theorem. This in an example of
how Papadima’s work has influenced our trajectory.

The key object behind the proof in [19] is a generalization of the Alexander polynomial
known as characteristic varieties. Characteristic varieties are subvarieties of the complex
torus T whose dimension is the rank b;(G) of G. They provide a stratification of the
space of characters of G. They can be defined as the jump loci of the homology of G

with local coefficients
Chary(G) =€ € T | dim Hy(G;Ce) > k.
The idea of the proof in [19] is based on the following fact [§]:

Obstruction 1. Let X, 35 two distinct irreducible components of Chary(G), the k-th
characteristic variety of a quasi-projective group G. Then ¥; N X5 is finite.

If Gk is the fundamental group of an algebraic link with » components (b;(Gk) =),
the zero locus of the multi-variable Alexander polynomial A (t1,...,t,) € Z[tfl, o Y
coincides with the codimension-1 part of Char;(G); a formula for A is found in [9]. If
r > 1 and Ax has more than one essential variable, then there are non-disjoint hyper-
surfaces which intersect at a codimension-2 subvariety, which is infinite if > 2. The
aforementioned obstruction works only for the algebraic links K (with at least three
components) such that the geometric decomposition of (S?, K) has at least two Seifert
pieces containing components of K (see disccussion in section .
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In this work, we will apply further obstructions based on [3, 8], to provide a complete
answer for complements of non-empty curves in normal surface singularities, which in-
cludes the case of algebraic links. We will make use of another obstruction (an immediate
consequence of [3, Proposition 6.5]):

Obstruction 2. Assume G is a quasi-projective group, 31 is an irreducible component
of Charg(G), and ¥ is an irreducible component of Chargy1(G) such that ¥y G Xy,
then s is a point.

A direct application of this obstruction allows one to cover some algebraic links with
two components but it is not enough to give a complete answer. Nevertheless, we
are going to prove in this work that the group of any algebraic link K (which is not
topologically equivalent to a link given by quasihomogeneous equations) admits a finite
index subgroup H which does not pass the above obstruction. Since quasi-projectivity
is inherited by finite-index subgroups [21], 11}, [12], the result will follow.

These techniques will apply for more general local groups. In order to establish the
result we will study the characteristic varieties of graph manifolds [22]. The plumbing
construction of W. Neumann [I8] and the presentation of fundamental groups for these
manifolds [17, 14] will be particularly useful.

1. SETTINGS

1.1. Algebraic links.

Let f: (C%,0) — (C,0) be a germ of an analytic function defining an isolated singu-
larity. By Milnor theory [16], there exists g > 0 for which f is defined on the Euclidean
ball B C C? (centered at 0) of radius g9 such that C' := f~'(0) is transversal to
S Ve € (0,e09). As a consequence K. := C N'S? is a compact oriented manifold of
dimension 1 and hence (S, K) is a link.

It is known that the topological type of the pair (Sg, K.) does not depend on ¢ and
it will be denoted as (S3, K). It is a link with r connected components, where r is the
number of irreducible factors of f € C{z,y}. Moreover, the pair (Bgo, (') is homemorphic
to the open cone over (S?, K). In particular, the local fundamental group associated to
the complement of the zero locus of f is isomorphic to 71 (S? \ K) =: Gk.

Example 1.1. Let f(z,y) := z%y® (2™ — y™), where o, 8 € {0,1} and m,n € N. The
singularity defined by f is quasihomogeneous and it defines an algebraic link of o+ 5+ d
components, where d := ged(m,n). For this singularity the radius £ can be chosen to
be oo and then 71 (C%\ C) = Gk, i.e., the local group is global.

The main tool to study the local singularities is the embedded resolution, i.e., a proper
holomorphic map 7 : (X, D) — (C2,0), where X is a smooth surface, D = 7—1(0) and
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771(C) is a normal crossing divisor. There exists a unique minimal embedded resolution.
This information is usually encoded in the dual graph I' of 771(C). In this graph, each
irreducible component of D is represented by a vertex v and denoted D,,, each irreducible
component of the strict transform of C' is represented by an arrowhead and each ordinary
double point of 7~1(C) is represented by an edge whose extremities correspond to the
irreducible components of 771(C) containing the branches.

The vertices v (not the arrowheads) of T' are weighted by e, := D? = (D,, D,)x the
self-intersection numbers of each divisor D,. The incidence matrix A of the dual graph
of D (with the weights in the diagonal) is a negative definite matrix. The resolution is
minimal if and only if the (—1)-vertices of I have degree at least 3. The vertices admit
another weight, the multiplicities m, y. They can be defined as the valuation of f o
at D,. We denote also by b, the number of arrowheads neighboring v. These numbers
are related by the following equality:

(1.1) A- (mv,f)veF + (bv)UEF =0
For the multiplicities, if f = f;-...- f, is the decomposition in irreducible factors, it
is also useful to consider the tuple m, = (my f,, ..., My, 5, ) for the multiplicities of each

branch (satisfying m, ¢ = my f, + -+ +my ).

