Supplementary Material

Appendix 1: The Bose-Hubbard dimer

We will start with the easiest case, a dimer with 2 excitations on it. This model will shed some
light on our path to two particle interaction, making it easier to understand future models.

One of the main changes between this and the 1 excitation dimer is the basis in which we are
working. In the two excitation limit we have a 3 element basis of the form 8 = {|2,0),|1,1),10,2)}.
Where the kets represent the two particles on the first site, one particle at each site or the two
particles on the second site. We have taken into account that the particles are indistinguishable
so, we can’t assign a label to each one and distinguish between a-b and b-a, for this reason there
are only three kets in the basis.

In this Basis the Hamiltonian reads:

2wo+U V2J 0

H= V2J 2wy V2J (34)
0 V2J 2wy +U
Since it is a 3x3 matrix, its eigenvalues and eigenvectors can be -
computed analytically. The energies of the dimer are: ‘ /

U U2 |
Eo= 5 42w —\[ - +4J2 B =2 +U . T
U U2 1/
Ey =5 + 2w+ + 4J2 (35) -

In Fig. we see a perfect match of the energies obtained nu-
merically with the energies obtained from direct diagonalization
of the matrix. The eigenvectors are:

Figure 20: Numerical and
analytical energies
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It is interesting to see that when U — oo the eigenvectors are:

. . 1 . 1
Jim [vo) = 1) Jim [vr) = = (120) 102)) - Jim Ji) = (120} +102))  (37)

So [¢g) corresponds to one excitation in each site and [¢1), [i2) are antisymmetric and sym-
metric combinations of the doubly occupied kets, respectively. It is also insightful to see the
states in the U — —oo limit.

Jlim_ o) = —=(20) +102) tim o) = —

So, we see that for attractive interactions |t¢g) and |¢2) switch their roles and the lowest energy
state is the symmetric combination of the doubly occupied kets.

(120) ~ [02)  lim_[go) = 10)  (38)
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Appendix 2: Bethe ansatz for the Bose Hubbard model with a finite chain

In this appendix we will use another notation different to the main text m,n now are j,k,
K k kq ko are respectively P p p1 po. We assume that the eigenfunction of this Hamiltonian is
of the form

DEDIIUTA (39)

i,k

This is because [H,); 7;] = 0. The ¢;; term is the one that carries all the information of the
wavefunction. Its square is the probability of finding one of the particles at site j and the other
one at k having the wavefunction |¢). Due to the particles being bosons it obeys ¢;i = ¢r;. We
want to write the Schrédinger equation as a recurrence relation between these coefficients. We
apply the Hamiltonian to our ket though we only use the term j of its sum

Hylo) = T 3 (05014010 10) + 65014 DL 10) + 6540100} 10) + 65 b1bL, 10)] 4TS 6000010} [0)
Jik 4.k
(40)
We now want only the terms which contain b; bz |0). Applying them to the Schrédinger equation
we get
— J(@jr1h + Gj—1k + Pjkr1 + Ojr—1) + Udjrdji = Egji (41)

The Bethe Ansatz method consists on supposing for ¢, a sort of plane wave ansatz given by
bj1 = (alzei(p1j+p2k) + a21€i(p1k+p2j))9(j —k)+ (amei(plkﬂ)zj) + a2lei(p1j+p2k))9(k —j) (42

Where 6(z) is the step function which obeys 6(0) = 1/2. What this equation means is that when
particle at site j is to the left of particle at site k 6(j — k) = 1,0(k — j) = 0 a1 is the weight of
the wavefunction that j has momentum p; and k has momentum po and ag; the weight on the
wavefunction of the particle at j having momentum po and k having momentum p;. When j is
at the right of k it’s exactly the contrary. This expression can be rewritten in a more intuitive
form defining the centre of mass coordinate and momentum X, P and the relative z, p as

XZ# r=j—k P=pi+p p:m;pz (43)
With a little bit of algebra we can show that
p1j +p2k = PX +plz| pik+p2j = PX — plz| (44)
So the Bethe Ansatz expressed in this coordinates is
ik = X <a12eip‘$| + a21€7ip|m|> (45)

