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1 Introduction

1.1 An introduction to topology in physics

Topology is the branch of mathematics which studies the properties of geometric objects focusing
on qualitative aspects (the number of holes or twists) rather than on metric properties (distances,
volumes...). We say that two objects are equivalent if we can transform one in the other only
via continuous deformations. The prototypical example of this is a mug with a handle which
can be continuously deformed into a doughnut because they both have only one hole. With
this, topology provides us with the tools to extend familiar concepts of real functions such as
continuity and limits to functions defined in more general topological spaces. When applying
topology to physics we will work with more abstract concepts than the shape of a sphere or a
doughnut. The topology here refers to the quantum entanglement of wavefunctions, a system is
said to be topologically trivial if it can be continuously transformed into a product state, i.e. a
state in which a measurement on one of the particles does not affect the state of the other one.
A phase is topological if it cannot be smoothly transformed to a trivial state.

The first discovery that paved the way to the use of topology in Condensed Matter Physics
was the Integer Quantum Hall Effect (IQHE) by K. Von Klitzing [2], awarded with a Nobel
prize in 1985. In the IQHE the Hall conductance of a 2D material is quantized in a series of
plateaus which are related to how many Landau levels are full. The main thing that shocked Von
Klitzing was that these plateaus were seen for different magnetic fields, the levels were robust.
This means that a naive fine-tuning explanation in which the magnetic field was just right so
that some Landau levels are completely filled and the rest totally empty didn’t capture the
physics of the system. Thouless et al. [3] proposed an explanation for this robust quantization
in their TKNN formula. The connection of these results and the contemporary discovery of
a geometrical phase in quantum mechanics by M.V. Berry [4] with topology was pointed out
by the mathematical physicist B. Simon in [5]. Simon saw that these were related to the first
Chern class invariant of the U(1) fiber bundles. So, each plateau in the IQHE is described by an
integer which is the Chern number. This theoretical explanation, along with other remarkable
contributions, was recently awarded with a Nobel Prize to D. J. Thouless, F. D. M. Haldane
and J. M. Kosterlitz for ” Topological phase transitions and topological phases of matter”. For
the full historical detail of the discoveries awarded with this Nobel prize see [6], [7].

We are used to characterize the phase transitions by local order parameters which change from
one phase to the other. This is not true in topological phase transitions because the parameter
that changes from one phase to the other is a topological invariant, which is not local, i.e.
we need full knowledge of the bulk of the material to obtain it. The topological invariants
usually have an underlying symmetry which ensures that as long that symmetry is not broken
the topological invariant cannot change. This makes the topological phases very robust under
perturbations, especially those that do not break the underlying symmetry.

1.2 The state of the art in topological physics

Nowadays the applications of topology in Condensed Matter Physics have extended very much.
When electrons in solids have topological properties we say that we have a topological insulator.
The fact that the material has a topologically non-trivial phase and it is surrounded by vacuum,
or any other medium, which is topologically trivial, causes a localization of some states at the
edges. These are called edge states and are recurrent in topological physics. The edge states
usually have a closed band gap, this causes that insulators with a big band gap on the bulk
show edge states which are conducting. The study of topological properties of bosons, mainly
photons, is called Topological Photonics. This field covers both the interaction of photons with
topological insulators and the properties of purely photonic systems, which may or may not have



an electronic counterpart. The robustness of topological phases has a lot of exciting applications,
both in photonics and in nanophotonics, like the creation of a laser in the nanoscale, an overview
of this field can be found in [8]. Many other experimental realizations of topological systems exist,
like for example ultracold atoms, magnonic, plasmonic lattices and even quantum simulators.

One major issue in this field is the explanation of the Fractional Quantum Hall Effect(FQHE),
demonstrated experimentally by D.C.Tsui et al in [9] and awarded the Nobel prize in 1998. In
the IQHE the plateaus appear at integer fillings of the Landau levels, however in the FQHE
there are also plateaus at fractional fillings of the Landau levels. This has led to the study of
fractionally charged anyons, a generalization of the concept of bosons and fermions, in which the
exchange of two particles adds a general phase factor e to the wavefunction. The FQHE is still
not completely solved but interactions between the particles play a major role in its explanation.
These anyons have been proposed as qubits for quantum computing because their topological
nature makes them specially stable under external perturbations[10]. This points out the major
importance of studying interactions in these topological systems.

1.3 Objectives

The key point we want to address in this TFG is the role of interactions in topological states.
For this we will use the easiest model that exhibits topological properties, namely the Su-
Schrieffer-Heeger(SSH) model, and try to see how its topological properties change when we
consider particle-particle interaction. In order to be able to investigate these phenomena we
will study concepts of topology in physics with some basic unidimensional topological models,
numerical approaches to these models, interactions between excitations of a lattice system via
a Hubbard term and quantum many body analytical techniques, like the Bethe ansatz. One
interesting quasiparticle we will encounter is the doublon, a stable pair of repulsively bound
bosons. However, doublons also exist for fermionic systems in which the two fermions bound
with opposite spins. Aside from the fact that doublons constitute a new type of quantum light
these quasiparticles are also interesting because the easiest model in which they appear, the Bose-
Hubbard model, describes the transition from a Mott insulator to a superfluid. The coupling
of doublons and a quasiparticle called the holon has been studied as a possible explanation for
this transition [11].

This TFG is structured in the following way: In section[2] we review unidimensional tight-binding
models in the second quantization formalism. Section [3]is devoted to the study of topology in
the easiest topological model, the Su-Schrieffer-Heeger(SSH) model. In this section we introduce
basic concepts like edge states and how to characterize their localization, topological invariants
and underlying symmetries. In Section [ we study the effect of on-site interactions between
bosons on a homogeneous tight-binding model, this is called the Bose-Hubbard model. In
we study numerically the properties of this model, we find the existence of stable bound pairs
of bosons even with repulsive interactions. In we introduce an analytic technique used in
quantum many body physics, the Bethe ansatz, and solve the BHM using this technique. Section
is devoted to the study of interactions in the SSH model with two bosonic excitations. In}5.1.1
we study numerically a limit in which results are particularly neat, the strongly dimerized limit,
however, this limit has been studied more in depth by other authors. is devoted to the
study of a range of parameters not studied so much, the weakly dimerized limit, we numerically
study the robustness of the edge states in this limit. In we try to extend the Bethe ansatz
technique to the SSH model and obtain the band structure of the system. Finally in section
[6] we outline the main results obtained, propose some experimental systems suitable for the
demonstration of the results and mention further lines of work in which this can be continued.
All the codes used can be seen at https://github.com/fame64/2ParticleTopologicalSSH.


https://github.com/fame64/2ParticleTopologicalSSH

2 One-dimensional tight-binding models

The following sections 2 and 3 are devoted to the study of single particle models, i.e. we do
not include particle-particle interaction. Throughout this work we set A = 1. The general
Hamiltonian in the tight-binding approximation is:

N N N
Ho=wo Y blbj+ 73 blbi +7> bl b, (1)
j=1 j=1 j=1

Where wy is the on-site potential and J is the hopping constant, which is related to the prob-

ability that a particles hops to its nearest neighbour, b;, b;r- are the annihilation and creation

operators in the j-th site of the chain. One should note that the combination b;r- 41bj first destroys
one particle at site 7 and then creates the same particle at site j + 1 so, the particle hops from
jtoj+1. As [H,>;n;] = 0 the Hamiltonian is number conserving, i.e. it does not create nor
destroy new particles.

