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Abstract

Fermat’s last theorem states that the equation x" 4-y" = z"* does not have any non-trivial integral solution.
In this work we will show the general setting of this theorem and discuss the principal ideas of Kummer’s
approach and the most natural relations between the mathematical objects that are behind it, which will
allow us to understand the proof of the cases n = p, with p regular prime. Finally, we will give a short
comment about the relations between elliptic curves and modular forms that allowed Andrew Wiles to
achieve a general and definitive proof for Fermat’s conjecture.
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Resumen

El objetivo de este trabajo es introducir los conceptos necesarios para entender la demostracion del
Ultimo Teorema de Fermat para el caso de primos regulares. La mayor parte de las nociones nuevas
que explicaremos aparecen de forma natural a la hora de tratar con problemas algebraicos relacionados
con la teoria de anillos conmutativos y las extensiones finitas de cuerpos, las cuales han sido objeto de
estudio en las asignaturas de Estructuras algebraicas, Grupos y Teoria de Galois impartidas en el grado
de matematicas de la Universidad de Zaragoza. Por ello, se ha intentado que todo lo ilustrado aqui sea
accesible a cualquier estudiante de matematicas con un conocimiento bdsico sobre estos temas. Debido
a eso mismo, este trabajo estd mas focalizado en discutir las ideas fundamentales que rodean al Ultimo
Teorema de Fermat, y establecer las relaciones mds generales entre ellas, que en comprender de manera
exhaustiva cada una de las mismas.

En la introduccién se hard un breve comentario sobre los origenes del Ultimo Teorema de Fermat y
los intentos y métodos empleados para resolver ciertos casos particulares, como el cason =3 o n = 4.
Se mencionara ademas, de manera esquematica, las ideas que permitieron a Ernst Kummer demostrar
el Ultimo Teorema de Fermat para el caso de primos regulares.

El capitulo primero lo empezaremos con un breve repaso de los conceptos basicos de la teoria alge-
braica de nimeros, como lo son los nimeros algebraicos y los polinomios minimos asociados a ellos,
asi como las relaciones entre estos y las extensiones finitas de cuerpos. Después introduciremos los en-
teros algebraicos, mds concretamente, el anillo de enteros de un cuerpo de nimeros, y describiremos la
norma de un nimero algebraico y el discriminante de un cuerpo de nimeros como objetos que permiten
“trasladar” informacion de una estructura matematica mas o menos compleja a otra mas simple.

En el capitulo segundo tomaremos un nivel mayor de abstraccion. Repasaremos nociones bésicas de
la teoria de anillos, tales como dominio de integridad o ideal, y generalizaremos estos dltimos definiendo
lo que se viene a llamar un ideal fraccionario. Esto nos permitird hablar de dominios de Dedekind,
definidos como dominios de integridad en los cuales cualquier ideal fraccionario no nulo es invertible, y
estudiar propiedades de ellos relacionadas con la factorizacién de sus ideales y elementos. En concreto,
probaremos que cualquier ideal no nulo de un dominio de Dedekind factoriza de manera tnica como
producto de ideales primos. Veremos que cada anillo de enteros es un dominio de Dedekind, y acabare-
mos definiendo el grupo de clase Hg de un cuerpo de nimeros K como cierto cociente de su grupo de
ideales fraccionarios, probando su finitud.

En el capitulo tercero introduciremos la nocién de primo regular. Concretamente, se dice que un
nimero primo p impar es regular si no divide el orden del grupo de clase del cuerpo Q({,), donde (), es
una raiz distinta de 1 del polinomio x” — 1. Veremos que el anillo de enteros de Q({,,) es precisamente
Z[C,). Después de estudiar las caracteristicas generales de este anillo a partir de los resultados de los
capitulos anteriores, mencionaremos los enunciados técnicos necesarios para poder demostrar el primer
caso del Ultimo Teorema de Fermat para primos regulares, y expondremos una demostracién del mismo.

En el capitulo cuarto haremos un breve repaso de las ideas que fundamentan la llamada teoria de
cuerpos de clases, tales como la ramificacion de un ideal primo de un anillo de enteros en otras ex-



vi Resumen

tensiones y la existencia del cuerpo de clases de Hilbert. Definiremos el discriminante relativo de una
extension finita de cuerpos de nimeros, como generalizacion del discriminante anteriormente intro-
ducido, y veremos su relacién con las ramificaciones de ideales primos de Z en Z[(,| y de Z[(,] en
cualquier extension finita que lo contenga. Esto nos permitird demostrar una versiéon débil del Lemma
de Kummer sobre las unidades de Z[{,] y, con ello, mostrar una demostracién del segundo caso del
Ultimo Teorema de Fermat para primos regulares.

Finalmente, en el dltimo capitulo esbozaremos de manera esquemadtica los objetos matemaéticos e
ideas que permitieron obtener una demostracion general del Ultimo Teorema de Fermat.
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Chapter 0

Introduction

Fermat’s Last Theorem is probably the most famous theorem of all time. Since its origins in the early
17" century until mathematicians found a definitive proof for it, more than 350 years passed and many
mathematical objects which we are nowadays used to work with were introduced or developed in order
to find a solution to that problem.

Fermat’s Last Theorem was firstly stated as a conjecture in 1637 by Pierre de Fermat, a jurist and
an amateur mathematician, while he was reading the classic text of mathematics Arithmetica from Dio-
phantus of Alexandria. In that book he found a page were Pythagoras’s Theorem was explained and
Fermat asked himself if that theorem could be extended somehow. Euclides’s Theorem tells us that any
solution to the equation x> + y*> = z* with pairwise coprime natural numbers x,y, z is, after a possible
permutation of x and y, of the form x = 2rs, y = r*> —s?, z = r* +s°, where r,s are coprime, r > s and
exactly one of them is odd. Therefore, there are infinitely many non-trivial solutions to the equation
x? +y? = 7%, where x,y,z € Z. So Fermat wondered about what may happen if we change the exponent
2 by another different natural number. After playing a bit with the equation he claimed that in fact
there are no non-trivial solutions in Z for any natural number greater or equal than 3. More formally: If
0 # x,y,z € Z then the equation

does not have a solution for any natural number n > 3. He realised that if his conjecture was true for
some natural number # then it should be true for any multiple m of it. For that let m = nr and assume
the conjecture is false for m, that is the equation x™ 4y = 7 has a non-trivial solution. If that happens,
then (x")" + (y")" = (z")" is a solution for n, which contradicts the conjecture being true for n. From this
argument he deduced that in order to prove his conjecture he should only focus on the cases n = 4 and
n = p odd prime number. In fact, he claimed to have found a method for proving all the cases, but no
one has ever found any evidence of this fact. Anyway, by using an infinite descent argument he proved
correctly the case n = 4. We show the proof here.

Theorem 0.1. If0 # x,y,z € Z then the equation x* +y* = z* does not have a solution.

Proof. It is enough to prove that there are no solutions to the equation x* +y* = z? because if there is

a solution to x* +y* = z* then x,y,z” is a solution for the first equation. As every exponent is even we

may assume x,y, Z positive integers. We can also assume x, y, z pairwise relatively prime because if there

is a prime number dividing two of them then it must divide the other one, so we can take that factor out.
Let’s take a solution (x,y,z) of mimimal z. By Euclides’s Theorem we have

==y =2rs, =1+

where x,z are odd, y is even and r,s are coprime. We have x> = r> + s> with x,s coprime because

otherwise r,s would have a common factor. Thus, by Euclides’s Theorem again we get, since x is odd,

x2:a2—b2, s = 2ab, r=a*+b?
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with a, b coprime positive integers. If we substitute it in y?> = 2rs we get y*> = 4ab(a® + b?), so y must be
even. Let’s write y = 2k, then we have k> = ab(a® + b?). But, since a,b,a” + b* are pairwise relatively
prime and ab(a2 + bz) is a square we must have a = 2, b=d?, a*+b* = e* for some c,d,e pairwise
relatively prime. Therefore, substituting we get

F=d?+v*=c+a*

which is a solution to x* + y4 =72 Bute=a?>+b*=r<z as 7 = r* + 5%, which contradicts the
mimimality of z. 0

More than one century after Fermat’s discovery, Leonhard Euler gave several proofs for the case
p = 3. In one of those proofs, while studying the possible factorization of the equation x> +y> = 2,
Euler used complex numbers of the form x + 3iy, where x,y € Z, which helped him to solve the problem.
However, the proof contained some gaps because he was assuming properties of these numbers as if they
were ordinary integers. More concretely, by the Fundamental Theorem of Arithmetic, we know that
every element 0 # z € Z can be factored uniquely, up to the order of the factors, as z = up}'...p}*, where
each p; is a different prime number and u is an invertible element in Z. Recall that the only invertible
elements in Z are 1. Euler did not realise that but in his proof he was using the same property of the
factorization in Z but in the ring Z[i] :== {a+bi: a,b € Z}. In fact this property holds in Z[i] but Euler
did not realise he needed to prove it in order to prove his theorem.

In the more general case, given a ring R, any invertible element is called a unit. Also, we say that an
element 0 £ p € R is prime if p is not a unit and whenever p divides ab for some a,b € R, then either
p divides a or p divides b. The property of factorization that holds in particular in Z and in Z[i] can be
stated as follows:

Definition. Let R be a ring which is commutative, unital (1 € R) and with the property that whenever
ab =0, then either a =0 or b = 0. Then we say that R is a unique factorization domain (UFD) if every
0 # a factors uniquely as a = up''...p, where u is a unit of R and each p; is a distinct prime element of
R.

Anyway, Euler gave another proof just using elementary notions and an infinite descent argument,
so from that moment on mathematicians could focus only on the case n = p, with p prime grater or
equal than 5. However, the problem is still complicated because there are infinitely many primes, so it
would be nice to find more general methods to solve it. It was the mathematician Sophie Germain the
first one to do it. She found it convenient to divide the problem into two cases:

L.p{x,yz

2. plxand pty,z

As Fermat realised, if p|x,y then p must divide z and we can take the factor p out. Also, as p is odd, if
(a,b,c) is a solution for x” 4+ yP = z”, then (a,b, —c) is a solution for x” + y” 4z = 0 and viceversa, so
the equation is symmetric and we can assume p|x. Therefore, if mathematicians were able to prove both
cases, Fermat’s Last Theorem would be finally solved. She proved the first case for all prime numbers
p < 97. Legendre proved the second case for p = 5 using ideas on Dirichlet, and Gabriel Lamé proved
the case p =17.

On 1 March 1847, Lamé adressed the Paris Academy and announced a complete proof of Fermat’s
Last Theorem and explained it to his colleagues. He had factorized the equation x” 4+ y” = z” as

(x+y)(x+Epy)...(x+ lefl) — P

where 1 # , is root of the polynomial x” — 1 and claimed that any of those linear factors was prime to
the others. From that fact he derived a contradiction. While checking the proof, Liouville pointed out
that in his argument he was assuming that Z[{,] was UFD for any odd prime, and that may not be true.
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In fact, three years before the german mathematician Ernst Kummer showed that for p = 23 the ring
Z[&,) is not UFD so Lamé argument failed.