We substitute this in . Let’s assume that j > k. If the particles are closer than in the ¢,
state x| = |z;i| — 1, this is the case for ¢j_1; and ¢;x41. If the particles are further apart
than in ¢ |z| = |z;,| + 1, this is the case in ¢; 41 and ¢;,_1. If the centre of mass is to the
right of the c.om. of ¢, X = X1 + %, this is the case in ¢j41 and ¢;,41. If the c.om. is to
the left X = X — % and this if the case in ¢;_1 x, ¢;x—1. Knowing this the recurrence relation
obtained from the Hamiltonian is:

. J[eiPXe+iP/2(a12eip|z\e+ip + a216—ip|x|e—ip) + eiPXe—iP/Q(al2eip|z\e—ip + a21e—ip|x|e+ip)+

+ eiPXe+iP/2(a12eip|J:|e—ip + azle—ip\ﬂe—i-ip) + eiPXe—iP/Z(a12eip|J:|e+ip + a21€_ip‘x|€_ip)}+

+ U(SxerPX (auewlw\ +(121€_Zp‘$|> — Ee’LPX (a1262p|x| +a21e—2p|x|>

(46)
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In the hopping part of the expression we see that term 1-4 and 2-3 have the same parenthesis
so it can be taken as a common factor and we obtain:

. P , . o . P I » A
—J [eZPXQ cos §(a12ezp\:v|e+w + agre” e ) + "X cos g(alzew‘xle P+ age ’p|$‘e+w) +

+ Ubyoe'tX (algeip‘xl + agle_ipm) = EettX (auei”'m' + agle_ipk“) (47)

. P . » . . y
— Je'PX 4 cos ) <alge”’|x| cosp + ase iplel cosp) + UbypetX <a1262p|$| + aste ’pm) =

= EetPX (algeipm + agle_“"x‘) (48)

For the off-diagonal terms the term in U vanishes so from this expression the energy of this
states is

P
E = —4Jcos 5 cosp (49)

A similar expression can be obtained with p; 2 and it is —2J(cosp; + cospz). We will take that
the expression describes the energy of both the scattering states j # k and the doublons
j = k. From this we can obtain a second expression, which relates a2 and as; and which will
allow us to obtain numerically the momentums of the states. All the wavefunctions for j = k
involved in the recurrence relation are

iPX( 6iP/2 iPX (a12eip+a21€7ip)€7ip/2

¢j; = e (arztazn) 91 = €T (arpePraze” ) Gj-15 =€

¢j,j*1 _ 6iPX (a12eip + a216—ip)e—iP/2 ¢j+1,j _ eiPX (a12eip + a216—ip)eiP/2 (50)
Substituting this in the Hamiltonian and the expression for the energy obtained before we get

A o P . P ;
— J(a12e”® + agle_’p)f}w(él cos + U,VZ]%((CMQ + as) = —4J cos ) cosp(aiz + agl),VZ]%( (51)

- P P P P _.
ai12 (—4Je’p co8 + 4.J cos 5 08P + U) = as <—4J €08 7 €08 + 4J cos 567”) — U) (52)

er=coszpsing (—4J gcosp—4chos§smp—|—4J 2cosp—|—U> =
P P P
as1 <—4J 5 Cosp — 44.J cos 3 sinp +4J < Cosp — U> (53)

We define the ratio of the coefficients as a function y(P, p) and we obtain that it is

y(Pp):@:_U—éliJcosgsinp (54)
’ ai12 U + 4iJ cos g sin p

We note that, as long as p € R, |y(P,p)| = 1 so we can express it just as a pure phase shift.
This is true for scattering states but doublons have complex p. Assuming periodic boundary
conditions ¢;1 = ¢; 141 We can obtain the values of P and note that they are quantized.

¢j1 _ a12€iP(j+1)/2(eip(j—1) + y(];)7 p)e—ip(j—l)) _ a126iP(j+L+1)/2(eip(L+1—j) —|—y(P, p)e—ip(L+1—j))
(55)
So P has to obey:

PUHLAY)/2 _ (iP(+1)/2 o iPL — | o P = 27n (56)
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2mn
p,="" 57
3 (57)

Where n € {1,2,..., L}. Knowing this, as P is in the equation in the form e%/2 we have
an extra term e = (—1)". Setting the parentheses equal we obtain

U= 4 y(P,, p)e PU=1 = (=1)(ePEH1=0) 4 y(P,, p)e P10y =
— (—1)neirhemii=D) 4 (~1)nemiPly(P, p)eii=D)  (58)
So, for this equation to hold we obtain the condition

(—=1)"e®" = y(P,, p) (59)

We have to solve this equation numerically.