The dual graph also represents the plumbing graph of the algebraic link, see [I8].
Each vertex represents an oriented S'-fiber bundle over S? with Euler number the self-
intersection and each edge joining two vertices represents the gluing of the two corre-
sponding fiber bundles after emptying solid tori and interchanging sections and fibers.
The arrows represent fibers in the attached vertices and form the link K.

Example 1.2. Let us consider f(z,y) = (y — 2?)(y? — 2°). The dual graph of the

1 V2 V4 U3
o o
-2 -3 -1 —2

2,1) 4,2 (10,4) {5,2)
FiGure 1. Dual Graph

singularity is in Figure [I} for each vertex the first weight is e; and the second one is the
pair of multiplicities for each branch (the first one for 42 — 2% and the second one for
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y — 22). Using the Seifert-van Kampen Theorem it will be proved in Example that

(12) GK = </7'U1)ry1)3 ’ [712)17712}3] = 1>

The generators ~, represent fibers for the fibration associated with the vertex v.

Definition 1.3. A vertex v € T' is a branching vertex if its degree p(v) in the graph
(including the arrows) is at least 3. A branching vertex is said to be essential if it

neighbors an arrow.

Proposition 1.4. An algebraic link can be realized by a quasihomogeneous equation if

and only if there is at most one branching verter.

Proof. The (=) part is easily seen.

To prove the converse let us start with the simplest case of an algebraic knot. The
topology of an algebraic knot is defined by its Puiseux pairs, see e.g. [7]. The number
of Puiseux pairs determine the shape of the minimal graph of the embedded resolution
(equivalently, the plumbing graph of the link), see Figure It is well known that

FIGURE 2. Dual graph of an irreducible germ of plane curve singularity

the curve has exactly one Puiseux pair (i.e., one branching point) if and only if the
singularity can be realized by a quasihomogeneous equation.

In the general reducible case, the graph without the arrowheads must be linear, and it
may have arrows at the extremities, and at most one arrow attached to an inner vertex.
If there is no inner arrow, there are two possibilities. For the first one, there is at most
one arrow at each extremity; by minimality we should have arrows at the extremities
and only one vertex, i.e., an ordinary double point which is quasihomogeneous. For the
second one, there are two arrows at one of the extremities, and at most one at the other
one. By minimality, the first extremity has self-intersection —1 and the rest of them
are of self-intersection —2. It is easily seen that those singularities are topologically
equivalent to A, D singularities. If there is an inner vertex, this one corresponds to one
Puiseux pair singularity and the result follows. U

Remark 1.5. Only the trivial knot (smooth branch) and the Hopf link (ordinary double
point) have no branching vertex.
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Remark 1.6. The algebraic links for which G g has been found to be non quasi-projective
in [19] are those with at least three connected components, at least two branching vertices
and one essential vertex.

One of the main invariants of an algebraic link is its Alexander polynomial which can
be computed using A’Campo’s formula for the zeta function of the monodromy.

Proposition 1.7 ([1]). The Alexander polynomial Ak (t) equals

(t—1) [Je™ —1)r0)2
vel
This formula has been generalized by Eisenbud and Neumann [9] for the multivariable

Alexander polynomial which works also for integral homology spheres.

Proposition 1.8 ([0, Theorem 12.1]). The multivariable Alexander polynomial of the
link K associated with the irreducible factorization of the reduced germ f = fi1--- f, is
given as follows
Ag(t) =[] @™ —1®=2,
vell
where t = (t1,...,t,) and t"™ = t;n”’fl ety

1.2. Characteristic varieties and obstructions.

Characteristic varieties form a stratification of the space of characters of a group.
The special structure of characteristic varieties of quasi-projective groups provide a
number of non-trivial obstructions for a group to be quasi-projective. Roughly speak-
ing, the positive-dimensional part of characteristic varieties comes from maps from the
quasi-projective variety onto orbicurves; as an extension of Zariski-Lefschetz theory,
we may say that most properties of characteristic varieties come from curves. these
ideas appeared in Beauville’s work [5] for the projective case and were extended to the
quasi-projective case by Arapura [2]. Further properties were found by Budur, Dimca,
Libgober, Suciu, and the authors in several papers, see [3] for references. Let us intro-
duce what will be needed later.

For a group G (say, finitely presented) we consider its character torus
Tg = H'(G;C*) = Hom(G; C*).

If G/G' is isomorphic Z" & @, _, Z/ny, then T¢ is a complex algebraic group isomorphic
to (C*)" x [14—1 ins, where py, is the group of complex n-roots of unity.

Let X be a topological space (having the homotopy type of a CW-complex) such that
m1(X) = G; a character £ € T defines a local system of coefficients C, for which one
may compute its cohomology H*(X;C,). The first cohomology group depends only on
G and will be denoted by Hl(G;Qg).
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The k-th characteristic variety of GG is defined as:
Chary(G) == {¢ € T¢ | dim H'(G; C;) > k}.

Note that Charg(G) D Chargy1(G) produces a stratification of the space of characters.
We may also consider each characteristic strata

Vi(G) := {¢ € Tg | dim H'(G; C;) = k} = Charg(G) \ Charg41(G).