2.1 The dimer

We start from the most simple model, the dimer, obtained just setting N = 2 in . It describes
two sites on a chain, both with the same on-site potential wy and a coupling between them given
by the hopping constant J. If we compute its matrix elements we find that its expression is:

w= () @

From here it is trivial to obtain the expression of the energies and eigenstates of the system.

Bamaxs  Wi=—s(1) =g ( 1) 3

Which are just symmetric and antisymmetric combinations of the states [10) and |01). [10)
is a state representing the excitation on the first site of the chain, while the eigenstates |1)1)
represent hybridizations of the states of the basis.

2.2 The regular chain

Now we consider the general N > 2 case. The Hamiltonian can be diagonalised doing a Fourier
Transform. 1 1
bi=—— e*ib, b= —— N emhrip! 4
BECR A !

Where by, b}; are the creation and annihilation operators of particles with quasimomentum k.
This leads to the widely known expression for the energies of a tight-binding model:

w(k) = wo —2J coskl (5)

Where k is the quasimomentum of the particle and [ is the lattice constant. The Bloch Theorem
tells us that the eigenfunctions of this model are of the form:

o1 () = My (x) (6)

Where ug(x) is a periodic function of z, i.e. ug(x 4+ 1) = ug(z). In bulk systems it is common
to use periodic boundary conditions (PBC). Nonetheless when dealing with topological phases



the edges will be of great interest so there is another election of boundary conditions, which
we shall refer as open (or Hard) boundary conditions (OBC). PBC are typically more useful
when dealing with phenomena at the bulk of the system and OBC are best describing the edge
physics. We will devote most of our time to describe phenomena at the edges, for this reason
we will work with OBC unless otherwise stated.

3 Topology and the Su-Schrieffer-Heeger model

The Su-Schrieffer-Heeger model (SSH) is the easiest physical system that shows topological
behaviour. It was originally proposed as a description of solitons in a polyacetylene chain[12].

3.1 Tight-binding model

The SSH model is a 1D chain with a 2 atom basis. We consider two values of the hopping, the
intracell hopping J; and the intercell hopping J,. This opens up two possibilities, which
are represented in Fig. [1|. If J; > Jo we are in the trivial phase and the system does not show
any topological behaviour at all. On the contrary, if J, > J; we can see in the image that the
link to the edge site is weaker, this causes the existence of edge states which have topological
nature. These edge states will be a major topic throughout this work and we will devote much
of our time to understand and characterize them and the topological phases.

Figure 1: Artistic visualization of the SSH model. We can see the different nature in the
topological and the trivial phases.

The SSH Hamiltonian is a tight-binding model with two sites per cell and two different hoppings
Ji, Jo. Its Hamiltonian reads:

N/2 N/2 N/2
H=woy D bibjatJi Y (b gbja+bl4bi5)+J2d> (b gbjria+bl, 4bis)  (7)
i=la=AB =1 =1

In momentum space, and assuming PBC, the Hamiltonian can be written as:

0 Ji+ Jze_ik )

k) = omaal)o) = e = (50w " ®

In this expression we have taken the on-site potential as the origin to our energies wg = 0 and
the lattice constant is taken to be 2 so that the distance between one atom and its neighbour is



1. The energies of the system can be obtained diagonalizing and are given by:

B(k) = |y + Joe ™| = £\/J2 + J3 + 21y cos k )

It is easy to show that the eigenstates in momentum space can be expressed as:

1 1 J2 sin k
[+ (K)) 7 ( L itk > ¢), = arctan Tt Ty cosk (10)

In this TFG we will use both numerical simulations and analytical work. In the numerical side
we have developed a code that computes the matrix elements directly from for a finite chain
and obtains the matrix eigenvalues and eigenvectors.

Fig. 2| shows the agreement between finite size simula-
tions and the analytics. We also observe the difference
between the trivial and topological phases, this differ- : M"""\“‘\‘\‘ﬁ
ence is the energy at the boundary of the First Brillouin  Analytic expression

Zone. The topological phase presents a zero-energy

state at k = m that is not shown in the trivial phase «  Trivial Phase
nor predicted by the analytical expression. The reason

why this state is not predicted by expression @ is that - M
for its obtention we have assumed periodic boundary 0 : 5 3
conditions, so, we are getting rid of the edges. This k

zero-energy state is the so called edge state because
it is exponentially localized at the edges, we see one
example of edge state at Fig[3| (b), from Fig[3| (c) the SSH model in the trivial and topologi-
exponential localization is clear. Those states not local- ., phases. In the topological phase we
ized at the edges are called bulk states, one example of } . cad Jy = 2J1, wo = 0 and N =
bulk state is shown in Fig[3| (a). There are many other 50. For the trivial phase J; = 2.Js.
bulk states apart from the one shown here while there

is only one more edge state which looks similar to Fig (b). Another interesting fact about the
edge states is that they only have significant weight on one of the sublattices at each edge.

e  Topological Phase .

E()
=]

Figure 2: Dispersion relation of the
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Figure 3: (a) Plot of a bulk state. (b) Plot of an edge state. (c) Plot of the same edge state
in logarithmic scale. All the states have been obtained for N = 50, Jo = 2J; and wy = 0. Red
bars show [¢|? on the sublattice A and blue ones |/|? on the sublattice B.

3.2 Localization and the Participation Ratio

The localization can be characterized with the Participation Ratio (PR). Given the normalized
single particle wavefunction |¢) =3 ﬁjb} |0), the PR is defined as:

1
PR = ST (11)



A fully localized state has constant PR ~ 1 and a fully extended state has PR ~ N because for

4
1 . . . 1
a fully extended state 3; = TN Vj and this gives us Zj (\/—ﬁ> = J;l = PR = N. The most
relevant aspect of the Participation Ratio is its scaling with N. If PR changes proportional to
N it is a bulk state. Nonetheless if we see a state whose PR stays constant with N, that state

is fully localized. In our case edge states will have constant PR ~ 1.

3.3 Topological indices and the Zak phase

It is useful to write ’ﬂ(k‘) in as a linear combination of the Pauli matrices, & being a vector
that contains the three of them. We call the vector that describes the Hamiltonian in terms of
them h(k).

A~

H(k) =h(k)- & h(k) = (J1 + Jacosk, Jasin k, 0) (12)

It is really interesting to plot this vector as k runs all

over the first Brillouin Zone. This gives us the two plots 1
seen in Fig. In our system the h(k) vector is just a
circumference of radius Jp centered at (J1,0). In the
topological phase, we see that the h(k) plot encloses E: 0

the origin, because Jo > J; while on the trivial phase —F Topological.

it does not. To see how this is related to topological

invariants we introduce the Berry Phase. -1 5 : 2 Z
hd Iy,

3.3.1 Berry Phase

Figure 4: h(k) for the topological
(solid blue) and trivial (dashed red)
phases. For convenience in the plot we
have introduced J,,, = max(Jy, J2), so
that J,, = Jo in the topological phase
while J,,, = J; in the trivial one.