Appendix 3: Analytical solution for the Bose Hubbard model with an infinite
chain

We start from and introduce an Ansatz of the form:
bik = e () (60)

Where ¢ = j—k and r = di is the relative coordinate where d is the lattice constant, that we usu-
ally take to be 1. K is the centre of mass quasi-momentum and k the relative quasimomentum.
Substituting in the equation we obtain

-/ (eiK(IK_d/m(bK(rifl) + KERAD e () B EZ2 g () 4 U Q)IZ)K(WA)) +

U0 (1) = BTy (ry)  (61)
—J (2 cos %w;((riq) + 2cos I;(i@ZJK(Tz’Jrl)) + Ubroy (1) = Erc(rs) (62)

We can define Jx = 2J cos % and we obtain a recurrence relation analogous (for r # 0) to the
1D tight-binding model.

— Ik (WK (ri-1) + Y (riv1)) + Udrotk (ri) = Extr(rs) (63)

Scattering states

We can consider that the 2 particles in a scattering state are asymptotically free. So the energy
of all the state is just the sum of the two energies. We consider that the two particles have
momenta q; = K/2+k qo = K/2 — k and substituting a plane wave solution 15 () = e***" and
U=0in we obtain

Kd
B = Egy + By, = —4J cos - coskd = —2J coskd (64)

This is the result we used in substituting the maximum and minimum values that cos kd
can have. We also see in the plot that the density of states in the scattering band is not constant.
We can also obtain an expression for this.

L 0k

" 21 OF (65)
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E —F ok -1 -1
— —— =coskd= k(E) =d Yarccos — = — =d ! 66
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L 1 L 1
p(E, K) (67)

" 2rd /4J12<—E2 ~ 2md V/(4J cos Kd/2)? — E?

Figure 21: Density of states as a function of K and E for the N — oo limit of the Bose Hubbard
model.

We can obtain the wavefunction of the scattering states assuming an Ansatz of the form
YK k(i) = Asinkd|i| + C cos kdi (68)

With the initial condition 1(r9) = C. Substituting the expression for the energy and this Ansatz
in in ¢ = 0 we obtain

—JK(ipK’k(l)—HﬁK,k(—l)) = (E—U)@bK’k(O) = —2JK(ASin kd—i—ﬁ'—eﬁsﬁj = (ﬁulK'COS’kﬂ—U)C
(69)

v (70)

4= C2JK sin kd

And substituting this relation between A and C in the ansatz we obtain an expression for the
wavefunction of the scattering states.

Kkrl p— i 1 i = i 7 .K, —1 ze_. s
Vi k(i) = Ccoskry+ C sin k|r;| = etklrileircn 4 g=iklril =i (71)

U
2J sin kd
Where dg 1 is a phase shift made by the interaction which is given by

U

S 2
2JK sin kd (7 )

tan 6K,k =

In the limit U — 0 this gives us the trivial two non-interacting boson solution cos kr; and in
the limit U/Jx — oo this gives us a fermionized’ solution that is sin k|r;|, which makes sense
because in that limit we are doing the same as in the Pauli exclusion principle.
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Doublons
For the doublons we use an exponential ansatz of the form
Yic(ry) = Cap) (73)

Where C' is a normalization factor. Substituting this ansatz on both for ¢ = 0 and ¢ # 0 we
obtain

—2Jgax +U = EID(OUbl (74)
—JK(ozlé‘*1 + a';l(lﬂ) = EI?WI’ZOJ;('
If we set ¢ = 1 in the second equation and substitute we obtain
—Jk(1+a%) = —2Jga3 +Uag = Jgak — Uy, — Jg =0 (75)

Whose solution is, defining Ux = U/2Jk

ax =Ug £ /U +1 (76)