The first obstruction we can apply is the following one: the irreducible components
of Chary(G) are subtori translated by torsion elements (see [2]). The following are finer
obstructions to being a global group (a quasi-projective group) which will be used in
this paper. They can be deduced from [3l, Proposition 6.5].

Obstruction 3. Let G be a quasi-projective group. Let A be a subset of Vi(G), k > 0,
and let B C Viyy, £ > 0. If B C A then B is finite.

Without loss of generality, one can assume that A C Vj (resp. B C V3) is contained
in an irreducible component of Charg(G) (resp. Charg,y) which is not a component of
Charg11(G) (resp. Chargy¢t1). By [3, Proposition 6.5(4)] V4 is an irreducible component
of Chary,1(G) and hence B C A C V; implies B is finite by [3, Proposition 6.5(3)].

For the sake of completeness, we will describe a classical method to explicitly compute
dim H(G; C,) from a presentation of G. Assume that G has a presentation

G=(x1,...,2m |R1(X),...,Re(x)).

Let ab : G — G/G’ be the abelianization map and let A := C[G/G']; we denote by
tj := ab(z;), i.e., the ring A is the quotient of C[t,...,tE1] by the ideal generated by
the abelianization of the relations Rj(x), j = 1,...,£. In an equivalent way, T¢ is a
subgroup of a torus (C*)™. The Fox matrix Fox(t) € Mat(¢ x m; A) is defined as follows:

Ri(x)

its (7, j)-term is 9 9o I T1,...,%Tm. Let us recall the definition of the Fox derivatives
J

(with respect to the abelianization morphism):

81 81’1 8 w1 - w2 8w1 8’[1}2
(1.3) 8733] =0, 5'1‘j = 52’,3‘7 ( 8.%']‘ ) = axj +ab(w1)87$j'
Here the abelianization morphism ab : G — G/G’ is extended to the complex group
algebra A so that the element ab(wl)%‘c’j € A is correctly defined. A character £ € Tg
defines a morphism A — C denoted also by £. The evaluation by £ of the matrix Fox(t)

yields a matrix Fox(§) € Mat(¢ x m;C).

Proposition 1.9. Let £ € Tg. Then,

m — Rank(Fox(§)) =1 if & #1,

dimec HY(G;C,) =
me MG Ce) m — Rank(Fox(1)) if € =1.
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Proof. Let us consider the C'W-complex associated with the presentation of G and let
p be the unique 0-cell. The complex chain is given by

0 — Co(X) = C(Ry,...,R)) 25 C1(X) = Clan, ..., am) — Co(X) =Clp) — 0
where 0 (z;) = (£(x;) — 1)p and the matrix of 93 is * Fox(¢). The result follows. O
Remark 1.10. By Proposition [L.9) Chary (G ) C {1} if k > m.

The hypersurface part of the first characteristic variety Chari(Gk) is the zero locus
of the multivariable Alexander polynomial A (t). In particular, the following result can
be proved using Obstruction [3] Note that from Proposition [I.8] the codimension 1 part

is a union of tori translated by torsion elements.

Proposition 1.11 ([8]). If G is a global group with r := bi(G) > 3, then A(t) has a
single essential variable, that is A(t) = P(u), with P € Z[u*'] for some u = t¢.

Using Proposition and it is possible to prove [19, Theorem 4|, i.e., the
algebraic links for which G is non quasi-projective are those for which K has at least
three connected components, at least two branching vertices, and one essential vertex.
We can extend these arguments for links with two components, for which we need the
following result.

Obstruction 4 ([3, Proposition 6.9]). Let G be a quasi-projective group, and let Vi C
Charg(G), Vo C Chary(G) be two distinct irreducible components. If & € Vi N Va, then
this torsion point satisfies & € Chargy¢(G).

Note that the multiplicities in A (¢) are not completely related with the hypersurfaces
in Charg(Gk), k > 1. The following example deals with this issue.

Example 1.12. We continue with Example Note that
Ag(ty,to) = (Bta+ 1)(E53 +1), Ag(t) =3+ 1) +1)(t—1).

The intersection of the two hypersurfaces in the zero locus of Ag is (t1,t2) = (=1, —1).
This point should be in Chary(Gy) by Obstruction |4l However, by Remark we have
(—1, —1) ¢ Charg(GK).

2. GRAPH MANIFOLDS

Graph manifolds were classified by Waldhausen [22]. In this section we will focus on
a special class of graph manifolds, namely oriented graph manifolds, made by oriented
St-bundles, which are best described by plumbing graphs [18] as we did in

The main goal of this section is to provide a presentation of the fundamental group
of the complement of links whose connected components are fibers of some S'-bundles
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in such graph manifolds. We follow the procedures explained in works of Mumford [17]
and Hironaka [14], see also the recent work of Kollar and Némethi [I5]. A complete
description is needed for the computation of the Fox matrix and characteristic varieties.