Usually in quantum mechanics we assume that the
global phases of the wavefunction do not have phys-
ical meaning because we can get rid of them via a
Gauge Transformation. However this is not always true.
Berry[4] showed that if we have a Hamiltonian depen-
dent on a set of parameters R(t) which evolves adia-
batically through some curve C' in parameter space, the
wavefunction |1 (t)) acquires a geometrical phase e
given by the expression.

(€)= i 72 (n(R)|Vrn(R))) dR (13)

Where |n(R)) is the eigenstate of # in which we start. This phase is known as the Berry phase
and it is in fact gauge invariant. This expression can be applied to a wide range of systems,
however, when applying it to a 1D solid state system like ours it is usually referred as the Zak
phase. Zak showed in [13] that the Berry phase can be written as:

ki+G
bz =i [ (wnlorn) dk (14)
ki

Where G is a reciprocal lattice vector. From the expression of the eigenvectors we can compute
its value:

10 dy idey
1 doy, 1 / 1,7 1 Josink |"
_ 1 DR 2 [ dgp= —=k| = —=arctan —250F 1
b zak 5 /FBZ Ik 3 Jony Pk 5Pk - 5 ArCtan sk B (16)




We have to be careful when evaluating this expression. If we are in the trivial phase the argument
of the inverse tangent function is only on the first and fourth quadrants, so the function does
not acquire any extra factor, this gives %‘;‘g = 0. However, if we are on the topological phase
in the second quadrant the true value of the inverse tangent is 7 — arctan(z) and in the third
quadrant it is 7 + arctan(z). This means that the inverse tangent has acquired an extra factor
2m. Substituting it we obtain qﬁrzfzﬁ = —m. This sign does not mean anything, it only appears

because we have chosen the positive eigenvector in ([15).

Numerical integration of also gives us these values. The Berry and Zak phases are examples
of topological invariants. No continuous deformation of the SSH system can change its Zak
Phase, it is always ¢z, = —m for the topological phase and ¢z, = 0 for the trivial one. This is
the reason why the edge states are said to be robust, no continuous deformation of the system
(like adding disorder for example) can destroy the edge states. The winding number counts how
many times a given curve encloses the origin. In Fig. [4] we see clearly that the topological phase
has v = 1 while the trivial phase has ¥ = 0. The winding number and the Zak phase are related
by v = —¢zax /7. If we think about it, the h(k) vector or ¢z, are quantities obtained from the
bulk of the material, and it is giving us information about the edges of the system. This is a
recurrent topic in topological physics and is known as the bulk-boundary correspondence.

3.4 Symmetries of the SSH model

We say that a Hamiltonian has chiral symmetry if:
THD = —H (17)

For our case, the chiral symmetry operator Lis o,. Simply multiplying the o, matrices with
we can see that the SSH model has chiral symmetry. Chiral symmetry is sometimes referred
also as sublattice symmetry because its existence relies on the system being invariant under the
interchange of sites A and B. To go from the topological phase to the trivial phase we have
two options, we can either close the band gap or break chiral symmetry, none of these is a
continuous transformation. If we add a term proportional to o, in the Hamiltonian we break
chiral symmetry because (17) no longer holds. The SSH model with a term A - o, is called
the Rice-Mele Model and allows us to go from the topological phase to the trivial phase, this
means that we may lose the edge states and it is why we say that the existence of a topological
invariant like the Zak Phase relies on chiral symmetry. The edge states shown by the Rice-Mele
model don’t have weight on both sides of the chain because of broken chiral symmetry. Their
energies are different, and the gap between them is related to A, the term in o,. It may seem
that adding a constant on-site term wqg to the diagonal also breaks chiral symmetry because the
expression is not fulfilled. This is true, but as we can simply redefine our zero energy we
can say that the chiral symmetry is trivially broken. However if we add a term proportional
to o, as in the Rice-Mele model or a k dependent on-site potential w(k) chiral symmetry is
non-trivially broken. It can also be shown that SSH model has spatial inversion symmetry
1:[7%(—14:)1:[ = 7:l(k) given by II = o,. Inversion symmetry is only strictly true in the bulk of the
material as the existence of edges breaks it. Another symmetry of the SSH model is number
conservation, because [}, >~ ; f;] = 0. This means that we have a fixed number of excitations in
the system.



4 Beyond the single excitation limit. The Bose Hubbard model

So far we have studied and understood the topological effects shown by the SSH model. In this
section we will study another key ingredient of our work, the interaction between the particles.
We consider an interaction similar to the Hubbard model. It represents an on-site interaction,
and is given by the expression:

U it U . .
Hine = o D _biblbibi = o Zn(n —1) (18)

i

Where bZT, b;, n; are, respectively, the creation, annihilation and number operators at the i-th
site of the chain. U is a measure of the strength of the interaction between the particles, if
U > 0 the interaction between the particles is repulsive and if U < 0 it is attractive. The tight-
binding model with bosonic particles and this interaction term is known as the Bose-Hubbard
Model. For more intricate interaction terms, such as nearest neighbour interaction, and its
effect on the edge states we refer the reader to [14]. The easiest system in which to include this
interaction term is a dimer. The Hamiltonian of this system is a 3 x 3 matrix which can be
trivially diagonalized. The results are shown in Appendix 1. It is specially interesting to see the
expression of the energies:

U U2 U U2
E0:2+2w0\/ﬁ Ey =2wy+U E2:§+2W0+ T+4J2 (19)

These expressions will be useful in the next sections. Another interesting result is that the
eigenvectors in the U — oo limit are, respectively, |[11), |20) — [02) and [20) + |02). So Ej
corresponds to a symmetric combination of a boson in each site and Fy, F to the antisymmetric
and symmetric combination of the doubly occupied states, respectively. The Hamiltonian of the
general Bose-Hubbard model is:

N N N
Us~: o
Ho=wn Y bibj = Y (bibjaa +bEaby) + 5 D (i — 1) (20)
j=1 j=1 j=1

One key aspect of this Hamiltonian is that it is number conserving, because [H,>; ;] = 0.
Thanks to the number conservation in the two excitation limit the basis can be chosen to
be B = {|2,0,0,...),]1,1,0,...),]1,0,1,...),...,]0,2,0,...),]0,1,1,...),...}. For a chain of
length N it has N(N + 1)/2 states , N of which are doubly occupied which means that they
have two excitations on the same site. To see the states in this basis we have two main options.
The 1D Representation consists on summing the weight of the wavefunction in each site of
the lattice, if we assume we have a N = 3 chain this means that the state |0,2,0) will have
weight 2 on the second site of the lattice while the state |1,0,1) will have weight 1 on the first
and third sites. This basis is particularly useful because |¢)(x;)|? gives us the probability of
finding a boson in the site x;. However, there is another useful way of visualizing these states,
the 2D Representation, in it we map the 2 particle unidimensional problem into a 1 particle
bidimensional problem. This means that the position on each spatial axis represents the position
of each boson on the chain. Bosonic symmetry implies that ¢ (x,y) = ¥ (y, z).