For the state to be normalizable |ax| < 1. Taking this into account for attractive interactions

we obtain
aK:\/L{%(—i—l—\Um EI’?‘”‘M:—\/U2+4J12( (77)
U |4]
prclrg) = 4L (x/u;{ 1o |uK\) (78)

VUE+1
And for repulsive interactions:

ag =Ug —\JUE +1 ER™ = /U2 +4J% (79)

This expression for the energy is the one we used in . Its wavefunction is:

/U 4]

Vi (ri) = Vx| (LIK — U+ 1> (80)
YUz +1

Appendix 4: Non-Interacting Bosons in the SSH model

In this appendix we show that some of the excitations in
the 2 particle SSH model can be understood looking at

2 « Bulk-Bulk States /
the system with two particles without interaction. One T pie bge Srates
. ulk-Edge States
class of states nicely seen in the non interacting limit is 1 igScatborin bankis -
88 Bulk-Edge bands

the bulk-edge states. There are three classes of states
in this system:

w o P

-1 {——

e Bulk-Bulk states: The two particles are in the

bulk of the material. 2| —
o 50 100 150 200
e Bulk-Edge states: One of the particles is in the Index of eigenvalue
bulk of the material while the other one is local-
ized at one of the edges. Figure 22: Energy plot for J; = 0.1,

wo=0and Jo =1
e Edge-Edge states: The two particles are local-

ized at the ends of the chain.
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We have three bulk-bulk energy bands, with two bulk-
edge bands with energies in between them. We also see that there are three edge-edge states
with zero energy. We can see the form of the edge-edge states in Figure
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Figure 23: Edge states of non interacting bosons for J; = 0.5 Jy =1

We can see that (a) and (c) are mostly localized at one of the edges while (b) is localized on
both of them. This is made by the little perturbation added to wp that breaks chiral symmetry,
making the edges slightly different.

It is also interesting to see the form of the bulk-edge

states, like the one shown at the right. We see that
either x or y is localized in one edge. e
125 >
In figure [22| we showed some energy bands, which can Yo A
be obtained from the expression of the bands in the 1 =
particle model. Its expressions for the bulk-bulk bands =
0 5 § 15 0

are—2Jo — 2J1 < E < =2Jo 4+ 2Jy; —2J1 < E < 2Jy;

2Jo —2J1 < E <2Jy+ 2J;.

The bulk-edge bands have the same bands as the 1- Figure 24: 2D plot of a bulk-edge
particle SSH model —Jo — J; < E < —Jo+Jy; Jo—J; < State

FE < Jy+ Jp. All the differences between the states can

be seen in the PR plots.

ool B 1 {".Bulk-Bulk
- -®
(a) | % =< | (b) | -Bulk-Edge
* *Edge-Edge
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Figure 25: (a) PR of the states as a function of their energy for N =20 wy =2 J; = 0.5 Jp =
1.(b) PR as a function of N for wg =2 J; =0.1 Jo = 1.

In (a) we see that the three classes of states have different PR. Bulk-bulk states have the biggest
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PR and Edge-edge states the lowest. We can see the scaling with N in the plot (b). We see
that bulk-bulk states scale quadratically, bulk-edge states scale linearly and edge-edge states
stay constant. This is the behaviour expected for each class of states.

In the trivial phase the only class of states seen 2 /
is the bulk-bulk states. Their energy bands . Bulk. Bulk States

can also be obtained from the energy bands Bulk-Bulk Bands

of the 1 particle SSH model and are given by: =
—2Jy —2J; < E < —2J1+2Jy; 2Jb<E< =&
2; 201 — 20y < E < 2Jp + 2.J5. ° —_—
The fact that we only see bulk-bulk states sug-
gests that both the edge-edge and bulk-edge
states are topological in nature. } /
In the next section we will work with interact-
ing bosons in the SSH model, this means that
we will see states like the doublons shown in
the Bose-Hubbard model, and we will see that
they can exhibit topological properties.

0 50 100 150 200
Index of eigenvalue

Figure 26: Energy plot of the 2 particle SSH
model in the trivial phase with parameters
J1:1J2:0.1w0:0.