2.1. The fundamental group of a plumbing graph.

Let I" be a connected graph without loops. Let us decompose its set of vertices as a
disjoint union V' [[ H, where V' is non-empty and its elements are called vertices and H
is a set of terminal vertices (i.e., of degree 1) and called arrowheads. The set of edges
is also decomposed as a disjoint union F [] F'; the elements of E are called edges and
connect two vertices and those of F' are called arrows and connect an arrowhead and a
vertex. Note that r := |H| = |F| > 0. Let us denote n := |V| > 0. For v,w € V, v # w,
we set E, 4, as the set of edges connecting v and w. Given an arrowhead h we will denote
by vy, the unique vertex connected with h; the connecting arrow will be called ej. For a
vertex v the set of vertices (resp. arrowheads) connected with v is denoted by V,, (resp.
H,).

The vertices are weighted by two functions g,e : V' — Z; the function ¢ is the
Euler number and the function ¢ is the genus, g(v) > 0, Yo € V; we will denote
9(T) =2 pev 9(v).

This graph codifies a graph manifold M with a link L of » components. Recall we
are only considering oriented graph manifolds such that all its Seifert pieces are Seifert

bundles over oriented surfaces.

The following two incidence matrices A = (ayw)v,wev and B = (byp)vevhen are
considered:
g(v) ifv=w 1 ifheH
(2.1) Qow = _ boh = Oy, = -
|Eyw| otherwise , 0 otherwise.

For a presentation of 7 (M \ L) we start by fixing a maximal tree 7" of T". It is useful to
fix a directed rooted tree structure on T away from the root. This can be extended first
to an order on V and then to one on H such that given h € H, and b/ € H,,, then h < I’
if v < w. Since I' contains no loops, this ordering produces an orientation respecting it.
Also, a linear order will be chosen for the arrowheads H, at each vertex v. Finally, each
set of edges F, ., between v, w will be ordered in such a way that the minimal element
is the unique edge eg € T'N E, 4, in the maximal tree 7" that was fixed above. The set
E, of edges from v inherits an order respecting both the order in V,, and in E, ,,, that
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is, if e, e’ € By, € € E, v, then

w < w

€<€/<:> or

w=w" and e < ¢ as edges in E, .

The notation E* and E , refers to the respective edges outside of the maximal tree 7.
The generator system for m (M \ L) is obtained as follows:

(G1) v, forv e V.
(G2) vy for h € H.
(G3) e where e € E*.
(G4) ajp,Bjw, for 1 <j < g(v) andv e V.
In order to describe the relations we introduce some notation. For each oriented edge
€ € E starting at v;(e) and ending at va(e) we denote:

1 ifeeT;
(2.2) Yo =S Ve if e ¢ T and v1(e) < va2(e)
vl ife ¢ T and va(e) < vi(e)

We have the following relations:

g(v

)
R | I] vz e -2 - | T] ] -5 [0, Bjw), for v e V.
geEv heHv ]=1

(R2) [vh,7w,] =1 for h € H.
(R3) [Yor(e)> Ve " Voa(e) * Yz ) = 1 for e € E*.
(R4) [vo, o] = [0, Bjn]) = 1 for 1 < j < g(v) and v € V.

Remark 2.1. Note that the product in is taken respecting the order of the vertices
in V,,. Moreover, for a fixed w € V,, the product in € € Ev,w is also taken respecting the
order in E,, 4.

Also note that if H # () any relation in is a consequence of the relations in |(R2)}
together with [RT)H(R3)H(R4)l In order to preserve the symmetry arguments we will
consider all the relations for h € H but this fact will be systematically used.

Theorem 2.2. The fundamental group of M\ L is generated by|(G1)H(G4)| with relations
(RDH(R4)}

As a consequence, this group admits a presentation with as many generators as rela-

tions. If r > 0, one of the relations in|(R2)| can be omitted.

Proof. We divide the proof in two cases, depending on L:
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Case L # (). Assume first I is a tree. This particular case is proved by induction
on the number n of vertices. If n = 1, we have a fiber bundle and the presentation
in [20] is given by the generators in [(G1)| [(G2)| and |(G4)], with the relations in

(R1)] [[R2)] and [[R4)] (one of the relations in [[R2)| being redundant). To finish
the induction argument, assume that n > 1. Let v € V a vertex of degree 1 in

V CT. Since V has at least two degree-one vertices, one can assume there is at
least one arrowhead not in H,. We cut I' along this edge e = (v, w) and split I in
two graphs: a one-vertex graph I'' with an extra arrow hg € H, coming from the
edge e and another graph I'” containing I' \ {v} with the extra arrow hy € H)).
Note that I'” has at least two arrows. Let m’, m” be the number of generators of
the fundamental groups of the corresponding graph manifolds. In particular, we
have m' — 1, m” — 1 relations; the discarded relations corresponding to hg and
an arrowhead of I'” different from h;.

The fundamental group of the graph manifold of I'" is obtained using the
Seifert-van Kampen Theorem. Since two couples of generators are identified, the
number generators is m’ +m/” — 2; it equals the number of relations but we can
discard the commutation associated to hj, since it coincides to the one associated
to hg which is redundant. Hence we obtain a presentation with generators
and using the relations in [[R1)} [[R2)] and [(R4)] (one relation of [[R2))

being redundant).