In 1850 Kummer produced a very nice proof for what he called “regular primes”. It was the most
important step taken in 200 years since Fermat stated his conjecture. In order to prove that, Kummer
wondered if some good properties of factorization in Z could be extended to some Z[{,]. He defined
the concept of “ideal number”, what was further developed by Dedekind as the notion of ideal of a ring
we are used to, and proved that even if we cannot talk about the unique factorization of elements in
Z[8,] we can say somehow that its ideals factor uniquely. Recall that any {), is a root of the monic poly-
nomial x” — 1 € Q[x] and the polynomial ring is an Euclidean domain, meaning that we have division
algorithm for its elements in a similar way we do in Z, so it is a nice polynomial ring to work with.
In fact, given any root @ of a monic polynomial p(x) € Q[x] we can define the field Q(ot). This field
contains Q so it is a field extension of it. Kummer worked in field extensions of Q of the form Q((,)
because Z[{,] C Q({,), and revealed valuable information of those domains. This led him to introduce
the notion of the class group of a field of the form Q({,,) and define what is called a regular prime.

We will introduce all the necessary concepts to understand Kummer’s approach and study them in a
more general way. After that, we will be able to prove Fermat’s Last Theorem for regular primes.



Chapter 1

The ring of integers of a number field

We start by doing a review of some basic concepts of algebraic number theory. Then we will introduce
the ring of integers of a number field and see some properties of it.

Definition. Given a subfield K of C, an element o € C is said to be algebraic over K if Ip(x) € K|x]
monic such that p(a) = 0. If K = Q we say that o is an algebraic number.

Example 1. V2 isan algebraic number, as V2 is a root of 2-2¢e Q|[x], but for example w is not, as it
is not a root of any polynomial in Q.

For any algebraic number o we denote by Q( ) the smallest field that contains Q and «. It can be
checked that Q(a) = Q[x]/(p(x)) as fields, where (p(x)) is the maximal ideal generated by p(x) and
p(x) is the unique monic irreducible polynomial over Q of minimal degree satisfying p(a) = 0. In that
case, p(x) is called the minimum polynomial of & over Q.

Having now that Q(«) is a field , which contains Q by definition, we can see Q(c) as a field
extension of Q and also as a vector space over Q. We denote [Q(¢t) : Q] = dimgQ(a).

Lemma 1.1. (/2, 1.4]) For any algebraic number o, [Q(c) : Q] = n = deg(p(x)) where p(x) is its
minimum polynomial over Q.

In Example 1 we can see that p(x) = x> — 2 is the minimum polynomial of v/2 over Q because
otherwise p(x) should have degree 1, which is impossible since v/2 ¢ Q. At the same time,
as (vV2)2 =2 € Q, we have Q(a) = {a+bVv2: a,b € Q}, so dimgQ(V/2) = 2 = deg(x* — 2).

On the other hand, we have said that 7 is not an algebraic number, which actually depends on the
fact that [Q(7) : Q] = eo. This led us to characterize algebraic numbers in terms of finite field extensions

of Q.

Proposition 1.2. ([3, Thm 1.11]) An element o € C is an algebraic number if and only if
Q) : Q] < eo.

We call Q the set of algebraic numbers. For any a, 8 € Q, we have a+ 8, a,a~',B~! € Q(a, B),
which is a finite field extension of QQ, so we get:

Theorem 1.3. (/3, Thm 2.1]) Q is a field.
Definition. A subfield K of C is called a number field if [K : Q] < oo.

By Proposition 1.2 this implies K C Q, in other words, K = Q(¢, ..., @,) for some m € N, where
o; € Q Vi=1,...,m. Using induction on m we can prove the following:

Theorem 1.4. ([3, Thm 2.2]) If K is a number field then K = Q(0) for some 6 € Q.

Remark. As a finite dimensional vector space over Q, a Q-basis of a number field K = Q(0) exists in
the natural sense. If [Q(0) : Q] =n, {1,0,...,0"'} is a common basis to work with.

4
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As we have said, any number field K = Q(6) is isomorphic to Q[x]/(p(x)), where p(x) is the
minimum polynomial of 8 over Q. The study of these number fields in terms of groups of permutations
acting on the roots of their respective associated irreducible polynomials is a part of an abstract algebraic
theory known as Galois Theory, in honor to the mathematician Evariste Galois, who was the first one to
take this approach. The Galois group Gal(K/Q) of a number field K is exactly
AutK := {0 : K — K : 0 isomorphism}. The next theorem relates the number of elements in Gal(K/Q)
with [K: Q).

Theorem 1.5. Let K = Q(0) be a number field with [K : Q] = n. Then there are exactly n different
monomorphisms o; : K — C. The elements 6;(0) = 6; are the distinct zeros of p(x), where p(x) is the
minimum polynomial of 6 over Q.

Proof. First recall that as p(x) is monic of minimal degree then it is irreducible, that is it cannot be
factored into two non-constant polynomials of degree less than n. As the characteristic of Q is 0, we
know that every irreducible polynomial over Q is separable, that is, all its roots are distinct. So call
01,..., 0, the different roots of p(x). Given any 6; with p;(x) its minimum polynomial, then

0 = pi(6;) = p(6;). Recall that Q[x] is an Euclidean Domain, so we can apply division algorithm. Using
the fact that p;(x) is monic of minimal degree we get p;(x)|p(x) and p(x) monic and irreducible implies
pi(x) =p(x),Vi=1,...,n. Sowe have Q(6;) = Q[x]/(pi(x)) = Q[x]/(p(x)) = Q(O), hence they are iso-
morphic. So given any field isomorphism 6 : Q(0) — Q(6;) as (1) =1 and 6(a+b) = o(a) + o(b)
we have o(n) =n Vn €N, and as (1) = (o(n))~! we deduce 6(q) =g Vg € Q. Therefore, as
Q(8),Q(6;) can be seen as Q-vector spaces with basis {1,0,...,0"'},{1,6;, ..., 91.”_1} respectively, &
is determined by the value of ¢(0). From here it is easy to see that, for i = 1,...,n, each 6(6) = 6;
induces a different field isomorphism and therefore a different monomorphism from K into C.

On the other hand, if 6 : K — C is a monomorphism then by the same reason ¢ (g) = g Vq € Q.
Hence, 0 = o(p(0)) = p(c(0)), so o(0) = 6; for some i. O

Corollary 1.6. If [K : Q] = n then |Gal(K/Q)| <n

Proof. Any o € Gal(K/Q) induces a unique monomorphism ¢’ : K — K C C so by the previous theo-
rem it has to be one of the n possible ones. O

Remark. There are some examples, as K = Q(~/2), where Gal(K/Q) < [K : Q]. In case

Gal(K/Q) = [K : Q], we say that K/Q is a Galois extension. This is equivalent to say that every root
of p(x) is in K. In the more general case, given any two fields K,F and a finite field extension K/F
we can also define its Galois group as Gal(K/F) :={o € AutK : o(o) = a Vo € F} but in that case
it is a subgroup of AutK, not necessarily equal to it. In case F = Q the equality holds because any
automorphism of K fixes Q. We say that K /F is a Galois extension if |Gal(K/F)| = [K : F| = dimpK
as a vector space.

For any o € K the elements o;() i = 1,...,n are called the K-conjugates of . Recall that they do
not need to be different i.e. 0;(¢q) = ¢q Vg € Q Vi. The product of these K-conjugates of « is called the
norm of @ in K and is denoted by N(a). As all the o]s are homomorphisms, this norm is multiplicative.
Also, it can be checked (see [3, Thm 2.6]) that the K-conjugates of o are the roots of some polynomial
q(x) = p(x)* € Q[x], where s € N and p(x) is the minimum polynomial of ¢, so by Cardano-Vieta
relations we know that the product of the K-conjugates of «, that is N(a), is up to sign, the term of
degree 0 of g(x). Hence, N(a) € Q Va € K.

Using the K-conjugates, the next definition, as the norm does, gives a nice tool to study number
fields.

Definition. Ler K = Q(60) be a number field and {a, ..., 0, } a Q-basis for it. Then the discriminant of
the basis is defined as Al ..., ;] = (det[o;(t})])?
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Taking the basis {1,6,...,0" '} one can check that
0#A[1,0,...0" '] =TI..;(6'—6/)* € Q

Then, as K = Q(6) is a Q-vector space and the discriminant is multiplicative, if {¢, ..., 0, } is another
basis then there exists and invertible matrix C with coeffiecients in Q such that
Ay, ..., 0] = (detC)?A[1,0,...,0" 1] € Q. So we have:

Proposition 1.7. Given K = Q(60) a number field and a, ..., o, a Q-basis for it. Then
0£A:=Aoy,....,0,] €Q

In the introduction we have mentioned in some rings the unique factorization of elements does
not always hold, so it would be nice to find domains that help us to study the structure behind those
factorizations. The best choice for that is the ring of integers of a given number field.

Definition. An algebraic number o is called an algebraic integer if its minimum polynomial belongs to
Z[x]. We denote the set of algebraic integers by .

Example 2. V2 € © as x> —2 € Z[x], but § ¢ © since x—} ¢ Z[x]. In fact, Vg € Q\ Z we have q ¢ D.

Remark. In some mathematical articles algebraic integers are defined in a different way. They say
that o an algebraic integer if p(x) € Z[x] monic such that p(a) = 0. In fact these two definitions are
equivalent (see [3, Lemma 2.13])

In the same way that we characterize algebraic numbers in terms of finite field extensions of Q we
can characterize algebraic integers in terms of finitely generated additive groups.

Proposition 1.8. (/3, Lemma 2.8]) 6 € ® if and only if the additive group generated by {1,0,62,...}
is finitely generated.

The proof depends mostly of the fact that if the minimum polynomial of 0 has degree n then
=Y ;0" and hence all 8™ m > n, can be written as a linear combination of {1,8,...,6"" '},

Corollary 1.9. © is a ring.

Proof. Let &, €D and Gq,Gp their respective finitely generated additive groups. Then GoGp is also
a finitely generated additive group and it contains all the powers of o+f3 and of3.
Hence, o+f, aff €D. O

We can see any field as a ring itself and as the intersection of two rings is a ring we have:

Definition. Given K = Q(0) number field then D =D N K is called the ring of integers of K.

Lemma 1.10. Let K be a number field. If o« € K then Ic € 7Z such that co € D.

Proof. Let p(x) be the minimal polynomial of @ over Q. Then 0= p(a) = Z” L4 52 ajbi€ ZVi.
Take ¢ =I1b;. Then 0 = ¢"p(a) = ... = (ca)" + =t (ca)"™ Ly 4+ Z—"—q( o) € Z[ca]
and cox € Dkg. ]

Corollary 1.11. If K is a number field then K = Q(6) for some 6 € Dk

Proof. By Theorem 1.4 and Lemma 1.10 3¢ € Q, ¢ € Z such that K = Q(¢) and c¢ € Dg. Clearly
Q(co) CQ(9). Also,as c € Z C Q C Q(co), c is invertible in Q(c¢) and ¢ = ¢~ 'co.
Hence, K = Q(¢) = Q(c9). O

From Example 2 we deduce ®g = Z. For any number field K = Q(0) it is clear that Z(0) C Dk,
where Z(0) denotes the smallest subring of C that contains Z and 0, but the equality is not always true.
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Example 3. Let K = Q(v/5). Then o = HT\B cKand o®> — o —1=0s0 o € D, but a ¢ Z[/3] .