4.1 Numerical diagonalization
4.1.1 Generalization of the Participation Ratio

Now we want to obtain the fundamental properties of the Bose Hubbard Model via direct
diagonalization of a finite size system. We know that we have a way of measuring how extended



is an state, the Participation Ratio. However, it was only defined for the one excitation limit, so
we want to generalize that definition. If we assume that our 2 particle wavefunction is written
in the form |¢) = )\Zmnanbjnb;r1 |0), where A is some normalization factor, the PR can be

defined as: 9vs
> nm [Bam|*A4

We can see that for a fully localized state it is constant and PR ~ 1 while for a fully extended
state PR ~ %, the number of kets on the basis. From this we see one interesting fact, the
PR of a fully extended state no longer grows linearly with N but rather PR ~ N2.

PR = (21)

4.1.2 Classes of states in the Bose Hubbard Model. Doublons and Scattering
States

If we obtain the finite size Hamiltonian and we diagonalize it, we see the plot in Fig. || (b).
It is clear that adding the interaction between the particles has opened up a gap in the energy
bands of our system. In Fig. |5 (b) we see have plotted the energy as a function of the index
of the eigenvalue, this means that we have obtained the eigenvalues, ordered them in increasing
energy and plot them. We had to do this because the definition of a wavenumber £ is not trivial
in the two excitation limit. We see that the energy of some states remains unchanged when we
consider the interaction. This distinguishes between two classes of states in the system: The
Scattering States that are states in which the two photons are quasi-independent, they are
at different places on the lattice. This means that they only have weight on the uni-occupied
states of the basis and the interaction doesn’t affect their energy, it is Escattering = E{V 1. +E§V 1
And the Doublons which are quasiparticles that represent a bound pair of two bosons, this
pair is stable even for repulsive interactions. The existence and stability of the doublons has
been proved experimentally [I5]. In Fig. |5| (¢), (d) we can see the form of a doublon in both
representations. For the purpose of classifying the states the 2D representation is particularly
useful as we see clearly that a given state is a doublon if it has weight on the diagonal x = y.

10.0
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Figure 5: (a) Evolution of the system’s energies as a function of U for N = 20 and wp = 0. The
colorscale represents the Participation Ratio of each state. The blue and black lines correspond
to the bands in the L — oo limit in which we recover an analytical expression. The red vertical
line corresponds to U = 5J. (b) Energies of the system for U = 5J. (c) A doublon 2D
representation for U = 5J. (d) The same doublon on the 1D representation.

In Fig. [5| (a) we see the evolution of the energies as U varies. We see that when |U| grows



the PR of the doublons gets smaller, in fact, in the U — oo limit it goes to 1. This happens
because we can neglect the influence of the other terms of the Hamiltonian on the doublons and
as the interaction between particles is on-site, the doublons will only be localized in one site of
the chain. In this same figure we also see another interesting fact, although the energy of the
scattering states does not change if we change U, their wavefunction does and we see this in the
PR of the scattering states, which changes a little bit with the interaction. In the L — oo limit,
there is a neat analytical expression for the doublon bands, U < E < v/U? + 16J2 for repulsive
U > 0 interactions and —/U?2 + 16J2 < E < U for attractive U < 0. These expressions will be
discussed in section |4.2]. For repulsive interactions doublons are not energetically favourable,
even though they are stable, but for attractive interactions they are the lowest energy states,
i.e. they are formed spontaneously. There is a low PR state in £ = 0 but its scaling is also
PR ~ N2, what means that it is still a scattering state.

As we have already pointed out, the PR of a fully ex-
tended state in the Bose-Hubbard model scales PR ~ 103
N?2. However, the doublons do not obey this scaling,
this happens because they are stable pairs that can
be described by an effective one particle tight-binding
model. So, their Participation Ratio obeys PR ~ N. &
We check this scaling in Fig. [(] We ran into an issue
when we first simulated this model. There is a degener-
acy that causes the PR of the doublons to stay around 10!
PR ~ 20 in U — oo when for a fully localized state 10! 2%10" 3x104%10' 6x 10!
it should be PR ~ 1. To solve this problem we add Number of sites

a small random perturbation to the on-site potentials.

We find that the optimal value is Aw/w = 0.01, so it Figure 6: Scaling of the PR with N
is small but enough to break our unwanted degeneracy. for the scattering states (blue) and the
In 1D systems any random perturbation to the on-site doublons(red) in log-log scale.
potential causes localization of the states, however, we

checked that for Aw = 1% the localization length is larger than the length of the chain. This is
seen in Fig. [6] where the scalings still hold.

s  Scattering states
+  Doublons

4.2 The Bethe ansatz

In general the Bose-Hubbard Model with N excitations is non-integrable, however, when the
probability of finding three excitations on the same site vanishes, it is integrable. Concretely it
is integrable via a Bethe Ansatz, this ansatz was proposed by Bethe [16] to solve analytically the
1D spin % Heisenberg Model. Since then this technique has extended to many other systems,
for a in-depth study of this method we refer the reader to [I7]. However, we will not need
such a profound knowledge and we will follow the derivations in [I8] [19]. We start by assuming
a wavefunction of the form |¢) = Zmnqﬁmnbjnb;rl |0). Substituting this wavefunction on the
Hamiltonian we obtain the recurrence relation of the system, which reads:

- J(d)m—i-l,n + d)m—l,n + ¢m,n+1 + Qbm,n—l) + Uémn¢mn — Ed)mn (22)

The calculations can be seen with all detail in Appendix 2. We will work with a finite chain, for
this, we take an ansatz of the form:

Gmn = (a1pe"F1MHRM) g iRInTRm) g (g ) 4 (agpeiFrmTRem) gy elF1mtRm) ) g (n— ) (23)

Where 6(z) is the step function with (0) = 1/2. Typically it is useful to define the centre of
mass and relative variables.

key — k
m;” c=m-n K=k +k k= 12 2

X:

(24)
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In these variables the expression for the Bethe Ansatz is:
b = €% <a12eik\x| 1 aﬂe—ikm) (25)

Substituting this ansatz in the recurrence relation for m # n we can obtain an expression for
the energies in term of K and k, the centre of mass and relative quasimomenta.

K
E = —4J cos 5 cos k = —2J(cos ki + cos ks) (26)

We want the expression of the energy to hold for all kinds of excitations, both doublons and
scattering states. We obtain the y(K, k) function, which encapsulates the relation between a2
and as; so that holds for every kind of state.

as1 U — 4iJ cos % sin k

K k) =-—"—=-— 27
y( ) a2 U+42'Jcos%sink: (27)

If we assume PBC we can obtain that the centre of mass quasimomentum is quantized, it can
only take the values K,, = %Tm where m € {1,2,...,N}. Also from PBC we can obtain the
equation that the values of k have to obey.