For the general case (still L # ), we proceed by induction on the first Betti
number m of I. The case m = 0 has been treated. It is not hard to see, using the
generalized Seifert-van Kampen Theorem that we add in this case the generators
in and the relations in
Case L = (). The closed case follows the proof above. When the graph is
split, then I and I'” contain only one arrowhead. Using again the Seifert-van
Kampen Theorem, we kill one generator without adding any relations, obtaining

the result.
O

Remark 2.3. In fact, any edge and any arrow provides a commutator, but only the ones

in|(R2)| and |[(R3)| are needed.

abelianization of this fundamental group is as follows. The proof is straightfor-

Lemma 2.4. The space Hi(M \ L) is determined as follows:

Its rank is Corank(A) 4+ r + 2¢g(T") + b1 ().
Its torsion can be obtained from the Smith form of (A|B) € M(n x (n+1);Z).
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Then the torus T := H'(M \ L; C*) = Hom(Hy(M \ L; Z),C*) = Hom(my (M \ L), C*)
will be seen as a subtorus of (C*)"7+20(0)+01(1) " The coordinates of this torus will be
to,v €V, ty,h€ H, tjy,8i0,i=1,...,9(v), v €V and t., e € E*. The equations of T
in these coordinates are determined by the matrices A and B as follows:

(2.3) IT toe- I] th=1 WwweWw

weV heHv

Example 2.5. We illustrate this method with the link provided in Example The
tree T' is rooted at v4 and the order is reversed with respect to the labels, that is, v; < v;
if j < 7. We find six generators; the generators v; := v,,, 1 < i < 4, come from
while the generators d; := vy, j = 2, 4, come frorn We have the following relations:
(RI)] 72 =7, 1m0z =73, 11 =73 and 727304 = 4.
(R2)| [72,02] = 1 and [y4,02] = 1.
Note that one of the relations say the last one, is a consequence of the other ones.
Using the relations we can eliminate four generators, only 1,73 are kept. The
last relation looks like:

1= [y2, 8] = i, ' 8] = bis s il <= bidl = 1
i.e., the presentation ([1.2)).

Example 2.6. Let us compute now the fundamental group of the closed graph manifold
in Figure [3| This manifold M is also a torus bundle over S! with monodromy

w- (1)

F1cURE 3. A closed graph manifold

We choose the order so that v;1 < vy and denote the edges in F,, ,, as eg,e; where
ep € T. One obtains two generators 71,72 of type [(G1l) and a generator 6 = ~,, of
type |(G3)l According to Theorem there are two relations of type |(R1)]

(rely) y26720~1 =47 (for vy € V);
(rely) v16~1y16 = ¥o (for vy € V);

no relations of type [(R2)|and one relation |(R3)]
(rel3) [y1,0726 ] =1 for e; € E¥

v1,v2°
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One can use [(rels)| to eliminate the generator v, obtaining:

m (M) = (7,0 |[0v6 7] =1, (6 '98)(6v6 ) =7).

The abelianization of the group (M) is isomorphic to Z (generated by the image of 9,

and the class of + is trivial), and hence A = C[t*!]. The Fox matrix is:

0 0
t—3+t71 0/

Then Chary(G) C C* is the set of zeroes of t2 — 3t + 1 (which is also the characteristic
polynomial of M). Since the characteristic variety contains non-torsion isolated points,
the group is non quasi-projective.

2.2. Fox matrices of plumbing graphs.

The twisted cohomology of M \ L in degree 1 can be computed by means of the
Fox matrix as described in section [1.2l Recall in this case it is a square matrix of size
n+ 17+ b (I") + 2¢(I") which decomposes as:

A(t) | B(t) | C(t) | Ay(t)

Bt) | Ht) | Oupm | Omogm
(2.4) Fox(t) :=

Ct) | Opmyxr | E(t) | Op, (1) x24(T)

Ag(t) | O2gmyxr | O2gmyxpy () | G(t)

In what follows we will describe the submatrices of the Fox matrix.

2.2.1. The matriz A(t).
This is a square matrix of order n. For v € V, the v-row corresponds to the coefficients

in the generators |(G1)|of the Fox derivatives ([1.3)) of the relations of type |(R1)| relation

g(v)
(2.5) I e vesier 3" ) | TT ] -5 = Haw,/)’]v

eck, heH,
Hence, the entries of this matrix are as follows. Using ([2.3]) note that the diagonal term
ayy(t) is given by:

1 _ t—E('U) 1 _ t—E('U)
e T o -
ty —1 ty — 1
weV hEH’U
For w # v, the term ay,(t) is given by

Z Tyete, where T, := H Lug(er)s

€€Ev,w €>EIEE’U
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and tz follows the same conventions as 7z —see ([2.2]). Note that A(1) = A as defined

n .

2.2.2. The matriz B(t).

It is a matrix of order n x r (it exists only if » > 0). As for the previous matrices, the
v-row corresponds to the Fox derivation of the relation with respect to v,. The
term by, (t) equals

T H tp, where T, := Htv2(e).

h>h'€H, €eE,

Note that B(1) = B as defined in (2.1)).