The ring of integers D is an abelian group under addition, so it has a natural structure of Z-module.
Recall that a module over a ring is a generalization of a vector space over a field, as any field is a ring.

Definition. A Z-basis for (Dk,+) is called an integral basis for K.

Let K be a number field with [K : Q] = n. From Lemma 1.10 we can deduce that any Z-basis for Dg
is a Q-basis for K, so n = dimgK = dimz®g. But, even if every finite dimensional vector space over
a field has a basis, it is not always the case with finite dimensional modules over a ring. We may think
that a basis of K consisting of integer numbers will be an integral basis for K but in Example 3 {1,/5}
is a Q-basis but a ¢ Z(+/5), so it is not an integral basis. In order to prove that an integral basis for K
always exists, we need to use properties of the discriminant of a basis.

Lemma 1.12. If {a,...,q,} is a basis of K consisting of algebraic integers then
0 7& A= A[al,...,(xn] e 7.

Proof. By Proposition 1.7 and Corollary 1.9, 0 £ A € QN Dk so, by Example 2,0 £ A € Z. O
y Frop y y p

Now, as given any basis of K consisting of integers we have |A| € N we can apply an infinite descent
argument to show that the integral basis must exist.

Theorem 1.13. (/3, Thm 2.16]) Every number field K posseses an integral basis and Dk is a finitely
generated Z-module with n = dimz k.

Let {ai,..., 0, }.{B1,..., B.} be two integral basis for K and C the matrix of the change of basis.
C is an invertible matrix with coefficients in Z so detC = 1. Hence,

0% AlB1,.... B] = (detC)*Alouy, ..., 0] = Aty .., ]

so the discriminant of an integral basis of a number field K is independent of the integral basis we
choose. In fact, it is an invariant of the number field known as the discrimant of K.



Chapter 2

Dedekind domains and the Class Group

The ring of integers of a number field appears as a particular case of a more general abstract object,
a Dedekind domain. We will see some properties of these domains and relate them with our rings of
integers. After that, we will define the class group of a given number field and prove its finiteness.

We start with a review of some basic terminology of ring theory.

Definition. Given a commutative ring D and a subset I C D we say that I is an ideal of D if I is closed
under the sum and ¥x € I ¥r € D we have xr € 1. This property is usually written as ID C I.

Remark. Recall that if 1 € D then I =1-1 C ID, hence we have ID = I for any ideal 1. Clearly 0 and
D are ideals of D. We say that an ideal I of D is proper if I # 0,D. Also, we can give a multiplicative
structure to the set of ideals of D. That is, for any ideals 1,J of D we define 1] := {Y.bjbj : b; € I,b; € J }
where all the sums are finite sums. It is easy to check that 1J is also an ideal of D.

Definition. A ring D is called an integral domain if it is unital, commutative and if ab = 0 for some
a,b € D then either a=0 or b = 0.

Example 4. For any number field K, ®g is commutative and unital as 1 € Z C Og C K and K is
commutative by definition. Also, for any 0 # a € Dk such that ab = 0 for some b € Dk then, in
particular, ab,a™' € K so 0 = a~'ab = b. Hence, it is an integral domain. In particular 7. is. On the
other hand, for example Zg is not an integral domain as 2 -3 = 0.

Lemma 2.1. Any finite integral domain D is a field.

Proof. Let 0 # x € D, we just need to check that x is invertible. Take the map ®, : D — D given by
@, (y) =xyVy e D. Giveny,y' € D,y #y then xy =xy < x(y—y') =0« y = since D is an integral
domain. Therefore, ®, is inyective and as D is finite it is surjective, so in particular 3z € D such that
1 = ®,(z) = xz = zx, so x is invertible. As this happens Vx € D we conclude that D is a field. O

Definition. We say that an ideal I of D is principal if there is an element b € D such that [ = {br: r € D}.
That is, I is generated by b. We write I = (b) or I = bD.

Principal ideals are related to factorization of elements in the sense that an integral domain with
most part of its ideals being principal will have in general lot of elements with unique factorization. The
following two lemmas ilustrate some nice properties of these ideals.

Lemma 2.2. Let D be an integral domain and I = (), J = (B) two proper principal ideals of D. Then
I =J < B =ua, where u is a unit of D.

Proof. Assume (@) = (), in particular o € J, B € I. So Ju,v € D such that &« = vf and 8 = ua. Thus,
o =vp =vua < ol —vu) =0. As I is proper then 0 # ¢, so D integral domain implies 1 —vu =0
and hence 1 = vu = uv as D is commutative, so u is invertible. Conversely, if we assume § = ua then
bel Also,a=u"' € (B)=J. Hence, I =J. O
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Lemma 2.3. Let D be an integral domain and I = (@), J = (B). Then (a){B) = (af).

Proof. We have 1 € D, so aff =a-1 -1 € (a)(B). Hence, (af) C (t)(B). On the other hand,

<(X><ﬁ> = {Z(a,a)(b,ﬁ) : Cli,bi € D} = {Zaibiaﬁ : a,-,bi € D} = {Zd,a[} : d,' S D} C <Olﬁ>, SO we
have the equality. O

From now on , D will denote an integral domain and F = Q(D) = {} : a,b € D,b # 0} its field of
fractions.

Recall that any non-zero ideal I of D can be seen as a D-module. Also, by definition, F is a
D-module. Hence, I has a natural structure of D-submodule of F', as I C D C F. Furthermore, for any
0# b € F, bl is a D-submodule of F. This motivates the following:

Definition. A fractional ideal I of D is a nonzero D-submodule of F such that al = J for some 0 #a € D
and some non-zero ideal J of D.

Any non-zero ideal I of D is also a fractional ideal, just taking a = 1; and if / is a fractional ideal then
for some a € D al is a non-zero ideal of D. Calling §p the set of fractional ideals of D the definition
tells us that §p = {é] :0 # a € D, J non-zero ideal of D}. In order to avoid confusion we will write
I < D when [ is an ideal of D. Otherwise we will say that [ is a fractional ideal of D.

Example 5. Let D =7, F = Q. Every fractional ideal of Z is of the form rZ, for some 0 # r € Q.

Let I;,I, € §p then da,b € D such that al}, bl, are non-zero ideals of D. The product /1, is defined
in the same way than before and we can check that /1, is a D-submodule of F with abl,l; non-zero
ideal of D, so I} € §p. Also, as 1 € D then DI =1 VI € §p. Hence, (F,*) is a commutative monoid
with identity D.

There is an analogue to the concept of a principal ideal in the fractional case. That is, we say that /
is a principal fractional ideal of D if I = bD , 0 # b € F. We denote the set of principal fractional ideals

of D by Pp.
Lemma 2.4. (Pp,x*) is a submonoid of (Fp,*)

Proof. LetI},I; € Pp, then I} = b1 D , I, = byD for some 0 # by,b, € F. Hence,
0 ?é L = (le) (sz) =b1bD € ;ﬂpD just taking b=>b1by. ]

Recall that a monoid is a generalization of a group in the sense that we allow some elements not
to have an inverse, but groups contain much more information, so it would be nice to have a group
structure in these monoids. For that, we need to talk about the inverse of a fractional ideal.

Let I be a fractional ideal of D. We define I~! := {c € F : cI C D}. As I is fractional,
30 # a € D such that al C D, so 0 # 17!, Tt is clear that /~! is a D-submodule of F. Also, taking
0# b € IND then bI~! is a non-zero ideal of D. Hence, by definition, /! is a fractional ideal of D.

Definition. Let I be a fractional ideal of D. We say that I is invertible if I~' = D.

From the definition of I-! we can deduce II-! = I"'I C D, but the other containment does not
always hold. Anyway, in some cases we know it is true.

Lemma 2.5. Every principal fractional ideal is invertible.

Proof. I principal fractional = I = bD for some 0 # b € F. So it is clear that I~! = »~'D. Then,
I~'1=(b~'D)(bD) =b~'bD = D. O

Now we are ready to characterize the domains that concern us in this chapter.

Definition. An integral domain D is called a Dedekind domain if every D-fractional ideal of F = Q(D)
is invertible.
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Example 6. Let D = 7. Every Z-fractional ideal of Q is of the form rZ with 0 # r € Q. Hence, every
fractional ideal is principal fractional so by Lemma 2.5 every fractional ideal is invertible and hence
Z is a Dedekind domain. On the other hand, not every integral Domain is Dedekind, as for example

D=7(V5).

We know that Z is a principal ideal domain, that is, every ideal of Z is principal. If we take any other
principal ideal domain, we can also characterize its fractional ideals very easily and a similar argument
as the one in Example 6 tells us that any Principal ideal domain is a Dedekind domain.

In Dedekind Domains we find out the following nice result about what is concerning us all the time,
that is, to find domains with good properties regarding the factorizations of its elements.

Theorem 2.6. ([4, Prop 4.42]) A Dedekind domain D is a unique factorization domain if and only if it
is a Principal ideal domain.

In the same way that given a,b € D we say that a divides b if Ju € D such that au = b, we can talk
in general about an ideal / “dividing” an ideal J , and in Dedekind domains we can characterize these
divisions very nicely.

Definition. Let D be an integral domain and let I1,J € §p. We say that I divides J, written I|J, if 3K < D
such that J = IK.

Proposition 2.7. Let D be a Dedekind domain and let I,J € §p. Then I|J < J C L.

Proof. J=1IK and K C D implies J C ID = I. Conversely, if J C I then I~'J C I"'I =D, so
K=I""J<DandIK=I1(I"'J)=1J O

In Z a prime number p is characterized by the property that whenever plab, 0 # a,b € Z then pla
or p|b. The characterization of prime ideals in a Dedekind domain D is analogous to that one. For that,
recall that an ideal P in a ring R is prime if and only if R/P is an integral domain and P # R. So take
R=Dandlet0+#I,J < D such that IJ C P. Hence, IJ =0 in D/P which is an integral domain so either
J C PorlI C P. By the last proposition this is the same that saying P|IJ implies P|I or P|J. In particular,
if Pisprimeand P=1J,then/ =PandJ=Dorl=DandJ =P.

Definition. An ideal M in a ring is maximal if for any ideal I of D such that M & I we have I = D.
Theorem 2.8. Any non-zero prime ideal in a Dedekind domain D is maximal.

Proof. Let 0 # I a prime ideal of D which is not maximal. Then 3/ < D such that I & J & D. So by
Proposition 2.7 3K < D such that / = JK and as [ is prime then either J/ C I or K C I. Since J # [
we have J SZ I, so we must have K C 1. But/ =JK C DK =K, so I C K and we get I = K. But then
K=I=JK=D=KK '=JKK~' =J, which is a contradiction since J # D. Hence, [ is maximal. [J

Dedekind domains are named after the mathematician Richard Dedekind who was one of the first
mathematicians that studied Ideal theory and related it with number theoretical problems. He did the
amazing discovery that, even if we cannot factor an element uniquely in a Dedekind domain, we can
always factor any ideal as a unique product of prime ideals. We are going to prove it here but before
that we need to introduce the concept of a ring being Noetherian, named also after the mathematician
Emmy Noether.