(—1)"e™t = y(Km, k) (28)

We can solve this equation numerically and obtain several k values for a given K,,. Substituting
k in the expression for the energy we obtain the energy for that state. Doublons have imaginary k
so that the state decays exponentially and it is localized. Scattering states have real k. Until now
we have worked with a finite chain, this allows us to compare directly with the energies obtained
numerically. However, in the infinite chain limit we can obtain some analytic expressions for
both the scattering and the doublon bands, which were the ones used in Fig. (a) substituting
K =0 and K = 7. This method is based on [20]. The expressions for the doublon and scattering
bands are obtained in Appendix 3 and read:

K\? K
EDOUb10n<K) =4/U2+4(2Jcos D) EScattering<K) = £4J cos 9 (29)

We find the solutions to (28 numerically, from

there we can obtain a plot for the energies

like the one shown here. From it we see that 6 M
we have a continuum of states, which are the .

scattering states, of width 8J. Also there is a

doublon band, both of the bands fit fairly well )

to the analytical expressions. We check that g

ordering the energies obtained by the Bethe 0

Ansatz in Fig. [7]in increasing energy we ob- RAXYE L o

tain a plot which matches Fig. |5| (b). In this -2 Scattering L — oo
section we have studied the properties of a . . E’Si}ﬂﬁ'.‘,; Eé':iﬂd

topologically trivial system like the Bose Hub- B - p i 3 p
bard model, in the next section we will add K

topology to the lattice of the system. How-

ever, this is not the only way of introducing Figure 7: Dispersion relation for N = 31 using
topology in these systems. One very interest- =0,/ =1,U = 5.

ing way of introducing it is shown in [21], 22].

The BHM can be extended to include a doublon hopping term, but if it is only present when
hopping from site 2m to site 2m+1 and not from 2m+1 to 2m+ 2, the system shows topological
properties showing interaction-induced topological states.
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5 Topological states in the 2 particle Su-Schrieffer-Heeger model

In this section we will study how particle-particle interaction affects the edge states. There is
a limit in which most of the results are neat, this is the Strongly dimerized limit J; > J;.
However, much more work has been devoted to this limit [23, 24]. For this reason we will also
study the robustness of the edge states in the Weakly dimerized limit where J; and J; are
not so different. We don’t know any references in which this limit has been studied in depth.
Finally we will study analytically the two particle SSH model. All of this section is strongly
based on the article by Gorlach and Poddubny [24].

5.1 Numerical diagonalization
5.1.1 Strongly dimerized limit.

Topological Phase

In Fig. 8] (a) we see the energies of the interacting SSH model in the Topological phase. The
model shows 3 scattering bands whose states are analogous to the scattering states shown by
the Bose-Hubbard model and two Bulk-Edge Bands. These states consist on one of the
excitations being on the bulk while the other one is at an edge state, they already show up when
we consider two excitations on the lattice without interaction, a study of this non-interacting two
particle SSH model can be found at Appendix 4. There are three more bands which correspond
to doublons. The energy of the three Scattering bands is —2J — 2J; < E < —2Jy + 2J1,
—2J1 < E<2J;yand 2J5 —2J; < E < 2Jy + 2J;. The energy of the Bulk-Edge bands is
—Jo— T <EL —Jy+Jjand Jo — J; < E < Jo+ Ji. These expressions can be found trivially
from @D In Fig. |8 (b) we show the PR of the states as a function of the energy. From this plot
we see that the intermediate scattering band has lower PR than the other two scattering bands,
we will see that this does not imply any different behaviour of these scattering bands. There is a
state with very low PR, which is the Scattering Edge State. Besides these bands we also see
three doublon bands. The two most energetic bands can be understood as the doublon band on
Fig. 5| (b) but with a gap on it. We shall call the upper bands High Energy Doublons and the
lowest one Low Energy Doublons. In these doublon bands we have two states with very low PR,
which correspond to the Edge Doublon and the Quasiedge doublon. The quasiedge doublon
is not truly an edge state and it occurs when the 3rd lowest PR is in the low energy doublon
band. This doesn’t happen always because sometimes the third lowest PR is at the high energy
doublon bands.

6 b 1
a .
( ) e  Numerical energies - ( )80 . . gczll}{reég)g SSr;at;es
Scattering bands - {:‘ E. ' Dgul:;lon%e ates
I Bulk-Edgee band 4] Scattering Edge
4 " £e bands '3) 5 «  Edge Doublon
60 .+ Quasiedge Doubl.
Scattering bands
a 2 — @ s | : [ Bulk-Edge bands
& 40 e
-
0 T———
20 :
- I
Ll
21 g— H
, , , . , 0 . ) ‘
0 50 100 150 200 -2 0 2 4 6
Index of eigenvalue Ell>

Figure 8: (a) Energy of the 2 particle SSH model for J1 =0.1wy=0J2 =1U =5. (b) PR as
a function of energy for J1 =0.1wg=0Jo=1U =5.
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In Fig. [0 we see the different classes of states shown by the system in the topological phase.
Fig. [9 (a), (b) show the edge doublon, which has exponential localization, the value of the
localization length £ is the fit to an exponential function f(z) o e*/¢. It is located only at
one of the edges and has weight on both sublattices. Fig. [9] (c), (d) show the scattering edge
state. This state is analogous to the edge states of the one excitation SSH model. Their only
difference is that in Fig. [3| (¢) the sublattice A showed exponential behaviour until the other
edge of the chain while now it decreases until one point and then starts growing exponentially
until the edge. We are not aware of any publication in which the existence of this edge state is
reported, if we work with an odd number of sites on the chain this state does not appear. Fig.
9] (e), (f) show the Quasiedge state. It is interesting because it is the third state with lowest
PR however, seeing its wavefunction we see that it is not strictly at the edge. In (e) we see
clearly that it has weight on the positions just right to the diagonal, this is because this state is
analogous to the |11) eigenstate of the Bose-Hubbard dimer in U — oo. It has one particle at
each position of the dimer. We will see that the strongly dimerized limit is intimately related to
the eigenstates of the dimer, in fact, the low energy doublon band corresponds to |11) and the
high energy doublon bands to the antisymmetric (intermediate energy) and symmetric (highest
energy) combinations |20) F |02). All the doublons at the low energy doublon band look similar
to this one, all of them have weight just right to the diagonal. This means that even though the
interaction term is zero because the pair is not on the same site, the dimerization forms a bound
state. In (f) we see clearly that it is exponentially localized but not strictly at the edge. Fig. |§|
(g) shows a Bulk-Edge state in which we see clearly that one of the excitations is at one edge
and the other one is at the bulk. Fig. |§| (h) shows a bulk Doublon, we note that it is located
mainly on one pair of sites, this is because one of the hoppings is very small and the bound pairs
can be at whatever position on this dimer.

a) 20 20 20
(=) 075 (c) 075 ()
= 10 050 = = 10 050 7 = 10
025 0.25
208 0,00 9 10 20!
(d) *

]
=

—
oo
—

(e, )l
(e, )l
I, _v]l2

0. 0.00

Figure 9: Classes of states at the interacting SSH model in the topological phase. (a),(b) Edge
Doublon in 2D and 1D representation, note that all 1D representations are in logarithmic scale.
¢ represents the localization length of the system, i.e. the fit of the wavefunction to f(x) /g,
(¢),(d) Scattering Edge State for the 2D and 1D representations. (e),(f) Quasiedge Doublon in
the 2D and 1D representations. (g) Bulk-Edge State. (h) Bulk Doublon.