2.2.3. The matriz C(t).

It is a matrix of order n x by (I"). As for the previous submatrices A(t) and B(t), the
v-row corresponds to the Fox derivation of the relation , in this case with respect
to 7. for e € E*. The entry cy(t) is obtained as

Tye(1 = tyy(e)) if €€ By, va(e) > v,
Cve(t) =T, e(tvg(e) — 1)755 if ee E,, 02(6) <,

)

0 otherwise.

So, any column of C(t) has only two non-zero entries.

2.2.4. The matrices Ag(t).

This matrix is of order n x 2¢g(I"). This can be seen as a block matrix whose blocks
for any given v € V' are n x 2g(v) matrices A, ,(t) whose columns are parametrized by
Qs B, J €{1,...,9(v)}. For any Ay ,(t) only the a;, and §;, columns are non-zero.
The elements on these columns are given by:

(8j0 =1, =(tjp — 1))

2.2.5. The matriz B(t).
It is a matrix of order r x n corresponding to the Fox derivation of relations of
type with respect to the variables ~,, v € V. The term l;hv(t) is obtained as

A ®) 1—t, ifo,=v
h p—
! 0 otherwise.

Note that each row has exactly one non-zero element.
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2.2.6. The matriz H(t).

This is a diagonal matrix of order r X r corresponding to the Fox derivation of relations
of type with respect to the arrowhead generators v, h € H. The diagonal term
corresponding to h is (t,, —1).

2.2.7. The matriz C(t).

It is a matrix of order b;(I') x n corresponding to the Fox derivation of relations of
type with respect to the generators v, v € V. In order to describe it, let e be an
edge in E* oriented in the standard form so that vi(e) < va(e). Then

1-— tUQ(e) ifv= (%1 (6),
Eev(t) - te(tm(e) — 1) ifo= Q}Q(e),
0 otherwise.

2.2.8. The matriz E(t).

It is the diagonal matrix of order by (I") x b1 (") corresponding to the Fox derivation
of the relations of type with respect to the generators v., e € E*. The diagonal
entry for e is (t,,(e) — 1)(1 — ty,(e)) Where vi(e) < va2(e).

2.2.9. The matriz Ay(t).

This is the matrix of order 2¢(I') x n corresponding to the Fox derivatives of the
relations of type with respect to the generators v, w € V. Symmetrically as was
the case for A,4(t), it can be seen as a block matrix whose blocks are 2g(w) x n matrices

Ag(t). All entries in their columns are zero except at the w row where the respective

entries are
(1 — tj’w, 1-— Sj7w).

2.2.10. The matriz G(t).

This is an order 2¢(I") x 2¢(I") matrix. One can think of it as a block matrix whose
blocks Gy (t) are given by 2g(v) x 2g(w) matrices for any pair of vertices v,w € V.
One has the following description of the blocks:
vaw(t) _ (tv — 1)12g(v) ifv=w

029 (v)x2g(w) otherwise.
2.3. Properties of Fox matrices of plumbing graphs.

With the description of the Fox Matrix Fox(t) given in one can in principle
compute the characteristic varieties for any pair (M, L) —as far as computing power
allows.

To provide some computation-free results, in this section we will calculate the (first)
local system cohomology corresponding to some particular characters. These results will
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be used to apply obstruction theorems to quasi-projectivity such as Obstruction 3| Let
us consider the following sets of characters

£(tn) =1 Vh € H,
By:=£eT| &t,) =1 Yo eV, ,
(E(t0),E(850)) 1. gy £ 1 i 9(0) >0
By :={£€By|&(te) =1,Ve € E*}.

Lemma 2.7. The following properties hold:

(a) A(§) = A if{ € By, (d) B(&) =0 if€ € Bo. (g) E(&) =01if& € By.
(b) B(§) = B if £ € By. () H(¢) =0 if € € Bo. (h) G(£) =0 if £ € By.
(c) C(&) =0 if € € By. (f) C(€) =0 if € € By.

Moreover, if £ € By and g(v) > 0, then

(i) the only non-zero v-row of Ag(£~) is in the block Ag,vgg)-
(ii) the only non-zero v-column of Ag(&) is in the block Ay, (§).

The proof of this lemma follows immediately from the description of these submatrices
as given in and We may use it to apply elementary operations to Fox(¢) in
order to compute its rank.

Lemma 2.8. If g(v) > 0 for some v € V, then the following properties hold:
(1) If & € By, then Ay (&) can be transformed into a matriz with only one non-zero
element (in the v-row) using only column operations.
(2) If € € By, then Agyv(g) can be transformed into a matriz with only one non-zero
element (in the v-column) using only row operations.
(3) If £ € By, then v-column and the v-row of the matriz A(§) can be transformed
into zero, using both row and column operations.

Assumption 2.9. We will assume that A is a negative definite matriz. This is the case

when the graph manifold comes from singularity theory.

Let us fix € > 0 such that the matrix A(t) is negative definite for any value of t such
that t, = 1 and |t — 1| < e for any v € V and e € E*. Such a value for ¢ exists, since
A(1) = A. Consider

B :={¢ e Bo|[¢(te) — 1] <e}.
Note that B; C B: C By.