Definition. A ring R is called Noetherian if every ideal I of R is a finitely generated R-module, that is
for some n € N 3{by,....b,} CI such that Ym € I m = r\by + ...+ r,b, for some r; € R . This is
equivalent to say that every non-empty set of ideals of R has a maximal element.

Proposition 2.9. Every Dedekind domain D is Noetherian.
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Proof. Let 0 #1 < D. We will see that [ is finitely generated. We have 1 € D = I~'I so , for some
neN, Iby,....b, €1, c1,....,co €I ' suchthat 1 =Y, ¢;b;. Now letb € I, thenb=b-1=Y",(bc;)b;
with bc; € D. Thus, I =Y | Db; and hence I = (b1, ...,b,), which is finitely generated. O

Now that we have seen that every Dedekind domain is Noetherian we are ready to prove the result:

Theorem 2.10. Every proper ideal of a Dedekind domain D can be written uniquely as a non-zero finite
product of prime ideals.

Proof. Let 0 # J < D. We will show first that J is a non-zero finite product of prime ideals. Assume
it is not true, so @ # S = {0 # J < D : J has no prime factorization}. As D is Noetherian, S contains a
maximal element / < D in S. Recall that / is maximal in D if and only if D/I is a field. So, as every
field is an integral domain and D/I is an integral domain if and only if / is prime we deduce that I is
not maximal in D. So Iy € D such that/ C I} < D and I =111, for some I, < D. We have I C I, and
L=I=D=I1I""= 111212_1 = I} which is impossible, so I C [; < D for i = 1,2. But / maximal in
S implies that I;,, ¢ S so they are non-zero finite products of prime ideals. As I =1, we get I ¢ S,
which is a contradiction.

So J = P;...P, for some non-zero prime ideals P;. We need to check now that this is the only possible
factorization. Assume Py...P, =J = Q1...Qy,, Q; prime Vj. We have P |01...0 and Py is prime so we
can assume P;|Q;. By Theorem 2.8, P, = Q). Multiplying by Pl_1 = Ql_1 wegetD=0s...0,ifn=1
and Ps...P, = Q5...Q,, if n > 1. The first expression is impossible since Q;|D = D = Qj, and every Q;
is prime. In the second case, we repeat the argument with P, O, instead of P, O, and we continue like
that, so after a finite number of steps we will getn =mand P, =Q; Vi=1,...,n. ]

Recall that our interest is to study the rings of integers of some specific number fields. We will show
that these rings, in particular any ring of integers, is a Dedekind domain so we will be able to study
properties of those rings in the context of Dedekind domains and reveal valuable information. Before
that we are going to see one more property of Dedekind domains that will help us to characterize them
in a less abstract way.

Definition. An integral domain D is called integrally closed if for any a € F = Q(D) which is a root of
a monic polynomial p(x) € D[x] we have o. € D.

Example 7. For any number field K, D is integrally closed. For that, let 8 € K and p(x) € Dk|x] such
that 0 = p(0) = 0" +a, 10" +... 4+ ay, with a; € D Vi. Then the set {0'} of all the powers of 0 lies
in a Dg-module M generated by {1,0,...,0" '}, By Theorem 1.13, D is a finitely generated additive
group with basis {Qy, ..., 0, }, where n = [K : Q|. Therefore, M lies in the additive group generated by

{og, ..., 0.} x {1,8,...,0" 1}, which is finitely generated. Hence, by Proposition 1.8, 8 € D NK = D.

We are going to prove that, in fact, any Dedekind domain is integrally closed. For that we need this
useful lemma:

Lemma 2.11. Let I be a fractional ideal of a Dedekind domain D such that I> = I. Then I = D.

Proof D=II"'D=PI"'<D=III"'"Y©D=IDCI Also,as1 €D wegetl=1-1CID.
Hence, D=1ID = 1. OJ

Theorem 2.12. Any Dedekind domain D is integrally closed.

Proof. Let0+# a € F = Q(D) D-integral, thatis, Ip(x) =x"+a;x" ' +...+a, € D[x] such that p(a) =
0. We need to check that o € D. Write M = D1+...+Da’~!. M is clearly a finitely generated D-module
and @ € M. Also, writing o = % with 0 # b, ¢ € D, then "M is an ideal of D, so M is a fractional ideal
of D. The construction of M, and the fact that p(a) = 0, imply that M?> = M. So, by the last lemma,
a € M = D and we are done. O
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Summarizing, what we have seen until now is that any Dedekind domain is integrally closed,
Noetherian and every non-zero prime ideal is maximal. In fact, these three properties characterize
Dedekind domains.

Theorem 2.13. ([/, Thm 10.3]) An integral domain D is Dedekind if and only if D is integrally closed,
Noetherian and every non-zero prime ideal is maximal.

Now that we know this characterization we are in good conditions to prove that every ring of integers
is a Dedekind domain.

Theorem 2.14. For any number field K, Dk is a Dedekind domain.

Proof. Let K be a number field. We just need to check that g is integrally closed, Noetherian and
every non-zero prime ideal is maximal. By Example 7 we know that D is integrally closed.

Let 0 #£ 1 < ©k. By Theorem 1.13 we know that ®g is a finitely generated Z-module with
dimz®k =n = [K : Q], and then [ is also finitely generated as a Z-module, and hence as an ideal
too. We conclude that D is Noetherian.

So we are left to prove that every non-zero prime ideal of ®g is maximal. For that, let 0 £ P < Dg
a prime ideal and let 0 # o € P. Let N() be the norm of & in K. We have N(«) = a...a,, where {0}
are the K-conjugates of @. By Theorem 1.5 we know that o;(o) = o, where {0;} are the n distinct
monomorphisms of K in C. As the identity on K is one of these monomorphisms, we get & = ¢; for
some i. Assume o = ;. Hence, as P is an ideal, N = N(&t) = a...0, € P, so (N) C P, where (N) is the
ideal of ®g generated by N. Also, by Example 2, N € Z. Recall that P is prime if and only if D /P
is an integral domain and P is maximal if and only if Dk /P is a field. By Lemma 2.1 we know that
any finite integral domain is a field, so we just need to check that Dk /P is finite. Let 0 # x € Dg. By
what we have said we know Nx € (N) C P so Nx=0 in Dg/P, Vx € Dg. Now, looking at (Dg,+)
as a finitely generated abelian group, P can be seeing as a finitely generated abelian subgroup of Dg.
(Dk/P,+) is also a finitely generated abelian group as the quotient of two abelian groups is a group.
Then, as N € Z, every x € D /P has finite order. Thus, (Dg/P,+) is finitely generated with every
element of finite order, so /P is finite. Hence, P is maximal and we conclude that D is a Dedekind
Domain. O

Remark. During the proof we have seen that Dk /P is finite for any 0 # P < D. In fact, by the
same argument, we can show that Dk /I is finite for any 0 # I < Dk. We define the norm of I in K
as Nx(I) := |Dk/I| € N. Clearly Nx(Dk) = 1. It can be checked (see [5, Thm 2.2]) that this norm is
multiplicative, that is, for any 0 # I1,J < Dk we have Nk (1J) = Nx(I)Ng(J). Also, for any principal
ideal 0 # (o) < D we have Ng({at)) = N(a).

Lemma 2.15. Let K be a number field and 0 # P < Dk. If Nk (P) is prime then P is a prime ideal.

Proof. Assume P = IJ then by the multiplicative property of Nk(-) we have p = Ng(P) = Nx(I)Nk(J)
for some prime number p. Hence, either Nk (I) = p or Nx(J) = p. By commutativity of the ideals, we
can assume Nk (I) = p. But then Nx(J) =1 = |Dg/J|,s0J =D. Hence, P=1J =ID =1 and Pis a
prime ideal. O

Lemma 2.16. Let K be a number field, then Nk (I) € I for any 0 # I < Dk.
Proof. Nx(I) =|Dk/I| = Ng(I)x € I Vx € Dg. In particular it is true for x = 1. O
Lemma 2.17. Only finitely many ideals of ® g have a given norm.

Proof. By last Lemma, for any 0 # I < ®g we have Nx(I) € I, so (Ng(I)) C I and by Proposition 2.7

30 # J < Dk such that IJ = (Nk(I)). At the same time, as Dk is a Dedekind Domain, (N (1)) factors
as a product of prime ideals 1J = (Nk(I)) = P"...P," and this factorizacion is unique, so I must be a
product of some P" ’s, 1 <i<n, 1 <s; <r;. Hence, there are only finitely many possibilities for this /
and so only finitely many ideals I; can have Nk (I) = Nk (I;). O



Fermat’s Last Theorem - Victor Blasco 13

Previously, we have said that given any integral domain D, in particular any Dedekind domain, then
(8p,*) is a commutative monoid. The only required condition for being in fact a group is that every
element must be invertible, that is, every fractional ideal must be invertible. But, if we remember the
definition of a Dedekind domain we see that this condition is satisfied so, for any Dedekind domain D,
(8p,*) is an abelian group. In the same way we see that (p,*) is an abelian subgroup of (§p, ).
Hence, as the quotient of two abelian groups is an abelian group we get that (Fp/PBp, *) is an abelian
group, with 1 = DBp, whose elements are equivalence classes of fractional ideals of §p due to the
relation: I ~ J < IJ~' € PBp, and the product is defined as [I] - [J] = [1J] for any I,J € Fp, where [I]
denotes the equivalence class of 1. This group contains plenty of information about the fractional ideals
of the domain. If D = Dk for some number field K we call this group the class group of K and we
denote it by Hg. One of the main properties of this group is that it is a finite group for any number field
K. We will show it, but first of all let us see how this group encapsulates information about the ideals
and the factorization of the elements in Dg.

Lemma 2.18. For any Dedekind domain D and any I € §p, [I] contains an ideal 0 # J < D.

Proof. 1 € §p=1= %J, where c € F = Q(D) and 0 # J < D. So J = ¢l and hence JI~! = ¢D € Pp
and J ~ I, in other words J € [I]. O

Lemma 2.19. For any number field K, factorization of elements in D is unique < |Hg| = 1.

Proof. We know by Theorem 2.6 that factorization in D = D is unique if and only if every ideal of D
is principal. If we remember the construction of §p and Bp we see that this is equivalent to say that
every fractional ideal is principal fractional, which means §p = ‘Pp, and hence it is the same that saying

\Hk| = |$p/%Bpl = [¥p/Fp| = 1. 0

Thus, hg := |Hg| measures somehow how far Dk is from being a unique factorization domain. We
call hg the class number of K.

Theorem 2.20. ([5, Thm 35]) For any number field K, hx € N.

Proof. Let’s prove first that 34 € R™ such that for every 0 # I < Dk Ja € I such that |[N(ot)| < A -Nk(I).
By Theorem 1.13 we know that an integral basis {ay,...,a,} of Dk exists. Let oy,...,0, denote the
distinct monomorphisms of K in Theorem 1.5. Take A =T, ¥j_, |oi(;)| and 0 # I < D.