The difference between the classes of states can be seen in Fig. In it we see clearly that the
three scattering bands have similar scalings, PR ~ N2, so the fact that the intermediate band
has lower PR does not mean any significant difference in localization between the states. The
bulk edge band has scaling PR ~ N. The three doublon bands stay with constant PR around
PR ~ 2 and the three have approximately the same scaling. The minimum PR of the scattering
band and the high energy doublon band, that correspond to the Scattering Edge State and the
Edge Doublon stay at PR = 1. The Scattering Edge State has specially robust PR as it stays
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strictly constant while the Edge Doublon has a little more of variation on its PR. The Quasiedge
Doublon has low PR but it is bigger than that of the edge states and has bigger dispersion.

Trivial Phase

We can check the topological na-
ture of the states described above by
checking the behaviour of the sys-
tem in the trivial phase. Fig. [11] (a)
shows the PR of the states as a func-
tion of their energy, we see the Dou-
blon and the Scattering bands. The
fact that points out the topological
nature of the Edge States described
before is that we don’t see a scat-
tering state with very low PR and
the minimum PR of the doublons is
PR ~ 2, not like in the topological
phase that was PR=1. This can be
checked in Fig. (11| (b) where we plot
the participation ratio of the lowest
PR states as a function of N on the
trivial and topological phases. In (b)
we can also check that the quasiedge
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Figure 10: Evolution of PR as a function of N, the number
of lattice sites, in log-log scale.

state does not have topological nature, as it has the same PR at both phases.
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Figure 11: (a) PR as a function of E in the trivial phase, N =20 J; =1 Jo = 0.1 wp = 2 and
U =5. (b) PR as a function of N for the trivial phase J; =1 J; = 0.1 wp =2 and U = 5.

In Fig. we see different classes of states shown by the system in the trivial phase. These
are not topological in nature. The state in Fig. (a), (b) is the analogous state to the Edge
Doublon, it is called a Tamm State, because it is an edge state which is not topological. We can
see this because it has a full dimer at the edge while the edge doublon only had one site of the
sublattice at the edge. Also it does not have perfect exponential localization. Fig. (c), (d)
show the Quasiedge Doublon in the trivial phase. It is very similar to the one in the topological
phase. This fact and the scaling shown in Fig. (b) proves that the quasiedge state does not

have topological nature in any of the phases.

To finish our study of the interacting SSH model in the strongly dimerized limit we study the
evolution of the energies, this can be seen in Fig. In Fig. (a) we see clearly the existence of
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three scattering bands and two bulk bands whose energy is independent of U. The Doublon bands
are perfectly fitted by the energies of the dimer with the hopping constant J = Jo. This plot
also shows that eigenstates |¢g) and |1)2) interchange their roles for attractive interactions U < 0.

This points out the intimate relation 10°
between the doublons and the eigen- N (b)
states of the dimer in the strongly '_f = 107
dimerized limit. This is reasonable g

1078
because in the strongly dimerized

limit a doublon is mainly localized
at one of the dimers. In Fig[13] (b)

we see that the antisymmetric band 10°
|41) is the one that has the edge dou- (d)

blons most of the time. This is not B 10
seen in other studies of this model = 10-6

like [24] where they see the doublons
on the symmetric band. In this pub-
lication the authors use an odd num- X

ber of sites on the lattice, but even

using odd N and no perturbation on Figure 12: (a), (b) Plot of a Tamm State for the trivial
wo we still see the edge states mostly phase in the 2D and 1D representations. (c), (d) Plot of
on the antisymmetric band. In the the Quasiedge State for the trivial phase in the 2D and
article they develop a way of saying 1D representations.

in which doublon band the edge dou-

blons will be, using an effective 1D tight binding Hamiltonian which has a blueshift term on
the on-site potential § and an effective hopping constant t. Their conclusion is that the edge
doublons are shown in the bands which obey § > 2|t|.
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Figure 13: (a) Evolution of the energies of the system as a function of U for N = 20, J; = 0.1Ja,
wp = 0. Solid lines represent the dimer energies. (b) Detail of (a), figures on top of the states
represent the three lowest PR values.

Using their expressions for § and ¢ we obtain that the edge states should be on the symmetric
upper doublon band. This is not what we see in our results, the most plausible cause for this
difference is that in a chain with an even number of sites their condition for the existence of
edge states changes as now there are two detuned edges, not just one. It could also be that the
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expression of the parameters ¢ and ¢ is different or that our doublons are on the antisymmetric
band for another reason we have not taken into account.

When the third lowest PR is on the low energy band it is a quasiedge doublon, however, when
it is on the high energy doublon bands it is a true edge state. This plot also shows that the
scattering edge state is the one with lowest PR for all values of U, this happens with wg = 0 and
U not super big, however, if we increase wy we see that the scattering edge state starts as the
lowest PR state and as |U]| rises it can be the second or even the third with lowest PR. Tipically
the localization of the states is caused by the dimerization of the chain, however if U > Jy o
and wg > Ji 2 we can have localization of the doublons caused by the onsite potential and the
particle-particle interaction. This has been studied more in depth for the weakly dimerized limit
in Appendix 5.1. Another interesting effect is that when doublon bands cross bulk or bulk-
edge bands, they sometimes lose their edge states. This is known as doublon collapse and what
happens is that doublons decay into quasi-independent particles, either scattering or bulk-edge.
In fact, in [24] they show that there are four doublon bands because the antisymmetric band is
split in two when it is in the scattering continuum. The doublons that stay in the continuum are
unstable doublons and are only seen for values of the centre of mass quasimomentum K near
the boundaries of the first Brillouin zone |K| ~ 7.

5.1.2 Weakly dimerized limit

In this section we will study the robustness

of the weakly dimerized limit. In this Js and

Ji are similar. The problem with this limit is g{| & LowestPR : IIDD
o 2nd lowest PR d

that now the Scattering and Bulk-Edge bands 3rd lowest PR

overlap. This makes the distinction between O mmmmmmm— e, L 30

the different classes of states harder than be- iR

fore. We can see this in Fig. Also, the & | = == e 60

evolution of the doublon bands is not so clear Ay T —— o

now. This is the reason why we chose to P =

characterize the states of the system in the 0 ' 40

strongly dimerized limit. However, we still

see the edge doublons and the scattering edge 2 20

state, as we see clearly in Fig. The scat-

tering edge state is the one with lowest PR, =0 —25 0.0 25 >0

for the range of U shown here. However, for
very big values of U the edge doublons and
even bulk doublons can have lower PR than
the Scattering Edge state. A large value of wy
also contributes to this. This can be seen in
Appendix 5.1, where we use a very big wg. In
the weakly dimerized limit we still see the edge doublons in the antisymmetric band.