Theorem 2.10. If £ € B., then

Corank(Fox(§)) = Z max{0,2g(v) — 1} + by (T) +r.
veV
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Proof. After a reordering the matrix becomes

A= 0 | 0 0

0 0 | 1979 | 0

Fox(§) := _
0 | 1970 | 0 | 0

0 |0 | 0 ] O

The matrix A9=9(€) is a negative definite square matrix whose size is #{v € V | g(v) =
0} and 1970 is the identity matrix with size #{v € V| g(v) > 0}, i.e., the rank of Fox(¢&)

#{v eV ]gw)=0}+2#{veV ]gw) >0t=n+#{veV |gv) >0}

Since the size of Fox(§) is n + 7 + b1 (I") + 2¢(T"), the result follows. O

Assume now that g(w) > 0 for some w € V. Let us consider B, ,, C T defined as B,
with the only exception that &£(t;.,) = &(sjw) = 1, for 1 < j < g(w). The proof of this
result is analogous to that of Theorem [2.10]

Theorem 2.11. If ¢ € B, ,, then
Corank(Fox(&)) = 2g(w) + Z max{0,2g(v) — 1} + by(T") + 7.
wH#veV
Corollary 2.12. If either I' has two vertices with positive genus or it has one such a

vertex and by (I') > 0 then G is not quasi-projective.

Proof. From the definitions note that Bc ,, C B.. Let us assume that w € V is a vertex
of positive genus, in particular B, ,, # ) and thus infinite. Let &, € B;,, and let £ € B..
Note that £, &, # 1. By Proposition [I.9 and Theorems [2.10] and one obtains

dime¢ H' (M \ L;C;) = k <k + 1 =dim¢ H' (M \ L; C¢,)

where
k=Y max{0,2g(v) = 1} + by(T) +7r—1>0
veV

by hypothesis. In particular B. C Vi, k > 0, B;w C Vi1 and both sets are infinite,
hence by Obstruction 3| the group m (M \ L) is not quasi-projective. O
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3. APPLICATIONS TO ALGEBRAIC LINKS: MAIN THEOREM

Assume now (M, L) = (S?, K) where K is an algebraic link. The dual graph K is a
tree, the incidence matrix A is negative definite and the genus function vanishes. Our
purpose is to give a result on quasi-projectivity of such groups, that is, on whether or not

such local groups can be global, i.e., fundamental groups of quasi-projective varieties.
The key tool here will be to use Corollary

Theorem 3.1 (Papadima [19], Friedl-Suciu [10], Biswas-Mj [6]). The local group of an
algebraic link is quasi-projective if and only if it is the group of a quasihomogeneous

singularity.

Proof. Since quasi-projectivity is inherited by finite-index subgroups, we will seek for
finite-index subgroups satisfying the hypotheses of Corollary

In order to do so consider L an algebraic link associated with (V(f),0) C (C2,0) and
I' its associated graph. Let e := lem{m, s | v € V'} be the least common multiple of
the multiplicities m,, s at all vertices in I' and (M, L.) the e-fold cyclic cover of (S*, L)
ramified along all the components of L. The result is a consequence of the following

Lemma. O

Lemma 3.2. Assume L is an algebraic link which is not of quasihomogeneous type.
Then (M, f/e) as defined above is a graph manifold satisfying the hypothesis of Corol-

lary[2.12).

Proof. The way to construct the graph of (M, L,) is as follows. Let f(z,3) = 0 be the
equation of a local germ singularity yielding L. Let X. C (C2,0) be a closed Milnor
ball and consider the following diagram, where o : Y, — X, is the minimal embedded
resolution, f := foo, Y, is the pull-back, Y, is its normalization and Z. is its resolution:

Z. Y. Y. Y.
|
c =% ¢

Note that the manifold M can be seen as the boundary of either one of the manifolds Yz,
Y. or Z.. Also, the preimage of 0 in Z. is a normal crossing divisor, whose dual graph
is the plumbing graph of M. The arrows determining L. correspond to the preimage of
the strict transform of f71(0).

Note that Y is not a complex analytic manifold since it admits quotient singularities
on the preimages of the double points of f~'(0); the preimage of f~1(0) is a Q-normal
crossing divisor, see [4], admitting also a dual graph. One can obtain the graph of M
from this dual graph by replacing some edges by linear subgraphs, corresponding to
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the Jung—Hirzebruch resolution of the quotient singularities. In particular, the possible
positive genus components of the divisor in Z. appear already in Y.

Let D = P! be a branching component of f‘l(O) with multiplicity m. It has r
(r > 3). Let d := ged(m,m],...,ml). Then,
the preimage of D in Y. is the union of d connected components, and each one of them

is an “7-fold cyclic cover ramified at r points with ramification index % mod 7. These

neighbors with multiplicities m/, ..., m},

points will be actual ramification points only if %; # 0 mod 7.