As Nk (I) € N 3m € N such that m" < Nx(I) < (m+1)", where n = [K : Q|. Consider the family

n
S:{Zm]'ajlijZ, O#mjgm}
i=1
Clearly |S| = (m+1)" and S C Dk, so as Nx(I) = |Dk/I| < (m+ 1)" there must be f;,; € S such
that 8; +1 = B, + I, by the Pidgeon’s hole principle. So, o = B — o =Y rjaj € Lrj € Z,|rj| <m.
Hence,
n n n
N(a) = 11 oi(a)] < H Zl [rjlloi(oy)] <m"A < Ng(I)-A
i= i=1j=
Let’s prove now that, calling D = D, every class of fractional ideals of Fp/JPp contains 0 # I < D
such that Nx(I) < A. Take C € §p/Bp. By Lemma 2.18 30 # J < D such that J € C~!. Recall that
C~'C =Bp. By what we have said before 3o € J such that N(a) < A - Ng(J). We have (o) C J and
(OC) S g13[). So, 30 75 1<D,
1€ (C~")™! =C such that (o) = 1J. Hence, as this Nk (-) is multiplicative we have

ANk (J) > Ng (o) = Nk (I)Nk (J)

so Nk (I) < A, and we can do this for every C € §p/Pp.

Finally, calling s the integral part of A, we know by Lemma 2.17 that for any i = 1,...,s there are
only finitely many ideals 0 # I < D such that Nk (I) = i, so there are only finitely many ideals such
that Nx () < A. Hence, as every C € §p/Bp contains an ideal I such that Ng(I) < A we conclude that
$p/Pp contains only a finite number of elements, that is, hg € N. ]



Chapter 3

Regular primes: First case

We proceed now to prove the first case of Fermat’s Last Theorem using the notions we have introduced
in the last two chapters. In the introduction we have mentioned that, for any odd prime p the equation
xP +yP 4 zP = 0 can be factored as (x +y)(x+ §py)...(x + C,f*ly) = —zP, where 1 # {, is a root of
xP —1. So, the best number field to work with is K = Q({,,) and as we are studying the possible integer
solutions of x” + y? = z” it will be helpful for us to work in D, which is a Dedekind domain with the
property that Ak is finite, as we saw in the last chapter.

Definition. We say that an odd prime number p is regular if p { hx where K = Q((,).

We know that if we work with principal ideals is easier to study properties of factorization of
elements. The main advantage of regular primes can be understood in the following lemma.

Lemma 3.1. Let p be a regular prime and let K = Q((,). Assume 31 < Dy such that I? is a principal
ideal. Then I must be principal.

Proof. Write § = o, and P =Po,. In Hx =F /P, 1 = DB =P, so I? principal implies that I” € °P
and [/]” = 1 in Hg. So the order of [I] is either 1 or p. If the order is 1 then [/ is clearly principal.
Otherwise, the order is p and we know that the order of every element in a finite group divides the order
of the group, so p|hg, which is a contradiction. O

The lemma above will help us to prove that , for a regular prime p, and for every i =0,...,p — 1 we
have x + C]’,y = u,-aip , where ;,u; € Dk and u; is a unit. Before that we are going to see some useful
properties of Q({,).

Proposition 3.2. For every odd prime p the minimum polynomial of {, € K = Q((,) over Q is
@,(x) =x""1+. +x+1

Proof. {yisarootof x’ —1 = (x—1)(x*"'+...+x+1),s0as 1 # {, , the mimimum polynomial of
¢, must divide ®,(x), so we just need to see that &, (x) is irreducible in Q. For that we are going to use
the well-known Eisenstein’s criterion: If for p(x) = x" +a,—1 + ... +ao € Q[x] Ip prime number such
that pla; Vi =0,...,n — 1 but p?{ ay, then p(x) is irreducible in Q[x].

Doing the change of variable y = x+ 1 then clearly ®,(y) irreducible implies @, (x) irreducible. So,
as®,(y) =Y (M) y—1)""=X", (P)x ", and p|(?) VI < r < p—1, but p*{ (}) = p, we conclude
that ®,(y) is irreducible. Hence, @, (x) is irreducible.

O

Corollary 3.3. For any odd prime p, [Q({,) : Q] = p—1and {1,§,, ..., 2;572} is a Q-basis for Q({)).

Corollary 3.4. Q({,) contains all the roots of ®,(x). Thus, Q({,)/Q is a Galois extension and
Gal(Q(Ep)/Q) = p— 1.

14
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Remark. ®,(x) can be generalized to every n € 7 greater than 1. For that we take C, as a primitive
n-th root of unity, that is )" =

@, (x) =[x~ &)

k

where k runs over all natural numbers coprime to and lower than n. In particular, forn=2, { = —1
and ®;(x) = x+ 1. These irreducible polynomials are called cyclotomic polynomials, and an important
property of them is that if m and n are coprime then @, (x) = @, (x) P, (x).

Any field extension K /Q induces a natural ring extension D /Z. Therefore, any ideal nZ “extends”
to n®k. Also, in the same way that an irreducible polynomial over (Q may not be irreducible over K,
a prime ideal of Z may not be prime in ®k. The study of the “extensions” of prime ideals, called
ramifications, will be very important to prove the second case of Fermat’s Last Theorem. The following
theorem illustrates an important example of the ramification of a prime ideal.

Theorem 3.5. For any odd prime p set A, := §, —1 € Z[C,]. Then (A,) is a ideal in D, where
K =Q(&), and <7Lp>pil =pDk =:(p).

& 1s aunit in Dg. As
d p). Then, as , is

Proof. Clearly A, € ©k. We claim that for any 1 <i < p —1 the element u; = i
p is prime, Z,, is a field, so given any 0 #i € Zp, 307 j€Z suchthatij= 1(m

a p-th root of unity, we have u; ' = 1= 27:1 %”, 1+80+..+(8h) ! e Dy

Thus, foranyi=1,...,p— 1 we have (1—¢)) = (1= &,)ui, where u; is a unit, and

p—1

p:q)p(l) = (I_C) (I—Cp)p_lU

i

I
—_

(p) = ((1=¢,))P~ 1 = (A,)P~L. Let’s see now
that (4,) is prime. Recall that (p) = (4,)"~" = (] 1, so (p) is a principal ideal in Dg. Hence, as
(

p€Q, o(p)=p VYo €Gal(K/Q) wehave p’~' =N(p) =Nx((p)) = Nx({(A7"")) = (Nk({2,)))"~"
and p prime implies Nx({A,)) = p. Hence, by Lemma 2.15, (A,) is a prime ideal. O

where U = Hp | u; is a unit. Hence, by Theorem 3.5

Corollary 3.6. 1+ (, is a unit in D.
Corollary 3.7. Foranyi# j (A,) = <C[’) - ij>

In Chapter 1 we saw that given any number field K, then K can be written as K = Q(0), where 6 is
an algebraic integer. We also showed that Z[0] C Dk but the equality is not always true, as in
Example 3. Anyway, for K = Q({),), it behaves nicely.

Theorem 3.8. (/6, Prop 3.3]) For any odd prime p and K = Q({,) we have Z[{,] = Dk

Corollary 3.9. An integral basis for K = Q((,) is {1,8,,.... 5}~ s

Proof. Forany i =0,...,p—2, CI’, is an algebraic integer as it is a root of ®,(x) € Z[x]. By Corollary

3.3 {1,{,, ..., [’,’_2} is a Q-basis for Q({,). Also, it spans Z[{,]. Hence, by the last theorem, it is an
integral basis. O

Remark. In chapter 1 we saw that given any integral basis {ay,...,0,} of a number field K, then

Alay,..., o] is an invariant of K known as the discriminant of K. In our case, for any odd prime
Al1,8,,..., 572] = (—1)1)7711)1’*2 ([3, Thm 3.6]). The discriminant of K will be related with the

ramification of prime ideals in K in the proof of the second case of Fermat’s Last Theorem.

The study of the units of Z[{,] plays a fundamental role in the proof of Fermat’s Last Theorem for
regular primes. We proceed now to characterize the roots of unity in g, a special type of units, where

K =Q(&p).
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Proposition 3.10. The only roots of unity in Q({,) are £85, s € Z.

Proof. Every element in {:l:C 51 is a root of the polynomial x*” — 1 and these are its only roots. Recall
that in C the only roots of unity are by definition of the form §, = exp 2’"’ r,n € Z. We only have to
show that there is no primitive k-root in Q({,,) if k{ 2p, as any root of unlty is a power of some primitive
root. Let’s prove first that if k, p are relatively prime, k # 1, then there is no primitive k-root of unity &
in Q(g,). For that, we will show Q({,, &) = Q({xp), where (g, is any primitive kp-root of unity. It is
clear that £, is a primitive kp-root of unity as p,k are relatively prime, so Q({x,) C Q(Cp, Cx) as any
primitive kp-root of unity generates the same number field. On the other hand, Cpk, Ckp € Q(&p) are
primitive k, p-roots of unity respectively, so we have the other containment. Now, from the remark after
Corollary 3.4 we know that for any n € N, [Q({,) : Q] = deg(®,(x)) and Dy, (x) = Pr(x)P,(x), so we
have

deg(Prp(x)) = [Q(&p) : Q) = [Q(Ep, &) : Q = [Q(Ep, &) - QUEN)NQ(E,) : Q)

and we deduce [Q({,, §k) : Q(&,)] = deg(Px(x)) # 1, as § # 1, which implies ; ¢ Q((,).

It only remains to show that same happens just with the condition k { 2p. For that, as p is an odd
prime, we can write k = ap”, where a, p are relatively prime. If a = 1 deg(®,»(x)) > p—1. If a > 1,
ap” # 2p. Assume that, for some primitive k-root of unity, { € Q(&,). Then §/ e Q(¢,) is a primitive
a- root of unity, which is a contradiction to what we have said above, since a, p are relatively prime.

O

The following standard result is a nice tool to know if an element is a root of unity.

Theorem 3.11. ([7, Prop 2.5]) Let a € Dk, K number field, all of whose K-conjugates have complex
absolute value bounded by 1. Then @ is a root of unity.

Using these two propositions and Corollary 3.4 we find out a nice result that will be much helpful
in the proof of the First case of Fermat’s Last Theorem.

Lemma 3.12. Let u € Z[{)) be a unit. Then u/ii € {1,,,....,5)~ .

We have now almost all the ingredients to start the proof of the First case of Fermat’s Last Theorem.
The following technical lemma is the last result we need.

Lemma 3.13. For any odd prime p, take o € Dk, where K = Q((,), and let & denote the complex
conjugate of a. Then a? = a?(mod (p)).

Proof. Using the integral basis {1,,, ..., {} 21, we write o = Zf:oz a;C! , a; € 7 Vi. Then

o = (S22 ai)? = X0 (67 = X0 al (mod (p). as paiCh =0 (mod (p)) and (5)7 = 1, Vi
On the other hand, &” = (Y7- ozdzC =y Ozdl (&P =X “Ja’ (mod (p)), as c” = ¢ for any ¢ € C
and Z =z Vz € Z. O

We are going to start firstly with the case p = 3, which is a regular prime and then we will prove it
for the rest of regular primes.

Theorem 3.14. Let 0 # x,y,z € Z pairwise relatively prime. Then, if 31x,y,z, the equation
x® +y3 4+ 2% = 0 does not have a solution.