Figure 14: Evolution of the energy of the states
as a function of U for the weakly dimerized limit.
Parameters: N =20, wp =2, J1 =1, Job=1.5

For small values of |U| the second and third lowest PR correspond

to a state which is not in any doublon band, but it disappears = 02 20
. 02

when the highest energy doublon band separates from the con- To To
tinuum of states. These states are interesting because they only 9;1 ol
appear on the topological phase and they can be seen in Fig. o] o oFERSS ]
= =

They are very similar to the edge states at U = 0, which can be
seen in Appendix 4, and these are the states which will be the
edge doublons for big enough U. When there is a doublon band
separated from the continuum they transform into edge doublons.

Figure 15: Edge states for
U = 0.5J2 in the weakly

dimerized limit.
We want to study their robustness against perturbations. The
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way we have decided to perturb our system is with a uniformly distributed random variation to
the on-site potential wy — wy € [wy — %,wo + %] We stress out that this is a perturbation
which breaks chiral symmetry, because the two sites on the sublattice are no longer interchange-
able. The system should be more robust against perturbations which maintain this symmetry.
As we already pointed out in [£.I] any unidimensional system with a random perturbation on
its on-site potential will have localized states. And now we won’t work only with small per-
turbations around Aw = 1%. To see the localization which comes from the topological nature
and distinguish it from the localization that comes from the random perturbation to the on-site
potential we will represent the difference between the minimum of PR in each phase. When
| min(PR1op) — min(PRyiy)| — 0 the localization on both phases will be only caused by the
random perturbation. We plot the absolute value because the topological phase has lower PR

than the trivial phase.

As we don’t have a clear intuition about what the results should be we first do the plots for the
one excitation limit. In Fig[l6] we see that, as we expected, | min(PRyp) — min(PRmyiy)| — 0 as
Aw — w. If we compare (a) and (b) we see clearly that a longer chain makes the difference go
faster to zero while starting at a bigger value. This is because we know that for the bulk states
PR ~ N so the difference at Aw = 0 is bigger for a longer chain. The localization happens
faster because each value of Aw has associated a characteristic localization length. In a longer
chain this localization length becomes comparable to IV for a lower Aw.
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Figure 16: | min(PRrop) — min(PRmyiv)| as a function of Aw/w for the one excitation limit. The
parameters are Jo = 1.5J1, wg = 2 for (a) N = 20 chain. (b)N = 40 chain.
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Figure 17: | min(PRop) — min(PRyiy)| as a function of Aw/w in the two excitation limit with
parameters Jo = 1.5J1, wg = 2. (a) N = 20 chain. (b)N = 40 chain. U in terms of Jy refers
only to the topological phase, in the trivial phase it is the same number times J;.
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In the two excitation limit things become much more interesting because we have an extra degree
of freedom to change which is U, the repulsion between the particles. We will work with repulsive
interactions, however, the results are the same for U and —U. In Fig. we see the evolution of
the difference in the minimum participation ratio. As in the one excitation case the longer the
chain the faster we tend to the non topological localized state. We also see that even though
they have different numerical values, the shape of the U = 0 plot for both lengths reminds us of
the shape of the 1 particle case. This is reasonable because the only difference they have is the
generalization of the PR in the two excitation limit, which is bigger, but the physics of the one
excitation limit and the non interacting two excitations limit should be the same. For U < J;
the plots start with a positive slope. The reason for this can be seen in more detail at Appendix
5.2. Basically what is happening is that the trivial phase starts delocalizing (its PR gets bigger)
for the smallest Aw while the topological phase stays at constant PR, this makes the difference
in localization between the two phases bigger. The other key conclusion we can get from these
plots is that for a lower value of U we have more difference between the topological and trivial
phases. The reason for this is that if U is big both the trivial and topological phases have very
localized states, which are the doublons, so a perturbation can easily localize those doublons.
However, if we have small U we have seen in Fig. that the edge states are not doublons,
in fact doublons do not properly exist until big enough U, this means that the most localized
states in the trivial phase will have much bigger PR for small U.

After these results a natural question arises, which is the state that has the minimum of PR
in the topological phase? To answer this question we will look for the position of the (z,y)
coordinate with highest |¢(z,y)|?. If the maximum value of the wavefunction is at (1, N) or
(N, 1) we will say that the state is a Scattering Edge State. If the maximum value is at (1,1)
or (N, N) we will say that we have an Edge Doublon. However we have to be careful with this
name because for small U the state which we are referring as edge doublon is similar to Fig. [15]
which will be an Edge Doublon for bigger U but is not strictly an Edge Doublon yet. In those
cases we will add an asterisk (*) to have this in mind. If the maximum is at any other place we
will call that a Bulk state.
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Figure 18: | min(PRrop) — min(PRmyiy)| as a function of Aw/w in the two excitation limit. The
geometric shapes represent different classes of states. The colorscale represents the fraction of
states in the class. A blue state represents that we are very sure that a state is in the class we
say it is while a yellow state means that we are not so sure. The three plots represent different
values for the interaction: (a) U = 0.05J2. (b) U = 0.5J2. (¢) U = 2.5Js.

We show the results in Fig. In (a) we see that for U = 0.05J2 the minimum PR is in the
Edge Doublon (remember it is not strictly the Edge Doublon yet but will be for bigger U). In
(b) and (c) we see that for small Aw the state with lowest PR in the Topological phase is the
Scattering Edge state. In the non topological localized phase we see both Edge Doublons and
Bulk States. So, the Scattering Edge state found in [5.1.1]is of major importance in the weakly
dimerized limit as it is the most localized excitation for every U not very close to zero. We have
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also seen that the bigger U the faster trivial and topological phases have the same localization.
This means that even though the energy of the Scattering Edge state is not affected by U, its
robustness is, because we need a smaller Aw to get the same localization in both phases.

5.2 The Bethe ansatz

In this section we apply the method of the Bethe ansatz to describe the bands of the SSH model
in the two excitation limit. In [24] the authors show that the application of this technique to
the two particle SSH is not so successful as it was in the BHM. The Bethe ansatz describes
successfully the bulk excitations (scattering states, doublons and even bulk-edge) but breaks
down when describing a finite lattice, so, we can’t obtain with it the edge states. In this section
we obtain analytically the scattering and bulk edge bands, the doublon band can be computed
but relies on numerical solution of a system of equations and needs an extension of the ansatz,
so we will not treat it. The Hamiltonian of the SSH model in the 2-excitation limit is given by:

N/2 N/2 N/2
=w Y D blbja— Z(b;r‘,Bbj:A + b},Ab]',B) —J2 Z(b},BijrLA + b}+1,Abj7B)+
j=la=AB j=1 j=1

U N/2
52 Rja(fje—1) (30)
j=1a=A,B

The subindex j refers to the unit cell in which a particle is created or destroyed and the subindex
a = A, B refers to the sublattice in which it is created or destroyed. As the system is number
conserving and we only have two excitations the wavefunction of the system can be written in the
form [¢) = 3", _4p ZN/ 2 o bin.abh o |0). Applying this wavefunction to the Hamiltonian

m,n=1
and using the Schrédinger equation we obtain the recurrence relations:
_Jl(ﬁBB + m,n) - J2( m 1 n ﬁll?’b-i-l) = EIBTI?L,B;, (31)
— (858 + fr‘{%) — LBl + Bintin) = Bmin
_Jl( ) - JQ(/Bm n+1 Tﬁﬁl,n) (8 - Uémn)

For a derivation of these equations and a derivation of the result see Appendix 6. Now we take
a Bethe ansatz of the form:

5%1/” — O gilk1(m+0a,B/2)+k2(n+dy,3/2)) (32)

The term on J,, p/2 appears because we consider that the lattice parameter is 1, so, the spacing
between sublattice A and B is 1/2. We also need to have in mind that even though bosonic
symmetry ensures that Bmy, = Bam in general C* # C7*. From the recurrence relation we
can obtain the expression of the energy in terms of the quasimomenta k; and ks of each quasi-

independent boson.