Appendix 5: Further numerical study of the weakly dimerized limit

A5.1: Weakly dimerized limit with large wy

When we set a very big
wo we obtain the plot at
II{H}

the right. We see that 22 A Lowest PR

2nd lowest PR
3rd lowest PR

around U/.Js ~ 4 the Scat-
tering Edge state starts to 20 °
be the second most local-
ized, then the third and for 18
U/Jy ~ 6 there are three
more localized states in the <

’ = 16
doublon bands. This does M
not mean that we don’t
have a Scattering Edge
state for U/Jy > 6 or
that we have three edge 121 . e 20
doublons. What happens :
is that the edge doublons 1 == e
and bulk (.ioublons become 0 3 A 6 3
very localized, not because Ul
J1,2 is strong but because -
of the large values of wy
and U. This localization
causes the edge doublon to
be the state with lowest
PR and causes some bulk doublons to be more localized than the scattering edge state. Even
though the 2nd and 3rd lowest PR now fall on the symmetric band the edge doublon (triangles)
is still on the antisymmetric band. In this section we have shown another path to localization of
the edge states which relies on the on-site potential wg and the particle-particle repulsion rather
on the nearest neighbour couplings Ji, Js.

]

[r=e=th

Figure 27: Evolution of the energies of the system as a function of
U. Parameters: N =20, J; =1, Jo = 1.5 and wy = 10.
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A5.2: Absolute plots of localization on the weakly dimerized limit

In this section we show the absolute plots of the min(PR) for both phases rather than their
difference. This lets us distinguish which phase suffers more the effects of the perturbation.

o ml I M B .fffm} : Topolsin phese
£ “{lh hfh {l“f[lf
10 '*mmmtmli 0 .........hfifimn Pt fesnriefd {HH
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Figure 28: Plots of the minimun of PR in each phase for the weakly dimerized limit for U =
0.05.J2. Same parameters as Fig. 18 (a)N = 20. (b)N =40. (¢)N = 40 in logarithmic scale.

In these plots we see clearly that the perturbation affects more the minimum PR of the trivial
phase. This is reasonable because the topological phase already has localization. For small
values of Aw the trivial phase first delocalizes (increases its min(PR)) and around Aw/w ~ 0.25
for N = 20 it starts to localize. In (b) we see clearly that this also happens for a longer chain
although it starts localizing before. In (c) we see that the decaying to the trivial localized phase
fits correctly to an exponential after the first peak, i.e. it is linear in logarithmic scale.

Appendix 6: Bethe ansatz for the Su-Schrieffer-Heeger model with an infinite
chain

The Hamiltonian for the SSH model in the 2 excitation limit reads

H=—J1)> (b bpm+ b bam) = J2 > (bl 108 m + b bamen)+

m m

+ % ;(m,m(m,m — 1)+ Apm(fipm — 1)) (81)

Where A & B refer to the two sublattices because we have two elements on the basis. We assume
that our wavefunction is of the form

|¢> = Z Zﬁ%%gl,mgjry,n

a"y:A7B m,n

0) (82)

Applying the m-th term of the Hamiltonian to the wavefunction the Schrodinger equation reads

Hon [9) = —J1 > ABEIDN b1, 10) + Bl 0L 10) + BEEBL, .01, 10) + Boabl, bl 10}

a?’)/?m?n

~ ~ A ~ ~ ~ ~ ~ ~
- J2 Z {B’rﬁ%bTA,m-‘rley,n ’0> + /Bmllnbg,mbjy,n ‘O> + 6gngbg,mbTA,n+1 ‘0> + BﬁLﬁﬁ-lbl@mbTB,n |0>}

a?’%m?n

HU Y GanOmnBohbhmbl 0y =2 > pabl b1, 10) (83)

av’Yumun a777m7n

Taking the terms in BL ml;TA ., |0) and the others in AB, BA & BB we can obtain four recurrence
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relations.

— 1B + Binn) — Jz(ﬂm 1n+/8mn 1) = (€ = Ubpn) B
_Jl( BB + m,n) - JQ( m ln rﬁéwrl) = Eﬁrﬁi ]4
(s ) — RO+ ) = ol Y
_Jl(ﬁ ) - JQ(Bm n+1 ﬁm-‘,—l n) ( - U(Smn)ﬁ

These four equations describe all the possible ways of getting to a given state By, via intra-cell
hopping (J1) or via inter-cell hopping (J2). We have written four equations and it may seem
like two of them are redundant because of bosonic symmetry and it is true, the third equation
can be obtained from the second via this symmetry, nonetheless when writing an Ansatz for this
equations we will only take the intracell coordinate AA, AB, BA & BB to mark the states and
BAB £ BBA what is true is 5;27 Bnm, this is the reason why we write the four equations.