Proof. Assume there is solution x,y, z, so if we look at the equation mod 9 we have

P+ +2 =0 (mod 9) Now, as 31x,y,z, x,Y,z are of the form 9%k +r, r # 0,3,6. So looking at the

congruences we have x*,y.z3 = +1 (mod 9). But then

PP +2=0(mod9) < +1+1+1=0 (mod 9)

which is impossible. O
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Theorem 3.15. (Fermat’s Last Theorem-First case) Let p > 5 be a regular prime and let 0 # x,y,z € 7
pairwise relatively prime. Then , if p { x,y,z, the equation xP + yP + zP = 0 does not have a solution.

Proof. Assume there is a solution x,y,z. Sox” +yP +z7 =0 < (x+y)(x+ §py)...(x + C},’fly) =z
factorizes in Z[(,]. Lemma 2.3 implies that (x+y) (x+ {py)...(x+ C27'y) = (2).

Claim 1. (x+ CI",y>, (x+ C,{y) are coprime Vi # j

Assume there is a prime ideal P such that, for some i # j P|{x+ {}y) and P|(x+ ¢ly). Then, P

divides the difference , that is, P[(({} — CI{ )y). Also, by the above factorization of ideals, P|(z)” and,
as P is prime, P|(z). By Lemma 2.3 and Corollary 3.7 P|(A,)(y), so either P|(A,) or P|(y). In the first
case , P and (A,) are prime ideals, so they are maximal, and hence P = (A4,). But in that case (A,)|(z),
and taking norms we have p = N((A,))|Nk((z)) =z, so p|z, which is a contradiction as p and z are
coprime. In the second case we have P|(y) and P|(z), so y,z € P, but y,z coprime implies, by Bezout’s
theorem, that 3r,s € Z such that ry + sz = 1 € P. Hence, P = Z[{,], which is a contradiction as P is
prime.

So they are pairwise relatively prime and, as given P; prime ideal such that P;|(x + C;y>, we have
Py|(z) and so P"|(z)?, the unique factorization of ideals in terms of prime ideals implies that , for any
i=0,..,p—1, (x+ CI’,y> = M? , for some ideal M;. Hence, M? is a principal ideal so, by Lemma 3.1,

M,; is principal and x + C; = u;0ff, where u; is a unit and M; = (@;). Since x+ C,ﬁH.y = x+§7,y Vi, we
can choose @;,u; such that o, _; = @, u,_;=1u; ¥i=0,....p—1.
By Lemma 3.12 3k € N such that u; /u; = C;j and by Lemma 3.13

X+ Gy =wal =ua” = ma” = Ch(x+y8, ) (mod (p))

Claim 2. x+ (py—Cfx— {5y =0 (mod (p)) only if k=1:

Suppose k = 0, then (p) divides the ideal (y({, — ¢, ')) = (v)(A,) by Corollary 3.7, so as (A,)7~! =
(p), (A,)?=2|(y) . In particular (A,)|(y), and taking norms we get p|y, which is a
contradiction. In the same way, if k = 2 then we get (p)|(x)((1 - 5)) = (x)(A,) and by the same argu-

ment p|x, which is again a contradiction. Assume now 2 < k < p— 1, and suppose

x+ 8y —Cix— 3y = pa, a € Z[E,]. Take the integral basis {1, ), ..., 5_2} of Z[{,). Then,

o=Y"rall, a€Zand x+ C,y— Chx—Chly = Zf;ozpa,{;;. Thus, as {1,{,,...,0 2} is a basis,
the coefficients in both sides must be identical. From here we deduce p|x which is a contradiction. The
case k = p — 1 is different as the element () ~!is not an element on the basis, so we cannot apply the
same argument. But, multiplying both sides by Cg, we get C§x+ ng —Cpx—y= Zfz_z pa; 1’;+2
can apply it now. We get p|y, which is again a contradiction.

and we

Hence, the only option is k = 1. But then we can write x+ {,y — {x —y = (x —y) + {,(y — x)
and applying the basis coefficient argument again we get p|(x —y) or x =y (mod (p)). Finally, as the
equation x” 4+ yP 4z = (0 is symmetric in x,y,z we can apply the whole argument to

(X4 2) (x4 Ep2). (x+EF 12y = ()P

and get x = z (mod (p)) So, we get x” + y” +zP = 3x” =0 (mod (p)). Hence, p|3x”, but p > 5, so p|x,
which is a contradiction. U



Chapter 4

Regular primes: Second case

Most part of the proof we have just seen depends on the fact that p 1 x,y,z, so in order to prove the
Second case we need to go further. In his original paper, Kummer proved this second case thanks to a
deeper understanding of the units in Z[{,]. This study led him to find the last important piece he needed
to prove the theorem, which is his well-known Lemma: Any unit in Z[{,] which is congruent to an
integer modulo (p) is a p* power of some unit in Z[{,]. His original proof just uses elementary notions
as the ones we introduced in chapter 1 but it is a bit tedious. We will take a different approach to prove
a weaker version of this lemma, which will be enough to give a complete proof of this second case. In
order to do that, we will do a small trip to class field theory, one of the nicest topics in modern number
theory.

Let L/K be a finite extension of number fields. We have seen that this extension leads to an extension
of rings of integers ©; /Dk. Let P be a prime ideal in Dk, then P extends to the ideal POy in ©;. The
unique factorization of ideals into prime ideals implies that PD; = Q}'...Q} for some unique distinct
prime ideals Q; < ®;. We say that P ramifies in ®, if r; > 1 for some i, otherwise we say that P is
unramified.

Recall that Dk /P, ©;/Q; are fields for any j, as every nonzero prime ideal in a ring of integers is
maximal. Furthermore, any of these fields is finite. Calling F = Dk /P, F = D./Qj, then F} /F is a
finite field extension as Dx C ©; and P C Q;, as Q|P. Under these conditions, calling f; = [qu (F]it
can be checked that [L: K] =n=Y{_,r;f;.

Assume now that L/K is a Galois extension. In that case the situation is better because Gal(L/K)
fixes Dk and acts transitively on the set of primes {Q;} lying over P. That is, given any Q;,Q; then
0(Qi) = Q; for some ¢ € Gal(L/K). From this fact and the unique factorization into prime ideals it
follows that r=r; =r;, f= fi = fj Vi,j=1,...s. So, PO = (Q;...0s)" and n = rsf. Choose now
any of these Q; and define Do, := {0 € Gal(L/K) : 6(Q;) = Q;}, which is a subgroup of Gal(L/K) of
order rf. For any ¢ € Dy, in particular ¢ € Gal(L/K) so 6(k) = k Vk € K and 6(P) = P. Therefore,
forany a+P € F, 6(a+ P) = o(a) + 6(P) = a+ P. Thus, Dy, leaves F fixed. Also, any ¢ € Dy,
is an automorphism of L that leaves Q; fixed, so ¢ induces an automorphism of Fq’ . Hence, there is a
reduction map I'; : Do, — Gal(qu /F), which can be checked to be surjective.

Any finite extension of finite fields is a Galois extension, so ]Gal(qu JF)| = [qu :F] = f for any
J=1,...;s. Therefore, if P is unramified in ©p, then r = 1, so the order of Dy, is equal to f and as I';
is a surjective map we have Dg, & Gal(qu /F), and this happens for every such Q;.

Recall that F is a finite field, so |[F| = p™ for some m € N, where p is the characteristic of F. The
theory of finite field extensions tells us that F; is a finite field of the same characteristic than F and
|Fj| = p"t/i as [Fj F]= fJ Every element of F has orderp —1,s0a” =a YacF,and as FJ has
characteristic p, the map (pq F /sy qu given by (pq( ) =a"" Va c F / is an automorphism of Fj j that
fixes F, that is (pq € Gal(Fj J /F). Furthermore, the order of (pq is premsely f, so it is a generator of the
cyclic group Gal(F; j /F). This q)q is known as the Frobenius element of F . J

18
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We have said that if P is unramified in D, then Dy, = Gal(qu /F) for every Qj lying over P. Hence,
Dy, is a cyclic group with generator FJTI ((p,{ ). Recall that Dy, is a subgroup of Gal(L/K) so we can
say that every Q; induces an element ijl ((pj) € Gal(L/K). Furthermore, it can be checked that for any
Qi,Q; lying over P, 3t € Gal(L/K) such that Fi_l((pé) =11 F;l((p,;) T

Assume now that L/K is an abelian extension, that is it is a Galois extension and Gal(L/K) is an
abelian group. Then we deduce I'"!(g,) := F]Tl((pq]) = Fi_l((p;) Vi,j=1,...,s, s0 every Q; lying over
P induces the same element of Gal(L/K). Therefore, if L/K is an unramified extension, meaning that
every prime ideal of D is unramified in ®;, we can say that every prime ideal P induces an element
(55) :=T"!(¢,) € Gal(L/K). The map that sends any prime ideal P to (%) is called the Artin map,
and it can be extended in a multiplicative way to every fractional ideal of K as follows. By Theorem
2.10 we deduce that any fractional ideal / of K can be written as I = P;'...P;*, for some r; € Z and some
different prime ideals P;. Then, as every (&5 ) is invertible, we can deﬁne (L X ) =TI I(L Kyri,

I think we are in good conditions now to appreciate the beauty of the following astonishing theorem:

Theorem 4.1. ([/0, Ch.8 Thm 7]) Given a number field K, let L be the unique unramified abelian
extension of K which contains all other unramified abelian extensions of K. Then the Artin map of K
induces an isomorphism Hx = Gal(L/K).

This L is normally called the Hilbert class field of K because its existence was conjetured by Hilbert.
Philipp Furtwngler proved the conjecture and the result was extended by Emil Artin as the Artin’s Reci-
procity Law, which is one of the cornerstones of Class field theory.

Going back to the number fields we are interested in , which are of the form K = Q({,,), when p is
a regular prime, this theorem is telling us that if we find an unramified abelian extension K’ of K then
this extension K’ is contained in the Hilbert class field L of K. Also, as K’ /K is a Galois extension, then
|Gal(K'/K)| = [K’ : K] and |Hg|=|Gal(L/K)| = [L: K] = [L: K'][K" : K], so as p is regular, p cannot
divide [K’ : K]; and this happens for any unramified abelian extension of K. Therefore, if we find some
field extension K’/K such that p|[K’ : K], then some prime ideal of K must ramify at K’. So, we wonder
if there is a good criteria to know exactly under which conditions a prime ideal ramifies in a further
extension. In fact it exists in the case that K = Q@ , and it is related to the discriminant of a number field.

Theorem 4.2. ([8, Thm 5.5]) Let K be a number field and Ax its discriminant. Then a prime ideal
(p) < Z ramifies in K < p|Ak.

Corollary 4.3. Only a finite number of prime ideals of 7Z ramifies in K.

Example 8. Consider the case K = Q((,) for some prime number p. Then {1,{,,..., Cﬁfz} is an

integral basis of K, so Ax = A[1,..., G5~ I = (—1)% pP~2 and the only prime ideal that ramifies in K is
(p) = (Ap)"~".

Notice that for this theorem we are only considering finite field extensions of the form K/Q. If
we want to study ramifications in arbitrary number field extensions L/K we need to refine a bit the
definition of the discriminant.