E::E\/J12+J22+2J1J2COS/€1:|:\/J12+J22+2J1J2COS]€2 (33)

Which is just the sum of two expressions like @ This is because the particles in the scattering
band are quasi-independent. The bulk edge band can be obtained from this but assuming that
either Ey, or Ej, is zero. The most meaningful plots are as a function of K = k; + ko. Plotting
the bands for all the values of the relative quasimomenta ¢ we obtain:
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Figure 19: (a) Scattering bands plotted in blue and bulk-edge bands plotted in red. (b) 3D plot
of the upper scattering band. (c¢) 3D plot of the intermediate scattering bands. (d) 3D plot of
the lower scattering band.

In Fig. [I9 we see the scattering and bulk-edge bands of the 2 particle SSH model obtained
analytically. The same analysis can be carried out with the doublon bands although it does
not give us nice analytical expressions for the bands and have to be solved numerically. The
derivation for the doublon bands can be seen at [24]. The importance of the analytical study
of this model is because it can help us obtaining a topological invariant for the 2 particle SSH
model which characterizes the doublon bands and gives us information about which band hosts
the edge doublons. This path is highly non trivial due to the breakdown of the Bethe ansatz,

as has been discussed in [24].
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6 Conclusions

6.1 Discussion of the main results

Throughout this TFG we have studied the problem of particle-particle interaction in different
tight-binding models, basically the Bose-Hubbard model and the Su-Schrieffer-Heeger model. In
our numerical study of the Bose-Hubbard model we found a quasiparticle called the doublon
which is a stable bound pair of two bosons. We showed that its energy depends on U, scaling
approximately £ ~ U for U — oo and that the energy of the scattering states didn’t depend
on U. We showed also that the doublons have different localization compared to the scattering
states. Then we applied an analytic technique called the Bethe ansatz to solve the BHM, and
found the energy bands of the system as a function of the centre of mass quasimomentum K
both for finite and infinite chains. In the N — oo limit we found analytical expressions for the
bands of the system which matched up with the results of the finite chain diagonalization and
the numerical solution of the Bethe equation.

Then we studied the SSH model in the 2 excitation limit. In the strongly dimerized limit we
saw a lot of different excitations. We showed that the states with topological nature were the
scattering edge state, the edge doublons and the bulk-edge state. We are not aware of any
publication in which they report the existence of the scattering edge state. We saw that there
could be quasiedge states in the low energy doublon band which were not topological in nature
and that in the trivial phase there could be Tamm states (topologically trivial edge states).
Then we studied the evolution of the energy bands, checking that the evolution of the doublon
bands in the strongly dimerized limit was given by the energies of the dimer and showing that
the antisymmetric doublon band was the one that hosts the Edge Doublons most of the time.
This has a discrepancy with other authors who see the edge states in the symmetric doublon
band. After this study of the strongly dimerized limit we studied the weakly dimerized limit.
In it we saw that for small |U| the edge states were not edge doublons yet. We saw that the
localization of the topological and trivial phases under a perturbation to the on-site potential
is the same as Aw — w. The system tends faster to equal localization of trivial and topological
phases state for larger N and for bigger U. We found that the most localized state for every |U]|
not super close to zero is the Scattering Edge state, what points out the major importance of
its existence. Even though the energy of this state does not depend on U its localization does,
because for bigger U it tends faster to the same localization as in the trivial phase. Finally
we applied the Bethe ansatz to the SSH model, what allowed us to obtain the scattering and
bulk-edge bands of the SSH model.

6.2 Experimental realization

The system we have studied during this TFG can be thought as a photonic system, because
of the bosonic nature of the particles. One conceptually simple realization of these photonic
systems is with coupled resonators [25]. The SSH model has been widely treated in photonics.
Some of the experimental realizations include photonic superlattices, photonic crystals, electro-
magnetic metamaterials and plasmonic nanoparticles, further work in 1D topological photonics
can be found in Sec. IV of [26]. Plasmonic nanoparticles seem to be a particularly useful
platform for the study of these systems [§]. Another suitable platform for the study of this
system are ultracold atoms [27]. Even though most of these systems are suited for the study
of SSH model, the realization of our model, with on-site boson-boson interaction may not be
easy to obtain. One way of implementing these interaction terms in systems is with quantum
simulators, one potential platform are topoelectrical circuits. In [2I] the authors show the for-
mation of interaction-induced topological states. For this study they create a bidimensional
circuit emulating the two particles on our lattice and have microresonators as the sites of the
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2D system. However, the most promising experimental system which fully shows the 2 particle
SSH physics, not being a simulation, is a superconducting quantum metamaterial like in [28].
In this article the authors study the 2 particle SSH model with a metamaterial which is an
array of transmon qubits. These qubits have some properties which can be tuned to obtain
the parameters of our model, the eigenfrequency of the qubits corresponds to wq, the coupling
between the qubits represents J 2 and the anharmonicity of a qubit models the photon-photon
interaction, which is related to U. With this metamaterial the authors study both the one and
two particle SSH models. They work with an odd number of sites and attractive interactions,
for this configuration they see that the edge doublon is on the symmetric band.

6.3 Future work

The main aspect which has remain opened after this work is the discrepancy between our results
of which doublon band hosts the edge states. This needs further analysis, maybe the effective
parameters § and ¢ in [24] have a different expression for an even number of sites, maybe the
relation 0 > 2|t| doesn’t hold when there are two detuned edges or it could also be that our
edge doublons in the antisymmetric band are formed for some other reason which we are not
aware of. Another possible continuation of this work is to try to obtain a topological invariant
which characterizes the doublon bands, in [24] the authors tried computing the Zak Phase but
it did not give meaningful information, i.e. it did not say anything about which band hosted
the edge doublons, for this reason they decided to use the connectivity of the vertices on a
quantum walk. The breakdown of the Bethe ansatz for a finite system makes the task of finding
another topological invariants specially difficult. Some other paths from this work which could
unveil new exciting physics are the study of the transport properties of this model, accounting
for dissipative processes which may take place, studying this same system in higher number of
excitations and in other geometries or perturbing the system in new ways, for example adding
a magnetic field like in [19], we think that as this perturbation does not break chiral symmetry
it could show specially robust states.
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