In fact, one does not need to finish constructing the embedded resolution to study
this cover. Let o}, : X}, — B. be the composition of blowing-ups such that there
is P € X}, for which D is the strict transform of the exceptional component of the
blowing-up of P. The total transform (f o ¢;)*(0) is a non-reduced curve (multiple
components come from the exceptional divisor); its germ at P has r tangent directions
with multiplicities mq, ..., m,. We have that m; +---+m, = m and %; =" mod 7.

Hence, these cyclic covers are actually ramified over more than two points. Such a
cover is a positive genus surface. Since we have at least two branch points, the statement

holds. O

4. EXAMPLES

The purpose of this section is to discus some characteristic examples to visualize the
different phenomena described in the proof of the main theorem.

Example 4.1. Let us consider the singularity provided in Example In this case the
lem of the multiplicities is 42. After performing a 6-fold cyclic cover the following graph
is obtained (see left-hand side of Figure []), which can be simplified without changing
the graph manifold (see right-hand side of Figure [)). From this 6-fold cyclic cover it

*—2 *-—2
o2
@ @
—2 -1 13 -1

FIGURE 4. 6-fold cyclic cover

can already be deduced that the group is not quasi-projective, since its graph contains
a cycle and a branched vertex.
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4.1. Characteristic varieties and monodromy for generalized A’Campo’s links.

Our purpose is to generalize the algebraic link presented in Example in order to
compare the behavior of characteristic varieties of their fundamental groups and the
monodromy of their corresponding singularity. Let f(z,y) := (y? + 2P)(y® + z") where
ged(p, q) = ged(r,s) = 1 and g < %. Since these singularities have long dual graphs for
the resolution, we can use Eisenbud—Neumann results [9] to give a presentation of their
fundamental groups:

G o= (o, g | [y 3] = 1 0P b= = 1)

where bg — ap = 1. Let us denote o := rq — ps, 8 = ar — bs; we choose a,b > 0
such that § > 0. The group algebra of G/G’ over the complex numbers is the quotient
Cltrt, it tﬂ]/(tff‘tgtg —1). The Fox matrix is

z vy 2z

1t

t,—1 0 1-—13
(Z >1_t‘1- xr
P B
1 _tia tsal _ty tsoctpl —tz
1—t, Tl—t, Y1t

The Fitting ideal generated by the 2-minors of this matrix is

1—t8 1—t) 1—t)
t,—1)—2, (1 -t 1—t5949)
1—%<U )1—M( x%—@’ T

We obtain the following sets of irreducible components:

e For each (s # 1, with ¢ = 1 there is a component {t, = Cs,tgtﬁ =1}.
e For each ¢, # 1, with ¢§ = 1 there is a component {t, = ¢, st = 13,

The intersections of these components are

te=Csy ty=0C t2=1

Let us consider now the Fitting ideals genetrated by 1-minors. Their elements are as
above, excluding the cases when t, = 1.

Example 4.2. Let us consider f,(z,y) = (y — 2%)%(y? — 2°)?, where ged(a,b) = 1.
Let M be the complement of the algebraic link. The covering defining this monodromy
is determined by 7 (M) — Z where z — 2a + b and y — 5a + 2b. The monodromy
is semisimple if and only if either a or b are even. Hence, the subtorus defined by the
covering passes through the intersection of two components of Chary(G) if and only if

the monodromy is not semisimple.
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Example 4.3. Let us consider f, (2, y) = (y—2°)%(y? —2")°, where ged(a,b) = 1. The
reduced singularity is semisimple; in general, the monodromy is not semisimple if and
only if a is even and b = 0 mod 3. Let M be the complement of the algebraic link, whose
dual graph is shown in Figure 5} The covering defining this monodromy is determined
by m (M) — Z where x — 2a + b and y — 7a + 3b. Hence, the subtorus defined by the
covering passes through the intersection of two components of Char;(G) if and only if
the monodromy is not semisimple.

U1 V2 U3 Vs (o
o @ o
—2 —2 -3 —1 —2

(a+2b)  (2(a+2b)) (3(a+2b) (2(3a+7b)) (3a+T7b)
FIGURE 5. Dual graph of f,

Example 4.4. As discussed in Example the irreducible components of the charac-
teristic variety of a general graph manifold could be subtori translated by non-torsion
elements. The following graph manifold provides an example whose characteristic vari-
eties are not even translated tori (see Figure [6)).

t4 t8 t3 tst]

-3 =3 4 —3
t3 to t

FIGURE 6. Graph link admitting a no subtori component

The torus T¢ is the maximal spectrum of Z* x Z/2. Let us denote by t1,to, t3,t4 the
free components and by t5 the torsion component satisfying t% = 1. The characteristic
varieties Chari(G) and Chary(G) have torsion translated subtori as components (of
dimension 3). The variety Chars(G) has three components. One of them is the subtorus
ts = t4 = 1; the other ones are defined by t4 = 1, t5 = —1 and t% —Tts+1 = 0,
i.e., they are non-torsion translated subtori. Finally, Chary(G) has three 1-dimensional
components. Two of them are non-torsion translated subtori: t% —Tts+1=t,—1=
ty+1=1t5 — 1 =0. The third one, defined by

3 11 3
ﬁm+1m£—5@@+1@+m:u—1:h+1:g—1:0

is not a translated subtorus.
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