Definition. Let L/K be a number field extension and let {0y, ..., 0, } the different monomorphisms

0; : L — C that are the identity on K. For any K-basis of L of the form {0, ..., &, }, where a; € D Vi,
we call A, ..., ) = (det[0;(0tj)])?. Then the ideal of Dy, generated by the set {A[al, o]}, where
{(XJ} runs over all K-basis of L with OCJ € D1 Vi, is called the relative discriminant of L/K.

We can always find a K-basis of L consisting of algebraic integers. Appart from that, in chapter 1 we
saw that, given a number field K such that [K : Q] = n then there are exactly n different monomorphisms
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from K into C that fix Q. In the more general case with [L : K] = n this result is also true, so the defini-
tion makes sense. Also, it is clear that the relative discriminant L/K is an ideal of D as it is generated
by elements of ®, because Dy is a ring. Recall that if we take K = Q in the definition, then the relative
discriminant of K/Q is precisely the principal ideal generated by the discrminant of K. We may think
that for any two basis {a,..., 0}, {B1,..., 8.} in the definition then A[qy, ..., &t,] = det (C)?A[By, ..., Bu)s
for some matrix C with coefficients in Dk as happens when we consider K = (Q and the integral basis of
K, but for that we need that some of these basis to be a D g-basis for ®;, and that basis may not exist.
That is why we cannot define the relative discriminant as an element rather than as an ideal, because is
not a principal ideal in general.

Anyway, we still have a nice criteria to determine if a prime ideal of K ramifies in L.

Theorem 4.4. ([9, Corollary 4.8]) Let L/K be an extension of number fields. Then a prime ideal
P < Dk ramifies in Dy, if and only if P|AL, where AL denotes the relative discriminant of L/K.

Corollary 4.5. Let ay,..., 0, be a K-basis for L where o; € Dy Vi. If a prime ideal P < Dk ramifies in
Dy, then NL(P) \A[ah ceey Otn].

Proof. We can see P as an ideal of D;. Also, A[a, ..., 0] is one of the generators of AL,

so (Ao, ...,a,)) C Ak and then AL|(A[ay, ..., &,]) as they are both ideals of the same number field.
If P is ramified in ©;, then P|AL|(A[ay, ..., a,]) and taking norms we have in particular
NL(P)]NL((A[al,...,an])):A[al,...,an]. ]

We are ready now to prove our weaker version of Kummer’s Lemma.

Theorem 4.6. Let p > 3 be a regular prime and let e be a unit in Z[C,] which is congruent to a p'
power modulo (A,)P. Then e is the p'" power of some unit in Z[{,).

Proof. Recall that e'/? is a root of the monic polynomial f(x) = x” —e € Z[{,], so as Z[{,] is integrally
closed, if e!/? € Q(&,), then e!/? must belong to Z[{,]. Therefore, it suffices to show e'/? € Q(¢,).

Assume e'/? ¢ Q(,) and consider the extension K := Q(&,,e'/?). So, [K : Q({,)] > 1. The roots
of f(x) are of the form C},‘el/”, k=0,1...,p—1 and clearly every root is in K so every root Cﬁel/”
induces an element o} € Gal(L/K) by o;(e'/?) = C},‘el/p. As deg(f(x)) = p this implies that L/K is a
Galois extension and [L : K| = |Gal(L/K)| = p.

Also, {e'/7,...,£l 7 e!/P} is a Q({,)-basis for K. Furthermore, by Example 7 we know that if an
element is a root of a polynomial whose coefficients are algebraic integers then the element is also an
algebraic integer so, as f(x) € Z[{,][x], every element of the basis is an algebraic integer that belongs
to K. Therefore, C]’,‘el/p € Dg Vk=0,...,p— 1. Computing the discriminant of this basis, we get

Ale'/P, ... 5p el /P = tpPer!

As e is aunitand (p) = (4,)7~!, the unique factorization into prime ideals and Corollary 4.5 tell us that
the only prime ideal of Z[{,] that may ramify in D is (4,).

We are going to show that in fact (A,,) does not ramify. By assumption Ja € Z[,] such that
a? = e (mod (A,)?). Take the polynomial g(x) := pxt®"=¢ 1t can be checked that g(x) € Z[{p)[x].

Ay
ipl/p_
The roots of g(x) are 7, := g”elp 2 i=0, e p—1.
P

Calling K’ = Q({,, 1), as deg(f(x)) = deg(g(x)) = p and 7; € KNK' Vi, we have K = K'. Now,
by the same reason above, T, ..., T,— are algebraic integers, and also they form a Q({),)-basis for K.
So, computing A[7y, ..., T,—1] we must have A, = Ng((4,))|A[0, ..., Tp—1]. But,
i 7
A()Z:A[’L'(),...,Tp_l]::lze- H CprP
0<i<j<p-1 Ap
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i_pi ) . _ci
and C,,)LPCp =) i_gﬁ is a unit as ¢} is a unit and i_—éﬁ is a unit by Theorem 3.5, V0 <i< j<p—1.
Hence, as e is a unit by assumption, we conclude that A is a unit. But then the ideal generated by A is
the whole ring Z[{,], so if (A,) ramifies then by Corollary 4.5 p = Nx((A,))|Nk((Ao)) = 1, which is

impossible.

Thus, K/Q({,) is an unramified Galois extension of degree p, so |Gal(K/Q({,))| = p and
Gal(K/Q({,)) is an abelian group because it is cyclic (p prime). Therefore, K is contained in the Hilbert
Class field L of Q({,,), and by Theorem 4.1, ho,) = |Gal(L/Q(8,))|=[L:Q(&p)] = [L:K][K:Q(&p)],
50 plhg¢,)» which is a contradiction since p is regular. Hence, e!/P € Z],), and as e is a unit, ee’ = 1
for some ¢’ € Z[{,] so e!/P((e'/P)P~1¢’) = 1 and we conclude that e!/? is a unit in Z[{,). O

We need a technical lemma before going through the proof of the Second case.

Lemma 4.7. Let v € Z[(,| such that (v),(A,) are relatively prime. Then 3k € Z such that
Chkv=m (mod A2), with m € Z.

Proof. Recall that {1,4,, ...,k[’,j_z} is also a basis for Z[{,] and (p) = (A,)P~!, so we can write
v=m+nl, (mod Aﬁ), where m,n € Z and m and p are relatively prime. By the binomial theorem
we have & = (14+4,)" = 1+kA, (mod A}). As m and p are coprime we can choose k € Z such that
n+mk =0 (mod p). We know that (p) C </l§). Therefore,

C;fv = (1+kAy)(m+nA,) =m+ (n+km)A, =m (mod l;)
O

Theorem 4.8. (Fermat’s Last Theorem-Second Case). Let p > 3 be a regular prime. Then the equation
xP 4 yP + zP = 0 does not have any non-trivial solution in 7 if p|xyz.

Proof. Assume there is a solution. As ()Lp>1’*1 = (p) we may, without loss of generality, assume that
x, Y,z are pairwise relatively prime with (4,)|(z). It follows that 0 # —z = Az with (4,,),(zo) relatively
prime and A, { x,y, because otherwise it would divide all three coefficients. Therefore, to prove the
theorem it is enough to show that there are no non-trivial solutions x,y, z € Z[(,] to the equation

xP +yP = udf"zP with (x), (), (z), (4,) pairwise relatively prime, m > 1 and u a unit in Z[,]; which is
in fact a stronger result.

We are going to show first that m > 1. Assume there is a solution of this form. Recall that C]", is a unit
Vi, so by Lemma 4.7 3k, r € Z such that x = aC[’j (mod QLIE), y=bg, (mod lﬁ), for some a,b € Z. Also,
3s€{0,1,...,p—1} such that {7 {5 = l’,‘, and then we have x = aCI’,‘ (mod lg) and yg5 = bZ,’I’,‘ (mod l[%).

Passing to ideals we have (x+y)...(x+ C} = (Ap)P™(z). By the unique factorization into prime
ideals, (A,) must divide some ideal on the left hand side of the above equation. Also, in the proof of the
first case we showed that (A,,) divides the difference ((x+{/y) — (x+ ng)) for any i # j, so (A,) must
divide any ideal (x+ {}y). In particular, (A,)|(x+ {3y). Then as x+ {5y = CI’J‘(a +b) (mod l[%) we have
(Ap)|(Ek(a+Db)) = (a+b) and taking norms we get pla+b. Recall that (A,)7~' = (p), so p,a+b € (A2)
and x+ {5y = (¥ (a+b) =0 (mod AJ). Hence,(A2)|(x+ C3y) and therefore (k{,’“) divides the left hand
side, som > 1.

Notice that, writing x; = { kx, y1 = ¢, "y, then xp 4+ y7 = xP +yP, so if x,y,z is a solution, then
X1,Y1,2 is another solution. Therefore, we may assume k =r =0 and x+y = a+ b (mod lﬁ)

Let x,y,z be a solution to the equation x” + y” = uA 'z’ with minimal m. We have x + Cl’;y =
(x+y)+ (&5 — 1)y, sofori>1,as (AZ)[(x+y) and ({) —1) = (4,) by Corollary 3.7, then (A2) { (x+ ' y)
because otherwise (A,)|(y) which is a contradiction as both ideals are relatively prime. Hence, we find
out that

(x+y) = (A)"" G

(x+&y)=A)CiVi=1,....p—1
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where the ideals C; are principal and prime to (A,).
Claim 3. The ideals C; are pairwise relatively prime

If there exists a prime ideal P dividing (x + C;;y>, (x+ ng) for some i # j, then in the proof of the
first case we showed that either P = (A4,,) or P|(y). The first case is impossible since any C; is coprime to
(7LP>. For the second case, by the same reason, and the unique factorization into prime ideals, it follows
that P|(z), which is a contradiction with (y), (z) being coprime.