Scattering Bands

Once we have the recurrence relations we can substitute an Ansatz and derive from there the
dispersion relation. The Ansatz is of the form

%’Tn — Ca’yei(kfl(m+6073/2)+k2(n+6%3/2)) <85)
This is a similar way to write the ansatz as in the paper by Gorlach et al, the only thing is that
they do not use the sublattices A, B, I find this use more physically meaningful and this is why

I use it. We have to keep in mind that with this definition we’re assuming a lattice parameter of
a =1/ between A-B and 1 between A-A, and with this we will obtain a similar results to them.

Substituting this Ansatz we obtain

—J (CBA ik1/2 CAB ik2/2) _ JQ(CBA —ik1/2 CABe—ikg/Q) _ z—:CAA
(CAA + CBB Zk1/2 lk2/2) _ J2(C lk2/2 + CBB 7’”{1/2 ’ik‘2/2> _ €CAB€U€2/2
—Jl(c CBB ik1/2 zk2/2) o JQ(CAA ik +CBB ik1/2 —zk2/2) CBA ik1/2
—Jl(CBA zk1/2 CABeik2/2) _ JQ(CBA 1k1/2 iko —I—CAB zklezk2/2) _ chB zk1/2 tka /2
(86)
We can simplify the exponentials with € and we know that for an homogeneous system to have
a non-trivial solution its determinant has to vanish. The determinant to solve is

—e _JleikQ/Q _ J267ik2/2 _Jleik1/2 _ J2efik1/2 0
_Jle—ik2/2 _ JQeik:g/Q —e 0 _Jleik1/2 _ J2€—ik1/2
_Jye-iki/2 _ g/ 0 . _Jyeitel2 _ Jyeika/2 | T 0
0 _Jlefikl/Q _ J2€ik1/2 _Jlefikg/Z _ JQ€ik2/2 —e

(87)
We see that the matrix is hermitian, as it should be. We define the following variables which
will simplify the following calculations.

Ty = Jie®il2 4 Joemkil2 = Jrem /2 4 Jpethi/2 (88)
In terms of this variables the expression of the determinant is much easier:

—& —Jk2 _Jk1 0
~Jy - 0 —Jy

2 =
N R (89)
0 —Jp —J;, e
= et = 22(| Tk P + | Thal?) + [Taa [* 4 [T |* = 20Tk, [P T > = 0 (90)
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The following identities will be useful
|, |? = JZ + J3 4 2J1Jacos k; (91)
[T, |21k, |? = JE + Jy + 2J7J5 + 4J7J3 cos ki cos kj + 2J1J2(JF + J3 ) (cos ki + cos k) (92)
= et —4e?(JE 4+ JZ + J1Ja(cosky + cos ko)) + 4T J3(cos kg — cos k)2 =0 (93)

So, we obtain an expression for the energy in terms of ki1 and ky. This expression is analogous
to (S5) in the paper by Gorlach taking into account that our lattice parameter is half of theirs.
We can obtain the energies, which are given by the expression

e== [2(J12 + J2 4 JyJo(cos ky 4 cosky))

1/2
iQ\/Jf + J§ +2J2J2(1 + 2cos ky cos ko) + 2J1Ja(J? + J2)(cos k1 + cos ka) (94)

This expression gives us four bands, two of which overlap. Using the identity /p + /g =
\/P+ q+ 2,/pq these energy bands can be rewritten in the more familiar form:

e = /T2 + I+ 201 Ty cos ki £ \J T2+ T} + 21 Ty cos ky (95)

Which is just the sum of two contributions of the form @ of the energies of the 1 particle SSH.
This is the result we would expect, just the sum of the energies, because the scattering bands are
with independent particles. We have obtained similar results( energy is the sum of the energies)
for the Bose-Hubbard model, even though this is true, the wavefunction is not the product of
independent wavefunctions and in it U does play a role.
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