From here we deduce CoC...Cp—1 = (z)? and therefore each C; equals Df’ for some ideal D;. Since
p is a regular prime and C; is principal, D; must be principal too and we can write D; = (o) for some
0; € Z[,]. By lemma 2.2 we have

x4y =uAl" gl 4.1)
x+ Gy =uA,af 4.2)
x+ ng = w0l (4.3)

for some units ug, uy,ur € Z[{y). Solving the system of equations (4.2) and (4.3) we get
x=uod — Cpu o

y=¢, (moal —uwad)

and substituting into (4.1) we have
_lpgp_l ((1+ Cp)ulocf’ — “2055) — uolg(mfl)Jrlag

By corollary 3.6, 1+, is a unit so —( » Y(1+&,)uy is also unit. Therefore we can cancel A, from both
sides and multiply by (—Cljl(l +&,)u1) L. Thus, e:= uo(—Cgl(l +&,)ur) ! and
er:=up((1+4 ¢,)uy) " are units in Z[{,] and we have

(m=1) g (4.4)

al + e =el)
Notice that as C; and (A,) are coprime then so D, and (A,)? are. Therefore, Z[{,] = D> + (4,)?, so in
particular 1 = ra, + hA} for some r,h € Z[{,], and taking congruences modulo (A,)? we get
rop =1 (mod (A,)?), which implies (rop)? =1 (mod (4,)?). So, taking congruences modulo (A,)? in
(4.4) we have,asm > 1 and pisodd, of = —e, 0t (mod (A,)?) which implies e, = (— oy r)? (mod (A,)P).
In other words, e, is congruent to a p power modulo (Ap)P, so applying Theorem 4.6 we have e; = f7
for some unit f in Z[{,]. Finally, setting X’ = a1, y' = forp, 7 = o, we see that x’,y’, 7’ is a solution
of the equation x” + y? = e/l},”m/zp , with (x'), (), ('), () pairwise relatively prime, m' = m — 1 and
e unit in Z[{,]. This is a contradiction with m being minimal. Thus, the second case of Fermat’s Last
Theorem is proved. O



Chapter 5

Final breaktrough

In retrospective, the introduction of the notion of regular primes has allowed us to prove Fermat’s
Last Theorem for a quantitative amount of prime numbers just carrying information from the unique
factorization into prime ideals of some number rings into the factorization of its elements, but what
happens with the primes that are not regular? In fact, there are infinitely many irregular primes and the
methods we have introduced are not enough to prove those cases in a general way, so we need to take
a different approach. It was not until the second half of last century when some mathematicians started
to think that a deeper connection between two apparently distinct branches of mathematics could help
to give a general proof of Fermat’s Last Theorem. These two topics are respectively elliptic curves and
modular forms.

Definition. An elliptic curve E over Q, denoted by E /Q, is an algebraic curve defined by an equation
of the form y* = x> +ax+b, a,b € Q, which is non-singular, meaning that P(x) = x> + ax+ b does not
have a multiple root.

An elliptic curve can be defined in an arbitrary field L but we are just interested in what happens
when L = Q. Any solution (x,y) of y? = P(x) lies on C x C. Let K be any field extension of Q. We say
that any of these solutions (x,y) is a K-rational point of E if x,y € K or (x,y) = O, where O denotes the
point at infinity we add to the curve. We denote the set of K-rational points of E as E(K). By symmetry
of y? = P(x) to the x-axis, if P € E(K), then —P € E(K) too. Also, given any O # P,Q € E(K), with
QO # —P, we can associate P+ Q to an unique R € E(K). Furthermore, defining P+ O =P =0O+P
and P+ (—P) = O for any P € E(K) we get that (E(K),+) is an abelian group with identity O. In

particular, this happens when we consider K = Q. A point P € E(Q) is called an n-torsion point if its

order divides n. We denote by E|[n] the set of all n-torsion points in £(Q), which can be checked to be
a finite subgroup of (E(Q)+).

Let p be a prime number, we have Z,) := {5 €Q:mnecZ m,nprimeto p}. Foranya =" ¢ Zp)
we define the reduction of @ mod p as (a mod p) = (m mod p)(n~' mod p), which is an element of the
finite field Z,. It is well-defined since n is prime to p. If we take an elliptic curve E/Q we can always
find a change of coordinates such that each coefficient of P(x) belongs to Z,). Therefore, its reduction
mod p will be an equation with coefficients in F}, := Z,. This motivates the following definitions:

Definition. Ler E/Q be an elliptic curve and p an odd prime number. We say that E/Q has good
reduction mod p if we can choose a change of coordinates such that the reduced equation in F, does not
have a multiple root. We say that E /Q has a multiplicative reduction if the reduced equation contains a
double root but not a triple root. Otherwise we say that E /Q has an additive reduction.

Remark. These definitions may make sense also when p =2 but the characterizations is quite different
(see [11, Def 1.5]).

If an elliptic curve E/Q has either good or multiplicative reduction at all primes we say that E
is semistable. It can be seen that any elliptic curve has good reduction at almost all primes. For a
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semistable elliptic curve E/Q we define the conductor of E, written Ng, as the product of all primes at
which E has not a good reduction.

Let p an odd prime at which E/Q has a good reduction and consider the reduced elliptic curve
mod p defined by y* = P(x) € F,[x], and let E,(F,) := {(x,y) € F, x F, : y* = P(x)} UO. We define
a,(E):=p+1—|E,(F,)|. We can also define a,(E) and a,(E) and for odd primes with multiplicative
reduction, but the construction is a bit different (see [11, Def 1.13]). One nice property of these coef-
ficients a,(E) is that they do not depend neither on the defining equation for E/Q nor on the reduced
equation in Fj,. Thus, these coefficients contain plenty of information about the elliptic curve.

We introduce now the concept of a modular form. Let’s denote .77 := {z € C: Imz > 0}. The special
linear group SL(2,Z) acts on # by fractional linear transformations with (¢ %) € SL(2,Z) acting as
z— %5 Forany N € N, we define [o(N) := {(¢4) € SL(2,Z) : ¢ =0 (mod N)}, which is a subgroup
of SL(2,Z). Modular forms arise as holomorphic functions on .7 that behave nicely under the action
induced by certain of these subgroups of SL(2,7Z). More concretely:

Definition. For k € Z, a weight-k modular form of level N is a holomorphic function f : 7€ — C, which
is also holomorphic at i, and satisfies

az+b
cz+d

f( ) =(cz+d)*f(z) V(2h) eTo(N)

From this definition we deduce f(z+ 1) = f(z) Vz € J, so f is 1-periodic. As f is holomorphic, it
can be deduced from these two facts that f has a power series expansion f(z) = Y.~ a,(f)g" for any
7 € A, where ¢ = ¢*™ and a,(f) € C Vn € N. We call such series the g-expansion of f.

We will only consider weight-2 modular forms from now on. Let’s denote by S(N) the set of all
weight-2 modular forms of level N, which is a finite dimensionl vector space over C. For each integer
n > 1, we have the so-called n* Hecke operator 7, , which is an endomorphism of S(N). The elements
of S(N) having special arithmetic interest are the normalized eigenforms of S(N). These are non-zero
f=Y7 a,(f)g" which are eigenvectors for all the 7, and which satisfy the normalizing condition
a; = 1. Furthermore, for such eigenforms, T,,(f) = a,(f)f Vn > 1, and any a, = a,(f) is an algebraic
integer. In fact, the subfield K C C generated by all the coefficients a, is a number field. We say that
any f =Y a,(f)g" € S(N) is anew form if it is a normalized eigenform of S(N) for which the space
{g€S(N):T,(g) = ay(g)g for all p prime to N} contains only f and its multiples.

The main point that led to prove Fermat’s Last Theorem was the hidden relation between elliptic
curves and modular forms. We say that an elliptic curve E/Q is modular if there exists a new form
f € S(Ng) that satisfies a,(E) = a,(f) for all primes p such that p { Ng. In the 1950s and 1960s Goro
Shimura, drawing on ideas posed by Yutaka Taniyama, conjectured that every elliptic curve E/Q was
modular. This conjecture was known as the Taniyama-Shimura conjecture. André Weil made some
advances on the conjecture giving conceptual evidence for that, but its possible proof looked inacessible
for the techniques of those years. In 1985 Gerhard Frey made a crucial connection between Taniyama-
Shimura conjecture and Fermat’s Last Theorem. He assumed that for some prime p > 5 there is a
non-trivial integral solution a” 4+ b” = cP. After manipulating the coefficients he could assume b even
and ¢ = 1 (mod 4). Then he defined the elliptic curve y* = x(x — a”)(x+ b”), which is known as a Frey
curve. This elliptic curve is therefore defined over Z C QQ and satisfies some interesting properties. For
example, it is semistable and all its 2-torsion points are Q-rational. In 1986 Ken Ribet proved that any
Frey curve is not modular. Therefore, if Taniyama-Shimura conjecture was true this curve could not
exist, which would imply that there cannot be a counterexample for Fermat’s Last Theorem. Hence,
as any Frey curve is semistable, the only step needed for achieving a general proof of Fermat’s Last
Theorem was to prove Taniyama-Shimura conjecture for the semistable case.
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For any n € Z, E[n] is a free module of rank 2 over Z/nZ. Also, it is clear that for any P € E[n],
the coordinates of P are algebraic numbers, so E[n] is stable under the action of the absolute Galois
group Gal(Q/Q) on E(Q). Therefore, any ¢ € Gal(Q/Q) induces an automorphism of E[n]. The main
disadvantage of Gal(Q/Q) is that it is an infinite group, so we may not be able to apply all Galois
Theory we know. But it has also a structure of topological group, meaning a group with an atttached
topology, which let us find analogous theorems to the ones in finite Galois groups. Finite groups can
also be attached with a topology. In fact, chosen a Z/nZ- basis for E[n| and the accurate topologies, we
have a (continuous) homomorphism, called a representation of Gal(Q/Q)

pe.n: Gal(Q/Q) — GL(2,Z/nZ)

as Aut (E[n]) = GL(2,Z/nZ). Looking at H = Kerpg, we see that it is a normal subgroup of Gal(Q/Q)
s0, thanks to the topological structure of Gal(Q/Q), it can be related to a finite Galois extension K, /Q
in a unique way. More concretly, K, is the number field generated by the coordinates of every element in
E[n] and H = Gal(Q/K,). Even if some of these extensions are infinite we can apply first isomorphism
theorem and say

Impg , = Gal(Q/Q) /Gal(Q/K,) = Gal(K,/Q)

Thus, we can identify Gal(K,/Q) with the image of pg ,, which is a subgroup of GL(2,7Z/nZ). A very
nice property of this extension K,,/Q is that if there is a prime p { n such that £ /Q has good reduction at
p then p is unramified in K,,. So, regarding what we did in the last chapter, for any prime ideal Q; lying
over (p) in Dk, we can find an unique element ¢, € Gal(K,/Q) related to the Frobenius element ¢, of
the residue field g, /Q;. This o), is also known as the Frobenius element for Q;. We said also that any
of this 6, is conjugate to all the others, where Q; runs over all prime ideals lying over (p), so writing o,
for one of them, it is well-defined up to conjugation. By linear algebra we know that the trace of a matrix
is independent of the basis we choose and also it is invariant under conjugation of matrices. Therefore,
for any prime number p { n with good reduction, tr(c),) is well-defined. Furthermore, we have the nice
relation tr(6,) = a, (mod n). Thus, these representations pg , encapsulates lot of information about

E/Q.

On the other hand, we know that the coefficients a,(f) of any normalized eigenform f € S(N) are
algebraic integers and that K = Q(a;(f),a2(f),...) is a number field. Let p a prime number and let A
a prime ideal Dk lying over (p). Therefore, F) = Dk /A is a finite field of characteristic 0 # [. We
can also define, for any p prime, a conjugacy class Frob,, of Gal(Q/Q) in a slightly different way from
what we have done for K,,. Similarly as above, we can find a (continuous) representation

pra:Gal(Q/Q) — GL(2,F)

which is characterized by the property that for any prime number p { NI then
tr(ps.p (Frob,)) = ap(f) (mod A).

We see that these representations, known as Galois representations, could let us find deeper relations
between elliptic curves and modular forms. In fact, it was through the study of Galois representations
attached to elliptic curves and modular forms how Andrew Wiles after several years of effort, with the
final help of Richard Taylor, proved Taniyama-Shimura conjecture for semistable elliptic curves over Q
and, finally, Fermat’s Last Theorem.
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